UTMS 2001-11 May 1, 2001

Spectral properties of
non-symmetric systems of

ordinary differential operators
by

Igor TROOSHIN and Masahiro YAMAMOTO

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




SPECTRAL PROPERTIES OF
NON-SYMMETRIC SYSTEMS OF
ORDINARY DIFFERENTIAL OPERATORS

1T@OR TROOSHIN AND 2MASAHIRO YAMAMOTO

! Institute for Problems of Precision Mechanics and Control (IPTMU)
Russian Academy of Sciences, Saratov, Russia
lisu@cocoa.plala.or.jp
2 Department of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba, Meguro, Tokyo 153 Japan
myama@mes.u-tokyo.ac.jp

ABSTRACT. We consider a nonsymmetric first-order differential operator (Au)(z) =

((1) é) %(m) + P(z)u(z), 0 < z < 1, where P is a 2 X 2 matrix whose components

are in L2(0,1). We study an eigenvalue problem for A with boundary conditions at
x = 0,1. We establish an asymptotic form of the eigenvalues and prove that the set
of the root vectors forms a Riesz basis in {L2(0,1)}2. The key is a transformation
formula.

§1. Introduction and the main result for the eigenvalue problem.

We consider a nonsymmetric first-order differential operator in (0, 1):

(1.1) (Au)(z) = <(1’ (1)) 3—;‘@) + P(e)u(z). 0<xz<1,

where u(z) = (“1 x)) and

P = () b))

where pre € L%(0,1), 1 < k, ¢ < 2, are complex-valued functions. We define an

operator A in {L%(0,1)}? by

(1.2) (Au)(z) = (Au)(z), O<az <1,
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D(A) = {u € {H"(0,1)}?*uz(0) cosh p — u1 (0) sinh = 0,
(1.3) ug2(1) coshv + uq(1) sinhv = 0}.

Throughout this paper, we set i = v/—1, p,v € C, and L?*(0,1) and H'(0,1) are
the Lebesgue space and the Sobolev space of complex-valued functions.
The eigenvalue problem for A can describe proper vibrations with damping both

in the medium and at the boundary points:

%(ﬂﬁ) + Ap1(w)u(x) +p2($)3—2(a€) —Nu(z), O<z<l

du du
%(O) + Mhu(0) = 5(1) + AHu(1l) =0,

where h # +1, H # +1. In fact, setting U(z) = (Zl(x)) = (d_u

the system as

((1) é)%(ﬂcH(m(w) p2($))U(x):)\U(x), O<z<l1

pi(z)  pa(z) )

which is an eigenvalue problem for A with P(x) = ( 0 0

In this paper, we establish an asymptotic form of the eigenvalues of A and prove
that the set of the root vectors of A forms a Riesz basis in {L?(0,1)}2. Such
spectral properties are essential for control problems (e.g. Russell [6]) and inverse
problems (e.g. Cox and Knobel [1], Yamamoto [13]) and our result admits the
generalisation of those results for A with L?-coefficients. Here a Riesz basis means
a basis equivalent to an orthonormal basis (e.g., Gohberg and Krein [3]), and we
call u # 0 a root vector of an operator A for A if (A — \)™u = 0 for some m € N.
Moreover {¢, }nez is a Riesz basis in {L?(0,1)}? if and only if each u € {L?(0,1)}?

has a unique expansion u = Z:Lo:—oo Cnpn with ¢, € C, n € Z and

MUY el S lullfpaoanye <MY leal®,

n=—oo n=——oo
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where a constant M > 0 is independent of .

Henceforth we set

1

1) @) = [ o)+ ) =5 [ Gul) +pa)dy

for 0 < ax < 1. We are ready to state our main result:

Theorem.
(i) The spectrum o(A) of the operator defined by (1.1) - (1.3) consists entirely of
geometrically simple eigenvalues with finite algebraic multiplicities.

There exist N € N and 31, %o C 0(A), such that 0(A) = X1 UXg, X1 NYXy =10

and the following properties hold:

(1)
e {A;Im|()\ —0y(1) 4+ 0| < (N— %) W}

and the sum of the algebraic multiplicities of the eigenvalues in 1 is 2N —1.
(2) Xy consists of eigenvalues {\, }|,/>n With algebraic multiplicty 1 and \,, is

in a neighbourhood of 05(1) — u — v + nmi for every |n| > N.

Moreover with a suitable numbering {\, }necz of 0(A), the eigenvalues have an
asymptotic form
(1.5) An =02(1) — p—v+nmi+d, where Z 60| < o0.

n=—oo

(ii) The set of all the root vectors {¢y, }nez of A is a Riesz basis in {L*(0,1)}2.

Our theorem generalises the previous results by Cox and Knobel [1], Russell [6]
and Trooshin and Yamamoto [11]. More precisely, in the case of P € {C[0, 1]},

Russell [6] shows our theorem without proof. The proof for P € {C[0, 1]}* is found
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in [11]. In [1], the asymptotic behaviour of the eigenvalues and the Riesz basis are
proved in the case of Lipschitz continuous P and special boundary conditions, that
is, p = v =0 or mi/2.

For the completeness of the eigenvectors of a nonsymmetric system and closely
related eigenvalue problems for pencils of ordinary differential operators, we can
further refer to Cox and Zuazua [2], Rykhlov [7], Shkalikov [8], Shubov [9], Shubov,
Martin, Dauer and Belinskiy [10], Vagabov [12].

This paper is composed of four sections. In Section 2, we show ingredients for
the proof of the theorem. In Sections 3 and 4, we prove the first and the second

parts of the theorem, respectively.

62. Transformation formula.

Let
(2.1) Q={(z,y);0<y<z<1}
and
0 1 1 0
22 o2 0). (1 9).
We put

(23)  R(z)=e 0@ ( coshfa(z) -~ —sinh 92($)) 0<z<l,

—sinhfy(z) coshby(x) )’ -7 =

where 01 (z), 03(z) are defined by (1.4).

Lemma 2.1. For any A € C, p € C and P € {L?0,1]}%, let ¢ = p(z,\) =
Q01<I‘, )‘) :
(902(907 )\)) satisfy
dp

Bd—(x) + P(z)p(x) = Ap(z), O0<z<1
(2.4) v

©1(0,A) = cosh i, 2(0, A) = sinh p.
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Then
B cosh(Az + p cosh(A\y + u)
(2:5) Pz, 4) = R(z) (smh AT+ 1) ) / K@ (sinh()\y + 1) 4y,
for 0 <x <1,all A\ € Cand u € C. Here R is defined by (2.3) and K € {L*(Q)}*

is independent of A and dependent on P and u such that K(1,-) € {L?*(0,1)}*.

Remark. This lemma is valid in a general case of P € {L'(0,1)}* with K €
{LH ()} and K(1,-) € {L1(0, 1)},
Proof. This lemma was already proved in the case of P € {C[0, 1]} by Yamamoto
[13].

To prove the lemma for P € {L%(0,1)}4, let us note that there exist 2 x 2 matrix
functions P € {C1[0,1]}* such that lim, .o [|[P — P"|{12(0,1)3s = 0.

We directly see that the solution ¢(z, A) of the Cauchy problem (2.4) satisfies

the following integral Volterra equation

(2.6) oz, \) = <Z?§EZ> + /Ox B(AE — P(s))e(s, N)ds.

It easily follows that for any fixed A € C, we have

(2.7) lim {jo( A) =" (-, Allgrz0,1)32 = 0,

n—oo

where ¢"(x, \) = <90}L(x, )\)) is the solution to the Cauchy problem
P2 (I‘, )‘)

deﬂ(x) + P ()" (x) = A" (2), O0<zxz<1
(2.8) v

@7(0,A) = cosh i, ¢5(0,)) = sinh p.

Let us denote by K™ (x,y) the kernel of the transformation operator of the problem

(2.8) and let R™ be defined by (2.3) for P € {C'[0,1]}*.
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It is easy to see that [|[R™ — R|[{12(0,1)}+ — 0 as n — oco. Moreover, in [13], it is

proved that:

(29) Kiy(w.y) = 5[L3y) + L w), Kib(w,y) = 3L (@,9) + Lixy))

2
(210) K3y (x,y) = §[L4 (z,y) — Ly (z,y)], Kp(r,y)= §[L3 (z,y) — Ly (2, y)]
L (z,y)
and L"(z,y) = ﬁ%g’ Z; are the solutions of the Volterra integral equations:
3 ’
Li(z,y)

vo| +
<

) +ry (%) +/ ’ QY (s)L"(x +y — s,s)ds
y

v =
+/ Q5(s)L"(x —y+s,s)ds + / Q5 (s)L™(xz —y — s, 8)ds.
0 0

n n x
Pt (222

Furthermore, by [13], we see that the elements of 4 x 4 matrices Q7 (s) are linear
combinations of the entries of the matrix P" and lim, ;oo [|QF — Q7| {2(0)}16 = 0
for j =1,2,3, and r € {C[0, 1]}* such that limy, pm—oo |7 — /" £2(0,134 = 0. Tt
follows from these observations that limy, m—oeo [[K"™ — K™|[{12(0)}+ = 0.

The completeness of the space {L?(Q)}* implies that there is a limit function of

the sequence { K"}, cn, which we denote by K (x,y). Let us set

. B cosh(Az + cosh(Ay + p)
(2.11) Pz, A) = R() (smh AT+ 1) ) / K@ (sinh()\y + 1) dy
It is easy to see that lim, .o [|@(-, A) — ©" (-, A)||{z2(0,1)32 = 0. By (2.7), it means
that p(z, \) = p(z, \) almost everywhere on (0, 1) and consequently, as continuous
functions, everywhere on [0, 1].

To prove that K(1,-) € {L?(0,1)}*, we should repeat the above argument for

fixed z = 1.
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§3. Proof of the first part of Theorem.

We divide the proof into five steps.
First Step. We show

Lemma 3.1. The spectrum o(A) consists entirely of countable isolated eigenvalues

with finite algebraic multiplicities.

Proof of Lemma 3.1. The proof is similar to Lemma 3.1 in [11] and for complete-
ness, we will give it. We define by U = U(z,\) = (Uke(z, A))1< ¢<2 the solution
to the Cauchy problem

B%(:ﬂ) + P@)U(z) = \U(@), 0<az<l

U(0) = ((1) (1))

Here and henceforth we set

[ —sinhp  coshp B 0 0
BO_( 0 0 )’ Bl_(sinhu coshy)'

U1

Then we can ditectly show that v = <v
2

) € D(A) if and only if
ve {H"(0,1)}? Bov(0) + Byv(1) = 0.

On the other hand, in view of variation of constants, the general solution to

(A—=XNv = (B%%—P(x)—)\)vzf
with f € {L%(0,1)}2, is given by
ole) = Ule N+ U ) [ U0 By

where 7 € C? is arbitrary. To satisfy v € D(A), we have to choose 7 such that

1
(Bo + B1U(1,\))n+ B U(1, )\)/O Uy, \)"'Bf(y)dy = 0.



S L 1 RO0UsHIN AND M. YANMANMO1O

If det(By + B1U(1,\)) # 0, then such 7 exists:

n= _(BO + BIU<1= A))_1B1U<17 >‘) /0 U(ya A)_le(y)dy

and we can write

v(r) = -Ulx, )‘)(BO+B1U(17)‘))_1B1U(1a)‘)/0 U(y, \)™'Bf(y)dy

U, N) / U N BF()dy.

Therefore if det(By + B1U(1,\g)) # 0 for some \g € C, then (4 — X\g)™! is a
compact operator from {L?(0,1)}? to itself. This implies that o(A) consists of
isolated eigenvalues with finite algebraic multiplicities (e.g. Kato [4]). Hence it is
sufficient to verify that there exists A9 € C such that det(By + B1U(1, \g)) # 0.

Setting 4 = 0 and p = 54 in Lemma 2.1, we obtain

cosh Az sinh \x
U(z,A) =R(z) ( sinh Ax  cosh Az )

* cosh Ay sinh \y
<zxz< .
+/0 K(x’y)(sinh)\y cosh)\y)dy’ 0<z<1,AeC

Here we note that cosh(Az 4 §i) = isinh Az and sinh(Az + §i) = icosh Az. Set
A = o+ 2mmi with fixed « € C and m € N.
Then, since K(1,-) € {L*(0,1)}* by Lemma 2.1, it follows from the Riemann-

Lebesgue lemma that

. cosha sinha
(Bo + B1U(1, .+ 2mmi) ) e = (BO + B1R(1) (sinha cosha))kz +0(1),

as |m| — oo for 1 < k, ¢ < 2.

Therefore

cosha sinha
(3.1) det(Bog + B1U(1,\)) = det (Bo + B1R(1) (sinha cosha)) + o(1)
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as |m| — oco. On the other hand, we directly verify that

By + BlR(l) (

- — sinh p cosh p
T e " Wginh(a—03(1) +v) e W cosh(a —0(1) +v) )’

cosha sinh a
sinha cosh o

so that

cosha sinha

det (BO +B1R(1) (sinh o cosha

)) = —e " Wginh(a — (1) + p+v).

Therefore, choosing o # 02(1) — v — p + i, for any ¢ € Z, we obtain that

sinha cosha

det(BO+B1R(1) <cosha smha))#o.

In view of (3.1), det(Bo+ B1U(1, Ag)) # 0 for \g = a+ 2mmi with sufficiently large

m € N. Thus the proof of Lemma 3.1 is complete.

Second Step. In view of Lemma 3.1, we can denote the set of the eigenvalues of

A by {\}nez. The number ) is an eigenvalue of the operator A if and only if

(3.2 o) = (w0, (7)) =0,

cosh v

where ¢(z, A) is the solution of the Cauchy problem (2.4). Here and henceforth

(-,) denotes the scalar product in R2. It follows from (2.5) that
(3.3) d(N) = e " Wsinh(A+ 4 v — 02(1)) + 21(N),

where

(3.4) P1(N) = (/01 K(1,y) <§f§}}i8ﬁ,’f§) dy, (iif;ﬁi)) '

ag = —p—v—+05(1).
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It is known by the Luzin theorem that for any € > 0, one can find a bounded

step matrix-function K.(y) such that

/0 K(Ly) - K. (y)ldy < =.

Therefore

'(/01(K<1=y) - K.(y)) (E?I?E((i\siz))) dy, <E£EZ))’ < JeelRenl+[Rev| g [Red

for A € C. Since K. is a bounded step function, there is a constant C. > 0 such

that for any A € C

1 .
cosh(Ay + p) sinh v Ce
([ m (Smiurm Yan (e )| < G ewire.
Thus we have proved an estimate on the whole A-plane:

|B1(\)| < (4eeRenlHRer] 4 %’) exp(|Re)|).

Therefore it follows that for an arbitrary € > 0, we can choose A > 0 such that
(3.5) D1 (V)] < e exp([ReA)

for all [A\| > A.

Now we will show that there exists a constant K > 0 such that
(3.6) IRe (A, —ag)| < K

for all the eigenvalues \,,. Let us suppose contrarily. That is, we can take C,, > 0,
n € N such that lim, .., C,, = oo and for n € N, there is an eigenvalue \,, such
that |Re (A, — ag)| > C),,. Then, without loss of generality, we can suppose that

there is a countable sequence of eigenvalues A\ so that

(3.7) Re (Ak, —ag) > Cp, n € N.
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In fact, otherwise, there exists a countable sequence of eigenvalues Ay, so that
Re (Mg, — ag) < —C,, and we can argue similary for that sequence.

It follows from (3.5) that for any € > 0 we can choose N such that for any

kn, > N
(3.8) D1 (g, )| < eefern neN
On the other hand, for sufficiently large k,,, we see
(3.9) =W sinh (A, — ag)| > i\e_el(l)\e_Re%' exp(Re Ay, ).
In fact, by (3.7), we have

1
|smh()\kn — aO)‘ — §€_Re (Akn—ao)‘e2()\kn—a0) _ 1‘

> e—Re(Akn—ao)(e2Re(/\kn—ao) _ 1) > %e—Re(/\kn—ao) % 162Re(>\kn—a0)

N —

for large n.
Hence, by (3.8) and (3.9), for sufficiently large n, the number Ag, can not be a
zero of the function ®(\) = e~ () sinh(\ — ag) + ®;()\). This is a contradiction.

Therefore (3.6) is proved.
Third Step. In (3.6), we further choose K > 0 large enough, so that
1D (N)] < |e” W sinh(A — ag)]

for all A with |[Re A|] = K. This is proved similarly to (3.9), in view of (3.5). Then

we set

K, ={\Reag— K—1<Rel<Reaqp+ K +1,

(3.10) Imao—l—nw—g <Im)\<Ima0+n7T+g}.
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We will show that

there is N € N such that for any |n| > N, there exists exactly

(3.11)
one eigenvalue in K, with algebraic multiplicity one.

Noting that K,, = {\ + nwi; A € Ko}, by the definition (3.10) of K, we have

12 in |e”"() sinh(\ — ag)| = min |e""*M sinh(X — ag)| = L > 0.
(3.12) /\Ienalfrg_n\e sinh(A — agp)| /\renallr%o\e sinh(A — agp)| >0

We see from the estimate (3.5) that we can choose N € N such that

(3.13) sup |®1(N)] < L, |n| > N.
AEOK,

In view of (3.12) and (3.13), we apply the Rouché theorem to ®()\) = e~ (1) sinh(A—
ag) + ®1(\) and e~ (M sinh(\ — ag) in K, so that the proof of (3.11) is complete.
By the choice of the constants K and IV, we obtain
1B (\)]| < |e”W sinh(X\ — ag))|

on the boundary of Ufj:__l ~N+1 Kn. By the Rouché theorem, it means that there are

exactly 2N — 1 eigenvalues including algebraic multiplicities inside of Ug:__l N1 Kn-
Fourth Step. Next we show that the eigenvalues )\, have an asymptotic form
(3.14) An = nmi+ ag + 0, where §, = o(1) as |n| — oc.

For this, it is sufficient to prove that for any r > 0, there is a constant N such that
there is exactly one eigenvalue inside of the circle C,, = {\ : |nwi 4+ ag — A| < r} if
In| > N.

Firstly we easily see that

in e~ sinh(A — ag)| = min [e="® sinh(A — ao)| = > 0.
)\re%lgn|e sinh(\ — ag)| )\renalgo|e sinh(A —ag)|=1>0

In view of (3.5), we can repeat the argument in the third step and apply the Rouché

theorem to finish the proof of (3.14).
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Fifth Step. Let us show now that eigenvalues )\, have an asymptotic form \,, =

oo
n=—oo

nmi + ag + 0, where > 6,]? < o0

Since ®(\,,) = 0, by (3.2) and (3.3), we have

e~ 01(1) sinh(\, — ag) = 6_91(1)(—1)” sinhd,, = —A,,,

where

o= = ([ (St (307).

Then we can write:

with some g1, g2 € L?(0,1).

Therefore, by (3.14), we obtain
Ap= [ flyelmtrvay,

where f € L?(—m, ) is suitably given and o, = o(1) as |n| — co.

Now we are going to use the following theorem (pp. 108-109 in Paley and Wiener
[5]): If |y, — n| < L < 72, then a system {e"'»*},cz constitutes a Riesz basis in
L?(—7, 7).

It follows from this theorem and the asymptotics for eigenvalues that there exists
a natural number M such that a system {e™®},,|<prU{e/"To)%} |\~ 1/ constitutes
a Riesz basis in L?(—m, 7).

Hence > > |A,|*> <ocoby f € L?(—m, 7). Consequently > > |sinhd,|* <
oo. Noting that 6, = sinhd,[l + o(1)] by limy_ }%’ = 1, it follows that

S 0] < oo,

n=—oo
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84. Proof of the second part of Theorem.

By the first part of Theorem, we can number the eigenvalues of A as follows:
0(A) = {An}tni=n U {ke}1<ecm with

Mn=ao+nmi+d,,  In| =N, Y (8 < o0,

(4.1) Inl=N

1
|Im(ng—a0)\§(N—§)7r, 1</4<m.

Here )\, is an eigenvalue with algebraic multiplicity one for |n| > N, and &, is an

eigenvalue with algebraic multiplicity x, for 1 < /¢ < m. We note that

(4.2) > xe=2N-1.
/=1

We choose a basis {1 }1<k<y, Of the generalized eigenspace (i.e. the root subspace)
for kg, 1 < ¢ < m and number the sum of all the root vectors as {¢x }1<r<an—1-

On the other hand, by Lemma 2.1, the function

43 et =r) (GG )+ [ e (SRt i) ) o

for 0 <2z <1 and |n| > N, is an eigenfunction of A for the eigenvalue \,.
We will prove that {¢}1<p<an—1U{@n}nj>nN+1 is a Riesz basis in {L*(0,1)}2
For this, we will apply the Bari theorem (e.g. Theorem 2.3 of Chapter VI in

Gohberg and Krein [3]). We introduce a sequence of functions

ents) =) (o 1)
w8 =R (et 1) femntenn i) (e ) mEE

Here we set

(4.5) an = ag +nmi, n€Z.
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Since {cosnmz},>0 and {sinnmwx},>1 are orthogonal bases in L?(0, 1) respectively,

we see that {(698 mrx)} is an orthonormal basis in {L?(0,1)}2. The 2 x 2
sinnmz ) |,

matrix

_ cosh(agz + p) isinh(agx + p)
S(z) = R(x) (sinh(aox + ) icosh(apx + p)

is invertible for 0 < z < 1, so that the map y = S¢ from {L?(0,1)}? to {L%(0,1)}2

: CoS NTT : 9 9
transforms the orthonormal basis {(sin nm:) }nez into {e,}nez C {L%(0,1)}°.
Consequently
(4.6) {en}nez is a Riesz basis in {L?(0,1)}?

(e.g. Chapter VI, Section 2 of [3]).

Next we will show that

(4.7) > llen = eallfraoaye < oo
In|=N

For this, we set

(4.8) ful2) = R() (ijﬁ&:if N 5;) >N

By the mean value theorem, we can estimate
| cosh(a,z + p) — cosh(A\,x + p)|

=| cosh(a,x + p) — cosh(anx + p + dpz)| < Cé,

and

| sinh(a,x + p) — sinh(Apz + p)| < Coy,

for any 0 <z <1 and |n| > N. Hence, since 7, >y |6,|% < o0, we see that

(4.9) > llen = Fallfraonye < oo

In|=N
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By (4.3), we note that

[ cosh(Apy + 1)
eule) ~ fule) = [ KCon) (o 11 Y
Then we will prove that
(4.10) Y llen = fallfreqo,nye < o
In|=N

Repeating the argument of the fifth step in Section 3, we can show that

() — fula) = / Pz, y)emonivdy,

where F' € {L*((0,1) x (=, m))}? and o, = o(1) as |n| — cc.
We have already proved in the fifth step in Section 3 (e.g. [5]) that there exists a
natural number M such that a system {e""*},|<pr U {e'"Tom)%} o/ constitutes

a Riesz basis in L?(—m, 7). Therefore

T
S Jon(@o) = falao)2<C [ |F(zo,) 2y,
In|>N T
for any xo € [0, 1] and consequentely
> len = fallfrzay2 <C/ / (z, y)|*dydz.
In|>N

Thus (4.10) is proved and so (4.9)—(4.10) imply (4.7).

By (4.6) and (4.7), the Bari theorem completes the proof, if we verify

2N -1
Z akwk"f’ Z ﬁn@on—o akaﬁnec
In|>N
(4.11) implies a, = 0,1 <k <2N —1and 3, =0, |n| > N.
Let us define P, = —5= [ (A —A)"'d\, |n| > N, where I'y, |n| > N are

sufficiently small circles centred at \,, including no other points of o(A4). By Lemma



iS4 bASIS OF ROUOVUL VECOU1LTORDS 1l

3.1, such circles exist. Then P,¢, = ¢©n, Phoom =0, P, =0, n # m, |n|,|m| >

N,

(.

1 <k <2N —1 (eg. Kato [4]). Therefore application of P,, |n| > N, to

11) yields Bpen = 0, In] > N, and so Ziifl apr = 0. Therefore, since 1y,

1 <k <2N —1, are linearly independent, we see that a, =0, 1 < k <2N —1 and

B

10.

11.

12.

13.

=0, |n| > N. Thus the verification of (4.11) is complete.
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