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(1) ROBXO FHBERRE L. 7720, BEEBRTOE X T
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~ One of Euler’s most sensational early discoveries, perhaps the one which
established his growing reputation most firmly, was his summation of the

~2 j.e. in modern notation

series » . n~? and more generally of >-7°n
¢(2v), for all positive even integers 2v. This was a famous problem, /
first formulated by P. Mengoli in 1650; it had resisted the efforts of all

earliei“ analysts, including Leibniz and the Bernoullis. Characteristically, -

before solving it, Euler had engaged in extensive numerical calculations.

in order to get good approximate values for these sums; it is largely with

this intention, it seems, that he had developed the method traditionally

‘known as “the Euler-Maclaurin summation formula”, and in so doing

had re-discovered the “Bernoulli numbers”, whose true importance for

number theory was not to emerge until the next century.
What Euler found in 1735 is that ((2) = 72/6, and more generally, for
v>1,¢2v) = r,m, where the 7, are rational numbers which eventually

turned out to be closely related to the Bernoulli numbers. At first Euler
obtained the value of ((2), and at least the next few values of ¢ (2v), by a
somewhat reckless application of Newton’s algebraic results, on the sums

of powers of the roots for an equation of finite degree, to transcendental

equations of the type 1 — sin(z/a) = 0. With this procedure he was

treading on thin ice, and of course he knew it.

(] Buler: £+ 7— (A%), Maclaurin: ¥ 22— ¥ (A%), Bernoulli:
R R—A (AN%), Newton: =a—b>¥ (A%Z) .

[(H8L] A. Weil, Numbet Theory: an approach through history; From
Hammurapi to Legendre, Birkhéuser, 1984, p. 184 (—&BKZ) .
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(2) MOEXEHMATE. 72U, BERSRTOE EFFUIHVTS
By,

. A system of partial differential equations is, informally speaking, a
~ collection of several partial differential equations for several unknown
functions. '

Definition. An expression of the form

<

F(D*u(z), D¥'u(z),..., Du(z),u(z),z) =0 (z € U)
is called a k'-order system of partial differential equations, where
CFR™ X R™T X x R™ X R™ x U — R™

is given and
u:U—=R™ u=(d,. .. ,u™)

'is the unknown.
(hEg)

There is no general theory known concerning the solvability of all par-
tial differential equations. S&ch a theory is extremely unlikely to exist,
given the rich variety of physical, geometric, and probabilistic phenomena
which can be modeled by partial differential equations. Instead, research
focuses on various particular partial‘“ differential equations that are impor-
tant for applications within and outside of mathematics, with the hope
that insight from the origins of these partial differential equations can

give clues as to their solutions. i

[ 8] L. C. Evans, Partial Differential Equations, Graduate Studies in
Mathematics, AMS, 1998, vol. 19, pp. 2-3 (—EBHKZE) .



E £2H
ROMXETERE L. £EL, HFELFRZDOLLFUTAVTH R,

(oo fm} REHESR, TDB, (fi,f;) =06, 1 <ij<m) %
BRI MNVOEESEELTNE, RDEIBIEHVEILT S :

$=lel+"‘+cmfmz y=d1f1+"‘+dmfm

ZHUT, (z,9) =cadi+ -+ cmdm. BT, (z,fi)) =c (1 <i<m).
WZZD RS BMEEE DN MLOESE {fi,..., fn} FERBERR
Th5. - |
THEXZRTHIEELZEREREEL VS, —RIZR" DEEDESD
AW HRERONELE, WOREL UCEHERRBISRETH
A35M? FNIIDRIZTETH 5. EE, ROTENEILT 5.

FE WA r IRTOWHZEEET S, {fi,....fo} EWIZEENLEMR
BEXRETHE, p<rThO, EYHIZ (r—p)EHOW DT ML
(p+1<i<r)&EDIMAT{f, \ for fort- o fr} DEERERR
D (EoTW OHEEILRS) 51 TBIENTES.

[(E] (—2®) EHERR : (an) orthonormal system

»

(=2®D) £JE : (a) basis \
[HH] ER—EF TRREREBEE] ZERE (1974), p. 99 (—HHE) .



