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ABSTRACT. We prove that the image of the natural homomorphism from the
Sp-invariant part of the cohomology of the abelianization of the Torelli group,
which is expressed as a quotient of the polynomial algebra generated by con-
nected trivalent graphs, to the cohomology of the moduli space of smooth
projective curves coincides exactly with the tautological algebra generated by
the Mumford-Morita-Miller classes. Furthermore, we give an explicit algo-
rithm to determine the cohomology class corresponding to any given trivalent
graph. This is based on some contraction formula concerning the cohomology
of the mapping class group with symplectic coefficients together with a simple
formula relating the I H moves of trivalent graphs to certain operation in the
tautological algebra.

Proofs are given twofold. The first proof is given in the framework of
group cohomology with twisted coefficients while the second one is given in
the context of symplectic representation theory. Thereby we show an exact
correspondence between the two different approaches to the tautological alge-
bra.
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1. STATEMENT OF THE MAIN RESULTS

Let M be the moduli space of smooth projective curves of genus g and let M,
be the mapping class group of a closed oriented surface ¥, of genus g. As is well
known, there exists a close connection between these two objects. More precisely,
My acts on the Teichmiiller space 7, of genus g properly discontinuously and the
quotient space 7,/M, can be naturally identified with M,. As was essentially
established by Teichmiiller, the space 7, is contractible (in fact homeomorphic to
RY9=6 for g > 2) so that we have a canonical isomorphism

H*(Mg§@) = H*(MgQQ)-

Let m : C4—M, be the universal family of curves over the moduli space.
The corresponding orbifold fundamental groups are given by the group extension
m128g— My — M, where M, . denotes the mapping class group of ¥, relative to
a base point. We have also a canonical isomorphism H*(Cy; Q) = H*(M,.; Q).
Let e € H*(M, ,; Q) be the universal Euler class of the tangent bundle along the
fiber of the universal Xy-bundle and let e; € H?/(M,y; Q) be the i-th Mumford-
Morita-Miller classes (see [58][44][43]). Actually Mumford defined these classes at
the level of the rational Chow algebras of the moduli spaces. Namely he defined
classes K, /v, € A'(Cy), ki € A'(My) and called them tautological classes. The
cohomology classes e, e; are nothing but their images in the rational cohomology
(up to signs). The tautological algebras R*(C,) and R*(M,) of the moduli spaces
are defined to be the subalgebras of the rational Chow algebras generated by the
above tautological classes (see [41][7][18][25]). Similarly we define the tautological
algebras R*(M, ,) and R*(M,) of the mapping class groups to be the subalgebras
of H*(Mg,; Q) and H*(My;Q) generated by the classes e, e, ez, --. These are
simply the projected images of the original tautological algebras in the rational
cohomology.

Let H denote the first integral homology H1(X4;Z) of 3, and let Hg = H ® Q.
The intersection number induces a non-degenerate skew symmetric bilinear form
on Hg and the automorphism group of Hg preserving this form is the symplectic
group Sp(Hg). Let A3Hg denote the third exterior power of Hg. Then Hg can be
considered as a natural submodule of A3Hg by the embedding Hg 3 u — uAwg €
A3Hg where wy € A2Hg is the symplectic class. We denote the quotient A>Hg/Hg
simply by Ug. Ug is an irreducible representation of the algebraic group Sp(Hg)
corresponding to the Young diagram [1%] (see [16][55][56] for details of symplectic
representation theory related to the mapping class group and [8] for generalities).

Extending earlier results in [52][53], the second author constructed in [56] a
morphism

mXg — [IQ]QHQ
0 My —2— (([12) & [27]) KioremA® Ho ) 0 Sp(Ho)

l l

Mg _ ([QQ]QUQ) X Sp(HQ)

P2
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of group extensions where we use the symbol X to indicate central extensions.
The top horizontal homomorphism in the above diagram is the second term in the
Malcev completion of m¥, and the targets of the other two homomorphisms p;
are semi-direct products of Sp(Hg) with two step nilpotent groups whose extension
classes are given by certain Sp-submodules [2%] C H?(Ug) = A*Ug and [1%]*r!li &
2°] € H*(A’Hg) = A*(A’HE) (see the above cited papers for details). By a
general property of cohomology of semi-direct products (see §3), the diagram (1)
induces the following commutative diagram

*

(A*(ABHé))Sp L} H*(M%*;Q)

2) | |
* T T% S *
(A U@) : o H (Mg, Q)a
2
where the superscript Sp means the Sp-invariant part of the corresponding Sp(Hg)-
module. Now let ([12]**! @ [2?]) and ([2%]) be the ideals of A*(A*Hg) and A*Ug

generated by [12]*relll ¢ [22] and [22] respectively. Then it can be shown that the
images under the homomorphisms p} in (2) of both subspaces

([12]torelli o [22])51’ c (A* (AgHé))Sp
(22 < (8°Ug)™

are trivial (see Proposition 3.2). Since there exist canonical isomorphisms
) . Sp
(A*(ABH(&))SP/([]_Q]torelh o [22])517 ~ (A* (ASH(S)/([]_?]torelh o [22]))
wp7r) S ~ w7 S
(A*UG) ™" /(2°)%F = (A UG/ ([27]) ™,

we obtain the following commutative diagram

(A*(ASHé)/([IQ]torelli o [22]))517 p_;) H*(Mg,*,(@)

3) | [

*T Tk S *
(A Ug/(122)™ —— (Mg; Q).
2
Now our first main result is the following.

Theorem 1.1. The images of the homomorphisms p3 in (3) are exactly the tauto-
logical algebras R*(Myg ) and R*(My) so that we have the following commutative
diagram

*

(A*(ABHé)/([IQ]tm‘elliGa [22]))517 L R*(Mg,*)

(1) | |

(A*U5/([22)) — R*(My).

p3

Moreover, in the stable range (namely in degrees < %g), both homomorphisms p3
are isomorphisms.
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The spaces of Sp-invariants appearing in (2) can be described explicitly by ap-
plying Weyl’s classical representaion theory. Let Gof denote the set of all the
isomorphism classes of connected trivalent graphs with 2k vertices and let GY, be
the subset of Gop consisting of those trivalent graphs without loops where a loop
means an edge both of whose endpoints are the same vertex. We set G (resp. G°)
to be the disjoint union of Goj (resp. ggk) for all £ > 1. Then we can construct
canonical surjections from the polynomial algebras generated by trivalent graphs
to the Sp-invariant subspaces making the following diagram commutative.

QI eg) —2o (A*(A3HE))™

(5) | |

QI eg’] —— (A Ug)™
8
(see [53] and §2, §3 below for details). By combining (2)(4)(5), we obtain our second
main theorem.

Theorem 1.2. The homomorphisms p5 in (4), where we let the genus g run over
all values > 2, can be realized at the cocycle level by the following commutative
diagram

QI T €G] —2— Qlglle,en,e0,- -]

(6) | I

QI I e g — Qlgller, ez, -]
s
Here the targets express polynomial algebras generated by the classes e,e1,ea,---
with coefficients in the polynomial algebra Q[g] on the genus g. Moreover, for
any trivalent graph I', there is an explicit recursive algorithm to determine the
cohomology classes ar € Q[g]le, e1,e2,- -] and Br € Qlg]le1, ez, - -].

Here and henceforth, for each connected trivalent graph I" we denote by o and
Br the images of I' by the maps @, and ®g respectively. (However, in §2 and §3,
we will use the same letters ar, B also for the corresponding group cocycles). For
the disjoint union I"' II IV of any two trivalent graphs I and I, we set

arur = arar,  Brur = Brbr

(cf. Lemma 2.1). It should be mentioned that the cohomology classes ap and Gp
do depend on the genus g. In fact, their coefficients are non-constant elements of
Q[g]. However, if we expand the coefficients in “(—2g)-adic” way, then the resultant
coefficients turn out to be independent of the genus and have certain geometrical
meaning in the context of trivalent graphs (see §8 for details). These results are
based on the following explicit formulas.

Theorem 1.3. (i) For any connected trivalent graph I' with 2k vertices, we have
ar = (—1)k6k + e(lower terms in e,e1,ea,- ).

(ii) Let I'(k) be the connected trivalent graph with 2k vertices depicted in Figure
1.1. Then we have

—1
S gy — o 1+ 2te 2+ te  (_~t ot
p=1 L) T 0 1+ 3te 1+3te "\ 1+ 2te “\1+2te )’
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k + 1 times

FIGURE 1.1. Trivalent graphs I'(k)

where eg = 2 — 2g and

)y ()
ey = ek )
1+ 2te k=0 "\ 1+ 2te

(iii) Let I'1, Iy be two trivalent graphs with 2k vertices and suppose that I's can be
obtained from Iy by applying an ITH (or equivalently a Whitehead) move. Namely
there exists a subgraph shaped like the letter I in Iy such that I is obtained by
replacing the subgraph I C Iy by a subgraph shaped like the letter H. Let 11 and T2
be the corresponding edges of It and I respectively. Then we have

ar, —on, = e(ap\n, — 0r\n)
where I; \ 7; (i = 1,2) denotes the trivalent graph with (2k — 2) vertices obtained

from I'; by removing the edge ;. Here if a disjoint circle, denoted by Iy, appears
in the new graphs, then we set ar, = —2g.

We can see the effect of the formula (iii) in Theorem 1.3 above in the following
simple example.

Example 1.4. Let I be a trivalent graph with two vertices which has two loops
and let I be a trivalent graph with two vertices without loop, namely a theta
graph. Then it was proved in [47][50] that

ar, =—e1 —4g(g — 1)e, ap, = —e;1 + 6ge

(see also [19] for a proof in the context of algebraic geometry). Now there is an
embedding I C I7 such that I, is obtained from I3 by replacing I by H. Then
I\ 72 is a circle while Iy \ 71 is the disjoint union of two circles. On the other
hand, we have

ar —an, = 6(—29 - (_29)2) = 6(061“2\72 - aFl\Tl)
which checks our formula in this case.

Main part of the results of §2 — §7 and §13 of the present paper has been an-
nounced in [35] while those of §9 — §12 appear here for the first time.

2. DESCRIPTIONS OF (A*(A3H6))SP AND (A*Ug)P IN TERMS OF GRAPHS

Let Z, . and 7, be the Torelli groups corresponding to M, . and M respectively.
Namely they are subgroups consisting of elements which act on H trivially. Then
it is one of the fundamental results of Johnson that

Hl(Ig,*;@) gASH@v Hl(Ig;Q) =g
for any g > 3 (see [28][30]). In this section, we describe the Sp(2g, Q)-invariant
part of the rational cohomology algebras H*(A*H;Q) = H*(A*Hg) = A*(A*HY)
and H*(U; Q) = H*(Ug) = A*Ug of the above Sp-modules explicitly. To do so, we
use a fundamental result of Weyl in the classical representation theory. It turned
out that this is a specific case of Kontsevich’s general framework given in [37][38].
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We consider AH as a natural Sp-submodule of H®? by the injection A>H C
H®3 defined by

AH 5 a1 Aas A ag — Z SEN T Gy(1) @ Ug(2) @ Ag(3) € H®3
ceB3

where a; € H. Here G,, is the n-th symmetric group and sgn o denotes the sign
of the permutation . It should be remarked that A3H is a direct summand of
H®3 as a Z-module. Similarly we consider A2*(A3H) as a natural Sp-submodule
of H®5% defined by the injection

ANF(APH)Y S &G A Aoy — Z sgno &o(1) @ -+ ® Eg(any € HE
oceGoy
where & € A3H.

Now let V be a set consisting of 2k vertices with labels {1,2,---,2k} and let C
be a graph with k edges such that the set of vertices of C is exactly equal to V. In
other words, C' is nothing but a way of making k parings out of labeled 2k vertices
so that if we write E¢ for the set of edges of C', then we can write

Ec = {{stjs}a s=1,-- ak}
where
{is,js;S: 17 ak} = {1727 72k}
We always assume that is < j, for all s. We can imagine such a graph C' visually
by putting the 2k vertices on a straight line in numerical order and join each pair
{is,Js} by a curved edge. We call such a graph a linear chord diagram because if
we close the straight line to obtain a circle, then we obtain the usual chord diagram

which appears in the theory of Vassiliev’s knot invariants (see [2]). For any linear
chord diagram C| let

(7) ac € (HG**)%

be the invariant tensor defined by permuting the tensor product (wo)®* in such a
way that the s-th part (wo)s goes to (Hg)i, ® (Hg)j,, where (Hg); denotes the i-th
component of HS%, and multiplied by the factor sgn C'. Here sgn C' is the sign of
the permutation

1 2 - 2k—-1 2k

1o ik Jk)
Each linear chord diagram C' also defines an Sp(2g; Z)-invariant homomorphism
(8) ac : H ®2%k__.7

by the rule
ac(u1 [N UQk) = SgnCHuis s Uy, -

Now let C be a linear chord diagram with 6k vertices with labels {1,2,--- ,6k}.
Then we can construct another graph I'c by joining three vertices of C' with labels
3i+1,3i + 2,3i + 3 to a single point for all i = 0,1,--- 2k — 1. Clearly I¢ is a
trivalent graph with 2k vertices. Conversely we can [lift any trivalent graph I" with
2k vertices to a linear chord diagram C' with 6k vertices such that I'c = I

Now it is easy to see that the restriction of ac to the submodule A?*(A2H) C
H®5% depends only on the associated trivalent graph I'c. Hence, if we are given
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a trivalent graph I' with 2k vertices, then we can define an Sp(2g, Z)-invariant
homomorphism
ar : A*(APH)—Q

by setting

1
—
k)¢
where C' is any lift of I". We put the factor (2k)! for later use (see Lemma 2.1
below). We can consider ar as a 2k-cocycle of the abelian group A3H because we
have a natural embedding

Hom(A%*(A®H),Q) C Z**(A*H; Q)

oar =

given by
f&, - &ok) = fF(EL A+ N o) (f € Hom(A*(A’H),Q), & € A°H)

where Z2F(A3H;Q) denotes the set of Q-valued 2k-cocycles of A>H. Throughout
this paper, we always use the Alexander-Whitney cup product on the cocycle level.

Lemma 2.1. Let I and I be two trivalent graphs with 2k and 2¢ vertices, respec-
tively. Then the disjoint union I'IIT" is a trivalent graph with 2k + 20 vertices. In
such a situation, two cocycles apiip and aop Uapr are cohomologous to each other.

Proof. Choose linear chord diagrams C,C’ which are lifts of I', I’ respectively.
Then the sum C' + C’ which is defined by putting the first vertex of C’ right after
the last vertex of C is a lift of I'II I'". We have

arur (&1, akr2e)
1
:m Z sgno acico (§o(1) ® @ Egantar))
0EG2k42¢0
(2k)1(20)!

Zm Z sgno ar (50(1)7 T 750(21@)) sag (€U(2k+1), T ,fa(2k+2£))
(2k,20) — shuffles

where an element o € Gap19 is called a (2k, 2¢)-shuffle if
o(l) <o(2)<---<o(2k) and
o(2k+1) <--- < o(2k+ 20).
Here we have used the fact that sgn(C 4+ C’) = sgn C'sgn C’. Observe that
ar(§,--+ 5 &ak) - ar (Sakyrs o 5 §akv2e) = ar Uar (§1, -+ Santar)

because the degree of the cocycle a is even for any I'. It is easy to see that for
any (2k,2¢)-shuffle o, the correspondence

(AH)M25(80, - Eopyar) —
sgno ar (5{7(1)7 e 750’(2](5)) sQarv (50(2]{:-’1-1)’ T a£0(2k+2€))

defines a cocycle of the group A®H which is cohomologous to the cup product

ar Uaypr. Since the number of (2k, 2¢)-shuffles is exactly equal to %, we can

conclude that aprips is cohomologous to ap U apr.
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Let Gox denote the set of isomorphism classes of connected trivalent graphs with
2k vertices and let
G= H Gor

E>1
be the disjoint union of Goi for all £k > 1. We consider the polynomial algebra

QI I eg]

generated by the elements of G. In view of Lemma 2.1, we can define an algebra
homomorphism

®, : QI I € G]—H*(A*H;Q) = Hom(A*(A’Hg), Q)
by sending each element I" € Goy to the cohomology class [ar] € H?*(A3H;Q)
which is represented by the cocycle ar of the group A>H. Since Hg is the funda-
mental representation of the group Sp(2g;Q), this group acts on the cohomology

group H*(A3H; Q) naturally. By the definition of the homomorphism ®,,, it is clear
that its image Im ®,, lies in the Sp(2g; Q)-invariant part of H*(A3H;Q).

Proposition 2.2. The homomorphism
®, : Q[T; I € G]— Hom(A* (A*Hg), Q)% = (A*(A%Hy)) ™"
defined above is surjective and is an isomorphism for degrees < %g.

Proof. The surjectivity follows from a classical result of Weyl which shows that any
Sp-invariant homomorphism Hg 2 _,Q can be described as a linear combination of
various iterated contractions using the intersection pairing p : Hop ® Ho—Q.

We prove the latter statement. If we assume that 2k < %g, then we have 6k < 2g.
It follows that the number of members of any symplectic basis of H, which is 2g,
is greater than or equal to 6k. As is well known, the number of ways of 3k-fold
iterated contractions H®%* —Q, or equivalently the number of linear chord diagrams
with 6k vertices, is equal to (6k — 1)!!. Tt is now a simple matter to observe that
we can choose an appropriate set of permutations of certain 6k members out of a
symplectic basis of H so that it can serve as the dual basis of the above set of linear
chord diagrams under the natural pairing between the two sets. Since A%*(A®Hg)
is an Sp direct summand of Hg%, we have the desired result. The above argument,
in fact, proves that

dim(HG?")%" = (2r — 1)!!

for any r and for all g > r. O

Next we describe H*(U; Q)P = H*(Uqg)®? where U = A*H/H. Ug is also an
Sp(2g; Q)-module. We define an Sp(2g; Q)-equivariant homomorphism

(9) q: N*Hop—A%Hg
by setting
06) =€~ 5 CEnuy (€€ AHg).
Here C : ASH—H is the contraction given by
ClunvAw)=2{(u-v)w+ (v - wu+ (w-u)v} (uv,v,w e H)
and wy € A?H is the symplectic class (in homology) defined as
wo =TI NANY1+ -+ Ty NYy
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where z1,- -+, 24,91, - , Yy is any symplectic basis of H. It is easy to see that the
homomorphism ¢ annihilates any element of Hg so that it induces an Sp-embedding

q: Up— A Hy.

In fact Im ¢ = Ker C ® Q and we have a canonical decomposition of the Sp(2g, Q)-
module

ASHQ = Ug ® Hg

into irreducible direct summands.
A loop is an edge connecting a single vertex as before. It is straightforward to
see that if a trivalent graph I € Goy, has a loop, then

ap(&,-+,&k) =0 (& € A°Hy)

whenever at least one &; is contained in Im g C A3 Hg.
With these facts in mind, we define ng C Gor to be the subset consisting of
connected trivalent graphs without loops. We write

G° =[] 9%

E>1
for the disjoint union of G9, for all k> 1 and consider the polynomial algebra
QI I e g
generated by the elements of G°. Now we define a homomorphism
®5: QI € G°]—H"(Ug)*? = Hom(A*Ug, Q)"
by sending each element I" € GY; to the homomorphism
Br : AU A (A3 Ho) 20
which is the composition of ap followed by A%*q.
Proposition 2.3. The above homomorphism
O : Q[I; I € G°)]— Hom(A*Ug, Q)P = (A*Ug) ™"
is surjective and is an isomorphism for degrees < %g.
Proof. We have a natural Sp-isomorphism
H*(\*Hg) = H*(Ug) ® H*(Hg)

so that H*(Ug) is a direct summand of H*(A3Hg). Hence the result follows from
the definition of ®3 and Proposition 2.2. O

If we idetify Ug with Im ¢ C A3Hg, then we can describe B as a certain linear
combination

Br =ar + Z car, (¢ €Q)

where each I'; has at least one loop. The coefficients ¢; can be explicitly determined.
They depend on the genus g but the dependence is only a matter of form. More
precisely, the (—2g)-adic expansion of ¢; is independent of g for any i.
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3. CONSTRUCTION OF COCYCLES OF THE MAPPING CLASS GROUPS

We begin by recalling the following morphism

mMyy —— H
(10) Mg, —2— 1A3H x Sp(2g,7)

l l

of group extensions which was constructed in [53] and is a projection of the mor-
phism (1) in §1 (see also Hain’s closely related works [14][15] in the context of
algebraic geometry). Here the top horizontal homomorphism is the abelianization
and the other two homomorphisms p; are described as follows. Namely certain
crossed homomorphisms

1
: Mg,*_)EABH

: Mg—>%A3H/H

oukl

oukl

are defined and we have

p1(p) = (k(9),p0(#))  (p € My, or My)
where pg : My—Sp(2g,Z) is the classical homomorphism.

Since the targets of the homomorphisms p; above are semi-direct products, we
discuss a few general facts concerning cohomology of groups which are semi-direct
products. For a group G and a (left) G-module M, we denote by C*(G; M) the
standard normalized cochain complex of G with values in M and by Z*(G; M) the
set of cocycles in C*(G; M). See, for example, [26]. Suppose a group @ acts on a
group N, namely there is given a homomorphism of groups @ — Aut(N). Then a
group law on the product set N x @ is defined by

(n1,q1)(n2,q2) = (n1q1(n2),q1g2) ,  (n1,m2 € N, q1,92 € Q).
We denote by N x @ the set N x @ with this group law and call it the semi-direct
product of N and . We have a natural extension of groups
1—N-5N x Q2Q—s1

where i(n) = (n,1) and w(n,q) = g for n € N, ¢ € Q. It admits a canonical
splitting homomorphism s : Q — N x @ given by s(¢q) = (1, q).

Let M be an N x Q-module. For an r-cochain ¢ € C"(N; M) we define its
natural extension ¢ € C"(N x Q; M) by setting

E((nla q1)’ (nQ; q2)a T (nr7 QT))
ZC(nl, q1(n2), (1g2(n3), .., q1g2 - -+ QT—l(nr))

(11)

for n; € N,q; € Q. It is easy to see that if we restrict this extending operation to
the @Q-invariant cochains, then the resultant map

C*(N; M)? 3¢ ée C*(N xQ; M)
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is a cochain map which is multiplicative with respect to the Alexander-Whitney
cup product. For example, when M = H;(N;Z), the natural map 1y : N —
N/[N,N] = Hi(N;Z) defined by n — [n] = nmod [N, N| induces a 1l-cocycle
introduced by the second author in [47]

(12) ko :=1g € Z'(N x Q; Hi(N; Z))

which is explicitly given by

Consider the case where N is abelian. Suppose that there is given a homomorphism
p: G—N x @ from a group G to the semi-direct product N x ). Then p can be
expressed as p = (f,p). Here f : G—N is a 1-cocycle of G with values in the G-
module N where the action is given through the homomorphism p : G—@Q. Then,
for the trivial module QQ, we have a linear map

f* s Hom(A"N, Q)9 = 2" (N;Q)?—Z*(N % Q;Q)2-2"(G; Q)
This means any @-invariant linear form on the exterior product A*N induces a
cocycle of G in a natural way. The cocycle f*c¢ € Z"(G;Q) induced by ¢ €
Hom(A"N, Q)% is explicitly given by
(f7e) (91,92, -, 9r) = c(fg1), p(91) [ (92), -~ (g - gr—1) f(gr))
:C*fr(gla.QQV"ng’) (gleG)

where f7 € Z"(G;A"N) means the r-th power of the 1-cocycle f with respect
to the Alexander-Whitney cup product, and ¢, : C*(G; A" N)—C*(G; Q) denotes
the cochain map induced by the G-homomorphism ¢ : A"N—Q. Consequently we
obtain

[f*d = e.lf]" € H'(G; Q).

Now if we apply the above procedure to the homomorphisms p; in (10) and
combine it with the results of §2, we obtain the following commutative diagram.

QT €G] —2 Hom(A*(A*Hg), Q)% —% Z*(M,.;Q)

I I I

@ %
QM eg’] ——  Hom(A'Ug Q% —— Z*(M;Q).

As was already mentioned in §1, for each trivalent graph I" with 2k vertices,
we denote simply by ar and $r the cocycles of M, . and M, constructed above.
Then, summing up the above arguments, we obtain the following proposition which
gives explicit formulas for these cocycles.

Proposition 3.1. Let I' be a trivalent graph with 2k vertices. Choose a linear
chord diagram C' with 6k vertices such that the associated trivalent graph I'c is
equal to I'. Then we have

1
ar(pi, -, pak) = 2r Z sgno ac(éo1) @ - @ &xam))
T 0EGy,

where p; € Mg (i =1,-+,2k), & = po(p1 -+~ @i-1)k(pi) and ac : HY* —Q is
the homomorphism given in (8), §2.
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Similarly we have

Br(p1, - > pax) = @ S sano ac(@lErn) @ - © gléo))

CoEGyy,
where p; € My (i=1,---,2k) and ¢; € Mg, is any element such that @; projects

to ; under the natural projection Mgy ..—Mgy. Also & = po(p1 -+ Pi—1)k(P;) and
q: N> Ho—A3Hg is the homomorphism given in (9), §2.

Proposition 3.2. Under the homomorphisms
* 1) S 5 * I 2 *
(A*(A*H)) ™" 2 H* (Mg, Q) and (A*UG)”" 2 H* (Mg Q)
in (2), the Sp-invariant parts of the ideals ([12]""°" & [22]) and ([2%]) go to zero.

Proof. The same argument as in §7 of [53] shows that the above homomorphisms
p5 factor as

(A*(A3H))” —— H* (1] @ [22]) X soretid*He) P ——— H*(My.; Q)

* 7T\ * = *
(aug)”t —— H*([22]xUq)"P —— H*(MgQ).
On the other hand, clearly the ideals generated by [1%]***!" @ [2%] and [2?] vanish
in H*(([12] @ [2%]) XtoremiA® Hg) and H*([22]xUg) respectively. The claim follows
from this immediately. O

4. TWISTED MUMFORD-MORITA-MILLER CLASSES AND H* (M, .; A*H)

Let Mg 1 be the mapping class group of ¥, fixing an embedded disk D? C g
pointwise, and M, . the fiber product M, . X m, My« induced by the forgetful
homomorphism M, .—M,. It is easy to see that the correspondence Hg,* >
(0, 0) — (Y™t ) € m By x Mg, defines an isomorphism.

As in [47], let us consider the 1-cocycle

k'() : Mg7* = 77129 X Mg,*—>H1(7T12g) =H

defined in (12) which is explicitly given by ko(p, ) = [~ 1] for (p,¥) € My .. Let
T My .—M,g, (resp. 7: Mgy .—M,.) be the first (resp. the second) projection
so that we have the fiber square

w 1

Now we write simply ¢ for (7)*(e) € H?>(M,..;Z) and we consider the cohomology
class e'ky’ € H?% (M, .; AVH). We define

(14) mi,; = W!(éikoj) S H2i+j72(Mg,*;AjH)

for 4,5 > 0 and i + j > 2, where m : H*(Mg .; M)—H*"2(M, .; M) is the Gysin
homomorphism (or the integration along the fibers of the map 7). We call them

the twisted Mumford-Morita-Miller classes. In fact, when j = 0 and ¢ > 1, we have
Mi+1,0 = €i-

~— —~
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On the mapping class group M, ; these classes are nothing but the cohomology
classes (—1)7m; ; introduced by the first author in [34], where they are called the
generalized Morita-Mumford classes. In order to verify this, we introduce the map-
ping class group M?] of ¥, fixing two distinct points pg, p1 € ¥, pointwise. Choose
a simple curve £ in ¥, connecting p1 to po. Define a 1-cocycle wy € Zl(/\/lg; H) by

we(p) =p(l) =t e H
for p € ./\/lg. Here ¢(¢) — { is regarded as a 1-cycle on X,. In [34] the generalized
Morita-Mumford class m; ; € H*(M 1; A7 H) was defined to be the Gysin image of
the cohomology class e'wy’ € H*(M} ;, Mg 1 xZ; AV H). Here M} | is the mapping
class group of X, relative to an embedded disk and a fixed point outside of it. The

product M, x Z is embedded into M} ; as the “boundary” of M} ; (p.140, [34]).

On the other hand, let 7 : M;—V\/lg,* (resp. T : Mg—v\/lg,*) be the homo-
morphism defined by forgetting the point p; (resp. pp). Consider a diffeomorphism
Yo (Eg,01)— (g, po) given by sliding the point p; along the curve £. We introduce
a homomorphism

(15) o M2,

by the correspondence ¢ — (7(p), Y7 (p)e~t). Then we have a commutative
diagram

o I
Mgr1 —— Mg, —— M.

Consequently the following lemma implies that the cohomology class m; ; defined
in the present paper essentially coincides with the former one.

Lemma 4.1. We have

aj (ko) = —wp € Zl(Mng).
Proof. For any ¢ € M;, we have

aj (ko) =ko (m(), Yer(p)te ")
=[wem (@) m(0) ] = Wby ] = [Lo(0) 7] = [ — ()]
= —we(p)
completing the proof. O

In [42] Looijenga obtained a remarkable result that the rational stable cohomol-
ogy of M, with coefficients in any finite dimensional irreducible representation of
the algebraic group Sp(2g, Q) is isomorphic to a free module over the stable rational
cohomology of M, together with a description of its free basis. His proof as well
as construction of cohomology classes are based on geometric considerations on the
moduli orbifold of algebraic curves including, in particular, a theorem in Hodge
theory. As for Mg, this result cannot be generalized to integral symplectic coefli-
cients. In fact, for example, the second integral cohomology of M, with coefficients
in H does not admit the stability [46].

On the basis of Looijenga’s noteworthy idea [42] that the stable cohomology with
symplectic coefficients is computed only from the Harer stability theorem [21] with
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trivial coefficients, the first author has deduced the following result: the stable in-
tegral cohomology of M, 1 with coefficients in H®™ is a free module over the stable
integral cohomology of M, 1, and certain algebraic combinations of the (modified)
twisted Mumford-Morita-Miller classes can serve as its (topologically constructed
and new) free basis [33]. Here the Lyndon-Hochschild-Serre spectral sequence for
a pair of groups introduced in [34] is used instead of geometric considerations in-
cluding Hodge theory.

Since it has been found out that the twisted Mumford-Morita-Miller classes can
be defined also on M, ., all the results obtained in [33] hold for the mapping class
group M, .. For example, we have

Theorem 4.2. If the total degree is smaller than g/2, then we have
H* (Mg A" Hg) = H* (Mg,.; Q) @ (®:,Q[mi ;)
where the indices run over the set {(i,j); i >0,j > 1 and i+ j > 2}.

The above results show that we have obtained explicit basis for these free modules
in terms of the twisted Mumford-Morita-Miller classes defined above.

5. THOM ISOMORPHISM THEOREM FOR M . AND SPLITTING OF H*(Myg .; M)

Let EDiff { ¥,—B Diff { ¥, be the universal ¥,-bundle over the classifying space
BDiff; ¥, of oriented ¥4-bundles. Then the fiber product

FE le‘er Eg XB Diff; 3, EDIfer Eg

is an Eilenberg-MacLane space K (M, ., 1) and its diagonal set is a “submanifold”
of codimension 2. Hence we can define the Thom class v € H*(M, .;Z), namely
the Poincaré dual of the diagonal set (see [46]). The cohomology class v may be
constructed also in the following algebraic way.

Let M; be the mapping class group of 3, fixing ordered 2 points py and p;
as in §4. Choose a simple curve ¢ in 3, connecting p; to pp and consider the
homomorphism  : M2—My . introduced in (15), §4. In §§5-7 we write simply m
and 79 for 71 (2,4, p1) and 71 (Zy — {po}, p1), respectively. Let R, denote the kernel
of the inclusion homomorphism

R, = Ker(r{—m1).

The kernel of m : M2—My, , is naturally identified with 7{. Hence we obtain a
morphism of group extensions

1 R, ﬂ'? —_ T — 1
(17) H l wzl
1 R, M2 = My, —— 1

Let M be an M, ,-module. We regard it as an ﬂg,*—module by the homomor-
phism 7 : ﬂg,*—v\/lw. Since the group R, is a subgroup of a free group 7¥, we
have HP(Ry; M) = 0 for any p > 2. Hence

(18) HP(Ry; M)™ =0

for any p > 1, and the second transgression of the Lyndon-Hochschild-Serre spectral
sequence of the extension Rg—>7r?—>7r1 is an Mg—equivariant isomorphism

dy' : HY(Ry; M)™ —H? (13 M).
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Especially if M is a trivial module Z, then any element of H?(my;Z) is Mg—invariant.

Hence we have Hl(Rg;Z)Mi — HY(R,;Z)™ so that the morphism (17) induces a
commutative diagram

HO(M,.; H(R,; Z)) —2— H*(M,.;Z)

<w> | ol
HO(my; Hl(Rg;Z)) _d H?(m1; 7).

Thus there exists a unique element vy € H°(M, .; H'(R,; Z)) satisfying the equal-
ity < 1¢"doryg, [E4] >= 1. The cup product

(20) wU : M—H"(Ry; M)™
is an M ,-isomorphism for any M, .-module M. We define the cohomology class
v e H?*(M,.;Z) by
v=doy € HQ(MQ,*;Z).
It satisfies
(21) my =1

and plays the role of the Thom class in the context of mapping class groups as
follows.

Theorem 5.1 (Thom isomorphism theorem). Let M be an M, .-module.
(i) We have a split exact sequence

0— HP(Mys M) LS HPP (W s M) HPP2(M2; M)—0.
(ii) For any u € H*(My,.; M), we have
vu =vr*s*u € H*(Mg.; M)

where s : My .—M,. . denotes the diagonal map defined by ¢ — (¢, ). This means
that the cohomology class v has its “support” in the “diagonal” s(Mgy.) C Mg ..

(ii)
s‘v=e€ H*(My ;7).

Proof. By (18) the Lyndon-Hochschild-Serre spectral sequence of the extension
11— Mg ——= M, with values in H(Ry; M) collapses, namely, the homomorphism

(22) T HY (Mg H (Ry; M)™) == HP (Mo H' (Ry; M)
is an isomorphism. This together with (20) implies that the cup product
(23) U : H* (Mg M)iH*(ﬂg,*; HY(Ry; M), v vom*(v)

is an isomorphism.
We first prove (i). Since the group R, is free, the lower extension in (17) induces
the Gysin exact sequence

e HP (M H' (Rys M) 2 HP P (M o3 M) S HP P (M3 M) — -
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Substituting the isomorphism (23) into the above sequence, we obtain the exact
sequence to be proved. By (21) we have

mda(rp Un*v) =mvUn*v) =v
for any v € HP(Mgy..; M), which gives a natural splitting of the sequence. This
proves (i).
Next we consider (ii). It follows from the isomorphism (22) that the map
™ H*(Mg; H' (Rg; M) — H*(Mg,.; H' (Ry; M)
is a surjection. Hence 7*s* is equal to the identity on H*(M, .; H(Ry; M)).
Therefore vou = 7 s*(vpu) = vom*s*u, which implies
vu = da(vou) = do(vom*s*u) = vr*s*u

thus proving (ii).
Finally we prove (iii). Choose an embedded disk D? C Y4 containing the simple
curve £. Then we have a morphism of extensions

Z — Mg,l I Mg,*

! .
Ry —— M —s My,

which induces the following commutative diagram

HY(M,.; HY(Ry)) —2— H2(M,,.)

‘] |
HO My HY(Z) —%— HA(M,.).
We have ¢*vy = Al € H'(Z) for some X\ € Z. Hence
s*v = s%davy = dat* (1p) = Adal = de € H2(/\/lg,*;Z).

If we restrict this formula to m x 7 C m X My, = M, . and apply the usual
Thom isomorphism theorem on ¥, x ¥4, we obtain A = 1. Thus we have s*v =e €
H?(My ;7). This completes the proof of (iii) and hence that of the theorem. O

Next we show that there exist certain canonical decompositions of cohomology
groups of mapping class groups.

In [45] Proposition 3.1, the second author proved that the cohomology of the
total space of any oriented ¥4-bundle with values in Z[1/(2¢g — 2)] has a canonical
decomposition. Here we refine this result slightly, which would clarify the behavior
of the twisted Mumford-Morita-Miller classes.

Let h : II — M, be a homomorphism from a group II into the mapping class
group M. The fiber product II, = II x q, My . admits an extension of groups

(24) 1—sm —5IL,—STT— 1.

Let A be a commutative ring with a unit. We denote Hqs = H ®z A = H1(Z4; A),
which has the intersection pairing p: Hqa ® 4 H4 — A. For any A[ll]-module M we
identify the cohomology group H*(m1; M) with Ha4 ® 4 M by the A[ll]-isomorphism

W Ha @4 M—H (113 M) = Homa (Ha, M)
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which is defined by u/(v)(u) = (p®1p)+(u@v) for u € Hy and v € Hy®4 M. For
the rest of this section we write simply Ha ® M for Hqy ® 4 M. As in the previous
sections, we use the notation 1z also for the abelianization map in H'(wy; Ha) as
well as the identity map of H. When M = H, we have p/(wp) = —1g where wy is
the symplectic form wo = >.7_,7; ® y; — y; ® x; € H®? as before.

Proposition 5.2. Suppose that there exists a cohomology class § € H*(IL,; A) such
that

m(0) = (1°6,[S,]) = 1 € HO(IL; A).
We denote

0 =6 — 7" m(6%)

which also satisfies m(6') = 1. Then we have the following.
(i) For any A[ll]-module M, the Lyndon-Hochschild-Serre spectral sequence of the
extension (24) collapses at the Ea-term, and the cohomology group H*(IL.; M) nat-
urally decomposes as

H*(TL; M) = H*2(I; M) @ H*Y(I; Ha ® M) @ H*(IT; M).
(ii) There exists a unique element x € HY(I1,; Ha) satisfying
x =1g € HY(my; Ha), and m(0x) =m(0'x) =0¢€ H'(IT; Ha).
(iii) The homomorphism € : H* Y(I1; Hy @ M)—H*(IL,; M) given by
(25) €(0) = (18 Ty (x @ T0) (v € HV(IG Ha @ M)

is a left inverse of the edge homomorphism my : Ker m—E*; 11 = H*~Y(II; H4@M).
(iv) Eaplicitly, for any v € H*(Il,; M), we have

w= 0w m () = (1 ® Lag). (x © T'm(x ® ) + 7*m (9u)
— o m (u) — (1 ® Lag). (x © T'm(x ® w) + 7" (m (Bu) — m(62)m(u)).

Proof. We have
m(0r*v) = m(0'7m*v) =v € H*(II; M)
for all v € H*(IT; M). This means that the map
o H (I, M) — H*(IL; M)
defined by v — 6'7*v is a right inverse of the Gysin map m and that the map
wo : H*(I1,; M) — H*(I; M)

defined by u — m(fu) is a left inverse of the map 7*. Especially the map m is
surjective and the map 7* is injective. Hence the Lyndon-Hochschild-Serre spectral
sequence of the extension (24) collapses at the Fa-term.

The map 12 induces the decomposition H*(Il,; M) = H*“2(II; M) & Ker m,
while the short exact sequence

0—s H*(IT; M) "> Ker m—5 B0 = H* (I, Hy © M)—0

splits by the map ¢ restricted to Ker 7. Hence
(26) my : Kerm ﬂKerngiH*_l(H;HA(@M)

is an isomorphism. This proves (i).
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Now we consider the case M = H 4. The map
= HY (I Hy)— H (1, HA)" = HY(IT, Hy @ Ha)

is surjective by (i), so that there exists an element ¥ € H'(II,; H ) satisfying 1*y =
1g. If we set x = x — 7*m(0X), then we have .*x = 1y and m(0x) = m (8" x) = 0.

If there is another x’ satisfying the same conditions as y, then the difference
X' — x is contained in Ker:* = 7*(H(IT; Hs)). It follows that there exists an
element v € H(IT; H,) such that ' — x = 7*(v). But we have v = m (7% (v)) =
m(0x') — m(6x) = 0. This proves (ii).

Next we consider (iii). Since m(x) = m(0x) = 0, we have e(H* "1 (II; HA® M)) C
Kerm N Ker pg. Moreover we have
(27) m(x) = (x) = (W) (Lu) = —wo € HO(I; H?).
Hence

mpe(v) = m(p ® 1) (X @ 7°0) = (1 ® p @ 1ar)(m3(x) ®v) =0

for any v € H*~Y(Il; H4 ® M). This proves (iii).

Finally we prove (iv). We observe
(28) m(x®?) = wo € HOIL HY?).

In fact, we denote by T’ : HA®*—H4%* the switch map v; @ v2 ® Vg ® v4
—v1 @ U3 QUy ®vyg (v; € Hy). From the multiplicativity of the Lyndon-Hochschild-
Serre spectral sequence, we have

m(x®?) = (" (0) ® (), [Z]) = (1 © 11, [Zy])
=(1 @ Ly,e2)T" (1) () @ (W)~ (1r))
:(’u, ® ]_HA®2)TI (wo & wo) = wp.

Let u be any element of H*(IL,; M). By what we have shown above there exist
up € H*(I; M), uy € H* " *(II; H4 ® M) and uy € H*~2(II; M) such that

u=0'7"(uz) + (1 ® Lar)«(x ® 7" (1)) + 7" uo.
Clearly we have mu = ug. Since m(06) = m(6x) = 0, m(0u) = up. Moreover
mx@u) =m(x® (k@ 1p)s(x @7 (1)) = (1g @ p @ 1) em(x®? @ 7 (u1))
= (1g @ p® 1ar)«(wour) = —us
by (28). This proves (iv) completing the proof of the proposition. O

Now we consider the case II = M, .. Then IL, = M, . and the Thom class
v € H*(M,.;Z) satisfies mv = 1 by Theorem 5.1.

Theorem 5.3. For any Mg .-module M the cohomology group H*(M .; M) de-
composes as

H*(ﬂg,*éM) = H' (Mg M) & H*_l(Mg,ﬂH ® M) ® H*_Q(Mg,*éM)~
Ezplicitly, for any u € H*(Mg .; M), we have
w=v'r"m(u) — (1t @ 1) (ko @ 7*m (ko @ u)) + 7*s*u
=vr'm(u) — (@ 1ar)s (ko @ 7" m (ko @ u)) + 7 (s*(u) — em(u))
where V' = v — 1*(e) € H*(Mg,.; 7).
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Proof. The cohomology class kg € H* (M, .; H) satisfies t* (ko) = 1 and m (vko) =
m(vm*s*(ko)) = 0 by Theorem 5.1, (iii). We have
v—rm'm(?) =v—n'mvrts* (V) = v — mtm(vrt(e) =v —n¥(e) = V.

Now m(vu) = m(vr*s*u) = s*u by Theorem 5.1, (ii). Thus the theorem follows
from Proposition 5.2 immediately. |

Recall the exact sequence in Theorem 5.1
0— H*2(Mg; M) LS H* (Mg .; M) 25 H (M35 M)—0

where oy : M2 — M, is the homomorphism introduced in (15), §4. The
forgetful extension 7{—M?2—M, . induces the Gysin map my : H*(M2; M) —
H* ' (Mgy.;H® M).

Lemma 5.4. For any u € H*(Mg,.; M) we have

mya*(u) = —m(ko @ u) € H* 1 (My.; H® M).

Proof. By Theorem 5.3
u=vmu) — (g 1a)s« (ko @ 7*m (ko @ u)) + 7 (s*(u) — em(u)).
Since a*(v) = 0 and mym* = 0, we have

myou” (u) = —mpae™ (1 @ 1ar)« (ko @ T mi(ko @ u))
=—(1g @ p® La)my(ko)m (ko ® u)
=(1g @ p®1y)«(wo @ mko @ u)) = —m(ko @ u)

as was to be shown. O

As in [45] Proposition 3.1, in the case IT = M, we have 7 ((2 —2g)'e) =1 €
HO(M; Z[1/(2 — 2g)]). We denote

e =(2-2g)"te — (2 —2g)%e1 € H*(My.; Z[1/(2 — 29)])
X =(2—29) 'm11 € H*(Mg..; Hzpn j(2—2g)))-

Here my 1 is a generator of H'(M, .; H) = Z (see [46], where m4 1 is denoted by
k). Then we have m(e”) = 1 and t*x = 1g. Since H'(My; H) = 0 (see [45]), we
have m(e”x) = 0. Consequently we have the following result.

Theorem 5.5. Let A be the commutative ring Z[1/(2—2g)] and M be any A[M,]-
module. Then the cohomology group H* (Mg .; M) decomposes as

H*(Mg ;M) = H*(Mg; M) ® H* ' (My; Hy @ M) @ H*2(My; M).
Explicitly, for any u € H*(Mgy..; M), we have

w=e"mu— (p® 1) (x @7 m(x ®u)) + (2 —29) " 7*m(eu).
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6. CONTRACTION FORMULA

The purpose of this section is to prove that the twisted Mumford-Morita-Miller
classes m; ; on the mapping class group M, . are stable under the operation induced
by any contraction of coefficients which is derived from the intersection pairing
p:H®QH — Z.

The key to computing contractions of twisted Mumford-Morita-Miller classes
m; ;'s is the following theorem due to the second author [46]. Here we give an
alternative proof of it.

Theorem 6.1 ([46], Theorem 1.3).
i (ko®?) =20 —e —e € H*(M,.; Z).

Proof. Let M, 2 be the mapping class group of X, relative to two disjoint embedded
disks D? I1 D? C ;. The main ingredient of this proof is

(29) (k%) = 0 € H*(My2; 7).

In fact, in view of the Gysin sequences and Theorem 5.1, (i), the kernel of the
homomorphism
HQ(Mg,*; Z) — H2(Mg,2; Z)

induced by the forgetful homomorphism Mg72—>/\/l§%>ﬂg7* is generated by the
classes v, e and €. Hence, if (29) is established, we have p. (ko®?) = av + be + ce
for some a, b, ¢ € Z. On the other hand we have s* i, (ko®?) = 0 and 1, (ko ®?) =
s (ko ®?) = 2¢g by (28). Hence we obtain a = 2, b= ¢ = —1.

To prove (29) we construct a 1-cochain ¢ € C'(My 2; Z), which cobounds . (ko
in a geometrical way.

Choose two parallel simple paths £ and ¢’ connecting the two embedded disks.
For any mapping class ¢ € M, > we may consider the algebraic intersection number
@) - £ of two simple paths ¢(¢) and ¢'. Now we define a 1-cochain

c: My o—1Z
by setting ¢ — £ - p(¢'). Then we have
1 (ko) (1, 02) = ko(1) - wiko(2) = (€ = @1(0)) - @1 (¢ = pa (')
=L pa(l) =L pra(l) + L o1 (0) = de(p1, p2).
This means 1, (ko®?) = 0 € H*(M,2;Z), as was to be shown. O

),

Thus any contraction of a single twisted Mumford-Morita-Miller class is ex-
pressed by an algebraic combination of other such classes. On the other hand, let
My and M> be two M, ,-modules. Then we consider the contraction map

lopel: (M H)® (H® M) — My @ M,
which is given by £z @y @1 +— pulzr @ y)E @ n.

Theorem 6.2 (Contraction Formula). Let u; € H*(M,g.;M;) (i = 1,2) be any
two elements. Then we have the equality

(1®p@1)(m(ur @ ko)m (ko ® uz))
= — m(uruz) + s (u1)m(uz) + m(u1)s™ (uz) — em(ug)m(usz)

as an element of H*(Mg .; M1 @ My).



COHOMOLOGY OF THE MODULI SPACE OF CURVES 21

Proof. By what was shown in [26], Theorem 3 in Chapter II, p.126, the identification
of the Lyndon-Hochschild-Serre spectral sequence

p i H (Mg HT (mXg) @ My)— By (M;)
of the extension m13,—M, ,—M, . preserves the cup product up to sign. More
precisely, if @; € HPi (Mg ; H ® M;), we have

pliin Utip) = (1) p(ia) U p(ilg) € E5* P22 (M) ® Mp),

namely,

m(e(t)e(tz)) = (-1 (1@ p® 1)« (Tid1)i2)
in HP* P2 (M s M1 ® Ms), where T' : H® M;— M, ® H is the switch map given by
& (@ and € : HP (M, . H® M;)—HP (M, .; M;) is the homomorphism
introduced in Proposition 5.2 (ili).

Let u; be an element of HPiT1(M, .;M;). Clearly we have m(ko ® w;) €
HPi(My s H® M;) and (—1)P* 1T m (ko ® u1) = m(u1 ® ko). By Theorem 5.3
we have

—em (ko ® ug) = u; — V' rrm(u;) — 7% (ug).
Consequently we obtain
(1®p@1).(m(ur @ ko)m(ko @ uz))

= —m (e(m (ko ® u1))e(m (ko ® uz)))

=—m ((uy — V7 m(ur) — 7" (u1))(ug — V'7*m(uz) — 75 (uz)))

= — m(uruz) + s (ur)m(ug) + m(u1)s™ (ug) — em(ug)m(uz)
as was to be shown. O

This implies that any contraction of two twisted Mumford-Morita-Miller classes

can be expressed by an algebraic combination of other twisted Mumford-Morita-
Miller classes.

7. REPRESENTATION OF THE CROSSED HOMOMORPHISM /; IN TERMS OF kg

In this section we express the crossed homomorphism
~ 1
k- Mg,*—>§A3H

which is the main ingredient of the representation p; : Mg,*—>%A3H x Sp(2¢9,7),
in terms of the twisted Mumford-Morita-Miller classes introduced in §4. More
precisely, we prove

Proposition 7.1. We have the equality
mo,3 = —6/~€ S Hl(Mg’*; ABH)

The Sp(2g,Z)-module A®H is embedded into H @ A’H by
TANYNz—=2QUYNZ2+YyYR@zNr+ 2T Ny
(see [28]). It induces an injective homomorphism

H'Y (Mg ; N H) — HY (M s H® A*H)
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which sends the element mg 3 = m(ko®) € H' (M, .; A°H) to
3m(ko ® ko?) € H' (My.; H® A*H)
because of the anti-commutativity of the cup product. On the other hand we have
m(ko @ ko) = —myt* (ko®) € H' (My.; H® A’H)

by Lemma 5.4. Here my : H*(M7 : A’H) — H* " (Mg .; H® A*H) denotes the
Gysin map associated to the extension 71(X9) — M2 — M, . Furthermore we
have a natural isomorphism H'(M, .; H®A*H) = H' (M, 1; H® A?H) and hence
it suffices to prove it on the mapping class group M, 1. Therefore Proposition 7.1
is reduced to the following proposition.

Proposition 7.2. We have the equality
my* (ko?) = 2k € HY(My1; H @ A2H).

Proof. Since the fundamental group 71 (X)) is free, we have H? (w1 (X9); A2H) = 0.
This implies that there exists a 1-cochain 6 € C'(mi(X)); A2H) which satisfies
(1g)? = —df, namely

(30) () =0(7) +0(Y) + I A [Y] € A°H

for any v, € Wl(Ego). Especially we have

0(1v 7)) =0y ) =200 A DY)

Explicitly the cochain 6 can be constructed by making use of the Magnus ex-
pansion of the free group 71 (X)) described by the free differential calculus of Fox
as follows. Choose a symplectic generating system {oy, 3;}7_; of 71(X9). Then the
map 6 : 71 (5))—A?H is defined by

0(v) = Zg:[gg} A o] + [88;} A3 € A2 H
i=1 g ¢

for v € m (X)), where d/0a; and 9/983; denote the free differentials and [] :
Z[m1(%))]—H denotes the homomorphism induced by the abelianization m (3))—H.

The crossed homomorphism k can be represented in terms of the cochain 6 (see
also [36]). Here we regard k as a crossed homomorphism of M, 1 into Hom(H, $AZH).

We define the twisted product SA?HXH to be the product set A?H x H
equipped with the group law

1 1
(€ u)n ) = (€4 7+ guhvutv) (Ene AHuveH).
By (30), the correspondence
1 1 ~
Nz 3= (5007), D)) € §A2H><H

is an isomorphism of groups. Here Ns denotes the quotient group of m; (22) by its
second commutator subgroup [m1 (X)), I (w1 (2)))] where I (w1 (X])) is the com-
mutator subgroup of Wl(Eg). Hence, by the definition given in [52], the crossed
homomorphism kis given by

(50(e()), ) = (/5‘(@)(90[7]) + %@(9(7))7@[7]),
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namely,

He)(ehl) = 50(0(1) — 3o(6)

for any ¢ € My 1 and v € wl(Eg). For example if ¢ belongs to the Torelli group
2,1, we have

k() (pl) = %9(@(7)7_1) =)yt mod I (m(2y)) € AH

by (30).

Now we consider the mapping class group M;’l of X, relative to an embedded
disk and a fixed point outside of it. It is easy to see that the forgetful homomorphism
M;l—v\/lg,l is a split extension so that we may regard M, ; as a subgroup of M;ﬁl
and the group M;ﬁl is decomposed into the semi-direct product

My =2 m(5%) x Mg

This enables us to consider the cochain 6 € C! (M, 1; A*H) given by

0(ve) = 0(7), (v €m(DY), p € My1)

as in (11). Then we have

dO(v1¢1,72002) = p10(72) — O(7101(72)) + 6(71)
=010(72) — 0(p1(72)) — [11] A [p1(72)]
= — 2k(1)(¢1[12]) + (ko®) (7191, Y2¢02)

for any 71,72 € 771(22) and @1, 92 € Mgy 1. Hence, if we define f € CQ(MM},J;AQH)
by setting ~
fner,yaep2) = —2k(p1) (1 [r2]),
f is a 2-cocycle and
V(ko®) = [f] € HA (Mg 1 AH).
By [26], Proposition 3 in Chapter II, the Gysin image mye* f is given by

(m* F)(0)(7) = = fle, 07 (7)) = 2k(0)(7) (v € m(ED), p € Mga).

Therefore myt*ko® = my*[f] = 2k € H' (My1; H® A?H), as was to be shown. This
completes the proof of Proposition 7.2 and hence that of Proposition 7.1. O

8. PROOF OF THE MAIN RESULTS AND ALGORITHM FOR DETERMINING «ap

In this section we first prove Theorems 1.2 and 1.3 and then give an algorithm
for determining the characteristic class ar(g) € Qle, e1, ez, -] for any trivalent
graph I' € G.

In order to prove the results, we construct a twisted cohomology class a(I") of
the group M, . for any finite graph I" with endpoints. Here an endpoint means a
vertex of degree 1. If we denote by v = v(I") the number of the endpoints, then
a(I') is defined as an element of H*(M, .; Hg®"). In the case I' is a trivalent
graph, the cohomology class «(I") coincides with what we have constructed in the
previous sections.

Let I" be a finite graph with endpoints, and v;, 1 < ¢ < m, the vertices of I" of
degree > 2. We assign each vertex v; the twisted Mumford-Morita-Miller class

. 1
— T (k()@dl) = —$m0,di S Hd'i72(Mg’*;AdiHQ) C Hdii2(Mg,*;HQ®di),
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where d; is the degree of v;. When n = 3 it is equal to the cohomology class of the
crossed homomorphism k. The Euler characteristic x(I") of the graph I" satisfies

2D+ (D) =) (di—2).
So we obtain a twisted cohomology class

HZI (—77! (ko®di)) e g 2x(D)+v(D) (Mg,*;HQ@’ELdi),

In a similar way to the construction in §2 we can construct an Sp(2g; Z)-invariant
homomorphism

ap : HEEMdi L ppeu(r)|

It contracts one H in A% Hg and another H in A% Hg by the intersection form g
if an edge connects the vertices v;, and v;,. Now we define the cohomology class
a(') by

o) = ar, (H:; (—77! (k0®di)>) € H-2D+ (D) (A, Hg® ),

The sign of the cohomology class depends on the numbering of the vertices.

We have no need to consider vertices of degree 2. In other words, the cohomology
class +a(I") depends only on the topological type of I'. In fact, —m(ko®?) €
H%(M, ; H®?) corresponds to the identity 1z of H by the intersection form pu.
From what we have shown in §3, if I is a trivalent graph (without endpoints), the
cohomology class a(I") coincides with ar € H*(M, .; Q) in the previous sections.

The contraction formulae given in §6 imply that the cohomology class «(I") is an
algebraic combination of the Euler class e and the twisted Mumford-Morita-Miller
classes m; ;'s. Thus, for any finite graph I" without endpoints, a(I") is a polynomial
of the Euler class e and the Mumford-Morita-Miller classes e; = mjyi1,0’s. This
proves Theorem 1.2.

Proof of Theorem 1.3.
In this proof we regard the symplectic form wg as an element of H®? given by

A DU — U R L ®2

WO—Zizl(%@yz y1®x1)€H y
where {x;,y;} is a symplectic basis of H. From (28) we have
wo = (k0®2) € H' M, .; H®?) C H®2.

Moreover we identify H®? with End(H) by the intersection form p. Then the
symplectic form wy corresponds to the negative of the identity —1y € End(H), and
the graded algebra H* (M, .; H®?) acts on the graded module H*(M, .; H).

We first prove (ii). Let ¢ be an indeterminate. We define B € H*(M, .; H®?),
e.(t) € H* (M D)[[f] and o(t) € H* (M, H)[[1] by

B = —W!(ék0®2),

o é
eut) =" et =m (1 _w) and
teko > ;
t) = — = — i tla
v(t) = —m (1—t€) ;m,l
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respectively. Then, making use of the contraction formula (Theorem 6.2), we obtain
(1—tB)v(t) = — ((1 —te) ™" —tee.(t)) tmy 1.
f (myg @ v(t)) = (1 —te)e.(t) —eo (1 —te) ™" —tee.(t)) .

In fact, we have

(31)

(1= tB)o(t) = v(t) ~H1 & p). <7T!(ek0 ® ko)m (ko fe ))

1—te
. te2 t te
- <1 —etek()) o (1 - tek()) ~ im(eko)y —ete T+ tem(eko)m (1 —ete)
t te
= — m(teko) — tm(éko)l _ete + tem (€ko)m (1 _et€>

S (1 _1te —em (%)) tm(eko) = — (1 —te) ™" —tees(t)) tma 1.

Similarly we can deduce the latter equality in (31) as follows.

fn (11 ® V(1)) = —poa (m (eko)m <k0 fe ))

1—te

te> te te N te
=TT — EeT — € eegm
"\1-te "\1-te 07 e T\ T Tt

+ eg + eeptes(t)

=e4(t) — eg — teex(t) —
ex(t) — eg — teex(t) T30

=(1 —te)e.(t) —eo (1 —te) ™' —tees(t)).

The formulae (31) imply

—1

fre (M1 (1 —tBy) Mtmy ) = eg — (1 —te) 2 —te(l —te) ‘e (1)) ex(?).

Now the cohomology class in H?(M, .; H®?) indicated by the trivalent graph
—O— is equal to —B — 2e - 1y, so that the cohomology class ar(;) is equal to
pise (m11(=B —2e - 1) "*my 1). Hence we have

ZZ#OZF(“ = Zilti/‘* (mia (=B —2e-1g)" 'my 1)

(2

=Tl (ml,l(l + 2te + tB)ilml,l)

t -t t
—— 1— (- B -
K (m“( ( 1—|—2te) ) ( 1+2te>m1’1>
2 —1
e 1+ 2te n te . —t . —t
-0 1+ 3te 1+ 3te *\ 1+ 2te “\1+2te)’

as was to be shown.

Next we prove (iii). The trivalent graphs H and I define twisted cohomology
classes ay and oy in H*(M,.; H®%), respectively. Let T : H®* — H®* be an
Sp-equivariant map given by

T(a1 Q@az ®az@a4) = a1 @ az @ as @ aq
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(a; € H). Then ay = =T, (ap) because of the graded commutativity of the cup
product. Hence the assertion (iii) is reduced to the following formula

(32) ag + Ty (ag) = —e ((wo @ wo) + T (wo ® wp))
in H*(Mg,.; H®*). By the contraction formula (Theorem 6.2) we obtain

ag=1®up®1) (W[(ko®2 ® ko)m (ko ® k0®2))
=—-m (k0®4) —em (k0®2) ® M (/fo®2)
=—m (ko®*) — ewo ® wo.
On the other hand, we have T (k0®4) = —ko®* in HY( M, .; H®*). Therefore we
have ag + Tk (ag) = —e (wo @ wy) — e Tk (wo @ wp), as was to be shown.
Finally (i) follows from (ii) and (iii) immediately because by (ii), the leading

term of ap(x is equal to (—1)*e while by (iii), for any connected trivalent graph
I, the leading term of oy depends only on the number of vertices of I'. O

Next we consider how the cohomology class a(I") behaves under a certain modi-
fication of the graph I'. We call an edge internal if it connects two vertices of degree
> 2 and is not a loop. Let 7 be an internal edge of I'. Then the quotient graph
I'/7 obtained by collapsing the edge 7 is homotopy equivalent to the original graph
I'. We denote by I' \ 7 the finite graph obtained from I" by removing the edge 7.
Clearly v(I'/7) =v(I'\ 1) =v(I"), and —x(I") = —x(I'/7) = —x(I"\ 7) + 1. Then

we have
Proposition 8.1.

a(l) = a(I/7) + ea(I"\ 7) € H=XEH D (My o HED).
Proof. The contraction formula (Theorem 6.2) implies

(1©u® 1), ((=m(ko®™ ® ko)) (=m (ko © ko®™)))

= = ko PH) — e (ko ® ) (= (ko))

for my,me > 1. It can be visualized as in Figure 8.1. This proves the proposition.
O

FiGure 8.1. Collapsing an internal edge.

The bouquet I, of m+1 circles may be considered as one of the most degenerate
graphs. We define the cohomology class é,, € H*™ (M, ,;Z) by

ém = (D) = —m (e (ko®*)™ ) = (=1)™m ((e + e — 2v)™ ).
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We have ég = —2g, é&1 = —e1 + 4ge = —e1 — 2(—2g)e, and

m—1
(=1)"m = em + Zk:l <7::11> e Fep + (m+1)(2 —2g) — 2™ ) e™

for m > 1.

We modify any finite graph without endpoints I" to a disjoint union of some
bouquets with coefficients in the polynomials of the Euler class e by collapsing all
the internal edges, so that we obtain the cohomology class «(I") by substituting
the cohomology classes é,, into the bouquets I7,.

As an example we consider the trivalent graph Iy_3 of degree 4 in Figure 8.3.
The cohomology class «(I;—3) may be computed as in Figure 8.2. This means

ar,_, = €2+ 2eé1 + eépéy +e(e +1)é3 = ea + eeq (5 — 2g) + €*(2 — 29)(—8g — 1)
(see the third row of Table 8.1).

We now describe the algorithm for determining the cohomology class ar €
Qlg]le, e1, €2, - - -] for any trivalent graph I'. It is an inductive procedure depending
on the number 2k of vertices of I'. If k = 1, we already know the answer (see
Example 1.4). Suppose that we have known the answer for any I whose number
of vertices is less than 2k (k > 1). Then we can determine o for any I with 2k
vertices as follows. If I' is not connected, then we know ar because « is multi-
plicative with respect to the disjoint union of graphs. By Theorem 1.3 (ii) proved
above, we know apy. On the other hand, it is easy to see that any two connected
trivalent graphs with the same numbers of vertices can be connected to each other
by finitely many I H moves. Hence the claim follows by applying Theorem 1.3 (iii)
and the induction assumption.

There are 5 and 17 isomorphism classes of connected trivalent graphs with 2k
vertices for k = 2 and k = 3 respectively. They are depicted in Figure 8.3 and
Figure 8.4.

We can compute the corresponding characteristic classes by applying the above
algorithm. They are given in Table 8.1 and Table 8.2.
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FIGURE 8.2. Computation of o(Iy—_3).

By using Theorem 1.3, we can show that the coefficients of the polynomials ar
satisfy certain interesting property. For example, we have the following result.
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4-4

O=e

4—-5

FicUre 8.3. Connected trivalent graphs with 4 vertices

TABLE 8.1. ap for connected trivalent graphs with 4 vertices

() eeq 62
1] 1 6 4g% —20g — 2
2|1 6 —22g — 2
3| 1| —-29+5 1692 — 149 — 2
41 1| —4g+4]| —8¢>+20g% —10g — 2
5| 1| —6g+3|—16g°+24g> —6g—2

TABLE 8.2. ap for connected trivalent graphs with 6 vertices

29

€3 €€g 68% 6261 63

1] -1 -9 0 49 — 28 —329% + 68g + 18
2| -1 -9 0 6g — 27 8g% — 3692 + 649 + 18
31-1 -8 -1 16g — 22 —6492% + 489 + 16
41 -1 -9 0 29 — 29 —20g% + 749 + 18
5] —1 91 0 -30 —4g® + 829+ 18
6| —1 9] 0 —-30 84g + 18
71 -1]129—-8| 0 16g — 22 8g% — 68¢g2 + 449 + 16
8| -1|29—-8] 0 18g — 21 1693 — 7292 + 40g + 16
9| -1|2¢g-8| 0 14g — 23 —64g2 + 48¢g + 16
10| —1129—7| —1| —4g>+24g—17 3293 — 7692 + 30g + 14
11| —-1|49g—7| 0| —4¢®>+ 269 —16 48¢% — 84¢° + 229 + 14
12| —-1149g—7| 0| —4g>+24g—17 409> — 8092 + 269 + 14
13| —1|49g—6| —1| —12¢g®> 4289 — 13 | —16¢* + 64g° — 769> + 169 + 12
14| —-1]49—-6] —1| —8g%+329—12 6493 — 88¢g% + 129 + 12
15| —-1|6g—6 0| —12¢%+30g — 12 | —16g* + 80g> — 84¢% + 8¢ + 12
16| —1|6g—5| —1| —20g%2 4329 — 9| —32¢* + 96g° — 769> + 29+ 10
17| -1 |8g—4| —1| —32¢°+ 329 — 6 | —64¢* +128¢% — 64¢°> — 89+ 8

Proposition 8.2. Let I’

write

ar = (—l)ke;C + ea

be a connected trivalent graph with 2k vertices. Let

(k—1)

k_(0)
+-tetap

us
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6—1 6—2 6—3 6—4

@ 5 o oI
N

6—5 6—6 6—7 6—8

6—-9 6 —10 6—11 6—12
6—13 6—14 6 — 15

O

O/\—O—O

6 — 16 6—17

F1GURE 8.4. Connected trivalent graphs with 6 vertices

where agf) € Qlgller,ez.--]. Also let us write
ol = Z]{,(g)eﬂl’l e
7

where J = (41, -+, ji) Tuns through all multi-indices whose entries are non-negative
integers such that j1 + 2js + - -- 4+ 1j; = i. For each J, let

f1(9) = a0+ a1(=29) + -+ + as(=29)° + ---
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be the (—2g)-adic expansion of fi(g) and set |f;(9)| = > ,as. Then for each

i1=0,---,k—1, the sum
> 1£4(9)l
J

does not depend on the choice of I.

Proof. As was already mentioned, any two connected trivalent graphs with the
same numbers of vertives can be connected by finitely many IH moves. Hence it
suffices to show that the numbers > ;|f;(g)| do not change under any IH move.
By a direct computation, we can check that the claim holds for small degrees (see
Example 8.3 below). Then the general case follows by induction on the number of
vertices using Theorem 1.3 (iii). O

Example 8.3. For trivalent graphs with two vertices as in Exapmle 1.4, we have
ap = —e1 + {_(_29)2 - 2(_29)}67 ar, = —€1 — 3(_29)6'

Hence the sums of the coefficients of the (—2g)-adic expansions are —1, —3 for ey, e,
respectively. The coeflicients of the (—2g)-adic expansions of polynomials in Table
8.1 are given in Table 8.3.

TABLE 8.3. Coefficients of (—2g)-adic expansion

e | eeq e
1] 1| 6| 1,10,—2
21 1| 6 11, -2
31 11,5 4, 7,-2
41 112,41, 5, 5,-2
50 103,32 6, 3,-2

Hence the sums of these coefficients for es, ee, e? are 1,6, 9, respectively, which
are independent of the graph I'. Similar computation for Table 8.2 shows that
the sums of the (—2g)-adic coefficients for es,e(es + €2),e%eq,e3 are given by
—1,-9, —30, —24, respectively, which are also independent of the graph. Further
computation for the case of 8 vertices shows that the sums are 1,12, 58, 140, 45 for

the coefficients of e’(polynomials ine;) (i = 0,1, ,4) respectively.

Remark 8.4. We can consider any coefficient of the polynomial ap as an invariant
defined for trivalent graphs. However the set of all such coefficients is far from being
a complete set of invariants. For example, as mentioned above there are 5 and 17
isomorphism classes of connected trivalent graphs with 4 and 6 vertices, while the
numbers of linearly independent coefficients are 4 and 8 respectively. Observe that
the sum of the third and the fifth rows in Table 8.3 is equal to twice the fourth
row. It might be worthwhile to investigate these coefficients from the viewpoint of
classification of trivalent graphs.

9. CHARACTERIZATION OF e € H*(M, ,;Q) IN TERMS OF (A2(A3HQ))S”

In the following three sections §9 ~ §11, we describe another approach to our
main results, namely from the viewpoint of symplectic representation theory. In
particular, we prove Theorem 1.1 in this context. It is based on an analysis of the
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relation between IH moves of trivalent graphs and the ideal ([12]*r!! & [22]) of
A*(A3H6).

As the first step, we describe invariant tensors of A2(A3Hg) explicitly and by
using them we characterize the Euler class e € H*(M .; Q) (see Corollary 9.6).

Let

p: H§6—>A2(A3HQ)

be the canonical projection. We define two linear chord diagrams Z;, Z, with 6
vertices by

(33) Zy = {{172}7{3’4}7{5’6}}’ Zy = {{176}7{2’5}7{3’4}}'
Then the associated graphs I'z, and Iz, are trivalent graphs with 2 vertices: the

former has 2 loops while the latter is the theta graph which were already introduced
in Example 1.4. It is easy to see that two elements ar, ,ar,, form a basis of

(AQ(A3H@))SP =~ Q2. Passing to the dual, two elements ary, ,ar,, form a basis of
Hom(A%(A3Hg),Q)°P. Explicitly we have
ary, ((a1 Nag N\ a3) A (b1 A ba A bg))
= Z Sgn o sgn T (aa(l) : aa(Q))(bT(l) : bT(Q))(aa(S) : bT(3))
o,7€EG3
ary, ((a1 Nag N\ a3) A (b1 A ba A bg))
=— Y sgnosgnt (aga) - br1)(Go) - br2) (o) - br(3)
o,7€EG3
where a;, b; € HQ.

As in [55], we denote by D(2k) the set of all linear chord diagrams with 2k
vertices.

Lemma 9.1. Let C,C" € D'(2k) be two linear chord diagrams with 2k vertices.
Then

ac(ac) = (=1)*"(29)"
where r = r(C,C") is the number of connected components of the union C U C".

Proof. To prove this, we recall a result of [57], Lemma 3.3. Let i, be two indices
with 1 <4 < j <2k and let p;; HS’%HHS% be the map defined by first taking
the contraction of the i-th and the j-th entries by the intersection pairing and then
putting wg there. More precisely
g
pij(a1 ® - ®agy) = (az"%‘)Z{al®'-'®xs®"'®ys®-“®a2k

s=1

—U® RYs R DT @ @ agg )
Let C € D*(2k) be any linear chord diagram. Then for any two indices 4,; with

1 <i<j <2k, we have
2ga i,7} e C
pijlac) = gac {.J_}
—ac {Z,]}¢C

where C is the linear chord diagram defined as follows. Let j',4' be indices such
that {i,7'},{¢,j} € C. Then

C=C\{{i. i A v {{i, g1 i)
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Now we prove the assertion using the above result. If r = k, namely if C = C’,
then clearly ac(ac') = (2g). If r < k, then by the above formula the factor —1
arises k — r times while the factor 2¢g arises r times. This completes the proof. [

Let the symmetric group &gy of degree 6k act naturally on HS’GIC and hence on
D*(6k). We consider the subgroup G = (&3)?* x &gy, of G, which is a semi-direct
product of 2k-copies of &3 with Sqf, whose i-th &3 acts on the (3i,3i + 1,3i + 2)
components of HgGk and Gy, acts on these 2k summands isomorphic to HS’B by
permutations.

Lemma 9.2. Let I, I be two trivalent graphs with 2k wvertices and let C,C’ €
DY(6k) be their arbitrary lifts respectively. Then

ar(ar) = % > aclaoer) = ﬁ > ey (acr).

oceGy oGy,

Proof. The first equality follows from
ar(ar) =ar (p(ac'))

=@a0 (i o plac:))

Z@ > aclascn).

oeGy
The second equality is clear. [l

Proposition 9.3. The matriz (ozpzi (apzj)) (1,5 = 1,2) is given by

4(2g)3 — 16(29)2 + 16(29) —12(29)2 + 24(29g)
( —12(29)2 + 24(29g) 6(29)% — 18(29) + 12(2g)>

and its determinant is
2°3(9 — 2)(9 — 1)%9° (29 + 1).

Proof. We use Lemma 9.2. By an obvious skew symmetricity of our computation
with respect to the former and the latter 3-components of Hg6, we have only to
compute the values of ac, on each element in the orbits of ac, under the action of
(83)%. By explicit graphic computation, we find that the number 7 of connected
components of C; Ua(C;) (0 € (63)?) takes the values 3,2, 1, on 4, 16, 16 elements
in the orbit, respectively, for ¢ = j = 1. Similarly » = 3,2,1 on 0, 12,24 elements
in the orbit for i = 1,j = 2 and 6, 18, 12 elements in the orbit for i = 2, j = 2. The
assertion then follows from Lemma 9.1. |

Remark 9.4. The above value of determinant is consistent with the stable range of
the cohomology group H?(A?(A3Hg)) = Q? which is g > 3. If g = 2, two elements
ary, ,ar,, are linearly dependent which reflects the fact that e; = 0 in this case.

Let a(g),b(g), c(g),d(g) be the entries of the matrix appearing in Proposition 9.3
and also let D(g) be its determinant. Thus

a(g) = 4(29)° — 16(29)* + 16(29), b(g) = c(g) = —12(29)* + 24(29)
d(g) = 6(29)° — 18(29)> + 12(29), D(g) =2°3(g —2)(g — 1)°¢* (29 + 1).
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Proposition 9.5. The projection p : A* (A3HQ)—>(A2(A3HQ))SP to the Sp-invariant
part is given by

p(§)
=D(g)"{(d9)ars, ) - clg)ars, (§)ary, + (<blg)ary, (€) + algary, (©)ar, }
for all g > 3 where £ € A2(A*Hg).
Proof. This follows directly from Proposition 9.3. O

We define
Fe:FZ1_FZ2a ape:apzl—apzz.

Here the subscript e indicates the Euler class e € H*(M, .;Z). This is because it
was proved in [50] [53] that

ar, = —29(2g + 1)e.
Corollary 9.6. If an element £ € A?2(A3Hg) satisfies
Qry, (&) = 2s, Qry, (€) =-3s

for some s, then
s

Plo) = 8(g—1)g(29 +1

ar,.
)

Proof. Computation shows that
2d(g) + 3c(g) = 2b(g) + 3a(g) = 2°3(g — 2)(9 — 1)g-

Then the assertion follows from Proposition 9.5. |

10. TH MOVES OF TRIVALENT GRAPHS AND REPRESENTATION THEORY

In this section, we give a complete description of the linear map
fIH : H§4—>A2(A3HQ)

introduced by Garoufalidis and Nakamura in [11]. It expresses the IH moves of
trivalent graphs in the context of symplectic representation theory. Explicitly it is
defined as
g
f[H(a) = Z{(al N ag N\ :Cl) N (yi Nas N\ CL4) — (a1 Nag N\ yi) A (xl Nas N\ a4)}
i=1
g
— Z{(al N asz N\ :Cl) A\ (yi Nag N\ ag) — (a1 Nas N\ yi) AN (xl Nag N\ ag)}
i=1
where a = a1 ®a2®a3®ay € Hg‘l. For later use (in the computations of Table 11.1
and Table 11.2 in the next section), we denote the i-th term (where i = 1,2,3,4)
in the above expression by a; so that fry(a) = a1 + a2 + as + a4. We summarize
their result concerning fry as follows.

Proposition 10.1 ([11]). For any element a € H§4, fru(a) is invariant under the
variable changes a1 < a4, a2 < az and a1,aq < az,as so that frg factors through
S2(S?Hg) where S denotes the symmetric power. The irreducible decomposition of
this Sp-module is given by

(4 @2 e [1*] @ [0]
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(for any g > 4) and under the composed map
po fry: Hg4—>A2(A3HQ)—>A2UQ,

the first summand goes to 0 while the other three summands remain nontrivially in
A2Ug.

Now to analize the effect of IH (or equivalently Whitehead) moves on the char-
acteristic classes of moduli space of curves through the homomorphism ®,, in (6),
we have to investigate the map f;y thoroughly. More precisely, as for the sum-
mand [2?] there is nothing to add because the multiplicity of [22] in A%(A3Hg)
is one (see [53]). However there are 3 and 2 copies of [1?] and [0], respectively,
in A2(A3Hg) (see the above cited paper) so that we have to determine the exact
places of fry([17]) and frg([0]).

First we deal with the trivial summand [0]. Recall from the previous section that
we have the element ar, = ary, —ary,-

Proposition 10.2. The image of the trivial summand [0] C S*(S*Hg) under the
map frm is the subspace of (AQ(AgHQ))Sp =~ Q? spanned by the element ar. .

Proof. Since the image is 1-dimensional, it is enough to compute one particular
nontrivial element. We choose ¢ = 21 ® y1 ® 1 @ y1 € Hg‘l for such an element.
Then
g
fru(a) = Z {mi Ay Azi) Ay Aoy Ayr) — (1 Ayr Aya) A (z Az Ay}
i=1
Hence
ary, (fiu(a)) =8(g—1), ar,, (fra(a)) =-12(g - 1).

In view of Corollary 9.6, this implies that the Sp-invariant component of frg(a) is
a non-zero multiple of the element ar,. This completes the proof. O

Next the effect of the map fry on the [1?]-component was determined in [56] as
follows.

Proposition 10.3 ([56]). The image of the summand [1%] C S?(S?Hg) under the
map frg coincides exactly with the Torelli summand [12]*°7!" ¢ A2(A3Hg).

Here [12]torelli ¢ A2(A%Hg) denotes the Poincaré dual of the original Torelli
summand [12]*r! € A?(A3Hg) in cohomology (we use the same symbol).

Thus we find that the graphic operation of IH moves on trivalent graphs fits
algebraic structure of the Torelli group (as well as that of the mapping class group)
perfectly through symplectic representation theory.

11. ALTERNATIVE PROOF OF THE MAIN RESULTS

In this section, we give an alternative proof of our main result in the context
of symplectic representation theory. In particular we prove Theorem 1.1 in the
context of symplectic representation theory. The main ingredient of our first proof
in §6 was the contraction formula (Theorem 6.2) and we obtain Theorem 1.3 by
applying it. In contrast with this, the key to the second proof is Proposition 11.1
below which is an enhancement of Theorem 1.3, (iii).

Let I'1, I'; be two trivalent graphs with 2k vertices. Assume that they are related
by an IH-move in the sense of Garoufalidis and Nakamura [11], namely there is
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an embedding I C I such that I is obtained from Iy by replacing [ in Iy by H.
In classical terms, I H-moves are nothing but the Whitehead moves. Let 7 and 7
be the corresponding edges of I and I respectively. We would like to analize the
difference ar, —ar, € (A**(A®Hg))*?.

Proposition 11.1. Let I; (i = 1,2) be two trivalent graphs with 2k vertices which
are related by an IH move and let T, C I be the corresponding edges. Then the
element

1

C29(2g+ 1)
belongs to the ideal ([1%]" & [27]).

ap — o, ar. (aFI\Tl - an\Tz) € (Azk(ASHé_)))SP

In view of Proposition 3.2 together with the fact that ap, = —2¢(2g + 1)e, we
obtain another proof of Theorem 1.3, (iii) as an immediate consequence of the above
proposition.

Proof of Proposition 11.1.

We first lift I to a linear chord diagram C; with 6k vertices in such a way that
{3,4} € C; and the projection of the corresponding chord is equal to the edge 7.
Let

ac, € (Hg6k)5p
be the invariant tensor associated to C;. Then we have
ar, = plac,)
where p : H3®"—A?*(A3Hg) is the canonical projection. Now let
fw e Hg4—>H§4
be the Sp-equivariant map defined by
fw(ar ®az®az®@as) =a1 ®az ®az ® a4 — a1 ® a3 ® a4 ® a»

(a; € Hg). It represents the essential part of the map fry. We consider Hg4 as

a direct summand of Hg% by sending the (1,2,3,4) factor of the former space to
the (1,2,5,6) factor of the latter space. We set

fw = fw ®id : HF*—HF".
Then it is easy to see that
fwl(ac,) = ac, —ac,

where Cs is the linear chord diagram obtained by applying the permutation (2, 5, 6) —
(6,2,5) to C;. Tt follows that I'c, = I'> and hence

p(fwlac,)) = ar, — ar,.
Now consider the partial projection
p®p: H® = HE® @ """ — A’ (A Hy) © A (A Hy)
where we project the first 6 and the remaining (6k—6) factors of Hgﬁk to A2(A3Hg)

and A%*=2(A3Hg) respectively.
Consider the following composition of various Sp-equivariant maps
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Hgﬁ ® Hg(ﬁk_ﬁ) E) ac,
[ |
HES @ HZ O > ac, —ac,
(34) lp@p l

A?(A3Hg) @ A*2(A*Hg) > p®plac, —ac,)

lwedge product J{

A2k(A3HQ) = ar, —ar,
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under which the element ac, goes to ar, —ar,. Now let a = a1 ® a2 ®@az®ay € H§4
be any element and set & = a @ wg € H§4 ®’ ng = Hgfj where ® means that the
(1,2,3,4,5,6) components go to (1,2,5,6,3,4) components. Then we have

po (fw ®id)(a) = fru(a).

Hence, by applying Proposition 10.1, Proposition 10.2 and Proposition 10.3, we can
conclude that the element ar, —ar, is divisible by ar, modulo the ideal ([12]“’relli &)
[22]). In view of Proposition 10.2, to determine the ar -factor we have only to
compute ar, (@) where a runs through the first 4 components of each monomial
in ac,. Table 11.1 and Table 11.2 indicate all possible cases where this value may

not vanish.

TaBLE 11.1. ar, (a)

a1 | az | a3 | a4 | ar, (@) | ar, (@2) | ar, (a3) | ar, (a4) ary (a)
Ula |y o |ue | 49g—2)| 4(g—2) 0 8 8(g—1)
2 |y | @ |k | ye | —4(g—2) | —4(9—2) —4 -4 —8(g—1)
3w |y |uk | zk | —4(9—2) | —4(9—2) —4 -4 —8(g—1)
4 lyjlxy o |z | 49—2)| 49-2) 8 0 8(g—1)
5@y ||y | 4g—1)| 4(g—1) 0 0 8(g—1)
6 |y |z | x|y | —4g—1)|-4g—-1)|-4g—-1)| -4g—-1) | -16(g—1)
Tlx |y |y |2 | —4g—1)] —4g—1)|-4g—-1)| —4(¢g—1) | —16(g—1)
8 |yj | x5 | yj |z 4(g— 1) 4(g—1) 0 0 8(g—1)
Vla|ze| yj | us 0 81 4(g—-2)| 4(9-2) 8(g—1)
2y | ok | x| Yk —4 —4 | —4(g—2) | -4(¢g—2)| —-8(g—1)
x| ye | Y5 | —4 —4 | —4(g—2) | —4(¢g—2)| —8(g—1)
4y |k | x| 8 0| 4(9—2)| 4(g-2) 8(g —1)
5 @i x|y |y 0 0 4(g—1) 4(g—1) 8(g—1)
& lyi |y | x| 0 0 4(g—1) 4(g—1) 8(g—1)

In Table 11.1, we assume j # k in the cases 1,2,3,4,1’,2’,3/,4’ and there are no

6,7 because they are the same as 6,7 respectively.

There are other cases where it may not be quite trivial whether the values of
ar,, (@) are zero or not. We list them in Table 11.2. In the cases 9,10, 11,12, we

assume that j # k.
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TABLE 11.2. Other cases

a1 | az | a3 | as | ar, (1) | ar, (@2) | ary, (as) | ap, (G4) | ar,, (a)

9 xj | Yk | ok | Y4 4 4 0 -8 0
10| vy | 2k | Uk | x5 4 4 -8 0 0
11|z |2 | Yk | ¥ 0 -8 4 4 0
12y | gk | o | x5 -8 0 4 4 0
9 Ti | Y| Ty Yy 0 0 0 0 0
10/ Yi | 5 | Y | T4 0 0 0 0 0
11’ Tj | Ty | Y5 |Y; 0 0 0 0 0
12/ Y Yj | T | Ty 0 0 0 0 0

Thus we can conclude that, in all cases other than those listed in Table 11.1, the
images of them in A?(A®Hg) have no component in the trivial summand [0].

Summing up the above computation, we obtain Table 11.3 which is a complete
list of elements of HS* whose images in A*(A®Hg) have non-trivial components in
[0]. In Table 11.3, we do not assume that j # k and the value —16(g—1) of ar,, (@)
on the element named number 6 (resp. 7) in Table 11.1 are shared evenly by so
and to (resp. s3 and t3).

TABLE 11.3. Non zero terms

ay | a2 as a4 Table 11.1 Oé[*Zl (EL)
s1 |z | Y| Tk | Yk L5 8(g—1)
S2.| Yj | Tj | Tk | Yk 2, 6 —8(g—1)
ss x|y | Uk | 3,7 —8(g—1)
Sa | Yj | Tj | Yk | Tk 4, 8 8(g —1)
b x| ok | Y5 | Yk 1, 5 8(g—1)
to | yj | 2k | o5 | Yk 2/, 6 —8(g—1)
ta |z |y | Y5 | Tk 3,7 —8(g—1)
ta | Y5 | Yk | 5 | @k 4’ 8 8(g—1)

Now it is easy to see that the terms s; ~ s4 in Table 11.3 corresponds to ap )\,
while the terms s; ~ s4 corresponds to —ap,\,, (the minus sign comes from the
sign of the permutation (1234) — (1324)). In both cases, the value ar,, is equal to
8(g—1). Hence by Corollary 9.6, the coefficient is equal to m. This completes
the proof. O

Proof of Theorem 1.1 in the context of symplectic representation theory.

First we prove that the images of the homomorphisms p3 in (3) coincide exactly
with the tautological algebras R*(M, ,), R*(My) based on Proposition 11.1 and
its corollary (Theorem 1.3, (iii)). We use induction on degrees. The case of degree 2
was already proved in [47][50]. On the other hand, it was proved in [53] that for any
genus g and degree 2i, there exists a degree 2 homogeneous element of Q[I'; I" € §]
such that the associated characteristic class is equal to a non-zero multiple of e;.
It is easy to see that this element must contain at least one connected trivalent
graph with 2¢ vertices as a non-trivial term and the sum of the coefficients of such
connected graphs is non-zero. Then the induction proceeds again by the fact that
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any two connected trivalent graphs with the same number of vertices are connected
by finitely many I H moves together with Theorem 1.3, (iii).

Next we prove that the homomorphisms p5 are isomorphisms in the stable range.
It is a consequence of the above argument that the dimensions of the degree 2i parts
of the left hand sides of diagram (4) cannot exceed those of the degree 2i parts of
the polynomial algebras Qle, e, ea, - - -] and Q[eq, €2, - - - ] respectively. On the other
hand, we already know that the tautological algebras have no relations in the stable
range (see [43][45]). The claim now follows. The precise value of the stable range
< 24 is due to Harer’s improved stability theorem in [23]. O

Remark 11.2. Garoufalidis and Nakamura claim in [11] that there exsits a canonical
isomorphism
QI I e G°)/(1Ho) = A Ug/(12°])

in the stable range where I Hy denotes the ideal generated by I Hy moves which
are T H moves of certain restricted types. Unfortunately, there seems to be a gap
in their proof, because even if we consider only I Hy moves, the image of the ideal
(IHyp) under the canonical map contains the summands [0] and [1%] other than [22].
In fact, if their claim were true, it would imply that the leading term of our beta
class B depends only on the number of vertices of I" and not on its shape. However
this is not true (see (35) in §12). Nevertheless we emphasize that our consideration
is based on their beautiful idea to relate I H moves of trivalent graphs to symplectic
representation theory through their map fry. (See [12] for a correction of [11]).

12. UNSTABLE RELATIONS IN THE TAUTOLOGICAL ALGEBRAS FOR SMALL g

In this section, we make explicit computations for the case of degree 4 to illustrate
our method. Thereby we obtain unstable relations in degree 4 of the tautological
algebras R*(M,) and R*(M, ) for g = 2,3,4,5.

First we briefly summarize the case of degree 2. The dimensions of the Sp-
invariant part of the module

A*(A°Hy) = A?Ug @ (Ug ® Hg) ® A*Hy

are given in the following table

g AUy (Ug®Hg) A’Hg total
2 0 0 1 1
>3 1 0 1 2
A basis of (A2(A3Hg))®? for g > 3 can be given as follows. Let Z;, Z> be the
linear chord diagrams with 6 vertices defined in (33). Then the associated trivalent

graphs are I, I» given in Example 1.4. Then of course S, = 0 because I} has
loops. By applying the results in [57], we obtain

2g+1
2029 —2) T T4 2t
If g = 2, then A°H = H so that U = 0. Hence 8, = 0 in this case. In view of
the above formula for the (-class, we obtain the well known fact that e; = 0 in
H Q(Mz; Q).

Next we consider the case of degree 4. The dimensions of the Sp-invariant part
of the module

A*(A°Hg) = AUq @ (A*Uq ® Ho) @ (A*Up ® A’Hg) & (Up ® A°Hg) ® A*Hg

Br, = ar, +
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are given in the following table

g A4UQ (A3UQ ® HQ) (AQUQ ® AQHQ) (UQ ® A3HQ) A4HQ total

2 0 0 0 0 1 1

3 1 0 1 1 1 4

4 2 0 2 1 1 6

5 2 1 2 1 1 7
>6 3 1 2 1 1 8

A basis of (A*(A®Hg))“? for g > 6 can be given as follows. Let A; (i = 1,---,5)
be the connected trivalent graphs with 4 vertices given in Figure 8.3. Also set

Ao = Zo 11 Zo, Ap=211120, Ag=2,112,.

Then {a,,;i = 1,---,8} form a basis of (A*(A®Hg))°? (g > 6). We know ay,, by
Table 8.1. By the results in [57], the §-class can be evaluated as

g(g+1)° 59°+29-1 ,
Ba, = ez + e
(35) RV (VRS Vel
g, =gt g+2) - 3g+Dlg—1) ,
? G-13 8g—1F !
and of course we have
_ 2 (29 + 1)2 2
ﬂ/le - (61_‘2) - 4(9 _ 1)2 61-

Thus we have a relation

Bas =229+ 1){ — (9+2)Ba, + (g+1)84,}

between the (3-classes.

To obtain unstable relations in degree 4, we consider the following 8 elements
in A*(A3H) each with an indication of genera where it is defined. They should
correspond to the values of dim(A*(A®H))P for ¢ = 2,3,4,5 and g > 6 listed
above.

G =@ Ay Az2) A(@1 Ayt Ay2) A(@2 Aya Az) A(@2 Ay Ayr) (9= 2)
So=(x1 NzaAx3) AN (Y1 Aya Ays) Azt Aya Ays) A(yr Axa Axs) (g > 3)
E=(x1 Ay1 Axa) A(ya Axs Ays) A(ys Axg Axe) A(xs Ayr Aye) (g > 3)
Sa=(x1 Ayr Am2) A(y2 Azt Axs) A (yr Ays Azi) A(yr Azz Aya) (g > 3)
& =(r1 Aza ANz3) AN(yr Ay2 Ays) A (@1 Aya Aya) A(yr Az2 Axg) (g >4)
So=(x1 ANy1 Ax3) A (@2 Aya Aza) A(xr Axa Ays) Ayt Aya Ayg) (g > 4)
Er=(@xiNzaAxs) AN (s Axa Ays) A (y1 Ay2 Ays) A(ya Axr Ayr) (g > 5)
Es=(x1 Nza Ax3) A (Y1 Ay2 Ays) A(xa Axs Aag) A (ya Ays Ays) (g > 6)
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Then the (8, 8)-matrix whose (7, j)-entry is equal to 24 ax, (&;) is described as

f a1 (%) Qs Qg Qs (675 (04 ag

& -32 48 32 128 -192 288 -192 128
€& 48 48 0 0 0 288 0 0
€& -16 24 0 -16 0 0 9
€& 0 24 24 48 48 0
& 32 24 0 0 0 288

0

0

0

& 16 0 -16 16
& 0 24 8 0
& 0 0 0 0

0
288

o
OO O OO
OO OO oo

and its determinant is equal to 23 - 35. Here we simply write a; for ay,.
Now we are ready to compute.

(I) The case of g = 5. In this case, dim(A*(A3Hg))%P = 7 which is just 1 smaller
than the stable dimension so that we have a unique relation. More precisely, we
must omit the element &g from the above table so that there arises a linear relation
between the elements «;. By an explicit computation, we find that the element

16 8 4 4
1 =81 + —og + 163 +8ay + a5 + —as + a7 + ag
3 3 9 3
vanishes for g = 5. If we replace each «; in the above element 1 by the correspond-
ing polynomials in e, e1, e for g = 5:
a1 =ey + 6eey — 2¢ a5 =eq — 27eeq — 143262
oy =eg + beep — 112¢2 Qg ze% — 60eeq + 900¢?
a3 =eg — beey + 328¢2 Qa :e% + 50ee; — 2400e2
a4 =ey — 16ee; — 552¢?  ag :e% + 160ee; + 6400e2,
we obtain
25
r1 = 40eq + —e%.
9
We can now conclude that
725 +5e1 =0 (g=0>5)
which coincides with the equality

72
/Q% = E/{Q

given already in Faber’s paper [7] (note that x; = (—1)"1te;).

(IT) The case of g = 4. In this case dim(A*(A3Hg))®? = 6 so that we have two
relations. More precisely, we must omit two elements &7, &g from the above table.
Then by an explicit computation, we find that the following two elements

ro =12a1 4+ 8ag + 18aiz + 6y + a5 + 2/30&6 + o
r3 =8ay + 16/3as + 8z — 4/3as + 4/9a6 — g
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vanish for g = 4. If we replace each «; in the above elements 79, r3 by the corre-
sponding polynomials in e, eq, es for g = 4:

aq =eq + Geep — 1862 a5 =eg — 2leeq — 666¢>
g =es + beep — 9062 g :e% — 48¢ceq + 576¢>
a3 =eg — 3eeq + 198¢2 ag :e% + 24eeq — 115262
ay =ey — 12ee; — 234e?  ag =e? + 96ee; + 2304,
we obtain two equalities
45e5 + ge’f — 35¢ee; — 210e? = 0
5 5 100

20e — g€t — —-eer = 200e? = 0.

From these, we can conclude that the following two relations
32ey +3e5 =0
Tes — 9eeq — 542 =0

hold for g = 4. The first relation coincides with

given in [6] (see also [7]). Here it is amusing to observe that the fiber integral of
the second equality above yields a trivial identity 54e; — 54e; = 0, while that of
e(Tea — 9eeq — 5462) =0
yields
—42e9 — 9e? — bdey = —3(32e9 + 3e?) = 0
which is the same as the first relation.

(ITT) The case of g = 3. In this case, dim(A*(A3Hg))? = 4 so that we have 4
relations. Similar computations as above yield the following relations
el =0, ee;+4e?=0.

We can also show that e® = 0 by our method, but we omit the details here. See [5]
for the structure of the Chow algebra.

(IV) The case of g = 2. In this case, we can obtain the well-known facts
e1 =0, e? =0.

The details are also omitted.
See [57] for further unstable relations in the tautological algebras.

13. FURTHER IMPLICATIONS OF THE MAIN RESULTS

In this section, we describe further results which can be obtained by combining
our main results (Theorem 1.1 and Theorem 1.3) with Hain’s important results in
[14][16].

Let M, 1 be the mapping class group of 3, relative to an embedded disk D? C %,
and let {Mg 1(k)}r be the filtration of M, ; induced by the lower central series of
the fundamental group of Eg =3, \ Int D? as follows. For any group G, we denote
by I'x(G) the k-th term in the lower central series of G defined as I'h(G) = G and
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I':(G) = [G, I',-1(G)] (k > 1). Then M, (k) is the subgroup of M, ; consisting
of all elements which act on the k-th nilpotent quotient I 1 (w1 %))/ (X)) of
7r122 trivially. In particular, M, (1) is the Torelli group Z,1 C Mg,. We also
have similar filtrations {Mg .(k)}r and {M,(k)}i for Mg . and M, respectively
(see [51][53][55] for details).

There is another filtration { My ;(k)}i of My where M] (1) = 7, and for
k>2, M{ (k) is defined to be the (k — 1)-th term I'y_1(Z,,1) in the lower central
series of the Torelli group Z, 1. Johnson [29] showed that M/ ;(k) C M, 1(k) for
all k and asked whether they coincide after tensoring with Q or not. It was proved
in [48] that Mg ;(3) has an infinite index in M, 1(3) and Hain [14] proved that the
same is true for all k¥ > 3. There are similar filtrations { M, ,(k)}r, {M}(k)}x for
My ., My and similar results as above also hold for them.

Associated to these filtrations, we can consider the direct limits

H; (Mg,ﬁ Q) = klggo H* (Mg,l/Mg,l(k)§ Q)
H (Mg,1§ Q) = klirgo H* (Mg,l/M;,l(k)§ Q)

of the cohomology of the successive quotients. We call them the continuous coho-
mology of the mapping class group. There are natural increasing filtrations on these
continuous cohomology groups which are induced by the original (decreasing) fil-
trations by subgroups of M, ;1. We denote by H} (Mg 1; Q) (resp. HY (Mg 1;Q)r)
the (k + 1)-th term in these filtrations. Thus

Hi(Mg1; Q)i = Im(H" (Mg /Mga(k+1);Q)—HI(My,1;Q))

and similarly for HY (Mg 1;Q)r. We call H} (Mg 1;Q)r, HY (Mg.1; Q) the contin-
uous cohomology of order k.
For any k > 2, we have an extension

(36) 1—>Ig’1/./\/lg’1(k)—>Mg,1/Mg’1(k)—>Sp(Qg,Z)—>l

where Z, 1 /Mg 1(k) turns out to be a nilpotent group. Now it is easy to see that
the natural injective homomorphism Mg C Mgy1,1 sends the subgroup M, (k)
to Mgy1.1(k). Hence we obtain the following induced morphism of extensions:

Ig,l/Mg,l(k) - g+1,1/Mg+1,1 (k)

l l

(37) Mg/ Mga(k) —— Mgi1,1/Mgi1.1(k)

! l

Sp(29,2Z) ———  Sp(2g+2,7Z)

Recall from [51][53][55] that the graded module ®x>1 (Mg 1(k)/ Mg 1(k+1)) has
a natural structure of a graded Lie algebra over Z. In fact, the Johnson homomor-
phisms give rise to an embedding of it into the Lie algebra consisting of derivations
of the free Lie algebra generated by H;(3,;Z) which kill the symplectic class, as
a Lie subalgebra. Now it is an important consequence of the result of Hain in [14]
that this Lie subalgebra tensored by Q is generated by the degree 1 summand which
is isomorphic to A% Hg as a representation of the algebraic group Sp(2g, Q). In fact,
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Hain proved in the above cited paper that the natural homomorphism
(38) Tg1—Ug

from the Malcev completion 7 ; of the Torelli group Z, 1 to the prounipotent radical
Ug,1 of his relative completion of the mapping class group M, ; is surjective. By
the universality of the relative completion, there is a natural homomorphism

(39) ug,lelln(Ig,l/Ig,l(k)) ®Q

which is also surjective. Hence the composition of the two homomorphisms (38)
and (39) is surjective. Then the above fact follows by considering the induced
homomorphism between their Lie algebras and then their asociated graded Lie
algebras, because the graded Lie algebra associated to the Lie algebra of 7, is
generated by elements of degree 1 (for any g > 3).

It follows by induction on k that the natural injection

(M1 (k)/ Mga(k+1)) @ Q=(Mgi1,1(k)/Mgr11(k+1)) ©Q

stabilizes as rational representations of the symplectic groups Sp(2g, Q) for suffi-
ciently large g. Then if we consider the spectral sequence of the rational coho-
mology of the morphism (37) and use the spectral sequence comparison theorem
together with the Borel vanishing theorem [3][4] concerning the stable cohomology
of Sp(2g,Z) with non-trivial rational representations as coefficients, we can deduce
for any k that H* (Mg 1/Mg.1(k); Q) stabilizes. More precisely, the Es term of the
spectral sequence of the rational cohomology of the extension (36) is equal to

H*(Sp(29,2);Q) © H*(Zy,1 /Mg (k); Q)P

in a suitable stable range. On the other hand, Hain also proved in [16] that the
extension (36) splits over the rationals. Hence the argument in [53] implies that
H*(Zy1/Myg1(k); Q)P survives to the Eo, term so that it can be considered as a
subgroup of H*(M,g1/Mg 1(k); Q). Hence the spectral sequence collapses and we
have an isomorphism

(40)  H*(Mg1/Mg(k); Q) = H*(Sp(29,2); Q) @ H*(Ly1/ Mg (k); Q)"

in the same stable range. Thus we obtain a natural homomorphism

(41) kh—{go H*(Ig,l/Mg,l(k)§Q)SPQH*(M%HQ)'

It also follows from Hain’s general theory in [17] as is mentioned in [18]. It follows

easily from the above facts that the continuous cohomology H} (Mg 1; Q) of order
k also stabilizes (with respect to the genus). We call the limit

Jim HE (Mg Q)

with respect to g the continuous cohomology of order k of the mapping class group
and denote it by H}(Mso,1; Q). We call the union of increasing groups

H} (Moo 15Q) = | HI(Moo1; Q)i
k>1
the stable continuous cohomology of the mapping class group.

Remark 13.1. (i) The natural surjection

Jim H (Mg /Mg (b +1); Q) — H (Moc1; Q)
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is not injective in general. For example, if £ = 1 the former is isomorphic to
Q[617637"'] ®Q[F7F S g]

while the latter is isomorphic to
@[017037 o ] ® Q[blab27 o ]

as will be shown below.

(ii) Although, for any k, H} (M, 1; Q) does stabilizes in each degree with respect to
g, it is unclear whether H*(M, 1;Q) actually stabilizes in each degree or not. This
is because the stable range depends on k so that for a fixed degree r, H] (M,1;Q) =
U HE (Mg,1; Q)i may not stabilize.

Now recall that Miller proved in [43] that the (ordinary) stable cohomology
H*(Ms,1;Q) of the mapping class group has a natural stucture of a commuta-
tive and cocommutaive graded Hopf algebra so that it is the tensor product of the
polynomial algebra generated by primitive elements of even degrees and the exte-
rior algebra generated by primitive elements of odd degrees. Here the coalgebra
structure is induced by natural homomorphisms

Mga X Mg 1—Mgiga

which are induced by boundary connected sum of surfaces with one boundary com-
ponent. Observe that the subgroup Mg 1(k) x My 1(k) goes to Myiq1(k) un-
der the above homomorphism. Using this fact, we can modify Miller’s argument
in the context of the stable continuous cohomology of M, ; and conclude that
H}(Moo,1;Q) also has a natural structure of a commutative and cocommutative
graded Hopf algebra for any k.

Borel [3][4] proved that lim, ... H*(Sp(29,Z);Q) = Q[c1,cs,...] where ¢; de-
notes the i-th Chern class of the dual of the universal bundle over the classifying
space of Sp(2g,7). Here, instead of ¢;, we consider the Newton classes s; which
are certain polynomials in the Chern classes, because ¢; is not primitive (except
for ¢;) while the Newton classes are. Then clearly limg_..o H*(Sp(29,Z);Q) =
Q[s1, 83, ...] and s; are all primitive elements.

Now for each i, we consider the cohomology class ap where I" is a connected
trivalent graph with 2i vertices (see §3). In view of Theorem 1.3, (i), the pullback
of ar to H*(Mg1;Q) does not depend on the choice of the graph and it represents
the class (—1)%; there. Clearly this cohomology class can be considered as an
element of the stable continuous cohomology of M, ;, in fact as an element of
H?(Meoo1;Q)1, for it comes from H?(Z,1(1)/My1(2);Q)°P and is stable with
respect to g. Furthermore, by the argument in the proof of Proposition 3.2, the
class ap does not depend on the choice of the graph even as an element of the
continuous cohomology H} (M, 1;Q). We denote it by

bi € H?(Moo,1;Q)1 C HZ (Moo 15 Q).

It is easy to deduce from the definition of ap that b; is primitive (this explains
why it is a multiple of e; and does not contain decomposable terms as a polynomial
of e;’s). It was proved in [58][44][43] that e;—1 = %821—1 where B; denotes the
i-th Bernoulli number. Hence the images of bo; 1 and s9;_1 in the ordinary stable
cohomology of M, ; are linearly dependent. However, we will see in a moment that
they are linearly independent as elements of the stable continuous cohomology of

Mg
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With these terminologies, we have the following result which was obtained with
Hain and Looijenga (cf. [18], Theorem 9.11 and Theorem 10.7, for a somewhat
different formulation).

Theorem 13.2. (i) The continuous cohomology H} (Mg 1;Q)x of order k of Mg
with respect to the filtration { Mg 1(k)}r stabilizes for any k and the stable contin-
uous cohomology

H} (Moo1;Q) = | H} (Moo 1 Q)
k

has a natural structure of a commutative and cocommutative graded Hopf algebra.
Furthermore the first term H}(Moo.1;Q)1 is isomorphic to the polynomial algebra

@[81,83,"' ablaan"']

where s9;_1 and b; are all primitive elements.
(ii) The image of the natural homomorphism

HI(Moo,1;Q)—H" (Moe,1;Q)

is equal to the subalgebra Qlei,ea,- -] generated by the Mumford-Morita-Miller
classes and the ideal of the left hand side generated by the classes eg;—1 — %521_1
(i=1,2,---) goes to zero under the above homomorphism.

Proof. We first prove (i). By the above discussion, we have only to prove that the
two classes sg;—1 and bg;_1 are linearly independent as elements of H* (M 1; Q)
for any 7. Assume the contrary. Then, for sufficiently large k£ and g, so;—1 and
bai—1 must be linearly dependent as elements of H*(Myg 1/ Mg 1(k); Q). Since the
restriction of s9;_1 to

H4i_2(Ig71/Mg,1(/€); Q)SP C H4i—2(Mg,1/Mg71(k')§@)

(cf. (40)) is trivial, so is the restriction of bg;—1. But then the image of by;—1 in
H*(Mg 1;Q) must be zero which is a contradiction.

Next we prove (ii). Hain proved in [16] that, associated to any complex structure
on %, there is defined a mixed Hodge structure on limy_,oo H*(Zy.1/M,g.1(k); Q)P
and each of the following two homomorphisms

(12)  H'(AHQ)™— lim H" (T, /My (k) QP —H" (M1 Q)

is a morphism of mixed Hodge structures. Furthermore the first homomorphism
in (42) surjects onto the lowest weight subalgebra of the middle term. On the
other hand, Pikaart [61] proved that the mixed Hodge structure on H*(M, 1;Q)
is pure of weight k£ for 2k + 1 < ¢g. If we combine these results with Theorem 1.1,
which shows that the image of the composite of the two maps in (42) is exactly the
subalgebra generated by the classes e;, we obtain the required result. O

Remark 13.3. We may say that the second statement of the above theorem serves
as a supporting evidence for the well-known conjecture that the stable rational
cohomology of the mapping class group is isomorphic to the polynomial algebra
generated by the classes e;. We mention that this conjecture has been proved to
be true for degrees < 4 by Harer [20][22][24] and for degree 5 by Arbarello and
Cornalba [1]. See also [31][32] for another evidence for the conjecture.

In the above discussion, we can replace {M,g1(k)}r by the other filtration
{M, 1(k)}x and we have the following result concerning it.
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Theorem 13.4. The continuous cohomology of order k H} (Mg 1;Q)r of Mg1
with respect to the filtration {M¢, ;(k)}x stabilizes for any k and the stable contin-
uous cohomology

H ool@ UH 00,13 )

has a natural structure of a commutative and cocommutative graded Hopf algebra.
Furthermore the first term HY (Moo 1; Q)1 is isomorphic to the polynomial algebra

@[81,83,"' 7b2ab3a"']'

Proof. The proof is similar to that of Theorem 13.2. We only mention the different
points. This time we use the fundamental theorem of Hain [16] which gives an
explicit finite presentation of the Lie algebra associated to the Malcev completion of
the Torelli group (with any decoration). Clearly the natural injection Z, 1—Zg41,1
sends the subgroup I;(Zy,1) to I'y(Zg+1,1) for any k. Hence we obtain the induced
homomorphism

(Fe(Zg,1)/ Th1(Zg1)) @ Q— (T (Zg11,1)/ Thr1(Zg11,1)) @ Q.

Hain’s theorem mentioned above implies that the above homomorphism stabilizes
as representations of Sp(2¢g,Q) in the stable range. Then a similar argument as
before applied to (37) with M, (k) replaced by Mg (k) proves the first half of
the theorem.

For the latter half, we again use Hain’s theory of relative Malcev completion of
the mapping class group in [14]. It is a consequence of the result of [48][49] that
the two classes b1 and —12s; coincide in H} (Mo,1;Q)1. It remains to prove that
bo;—1 and sg;_1 are linearly independent in it for any ¢ > 1. As mentioned before
(see (38)(39)), Hain constructed a sequence of natural homomorphisms

Ty = liLn(Ig,l/M/g,l(k)) ® Q—Uy1— liLn(Ig,l/Mg,l(k)) ®Q

of prounipotent groups and proved that the former is a central extension by Q whose
extension class is the pullback of by in HZ(U, 1) (for any g > 3). Furthermore it
was shown that the natural homomorphism (41) factors as

(43)  lim H* (T /Mo (k): Q" —H Uy1; QP —H" (My.1; Q).

Now assume that bg;_; and sg;—1 are linearly dependent in H}, (Mo 1;Q). Then
ba;—1 must vanish in limy_, H*(Zg, 1//\/1’9’1(/@); Q)“P because so;_1 is clearly zero
there. Hence the image of it in H}(Uy,1;Q) lies in the kernel of the homomorphism

HE (Uga)— lim H*(Zg,1/ My 1 (k); Q).

On the other hand, the Gysin exact sequence of the central extension
0—Q— lim(Z,,1 /M 1 (k) ® Q—Uy1—1

implies that the kernel is precisely the ideal generated by the class b;. Hence we
can write by;—1 = bz for some x € H} (U, 1). But this contradicts the fact that
the image of bg;—1 under the latter homomorphmm of (43) in H*(My.1;Q), namely
—e9i_1, is primitive. This completes the proof. O
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Let us restrict Theorem 13.4 to the Torelli group. Then the above discussion
implies that, for any k, the natural homomorphism

S * S
H(Zg1,3Q)" —HI (Zg,15 Q)"
stabilizes in each degree with respect to g. Here H}(Z, 1; Q) denotes the continuous
cohomology of Z, 1 of order k with respect to its own lower central series (see [16]

for general facts concerning the continuous cohomology). Hence we can consider
the limit

H; (Too 3 Q7 = lim HY(Zy1; Q)
and we call the union
HY (Too; Q% = | JH} (Zoo1:Q)}"
k

the Sp-invariant stable continuous cohomology of the Torelli group. Obviously the
restriction induces a homomorphism

Qb1 b, ] H (Zoo,1; Q)"
and we know by a result in [48][49] that b; goes to zero.

Theorem 13.5. (i) The Sp-invariant part H} (Ig’l;@)fp of the continuous coho-
mology HY(Zy1; Q) of order k of the Torelli groups Ly, stabilizes for any k and
the Sp-invariant stable continuous cohomology

H} (Zoo1; Q)P

has a natural structure of a commutative and cocommutative graded Hopf algebra.
Furthermore the first term is given by

HY (Too,; Q1" 2= Qlb2, bs, - )-
(ii) In the continuous cohomology H}(Zy1;Q), the class b; does not vanish for any
1> 1 in degrees < %g, Hence the natural homomorphism

HZ(Z4,1;Q)—H"(Zy,1;Q)
from the continuous cohomology to the ordinary cohomology has a big kernel because

it contains the ideal generated by all odd classes bs,bs, - except for the first one
b1.

Remark 13.6. The above result suggests (but not prove) that the secondary char-
acterstic classes of surface bundles introduced in [54] are non-trivial.

Remark 13.7. If we compare Hain’s presentation of the Lie algebras associated to
the Malcev completions of Z, 1 and Zg, it is not difficult to show that the natural
homomorphism

HE Ty Q) —H; (5 Q)"
induced by the projection Z,1—Z, is an isomorphism in a suitable stable range.
Hence the above Theorem 13.5 with 7, ; replaced by Z, also holds.

Conjecture 13.8. The Sp-invariant part H*(Z,; Q)P of the rational cohomology
of the Torelli groups stabilizes with respect to g so that the Sp-invariant stable
cohomology limg_.o H*(Zy; Q)P is defined. Furthermore we have an isomorphism

lim H*(Zy; Q)7 = Qlez, €4, -]
g—o0
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Remark 13.9. It is an important open problem to determine whether the even
classes eg; are non-trivial in H*(Z,; Q) or not.

14. CONCLUDING REMARKS

Remark 14.1. In this paper, we considered cocycles of the mapping class group
which are derived from Sp-invariant elements of the cohomology of the abelianiza-
tion of the Torelli group and completely clarified their properties. It is an important
problem to generalize these results to other cohomology classes which may be ob-
tained from the homomorphism

lim H(Zy./ Mg () Q5P —H* (M1 Q).

For example, we may ask whether Looijenga’s unstable cohomology class for genus
3 moduli space given in [40] can be detected by the above homomorphism or not.

Remark 14.2. Garoufalidis and Levine [9] proved that the filtration, introduced by
Ohtsuki [59] (see also [60]), on the vector space generated by oriented homology 3-
spheres can be described by the lower central series of the Torelli group Z,. Moreover
they showed in [10] a relation between the finite type invariants of homology 3-
spheres and the graded module associated to the lower central series of Z,. Also we
learned from J. Murakami that the restriction to Z, of the projective representation
of the mapping class group associated to the universal perturbative 3-manifolds
invariants due to Le, Murakami and Ohtsuki [39] is a unipotent representation
after taking canonical truncations. Hence it should be described in terms of the
Malcev completion of the Torelli group, though explicit description is far from being
understood.

On the other hand, Theorem 13.5 shows that the Torelli group has a deeper
structure than what is reflected in its Malcev completion because the natural ho-
momorphism from the continuous cohomology to the ordinary cohomology of the
Torelli group has a big kernel. In view of the well-known close connection between
the structure of the Torelli group and the set of homology 3-spheres, it might be
natural to expect that there exist some unknown invariants of these manifolds which
reflect the structure of the Torelli group other than its nilpotent quotients.
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