J. Math. Sci. Univ. Tokyo
23 (2016), 1-288.

Renormalization Group Analysis of Multi-Band

Many-Electron Systems at Half-Filling

By Yohei KASHIMA

Abstract. Renormalization group analysis for multi-band many-
electron systems at half-filling at positive temperature is presented.
The analysis includes the Matsubara ultra-violet integration and
the infrared integration around the zero set of the dispersion rela-
tion. The multi-scale integration schemes are implemented in a finite-
dimensional Grassmann algebra indexed by discrete position-time vari-
ables. In order that the multi-scale integrations are justified induc-
tively, various scale-dependent estimates on Grassmann polynomials
are established. We apply these theories in practice to prove that
for the half-filled Hubbard model with nearest-neighbor hopping on a
square lattice the infinite-volume, zero-temperature limit of the free
energy density exists as an analytic function of the coupling constant
in a neighborhood of the origin if the system contains the magnetic
flux 7 (mod 27) per plaquette and 0 (mod 27) through the large circles
around the periodic lattice. Combined with Lieb’s result on the flux
phase problem ([Lieb, E. H., Phys. Rev. Lett. 73 (1994), 2158]), this
theorem implies that the minimum free energy density of the flux phase
problem converges to an analytic function of the coupling constant in
the infinite-volume, zero-temperature limit. The proof of the theorem
is based on a four-band formulation of the model Hamiltonian and an
extension of Giuliani-Mastropietro’s renormalization designed for the
half-filled Hubbard model on the honeycomb lattice ([Giuliani, A. and
V. Mastropietro, Commun. Math. Phys. 293 (2010), 301-346]).
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1. Introduction

1.1. Introduction

It is becoming clear that many-electron lattice systems at positive tem-
perature can be constructed rigorously within the framework of the finite-
dimensional Grassmann integrals and various physical quantities defined in
the system can be analyzed by solid calculus on the finite-dimensional Grass-
mann algebra. One analytical technique at the core of this research field is
the multi-scale integration. Since its iterative operation with decomposed
covariances formally obeys a semi-group property, the multi-scale integra-
tion is also called the renormalization group (RG) method. For instance,
the existence of infinite-volume limit of thermodynamic physical quantities
in many-electron systems and their analyticity with respect to the coupling
constant can be proved by carrying out a multi-scale integration over the
Matsubara frequency. This type of multi-scale integration is called the Mat-
subara ultra-violet (UV) integration. Nowadays, however, it is known that a
wide class of many-electron systems can be controlled independently of the
volume factor by a simple single-scale analysis thanks to the development of
volume-independent determinant bounds on the covariances by Pedra and
Salmhofer ([19]). Though the Matsubara UV integration or the single-scale
integration based on Pedra-Salmhofer’s determinant bound proves the ana-
lyticity of physical quantities in the infinite-volume limit with the coupling
constant, these methods do not improve the temperature-dependency of the
domain in which such analytic statements can be made. Without any fur-
ther treatment, the allowed magnitude of the coupling typically shrinks in
a power order of temperature. As a consequence, the theory gives little
insight into physics caused by interacting electrons in low temperatures. A
multi-scale integration designed to ease the temperature-dependency of the
maximal magnitude of interaction is called the infrared (IR) integration.
Proper implementation of the IR integration is believed to guarantee the
analyticity of physical quantities down to exponentially small temperatures
or even to the absolute zero-temperature. Since there are demands for rigor-
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ous tools which enable us to treat many-electron models in wide parameter
regions, the RG methods need to be systematically investigated from var-
ious view points as a hopeful candidate for such anticipated mathematical
methods.

This paper has two purposes. One is to construct necessary estimates for
the multi-scale integrations on a finite-dimensional Grassmann algebra to
ensure the convergence of infinite-volume, zero-temperature limit of thermo-
dynamic physical quantities in half-filled multi-band many-electron systems.
The other is to apply these general estimates in practice to a specific many-
electron model and reach rigorous conclusions in low temperatures. More
precise explanation of the second purpose is the following. We prove that
for the half-filled Hubbard model on a square lattice there exists an analytic
function of the complex coupling constants on a multi-disk around the origin
such that the free energy density is equal to the restriction of the analytic
function on the real axis and the analytic function uniformly converges in
the infinite-volume, zero-temperature limit, if the nearest-neighbor hopping
parameter of the Hubbard model contains the magnetic flux 7 (mod 27) per
plaquette and 0 (mod 27) through the large circles around the periodic lat-
tice. The Hubbard model with this constraint on the magnetic flux is rarely
seen in the study of mathematical RG so far. However, it is not irrelevant in
mathematical physics. In fact this model defines the minimum free energy
in the flux phase problem, which seeks a configuration of the arguments of
the complex-valued hopping parameter in the half-filled Hubbard model in
order that the free energy of the system is minimum. Lieb ([15]) essentially
gave a sufficient condition for the arguments to attain the minimum, which
is the above condition on the magnetic flux. The sufficiency of this condi-
tion was emphasized by Macris and Nachtergaele in [17]. Since our model
is the minimizer, the same analytic and convergent properties hold for the
minimum free energy density in the flux phase problem. These results are
officially stated in Subsection 1.2.

Let us explain the motive for this work by reviewing recent develop-
ments in the multi-scale analysis concerning the 2-dimensional Hubbard
models at positive temperature, especially by focusing on the temperature-
dependency of the possible magnitude of the coupling constant. In the series
[20], [1], [2] the half-filled Hubbard model on a square lattice was studied.
These multi-scale analysis suggest that the correlation functions in the sys-
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tem are analytic with respect to the coupling constant U in the domain
|U| < ¢|logT|~2, where T is the temperature and c is a generic positive
constant. In the doctoral thesis [18] Pedra characterized the 2-point cor-
relation function in the Hubbard model away from half-filling on a square
lattice under the constraint |U| < ¢|log T|~! and concluded that the system
in this domain of the coupling is a Fermi liquid. The RG analysis by Ben-
fatto, Giuliani and Mastropietro [3] also showed that the behavior of the
2-point correlation function in the Hubbard model away from half-filling on a
square lattice corresponds to a Fermi liquid if the couping constant U obeys
the condition |U| < c|log T|~!. One remarkable achievement was made by
Giuliani and Mastropietro in [9]. They developed an infrared integration
technique for the half-filled Hubbard model on the honeycomb lattice and
concluded that the free energy density and the correlation functions in the
infinite-volume limit are analytic in the temperature-independent domain
|U| < ¢. Giuliani, Mastropietro and Porta continued their RG analysis for
the same model in the following article [10]. Despite the conceptual im-
portance of the 2-d Hubbard models in condensed matter physics, complete
implementation of RG methods leading to rigorous conclusions on the model
in low temperatures is still scarce. It is necessary to clarify the applicability
of rigorous versions of RG to the 2-d Hubbard models. This paper is aimed
at achieving this goal by presenting another example of analytic control of
the 2-d Hubbard model down to the absolute zero-temperature together
with a general framework constructed in a self-contained style.

Let us look into more details of related research articles to understand
new aspects of this paper from a technical view point. It was shown in [12]
that the partition function in many-electron systems can be formulated into
a time-continuum limit of the finite-dimensional Grassmann Gaussian inte-
gral, whose derivation is based on a discretization of the Riemann integral
with respect to the time variable inside the perturbative expansion of the
partition function. In this formulation the basis of Grassmann algebra is
indexed by the discrete space-time points. The following papers [13], [14]
adopted the same formulation and proved exponential decay properties of
the finite-temperature correlation functions in the Hubbard models by a
single-scale analysis based on Pedra-Salmhofer’s determinant bound and a
multi-scale integration over the Matsubara frequency respectively. The Mat-
subara UV integration in [14] was inductively constructed as a transform
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on the finite-dimensional Grassmann algebra. Since no infrared integration
is performed in [12], [13], [14], the results in these papers are restricted
within a domain of the coupling constant depending on temperature as sig-
nificantly as |U| < ¢I™ with some n € N. So the next step is to analyze a
many-electron system in low temperatures by means of an IR integration in
the same finite-dimensional Grassmann algebra as in [12], [13], [14] and to
justify the IR integration process by the mathematical induction with the
scale index in the same manner as in the Matsubara UV integration of [14].

A key idea of the IR analysis in [18], [3], [9] is the modification of the
covariance at each integration step by the insertion of the kernel of the
quadratic term produced by the previous integration. Because of the sym-
metries of Grassmann polynomials preserved during the multi-scale integra-
tion process, this modification does not qualitatively change the shape of the
zero set of the denominator of the covariance, and thus the IR integration
approaching the zero points of the denominator is guaranteed to continue.
The IR integration in this paper uses this adaptive modification method
introduced in [18], [3], [9]. Though this renormalization technique explicitly
plays a role only when we solve the model problem in Section 7, keeping it
in mind, we prepare general estimates in Subsection 5.3 and Subsection 5.4
by giving Grassmann polynomials whose degrees are at least 4 as the input
to the integrations.

The main reasons why the physical quantities in the half-filled Hubbard
model on the honeycomb lattice are proved to be analytic independently
of temperature in [9] are the following. The zero set of the free disper-
sion relation degenerates into 2 distinct points, which remain to be the zero
points of the denominator of the effective covariance, and consequently the
integral of each effective interaction term of order > 4 is bounded from
above by a negative power of the support size of IR cut-off at the scale, in
other words, effective interaction terms of order > 4 are irrelevant under
the iterative IR integrations. In fact the invariance of the 2 Fermi-points is
a remarkable discovery made by Giuliani and Mastropietro in [9]. In this
paper we formulate the half-filled Hubbard model with the flux 7 condition
on a square lattice into a 4-band many-electron model, in which the zero set
of the free dispersion relation consists of a single point. Then, we prove that
the zero point of the free dispersion relation essentially continues to be a
zero point of the denominator of the effective covariance during RG process



RG Analysis of Many-FElectron Systems 7

by extending Giuliani-Mastropietro’s renormalization method originally de-
veloped for the 2-band half-filled Hubbard model on the honeycomb lattice.
More precisely speaking, our effective covariance in momentum space is the
inverse of a 4 x 4 matrix. What we prove is that each element of the effective
4 x 4 matrix becomes negligibly small when either the momentum variable
is close to the zero point of the free dispersion relation or the Matsubara
frequency is close to zero and thus the point where the effective matrix is
not invertible is the same as in the free case. The non-corresponding prop-
erty of the free covariance at equal space-time points erases the quadratic
term of the interaction in the Grassmann integral formulation adopted in
[9], while the quadratic term remains if we formulate the model by using
the Grassmann Gaussian integral proposed in [12], [13], [14]. The quadratic
term in the interaction breaks one of the invariances called ‘inversion’ in [9,
Lemma 1], which was used especially to prove that the diagonal elements
of the effective 2 x 2 matrix vanish as the Matsubara frequency approaches
zero in [9]. Because of a lack of necessary invariances, the argument of [9] to
confirm that certain elements including diagonal ones of the effective matrix
vanish in the IR limit does not immediately fit in our formulation. In this
paper, therefore, we start from reforming the formulation built in the same
manner as in [12], [13], [14] into a more convenient form having desirable
symmetries for the IR integration.

The proof of validity of RG in this paper is based on the mathemati-
cal induction with respect to the integration scale, which assumes a scale-
dependent norm bound on the input as the induction hypothesis and shows
the succeeding norm bound on the output of the single-scale integration,
while the Gallavotti-Nicolo tree spreading over all the scales is the main tool
to organize the multi-scale integration process in [9] as well as in [3]. For
this reason the major part of this paper is devoted to establish norm bounds
on Grassmann polynomials produced by the single-scale integrations, espe-
cially by the tree expansions for derivatives of logarithm of the Grassmann
Gaussian integral. Norm estimations on finite-dimensional Grassmann alge-
bra were rigorously summarized with the aim of validating RG by induction
by Feldman, Knorrer and Trubowitz in the book [5], in which, however, a
representation theorem for the Schwinger functional developed in [4], rather
than the tree formula, underlay the Fermionic expansion. The concepts of
[5] were extended into the RG analysis on infinite-dimensional Grassmann
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algebra for interacting Fermions in [6], [7]. This paper intends to keep
the finite-dimensionality of Grassmann algebra and shows the existence of
infinite-volume, zero-temperature limit as a result of calculus on the finite-
dimensional vector space. In summary what this paper newly presents apart
from the statements of the main theorem and its corollary in Subsection 1.2
are

(i) Inductive construction of the multi-scale integrations, which lead to
the zero-temperature limit of the free energy density, on the finite-
dimensional Grassmann algebra indexed by discrete space-time points.

(ii) An extension of Giuliani-Mastropietro’s renormalization to a 4-band
many-electron system.

Before closing the introductory remarks we should also argue possible
limitations of our framework for IR analysis. Our IR multi-scale integra-
tion procedure is based on a general proposition, namely Proposition 5.6,
which concerns scale-dependent bound properties of the output of a single-
scale integration generalizing a real IR integration step. The validity of the
proposition is due to the structure that with respect to the scale-dependent
norm and semi-norm set in the proposition, any Grassmann monomial of
order > 4 with the bound of scale [ + 1 automatically admits the bound of
scale [. In more details the norm bound on a monomial of order > 4 at scale
[+ 1 amounts to requiring the integral of the monomial to be bounded from
above by a negative power of the factor M!*!, where M (> 1) is a parameter
to control the support size of IR cut-off. Since the negative power of M!*!
is smaller than that of M!, the monomial satisfies the norm bound of scale
[ as well. When we solve the model problem in Section 7, for example, the
power of the factor M' for a monomial of order m is —m + 7/2, which is
negative for m > 4. As long as we go through Proposition 5.6, therefore,
our constructive theory is such that effective interaction terms of order > 4
are irrelevant at every step of IR integrations. In this paper we do not have
a rigorous a priori criterion of to which model the proposition does or does
not apply. The proposition is built upon an assumption, namely (5.57),
determined by exponents in the determinant and L' bounds on an effective
covariance. A heuristic argument in Remark 5.7 suggests that the assump-
tion of the proposition is unlikely to be realized in a d-dimensional many-
electron model where the d — 1-dimensional Hausdorff measure of the zero
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set of the free dispersion relation is non-zero such as in the 1-dimensional
Hubbard models with free Fermi points or the 2-dimensional Hubbard mod-
els whose free Fermi curve does not degenerate into finite points. For this
reason we expect that these usual many-electron models cannot be analyzed
at zero-temperature by an immediate application of our framework.

The contents of this paper after this section are outlined as follows. In
Section 2 we introduce the Hamiltonian operator in a generalized setting and
formulate the free energy density as a time-continuum limit of logarithm of
the finite-dimensional Grassmann Gaussian integral. In Section 3 we present
norm estimates on single-scale integrations without assuming quantitative
upper bounds on the covariances. In Section 4 we establish norm estimates
on the difference between single-scale integrations at 2 different tempera-
tures without assuming quantitative upper bounds on the covariances. In
Section 5 we apply the general norm estimates developed in Section 3 and
Section 4 to construct both the UV integration process and the IR inte-
gration process as well as to measure the difference between Grassmann
polynomials produced by these integrations at 2 different temperatures in a
model-independent general setting. In Section 6 we complete the UV inte-
gration over the Matsubara frequency by showing that the covariance with
UV cut-off actually satisfies the bound properties assumed in Section 5. In
Section 7 we apply the estimations prepared in Section 5 for the IR integra-
tion to the model Hamiltonian and prove the main theorem of this paper.
In Appendix A we restate Lieb’s result on the flux phase problem with some
supplementary arguments concerning the repeated reflection. In Appendix
B we establish L'-norm bounds on kernels of Grassmann polynomials, which
are necessary for the proof of the convergence of the symmetric Grassmann
integral formulation to the free energy density in Section 2. In Appendix
C we summarize basic estimates on functions of Gevrey-class, to which our
cut-off functions belong. In Appendix D we prove that the time-continuum,
infinite-volume limit of derivatives of logarithm of the Grassmann Gaussian
integral exists at the origin. These convergence properties are used in the
proof of the existence of infinite-volume limit of the free energy density in
Section 7. Finally in Appendix E some lemmas concerning the free energy
density are directly proved without going through the Grassmann integral
formulation. The flow chart of our construction is shown in Figure 1.
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Section 1 Appendix A
Section 2 Appendix B
Section 3

Secti'on 4

Section 5 Appendix C
Section 6 Appendix D
Section 7 Appendix E

Fig. 1. Flow chart of our construction, where the arrows mean major dependency.

1.2. The model and the main results

Here we introduce the model Hamiltonian and state the main results
of this paper. For L € N we define the spatial lattice I'(2L) by I'(2L) :=
{0,1,---,2L — 1}2. For (x,0) € T'(2L) x {7, |} let 15, denote the anni-
hilation operator of the Fermionic Fock space Fy(L*(I'(2L) x {1, })) and
V%, denote its adjoint operator, which is called the creation operator. For
x € 72 we define 9y, 1%, by identifying x with the corresponding site of
['(2L) which is equal to x in (Z/2LZ)?.

Let e; := (1,0), ex := (0,1) € Z2. We define the amplitude ¢(-,-) :
72 x 7* — Rx( of the hopping matrix elements as follows. With parameters
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th,e; th,m tv,ea Z‘E'u,o € R>Oa

the ifx—y=ey,—e; in (Z/2L7)? and 2 =0 in Z/2Z,
tho ifx—y=ey,—eyin (Z/2L7)% and 29 =1 in Z/2Z,
( )
( )

t(x,y) == tye ifx—y=eq —esin (Z/2LZ)? and 1 =0 in Z/2Z,
tyo if Xx—y =eqs, —esin (Z/2L7)? and 1 = 1 in Z/2Z,
0 otherwise,

(VX = (331,362),}’ € Z2)

We allow the hopping matrix elements to be complex. Assume that the
argument 0 (-,-) : Z? x Z? — R satisfies

(1.1) 0r(x,y) = —0r(y,x) in R/27Z,
Or(x+2mLe; +2nles,y) = 01(x,y) in R/27Z,
(Vx,y € Z%, m,n € 7)

and
Or(x+e,x)+0r(x+e +e,x+e)
+0p(x+ e, x +e; +er) +0(x,x + es)
=7 in R/277Z, (Vx € Z?),
(1‘2) 2L—1 2L—1
> 0L+ 1,2),(Gx) = D O, j +1),(x,5))
j=0 Jj=0

—0in R/27Z, (Vz € Z).

The kinetic part Hy of the Hamiltonian is defined by

2
(13)  Ho= D D0 Y (e x+e)e Oyl y o

x€T(2L) o€ (1,1} j=1

+ (%, x — ej)eieL(X’x_ej)w;a¢X—ej0)-

One can see that Hj = Hy.

The condition (1.2) is interpreted as having the magnetic flux 7 (mod
27) per plaquette and 0 (mod 27) through the circles winding around the
periodic lattice, because the sum in (1.2) is the value of the line integral
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of the magnetic vector potential around the corresponding contour, if we
adopt the Peierls substitution. One simple example of such 6y, is that

7w ifXx —y=ey —esin (Z/2LZ)% and
(1.4) HL(x,y) = r; =1in Z/QZ,
0 otherwise,

(Vx = (x1,22),y € Z2).

In this case the nearest-neighbor hopping is pictured as in Figure 2.

To define the interacting part of the Hamiltonian, we assume that the
magnitude of the on-site interaction may depend on sites. More specifically,
with parameters U, ¢, Upe, Ue 0, Uoo € R we define U(-) : Z* — R by

Uee ifx=(0,0)in (Z/2Z)?,
Upe if x=(1,0)in (Z/2Z)?, 9
= ; 7
UG =9\ 1, itx=(0.1) in (z/22)2, XEL)
Uso ifx=(1,1)in (Z/2Z)?,
* th,o ? th,o ? th,o *
tv,e tv,o tv,ﬁ tv,o
¢ th,e ? th,e ? the *
tv,e tv,o tv,e tv,o
€3
* th,o ¢ th,o ? 2(;h,o *
tv,e tv,o tv,e tv,o
* th,e ? th,e ? th,e ¢ °!

Fig. 2. The nearest-neighbor hopping with the phase 0 defined by (1.4).
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With this U(-), define the interacting part V by

(15) Z U ("ﬁ;Tw;l'(/}xlwa - % Z w;kco'wx0'> .

x€el(2L) oe{T,1}

The Hamiltonian H is defined by H := Hy 4+ V, which is a self-adjoint
operator on Fy(L*(T'(2L) x {1,1})). Including the quadratic term in the
interacting part as above makes the system half-filled. This fact can be
confirmed by a well-known argument. We provide the proof in Remark 1.4
below for completeness. With the inverse temperature § € Rsq, the free
energy density of the system is given by

5(21[,) log(Tre "),
To shorten formulas, we set t := (th.c, th.os toes too) (€ RL,),
16 fm min{ty oth o, toctoo} - min {thﬁ’ the too. tvye}
(max{th.e, tho toe, tvo})? the tho tve tvo
and

Di(c) :=={z € C| |2| < cf¢}
for ¢ € Rsg. The goal of this paper is to prove the following theorem.

THEOREM 1.1. Set U := (Uee,Upe,Uco,Us,). There exists a constant
c € Ryq independent of any parameter such that the following statements
hold true.

(1) There exists a function Fg ,(-) : Dt(c)4 — C parameterized by 3 € Rsg
and L € N satisfying L > max{ty e, th.o, tv,e; tv,o} B such that Fgr(-)
is continuous in Dt(c)4, analytic in Dy(c)* and

Fyo(U) =~
T peL?
(VU € Dt(c) NRY, 8 € Ry,
L e N with L > max{th.c,th 0, tv.e;tvo} ).

5 log(Tre™ Ay,
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(2) There exists a function Fg(-) : Dy (0)4 — C parameterized by 5 € R,
independent of L € N such that

Lh_rf)lC sup |Fpr(z) — F3(z)] =0, (V5 € Ryo).
LeN zEDt(c)4

(3) There exists a function F(-) : Dt(c)4 — C independent of B € Ryg

such that

[}im sup |Fg(z) — F(z)| =0.
ﬂeRioo z€ D¢ (c)

If we impose additional conditions on tj e, th.0, tv.e, tv,o, Uees Uoes Ueos
Us,o and L, we can relate the free energy density considered in Theorem 1.1
to the minimum free energy in the flux phase problem, which seeks a phase
¢ : Z? x 7Z? — R of the hopping parameter minimizing the free energy. Lieb
([15]) essentially gave a sufficient condition for a phase to be a minimizer of
the flux phase problem. The sufficient condition was also claimed by Macris
and Nachtergaele in [17]. That is the condition (1.2) if L € 2N 4 1. For
readers who are not familiar with the flux phase problem, we restate Lieb’s
result in Appendix A with some supplementary arguments which were not
explicit in the letter [15]. In mathematical terms, the flux phase problem is
to find ¢ : Z? x Z? — R satisfying (1.1) such that

1 3 -
— W log(Tre 5H(¢))

1
— mind — —BH(#) .
(1.7) mm{ EIEIAE log(Tre ) ‘ o
7% x 7% — R satisfying (1.1)},

where

2
H(¢) := > D Ot x + €)X TNy o

(x,0)€l(2L) x{1,1} 5=1
4, % — ej)ei¢(X,x—ej)¢:‘(o_¢xiejg) + V.
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Since this is equivalent to a minimization problem of a continuous function
defined on the compact set [0,2#]2(2’:)2, a minimizer exists. Under the
additional conditions that 25 . = th o, tv,e = o0y Uee = Upe = Ueo = Upo
and L € 2N 4 1, Theorem A.5 in Appendix A ensures that any phase 0f,
satisfying (1.1) and (1.2) is a minimizer of the flux phase problem. Thus,
we have the following corollary.

COROLLARY 1.2.  Assume that the = tho, tve = tvo, Uee = Upe =
Ueo = Uso = U € R. Let Gg(U) denote the right-hand side of (1.7).
Then, there exists a constant ¢ € Rsg independent of any parameter such
that the following statements hold true.

(1) There exists a function Fj 1(-) : Dg(c) — C parameterized by 3 € Rxg
and L € 2N + 1 satisfying L > max{tp,t,}0 such that Fg(-) is
continuous in D¢(c), analytic in D¢(c) and

F,p(U) = Gg,.(U),
(VU € Dg(c) NR, B € Rso,
L € 2N + 1 with L > max{tp.e, tve} ).

(2) There exists a function Fg(-) : D¢(c) — C parameterized by 3 € Rxq,
independent of L € 2N + 1 such that

lim  sup |Fp.0(2) — Fs(2)| =0, (VB € Rso).

LeaN+1 2€D¢(c)

(3) There exists a function F(-) : D¢(c) — C independent of 5 € Rsq such
that

hm sup |Fg(z) — F(z)| =0.
B€R>o z€D¢(c)

REMARK 1.3. Theorem 1.1 implies the analyticity of the infinite-vol-

ume, zero-temperature limit of the free energy density in the following sense.
— 4

There exists a function F(-) : D¢(c¢) — C independent of § € Ryg, L € N

4
such that F(-) is continuous in Dy(c) , analytic in D¢(c)* and

1
Jim Jim o sup =gy log(Tren ™) — F(U)| = 0.
BeRsy LeN UeDy(c) *AR4
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REMARK 1.4. The system is half-filled. To confirm this, let us define
the operator A on Fy(L*(T'(2L) x {T,1})) by

Alar) =@ H (V1% )2,

xel(2L)
A(O‘me,xl,z)alsz,l,xz,z)oz T ngn,l,inz)dnﬂﬂ')
— (_1)2?:1(%1%];2

)= .
a¢($1,17d?1,2)01 Q1[}(902,17962,2)02 w(xn,lawn,2)0"n

IT svi)Qer,

x€l'(2L)
(VO& € (C, (QSjJ,IjQ) S F(QL),O'J' S {T,l} (_] = 1,2, s ,n))

and by linearity, where Qo denotes the vacuum of Fy(L*(I'(2L)x
{1,1}))- One can check that A is unitary, AHA* = H and

Ao Uxo A" = ida, — Yio¥xo, (V(x,0) € T(2L) x {1, ]}),

where idyy, denotes the identity map on Fy(L*(I'(2L) x {1, ]})). Thus,

Tr(e Py thxo) = Tr(e PARY Ays by, AY)
= Tre M — Tr(e Py thns),

which implies that

TT(e_ﬁH¢;U¢XU) _ l
Tre—6AH 2

) (V(X7 U) € F(ZL) X {T7l})

REMARK 1.5. In Theorem 1.1 we have freedom to choose a phase 0f,
satisfying (1.1) and (1.2). However, the free energy density is independent of
the choice of 0r,. Let 61, 0} be phases satisfying (1.1) and (1.2) and H(0y),
H(07) be the Hamiltonian having the phase 6, 67 respectively. Then,
Lemma A.4 given in Appendix A implies that Tre #H0L) = Ty ¢=AHEL)  In
brief, this equality is due to the fact that the flux of 8y, through any circuit
in the periodic lattice (Z/2LZ)? is the same as that of 6.

REMARK 1.6. The proof of Theorem A.5 requires that the hopping am-
plitude and the magnitude of on-site interaction are invariant under vertical
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and horizontal reflections. To meet this requirement, we need to assume that
the = thos tve = tvos Uee = Upe = Ue o = U, . Moreover, on the assump-
tion L € 2N + 1, having the flux 7(L — 1) (mod 27) through the circles
around the periodic lattice, another requirement of Theorem A.5, is equal
to having the flux 0 (mod 27), which is satisfied by our model Hamiltonian.
In the case L € 2N we do not have the equivalence between the free energy
governed by our model Hamiltonian and the minimum free energy in the
flux phase problem.

REMARK 1.7. Consider the Hamiltonian H with the phase defined by
(1.4). If tho = tyo = Upo = 0, the Hamiltonian H becomes the half-filled
Hubbard model on the copper-oxide (CuO) lattice. Since the condition
thostv,o 7 0 is indispensable for our analysis, we cannot treat the half-filled
CuO Hubbard model itself in this paper. As an operator on the finite-
dimensional space our Hamiltonian can be arbitrarily close to the half-filled
CuO Hubbard model as tj,,ty0 N\, 0. For such an approximate model
with small but non-zero tj, ,,t,,, Theorem 1.1 guarantees the existence of
infinite-volume, zero-temperature limit of the free energy density and its
analyticity with the coupling constants U, Use, Ue,o. However, since the
domain Dg(c) shrinks as tp, o,t,,0 \, 0, we cannot extract any information
on the free energy density defined in the half-filled CuO Hubbard model
from Theorem 1.1.

REMARK 1.8. Later in Lemma 7.15 in Section 7 we will see that the
integral of modulus of the free covariance is bounded by a constant times
0 from above and below if L is sufficiently large. This also implies that the
free covariance with the Matsubara UV cut-off has the same bound property
in low temperature, since the integral of modulus of the free covariance with
the large Matsubara frequency, the difference between the free covariance
and that with the Matsubara UV cut-off, is bounded from above indepen-
dently of 5. These facts tell us that we cannot prove the analyticity of
the free energy density in the infinite-volume limit in a domain larger than
{U € C | |U| < ¢f71}* by means of a single-scale analysis based on Pedra-
Salmhofer’s determinant bound as in [12] or a multi-scale analysis over the
Matsubara frequency as in [14], since the inverse of the L!-bound of the free
covariance with or without UV cut-off determines the maximal magnitude
of the coupling in these theories. Therefore, we are led to perform an IR
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analysis in order to reach the infinite-volume, zero-temperature limit in this
model of interacting electrons.

2. Formulation

In this section, first we define the multi-band Hamiltonian H consist-
ing of the free part Hy and the interacting part V in a generalized set-
ting. In Subsection 1.2 we introduced the single-band Hamiltonian H. We
will prove Theorem 1.1 by formulating the Hamiltonian H into a 4-band
Hamiltonian in Section 7. The Hamiltonian H should be considered as a
generalization of the 4-band model Hamiltonian. Then we introduce the
finite-dimensional Grassmann integral formulation of the normalized free
energy density —# log(Tre=#H / Tr e=PH0), Though the main theorem of

this paper concerns the free energy density of the form —ﬂ—id log(Tre PH), it
is more convenient to deal with the normalized one, since it fits in the frame-
work of Grassmann Gaussian integration. We can reach the conclusions on
the free energy density from the analysis of the normalized free energy den-
sity, since the non-interacting free energy density —ﬁ log(Tre=PHo), the
difference between them, is exactly computable.

2.1. The multi-band Hamiltonian

Let us set up a system which we focus on until we analyze the specific
model in Section 7. Let d (€ N) denote the spatial dimension. Take a basis
up, ug, - - ,ug of RY. Let vy, va,---,vg be another basis of R? satisfying
(u,vin) = 6 (VI,m € {1,2,---,d}), where (-,-) is the standard inner
product of R%. The spatial lattice I' is defined by

d
I':= ijUj‘ij{O,l,...7L—1} (j=1,2,---.d)
j=1

The momentum lattice I'* dual to I' is given by

d

N 27 .

' .= A ElmjV]"mje{O,l,"',L—l} (j=1,2,---,d)
j:

With a number b (€ N) we assume that the crystal lattice is modeled by the
lattice I with a b-point basis. The integer b stands for the number of atomic
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sites in a primitive unit cell of the lattice I'. Each site of the crystal lattice
is identified with an element of the set {1,2,---,b} x I'. For conciseness we
set B:={1,2,---,b}.

The Hamiltonian H is defined as a self-adjoint operator on the Fermio-
nic Fock space Fy(L*(B xT' x {1, ]})). To define the free part of the Hamil-
tonian H, we assume that in the momentum space the hopping matrix is
represented by E(k) € Mat(b,C) (k € I'*). Moreover we assume that the
domain of E(-) can be extended to R? and

E e C(R%; Mat(b,C)),
(2.1) E(k)* = E(k), (Vk € RY),
(2.2) E(k +27v;) = E(k), (Vvk e R j € {1,2,---,d}).

We consider Mat (b, C) as a b?-dimensional complex Banach space with the
norm || - ||xp defined by

[Allpxp := sup  [[Avl, (A € Mat(b, C)),

veCb with
Ivligp=1

where || - ||ce denotes the norm of C® induced by the standard inner product
(-, )c»- With E(-) we define the free part Hy by

23)  Hy=o5 3 S Y VB (o) e

pneEBx,yel oe{1,|} kel™

where 1),x, is the annihilation operator destroying an electron with the
spin o on the site (p,x) and 1, is its adjoint operator called the creation
operator.

The interacting part V is defined by

1
(2.4) V= Z Z Up <¢;XT¢;xl"/}pxi¢pr - 5 Z wzxawpxa) ’

peB xel’ oe{T,1}

with the coupling constants U, € R (p € B). To be more precise, the second
term of V' should be considered as a part representing the on-site energy
minus the chemical potential. Since we are going to construct a theory
for the half-filled systems, the on-site quadratic term of this form needs
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to be included in V. The Hamiltonian governing the multi-band many-
electron system is defined by H := Hy + V: Fp(L*(B x T x {1,]})) —
Fr(L*(BxT x{T,1})). By the condition (2.1), H is self-adjoint. In the rest
of this section we will introduce the Grassmann integral formulation of the
normalized free energy density _5—}4‘1 log(Tre=PH ) Ty e=FHo),

2.2. The finite-dimensional Grassmann integrals

Let us summarize the notions of Grassmann integration over a finite-
dimensional Grassmann algebra. Take a parameter h € (2/5)N and intro-
duce the discrete analogue of the interval [0, 3) by

1 2 1
[Oaﬁ)h = {Ovﬁ’ﬁf" 7[3_%}

We take the parameter i from (2/8)N rather than from (1/8)N in order to
refer to the basic results of [12, Appendix C] constructed with i belonging
to (2/B)N. The index sets Iy, I are defined by

Iy :== B x T x {T?l} X [O>ﬂ)ha
I:= IO X {1,—1}.

Let N stand for the number 4b3hL%, the cardinality of I. Let V denote the
complex vector space spanned by the abstract basis {1 x } xcs. Similarly for
p € Nlet V, be the complex vector space spanned by the basis {wg(} xeg. For
X € Iy we sometimes write 1) v, ¥x in place of Y(x,1)s Y(x,~1) respectively.

For a finite-dimensional complex vector space W and n € N, set /\O W .=
C and let A" W denote the n-fold anti-symmetric tensor product of W.

Moreover, set
dimW n

AW =@ Aw

For n € {0,1,--- ,dimW} let P, : AW — A" W denote the standard
projection.

We call AV Grassmann algebra generated by {¢x}xe;. We write an
element f of AV as f(¢) when we want to show its Grassmann variable
explicitly. We can define f(¢ +¢P) € AVEPV,) from f(v») € AV by
replacing each x by ¥x + ¢% inside f(¢). For X = (X1, X2, , Xp) €
I™ we simply write ¢¥x in place of ¥x,Vx, - ¢¥x,, and X, in place of
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(Xo(1)s Xo(2), s Xo(m)) for any o € Sy, where S;;, denotes the set of all

m — C anti-

permutations over {1,2,---,m}. We call a function f,, : I
symmetric if f,,(X) = sgn(o) fin(Xy) for any X € I'™, 0 € S,

For any f(¢)) € AV there uniquely exist fo € C and anti-symmetric
functions f,,(1) : I — C (m € {1,2,--- , N}) such that

)= fot il (%)m S fn(X)ex

Xelm

Throughout the paper we follow the notational convention that for f() €
AV, fm(¥) denotes Py, f (1) and fp, () : I™ — C denotes the anti-symmetric
kernel of f,(¢). For example, we write as follows.

me )= (1) 3 dx

Xelm

We can construct a norm in the complex vector space AV by defin-
ing a norm in the space of anti-symmetric functions on I for all m €
{1,2,---,N}. In this paper we will introduce various norms in the space
of anti-symmetric functions. We will define the norms one by one when
necessary rather than by listing them all together at this stage.

Let a € N and D be a domain of C*. Assume that f(z)(¢) € AV is
parameterized by z € D. We say that f(z)(z)) is continuous with z in D if so
is f(z2)m(X) (Ym € {0,1,--- ,N},X € I"). Similarly we say that f(z)(¢)
is analytic with z in D if so is f(z),(X) (Vm € {0,1,--- ,N},X € I"). In
this case we define the Grassmann polynomials

1i[ ()" raw e Av.

(z= (21,22, ,2a) € Dyn; € NU{0} (j =1,2,--- ,a))

H(a%)njﬂz)w)::i(%) ZH(az) F@)m ()i

m=0 Xel™ j=1

Consider a sequence (f™(¢))>2, of AV. We say that f"(¢) converges

as n — oo if so does f(X) (Vm € {0,1,--- ,N},X € I'"™). Consider
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a sequence (f™(z)(1))%; of AV parameterized by z € D. We say that
f™(2)(¢)) uniformly converges with z € D as n — oo if so does f"(z),,(X)
(Vvm € {0,1,--- ,N},X € I"™). If a norm is defined in AV, the normed
space A\ V is complete, since dim /\ V < co. These definitions of continuity,
analyticity, derivative, convergence and uniform convergence are equivalent
to those defined in the Banach space A V.

For p1,p2, -+ ,pn,p € Nwith p; # p (Vj € {1,2,--- ,n}) the Grassmann
Gaussian integral [ -duc, (¥P) with a covariance matrix C, : I3 — C is a
linear map from A(V,, @ - DB V,, BV,) to AWVp, B---BV)p,) defined
as follows. For any f € A(V,, @ - D Vp,),

/ Fdue, (7)== f,

/ SO, - B - dpics, (47)

o det(Co (XuYg)hgi,jglf ifl=m
L0 if 1 £ m.

Then, for any g € A(Vy, @DV, B V,) the value of [ gduc, (¢?) can
be uniquely determined by linearity and anti-symmetry. For Y € I the left

derivative 9/9¢Y, is a linear transform on \(V,, @ - @V, @D V) defined
as follows.

0
q1 qr P 41 q - USRS | q ,,91+1 q
awz;/(awxl'”wxl % XZH"'an:n) = (—1) awxl"'wxlwxl+1"'¢xn:n7

0
g (VR VAR R =0
Y
(Vo € C,o%, %, € (¥R, O, Vi dxer \{Yy 1)

Then, the value of 9/0v4}. on any element of A(V,, @@ Vy, DVy)
can be uniquely determined by linearity and anti-symmetry. For X =
(X1, X2, -+, X;n) € I™ we sometimes write 0/0¢x in place of 9/0vx, -
0/0Yx, ---0/0x,, for simplicity.

We will frequently deal with the exponential and the logarithm of a
Grassmann polynomial. Let us recall their definitions. For f € AV the
polynomial e/ (€ A V) is defined by

N

el = efo Z %(f — fo)"

n=0
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Additionally, assume that fo € C\R<g. The logarithm of f is defined by

N
— (=t <f— f0>n
log f :=log fo + 7; p R )

For any z € C\R<( we define log z by the principal value log |z| 4 i0, where
6 € (—m,7) satisfies z = |z|e®.

2.3. The full covariance

The covariance in our Grassmann Gaussian integral formulation of the
free energy density is equal to the non-interacting 2-point correlation func-
tion. For (p,x,0,2), (n,y,7,y) € BxT x{1,]} x[0,0),

Tr(e PMOT (4 () ny 7 (1))
Tr e—BHo ’

where w;xcr(gj) = 6:EH0¢;XUQ—IEHO’ w’l?)’T(y) = eyHOQ/)nyTe_yHoy

T(¢;xa(x)wﬁy7(y)) = 1%2y¢zxa(1‘)¢ny7(y) - 1r<y¢ny7(y)¢;xa(x)-

(2.5) Clpxox,nyTy) :=

For a proposition P the value of 1p is defined as follows. 1p := 1 if P is
true, 1p := 0 otherwise. We use the same symbol C' even when its variables
are restricted to be in the finite subset I3.

Let M denote the set of the Matsubara frequency (7/3)(2Z + 1). We
define the h-dependent finite subset My, of the Matsubara frequency by

My, = {w = %(22—1—1) ( ] <7rh}.

Let I denote the b x b unit matrix. The covariance matrix C : Ig — C is
characterized as follows.

LEMMA 2.1. For any (p,x,0,2), (n,y,T,y) € Iy,

(2.6) C(pxox,nyTy)

bo,r —i(x— i(x—y)wp— —i< 1E &)\~
= BL Yo Y ey, — e TP T ().
kel™* weMy,
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PROOF. One can complete the characterization in the same way as in
[14, Appendix A]. For readers’ convenience we provide a sketch of the proof.

For any k € R? let aj(k),--- , (k) (€ R) be the eigen values of E(k).
There exists a unitary matrix U(k) € Mat(b, C) such that

(2.7) (U) EX)UK))(p,n) = ap(K)bpn, (Yp,n € B).
Define the matrix W : (B x ' x {1,]})? — C by
0.7 —ilx— AN N
W(pxo,nyT) :== — > e YR K)(p,m).
kel
Set
(Ww*)pxa = Z W(pXO', 773’7')1/’;3:7-7

(ny,7)EBXTx{T1,l}
(V(p,x,0) € Bx I x {1, 1}).

Let us define the linear transform F on Fp(L*(B x T’ x {1,|})) by

FQ:.=Q,

Fyx b, - x, Q= (WYh) x, (W) x, - (W) x, Q2
(Vn e N, X1, Xs,-+-, Xp € BxT x{1,]})

and by linearity, where 2 denotes the vacuum of Fy(L*(B x T' x {T,1})).
By using the unitary property of U(k) and the equality (2.7) one can check
that the transform F' is unitary and

(VNSRS S0 S0 DI SRS T IS I
peBx,yel' oe{T, ‘L} kel
&;xo( ) = emFHOF*wzxae_xFHOF*7
77Z1px¢7( ) = mFHOF*¢pxo€_xFHOF*7

T(¢pxo’( )wnyr( )) = 1552111;;)(0('7:)77577}’7(1/) - 1r<y¢nyT( )&pxa( )

Since F' is unitary,

(2.8) C(pxox,nyTy)
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= > W(pxe, X)W(nyr,Y)
X, YeBxI'x{1,l}

Te(e I T (2)dy (1))

Tr e~ BFHoF™

Since FHoF™* is diagonalized with respect to the band index, the 2-point
function Tr(e PFHF T (4% (2)y (y)))/ Tre PFHOF" can be computed by a
standard procedure (see, e.g., [12, Lemma B.10]). The result is that

Tr(ePFHOF™ TW;x @)y ()
Ty e—BFHoF*

_ 6p/’77/5d0./77./ Z e—i(X'—y’,k>
L

kel

pev)a, ) le>y Lacy
4 Py @ ] 4 ooy ®

(2.9)

V(o' x'0'), (0, y' 7)€ BXT x {1, 1}).
By substituting (2.9) into (2.8),

(2.10) C(pxox,nyTy) Ld Tk Z Uk (k) (n,7)
kel'* yeB
lwano [ dazy ey
1+ eBay (k) 1+ e—Bay (k)

(v(p7x’o-7x)7(n7y77—)y) E B X F X {T? l} X [O’ﬁ))'

Since h € (2/B8)N, we can apply [12, Lemma C.3] to obtain that for any
T,y € [Oa 6)/17

1 1
(z—y)ay (k) T2y _ <y
(2.11) e (1 b 1 e—ﬁaw(k)>
1 ei(x—y)w
B w;ﬁ h(1 — e intnor®)y’

By combining (2.11) with (2.10) and using (2.7) we can derive (2.6). [J

2.4. The Grassmann Gaussian integral formulation
Here we formulate log(Tre #H /Tre=#H0) into the Grassmann Gaus-
sian integral with the covariance C'. Let us introduce a counterpart of the
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interaction V' in the Grassmann algebra A V.

(2.12) V() := % >

(p,x,2)eBXT'%[0,8)p

— — 1 _
: Up <wprz¢pxi:pwpxlxwpr:c - 5 Z ¢pxar¢pxam> .
oe{T,1}

From now we simply write U in place of (U1, Us,--- ,Up).

LEMMA 2.2. The following statements hold.

(1) For any Upasr € Rsq there exists hg € R such that

Re [ eV ®duc(s) >0,
(YU € R with |U,| < Upas (Vp € B), Yh € (2/8)N with h > ho).

(2) For any Uz € R>o,

lim sup
h—o0

b
he(2 N UEeR" with
€@/8) [Up|<Umaz (VpEB)

Tr G_BH 7
el -V(¥) —
log (Tr e—ﬁH()) log (/ e d#cW))’ =

PROOF. These claims can be proved in the same way as in the proof
of [13, Lemma 3.4], [14, Appendix B]. We outline the proof for self-con-
tainedness. We can rewrite the interacting part V' of the Hamiltonian H as
follows.

V= Z wy (pxo, nyT)w,’ngwnyr

(p,x,0),(n,y,7)
eBxI'x{T,l}

2
+ H < Z >w2(/01X101,/02X20’2,771}’17'1,772}’27'2)
=1

(pj%5,05),(j¥5,75)
€BXTx{T,1}

) wzlxl o1 w;QXQ 09 wﬂzYzTQ @bm Y171
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where

1(p,x,0)=(n,yﬂ) U,
2
wz(ﬂlxwl, P2X202,MY171, 772}’272)

wy(pxo, nyT) == —

= Lo x1)=(p2,32)=(m1,y1)=(m2,32) L(01,09,71,72)=(1,1,1,1) Up1 -

By repeating the same argument as in [13, Proposition 3.2] we can derive
the following series.

TrePH =
219 -

m=1

mm

<Z Z / dxpwy, Xk,Yk)>

lp=1 XYk
e(BXxTx{1,1 )k

~det(C(Xp, Yg))1<p o< k=1 b

where the variables are defined by the following rule.

(2.14) Xk = ((Pr,1,Xk,1,081)s (Pt > Xkl Okl )
Yoo o= (M1 Ve Th1)s s (Mhesdies Yo Thily,) )

Xp = (pqul,va Xu+1,05 Out1,v;5 $u+1)7

Nas

= (nu—i-l,m Yu+1v, Tud1,v, xu—&-l)v

forp=> 4 lk+v,ue{0,1,--- ,m—1}, ve{l, - lyp1}.

We define the function U +— P(U) : C* — C by the right-hand side of
(2.13). By replacing the integral fO’B dzj by the Riemann sum %Zme[o,ﬂ)h
we introduce the discrete analogue P, of P as follows.

N/2

o-n XGPS 5 0 2 weow)

lp=1 XY €[0,8
e(BxTx {11k

~det(C(Xp, Yg))1<pg<s k=1 L

where the variables are defined by the rule (2.14). )
Define the function C : (BxI'x{T, |} %[0, 3))? — C by C(pxox,nyTy) :=
C(pxoz,nyTy) with &,y € [0, B)), satisfying z € [Z,2+1/h),y € [y,9+1/h).
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The function P}, can be rewritten as follows.

N/2

oy (S 5 [

lp=1 XY
e(BxI'x{T, l})

: det(é(Xpa Yq))lgp,qu el

Then, we have for any Uj,q. € Rsg that

(2.15) sup  |[P(U) — Py (U)|
UeC with
|Up|<Umax(V/7€B)

mal
(Z > /d:ck sup ywlk(xk,yk)>

Cb with
lk 1 X, Y Uec
Up|<Umaz (VpEB
e(BxTx{1,L 'k |Up|<Umax (VpEB)

: |det(C(Xp7Y;1))1§p,q§Z mole T det(é(Xp’Y;]))l<p g<EZ ’

Now let us confirm the fact that C, C have 8, L-dependent determi-
nant bounds. For any (pj,xj,05,2;), (0;,¥5,75,y5) € BxT x {1,]} x
[0,8) (j =1,2,---,n) we can choose operators A; (j = 1,2,---,2n) from
{exJHprJXJO'J IJHO’ eyjHOwanjTje_yjHO }.?:1 so that

m=1

Tr(e PH0 A1 Ay - - Agy)
| det(C(ppXpopTp: MY Tq¥q) ) 1<pg<n| = Tr e—BHo —|-

Let (-,-) r; denote the inner product of the Fermionic Fock space F’ ¢ (L*(B
xI'x{1,1})) and || - ||, denote the norm induced by (-, '>Ff' For any linear
transform ¢ on Ff(L*(BxT x{1,]})) let |[¢|l3(r,) denote its operator norm
defined by

ICll8(ry) = sup 1Cgll 7 -

9EF(L2(BXTx{T,1}))
with |lgllp, =1

Since ||y 10| gg g < 21BN (v(p, x,0,2) € BT x {1, ]} x
[0,3)), we have that

(216) | det(C(Xp, Yy)l1<pazn < D1 -
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(VXWYGBXFX{T l} [ )(]_1727 ’ ))7

where
22de€ﬁHHoll%(Ff>

46| H
ﬂe_BHO 9 .D2 = e ” OHﬁFf)

Dy =

By using the determinant bound (2.16) we obtain the inequality

(2.17) i' f[ <Z Z / dxy, sup |wlk(Xk7Yk)|>

=1 XY}, UeC with
| det(C(Xp, Y 1<pges 1, — det(C(Xp, Y))1<pgesm 1]

eBxTx {111k [Up|SUmaz (VpEB)
2D1
= (Umaa:bL ﬁ(DQ + DQ))
Since (z,y) — C(pxoz,nyTy) is continuous a.e. in [0, 3)?, so is (z1, 72,
,ﬂ?m) — det(C(Xp, Yq))lﬁp,qu ;n:l Iy in [0, ﬂ)m ThUS,

hhj?o | det(C(Xp, Yg))1<pg<s 1 1 — det(C(Xp, Yoh<pa<s g .l =0,
he(2/8)N

for a.e. (x1,x9, - ,zy) € [0,8)™. Therefore, the dominated convergence
theorem for L'(]0, 3)™) ensures that

m

1
(218)  lim — ]

h—o0

re2/BN " k=1

(Z > /dﬁvk sup |wlk(Xk7Yk)|>
li=1

XY}, UeC? with
C(BxTx{T, l})lk [Up|<Umax (VpEB)

| det(C(Xp, Yg) 1<pg<s 1y, — det(C(Xp, Yg))1<pg< m gl =0.

By (2.17) and (2.18) we can apply the dominated convergence theorem
for I'(N) to deduce from (2.15) that

(2.19) lim sup |P(U) — P,(U)| =0.

h—o0
UeCh with
he@/mN |[Up|<Umax(VpEB)
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By replacing the determinant in P, by the Grassmann Gaussian integral we
can derive that

(2.20) P(0) = [ V().

By (2.19) and (2.20),

Tre PH
he(;/o;) UcRb with Tr e—BHo

|[Up|<Umax (VpEB)

which implies the claim (1). The claim (2) follows from the claim (1) and
(2.21). O

2.5. A symmetric formulation

It is vital for the validity of the forthcoming IR integration that any
Grassmann polynomial produced by the single-scale IR integration is in-
variant under certain transforms. The Grassmann integral formulation con-
structed in the previous subsection does not satisfy one of the necessary
invariant properties by itself if we connect it to the IR integration process.
We need to modify the formulation into a more suitable form for the forth-
coming IR analysis. For this purpose we introduce a few more covariances.
Then, we propose another formulation, which will be shown to have desired
symmetries in Section 7, by using the newly introduced covariances. For

any (p,x,0,z), (n,y,7,y) € I set

Zzezxykz( e

kel™ weMy,

(2.22) C’<0(pxa:c nyTY) ﬂLd

X(BJ1 = € )BT, — e R R ER) 1 (g ),

where x(+) : R — [0, 1] is a smooth function. We assume that the support of
X(-) is contained in the interval [—cy, ¢, ], where ¢, € R5g is a constant. In
this section we do not need more detailed information on the cut-off function

X() For any (p¢X7 0',27), (777y77—>y) € IO set

(2.23) C, (pxaw nyTY)

—i(x=y k) gi(z—y)w

kGF* wEeEMy,
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(1= x(h]1 = &R ))RT (L — e RIFREIDN 1 (g

so that C(X,Y) = CL,(X,Y) + CLy(X,Y), (VX,Y € Iy). Define CZ :
I2 — C by

(2.24) Ch (pxam nyTy)

—i(x—y k) ji(z—y)w x(|w])(fwl, — (k))*l(f%n)-
kEF* wEMy,

Moreover, we define the covariance C; : Ig — C as follows. For (p,x,0,x),
(777 Y, T, y) € IO)

(2.25) CZo(pxox,nyTy)

5Ldz Z ezx y,k) z(m y)w

kel weM,,

(1= x(hlL = @R RN TR — ) ().
We can derive the following equality from the definitions.

LEmMMA 2.3. For any (p,x,0,2), (n,y,T,y) € Iy,

1 w
C;ro(pxax,nyTy)—i- P,XU) (nyf Z cilE—y)w x(h|1 — ezh‘)
wWEMy,

= CSo(pxox,nyTy) + () x,02)=(ny,7)-

Finally we define the covariances C;r(gh), Z:13 — C by
+(h
L (pxow, nyry)
1 _
= CLy(pxox, nyry) + ~LXIZ0YD) ’x"’);l("’”) D T (hl1 - e')),
ﬁ weEMy,

Lpxow,nyTY) = Lpxom)—(nyra)-

We will make another Grassmann integral formulation out of these co-
variances. In order to prove that the Grassmann integral formulation con-

verges to the normalized free energy density as h — oo, we must know that
these covariances have suitable determinant bounds.
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LEMMA 2.4. There exist (3, L%, b, x, E)-dependent, h-independent con-

stants hg, c1 € Rsg such that the following inequalities hold true for any
h € (2/6)N with h > hyg.

| det(Co (X4, Y)))1<ij<n| < T,

h 1 n
[det(CL" (X, ¥5) — CLo(Xi, Yy izl < 5ef

o0 1 "
| det (CLy(Xi, Y)) — CZ(Xi, Yj))<ijnl < e

(VneN,X;,Y;€ly (j=1,2,---,n))
for C, =C, C;Lm Cio, CZy, Cos C;réh) respectively.

PrROOF. The determinant bound on C has been given in (2.16). The
determinant bounds on the other covariances can be proved by applying
Gram’s inequality in the complex Hilbert space H = L?(B x T'* x {1, |} x
M},), which consists of all complex-valued functions on Bx I x {1, | } x My,
and is equipped with the inner product (-, -);, defined by

<f,g>H::ﬁ S TEK), (Y. H).

KeBxT*x{T,l}xMp,
Define the vectors fyxoz; gpxoe € H ((p,x,0,2) € Iy) by
foxoz(n, Kk, T,w) == 6p,,7607Tei<x’k>e_ixwx(h\1 — e \)%,
Gpxoz (N, K, T, w) = 6(,7Tei<x’k>e_m“’x(h|1 —€'h |)%
- w 17,
BTN (I — e R B T g, p),
(v(n7k77—7w) €BxTI" x {T?l} X Mh)
It follows that C;O(X, Y) = (fx,9v)y, (VX,Y € Iy). Moreover, by using
the inequality h|1 — e'% | > (2/7)|w| (Vw € M}) we have
I fx M7 < 3 > x(hl -] < 3 D lf<zers
wWEMy, weEM

where || - ||y denotes the norm of H induced by (-,-),,. Since

(2.26)  h NI, — e tR TR E0) L
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ion - B 3 (3 S - )

(227) A7 (T

< ||(iwIp —

<2 (i

e—i%lb-F%E(k)) 1

m=0 \n=2

“Hloxo

1bebZ< Z—Ilwfb E(k )beb>

m
o Bextsupy cpa [ E(k >||bxb>

<p, (Vk e I'",w € M with |w| < (7/2)cy),

if h is large enough.

1
2
lgxllz < 5L

Therefore,

_ W 17510
S eze lh NIy — e TERDFEER) Y2

(kw)el*xM

<p Z Lyj<ze,

weM

We can, thus, apply

Gram’s inequality to deduce that

(2.28) | det(CLo(Xi, Vi) jenl < [T, Iellav, I
j=1
S (Z 1|W|§%CX) .
weM
Take any Xq,---,X,, Y1,---.,Y, € Iy. Define C(n), C’>0 (n)’ C’+

Mat(n, C) by

Cuy (i) = C(X4,Yj), CLy (1 (0,) = CLp(Xi, Y)),

Oy i d) = CL(X0 Y)), (Visj e {1,2,--- ,n}).
Since

C+

I,
>0,(n) C(n) - O;_O,(n) = (C(n)aIn) ( —Ct ) )

the Cauchy-Binet formula gives that

(229)  det(CH,

)

0,n) €

33
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_ > det((Cny, In)(4, #(5)))1<ij<n

¢:{1,2,--- ,n}—{1,2,--- 2n}
I N
. det << 70-? ) (¢(Z)a])> :
<0,(n) 1<i,5<n

with ¢(1)<¢(2)<---<p(n)
By using (2.16), (2.28) and admitting that ¢(0) =n, ¢p(n+1) =n+ 1 we
can derive from (2.29) that

| det(C’;“07(n))|

< > Ly(m)<n<e(m+1)

m=0 ¢:{1,2,-- ,n}—{1,2,--- ,2n}
wlth ¢(1)<d>(2)< <<z>(n)

m=0 T Llm>0 sSup ‘det( ( Z7Y3))1§i,j§m’>

XL yler
( g Yj€lo

(G=1,2,---,m)

Ln=n + lm<n  sup  |det(CL, (X, Y))1<ij<n—ml
X;,YJ.IEIO
(j=1,2,--- ,n—m)

n n—m
n n
< ( m > ( "m )max{l,Dl}DgL< E 1|W|<§6x>
0 weM

< max{1, D1} Z < >D2 ( Z 1|w§gcx>
weM
B % 2n
gmax{l,Dl}(Df + ( > 1Iw|§§cx> ) :
weM

The determinant bounds on the covariances C, €2, C+( ) can be derived

in the same way as above.
Since (CI" — CE)(X,Y) = (Lfx, fy)s (VX,Y € Ip), we have

1 n
| det ((CTS" — CL0) (X0, Vi) 1<ijn] < E;IIlfk:HHny\hi

n
Hwﬁ%%) :
wEM

bl'—‘
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To prove the determinant bound on C’;FO —C2}, let us define the vectors
! e H ((p,x,0,z) € Iy) by

pXOT) g pxXoT

/ o i{x, k) —irw
Soxoa(n, K, T w) 1= 6y 405 r€ ke Lwj<zeys

g,,oxaa:(na k,T,CU)
. . Cw ) 17\
= b0 e a e (X(R|L = € )RTH (T — e R RPN T g, p)

= x(lw)(iwly — E(k))~" (1, p))-

Since x(h|1 — €'#]) = Lyj<ze X(BI1 = €7 ]), X(|w]) = i<z x(w]) (Vo €
My), (CL)— CH(X,Y) = <f§(,g§,>H (VX,Y € Iy). Note that

el < 5 3 Lesor
weM

By assuming that h is sufficiently large and using (2.26), (2.27) we deduce
that for any w € My, k € IT'*,

Ix(h|1 = €5 h (1, — e 5+ R PN Ly (|w)) (iwTy — E(K)) ™ loxs
< x(h|1 = €%]) = x(lw])|[|h~ (T, — e Rt R B 1),
+x(wDlP (T — e E RPN L (il — BK)) b

s W

< [h]1 —en| — |w]| Sup |X'(ﬂf)|1|w\ggcxﬁ

| 1, "
tsegllion = EB) o 3~ (53 o - EOOI

+
n=2
< Bz B zextsupy cpa 129 st
g h h )

which implies that

ol < (o meest 1EI 14 sup (o) ) D Teisger
zeR
wGM
Again by Gram’s inequality,

n
| det(CZy — CZ) (X, Yi))i<ijenl < [ I1F%, Il I
j=1
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n
L zer+supypa B0 b !
<< (e2 xFUPe L+ sup ()] D ll<ge | -

weM

The claimed determinant bounds have been obtained. [J

To continue our analysis, we introduce an L'-norm on functions on I™.
For m € {1,2,--- , N} and a function f,, : I — C, let || ]|z be defined

by i
nler = (3) X 1m0

Xelm

To simplify arguments, we let || fo||,1 denote |fo| for fo € C as well. Nec-
essary basic estimations with this norm are separately prepared in Ap-
pendix B.

Let us introduce the Grassmann polynomials V* (1)), V= (¢), ST(¢),
S=(w), S%(y) (€ AV) as follows.

(230) VI =V, V)=Vt Y Ut

(P’XJ,I)GIO

where V(1)) is the Grassmann polynomial defined in (2.12). In the following
‘c1” denotes the h-independent constant appearing in Lemma 2.4 and the
parameter h € (2/3)N is assumed to be larger than hg appearing in the same
lemma. Also, let us assume that U € C? satisfies |U,| < Upaz (Vp € B) for
some Uppaz (€ R>p).

LEMMA 2.5. The following inequalities hold.

(1)
55— 1] < P Umaslatel 1 (v8 € {+,-,0}).

(2) For any a € R>,

N
S e [l < PO et O (g5 € 4 -, 0)),
m=0
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(3) For any a € R>o,

N
Z ozmcl% ||ST-‘;L _ S?nHLl < %(ebﬁLdUma:E(((X+2)201+((X+2)4C%) _ 1).
m=0

PrOOF. The anti-symmetric kernels V2 (-) : I'"™ — C (m € {2,4}) of
V(1) are characterized as follows. For 6 € {+, —},

(2.31)

VS ((p1,%x1,01,71,01), (p2, X2, 09, T2, 02))

oh
- _ZUpl1(/)1’X1,01’$1):(P2’x2,027$2)(1(91a92):(1a*1) o 1(91’92):(*1’1))’

‘/46((p17X17 01,21, 91)) (p27x270-23x21 92)7
(p3,%3,03,3,03), (p4,X4,04,24,04))

h3
= ZUM1(p1,X17961):(0273(2,392):(/?3,Xsﬂca):(p47x47$4)

’ Z Sgn(ol((ggu) 0¢1))s(0¢(2),0¢(2)):(T¢3),0¢(3)) (¢ (a),0¢(a))=((1,1),(1,1),(1,—1),(T,—1))"
CE€Sy

From this we can see that
Vel 1 < bBLUpaw, (Ym € {2,4},6 € {+,-}).

By these inequalities and Lemma 2.4 we can readily apply Lemma B.2
(1),(2),(4) proved in Appendix B to verify the statements (1),(2),(3) respec-
tively. O

LEMMA 2.6. For any a € R>,
N m
> amef |15, = Sl
m=0
< ﬁ(bwvm((a +1)%1 + (@ + 1)) P Umar(cDier oD,
PRrROOF. For any (p,x,z) € Bx T x [0,3), set

_ — 1 —
(232) ‘/p—l_(:z ('l/}) = wprxwpxlxprlmwpr:r - 5 Z 'L/}pxgq;wpxaxa
oe{l,l}
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) _ 1 _
‘/pxac (¢) = d}prmwpxlrwpxlxd)pra: + 5 Z wpxamwpxax-
oe{l,l}

Recall the general property of Grassmann Gaussian integral that for any
covariances A, B : I2 — C and f € \V,

(2.33) / F + ) dparp(8") = / / F + 9+ 02 dpa () dus (41)

(see [5, Proposition I1.21]). Assume that x1,z9, -, 2, € [0,3), satisfy
x; # x; if i # j. Using Lemma 2.3 and (2.33), we observe that

(2.34) / H e 0+ V) ()

//H s (4 0+ %) dpz(9? )i (1/1 )

-/ / H Voo, (0 + 1) + Vit o, (07)

+ (¢ + ¢ ),OijTl“j W + w ),ijjTl“j ijlexj¢§ijixj
+ @ + El)p]-lexj (¢ + wl)p]-x]- ijaijxﬁxj ngxﬂxj)
‘ dMI("t/fz)ducf (¥

/H ( o ()

+ Z (E‘f‘al)pjxja:ﬂj(@b"’wl)pjxjffx.i)ducw(wl)
UG{TJ}

= [ TL Voo, (0 + 6 1)
j=1

N (_1)n n 1
fvs(¥) == 1+Z o H (h Z Upg)
[0,3)

(pj,Xj,xj)eBXFX ,O0)n



RG Analysis of Many-FElectron Systems
n

1Vsz (i#j—xiFxj) H x]acj 6 € {+ })

The equality (2.34) implies that
[ o+ i @) = [ fr- 0+ 0, ()
and thus,

S = 57(0) = [N~ fi (4 9 g (6)

- [V @ g, ()

Set
3w = [V s+ 90 ().

We can see that

Sp ()
N o ()
B Z n' H E Z Upj 13i3j(i¢j/\%‘:xj)
n=2 3=1 \'" (pj,x;,2;)EBXTX[0,8),

Pm/H PIXT] ¢+¢1)dﬂc;<)h>("¢l)

Y1
=2 n! H n > Up; | Laigjlizinei=z))
(/’jvxﬂv%) )

NEBXT'%[0,8)p

my

n 1\ ™
H ( Z (ﬁ) Z < TZZZ ) Z Z lezmz my (X1, Y7)
1=1 \me{2,4} k

1=0 X elm™—k vy, erk

exly Iy ki=m / w%(1¢%(2 T ’Lﬁ%{ndﬂciéh) (wl)'L/}YﬂpYz to anv

39

where the factor e+ € {1, -1} depends only on (my);",, (k;)j~,. The anti-

symmetric kernels V.t .. (-) (m = 2,4) are characterized as follows.

thc:z:,Q((ﬂlela 71791751)7 (77273’2, T2, y27€2))
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h2
=~ oy =(ayawe)=(oxa) Lr=ra (L6 =(1,-1) ~ Ligrga)=(-1.1));
VZLmA((U17Y17717y17§1)7(n27YQ,727y2752%

(n3,¥3,73,93,£3), (N4, Y4, T4, Ya, 4))
h4
= 7 0eyiw)=(px.2) (¥iE{1,2,3,4})

8O (rery ) (mecey i) (meca o) (o eca N =((1 1) (L1 (Lim1).(T,-1));
€Sy

which imply that

(235)  ([Vimlo <1 (M(p.x,2) € Bx T x [0, ), m € {2,4)).

X

By using Lemma 2.4, (2.35) and Lemma B.1 we can estimate ||S%, |1 as
follows.

~ N 1 n U
1S9l < o 11 Zax > L3i3j(itjnei=z;)
n=2 " j=1 (pj,%;,2;)EBXTX[0,8) 5

n my
my 1 %Z ?:1(ml—kl)
'II }:: Y, k=mCi

Ky

Thus, for any o € R,

N N
mo 1 1 o
me2 1S9 < bBLAU s 1)"c?
T;)O‘ of [[Smllnr < QﬁhnZQ(n—2)! 5 m§4}(a+ P
2

m

1 . m
< 3 VO LWmae 3 (a+ Dcf | HPEUnesmeppay(rnrer
me{2,4}

We can estimate [(e™V 9" — £ (4 + wl))d,uc;o (¥') in the same way
as above and obtain the claimed estimation of S~ (¢) — S°(v). O
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LEMMA 2.7. Take any a € R>q, € € (0,1). Assume that

Upaz < (0BLY (v +1)%c1 + (a + 1)*¢})) " log (2(;4—:21)) .

Then, the following inequalities hold.

(1)

g
S0 1] < ——
S0 |_5

o (V6 € {+,—,0}).

(2)

N

3qo : §
sup z amel ||Spll <e inf  |S).
se{+,—,0} ;=1 L 6e{+,—,0}

PrROOF. (1): The inequalities follow from the assumption and Lemma
2.5 (1).
(2): By the assumption,

PBL Umaz((at1)?er+(at1)te]) < (e+1)(2— ebﬁLdUmaz(cﬁc%))'

Thus, by Lemma 2.5 (1),(2),

N N
sup a™c2 |88, < sup ™2 |88\l —  inf  |SE
5€{+,—,O}TnZ:1 ! " 5€{+,—70}Tnz_0 ! " 6€{+7_70}
< (e4+1)(2- PBL Umas(crtel)y _ g S8
< (e + 1)l )=, nt 159

<e inf |S§. O
6e{+,—,0}

LEMMA 2.8. Take any a € R>q, € € (0,1). Assume that

Upaz < (0BL((a+2)%c1 + (a+ 2)*e})) " log (2(6€++21)> :

Set R®(3)) = log S°(v), (6 € {+,—,0}). Then, the following inequalities
hold for any h € (2/B)N satisfying h > (1/2) max{1,4/5}.
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W
IR < log (%2) (V6 € {+.—,0}).

@)

N m

S e R s < —log(1 — <), (V6 € {+.—.0}).
3)

IR, — RY| < —log (1 — max{l, %} %) , (V6 € {+,-}).

()

N
m 1
n;()émcl2 Han_R(T)nHLl Smax{l,—}m, (V66{+,—})

REMARK 2.9. By Lemma 2.7 (1),
Re S > 2 >0, (V6 € {+,—,0}).
T e+42

Thus, R®(¥) (6 € {+,—,0}) are well-defined.

ProOF OoF LEMMA 2.8. (1): The result follows from Lemma 2.7 (1)
and Lemma B.3 (1).

(2): By the assumption and Lemma 2.7 (2) we can apply Lemma B.3
(2) to obtain the result.

(3): By the assumption, Lemma 2.5 (3), Lemma 2.6, Lemma 2.7 (1) and
Lemma B.3 (3) we have that

PEnICR)

n=1 €+2

S|

Ry — Rl < Z

1
—log <1 — %)
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n

2(e+1)

=1 2
Z_ ﬁha+2 S—log (1__h>
n=1 n 6-1-2 B

n

r - <3 1| g™

n=1

These imply the result.
(4): The assumption, Lemma 2.5 (3), Lemma 2.6, Lemma 2.7 (1),(2)
and Lemma B.3 (4) ensure that

N

m
> amcl RS, = Ryl
m=1

1—_6\58|71|53r|71 Z a™c [|Sy I Za"cf 1S4 = Sl

<
m=0 n=0

< 1 -€+2-5-l<2(€+1) _1>

1—¢ 2 h e+2
<t

2h(1 —¢)’
N m
> amel ||Ry, — R,

m=1

1 N m N N
< T ISOITNSTITT Y o™ ISkl D aef 1Sy — Splls

1 e+2 1 2(e+1)

< . e — .
“1l—-¢ 2 Bh  e+2
<2
~ Bh(l—¢)

The claimed inequality follows from these inequalities. [J

We conclude this section by proving the following lemma, which enables
us to adopt
1 1/pt -
_ng </62(R ()+R w))d/icgoo(¢)>
as a formulation of the normalized free energy density. Later in Section
7 we will see that this Grassmann integral formulation is suited to the IR
analysis since it has desirable symmetries.
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LEMMA 2.10. There exist (3,L%b,x, E)-dependent, h-independent

constants hg,co,c3 € Rsg such that the following statements hold for any
h € (2/6)N satisfying h > hg.

(1)
Re [V Oduc(w) >0,
Re/e%<R+(w>+R-<w>>du%(¢) -0,
(VU € C satisfying |Uy,| < c2 (Vp € B)).
(2)

log </ eVW)duc(w)) og </e%(R+(w)+R(¢))dMC?O (¢)>’ < %63’
(VU € C° satisfying |U,| < ca (Vp € B)).

PrROOF. Take any ¢ € (0,2/5) and assume that

2 1
(2.36) Umaz < (BBLY(4%c1 4 4%¢)) " log < fo )) :

(1): By Lemma B.2 (1) and Lemma 2.8 (1),(2),
1 _
(2.37) ‘/62(R+(¢)+R (w))ducgo(w) _ 1‘

I / AR gy, () — AU

IN

+ |e%(RJ+R5) —1|

m
< LRI I+IRG ) (e; SN e (1Rh I +IRml 1) 1>

+ e3(RSIHIRS ) _ q
e+2

= 2(1—5)_1'

Since € € (0,2/5),

LR W)+R () 2 - 5¢
Re/e2 duC;W)Z 31 —5) > 0.
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It follows from (2.36) and the same argument as in the proof of Lemma
2.5 (1) that

‘/ v(w)duc ) ’ < ebﬂL Umaz(c1+c2) _ 1< 2(€+ 1) 1

e+ 2

Therefore,

2
_V("/)) >
Re/e duc(w)_8+2>0.

(2): The same calculation as in (2.37) yields that

(2.38) ‘ / Wy, (w)‘ > 2705

By Lemma 2.4 and Lemma B.2 (3),(4),

1
\ / O N dpces (v) — / €R+(w)dﬂcgo(¢)’

< / A BF @R ) g1y (1) — / R W) gy (w)’
<0 <0
1
‘/ 3 (R (¢)+R™ ))d”CIO(w)_/eRde’uCIOW)‘
< 1 30RSIHIRG >< LS N 2me (IREH g1+ Rl 1) _1>
=7

+ ((eaRJRO 1)l +_elR ‘Z ¢ ||IR lelu)

. SWPse{+,-} =N m=1 C1 ”Rm”Ll

m
< L LGRSHIRSD <€;ZZ=12mcF<R;||L1+HRmLl) _1>

;‘IH

1
+ ((62266{-‘1—,—} |RS—RG| _ 1)€\R§I

N
PR S S i - i )

se{+,~} m=1

m
N m
. esupﬁE{%*} > m=1 c12 ”an”Ll X
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Set ¢ := max{1,4/3}. By the assumption (2.36) we can substitute the
inequalities proved in Lemma 2.8 for o = 2 to derive that

1
'/ s(RY()+R™ (¢ ))dﬂcg’o(w _/6R+(w)duoio(¢)‘
<€+2< 1 —1>
- 2h \1-c¢
R R S QU
1—J/(2h) 2 4 (1—e)h)1—¢

This inequality implies that there exist h-independent constants ¢’, hg €
R~ such that for any h € (2/8)N with h > hy,

(2.39) ‘/eé(R+(¢)+R_(¢))dMC?O(w) —/eRHw)dﬂc*’ (7/’)‘ <

By using the inequalities (2.38), (2.39) and taking a larger h if necessary we
have that

log ez(m +1’“”’))ducz°o(¢)> — log ( / eRW)duc;O(w))‘

i 21—¢) "\" _ 2(1 — )" 1
2 56 h) ~2-5e—2(1—e)'/h h’

n:l

(2.40)

We saw in Remark 2.9 that ReS; > 0. Therefore, we can apply [14,
Lemma C.2] to justify that

[ Oy @) = [ [V Dy (6 dngy, (0)
—/ VW dpc ().

By combining this equality with (2.40) we obtain the inequality claimed in
(2). O

3. General Estimation

In this section we establish various inequalities which will form the basis
of both the Matsubara UV integration and the IR integration around the
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zero set of the free dispersion relation. We also show that a Grassmann
polynomial produced by a single-scale integration inherits symmetric prop-
erties which the covariance and the input polynomial originally have. Here
we assume that a covariance C, : Ig — C is given and satisfies

(3.1) |det(<piaqj>(crc (XZan))1<zJ<n’ < D¢,
(V’I",TL € N7 Pi, Qi € C" with HPiH(CT; HqZH(CT S 17
Xiv}/; GIO (Z: 1727"' ,TL)),

with a constant D¢ € Ry Jt is sometimes more convenient to deal with the
anti-symmetric extension C, : I? = C of C, than C, itself. The definition
of C, is that

(3.2) Co((X,0),(Y,£))
1
= 5(L.o=0,-1)Co(X,Y) = L 6)=(-1,)Co(Y, X)),
(VX,Y € 1,0, € {1,—-1}).
In order to measure sizes of Grassmann polynomials during the multi-
scale integrations, we need to define a family of norms and semi-norms on

the linear space of anti-symmetric functions on I™. For any (p,x,0,x, 6),
(T]7Y7Tay7£) € I andj S {0,1, ,d} set

di((p,x,0,2,0), (n,y,7,9,§))
- 270 - 270
_ L1et5T B Y| if j =0,
LT Vi) TV if j e {1,2,--- ,d}.

Assume that a set of positive numbers {w(l)},;c7z is given. Fix r € (0, 1]. For
any m € {2,3,---, N}, anti-symmetric function f : I — C and [ € Z, let

1 m—1 4
(33) /1o = s <5) D OB R(X ),

YEIm71

| flli1 == sup sup sup
§€{0,1,+ ,d} q{1,2,+ ;m—1} XeI

m—1
(%) Z dyr(X,Y,)e —o(w(D)d; XY1)|f(Xy)‘

Yerm—1
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To understand these definitions clearly, recall the notational rule that Y =
(Y1,Y2, -+, Yy, 1) for Y € I, Since no Grassmann polynomial of degree
1 appears in our multi-scale analysis, there is no need to newly introduce
a norm in the space of functions on I. To organize formulas we sometimes
write || fol|1,0 in place of |fy| for fo € C as well.

When we practically use the norm || - ||; o and the semi-norm | - ||;; in
Section 6 and Section 7, the integer | will represent an integration scale in
the multi-scale integration procedure. Moreover, in these sections the weight
w(l) and the exponent r will be specifically defined. However, the general
theory in this section can be completed without more detailed information
on these parameters.

3.1. Estimation of the free integration
Here we estimate a Grassmann polynomial produced by the free inte-
gration. With J(¢) € AV satisfying J,,,(¢) = 0 if m ¢ 2N U {0}, set

(3.4) F(y) = / T + V) duc, (41).

By the definition of the Grassmann Gaussian integral, F,(¢) = 0 if m ¢
2N U {0}.

LEMMA 3.1.  The following inequalities hold.

N =
|Fol < [Jo| + ﬁzDﬁtHJnHl,Oa
n=1

N
n—m
1Ellir < [ mllir + D 2"Dei® 1 nllirs
n=m+1

(Vr € {0,1},1 € Z,m € N>»).

Proor. By anti-symmetry,

Fu(t) = T ) + (%)mXZIm ( > (1) = (1)

n:m—|—1 Yecn—m

- In(X,Y) / 2/%rdua)(wl)) ¥x,
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which implies that for any X € I™,

(3.5) Fo(X) = Jn(X) + i (%)n—m

Y;:_m < m ) InlX, Y) / Bdpc, ().

Since [|Jn]l 21 < Tn=olJo| + Lnz15 [ Jnll10,

|Fo| < ZD [Tl < [ Jo| +

(2)e
m

we can derive the claimed upper bound on || Fy,||;, from (3.5). O

3|2

N n
> DA Jnllio-
n=1

By using the inequality

3.2. Estimation of the tree expansion
Take J(¢) € AV satisfying Jp,(¢) = 0 if m ¢ 2N U {0}. We can see
from definition that there exists a domain O of C containing 0 such that

log </ 62](¢+¢1)duco(wl))

is analytic with z in O. It is known that for any n € N>o,

(&) (o)

can be characterized as a sum over trees with n vertices. We adopt one
version of such formulas clearly proved in [22]. The formula [22, Theorem 3]
states that for any n € N> and J(¢) € AV satisfying Jp,(¢p) = 0 if
m ¢ 2N U {0},

d\" 1
(3.6) % <d_z> log </ 2 (WY )d,U«Co(wl)) »

S TL GalCoagC [ ds Y s

"I, rajer O ees, (1)

z=0
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PJ =0
(Vi€{1,2,+,n})

- a1 Mat(T:8)(r.8) Ar,s(Co) H (W + ) 7

where T, is the set of all trees over the vertices {1,2,--- ,n},
g 0
(B7) Are(Co) == > Co(X,Y)—
X,Yel an 8%/

:/\ @Vj —>/\ @V , (Vrys e {1,2,--- n}),

Sn(T) is a T-dependent subset of S, p(T,&,-) is a (T, £)-dependent contin-
uous function from [0, 1]*~1 to R satisfying that

(3.9) / ds Y e(T.65) =1, (T €T,),
A" ees, (1)

(Mot (T, &,8)(r,8))1<rs<n is a (T,§,s)-dependent real symmetric non-neg-
ative matrix satisfying that My (T,§,s)(r,r) =1 (Vr € {1,---, n}). More-
over, s — My (T, &,s)(r, s) is continuous in [0,1]"7! (Vr,s € {1, --- ,n}).
For a given polynomial J(¢) € AV satistying J,,(¢) = 0 if m ¢ 2NU{0},
let us define T (¢)) € AV by the right-hand side of (3.6). The goal of this
subsection is to establish norm estimates on the anti-symmetric kernels of

T (4h).
To facilitate our analysis, let us fix some notational conventions. For
Xel™ Y el we write X C Y if m <n and there exist ji,jo, -, jm €

{1,2,--- ,n} such that j; < jo < -+ < jn,, and X = (le,YjQ,--- Y-
In this case we also define Y\X € I"™™ by Y\X := (Yiy, Yo, -+ » Y, ),
where 1 < k1 < ko < -+ < kp—_m <n and {kl,kz,--- ,kn_m}ﬂ{jl,jg,--- ,
Jjm} = 0. The following abbreviation will be often used. For any object
f(X) parameterized by the variable X € I,

d X

XCY
Xerm

denotes

Z f((YiN}/iza"'v}/im))'

1<i) <o < <im<n
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For any T' € Ty, p,q € {1,2,--- ,n} let ny(T)(€ {1,2,--- ,n —1}) be
the incidence number of the vertex p and disz(p, ¢)(€ {0,1,--- ,n}) denote
the distance between the vertex p and the vertex ¢ along the unique path
connecting p to ¢ in T'. Moreover, set

dr(p) :== re{rln2a.>.<. o disr(p,r).

Define LL(T)(C T) by

LA(T) == {{g,r} € T'| disr(p,r) = disr(p,q) + 1} .

Note that

ﬁLg(T) = nP(T)’ ﬁLZ(T) = nq(T> -1, (v‘] € {1’27 T ,n}\{p})

For q € {1,2,--- ,n} with §L5(T) # 0 let ¢, denote the bijective map from
LE(T) to {1,2,--- ,4LE(T)} satisfying that

Gar}) <Ga,s}), (Ha,r}{g s} € Ly(T) with r < s).

For non-commutative mathematical objects fr, fry1, -, fs (r,s € Z,
r < s) we set

1:[ fn = frfr—l—l e 'fs-

order

This notation will help us to shorten formulas on various occasions. Also
for conciseness, let us set

ope(T.Co)im [ ds 3T T gs)en e M0 0,
LA™ ees, (1)

Ope(T, Cy) :=0pe(T,Co)  [] (Apg(Co) + Agp(Co)), (VT € T).
{p,q}€T

We construct necessary estimates step by step. By using the assump-
tion (3.1), the properties of My (T,&,s) and by repeating the same argu-
ment as in [12, Lemma 4.5] one can prove the next lemma. The reason
why the covariance C, needs to be multiplied by (pi,q;)c in (3.1) is that
My (T, €,8)(r, s) can be rewritten as (p,, qs)cn with some p,,qs € R" sat-
isfying ||p.||cr = ||as||cr = 1 during the proof of the next lemma.
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LEMMA 3.2. For any T € T,, £ € S,(T), s € [0,1)"7!, X; eI
(j:1a27 ,’I’L),

n . 1yn .
o 1smt Mat(T,6,8)(r,8) Ar.s (Co) I1 vk | < Déz j=1mi
j=1 I =0
order (Vie{1,2,--- ,n})

Lemma 3.2 will be used in the proof of the following lemma.

LEMMA 3.3. Take any T € T,, mj; € N and X; € I (j = 1,2,
-,n). The following inequality holds.

Ope(T, Co) [T vk,
=1 $J =0
order (Vie{1,2,--- ,n})

Iy mj—ntl
-1 -
< Ly (D)<, (vieq1, 2, mp 2" DG

Z Z H ( Z |a)(W1,alo(1({l,s})aZs)|>

WiCX)  g1€S 1 Li(T sCX,
w7 i (1) {Ls}eLy(T) N 25

m( o (v %

u=1 .je{Q,g,-~-,n} with W,;CX,;\Z; UjESn~(T)—1
order dlsT(l,]):u,nj(T)yél Wjelnj(T)71 J
11 ( > \Co(Wj,ajocj({j,s}wZs)|)>)-
; 1 ZsCXg
Us}eLi(T) \ 255X

PrOOF. For {p,q} € T set Ay 0y := Ay 4(Co) + Ay p(Co). Note that

o 0

(39) A{Z’vQ} - —2 Z CO(X)@%

Xei?

The operator [ [, A erases n;(T') elements from the Grassmann monomial
w%(j for every j € {1,2,---,n}. Hence, we need the constraint
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Lo (1y<m;(vje{1,2,- n})- The operator [L;cr A can be decomposed as fol-
lows.

Ma- M1 (T T a)

leT 1 u=1 j€{2,3,--- ,n} with 1
leLi(T) o (L Ty leL(T)

We apply A; (I € L}(T)) to the input Grassmann monomial first. Then,
from u =1 up to u = dp(1) — 1 we let the operator

11 II &

j€{2,3,--,n} with 1
disT(l,j):u,nj (T)#1 ZELJ (T)

act on the remaining polynomial by turns. This procedure yields that

n
Ope(T,Co) ] vk
j=1 ¥ =0
order (Vije{1,2,--,n})

< Lo (1) <m; (vje{1,2, n})

> > 1T (2 > 1Co (W1 1061 ({1,5)): Zs)|>
)

W CXq U1€S 1 Ll T ZsCXs
Wlelnl(T) ”I(T){ ,S}E 1( Zeel

dr(1)—1
ope(T, Cy) H ( H H Az)

u=1 j€{2,3,---,n} with 1
disT(l,j):u,nj(T)#l ZGLJ (T)

n
1 J J
VX AW, 11 (Laisy (1.5)<1%% 2z, T Ldisr(1)>19%,) '
- o
o?rdsr (Vi€{1,2,---,n})

< Ly (1) <m; (vie{1,2, n})

> > I1 <2 > |@(W1,olocl<{1,s}>vzs)l>
)

WqCXq O'IES 1 LYr ZsCXs
wierm () ny (T) {1,sYEL5( Zeel

j€{2,3,+ ,n} with < WCX\Zj 0€S, (1)1

disp(1,5)=1,n,(T)#1 Ty
7(1,5) §(T)# WjGInJ(T) 1
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11 <2 > |50(Wj,ajo<j({j,s})azs)l>)
)

j 1 Zs CXg
{]75}ELJ‘(T Z:-elg

dr(1)—1
ope(T, Cy) H ( H H Az)
)

u=2 J€{2,3,--,n} with e 1(T
disp (1,5)=u,n;(T)#1 J

n

1 .
’ ¢X1\W1 1_12 (1diST(1J)§1 and nj(T)#ll/’ZXj\Zj)\wj
=
order

+ Ldis(1,5)<1 and nj(T)=1¢§(j\Zj + 1disT(1,j)=2¢§(].\Zj

J
+ Ldisp(1,5)>2¥%,)
=0
(ViE{L,2,+ ,n})

< Ly (1) <m;(vie{1,2, n})

Z Z H <2 Z |a(Wl,Ulo(1({l,s})7Zs)|>
)

WiCX;  g1€S 1,s}e (T ZsCXs
wierni(T) n1(T) {1kl ( Zsel

U ( <
u=1 j€{2,3,--- ,n} with W;CX,\Z; 0;€S,, . (Ty-1
order dis(1,5)=u,n; (T)#1 ijInj(T)—l 3 SPn;(T)

I1 (2 > @(Wj,ojocx{j,s})vzs)\)))
)

{j,s}eLi(T

dr(1)—1
ope(T, Cy) H ( H H Az)

u=v-+1 j€{2,3,--,n} with |1 (T)
disp (1,5)=u,n; (T)#1 J

ZsCXs
Zgsel

n

1 .
' 17DX1\W1 1_[2 (1disT(17j)§v and nj(T)7£1w€Xj\Zj)\Wj
=
order

+ Ldisy(1,5)<v and n; (T):W%(j\zj + 1disT(1,j):v+1¢§(j\Zj

J
+ 1disT(1,j)>u+11/1xj)
$I=0
(Vie{1,2,+ n})
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< Ly (1) <m; (vie{1,2, n})

Z Z H <2 Z |C’7\;(Wl,olo§1({1,s})7zs)|>
)

WiCX)  g1€S 1 LT ZsCXs
Wlelnl(T) 1 nl(T){ 75}6 1( Zsel

‘m( . o (z x

n} with W.CX\Z; o;€S, .

J=GN4G 05800 (T)—1
order disp (1 u,n g T)#1 . — J
7(1,5)= (T)# jeInJ(T) 1

I1 <2 > @(Wj,ajocj({j,s})stN)))
)

: 1 Zs CXg
{]75}ELJ‘(T Z:-elg

' Op@(T, Co)w%(l \W1

H 751¢ X\ Z;)\ W + Loy (m)= lwx nv+ )‘

I =0
(vie{1,2,-,n})

Collecting the factor 2 gives 2”1, since the tree T has n — 1 lines. Then, by
using (3.8), Lemma 3.2 and the fact that 37, n;(T) = 2(n — 1) we obtain
the claimed inequality. [J

LEMMA 3.4. Take any T € T,, and mj € N>o (j = 1,2,---,n). Let
Im; + I™ — C (j = 1,2,---,n) be anti-symmetric functions. Then, the
following inequalities hold.

(1) For any X141 €1,

(3.10) Ope(T, C,) <%)m1_ > Jmy (X1)

(X1,2,X1,3,,X1,m, )€lm1~1

T (7)) 2 mex) ok

X ermi

— I =0
order (Vie{1,2,--- ,n})

< Loy (m)y<my(vje{1,2, n})

(57", i)
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lzﬂz mij—n+l, ~ o 4 i
'De2t = HCOHZ() HHJmkHl,O-
k=1

(2) In addition, assume that k; € {0,1,--- ,m; —1} (Vj € {1,2,---, n}),
p,q € {1727 ,’I’L}, klukzhkq > 17 re {1727 7kq}; j/ € {0717 )
d} and a € {0,1}. Then, for any Y11 € I,

(3.11)

1 mi1—1
Ope(T, C,) (E) > > Imi (X1, Y1)

X1€Im1=F1 (Y1 ,2,Y1 3, Y1 kg yerki—1

()" = % mexw)

X;el™i~ ki Y, erts

(Y11, Yy )€™ s=0 VD& (Vi1 Yp.0)" 11 vk
s 5T k

k=1 ,
order (Vie{1,2,--- ,n})

< L, (Ty<imy—ky (V{12 2"

1< ( (_T])f—_11 ) (ni(T) — 1)!>

. De%tz? 1 (mj—k;)—n+1
1 n 1 N
<Z |ij||l,qj) H < olll, ,>12?—1‘1j+22—2’”k:a'
=0 k=2 \rp=0

PROOF. (1): By Lemma 3.3 we have that

3

1=

»;'1:

Il
—

J

(the left-hand side of (3.10))

" omi—n+l
-1 -
< Ly (D)<, (vieq1,2,- mp 2" DG T

om" > Xl Y Y

(X1,2,X1,3, . X1,m, )elm1~1 WiCXy  1€S, (1)
wyerm(T)
1\™ —
H (E) Z | (X)) Z |Co(W1,alo<1({1,5}),Zs)|>
{1,s}€LI(T) X €lms 25X,
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m( o (v =~

u=1 j€{2,3,--,n} with Wj CXj\Zj oj eS’n (T)—1
~d, i )= . . . J
order disp (1,5)=u,n; (T)#1 WjEInJ<T) 1

1\™

I ((;) X v
{G.s}eL}(T) X, el

D CoWjgeqstiany Za)l | ] |-

ZsCXs

Zsel

Then, estimating recursively from u = dp(1) — 1 to u = 1, we observe that

(the left-hand side of (3.10))

n
j=1mj—n+l

1
152

10 > XYY

(X1,2,X1,8,, X1, my JEI™M ! w\ivelﬁ)l((lT) 71€8,, (1)
1\™ -
11 <g> ST T D 1Co(Wigroa (1)) Zs)]
{I,S}GL%(T) Xselms ZECE)ES

dr(1)—2
m( n (¥ ¥
u=1 j€{2,3,--- ,n} with W;CX,;\Z; g'jESnJ_(T)71

order disp(1,5)=u,n;(T)#1 . —
7(1,5) G (T)# Wjeln](T) 1

11 ((%)m S (X

{j.s}eL}(T) X.elms

D 1CoWaso6; (1551 Zs)|> >>

ZsCXg
Zgel

1 (( ) -

j€{2,3,--- ,n} with
disp(1,j)=dp(1)—1,n;(T)#1
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l,0)>

n
j=1mj—n+1

58

Co

1,0

H (ms || T

{j,s}eLI(T)

1
152

C) D SRS SR »

(X1,2,X1,3,,X1,m )el™m1 71 w\iveljii((lT) 1€, (1)
1\™ —
H <<E> Z ’Jms (XS)‘ Z |CO(W1,0'10C1({1,5})7Z5)|>
{1,s}eLI(T) Xselms Z;Scés

v—— ( W ( C 4 c
vl J€{2,3,: ,n} with Wi Xj\ j 05 Sn'(q)—l
d i ) —1 . 7
oraer disp(1,5) u,n (T)#1 jeInJ(T) 1

II(T)<(%)mS > 1 (X)

{jsyeL} Xoerms
> \Co(Wj,ajog({j,s}),Zs)|>>>
ZsCXs

Zsel

dr(1)—1 o
11 ( 11 ((4@wh)umw—n

w=v+1 j€{2,3,--- ,n} with
disp (1,5)=w,n;(T)#1

I mslldmlliolCo m))

{j,s}GL} (T)

n —
j=1mj—n+l

1
BRI DY
< 1o (7)<m;(vjef1,2, - n})2" D2

m —
'@M5>WUW%mn T sllTm. ol Collio)
{1,s}eL}(T)

dpr(1)—-1
mj — 1
| ul;Il ( H <<nj(T)_1 )(nj(T)—l)!

j€{2,3,--- ,n} with
disT(l,j):u,nj (T)#1
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: s 11,0 A; K )))7
{s)eri(m)

T

which is equal to the right-hand side of (3.10).

(2): Using Lemma 3.3 and the anti-symmetric property of the functions
Im; (1) (4 =1,2,--- ,n), we see that

(3.12) (the left-hand side of (3.11))

k)—
k;(Vie{1,2, n})? _lDth j=1(mj—kj)—n+1

- (%) ) S oy (X1, Y1)

Xpelm™—F1 (Y1,2,Y1,3,,Y1 5, JETFLTE

IO

WiCXy Ulegnl(T)
wyermi (1)

11 ((%)m oY [ (Xa Y

{1,s}eL}(T) Xselms—ks Y eIks

' z |CO(W1,0'10<1({1,S})7ZS)|>
ZsCXs

Zsel

m(.n (s~

,3,-++,m} with W,CX;\Z; 0,€S, (1

;! R J 7\ JSOn, (T)—1
oraer disp(1,5)=u,n;(T)#1 . _ J
7(1,5) J( ) jEan(Z) 1

11 ((%)m oY [ (Xa Y

{j,s}ELJl.(T) X eIms—ks Y eIks

Y 1CoWj 06, (1) Zs) |> ) )

ZsCXs
Zsel

(Vi Yy ) Sl (010 Y500

152t (mij—k;)—n+1
1
= 1nj(T)§mj_kj (\V/je{l,Q,"' 7”})2n DGQt = ’ ’
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1 mi1—1
(;) > X )3
Xyermi—k1—n1(T) Wi (D) (Yy2,Y1,3, 7Y1,k1)61k171

[Ty (X1, Wi, Y1) ( W;Llll(_Tl)fl )nl(T)!

11 <<ms -w(3)

{1,syeLY(T)

2 2. > >

X €lms—ks—ns(T) Woens(T) -1 Z,€I Y cIks

Ny (X, Wi, Z, Y ICo(W ey (1.6 Zs>|)

dr(1)—1
. H H nj (T) — 1)'
u=1 < j€{2,3,---,n} with ( ( nj(T) -1

order disp (1,5)=u,n;(T)#1

Il <(ms -r(3)

{j.syeL}(T)

2 2. 22

X,eIms—ks—ns(T) W [ns(T) =1 Zs€l Y ,eTks

NI (Xs, W, Zs, YS)HCO(WJ-7<J.({J~7S}), Zs)]> ))

(Vi Yy )t S v 01, ¥p0))

AT (m—kj)—n+1
_ 1 . :
= Lo, () <m;—ky(viet2,- 2" DE T

<(mj — kj) ( n:j;(_jq];j__ll > (ni(T) — 1)!>

D YD )3

Xle[mlfklfnl(T) W1€I”1<T) (Y1,27Y1737-~~ ,Yl’kl)elkl_l

. ’Jml (X17W17Y1)’

<

PN <.
> l::z
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n(l) v ¥ »x

{I,S}EL%(T) Xgelms—ks—ns(T) Wyens(T)—1 Zs€l Y eTks

: ’Jms (X57 W, Zs, Ys)||a(/)(W1,(1({l,s})a Zs)|>

dr(1)—1
o m
je{2,3

u=1 ,3,--,n} with
order disT(l,j):u,nj(T)7£1

n(H) = v »x

{j,s}EL(T) X, cIms—ks—ns(T) Wycns(T)=1 Z;€l Y elks

"] (stw&ZSaY )||C ( 5,6 ({ds}) )|)>
. dj/(Yl 1, Yy r)aez ?:O(W(l)dj(yl’l’yp’l))r.

Then, we can apply Lemma 3.5, which will be proved next, to derive the
claimed inequality. OJ

LEMMA 3.5. On the same assumption as in Lemma 3.4 (2) plus that
ni(T) <mj —k; (V5 €{1,2,---,n}), the following inequality holds.

s (7 Y ¥% 3

Xlelml_kl_nl(T) W1€I"1(T) (Y1727Y1737~~~ ,Yl,kl)élkl_l
: ’Jml(X17W17Y1)’

n(EH" = = ¥

{LS}EL% X elms— ks—ns(T) W,elns (T)—1 ZseIYSEIkS

: |Jms (X57 W, Zs, YS)HB(/)(WLQ({LS})» Zs)|)

dr(1)—1
(o
j€{2,3

u=1 : ,3,.++,n} with
order disep (1,5)=u,n (T)#1
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n(G)" =% = s

{j,s}ELJl- T Xelms—ks—ns(T) Wyelns(T)-1 Zs€l Y eTks

: ’Jms<X57WsazsaY )HC ( JCJ({J s})» ﬂ))

Cdy (Via, Yy ) e fmo VD4 (0 ¥ )

n n 1
<11 Z s g | TT{ D2 1Collir | 152, g45 7y rima
7j=1

q;=0 k=2 \ri=0

Proor. We prove the claimed inequality by induction with n. In the
following we will repeatedly use the inequality (z + y)" < 2" +y*, (Vo,y €
RZ())' If n= 2,

(the left-hand side of (3.13))

)" % S (YY)

Xiermi—ki—t Wi€l (Y; 2,Y7 3, 7Y1,k1)61k1*1
1\™?
(ﬁ) S Y n(Xe 20, Y0)|[Co(Wr, 20)]
Xoelm2—ka—1 Zo€l YyeTk2
d . r
~dy (Y11, Yqr)%e j=0(W(1d;(Y1,1,Yp.1))

< (%)ml_l >y > | Jima (X1, Wi, Y1)

XicImi—k1-1 Wiel (Y1,2,Y1,3, ’Yl’kl)elkl—l

G T TS bmteavalGmnmz)

Xoelm2—ka—1 Zoel YyecTk2

'(qlzd Yllaylr) gi1=a

q1=0
1

1
tlgma Y dy (Y, W)™ Y dyr(Wh, Zo)"™

q1=0 ro=0

1
. Z d (Z27Yér) q1+q2+re= a>

q2=0
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) <1p=1 + 119226Z 4o (w(l)d; (Yi,1,W1))*

Cer ?:o(w(l)dj (W1,22))" 2 Jd-:o(w(l)dj (Z2,Y2,1))r>

1
< 1q=1 Z ”Jml

La 1 ColliollTma ll01g1=a
q1=0
1 1 /\/ 1
+ 14=2 Z HJm1||l7q1 Z 1Co ‘l,rz Z ||Jm2”l,q21th+qz+r2=a’
q1=0 ro=0 q2=0

which is less than or equal to the right-hand side of (3.13) for n = 2.

Assume that the claim holds for some n € N>g. Let us estimate the left-
hand side of (3.13) for n + 1. Take a vertex § € {1,2,--- ,n + 1} satisfying
disy(1,8) = dr(1). Take o € S,y satisfying (1) = 1, 0(8) = n + 1.
Then, define the tree 7" € T,4+1 by T" := {{o(j),0(s)} | {4,s} € T}
Note that diszr(1,n + 1) = dg/(1). Setting m} = m,-1(;), K} := ko1
(j=1,2,---,n+1), we see that n;(T") <m} —k; (Vj € {1,2,--- ,n+1})
and

(the left-hand side of (3.13))
1 mi—1
-(7) > % )3
X, er™ T Wiel™ T (v 5 vy e
'|Jm'1(X15W17Y1)|
1\™
o (G >~ v »¥

{1,s}eLi(T") X eIms—ks—ns(T") Wyelns(T) -1 Zs€l y crks

)elk’lfl

: ‘Jm’s (X87 W, Zs, Ys)"/Cv’o(ng(r,l(l)({0*1(1),0*1(5)})a Zs)‘)

m( o

j€{2,3,-- ,n} with
order dis s (1,5)=u,n; (T/)#1
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n (G = s ¥

{J,syeL}(T") X eIms—ke—ns(T) Welns(T) -1 Zs€l y ks

NIy (X, Wi, Zss Y)l[Co(Wiie (o1 Gho ()1 Zs”))

’ dj’ (YLla Ya(q)ﬂ")aeZ ?:O(W(l)dj(yl’l’Y"(P)’l))r.

Let ¢ denote the bijective map from L;(T”) to {1,2, - - ,ﬂle. (T")} satisfying
that (;({7,7}) < GG({7,s}), (V{5,7}. {,s} € L}(T’) with 7 < s). By the
anti-symmetry of Jm; (X, Wj, Z;,Y;) with respect to the variable W we
can replace C,-1(;({o71(j),07(s)}) by ({4, s}) in the right-hand side of
the above equality. This argument implies that we may assume disp(1,n +
1) = dr(1) in the left-hand side of (3.13) without losing generality. Thus,
we assume so in the following.

If {jn+1} €T,
(314)  dy(Yi,, Yy,) e im0 DG 0ia 1)

< <1q<ndj'(Y1,1, Yor)*

1
q;=0

1
2 WGy Znt)) ™

Tn+1=0

1
. q
E djl(ZnJrl,YnJrLT) n41 1q§+Qn+1+7"n+1:a

QH+1:0
. <1p<n62 o (w(l)d; (Y1,1,Yp,1))"
S d (wl)d; (Yi,1,W5 e ors qa))”
+ Ipmntie ! PeGUTmHID)
R §=0 (O (W; - (G, ns1y) Znt))!

> ?ZO(W(Z)dj(Zn+17Yn+1,1))r) ‘
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Set T := T\{{j,n+1}}, kj :==k; (Vj € {1,2,---

NG, F;

65

:k3+1. It

follows that l;:j €{0,1,--- ,m; — 1}, nJ(T) <mj— l;:j, (V5 €{1,2,--- ,n}).

Substitution of (3.14) yields that

(3.15) (the left-hand side of (3.13))

" ¥ %

Xyermi—Fi—mi(M Wiermi() (Y 2,Y1,3,

: ’Jml (X17W17Y1)’

on(()" =

{1,s}eLi(T)

>

7Y17k1)61k171

IS

: |Jms (X57 W, Zs, YS)HE(/)(WLQ({LS})» Zs)|>

dr(1)—1
(o
je{2,3

u=1 ,3,---,n} with
order  disp(1,j)=un; (T)#£1

o ()

{gsyeLj(M\{{sm+1}}

2 2. 2 2.

Xselms*ks*ns(T> WSEI’"‘S(T)*l Zsel Yselks

N (X, We, Zo, YO ICo(Wj (15,5 )|)>

' <1an1p§ndj'(Y1,th,r)“

62] o(w(ld; (Y1,1,Yp,1))" |

+ 1q§n1p:n+1dj’ (Yl,la YZ],r)a

ol

E i owDd; (Y11 W5 (G A
LR A

1

+lgmnsalpsn 3 dir (Vi1 Wi e 5001y)

q;=0

i l1,0

X elms—ks—ns(T) W ens(T)—1 Zs€l Y cIks
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Cer 4o (w(l)d; (Y1,1,Yp,1))F

1 1
Z ||CO||l,rn+1 Z ||Jmn+1 ||l7Qn+1 1q;+qn+1+rn+1=a
Tn+1=0 qn+1=0

1
+lg=nt1lp=ns1 Z dj (Y11, Wi,c;({i,ml}))qi
q;=0

‘ 62 ?:O(W(l)dj(YLl7Wj,g;({}',n+1})))r

1 1
S ol HJWul,mﬁqmw:a)

7'n+1:0 Qn+1:O

1 mi1—1
—(h> > > >
Xlelmlfklfnl(T) Wlefnl(T) (Y1,27Y1,37"' ’Yl fcl)elklfl

Ty (X1, W1, Y1)

n(@ = = 5%

{1,s}eL (T X eIms—ks—ns(T) W,eIns(T)—1 Zs€l y erks

’ |Jms(XS7W87ZSaY )||C (Wl G1({1, s})v )

dp(1)—1
o m
je{2,3

;o ,n} with
order dis . (1,5)=u,n; (T)#1

(@ = £ v

{j,s}ngl_ T XSEIWS*’;S*"ﬂT) Wselns(’f‘)—l ZSeIYSGII;S

|J (XS,WS,ZS,Y )||C ( 7,6 ({7,s}) )|)>

: <1an1p§ndj'(Y1,th,r)“

5 o W (Yi1.Y5 ) |1

ol

- €
+ 1q§n1p:n—|—1dj’ (Yl,la }/;I,T/)a
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Cex 4o (w(l)d;(Y1,1,Y; ‘

mn+1||lo
1

+ lgmniilp<n Y dy(Yig, Yj,w)qiez =0 (Wl (Y1,1,Yp.0))"

q;=0
1 N 1
Z ”COHZJ“nJrl Z HJmn+1 ”l7qn+11Q3+qn+1+Tn+1:a
Tn+1=0 gn+1=0

1
d r
F Lot lpmnin 3 dy (Y11, Y5 )G SO0 01035,)
q;=0

1 1
Z ||CO||lJ"n+1 Z HJmn+1||l,qn+11q;+qn+1+7°n+1—a>7

Tn+1 =0 dn+1 =0

where we used the anti-symmetry of Jp, () to shift the variable W~ .

G{am+1})
to be in front of Y; (or behind Yj) and replaced (W3,43({3,n+1})’ Y;) (or

(Y5, Ws e (Gnsip)) by Y5 € I%. Because of this change of the variable,

]7 ]
the component inside dj (-, ) may be changed from the original one. We
used the numbers 7" € {1,2,--- ,kg}, 7 € {1,2,-- ,k;} to represent the

possible new components. Now, we can apply the hypothesis of induction
to derive from (3.15) that

(the left-hand side of (3.13))

n n 1
H ZHJmJ Laj H Z|’C~Z||z,rk

j=1 \g;= k=2 \rp=0

: <1q<n12 g2 7y re=all Colliol|Tm i [0

Flg=nt1 Z Ion 445 i m=g;
q;=0

1 1
Z ||CO||l,rn+1 Z HJmn+1||l,qn+11q3+qn+1+rn+1=a>a
Tn4+1=0 Gn+1=0

which is less than or equal to the right-hand side of (3.13) for n + 1. Thus,
the induction concludes that the inequality (3.13) holds for all n € N>o. O
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In order to deal with combinatorial factors in the tree expansion, we use
the following concise estimate, though it is not quantitatively optimal.

LEMMA 3.6. For anymj € N (j=1,2,---,n) the following inequality
holds.

2n—1
(3.16) > Ly my<my(vie1, 2,0 m))
TeT,
) - , mj —1 (T) —1)!
H (mj ( n;(T) — 1 ) (n;(T) 1))
7=1
222 =15

ProoF. By Cayley’s theorem on the number of trees with fixed inci-
dence numbers we can replace the sum over T' € T,, by the sum over possible
incidence numbers. As the result, we have that

(the left-hand side of (3.16))

gn—1 I [ (n—2)!
= Iyn L=2(n—1)TTn /7. 1\
n! 1;[1 ; i =2 =D (1)

j=1

2n! 2" m
<= < 29%=1" [
_n(n—ljl_[1 m]lz:1<l—1> - ’

LEMMA 3.7.  Take any m;j € N>o (j =1,2,--- ,n). Let Jp, : [ — C
(j=1,2,---,n) be anti-symmetric functions. Then, the following inequali-
ties hold.

(1) For any X1, €1,

Z Ope(T, C,) (;)ml_l > Tmy (X1)

TET (X1,2,X1,3,+,X1,m, )elm~1
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()" )]

order (Vje{1,2,--,n})

n 1 noomy—n+l, ~ "
B A Al § (L)
i=1

(2) In addition, assume that k; € {0,1,--- ,m; —1} (Vj € {1,2,---, n}),
D,q € {1a27 ,’I’L}, klakp7kq > 17 r e {1a21 7kq}: j/ S {0717
d} and a € {0,1}. Then, for any Y1, € I,

| ZopeTC)G)ml_l > >

TET Xlel’m‘l*kl (Ylyg,Ylyggu,Yl,kl)lelfl

)

: Jml (XlaYl)

ﬁ((%)mﬂ D ij(xj,Yj))

j=2 X;el™i i Y erti

n
cdyp (Y, Yy ,)e™ 5= (VD 001 Y.10)" IT v%.

= I =0
order (Vj€{1,2,~-,n})
< 92X j_y (m; )Degt _1(mj—k;)—n+1
n n 1 N
11 (Z HijHl,qj) 11 (Z ||CoHl,Tk> Iyn  g4x ., r=ar
j=1 = k=2 \ r,=0

PROOF. We only need to sum the right-hand sides of (3.10) and (3.11)
over trees. The claimed upper bounds follow from Lemma 3.6. [J

Here let us recall the definition of 7" (1)) (n € N>g). With J(¢)) € AV
satisfying J,,,(¢)) = 0 if m ¢ 2N U {0},

T () = ZOpeTC ﬁ J(Y7 + )

_ I =0
TET" - (Vie{1,2,---,n})

We conclude this subsection by proving the next lemma.

LEMMA 3.8.  The following inequalities hold for any n € Nx>o.
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N

n
T <2 Det"“HC o <Z 22mD3HJmHz,0> :

m=2

(2) For anym € {2,3,--- ,N} and a € {0,1},

IT5 1.0

1 n 1 n 1
2 —F-n
S 1103011 (Do) ISP
=1 ¢=0/ 7=2 \r;=0
N -
H HC lek H ( Z 23mpDet2 HJmp lﬂp) 1Z?=1mj*2n+22m'

p=1 \mp=2

PROOF. First note that the constant part Jy of the input J(¢) does
not affect the result since the operator [[;.;4A; erases it. By using the
anti-symmetric property of the kernels we have that

(3.17) T () = Pr— Z Ope(T, C,)
Te’Jl‘
(> ()" =
j=1 \m;=2 h Xje[mj

1/)j=0
(Vie{1,2,---,n})

n N m;—1 e 1 k;
i E ><a> )

: 12 L mgj —2n+2>m12 kj=m

~Ei ZOpeTC’)
TGT

.E((E)mj_kj S (XJ,YJ))

X;el™i "
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n n
k
-1 I =0 p=1

order (Vi€{1,2,-,n}) order
where the factor e+ € {1,—1} depends only on (m;)_,, (k;)?_, and the
constraint » i, mj — 2n +2 > m is due to the fact that [[;cp A erases
2n — 2 Grassmann variables. By the uniqueness of anti-symmetric kernels

we can characterize the kernel of Tr(r? ) (¢) as follows. For any Y € I,

N m;—1
ar rpoo-T1( 33 () ) > |
2 k;=0 Y, eIk
: 12 1m]f2n+2>m12 kj=m
£+
— Z sgn(0)ly, —(Y, Yo, Yn) 7 Z Ope(T, C,)
m! oeSH, TET
1 J J
()" ij<xj,vj>)
j=1 X;el™i "
' H wég(k .
— bl =
ordar (vielt o m))

If m > 2, by changing the numbering if necessary we can apply Lemma 3.7
(2) to (3.18) to deduce that

n N m;—1
nmmnl,agH(z > )) T S
=1

=2 k;=0
222 L my— 2mD2Zn 1m— 5 —n+l
n 1
1 (z nJmJnl%) 1 (z uaul,m)lz
Jj=1 \¢q;=0 k=2 \ r,=0

Then, by substituting the inequality

n m;—1 m

) o my
H<Z < ki ))12?11«ij2 =
i=1

k;=0

we obtain the inequality claimed in (2). By applying Lemma 3.7 (1) to
(3.18) we can derive the inequality claimed in (1). O
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3.3. Invariance of Grassmann polynomials

Here we show that Grassmann polynomials produced by the free integra-
tion or the tree expansion inherit symmetric properties from the covariance
C, and the input polynomial J(1)). The general results summarized in this
subsection will have practical applications in Section 7.

Let S be a bijective map from I to I and @ be a map from I to R. For
m € N, define S, : [ — I, Q- I™ — R by

Sm(X1, X, -+, Xim) 1= (8(X1), 5(X2), -+, (X)),

Qm(X17X27 ce 7Xm) = ZQ(X])
=1

For X € I, set (RY)x = eiQ(S(X))wg(X). For f(¢) € AV we define
f(Ry) € NV by replacing each ¢¥x by (R¢)x (X € I) inside f(¢). More
precisely, for f(1)) = o (1) Lxern fm(X)¥x,

N m
f(R) =) (%) > fm(X)e QS Eyg ).

m=0 Xelm

For f(1) € AV we define f(v)) € AV by

LEMMA 3.9. Let F(¢), T™ () € AV (n € Nxo) be defined by (3.4)
and the right-hand side of (3.6) respectively with the covariance C, : I3 — C
and the input J (1) satisfying Jo () =0 if m ¢ 2NU{0}. Let Cy: 12 — C
be the anti-symmetric extension of C, defined by (3.2). Then, the following
statements hold true.

(1) If
J(RY) = J(@), Co(X) = i@ (55(X)), (VX € I2),
then,

F(Ry) = F(1),
T (Rep) = T (), (Vn € Nxa).
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(2) Let a € N and D be a domain of C* satisfying that z € D (Vz € D),
where D denotes the closure of D. Additionally assume that J ()
and C, are parameterized by z € D and write J(z)(y)), Co(z), Co(2),
F(z)(¢), T™(2)() in place of J(), Co, Co, F(4b), T (¢) respec-
tively. If

J@)(Ry) = J(2)(1), Co(2)(X) = e " Q(2XNC,(2)(S5(X)),
(Vz € D, X € I?),

then,

F(@)(RY) = F(2)(w),
T (Z)(Re) = T™ (2)(w), (V2 € D,n € Nyo).

PROOF. We provide the proof for the claim (2) first. The claim (1)
can be proved similarly. -
(2): Let us show the invariance of F(z)(¢). Define C,(z)" : I*> — C by

Col2) (X) = X0, (2) (S5 (X)).

It follows from the assumption that

(3.19) C,(z)(X) = C,(z)(X), (Vz € D,X € I?).

Recalling the definition of the Grassmann Gaussian integral, we observe
that for any X € I"”,

- Co(2z)(Y,2) -2~ -2
(3.20) / Phduc, @) = ¢ Ve CEUAGETL

$1=0

Y yerz Co(@)(Y) 52
_e Y Y L

$1=0
— f o
_ e I RE a0y

Y=o
Moreover, by (3.19),

= ver COMT 05,0011 )

(3.21) /w)lgduco(z—)(%bl) —c $1=0
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= / Qn(Sn KDl x) Ay (2) (D)-

By using anti-symmetry we can characterize F'(z)(1) as follows.

(3.22) F(z)(¢) = J(Z)oeri1 (%)m > i ( :1 )

Xelm™n=m
1 n—m
<E> > J(@2a(X,Y
Ye[n—m
[ e, ()x
By the invariance of J(z)(¢)) and (3.21) we have that
F()(Re)
N 1\™ N n 1\ "™
=J@)o+ (g) > ( . ) (E) S T@.X.Y)
m=1 Xel™ n=m Ye[n—m

. /eiQ"m(Snm(Y))wén_m(Y)dﬂCo(z)(¢ ) 1Qm (Sm (X )ws

/ T@ (R + R e, o (") = / J(2) () + Yy, ) (01)
F(2)(4).

Next let us prove the invariance of T (z)(1)). Since My (T, &,s)! =
Mat(T’gaS)a

(3:23) Y Mu(T,&,8)(r, 5)Aro(Col(2))

r,s=1

n N 0 0
== 2 MaTe9)rs) 3 Gl Xe)grm g

rs=1 (X1,X2)€l?

For an anti-symmetric function A : I 2 - Cand T € T, we define the
operator Ope(T, A) by

— o 0
Ope(T, A) := -2 A(Xy, Xo) = —
pe(T.A) = ] ( ( Y. A ”aw;zlawz@)

{p,q}eT X1,X0)ET2
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'/[\071]n1dS Z SO(TaéaS)

€S, (T)

a__d
' ei 2 em1 Mar(T6,8)(1,8) (v, yy)er2 A(Y1,Y2) 00y, 9%,

The equalities (3.9), (3.23) ensure that
(3:24) Ope (T.Co(2)) = Ope(T, Co(2)).

By the same argument as in (3.20) we have for any m; € {1,2,--- , N},
X, €I™ (j=1,2,---n) that

Ope (T, Colz) H wﬁg‘

=1 I =0
order (Vj€{1,2,--- ,n})
n
-~ ! —1Qm. (Sm. (X 7
= Ope (T, Co(z) ) H (6 5 (Smj ( ]))d)Sm(X))
=1 EA I =0
order (Vje{1,2,-,n})

Thus, by (3.19),

(3.25)  Ope (T.Co(@)) ] vk,
J
— J
e (we{dizo n})

ﬁ (sz SOyt ))'

:55@<

\_/

PJ =0
(Vi€{1,2,+ ,n})

By using the invariance of J(z)(1), (3.24) and (3.25) we can deduce from
(3.17) that for any m € {0,1,--- , N},

i=1 \m;=2 k;=0 Y;erki

g4 ——— -~ - 1 mj—kj —

=3 Ope (T, Co(z)) I1{ (5 S T@)m (X, Y)
TeT, Jj=1 X;el™i "
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zz Qm — -
. j=1 kj H Stk (X i
; (We{l,i»-,n})
T Qu, (Sk, (Y5)) -
3=1 @ (O (Y l:[ Vs, (Ya)
order
= Puy 3 Ope (1.Co(0) [T T@(RY + R
TeT, J=1 (Vje{/d/l],;?nn})
n
= m'ZOpeTC' HJ (¥ +47) '
T€eT, Jj=1 (v]‘e{lqj,;?»,n})
=T (2)n (1),
which implies that 7 (z)(Ry) = )(Zl@b)-

(1): It follows from the invariance of C, that for any X € I,

-2 C'OY
(3.26) o verm Ol zp

X1
~Xver2 CMGT i0u(54(X)
=e Y e it .
w X) 1[)120
We can see from the definition of the Grassmann Gaussian integral and
(3.26) that for any X € I™,

(3.27) / Phdpuc, (1) = / QN YL  duc, (1),

By substituting (3.27) into (3.22) and using the invariance of J (1) we obtain
that F(v) = F(R).

Using (3.24) and (3.26), we can prove that for any m; € {1,2,--- , N},
X, eI™ (j=1,2,-- ,n),

(3.28) Ope(T, C,) ] vk,
J=1 wj 0
order (Vje{1,2,---,n})

— Ope(T, C,) f[ (’Qm Sy GVl %)

$I=0
(Vie{1,2,-++,n})
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Then, by inserting (3.28) into (3.17) and using the invariance of J(v) we
can confirm that T\ () = T\ (Ry) (¥m € {0,1,--- , N}), which implies
that 70 (¢) = T (Ry). O

4. General Estimation at Different Temperatures

In this section we estimate differences between 2 Grassmann polynomi-
als produced by a single-scale integration at 2 different temperatures. One
can prove that the free energy density is analytic with the coupling con-
stants in a B-independent domain around the origin without measuring the
differences between Grassmann polynomials created at different tempera-
tures. However, in order to prove the existence of zero-temperature limit
of the free energy density, we need the temperature-dependent estimates
constructed in this section.

Let us set up notations which we start using from this section. Since we
consider the problems at 2 different temperatures, we sometimes add the
notation () to the right of a -dependent object. For example, we write
Iy(B), I(B) instead of the index sets Iy, I when we want to indicate with
which [ these sets are defined.

Let us introduce the extended index sets Ip o, /oo by

IO,oo =B xI x {T,l} X %Z, IOO = IO,oo X {1, —1}.

For any = € (1/h)Z there uniquely exist ng(z) € Z and rg(z) € [0, 3); such
that © = ng(x)8 + rg(x). For any

X = ((plaxlao-lv'xl)a (p27x250-27x2>5 et 7(pmuxmaam;xm)) S -[6700
we define Rg(X) € I*, N3(X) € Z by

R3(X) := ((p1,%x1,01,78(x1)), (p2, X2, 02,78(2)), - -,
(/Jm,vaamaT,@(l’m)))a
Np(X) = Z”ﬁ(%‘)-

J]=

—_

Moreover, for any = € (1/h)Z let X + z € I, be defined by

X+z:=((p1,x1,01,21 + ), (p2,X2,02, 22+ ), -, (Pm), Xy O T, + ).
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Similarly for any

X = ((plaxho-laxl?el)a (P2aX2,027$2792), et 7(Pmaxmaamaxm79m)) S Ig

we define Rg(X) € I™, N3(X) € Z by

Rﬁ(X) = ((plvxla 0'1,7“5(@'1), 01), (anXZa U?aTﬁ(x2)> 02)7 Tty
(,OmaXm7Um,7“ﬁ($m),9m)),
Np(X) := > ngla;),

J]=

sy

though we must admit that these are abuse of notation. Also, for x € (1/h)Z
let

X+ 2 :=((p1,%x1,01,21 + x,01), (p2,X2,02, 22 + x,02),- - -,

(pm7xm70m,-73m +x, Hm)) S Ig.

Set

d
Lo := ijUj’ijZ(jzl,Q,'--,d)
j=1

Define the map rp, from ' to I' by

d d
e /
rL E mju; | = E :mjuj’
j=1 j=1

where m’; € {0,1,---,L — 1} and m; = mj; in Z/LZ (Vj € {1,2,--- ,d}).
In fact the notations I'ao, 71(-) are used only in Section 7 and Appendix
D. However, it is systematic to introduce them at this stage together with
other notations.

In this section we treat Grassmann polynomials whose anti-symmetric
kernels fp, : I(8)™ — C (m € {1,2,--- , N}) satisfy that

(41) fu(X) = (~1)VsX4D £ (R5(X 4 2)), (VX € I(B)™, x € (1/h)Z).

In our practical multi-scale integrations all relevant Grassmann polynomials
will be proved to have the kernels satisfying (4.1).
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From now until the end of this section we assume that
(4.2) B1,P2 €N, B > B1, h € 4N.

It will eventually turn out that the condition (4.2) can be naturally im-
posed during the proof of the main theorem about the existence of zero-
temperature limit of the free energy density in Section 7.

We introduce discrete versions of the intervals [— 01 /4, 81/4), [81/4, Ba—

B1/4) (a=1,2) by
[_@ @) ._{_@ 1 @_1}
474 ), L 47 4 B 4 RS’
1

P Py _ B P L B _
[Zvﬂa_z>h-_{4a 4 +h7 aﬂa 4 h}? (CL—].,2)

Note that 0 € [-01/4, 81/4)n by the assumption h € 4N.
Define the index sets Iy, I, I3, I° by

fo::Bxe{T,L}x[—@,&> . I:=1Iyx{1,-1},
44 ),

I3 :=BxTx{],1}x{0}, I°:=1Iyx{1,-1}.
We assume that covariances C,(3,) : Io(84)?> — C (a = 1,2) are given
and, as in Section 3, there exists a constant D € R>g such that C,(5,)

(a = 1,2) satisfy the determinant bound (3.1) with D.;. Moreover, assume
that there is a 31, f2-dependent constant D (1, f2) € R>( such that

(4.3) | det((pi, aj) - Co(B1)(Rp, (Xi, Yj)))1<i,j<n
— det((pi, 9;) ¢ Co(B2) (B3, (Xi, Yj)))1<ij<n| < D(B1, B2) - Dey,
(Vr,n € N,p;,q; € C" with ||p;||cr, [|laillcr <1,
X, Yiely (i=1,2,---,n)).

Furthermore, the covariances C,((3,) (a = 1,2) are assumed to satisfy that

(4.4) Co(Ba)(X) = (=1)NoaXHFICo(8,) (Rg, (X + ),
(VX € Io(fa)?, 2 € (1/R)Z).
For any (p>X7 0-73319)7 (777Y>7—7y7£) € jv J € {07 1> e 7d}a set

~

d]((ﬂ, X,0,T, 0), (777va7 y?&))
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a %|ei%<x"’j> - 62'2T7r<y7Vj>| lfj € {1a27 T 7d}7

which is an analogue of d;(-,-) introduced in Section 3. Let m € N>5. For
anti-symmetric functions fp,(5,) @ I1(8a)™ — C (a = 1,2) we estimate the
difference between them by the quantities | f,,(51) — fm(B2)|; (I € Z) defined
as follow.

m—1
| frn(B1) = fn(B2)]; := sup <l) Z o fmoGwd; (X, Y1)

Xelf h veim-1
) |fm(ﬂ1)(Rﬂl(X7Y)) - fm(ﬂQ)(R52(X,Y))’,

where {w(l) };ez C Rsp and r € (0, 1] are the same parameters as those used
in the definitions of || - ||;0, || - |;,1 in Section 3.
By the assumption (4.2), N(5h)(= ¢1(51)) < N(f)(= t1(B)). It wil

be convenient to write

N(B2)
FBD@) = > fm(B) )
m=0

for any f(B1)(v) € AV(B1) by admitting that f,,(81)(¢0) = 0 (Ym €
{N(B1) +1L,N(B1) +2,--- ,N(B2)}).

4.1. Estimation of the free integration at different temperatures
As in Subsection 3.1 we set for a = 1,2,

FB)W) = [ T80+ 0)dnc, @) (€ AV(ED)

with J(8,)(¢) € AV(B.) satistying that J,,(8.)(¢) = 0 if m ¢ 2N U {0}

and having the anti-symmetric kernels satisfying (4.1). It follows from def-
inition that F,(05,)(¢)) = 0 if m ¢ 2N U {0}. In this subsection we measure
differences between F'(31)(1) and F'((2)(¢)). The result is the following.

LEMMA 4.1.
(1) For anyl € Z,

h h
WFO(@) - WFO(ﬂQ)
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Jo(B1) — Jo(B2)

= 'N— (52)

2
+ Z 2”D2 (IJ (B1) — (ﬁz)h+D(ﬂ17ﬂ2)2\|=]n(ﬂa)||l,0
7T 2 :
B_z:: ﬁa Hll)

(2) For anyl € Z, m € N>g,

| En(B1) — Fin(B2) i
< | JIm(B1) = Jm(B2)i

N(B2) — 2
+ Y 2"D,7 (IJ (B1) = Jn(B2)li + D(Br, 82) Y 1 Tn(Ba) 10
n=m+1 a=1

2
4 Qﬁ—”z ||Jn<ﬂa>||l,1>.

PROOF. (1): By the property (4.4) and the definition of the Grassmann
Gaussian integral we see that

(4.5) / Uxdpic, (g, (W) = (—1)NeX+) / YRy, (X)W, (32) ()5
(VX € I(B,)",z € (1/h)Z,a € {1,2}).
It follows from (3.5), (4.1) and (4.5) that

FO(/Ba)

N(ﬁ2) 1 n
— )+ Y (ﬁ) S5 S LB)(X Ry (Y —2)

n=2 3}6[0 ﬁa)h Xelo YEI )n 1

- / X VR, (Y —a) O (52 (@)

N(B2) 1 n—
:Jo(ﬂa)‘l’ﬂa Z <E> Z Z (ﬂa)(XvY)

n=2 XeloYel(Ba)n 1
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: / Dix vy ic, (5. (")

N(B2) n—1
1
= Jo(Ba) + fa D <E> D D lBa)(Bs, (X, Y)
n=2 XelVyegjn—1
[ ey )
N(BQ) 1 n—
Y () %
n=2 XelVYel(B,)n 1
' 13(p,x,0,z,9)6](ﬁa) s.t. (p,x,0,2,0)CY and xE[%,Ba—%)h

T8 Y) [ 6ty i, (@),

Then, by using the determinant bounds (3.1), (4.3) we have

h
‘WFMI) NG
b

+ 57 (19a(B1) = Tn(B2)liDE + 1u(B2) 1,0 D(B1, B2) DE)
=2

o N(B2) 2 n
5 > (n=1)) 1Jn(Ba)l1a D2,
n=2 a=1

where we also used the inequalities that

/Ba j 21 /81

(4.6) %(ezmx )' (V(L‘ € [51/4 ﬁa ﬂ1/4)7 ac {17 2})

and .
1<es ;?:O(W(z)dj(x,yl))r7 1< e oo (Ew(Dd; (X, Y1)"

(2): We can see from (3.5) that for any X € I°, Y € I™ 1,

Fon(Ba) (R, (X, Y))
= Jim(Ba)(Rp,(X,Y))
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Y (%)m > (1) (XY 2)

n:m+1 Zefnfm

' / Uhy @) o5 (W)
N(BQ) 1 n—m

£ > (3)

n=m-+1

Z L300 x,0,0.0)€1(Ba) st (px,0,0,0)CZ and zelZL Ba— ),
Zel(Bq)n™

() B (R (X %)) [ i (6)
By using (3.1), (4.3), (4.6) and the inequality that

(4.7) l|x —yl < *Ba (6 Frrp (@) ei%’;wa(y))

™

(Vx,y € [— ﬂ1/4 B1/4),a € {1,2}),

)

we obtain

‘Fm(ﬁl) - Fm(ﬂ2)|l S |Jm(/81) - Jm(/82)|l

N(B2) n n—m
+ ) < m ) (’Jn(ﬁl) = Jn(B2)1Dey?

n=m+1

+ ||Jn(ﬂ2)Hl,0D(51,ﬂz)D;2m>

2 Ng2) n & nom
oD DRUEOY G D DI EACAI ey
1n:m+1 a=1

we reach the claimed inequality. [
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4.2. Estimation of the tree expansion at different temperatures

Here we estimate the differences between Grassmann polynomials pro-
duced by the tree expansion at 2 different temperatures. In the same style as
in Subsection 3.2 we prepare necessary lemmas step by step. Our strategy is
to decompose T'(f3,)(¢) into 2 parts. One is a polynomial which integrates
at least one time-variable away from 0 and (3,. The other is a polynomial
which integrates only the time-variables close to 0 or §,. We will find an up-
per bound on the first polynomial. We will measure the differences between
the second polynomial at $; and that at 2. The next lemma is necessary
to bound the first polynomials.

LEMMA 4.2. Fiz a € {1,2}. Take any mj € N>y (j = 1,2,--- ,n).
Let Jy;(Ba) : 1(Ba)™ — C (j = 1,2,--+ ,n) be anti-symmetric functions.
Then, the following inequalities hold.

(1) For any X1 € I°,

(4.8) |% S Ope(T, Co(f)

" TeT,

m" > T (B2)(X0)

(X1,2,X1,3, . X1,m, )EI(Ba)™1 71

I ( (i) PR wa)(Xj))

J=2
. 13(p7x7o',$70)61(/8a) s.t. (p,x,a,x,@)C(Xl,X2,~ '7X7L) and l'e[[—l,/ga_%)h
n
. Pk
Xk ]
k=1 I =0
order (Vie{1,2,--- ,n})

2m AT my—ntl
<_23Z?:1m]D62t ]_1mJ n

n 1

H Hij(ﬁa)Hl,qg'
0

7=1 qj=

n 1
) H Z HCO(ﬁa)Hl,Tk 12?:1 gj+2 o re=1"
k=2

re=0
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(2) In addition, assume that k; € {0,1,--- ,m; —1} (Vj € {1,2,---
pe{1,2,---,n} and k1, k, > 1. Then, for any Y11 € 1°,

»n}),

(4.9) ‘ > Ope(T, Co(a))
" TeT,
1 mi1—1
(ﬁ 2 >
X1€1(Ba)™ k1 (Y1,2,Y1,3,+,Y1 gy JETF1 T
( Xl’Rﬁa(Yl))

~H( % 3D )%y (Y >>)

=2 X;€l(Ba)™ % Y el

¥ o (2w(Dd;(Y1,1,Yp,1))"

<.

A(p,x,0,2,0)€1(Ba) s.t. (p,x,0,2,0)C(X1,X2,,Xp) and IE[ 7 ,/Ba——)h

n
k
’ H ka .
$i=0

ov'ger (Vie{1,2,--- ,n})

?zl(mrkj)D%tz j=1(mj—k;j)—n+1
€

(ZHJmJ Ba) ,qj>
11 (Z ICo /811)||l7“k>12 n AT k=1

r=0

PrROOF. We show the claim (2) first. The proof for the claim (1) is
parallel to the proof of (2).
(2): Using (4.6), we can prove that
(410) 13(/) X,0,T 9)61([3’a) s.t. (p,x,0,2,0)C(X1,X2,,Xy) and xe[%,&r%)h
n Mqg—

Z Z do(Y1,1, Xgr)-

qlrl
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We can deduce from Lemma 3.2, Lemma 3.3 and (4.10) that

(4.11) (the left-hand side of (4.9))

n Mqg— kq

< ﬂ1 Z Z Z n;(T)<mj—k;(Vi€{1,2, n})

qg=1 r=1 TGT

. anlD% z ]:1( m;—kj)—n+1
et

1 m1—1
| (E) > >
X1 €I(Bs)™ k1 (Y1,2,Y1,3, :Yl,kl)ef}“*l
T (Ba) (X1, R, (Y1)

>, 2

Wi CXy a1E€S, (T
W eI(8q)"1(T) (1)

1\

n(() x>

{1,s}eL}(T) Xs€I(Ba)ms ks Y ks
NIy (Ba) (Xs, Rﬁa(YS))|

> |a;(ﬁa)(W1,alo<1({1,s})7Zs)|>

ZsCXs
Zs€I(Ba)
dT(l)—1< (
u=1 €{2,3,.-- ,n} with W, CX,\Z; €S,y
order di]sT(l,j):u,nj(T)#l J I i nJ(T) 1

wer(8a)" 071

Il m((%)’“ DS

{j,s}GL} Xsel ﬁa)ms ks Y, Elk
N, (Ba) (X, R, (Ys))]

S SRACA >w)))

ZsCXs
Zs€I(Ba)

. do(Yi 1, Xq T)ez ?=0(W(l)dﬂ'(yl,1’R/3a (Yp,1)))"

I
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where we also used (4.7) to justify the inequality

X i=o(Fw D (VY1) < X §_o(w(l)d; (YViRa, (Y1)
We can estimate the right-hand side of (4.11) by straightforwardly following
the argument in Subsection 3.2 leading to Lemma 3.7 (2). This procedure
is summarized as follows.

(4.12) (The right-hand side of (4.11))
2T
S ﬂ— Z(mq o Z 1nJ(T <mJ k (V]E{LQ, T })
L=t TeT
L on— 1De2t ' (mj—k;)—n+1

- <(mz‘ — ki) < n:lii(ZF];i__11 ) (ny(T) — 1)!)

11

=1
. H ( Z | Jm; (Ba)lli,q;
j=1

11

k=2

;=0
1 —
( > ||Co(5a)|!l,rk> Iyn gy =1
re=0
1 k-
< 27T2 (m]—kj)DeitZ _1(mj—kj)—n+1

(S5

n
H (Z 1Cs(a) Hm)lzj LGAT Ty =1

re=0

To derive the first inequality we followed the proof of Lemma 3.4 (2). Then,
we applied Lemma 3.6 to derive the second inequality.

(1): We let X1 € I° play the same role as Y7 ; € I° did in the proof
of (2). Application of Lemma 3.3, (4.10) and repetition of the argument in
Subsection 3.2 leading to Lemma 3.7 (2) ensure that

(the left-hand side of (4.8))
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n Mg

on— Lym  mij—n+tl
= ﬁIZZ D lny)<m, i@z ap2" " DG T

g=1r=1""T€T,

IOk )3 o (30 01)

(X1,2,X1.3,,X1,my )EI(Ba)™1 1

2. 2

Wi1CXy o1ES, (T
W €1(8a)™1(T) (1)

I ( (7)) X )

{1,s}eLl Xs€I(Ba)™s

z |b\;(ﬂa)(wl,alo(1({l,s})aZS))

ZsCXs

Zs€l(Ba)
dT(1)1< (
u= €{2,3, ,n} with W,CX;\Z; €S, (1)
order diJsT(l,j):ur,Lnj(T);él IERIN iSO (T) -1

Wjef(ﬁa)nj(T>71

11 ((%)m S [ (B)(X)]

{j,s}eLi(T) Xs€I(Ba)™s
Z ‘ (ﬁa)( 7,0508; ({4,s}) > )‘)))
ZsCXs
Zs€l(Ba)
d (X1,17X )
2 — el s S myj—n+l
S_qu | Z Lnj(1y<m;(vief1,2, m})2 1D62t =
1=t ™ reT,
q (S

i (i Jn )

=1

n 1

H (Z HJmJ Ba) ‘Lq;) H (Z ||CO(B<1)HI:7’I¢)1Z?1 gj+2 h_ore=0
j=1 q;=0 k=2 re=0

which is proved to be less than or equal to the right-hand side of (4.8) by
Lemma 3.6. O
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Next we construct necessary lemmas to measure the differences between
the polynomial containing only the time-integrals close to 0 or 3; and that
containing only the time-integrals close to 0 or (3.

LEmMMA 4.3. Take any T' € T,, m; € N and X, € Imi (j = 1,2,
- ,n). The following inequality holds.

ope(T, Cy(51)) H ¢R51 _
wi=0

order (Vi€{1,2,-+-,n})

—ope(T, Co(B2)) H 1/’3362()(] .
L 4 =0

OTEET (Vie{1,2,---,n})

<61,ﬂ2)D; =

PROOF. The result follows from the equality (3.8), the properties of
the matrix My (T, &, s) and the assumption (4.3). O

Here let us introduce a couple of notations to organize formulas. Let
m € {2,3,--- ,N(B2)}. For anti-symmetric functions Jp,(5,) : I(8a)™ — C
(a=1,2),Xel™ i,jeNand!l € Z, set

- T (B1)(Rg, (X)) = Jm(2) (R, (X)) if i = j,
TN (X) =4 Jn(B1)(Rg, (X)) if i < j,
T (B2)(Rg, (X)) if i > j,

AT (Br), T (B2))5

[T (B1) = T (Ba)li + i (m = 1) Sy [T (Ba)llia i i = 5,
52, (Bl i)

LEmMMA 4.4. Take any T € T,, m; € N and X, € Imi (j = 1,2,
-,n). The following inequality holds.

(4.13)

Ope(T,Cy(51)) 11 wﬁ%ﬂl(xﬂ') i=0

order (Vje{1,2,--,n})
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n
B j
Ope(T, Co(ﬂ?)) lj[l ¢R@2(Xj)‘ o
o{r;e'r (Vje{1,2,---,n})
1 EX my—ntl
< Ly (my<my(viet1,2,- npy 2" DG
n

Y (L= D(B1, B2) + Luza) Y >

v=1 WXy Ulegnl(T)
weimn (1)

=~ (v,9)
H ( § ‘CO (Wl,olog‘l({l,s})a Zs)’)
(T)

Zs C)(As
Zsel

‘m(.n (2~

j€{2,3,-- ,n} with W,;CX;\Z; oj;€S,.

: . J=n i (T)—1
orader disp(1,5)=u,n; (T)#1 . _ J

7 (1,5) 5(T) ij]nJ(T) 1

—~ (v,3)
H < Z |Co (Wj,ajo(j({j,s})7zs)|>))'

: 1 ZsCX
{.syeLH(T) \ Z5Xs

PROOF. Letting the operators act on the input Grassmann monomials
in the same way as in the proof of Lemma 3.3 and using Lemma 4.3 yield
that

(the left-hand side of (4.13))

< Ly (my<m; (vief1.2, np 2"

> > 11 ( > 1Co(B1)(Ra, (W1 51061 ({1.5): Zs))|>

WiCXy  01€S,, (1) {1,s}eLH(T) \ ZsCXs
woerm (D) ny (1) {1 s}ELL(T) N 2<%

dT(1)1< (

u=1 3€{2,3,-+- ,n} with W;iCXj\2s 0;€S, (1)-1
de is =u,n; ; J

order disp (1,5)=u,n;(T)#1 Wjef"](T)*l

11 ( > |a)(ﬁl)(Rﬂ1(Wj,o—jogj({j,s}),Zs))|>))

; 1 ZsCX
{]75}6Lj (T) §5€fs
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- lope(T, Co(ﬁl))%l%gl (X1\W1)

n

.

k=2

order

— ope(T,

n
od

k
+ 1nk(T)=1¢R52(Xk\Zk))

+ ]~nj (T)Smj (Vje{l,Q,"' 7n})2

> ¥ 1 (%)

Wi

cXq

wyeini(T)

I

je{1,2,-

2.
11

k
Ak, (X\Ze\We) T Lnn =195, (x,02,)
O(ﬁ2))w}?@2(xl\w1)

k
RT)A Y R, (X6\Z0)\ W)

I =0
(Vje{1,2,--,n})
n—1

UIESnI(T> {17$}€L%(T) ZsC)Es

Zsel

J€{2,3,++ ,n} with ( W;CXj\Zs
disp (1,5)=u,n;(T)#1 Wijnj(T>_1

05 E€Sn;(1)-1 {j,s}ELH(T) < Eor >>)

H C (ﬁl)(R&( 7,050C;({4,s}) > ))

) {h,syeL(T)

with n; (T)?fl

11

je{1,2,

with n; (T)?fl

H Co (B2) (R, (Wiiojoc; ({5,512 Zs))

) {h,syeL(T)

. ope(T, Co(,@Q))wll%BQ (X1\W1)

I =0

(Vie{1,2,--,n

b

91
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k k
' H (1”k(T)¢1¢Rﬁ2((Xk\Zk)\Wk) + 1”‘“(T):1¢Rﬁ2 (Xk\Z’“)) j
k=2 (Vje{zq,;-q-m})

order

LAY mij—ntl
< Loy ()<, (vje(1 20 mp 2" DG 7T D(By, Ba)

Z Z H < Z |a)(/61)(R,31(Wl,alogl({l,s})v Zs))|>
)

WiCX1 o1€S 1.sYeL}(T ZsCXs
wyeim(T) ma () {LsyeL( Zsel
dT(l)—l ( (
u=1 j€{2,3,---,n} with W, CX;\Z; UJGSn-(T)A
4 J S j
order disp(1,5) u,n](T)yél WjEfnj(T)_l

H ( Z |a(51)(Rﬁ1(Wj,ajogj({j,s}y Zs))|>>)

; 1 ZsCX
{],S}GLJ- (T) ;SEis

s mi—ntl
+ Loy () <myviefi - a2 DG T Y

v=2

> > I (Z @(”’S)(Wlmo@({l,s}»Zs>|>

WiCX1  01€Sy, (1) {1,s}eL}(T) \ ZsCXs
Wern (D) (1) {Ls}ELy(T) N 725

dT(l)—l ( (
u=1 j€{2,3,- ,n} with W;CX;\Z; o;€S, (T)—1
order i =wu,n; . ' J
disp (1,5)=u,n;(T)#1 wjefnJ(T)—l

——(v,5)
I1 ( > 1Co <Wj,ojo<j<{j,s}>7zs)|>>>7

; 1 ZsCX
{.syeLH(T) \ 25X

which is equal to the right-hand side of (4.13). O

LEMMA 4.5. Take any mj € {2,3,--- ,N(B2)} (j = 1,2,---,n). Let
Im;(Ba) : 1(Ba)™ — C (j =1,2,---,n, a=1,2) be anti-symmetric func-
tions. Then, the following inequalities hold.

(1) For any X1, € I°,
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Z Ope(T, Co(f1))

Te']l‘
1

| <E>m ) T (B1) (R (X1)

(X1,2,X1,3,,X1,m, )E[™1 71

11(@ ST i, (B1)(Rey (X )Hw%(xk

X, €™ ovder ietia )
Z Ope(T, Co(f2))
Te’JT
1 mi1—1
. <E) > Jons (B2) (R, (X))
(X1,2,X1,3,++,X1 ml)EIA"Ll*l
- 1
H << ) Z JmJ (B2) (R, (X ) H wRﬁg(Xk .
j:2 X GI J o7de7 (vje{dif;o’n})
no ST et [ e T y
< 2= jmamip T (H@(ﬂnul,o ST A, (B1), T, (82))
v=1j=1
+ 3 TTAC(31), CoBa))]™ H i (B2)ll20
v=2 j=2 k=1
2 —~—
+D(B1,82) Y 1Co(Ba)ll7g H [, (ﬁz)Hl,o) :
a=1 j=1
(2) In addition, assume that kj € {0,1,--- ,m; —1} (Vj € {1,2,---, n}),

pe€{1,2,---,n} and ki,k, > 1. Then, for any Y11 € I°,

(4.14) ' > Ope(T.Co(f1))

" TeT,
1

IS )3

Xielmi—F1 (Y} 9,1 3, DER™ yefki—1
: Jm1 (ﬂl)(Rﬁl (Xla Yl))
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H((%)’” D ijwl)(Rm(Xj,Yj»)

J=2 X;el™i~ i Y ert

n

ol o (Fw(l)d; (Y1,1,Yp,0)) | | k

e j=0 3 P me(X’“) 490
71 =

order (Vi€{1,2,---,n})

- = Z Ope(T, Co(f32))

Te’H‘

1 mi1—1
;) = )3
Xlefml_kl (Y1727Y173,~~~,Yl’kl)efkl_l
m1(/82)(R52(X17Y1))

H((%) j 3 Z m; (B2) Rﬁz(vaYj))>
j=2

X;el™i~* v, ei*i

X o (Ew(l)d; (Y1,1,Yp,0))"
6 0 H wRQQ Xk o

order (vie{1,2,-+-,n})

1sn k) —
< 222?:1(mj‘—kj)De§tZ ]:1(m] kj) n+1

(nc (B1) ||7012HA s (B1), Tiny (B2))17)

v=1 j=1

+ 3 TT AC(Br). Co(B2))" H 1T, (B2) 10

v=2 j=2

+D(B, B2) ZHC (Ba)II} 11‘[11ij B2) Hlo>

PROOF. We present the proof of (2) first. The claim (1) can be proved
similarly.
(2): Note that

(4.15) (the left-hand side of (4.14))

_Z LS Ope(T, o))

v=1 TET
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mi1—1
<%> > 2 Ty (X1, Y1)

X1€l™ =1 (Y1,2,Y1,3, ,Y1,k1)€fk171

(), 2., 5, wm)

Jj=2 X;ei™i~ki v, el
= oE g (RwD)d; (Y11, Yy 1))
n
T i
Rﬁl Xk) )
k=1 W:O
order (Vie{1,2,--- ,n})
1
o 2
" TeT,

1 m1—1
| <E> 2. >
Xy €lm1=k1 (Y 9,Y1,3,+ Y1 oy JETFL Y
m (B )(Rﬂz(XlaYl))

~H( Y Y g Rﬁ2<xj,Yj>>>

=2 X;eli™i~ki v, el
o o (Fwl)d; (Yi,1,Yp,1)"

<.

Ope(T,Co(1)) H W;zgl (Xk)|

- %I =0
order (vje{1,2,---,n})
n
k
— Ope(T,Co(B2)) 1] ¥k, x,) _ )’
k=1 I =0
order (Vje{1,2,--,n})

By the same procedure leading to the proof of Lemma 3.7 (2) we have
that

(4.16) (the first term in the right-hand side of (4.15))

1 n L)
S ZQZyzl(mjfk‘j)Deﬁtzjzl(mJ k]) n+l1

n—1
. <Sup 1 Zer o7 (l)dj(X,Y))r‘a;(ﬁl)(Rﬁl(X, y))|>

- h
Xel vei
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Sil(m) g
1

v=11i= Xel Yef’”’%'*l
: !Jg’;i)(X,Y)\>-
It follows from (4.7) that

(117) sup - 37 oG OB NI (5) (R (X, V)] < Gl ),
Xel vei

m;—1 ~

sup (l) T E OGN | i) (x )

Xel h P '
Yelmi—1

2
< mi (Ba)llio = A(Jm, (B1), I, (B2))f,
a=1

if v # 4. Note that for any z,y € [—(1/4, 51/4)n,

18, (18, (y) —x) =18, (y — x), (Va € {1,2}),
ng, (rg, (y) — @) = ng, (rp, (y) — ).

By these equalities, (4.1), (4.6) and (4.7), for any X = (p,x,0,z,0) € I

my—1 R
win)  (3) X SO ey

h -
Ye['mvfl

1 my—1 Zd (1 (Z)CZ(XY))r
= (E) Z Z e~ j=0 J
Y =(n,y,my,6)el Weimv—2
Ny, (61) (R, (X, Y, W) = i, (B2) (R, (X, Y, W)
my—1 A .
(i) > Y by
Y=(n,y,r,y,6)el Weimv—2
Ny (B1)(X — 2, R, (Y, W) — z))
— Jm, (B2)(X — 2, Rg, (Y, W) — z))|
' (1(KW)_IEfmU_1 + 1(Y,W)—x$fmv—1)

< ‘va (ﬁl) - va (ﬂ2)|l
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2 My—1
1 v
2HT Y »
h
a=1 Y=(n,y,my,£)el Weimv—2
o §o(W(l)d;(Ba) (X —2,Rg, (Y —2)))"

NIy, (Ba) (X = 2, R, (Y, W) = 2)[1 3wy _pgjmo
2
= A, (B1). I, (52))] ”“.
Substitution of (4.17), (4.18) into (4.16) gives
(4.19) (the first term in the right—hand side of (4. 15))
< 2% Jualmimk) plia ”“Hc (50l

ZHAW@ Tons (B2))

v=11i=1

On the other hand, by applying Lemma 4.4 we have that

(the second term in the right—hand side of (4.15))

Z v=1D (51, B2) +1u>2 Z Ly () <mj—k; (Vi€{1,2, n})
v=1 Te’JT

. 2n—1D5 g:l(mj_kj)_n+1
et

;) = )» [ ons (52) (R, (X1, Y1)

X1 €I™1=k1 (Y1 2,Y1 3,7+, Y1 oy JETFL Y

2. X

WiCX1 o1 GS"l (T)
W Efnl(T)

11 ((%)W; Y (5505, Y)

{1,s}eL(T) X elms—ks Y elks

~(v,5)
: Z |Co (WLalogl({Ls}),Zs)\)
ZsCXs

Zsel

97
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.dT(l)_l ( jE{ZBH ( Z Z

,3,---,n} with W, CX;\Z; ojeS J(D)-1
order dis(1,5)=u,n; (T)#1
7 (1,5) G (T)# wer ](T)

H(T)<(%)ms DR D ARSI S )]

{j,syeL; X efms—ks Y efks

Y ) Wiioi00; (st £ N)))

ZsCXs
Zsel
.62? o(2w(l)d; (Y11, Yp,1))"

Moreover, by following the argument leading to Lemma 3.7 (2) we can
deduce that

(4.20)  (the second term in the right-hand side of (4.15))

m;—k;)—n+1
< Z w1 D(B1, B2) + 1,59)22> =1 (M )Dezt =)
v=1

:]:

11 (s} - iy ‘csvmx,m)

i=2 \XEl "y

n mg—1 a .
H (Sup< ) T S o)
k=1 \ X€l Yeimi—1

|y (B2) (R (X, Y))\) -
The inequality (4.7) guarantees that

1 mk—l r
swp () X SR ORI ()R, (X,Y)
xei \1 frrg—1

Yel™k
< ||Jmk(ﬁ2)||lov
sup ~ Ze Fo(Rv ), (V)| 0D )
XGI vel

2
Z o(Ba)llLo = A(Co(Br), Co(B2))",
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if v # 4. It follows from (4.18) that

1
sup —

- h ‘
Xel vei

Fo GO X G (X )| < AC(B1), o).

By inserting these inequalities into (4.20) we obtain
(4.21) (the second term in the right-hand side of (4.15))

< 222 ?:1(mj_kj)D% by ?:1(mj_kj)_n+1

Ly=1D(51, B2) + 1y>2)

‘:]3 i M:

-
[|
N

@wn,@(ﬁz))?’” H 1y (B2) 0.
k=1

By combining (4.19), (4.21) with (4.15) we reach the inequality claimed
in (2).

(1): By considering the fixed variable X1, € [ 0 as Y11 we can
straightforwardly transform the proof of (2) to derive the claimed inequal-
ity. O

For a =1,2 set

T (8,) (1) Z Ope(T, Co(a)) H (Ba) (¢ + )

j=1 ¢ =0
TET (Vie{1,2,- n})

with J(8,) (€ AV(Ba)) satisfying that Jpn,(5.)(¢) = 0 if m ¢ 2N U {0} and
having the anti-symmetric kernels satisfying (4.1). By putting the preceding
lemmas together we can prove the following lemma, which is the goal of this
subsection.

LEMMA 4.6. The following inequalities hold true.

(1) For anyn € N>g andl € Z,

h ) h m)
mTo (51)—mTo (B2)
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n—1

2 n—2
S?nD;"“(Z\@(ﬂa)Hz,o) (Z 2" DA ZHJ (a) ||lo>
a=1

N(B2) m (9 G
S (Ez GACR I SECAE
m=2 a=1 c=1

2 2 N 2
+ ﬁ—” S UGB lir S 1 (Be)llio
1 a=1 c=1
2
+ ) 1Co(Ba)ll101m (B1) = T (B2)li
a=1

2
+1Co(B1) = Co(B2) i Y 1T (Be) 10
c=1

2 2
D(ﬁlv 52) Z “a)(/@a)||l,0 Z HJm(ﬁc)Hl@) .
a=1 c=1

(2) For anyn € N>o, l € Z and m € {2,3,--- ,N(02)},
T35 (B1) = T (B2) i

2 n—2
—om ~— & —n+l ~
< 2n-272 D,* <Z ||CO(5a)Hl70>

1
n N(B2) "
11 ( > 24m]D ZHJm] Ba) Hlo)
7j=2 m;=2
' Z 271D, f <2WZHC (Ba) HZOZHJWM Bl
mi=2

M o
+ 5—” 3 1Co(Ba) i Z [EAREAI
1 a=1 c=1
2
+ Z ||Co(ﬂa)||l,0|<]m1 (ﬁl) - Jm1 (ﬁ2)|l
a=1

+1Co(B1) = ColB) |t > 1Ty (Be) 10

c=1
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2 2
D(61, 2) Z 1Co(Ba)lli0 Z [y (Be) ||l70> Iy mj—2nt2zm:

a=1 c=1

PrOOF. (1): It follows from (4.4) that

(4.22)  Ope(T.Co(fa)) [T vk,

j=1 I =0
order (vie{1,2,---,n})
n
Ng, (X;
== Ope(Ta CO(/BGL)) H (( ) ﬁa( +$) Rﬁa (X +:p)) wj )
j= =0
ordelr (vje{1,2,---,n})

(Va € {1,2},X; € I(B,)™ (j =1,2,---,n),z € (1/h)Z).
By using (4.1) and (4.22) we can transform T (ﬂa) as follows.
15" (5a)

n / N(B2) 1
=.H< z) S~ Ope(T. ()

i=1 m;=2 " TeT,
n 1 m;
()" T ) k)
7=l X;€1(8a)™ order (vielhame )
n / N(B2)
=H< ) > Ope(T, Co(Ba))
i=1 \ m;=2 " TeT,

HEDYDS >

J
(—1) V8 (X1,2, X103, X1,my ) =) 1,1
( 1) ! T/J(Xl,lvRBa((X1,27X1,37‘“7X1,ml)_13))

Wl =
order (Vje{1,2,---,n})
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n N(B2) 1
= ﬂaH ( Z )ﬁ Ope(T, Cy(Ba))
mi1—1
(3) ) T (Ba) (K1)

X1,1€10 (X1,2,X1,3, ,X1,my ) €I(Ba)™1 71

()", 2, mee) [Tw]

Xje[(ﬁu') order (vie{1,2,-+-,n})

Then, we decompose T0 (ﬁa) as follows.

T (Ba) = S (Ba) + U™ (Ba),

where
S5 (8a)
n /N(B2)
= ﬁaH ( ) Z Ope(T, Co(Ba))
=1 m;=2 TGT

m" > T (B)(X0)

1,1€1° (X1,2,X1,3,,X1,mq )€I(Ba)™1 71

(G 5 ) ]

XjGI(,Bg,) order (Vie{1,2,---,n})

b

’ I(p,x,0,2,0)€1(Ba) s.t. (p,x,0,2,0)C(X1,X2,,Xy) and ze[ 2 ,,Baf—)h’

U™ (Ba)

n /N(B2) 1
::ﬂa' (Z) ZOPETC(ﬁa))

" TeT,

. (% - > T (Ba) (R, (X))
X

LIED0 (X 2, X1 3,0 X1 my JET™M Y

(ﬁ) > Ty (Ba)(Rs, (X > H D (X0)

I =0

XjEI J o'rder (Vie{1,2,-

m})
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By applying Lemma 4.2 (1) we have that

(4.23) 55" (Ba)]

(ﬂa 27T —n+1 : 3m;
<SP Da H 222 D 1y (Bl

q;=0m;=2

11 (Z Co(ﬁa)z,rk) Iyn  gas Ty, me=1

k=2 TkZO

h b1
N(B2) m N
Z 2D 2 (n = 1)[[Co(Ba) 1,11 T (Ba) ll10

N(B2) nl —~
_ N(Ba)2m —n+1< Z 23D 2 || Jom @;)Hz,o) 1Co(Ba) I}

+ nHCo(ﬂa)Hz,ollJm(ﬁa)||z,1)-
On the other hand, Lemma 4.5 (1) ensures that

(4.24) ’ﬂ I 52 ()
n /N(B2) | on ‘ )
=1 m;=2
(llo (61) H}”‘OIZHA ' (B1)s Jom; (82))17)
v=1 j=1
+> [[AC(5).C ) HHJmk (B2)ll1.0
v=2 j=2 k=1
+ D(B1, B2) Zno (Ba) ||701H\\Jm] Ba) \lo)
a=1

-1

SﬁIOD;”“( Z 22"D 3 ZHJ (Ba) ||lo>
9 n—2
: (Zucowa)m,o)
a=1



104 Yohei KASHIMA

N(B2) - 2
: Z 22mD62t (nZHOO(ﬂa)Hl,O
m=2 a=1
-(um(m) (Bl + 5 (m = 1) ZHJ (50) rm)
+<n—1><@<m> () |l+—2||c (5u) rm)
2
’ Z HJm(/@c)Hl,O
! 2 N 2
D(B1,B2) Y 1Co(Ba)llio Y ||Jm(ﬁc)Hz,o> :
a=1 c=1

Substitution of (4.23), (4.24) into the inequality

T OV T O
T ) — T )
h o) h omygy_ P
< X IS 001+ | 5 U 50 = 08 )

gives the inequality claimed in (1).
(2): The anti-symmetric kernel 7 (Ba)(+) characterized in (3.18) can
be decomposed as follows. For any Y € I(8,)™,

T (Ba) (Y) = S5 (8a) (Y) + U (Ba) (Y),

where

ST (8a)(Y)
n (B2) mj—1
H( Z Z < ) Z )12 i mj—2n+22m12;:1 kj=m
i=1 i=2 k;=0 Yie[(ﬁa)k'

Z sgn(o)ly,=(v, Yo, Y Z Ope(T, Co(a))

U€§m TGT

E[(( | D SR XA ) ok

j—kj
Xje[(ﬁa)ynj order (Vie{1,2,---,n})
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) 13(p,x,a,m,0)€[(,6’a) s.t. (p,x,0,2,0)C(X1,X2,,Xy) and xé[%ﬂa—%)h’
U (Ba)(Y)

: B2) m;—
(Z Z ( ) Z >1Z?=1mj2n+22m12;=1kj:m

mi;=2 k;=0 Y €I(Ba)ki

~~

g
Z Sgn(o—)lYo':(Y:l’YZy'”7Yn)n_:": Z Ope(T’ Co(ﬂa))

O'ESNL ’ TETTL

((%)m > ijwa)(Rﬁa(Xj),Yj))

X, el™i™F

-::gpizz

1

J

’ H d)fk%ﬁa(xk)‘ .
k= ) =0

order (Vje{1,2,---,n})

Application of Lemma 4.2 (2) yields that

(4.25)  |SW(B) - ST (B

n N(B2) m;—1
< H < Z Z ( ) ) 1mj—2n+22m12 ;7:1 kj=m
i=1 m;=2 k;=0

2T o3y (my—k )D%tz?zl(mj—kj)—nﬂ
B ¢
2 n
-ZH(ZW@@MJ
a=1j=1 \q;=0
n
1 ( >1z;=1qj+z D=l
k=2 \rp=0
2 _m _
< ﬂ—f2_SWDet2 "
n N(B2)
T 32 207 3 I )
j=1 \'m;=2 q;=0a=1

(
T (Z @)

k=2
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12 =1 9GS kg Th= 1123 1My —2nt22m

2
2 —
§nﬂ—2 ?”“Det2 (ZHC
2

o)

n N(ﬂ2) mg
T < S 2imip \ij(ﬁa)Hw)

1

=2 \ ' m;=2 a=1

N(ﬁ2) my 2 — 2

Y 9tmpl (Zuco(ﬁa)nl,lzHJml(ﬁc)lll,o
my=2 a=1 !

2 2
+ Zl HCO(/Ba)Hl,O Zl HJml (ﬂc)”l,l) 12 jo1my—2n+2>m-
a= c=

On the other hand, Lemma 4.5 (2) implies that

(4.26) U (81) = U (B2)li
n N(ﬁ2)mi—1 m
< H ( Z Z k; ) )12 o mj72n+22m12 i1 kj=m
=1 m;=2 kiZO
92 gy i a ()
(HC (B1) HZLOIZHA 1y (B1), Ty (B2))
v=1j5=1
+ZHA ColBa))}" H | (B2) 1,0
v=2 j=2
+ D(B1, B2) ZHO (Ba) ||?01H\\ij Ba) Hlo)
j=1

n—2
_om —lm—n—}—l -~
<n27*mD_> (Z\Ico(ﬂa)llzn)

a=1

n N(ﬁ2) mj 2
H ( Z 93mi P 2 Z | Jm, (@;)Hl,O)
j=2

mj:2 a=1
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N(Bz2) m [ 2
3 207 (S a5
m1=2 a=1

9 2 N 2
+ 5—” S UC B0 S 1 (Bellia
1 a=1 c=1

+1Co(B1) = ColB 1Y 1Ty (Ba)llio

a=1

2
ﬂ—”z o(a) ||HZ||Jm1 Be)llio
D(p1, B2) ZHC (Ba) ||ZOZHJm1 Be) ||zo>

c=1

1y Joq my—2n+2>m:
Finally, by combining the inequalities (4.25), (4.26) with the inequality
T3 () = T (B2)l < 1S5 (81) = S5 (Ba)li + U (B1) = U (Ba)ls
we obtain the inequality claimed in (2). O

5. Generalized Multi-Scale Integrations

In this section we present multi-scale integrations, assuming that a fam-
ily of covariances is given and each covariance belonging to the family has
certain scale-dependent upper bounds. We inductively define a family of
Grassmann polynomials by means of the free integration and the tree ex-
pansion with the covariance at one scale. Then, we establish scale-dependent
estimates on the Grassmann polynomials by applying the general lemmas
prepared in Section 3 and Section 4. The analysis of this section can be
seen as a generalization of the multi-scale integration over the Matsubara
frequency and that around the zero set of the dispersion relation in the
momentum space. The results obtained in this section will underlie more
concrete, model-dependent analysis in Section 6 and Section 7.

From this section we use the symbol ‘¢’ to represent a real positive
constant independent of any parameter. When we construct inequalities, we
will frequently replace the generic constant ¢ by a larger constant with the
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same symbol in the following lines without acknowledging the replacement.
However, it must be clear from the context that such replacement does not
change what the arguments conclude in the last line.

5.1. The generalized ultra-violet integration

Let N; € N be a fixed number. Assume that a family of covariances
{C’o,l};\j1 is given and it satisfies the following properties with constants M,
co, ¢y € R>1, a weight w(0) € R and an exponent r € (0, 1].

(5.1) Cou(pxTz,nyTy) = Cou(pxlz, nyly),
Cou(pxTz,nyly) = Cou(pxlz,nyTy) = 0,
(v(p7xvx)a (777Y7y> €BxTI x [O>ﬂ)h7l € {172a e 7N+})7

(52)  Coulpxoz,mxrz) = Coy(p0o0,7070),
(V(p,x,a,m) € 10777 € BvT S {T:i}vl € {1a27 T 7N+})7

(5.3) | det((pi, qj) cr Coa (Xi Yj) h1<ij<n| < cp,
(VT,TL S N?I)i?qi S (CT’ with ||sz(CT7 qu”c’" S 17
Xi7Y;l € IO (Z = 1527”' 7n)7l € {1727 aN—l-})a

(54) ||6\’0;||07J S COM?I? (Vj € {07 1}7l € {1727 Tt 7N+})a

where 6’; : I? — C is the anti-symmetric extension of C,, defined as in
(3.2),
N
5.5 max |C, ;(p070, p070)| < c}.
(5.5) ;pegl 1(p010, p0T0)| < cf

These are the conditions typically satisfied by an actual covariance with
the Matsubara UV cut-off. In fact the parameters w(0), r do not play any
explicit role here. We need these parameters only to introduce the norm
Il - lo,0 and the semi-norm || - [|o,1.

Using the covariances {Co,l}lj\fl, we inductively define a family of Grass-
mann polynomials as follows. With parameters U, € C (p € B), 6 € {1, -1},
define P+ (1), TN+ (¢) (n € Nag), TN+ (v), J¥* (1) € AV by

o) _
(56) FN+ (¢) = ﬁ Z Upwpxacvaxax

(p,X,O’,I)EIO
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1 — _
- E Z quﬁpr:pd)pxlmw/}Xlxd}prI?

(p,x,2)EBXT%[0,8)n
TN+ (h) := 0, (Vn € Nxp), TN+ () := 0,
TN () = FN () + TN ().
Assume that [ € {0,1,--- , Ny — 1} and J!F(y)) € AV is given. Define
Fl(yp), THM(9) (n € Nxa), TH(¥), J'(¥) € AV by

(5.7) Fi(y) = / T+ e, (61),

n

1 )
l?( ) — +1
10W) = 5 3 Ope( Co) [] 7@ )|
TeTn ojrzelr (Vje{qlivg‘(?‘ ;n})

(Vn € Nzg),
TH() =) TV (y),
n=2
JH W) = Fl(p) + T'(y),

on the assumption that » >, T4 (1) converges.
Though one can directly see from definition, let us prove the following
lemma by applying Lemma 3.9.

LEMMA 5.1.  Assume that J'(¢) (I = 0,1,--- ,Ny) are well-defined.
Then, if m ¢ 2N U {0},

(58) T?i”b(n)(w) = Frln(qzb) =0, (VZ € {07 L. 7N+}7n € NZ2)'

PROOF. Apparently the equalities (5.8) hold for [ = N,. Assume that
JL () =0if m ¢ 2NU {0} for some I € {1,2,--- , N }.

Let S : 1 — I, Q : I — R be defined by S(X) := X, Q(X) := m,
(VX € I). Using the notations introduced in Subsection 3.3, we see that

T (Rp) = T (@), Cor(X) = €' 9XNC, 1(85(X)), (VX € I?).
Thus, we can apply Lemma 3.9 (1) to deduce that

FI7Y (Ry) = (),
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7L (Reyp) = THHM (), (Wn € Nxy).
This implies (5.8) for [ — 1. By induction the claim holds true. O

The following proposition is a generalization of the multi-scale integra-
tion over the Matsubara frequency.

PROPOSITION 5.2. There exists a constant ¢ € Rsq independent of any
parameter such that if the parameters M, o € R>q1, U, € C (p € B) satisfy

1
5.9 M >e¢, o> cM, sup|U,| < —————,
(5.9) Sup Ul (e + Pt

the following inequalities hold. For anyl € {0,1,--- Ny}, r € {0,1},
h L l(n) 4

(5.10) N [Fol + z Ty | < a7,

(5.11) (|F2 lor + Z |7h or> <1,

(5.12) - Zc?Mam m(\Fl +ZHT’ ||or> <1

PROOF. Let the symbol Upes denote sup e |Up| during the proof.

(5.11),(5.12): First let us prove the inequalities (5.11), (5.12) by induc-
tion with [. This part is close to the proof of [14, Proposition 4.1]. However,
we present the full argument for self-containedness of the paper. Note that

FN+(X) = —V3(X), (VX € I™ m € {2,4}),

where V3 (-) : I™ — C (m = 2,4) are the anti-symmetric functions charac-
terized in (2.31). From this we see that

HFWJX+||0,7" < Umaz, (vm S {2,4},7' S {O, 1})
Therefore, if Upnaz < (2(co + cj)2at) 1L,

N.
co0?[[Ey o < 1,
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M2+ Z c(?MNTJrmo/’LHFTJnV+ o < 0 Upaz + c(z)a4Umaz <1.
me{2,4}
Thus, the inequalities (5.11), (5.12) for [ = N4 hold.
Let us fix [ € {0,1,--- , Ny — 1} and assume that (5.11), (5.12) hold for
alll’ e {l+1,142,--- ,Ny}. Fixr € {0,1}. By combining (5.3), (5.4) with
Lemma 3.8 (2) we have that for any m € {2,3,--- | N},

1
<Z>1Z’-L GAS "y =T
i=1 17 j=2"J

(5.13) [lastis

1
< gmey ﬁ ( > )

ﬁ ( Z 23mkc 2 HJH;Cl

ka

07‘11@) 155 Gy mj—2n+2>m

— 97 2m, - Mf(l+1)(n71)

<Z> ﬁ ( i ) Lyt g s 7y rymr

q;i=0/ j=2 =0

( Z 23mk 2 ||JlJ;1

ka

n
n
H O |1x §_qmj—2n+2>m:

By the assumption of induction,

N N
(5.14) > 2 | o = 2%coll Sy o + D 22 15 o

m=4
—2

< ca? +ca? < ca
Substitution of (5.14) into (5.13) yields that
ITE™ o < ey 2 M=UFD=Dg=20 (v € {2, 4}).

Therefore, if a > ¢,

(5.15) SNTE oy < ey 2 M1t (Ym € {2,4)).
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It follows from (5.13) and (5.12) for [ + 1 that if M > ¢,

N
M7ENT @ M| TH o,

m=2
n 1 n 1
< M2 p-D(n-1) H (Z) H ( Z )1Zn PSS -
=1 q;=0/ j=2 r;=0
n k
(30 2t it
k=1 \myp=2

M3 Gy my—2nd2) (X0 my 2429 -2(Z 1y my—2n+2)

n 1 n 1
< cMaQH (Z) H (Z)li?_lqﬁzy_gm:r

i=1 \¢;=0/ j=2 \'r;=0
n my l
H <24M 20—-1 72 Z 2mkc 2 Mgmkamk||Jl+1||0qk)
k=1 mp=2
n 1 n 1
<t TSI (32 Jisivsseren
i=1 \¢;=0/ j=2 \r;=0

< eMa?(ca™ )",

where we especially used the inequality

N
3" 2meg M| I o, < 22MPHL, (g € {0,1).
m=2

Therefore, on the assumption a > c,

N 00
(5.16) M2N" e M0 3 | TH® o, < eMa™2,

m=2 n=2

One implication of Lemma 3.1 is that for any m € {6,7,--- , N},

IE oy < Z 2y % |17 o,
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Thus, by the assumption M, a > c,
N
(5.17) M7 e M2 o™ | FL[lo.r
m=6

N n
n
<MY ST oned MEmam| T o,

n=6 m=6

N
< MY 9% M| I o,
n=6

< MU~ 32%% iy o[l T o
< eM™1.
It remains to bound ||, ||, (m € {2,4}). Set
Fi(4) = Fi() = F{'* (4).

Note that
. . N
FY0) = F{70) + TE @)+ Pa [ 3 I 0+ 0, (1),
m=6

By using Lemma 3.1, (5.12), (5.15) for I' € {{ + 1,1+ 2,--- , N4} and the
assumption M, a > ¢ we deduce that

N
< EF o + 1T o + Y 27607 1T o

m=6

(5.18)

< HFi—HHO r+ ||Ti+1||0 r

+eM™ 3(1+1) —6 Z ¢ m= MHTlmam”Jﬁlno,r
m=6
Ni-1
<N EF Yo 4 ceg? M~ a ™ < ecg? Z M= 1g4
=l

< ccazM_l_la_4,
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which implies that
(5.19) Aot ||Fillor < AaUpaz + ML

Next let us bound ||F{||o,. By definition,

(5200 Fi(w) = FF(W) + TH () + Py / FIF (6 + Y )duc, ., (41)
+ P / FN* @+ $Y)dpc, (4
+ P / THL( + $Y)dpc, ,,, ()

N
Py [ 32w+ ) duc, . (01)
m=>6

Application of Lemma 3.1, (5.1), (5.2), (5.3), (5.5), (5.12), (5.15), (5.18) for
I'e{l+1,1+2,---,N;} and the assumption M > ¢ gives that

1ES o < I1E5 o + 175+ o + 2*coll E4 T o,
+ Umaz lzleaé( ‘Co,lJrl (pOTOa pOTO)’

N
e
0,r + Z 2™cy? ||Jm Hoﬂ“

m=6

< HFQZJFI HO,r + Unaz rfl;leaé{ ’Co,l+1(p0TO7 pOTO)‘ + CcalM_l_la_4

+ 24¢o|| T

Ny—1

N.
< HF2 +||0,r + Umaz Z Izlgé(‘co,j—l—l(poTprOToﬂ
=1
Ni—1
+ cca1 Z M=i71q™4
=l

< ccyUmaz + ccglM_l_lof‘l,
or

2 gl 2 12
. T max .
(5.21) coo”||Fylo.r < ccocoUpman + cM ™
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The inequalities (5.15), (5.16), (5.17), (5.19), (5.21) ensure that

o0
(5.22)  coa? (HFQIHO,T +3° HTZZ’(")HW) < ecochy@®Uppaz + cM a2

N 0o
_ z I3
(523) MY cf M2"a™ (Hanllo,r +y IIT#L(”)IIOJ>
m=2 n=2

N
m mo
< D e @Fyllor + MY e M2"a™|Ey o
me{2,4} m=>6

N m l 00
+ M7 e My T o,
m=2 n=2

< ccocgaQUmaw + c%o/LUmax +eM Y+ eMa™?

On the assumption (5.9) the right-hand sides of (5.22) and (5.23) are less
than 1. Thus, the induction concludes that the inequalities (5.11) and (5.12)
hold for all I € {0,1,--- , N4} and r € {0,1}.

(5.10): Let us prove the inequality (5.10), assuming that the inequalities
(5.11), (5.12) are valid for all I € {0,1,--- , N4 }. It follows from Lemma 3.8
(1), (5.3), (5.4) and (5.14) that

£|T ‘ < CfnJrl nflM—(H-l)(n—l) (Ca—2>n _ Ml+1(CM_l_1Oz_2)n.
N
Thus, if a > ¢,

(5.24) %Z o™ < e at,
n=2
Define FL(¢) e AV (1€{0,1,--- ,N.}) b
() = Fy(w) - oy P [ V(0 + 6')dno,, (),

j=l+1
(Vl € {0717"' 7N+ - 1}>
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Note that for any [ € {0,1,---, Ny — 1},

(5.25)  FY(v) = B (@) + TLH (@) + Py / B (6 + V) duo, .., (01)
P, / TH (Y + 9 )dpc, . ()

N
Py [ 32 I W+ duc, (01,
m=>6

By estimating in the same manner as in Lemma 3.1 and using (5.3) we can
derive from (5.25) that for r € {0, 1},

18I0 < 1E5 o, + 173 o + 20 1ES o,
4-2
+ 24COQ 1T} +1||0T + Z 2mco HJl“ll 0,r-

By (5.12), (5.15), (5.18) and the assumption M > ¢ we have that

Ny—1
(526)  |1Fllos < 155 oy +ccg' M~ o™ <oyt Z M e
<ceg'M~Tla™t (vr e {0,1)).

Remark that for any [ € {0,1,--- , Ny — 1},

(5.27) Fy=F + T +/le+1(¢)duco,z+1(¢) +/F2N+ (V)dpc, . (P)
+ i<, —2
/( Z PQ/ N+ ¢+¢) )dUCOJ(¢1)) dNCo,l+1(7/})
J=l+2

+ / EN () dpc, ., (6) + / ENC () duc, ,, (0)

+ / T ()dpc, . (4 +Z/ T (W)dpc, (V)

me{2,4}

= F iy 4bh Z U,Cy1+1(p070, p010)
pEB
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Ny
— Li<n, - 22bh > UpCou41(p010,p070) > Co (010, p0T0)
peEB J=l+2
~h Z UpCo11(p010, p0710)
pEB
+ Z /FHl dluCoHl(w)
me{2,4}
+ > /Tl+1 ¥Ydpc, ., (V) + Z /Jl“ $)dpc, ., ().
me{2,4}

The equality (5.27) and the inequalities (5.3), (5.5), (5.12), (5.15), (5.18),
(5.24), (5.26) imply that

h
(5.28) —ng|

h h
IV|PJ+1|%_ — T + Uppaz max |Gy 141(p070, p010)
peEB

+ Li<n; —2Umaz max |Co,141(p010, p0T0)|

Ny
- ) max|C,,;(1010,7070)|
. neB
J=l+2
+ Unmaz max [Cou11(p010,0010)* + > e 153, oo

me{2,4}

m

+ Y ZITH o0 + Z et 175 Moo

me{2,4}
h +1 —1—-1_-4
< N|F0+ |+ eM "t
+ c(co + ) Unmaa max [Co,11 (010, pOT0)|

<cz:M]1_4

Ny—1
+c(co + ) Umaz Y max |Co,j+1 (070, pOTO)
j=l
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<cM ot 4+ c(co + ) cyUmaz-

By (5.24) and (5.28),
h o~ i (n
(5.29) NQ%HE}%”OSMI%4+d%ﬂ®W%w
n=2

On the assumption (5.9) the right-hand side of (5.29) is bounded by a4
from above. The proof is complete. [J

5.2. The generalized ultra-violet integration at different temper-
atures

Here we estimate the differences between Grassmann polynomials cre-
ated by the multi-scale integration described in the previous subsection at
2 different temperatures. The analysis in this subsection is based on the
inequalities developed in Section 4. We assume the condition (4.2) and that
2 families of covariances {Co,l(ﬁa)};\irl (a = 1,2) are given and they satisfy
(5.1), (5.2), (5.3), (5.4), (5.5) as well as the following.

(5.30) Coa(Ba)(X) = (=1)Na A O 1 (8,) (R, (X + ),
(VX € Io(Ba)%,z € (1/h)Z,a € {1,2},1 € {1,2,--- , N, }),

(5.31) | det((Pi, 4j) cr Co(B1) (Rp, (Xi, Yi)))1<ij<n

_1
— det((pi; q5) ¢ Cot (B2) (R, (Xi, Yj)) )1<ij<n| < By *cf,
(VT,H S N,pi,CIi S Cr with ||pl||C77 ||qz||(c7 S ]-a
X;,Yiely (i=1,2,---,n),l € {1,2,--- ,Ny}),

(532)  |Coa(B1) — Cot(B2)lo < By oM™, (Wl € {1,2,--- Ny }),

where 6\’0;(6&) : 1(8,)* — C is the anti-symmetric extension of C,;(8,)
(a =1,2) defined as in (3.2),

Ny )
(5:33) > max |Cou(51) (010, p010) = Cou(B2) (6010, pOT0)| < By *cf.
=1
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Here the parameters M € R>;, w(0) € Rso, r € (0, 1] and the constants co,

¢y € R>; are the same as those in (5.1), (5.2), (5.3), (5.4), (5.5). Remind

us that the parameters w(0), r are also used in the measurement |- — - |o.
With the covariances {Co,l(ﬂa)}f\[*l let FY(B,) (W), T (B,)(¢) (n €

N>2), THBa) (), J(B) (@) (€ AV(Ba)) (I = 0,1,--- ,N.) be defined by
(5.6), (5.7) for a = 1,2 respectively.

One requirement of the analysis in Section 4 was that the kernels of
Grassmann polynomials must satisfy the invariance (4.1). First let us con-
firm that this requirement is fulfilled in this situation.

LEMMA 5.3. Assume that J(B.)() (I € {0,1,--- ,Ny},a € {1,2})
are well-defined. Then,

(5.34)  F(B.)(X) = (=1)Nee FHIFL (8,)(Rs, (X + 2)),
T (80)(X) = (—1)Noa XEATL(B,) (R, (X + 1)),
(Vm e {1,2,--- ,N(B2)},X € I(B)",z € (1/h)Z,n € N>g,
1€{0,1,--- ,N },a € {1,2}).

Proor. Fix a € {1,2} and = € (1/h)Z. Let us define S : I(5,) —
1(Ba), @ - I(Ba) — R by

S(X) == Ry, (X + ), Q(X) :=7Ng, (5 H(X) +2), (VX € I(B))-
It follows from (5.30) and the definition of FN+(3,)(z) that

Coa(Ba)(X) = €2 XNC, 1 (8,)(S2(X),
(VX € I(B.)%, 1€ {1,2,-- ,N.}),

FN (B) (1) = F*(80) (Re),

where we used the notations defined in Subsection 3.3. Thus, recursive
application of Lemma 3.9 (1) with respect to [ shows that

FY(Ba) () = F'(Ba)(Ra), T (8a) (1) = T (B,)(Rep),
(Vi €{0,1,--- , Ny}, n € N>g).
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By comparing the right-hand side of the equality

1 m
R = (3) 5 PR X+ a)in, e
XEI(ﬁa)m
with that of the equality
Frn(Ba) (R) = (%) Y. (DN IR (B0)(X) Yy, (x+0)
Xel(Ba)™

and by the uniqueness of anti-symmetric kernels we conclude that

Fl(Ba)(Rg, (X + x)) = (~1)NaBFI B (8,)(X),
(Vm € {2,3,--- ,N(B)}, X € I(8)™, z € (1/h)Z).

The claimed equality concerning the kernels of T"(")(3,) (1)) can be derived
in the same way. [

The purpose of this subsection is to prove the following proposition.

PROPOSITION 5.4. There exists a constant ¢ € Rsg independent of
any parameter such that if the condition (5.9) holds with ¢, the following
inequalities hold true. For anyl € {0,1,--- ,N;}, r € {0, 1},

h h
o0 h l7(n) h l,(n) _% 3
+n§ N B gy T (B)| <6t 1

Jun

(5.36) coa? <|Fé<m> ~ Fi(B)lo + Y 115" (1) — Ty ™ wz)ro) < B2,
n=2

N(B2)

(5.37) M~ & Mama™ (\an(ﬂl) — F(B2)lo

m=2

+ > 1T (B) - Tﬁ%(n)(ﬁ2)\o> < ﬂ;%-
n=2
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PROOF. Set Upas 1= sup,ep|Up|. We assume the condition (5.9) so
that the inequalities (5.10), (5.11), (5.12) hold for i, (s.

(5.36),(5.37): First let us prove (5.36) and (5.37). The proof is made
by induction with respect to [. We can see from (2.31) that |F7]r\[+ (61) —
EN*(B2)lo = 0 (Vvm € {2,4}). Thus, the inequalities (5.36), (5.37) for
[ = N4 hold true.

Let us fix 1 € {0,1,---, Ny — 1} and assume that (5.36), (5.37) hold for
alll" € {l+1,142,---, N4}. By substituting (5.3), (5.4), (5.31), (5.32) into
the inequality in Lemma 4.6 (2) we have

(5.38) |Th™ (B1) — TH™ (B2)lo
< Cn2—2mca%_”+1(26 M—l—l)n—Q

n /N(B2) m;
H( Z 24m]C ZHJlJrl )
j=2

m;=2

N(B2) my
. Z 24m1602 (C M~ — 1’Jl+1( >_J7l—:11(52)’0

mi1=2

+ B oM IZHJHI Ba)llo

a=1

M - IZHJlJrl ﬂa ||00>

1y jo1mj—2n+2>m

m n N(/B2)
< rgme T - (HD(-1) H ( Z 24m1c Z HJZJrl (Ba)llo, 0)

j=2 \'m;=2

N(B2) my
. Z 24m1002 <|J7l«:11(ﬁl) _J7lr—L&-11(B2)|O

m1=2

_’_51 ZZ”JH—l /Ba ||07‘>

r=0a=1

1y G mi—2n+2>m:
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The hypothesis of induction implies that

m _1
(5.39) Y 2 e [N B) = I (B)o < By Fa

Since the inequalities (5.11), (5.12) are available, we can also claim that

N(B2) 2
(5.40) S 2 S5 Ba)llor < o, (9 € {0,1)).
m=2 a=1

Using (5.39), (5.40), we obtain from (5.38) that for m € {2,4},
1l _m
TR (80) = T (Ba)lo < €y Feq * Mo,

Moreover, by the assumption a > c,
ad _1 _m

(541) D> |TRM (Br) = T (B2)lo < By 2cq 2 M~ la™, (Vm € {2,4}).
=2

By using (5.12), (5.37) for [ 4+ 1 we can derive from (5.38) that

N(B2) .
VY AT (5 - THO )
m=2
< CnM—2l M (I+1)(n H ( Z 24771]6 Z HJH_I ﬁa HO 0)
7j=2 mj=2

N(B2)
. z 24m1 02 (|JH—1( ) Jl-‘rl ,82 |O+ﬁ1 ZZHJH-I /Ba ||07’>

m1=2 r=0a=1

. M%(Z Toymyi— 2n+2) . m;—2n+22—2(2 Goq mj—2n+2)

n (/@2)
—21 H <M 21—1 —2 Z 22m]c 2 ]\4277190/71j Z HJZ-H ﬂa)”OO)
j=2

m;=2 a=1

AN

N(B2) my
. Z 22mlcOTM%m1am1

mi1=2
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'(Uﬁfl( 1) = I )+ 6y ZZHJHI )
r=0 a=1
< cﬂ;%M(ca*Q)"fl.

Thus, on the assumption « > ¢,
(5.42) M2 Z cZ M3™a, mz ITEM (81) — TEM (By)]o < ¢, *Ma~?

On the other hand, Lemma 4.1 (2), (5.3) and (5.31) imply that for
m e {6777 7N(ﬂ2)}7

(8B2) S
|Fr(B1) = Fl(B2)lo < e Y 2%¢, 2 (ufrlwn — 7 (B2)lo

n=m

1 2 -
+ 017 D 1 Ba)lloo + 87 HJé“(ﬁJHo,l) -

a=1 a=1
Thus, by (5.12), (5.37) for [ + 1,

N(B2)
(5.43) SN of ME™a™|FL(By) — Fl(B2)l

m=6

VS

1 1 2
[Tt (B1) = Jnt (Be)lo + 51 2 Y0 ) HJL“(ﬂa)Ilo,r>

r=0a=1
N(B2)
< M3 chlTl"ozn
n=>6
L, 12
: (ué“wo — B0+ 82D rrJ#l(ﬁa)uo,T)
r=0a=1

_1
<cB ML
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Let us find an upper bound on |F! (31) — F.(82)]o (m = 2,4). Lemma
4.1 (2), (5.3), (5.31) and the inequalities (5.12), (5.37), (5.41) for I’ € {l +
1,14+2,---, N} guarantee that

(5.44) IFi(B1) — Fi(B2)o
< |EY(B) — FE Bl + Y 1T 8y — 1 (80)lo

n=2

N(B2) n—a
n=>6

1 2 2
+ 8,2 I Ba)lloo + BT ||JL+1<ﬂa>||o,1>
a=1 a=1

_1
< |Fy(B) — FiH (Bo)|o + ¢By Mot
Ny—1

_1 .
<|FY(B) = B (Bo)lo + ey 2eg® Y M e
j=l
_1
< Cﬂl 2062]\47171&747
which implies that
_1
(5.45) o [FL(BY) — Fi(Ba)lo < ey M.
Remark that
N 1
P / T " (Ba) (@ + ) dpc, 60 (1) = (E) > KM (B)(X)ex
XeI(Ba)?

with the anti-symmetric kernel K™ (8,)() : 1(84)? — C defined by

Ké+1(6(l)((p7 X? 0-7 x? 9)7 (T]7 y? T? y? 5))
h

= _§Upco,l+1 (/Ba)(pOTov pOTO)
Lo xom)=ny,ry (L0.0=0,-1) = Lo.0)=(-1,1))-

We can see that

(5.46) K5 (B1) — K5 (B2)lo
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< Unmaz sup |Co,1+1(81)(p070, p0T0) — Co141(B2)(p070, p0T0)|.

It follows from (5.20) and Lemma 4.1 (2), (5.3), (5.31) that

|F3(81) — F5(B2)lo
< |FJPN(B1) — B (B2)lo + 1 T5T(B1) — T4 (B2)o
+ K5 (B1) — K5TH(B2)o

2 pitt SEE| 1 Ft1
+eco® [ [FFH(BY) — Fy(B2)lo + By 2 D IETT (Ba)lloo

a=1

(B1) = Ty (B2)o
IZ 175 (Ba) o, 1)
a=1
_ 1 2
+c Z 2%¢y (\Jffl(ﬂl) =I5 (B2)lo + By 2D NI (Ba)lloo
n=6 a=1

2
+87) \\J#l(ﬁa)rro,l) .

a=1

2
+ 6 Z 15 (Ba)
a=1

Substitution of (5.12), (5.15), (5.18), (5.33), (5.37), (5.41), (5.44), (5.46)
and the equality

(5.47) |FY (B1) = Fi (B2)lo = |1 (1) — FY (B2)o
for ! e {l+1,1+2,---,N} yield that
[F5(81) = F3(B2)lo
< |FFY(BY) = FIY (Ba)lo +cﬂ;% Mg
+ Unmaa sup |Co141(81)(p010, p010) — Co141(82) (0010, p0T0)|

peB
Ni—1
N p—
< By (B1) = Fy * (B2)lo + ¢y col Y Mt
7=l
Ni—1

+Unas Y Slelp!(?om(ﬁl)(pOTO ,p070) — Co,j1+1(82)(p010, p0T0))]
j=t ?
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_1 _1
< Cﬂl 2061M_l_10¢_4 + Uma:cﬁ1 2067
or
_1
(548) Coa2’F2l(,31) — FQZ(ﬂg)‘o < 61 2 (0006CM2Umax + CM_la_Q).

By (5.41), (5.42), (5.43), (5.45), (5.48) we have that

(5.49)  cpa? (\le(ﬁl) ~ F(B)lo + Y 115" () - Ty ™ <ﬁ2>\o>
n=2
< 7% (cocy0Upnaz + eM~1a~2).
N(B2) m
(550) M2 g MEma™ (|an<@1> — FL(B2)lo

m=2
+ Z 75 (1) — ThH™ (52)|0)
n=2

< Y g™ FL(B) — FL(B2)lo
me{2,4}
N(B2)
+ M7N" e ME™A™|FL(B1) = Fl(B2)lo
m=6

m
2

(/62) 0
+ M72l Z cq M%mam Z |T7l77l(n)(ﬂl) o T’ir’l(n)(ﬁ2)‘0
m=2 n=2
_1
< Cﬂl ? (Cocé)azUmax + ]\4_1 + MO[_2).

Onlthe assumption (5.9) the right-hand sides of (5.49), (5.50) are less than
B, 2. Thus, by induction the inequalities (5.36), (5.37) hold for all [ €
{0,1,---, N, ).

(5.35): Let us prove the inequality (5.35), assuming that (5.36), (5.37)
are true for all [ € {0,1,---,Ny}. By substituting (5.3), (5.4), (5.14),
(5.31), (5.32), (5.39) into the inequality in Lemma 4.6 (1) we obtain

h
N(61)

n h n
Té’( (81 — WTS’( )(62)
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2

n—1
< ency ™ (20M ) < Z 23m \inl(ﬁa)no,o)

a=1

N(B2) m
3T e (ﬁscOM—l—lzz B o
m=2

r=0a=1
_1 2
+ By 2eoM Y TITE (Ba)lloo + coM T IE N (ByY) — Jﬁl(ﬁz)b)
a=1
1
< ﬁl_ﬁMH-l(cM—l—la—Q)n’
which leads to

o0

h 1,(n) h
Ny ) Ny T

It follows from (5.3), (5.25), (5.31) and Lemma 4.1 (2) that

|E5(B1) — F5(B2)lo
< |F{H(By) — FS(B2)lo + T8 (B1) — T4 (Ba) o

(5.51) THO ()| < oy P M la A,

2
A _1 A
+ CCo (!F”l( 1) = E N B)lo+ 812 Y IIET (Ba) oo
a=1

+ 67 Z 1E (Ba)llos + | TE(B1) — TH (B2)o

) 2
+6,° Z T3 (Ba)lloo + By 2 (Ba) 0,1)
a=1 a=1
_ 1 2
+c Z 22cy® (\JHI(&) — I Bl + 812 D 13 (Ba)lloo
a=1

+6;" Z ui“wamo,l) .
a=1

Using (5.12), (5.15), (5.18), (5.37), (5.41), (5.44), (5.47) for I' € {l+ 1,1+
, N1}, we can deduce that

(5.52) 1F5(B1) — F3(B2)lo
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~ ~ _1
< |FPNB) — X (Bo)|o + By 2t M e
Ny—1
<1EN(B1) — BN (Bo)lo + By 2ot S Ml

3=l

_1
<cf 2calM_l_la_Zl.

By combining Lemma 4.1 (1) with (5.27) and inserting (5.3), (5.31) we
obtain that

h h
NG Lo Fi(Br) - N(Ga) L0 F(62)

h

h 10y I+1
S’ w)FO )= Ny

I+1 h i
S T80 = T 6
+ Unaa maX|Co 1+1(81)(p010, p070) — Cp 111(82) (00710, pOT0)]

+ 1l<N+ 2Umaa; max |Co +1 (ﬁl)(pOTO POTO) 0 l+1(52)(P0T0 POTO)|

Ny
. Z maé{’Co,j(ﬂl)(noToanoTO”
j=i12 "¢

+ 1<, —2Unaa max |Co,14+1(82)(p070, p0T0)|

Ny
+ D max|Co;(41)(n010,7010) = Co,3(8) (1010, 70710)|
J=l+2
+ Unaz max [Cou11(61)(p0710, p010)* — Co141(82) (010, p0T0)?|

1 2 .
e Y oo (!Fl“ 1) = Fp ()l + 8, 2 Y I1ELT (Ba)llo

me{2,4} a=1

2
+ B0 D NEF (Ba)lloa + 1 TH (By) = T (8B2)lo

a=1

1 2 2
By 2 Y T Ba)lloo + Bt Y IlTﬁl(ﬁa)\\o,l)
a=1 a=1
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N(/62) m 1 2
fe Y omed (uf,fl(m) — T B)lo + B S0 I (Ballo
m=6 a=1

2
+87) \\Ji,#(ﬁa)rro,l).
a=1

Moreover, substitution of (5.3), (5.5), (5.12), (5.15), (5.18), (5.26), (5.33),

(5.37), (5.41), (5.44), (5.47), (5.51), (5.52) for I' € {I + 1,1+ 2,--- N4}
gives that

65:53) |55 ) — i o)

+ c(co + &) Unag I,ileaé{ |Co,1+1(81)(p070, p0T0)
— Co,141(82)(p070, p010)|

_1
+ 0/61 2 C/OUma:r r,ileaBX |Co,l+1(62)(p0TO> pOTO)‘

N1

<cpy ? ZM71_4

+ c(eo + cO)Umaw
Ni—1

> Izleaé(|Co,j+1(ﬂ1)(POT0,POTO) — Co,j+1(82)(p010, p0T0)|
=

Ny—1
+cﬁ1 0Unmaz Z maX|CO]+1(ﬂ2)(pOT0 p0710)|

<cB 2 (M~ o= 4 (co + ¢6)CoUmaz)-

By coupling (5.51) with (5.53) and using the assumption (5.9) we con-
clude that
i 0

Fy(f1) — F§(6z)

h
(6)

VB~

)0
00 n)
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-3 1 -4 I\ -3 4
<cfy (M a4 (co + cy)cogUmaz) < By 2o " O

5.3. The generalized infrared integration

In this subsection we estimate Grassmann polynomials produced by a
single-scale integration with a covariance which has different bound prop-
erties from those assumed in the previous subsection. Our aim here is to
summarize a power-counting procedure of the infrared integration by giving
a covariance with bound properties typical of a real covariance with infrared
cut-off. In the model-dependent infrared integration regime in Section 7,
we need to update the covariance by including the kernel of the quadratic
part of a Grassmann polynomial created by the preceding integration. This
means that in the IR integration, unlike in the UV integration, we cannot
a priori give covariances for all the integration steps. For this reason here
we construct estimates only for one integration step as a preliminary to the
practical IR integration.

Let | € Z«o. We assume that an exponent r € (0,1] and weights w(l),
w(l + 1) satisfying 0 < w(l) < w(l + 1) are given and a covariance Cp 41 :
I2 — C satisfies the following bound properties with constants M, ¢y € R>1,
ai, az,a3 € Rzo.

(5.54) | det((pi, 47) ¢ Coa1(Xi, Yi))1<ijn| < (oM@ D)™,
(Vr,n € N,p;,q; € C" with ||pif|lor, [[aillcr < 1,
X, Y €l (Z =1,2,--- ,n)),

(5.55)  ||Corn|, < oo v e {0,1)),

Lr

where C/';\H/l : I? — C is the anti-symmetric extension of Co 41 defined as
in (3.2). Recall that the parameters (w(l),r), (w(l 4+ 1),r) are used in the
definition of || - |[15, || - [[i+1,; respectively.

We assume that J!T1(z)) (€ AV) is given and it satisfies J51 () = 0
if m ¢ 2N or m € {0,2}. Then, we define F'(v), TH(™ () (n € Nso),
T'(v) (¢ AV) by (5.7) with the input J"*!(3)) and the covariance C, ;1 on
the assumption that $°°, T%(" (1) converges. We can prove the following
lemma by the same argument as in the proof of Lemma 5.1.
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LEMMA 5.5.  Assume that J'(1)) is well-defined. Then, if m ¢ 2NU{0},

TH™ () = FL () = 0, (Yn € Nx»).

This subsection is devoted to proving the following proposition.
PROPOSITION 5.6. Assume that as € R>q and
N (1+1)
m aj
(5.56) M@t rasl) 32 o G Emam gL <

m=4

(Vr € {0,1}).

Then, there exists a constant ¢ € Rs1 independent of any parameter such
that if the parameters M, o € R>1 satisfy

(5.57) M®=0270 > o g > eM@Tertes

the following inequalities hold.

(5.58) % (’F(ﬂ + Z ’Té’(n)|> < ]\4(“1-5-112—1—114)l04—37
(559) M~ (a1+a2+aq)l+rasl Z % %lmam
m=2
. (’FrlnHl,r + Z ”T’rlrvl(n)‘|l’r> < 17 (V’I" c {0, 1})
n=2

Proor. It follows from (5.56) and the inequalities w(l) < w(l + 1),
a > c, M > c that

N
(560) Z 23m 2 M 1( +1 )mHJ,l,—Li_lnlm S CM(a1+a2+a4)(l+1)—7“a3(l+1)a—4’
m=4

N
(5.61) Z 22mco%MaTllm04mHJ£:1”l,r < CM(a1+a2+a4)(l+1)—r(13(l+1)—2a17

m=4
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(Vr € {0,1}).

We will use these inequalities not only in this proof but also in the proof of
Proposition 5.9 in the next subsection.

(5.58): First let us prove the inequality (5.58). By Lemma 3.1, (5.54)
and (5.60),

N
(5.62) %\Fé! < D (MDY g < epglertoatantiq =,
m=4

On the other hand, by substituting (5.54), (5.55), (5.60) into the in-
equality in Lemma 3.8 (1) we have that

h l,(n
N'TD( )

N n
< (COMal(l—i—l))—n—l—l(COM—aQ(H—l))n—l ( Z 22m (COMal(H-l))% ||J£)j1 ‘l,0>

m=4

S M(a1+a2)(l+1) (CMa4(l+1)O[_4)n.

Thus, by the assumption a > ¢,

(5.63) % STy ™) < epplortort2a 4D o8,

n=2

By coupling (5.63) with (5.62) and using the assumption o > cM % +a2+a4
we obtain (5.58).

(5.59): Next let us show (5.59). It follows from Lemma 3.1 and (5.54)
that

(5.64)  |IFnlr

N
n—2
< lez y 2 (M) T I,
n=4

N
+ Im>a (Han+1 Lt Y MMM )T H%ﬁ“”lw) :
n=m-+2
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Moreover, by (5.60), (5.61) and the assumption a > ¢M®/2,

N
(5.65)  M(erortantiral N o g Fmam | FL

m=2

< M~ (a1+a2+a4)l+ra3l Mall 2 2271 Ma1(l+1 ) HJH_IHZT'
n=4
4 M—(a1+a2+a4)l+7"a3l

N n
303 M (M D)

n=4 m=4

N
<M al 2M (a1+a2+a4)l+ra3lz2n 2M
n=4

1(+)

N
— o agl
+eM (a1+az+aq)l+rasl Z 2”002M 5 nanHJfl—&-lHlm
n=4
< eM —@1taztag—raz

On the other hand, insertion of (5.54), (5.55) into Lemma 3.8 (2) yields
that

||Tl ||lr

n 1 n 1
<27 eoM )5 (Z ) 11 ( 2 > IS

r;=0

n N
. H(COMfaz(l+1)fa37“k(l+l) H ( Z 23mp c Ma1 (I+1) ) ||Jl+1||l,qp>
k=2 p=1 \mp=4

1y Jo1mi—2n+2>m

cg F M~ UG ke (1) —ras(+)

(i ) ﬁ ( i )12 T aAS =

q; =0 j=2 Ty =0

— 272m

—- I

N
jid 3 I+
<M—(a1+a2)(l+l)+a3qk(l+1) Z 23mch2 a1(2 7qk>

m=4

B
Il
—
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5> g my—2n+2>m:

By using the inequality o > ¢M%/? and (5.61) we can derive from the
inequality above that

m

N
M- (a1+az+aq)l+rasl Z c? Tlm mHTl ||lr
m=2
1 n 1

< e M@ taz—raz—a4l H Z H Z 1y Gt =
=1

qi=0/ j=2 \r;=0

»qk
my=4

n
. H M~ (a14a2)(l+1)+a3qr (I+1) Z 23kaTkM#m HJZ—HHl
k=1
.92

(2§ my—2n+2) M L= Goq mj—2n+2) az Foq my—2n+2

1
Z 12 1‘11+Zg 2 Tj=T

r;=0

< cMa2—Tas —a4l

H’:]:

n
. H M@ —(a1taz)(+1)+a3qr (1+1) [ —2
k=1

N
mp
. Z 2% ¢, M+ mkamk”Jl+1||l7qk>

mp=4

< Magfra37a4la2 (CMfa1+a4(l+1)a72)n.

Since a > ¢,

N 0o
m aql
(5.66) M lertaztanlirast N oo ppmam N2l
n=2

m=2
S CM—2a1+a2+2a4—ra3+a4la—2

The inequalities (5.65), (5.66) imply that

trestansrat $° E i |5 Hzr+ZHTZ Pl

m=2

< C(M—a1+a2+a4 + M_2a1+a2+a4a_2).



RG Analysis of Many-FElectron Systems 135

By the assumption (5.57) the right-hand side of the inequality above is less
than 1. J

REMARK 5.7. Since Proposition 5.6 forms the basis of our IR integra-
tion process, it is important to know to which model the proposition does
or does not apply. The covariance C, ;41 is a generalization of an effective
covariance at the IR integration of scale | + 1, which is different from a
computable free covariance with IR cut-off of scale | + 1. Therefore, by
analyzing free covariances alone we cannot reach a rigorous statement on
the applicability of the proposition. However, on the hypothesis that the
IR singularity of an effective covariance is essentially same as that of a free
covariance, let us try to extract at least some hints from calculations of
free covariances. The condition (5.57) necessarily implies that a; — az > 0.
Let us investigate in which model the inequality a; — as > 0 is unlikely to
hold. Most studied many-electron models in constructive theories so far are
single-band models having a non-empty free Fermi surface. So let us focus
our attention on such models.

Assume that the free dispersion relation £(-) : R? — R is Lipschitz
continuous and satisfies the periodicity (2.2) and that {k € R? | £(k) =
p} # (0 with the chemical potential p. For example, in the Hubbard
model with nearest-neighbor hopping, without magnetic field, defined on
a d-dimensional hyper-cubic lattice, the free dispersion relation is given
by (k) = Z;-lzl cos kj, apart from a multiplication of amplitude. With
a non-negative smooth function x(-) : R — R>o supported on the inter-
val [c1, ¢o], taking the value 1 on a subinterval of [c1, co], a free covariance
Cosr1 : (T x {1,1} x[0,8)n)? — C with IR cut-off of scale [ +1 (< 0)
typically takes the form that

Co41(x02,yTY)

- > 6i<x’y7k>ei(ﬂﬁfy)wX(]\/—[*Z(lﬂ)(w2 + (E(k) — M)z)).

= d . s
o (w,k)eM ), xT* iw—E(k) + p

On the assumption that h, L, 3 are sufficiently large we can choose (wp, ko) €
My, x T* so that (M ~20+D) (w2 + (£(ko) — p)?)) = 1 and thus

1
>
Hz,o = 2K Z |Co,141(070,x72)|
(x,2)E€T%[0,8)p

HCO,Z+1
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1 ) .
> o Z ez<x’k°>ew“’06’o,l+1(0T0, xTx)

(x,2)€r'x[0,08)n
—2(4+1)(, 2 e
_ x( . (wg + (E(ko) — p)?)) > const M1,
2liwo — (ko) + p

This means that if C, ;11 satisfies (5.55) with small [, then as > 1.

Estimation of the determinant of many-electron covariances is normally
done by applying Gram’s inequality. By following this standard approach
we eventually have that

(the left-hand side of (5.54) with Cy 1)

< (COHSt Z X(M~2HD (w2 + (E(k) — N)z))>n'

BLY (IRt T liw — E(k) +

So it comes down to estimating

1 3 XM 2D (W2 + (E(k) — 1))

6670 3 i — () + 1]

(w,k)eM) xIT*

If £(k) = p (Vk € RY),

1
(the term (5.67)) > const M_l_lg Z (M2 ,2) > const
weMy,

> const M.

Let us consider the case that (k) # p for some k € R?. Set

d
B:= {ijvj )pj el0,2n] (j=1,2,--- ,d)}.

J=1

It follows that esssupyep |[VE(k)| # 0. In this case we further assume that
there exists an interval (a1, ag) containing 0 such that

(5.68) inf H'({keB|&Kk)—p=n}) >0,

ne(ar,a2)
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where H% 1 denotes the d— 1-dimensional Hausdorff measure on R%. For [ €
Z( satisfying [—c;/le“,céli“] C (a1, az) we deduce by the coarea
formula that

lim (the term (5.67))

LeN

-1
> const <esssup |V5(k)|> Mt
keB

' % 3 /°° dpx (M2 (2 4 ) YHI 1 ({k € B | £(k) — p = n})
WEMy ¥ T

—1
> const <esssup |V5(k)|> inf H'({keB|E&K)—p=n})
keB n€(ai,oz)

. Ml+1

Therefore, if either {k € B | £(k)—u = 0} = B or (5.68) holds, an estimation
based on Gram’s inequality can hardly yield the determinant bound (5.54)
with a; > 1 for small [ and large L. However, if a1 < 1 and as > 1, the
inequality a; — ag > 0 cannot hold.

For example, if £(k) = Z;l:l coskj, p € (—d,d) and B = [0,2n]?, the
condition (5.68) holds for some interval (a1, ag) containing 0. This suggests
that an IR integration process based on the iteration of Proposition 5.6
does not instantly apply to the corresponding many-electron models. We
should also remark that the role of £(-) above is played by the smallest
band spectrum whose zero set consists of a single point and the chemical
potential y is set to be zero when we analyze our 4-band model in Section 7.
In this situation,

{ke B|E&k) =0} +#B, inf H'({ke B|&Kk) =n}) =0,

ne(a,az)

for any interval (aj,as) containing 0. Thus, we cannot exclude the appli-
cability of Proposition 5.6 by the above argument. In fact it will turn out
that we can apply the proposition with the power a1 = 2, a2 =1, a3 = 1,
ay =1/2.

REMARK 5.8. Let us study a possible reconstruction of Proposition
5.6 in the case that a; > 0, a; — as — ag = 0. Assume that (5.56) holds,
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a > cM®Taztes gnd M4 > ¢ for a sufficiently large c¢. The only part
which essentially needed the condition M ~%27% > ¢ in the proof was the
derivation of the upper bound on || F}||;». The bounds on the other terms
can be obtained by using the conditions a > cM® T2t and M3 > .
Without using the condition M ~%27% > ¢ we can derive from (5.56) and
(5.64) that

M3 ot || il < M3 Ga|| JE g, + ca”?

Then, by combining with (5.66) we obtain

[ee)
M7l Eo (nFinz,r +3 ||Ti’<">uz,r> < M 2o T 14, 4 ca?,

n=2

If we assume that (5.54), (5.55), (5.56) hold for " € {I,l +1,---,—1}, we
can repeatedly apply the above inequality to deduce that

o0
I, _
M7l Eat (HFin,r +3 1y “”uw) < B[ JYlo,r + elija2.

n=2

In practice the initial polynomial J°(¢)) is an output of the Matsubara UV
integration. We see from (5.15) and (5.19) that the term cZa?||.J{|lo., can
be made less than 1/2 by a minor assumption on M and sup,cg |U,| and
thus

n=2

oo
l, 1 _
Mrelca (HFillz,r 30T (")Hz,r> < s +ellja”.

This inequality implies that if the term |/|a~2 is assumed to be small, the
effective interaction J}(¢/) remains small and consequently the conclusions
of Proposition 5.6 follow. As we will see in Section 7, the maximum value
of |l in the IR integrations is proportional to |log 3|. Thus, we expect that
in many-electron models where the quadratic kernels are qualitatively same
as the free dispersion relation in a neighborhood of IR singularity and the
marginal condition a; — as — ag = 0 plus a; > 0 hold, an inductive IR
integration procedure based on a variant of Proposition 5.6 can be justi-
fied under the additional assumption that o > ¢|log 8|'/2. The condition
(5.9) suggests that the inequality o > ¢|log 3|'/? eventually restricts the
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allowed magnitude of the coupling to be less than some power of |log 3|}
after connecting the UV integration process to the IR integration process.
Therefore, the resulting constructive theory in this case would be such that
the domain of analyticity shrinks logarithmically with temperature.

5.4. The generalized infrared integration at different tempera-
tures

Here we establish upper bounds on the differences between Grassmann
polynomials produced by the single-scale integration introduced in the pre-
vious subsection at 2 different temperatures. To this end we need to assume
that | € Z«o, the condition (4.2) holds and the covariances C,;41(8a) :
I0(B4)* — C (a = 1,2) satisfy (5.54), (5.55) and

(5.69) Cotr1(Ba)(X) = (=1)NeeXFD O, 11 (Ba)(Rg, (X + 7)),
(VX € I(B2)%,z € (1/h)Z,a € {1,2}),

(5.70) | det({pi, 4j)cr Cot1(81) (R, (X3, Y5)))1<ij<n
— det((pi, qj) ¢ Co41(B2) (R, (X3, Yj)) )1<i j<nl
< 51_%M_a3(l+1) (COMal(l+1))n,
(VT‘,?’L S N7pi7qi S CT with HPz‘HO: qu”(CT S 17
X, Yiely(i=1,2,---,n)),

—_— 71
(5.71) Cor+1(B1) = Coa(B)| < By P e~ (exten (D),

where C/’(:l:l(ﬂa) : 1(B2)? — C is the anti-symmetric extension of C,,;11(8,)
(a = 1,2) defined as in (3.2). Let us note that the parameters (w(l),r),
(w(l41),r) are also used in the definition of |- —-|;, | - — - |;41 respectively.

In addition, we assume that the input J'71(3,)(¥) (€ AV(Ba)) (a = 1,2)
satisfy JSHL(B.)() = 0 if m ¢ 2N or m € {0,2} and their kernels have the
invariant property (4.1). Let F*(3,) (1), T (8,) () (n € Nsg), TH(B.) (1),

T (Ba) (%) (€ AV(Ba)) be defined by (5.7) with J'*(84)(¢), Cour1(Ba) for
a = 1,2 respectively. We prove the following.
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PROPOSITION 5.9. Let ay € Rsg. Assume that J™4(3,)(¥) (a = 1,2)
satisfy (5.56) and

N(B2)
(572) Mf(a1+a2+a4)(l+l)+a3(l+1) Z C?M%mam

m=4
_1
ATENBY) = T (Bo) i < By

Then, there exists a constant ¢ € R~y independent of any parameter such
that if the condition (5.57) holds with ¢, the following inequalities hold.

h h
5.73
o7 ’N(ﬁ) o(01) - (ﬁ) Fi(3)
h n
"6 - gy T (@)
< 5;§M(a1+a2+a4)lfasla73'
N(B2) l
(5.74) M~ (a14az+aq)l+asl Z C %mam
m=2

1

: (|an(51) — FL(B2)li+ Y ITH™(81) - Trlﬁ(")(ﬂz)!z> < B

PrOOF. Note that the inequalities (5.72), w(l) < w(l + 1), a > ¢,
M®* > c imply that

N(B2)
m aq(l+1)
(5.75) Yo 2 M I (B = i (B2)
m=4

1
S 6/61_5M(al+a2+a4)(l+1)_a3(l+1)a_47

N(BQ) m a
(5.76) > 22 MEMMI (B) — T (Bl
m=4

S Cﬁ;% M(a1+a2+a4)(l+1)—a3(l+1)—2a1 .

(5.73): First we prove (5.73). By inserting (5.54), (5.60), (5.70), (5.75)
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into the inequality in Lemma 4.1 (1) we observe that

h h
(5.77) ‘ N o F§(B1) — N(Ga) L0 Fy(52)
N(Bs)
2: O%ﬁwn—%ﬁwml

_1
+ By P MY Z 1752 (Bs)lli0 + 57

(Bs)lluo + By m )1,1)
=1 5=1

< Cﬁ;%M(a1+a2+a4)(l+1)*“3(l+1)a74-

By using (5.54), (5.55), (5.60), (5.70), (5.71), (5.75) we can deduce from
Lemma 4.6 (1) that

h 7
‘N (51) N(ﬁ) Ty (52)

< cn(c Ma1 (I+1) ) n+1( l+1))
N(B2) m a1(l+ ) n—1 N(82) N
< Z 93m. 2M mZHJH-l 56 HlO) Z 23m(COMa1(l+l))7
m=4 6=1 m=4

2
(tanr e S

6=1

2
+ B oM@z en ) ST gy
5=1

+ oM 2D JHL (3) — JLE (),

_1 2
+ 5, QCOM—(a2+a3)(l+1) Z Hﬁ;j%ﬂ&)”l,o)

6=1

m ),>
6=1

(M (a1+a2)(l+1 ( Z 93m . 2

N(B2) e,
Y e L) -

m=4
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1 1 2

+ 4,2 ZMas(r—l)(l—H) Z Hjﬁl(ﬁé)”l,r>
r=0 6=1

< Cn(Mf(alJrag)(lJrl))nfl(M(a1+a2+a4)(l+1)a74)n71

_ ﬁ;%M(a1+a2+a4)(l+1)fa3(l+1)af4

S /BI_%M(al—&-ag—ag)(l—&-l) (CMa4(l+1)Oé_4)n.

Thus, by assuming that a > ¢,

(5.78) Zﬁﬁﬁm%%ﬁ%ﬂW@

1
< Cﬁl_i M(a1+a2+2a4_a3)(l+l)a_8.

n=2

On the assumption o > ¢M* 1921 the inequalities (5.77), (5.78) imply
the inequality (5.73).

(5.74): Let us prove (5.74). By substituting (5.54), (5.70) into Lemma
4.1 (2) we obtain that

|F},(B1) — FL(B2)l;

N(B2)
gmﬂzf%mwmﬁ%me—wwm
n=4

1

1 2
+ 8y 2 ) Mestr= Dy ||J1l1+1(/86)||l,7")

r=0 6=1
N(B2) -
+elpzg Y 2 (MM HY) <|Jrll+1(51) — LBl

1

_1 2
+ ﬁl 2 ZMag(r—l)(l—H) ||J7l1+1(/36)||l,r)-

r=0 6=1
Moreover, by (5.60), (5.61), (5.75), (5.76) and the condition a > cM®/2,

N(B2)
(5.79) M~ (artaxtanitasl " c(?MTllmam\an(ﬁl) — Fp,(B2)l:

m=2
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N(B2)
< CMf(al+a2+a4)l+aleOMa1la2 Z 22n(COMa1(l+1))"T’2
n=4

: <|sz+1(51) — I (Ba)l,

1 1 2
+ 8, 2y Mot R ||Jff1(ﬂ6)||z,r>
r=0 6=1

(B2) n
+ CMf(a1+a2+a4)l+agl Z Z CO%MaTllmam22n(COMa1(l+l))%

n=4 m=4

: (uﬁ“wn — (B

a1 1 2
+ 02 Mot !!J#l(ﬁa)lll,r)
r=0 6=1

N(B2) n
< CM7a1a2M7(a1+a2+a4)l+a3l Z 2277,65 M
n=4

ap(i+1)

: <|J,2“(61> — I (B

1

1 2
+, 2 ) Mot ijfl(ﬂ&)ﬂz,r)

r=0 6=1
N(B2) o oan
+ CMf(a1+a2+a4)l+agl Z 2271602M71nan
n=4

: (ué“(ﬂl) — (B

1

1 2
+ 2 Mestr=hiE ijfl(ﬂé)ﬂl,r)

r=0 6=1

1
< 0181_5 M—a1+a2—a3+a4'

On the other hand, by substituting (5.54), (5.55), (5.70), (5.71) into the
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inequality in Lemma 4.6 (2) we see that

T3 (B1) = T (B2)ly
< en27 2™ (cg MUY= T H (90 Mfaz(lJrl))nf?

n N(B2)
. H ( Z 24mj( Ma1(l+1) Z||Jl+1 /85 ||l )

j=2 mj:4
N(B2)
. Z 24m1 (COMal (l—‘rl))%

mi1=4

(oo

+ 87 LeoM™ (a2-+a3)(l+1) ZHJH-I Bs)lio
6=1

+ oM~ L () — T (By),

+67%COM (a2+a3)(l+1) Z ||Jl+1 ﬁ&)

; ) 1y 1 m—2n+2>m

5=1
< ro2mes BN el (M—(a1+a2)(l+1))n—1
n  /N(B) m;
1 X 2o o)
j=2 \mj=4
_N§ gdmi mT M
mi=4
. <|Jz+1( )_Jfr;rl(ﬂQ |l+51 ZMas(r 1)(1+1) ZHJHl Bs) ‘lr>
5=1

1y Foq mj—2n+2>m
Moreover, by (5.61), (5.76) and the condition a > ¢M®*/2,

N(B2)
2~ (a1 +az+as)l+asl Z ch Yo a™|TE™ (1) — T (B2)];

m=2
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< CnM—(a1+a2+a4)l+a3l(M—(al-‘,-ag)(l—l—l))n—l

n N(B2) a1(+)
H<Z24mJC2M mj ZHJH- ﬁé HlO)

3T abm M

m
(|JH1( 1) — I (B2l + B ZMQS r=1(+1) ZHJIH (Bs) le)

—2(2 1 mj—2n+2)M (i, mj—2n+2)a§: o mj—2n+2

S CnM—(a1+a2+a4)l+a3l(M—all—ag(l+1)a—2>n—1

n N(B2)
H ( > 2 mf mﬂamfZHJ’“ Bs) ||m>

= ]_4
N(ﬁz) o

S g2
my1=4

<|Jl+1( ) Jl-‘rl /82 ‘l‘i‘ﬂl ZM% r—1)(1+1) ZHJZ-H Bé le)

<CnM—(a1+a2+a4)l+a3l(M al— ag(l+1)a—2>n I(M(a1+ag+a4)(l—|—1) 2a1)n—1

_ 51—%M(a1+a2+a4)(z+1)—a3(z+1)—2a1

< 5;%Ma27a37a4la2(cha1+a4(l+l)a72)n'
Then, by the assumption a > ¢ we have

N(B2)
(580) M~ (a1+az2+aq)l+asl Z alyg, mZ|Tl n) Tl (n)(ﬂ2)|

m=2

_1 _1
< Cﬁl 2M72a1+a27a3+2a4+a4la72 < Cﬁl 2M7a1+a2+a4‘

By coupling (5.80) with (5.79) and using the condition M1 ~%27% > ¢
we reach the inequality (5.74). O
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6. The Matsubara Ultra-Violet Integration

The results summarized in Subsection 5.1 and Subsection 5.2 have prac-
tical applications in the multi-scale integration over the Matsubara fre-
quency, which we are going to present in this section. The purpose of
the Matsubara UV integration in this paper is to find analytic continu-
ations of the Grassmann polynomials R* (1)), R™(¢), which were defined
in Lemma 2.8, into a (3, L, h)-independent domain of the multi-variables
(U1,Us, -+ ,Up) around the origin. This will enable us to consider (R™ () +
R™(1)))/2 as appropriate initial data for the forthcoming infrared integra-
tion. What we need to achieve our purpose is to show that the covariances
used in the definition of R*(¢)), R~ () can be decomposed into a sum of
covariances satisfying the conditions required in Proposition 5.2 and Propo-
sition 5.4. Then we can prove the existence of desired analytic continua-
tions of R*(¢), R~ (¢) by applying these propositions. The construction
of this section is based on the assumption that the matrix-valued function
E : R? — Mat(b,C) satisfies E € C°°(R%; Mat(b,C)), the properties (2.1),

(2.2) and
(%)n E ( éprw)

(6.1) sup sup
je{1727'“ 7d} (P17p27'“ 7pd)€Rd

(Vn € NU{0})

< El : Egn‘a
bxb

with constants Ey, Fo € Rx>g.

In order to shorten formulas, from this section we let the symbol
c(ag,ag, -+ ,a,) denote a real positive constant depending only on pa-
rameters o, g, - ,q,. For example, ¢(3,L) denotes a positive constant
depending only on 3, L.

6.1. The covariance matrices with the Matsubara ultra-violet
cut-off

First we have to specifically define a cut-off function on the Matsubara
frequency. Motivated by [18, Appendix A}, we construct the cut-off function
from a suitable Gevrey-class function.
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LEMMA 6.1. There exists a function ¢ € C*®°(R) satisfying the follow-
ing properties.

(b(x) =1, (VJ} € (_0077T2/6])7
¢($) =0, (V:L‘ € [71-2/3700))7
o) <0, (Ve em),
and
(6.2) |<%>k o(x)| < 2F(K)?, (Vo € R,k € NU{0}).

PROOF. Let us take the sequence (a;)32 in [11, Theorem 1.3.5] to be
((F+ 1)_2)]9‘;0. Since > 2 a; = 72 /6, the theorem reads that there exists
a function u € C§°(R) satisfying

u(;];) >0, (VIE S R)a
=0, (Vo € R\[0,7%/6]),

(£) o

<28((k+1)))? (Vz €R,k € NU{0}),

Set

One can check that the function ¢ satisfies the claimed properties. [
Take M € R+, and set

21/6
Myy = T(El +1),

log (2h (%)M}
Nh::max{log( (6) UV)

log M

+171}7
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where the symbol [z] denotes the largest integer less than or equal to x for
any ¢ € R. We see that

1
W 2\ 2
h’l — elﬁ’ <2h < (%) MUvMNh, (Vw S R)

Thus,
G(MG2M2ep2|1 — 'i|?) = 1, (Vw € R),

where ¢(-) is the function introduced in Lemma 6.1.
For any w € R set

Xno(w) = ¢(MGERL — e'h|?),
Xna(w) = d(MGEMh2|1 — €5 |?) — ¢(Mya M 2DR2|1 — e'h|?),
(le{L,2,--- ,Np}).

Then, we have that

(6.3) Xn,o(w) + Z X1 (w (Vw € R).

The values of xp,0(-), Xn,(-) are described as follows.

=1 lfhll—eh’<—MUv,
(6.4) tho(w) € [0, 1], if \/—MUV < h‘l —e h‘ < \/gMUVy

=0, 1f%MUV§h\1—e h‘,

=0 if 1 —e'n| < ZeMyy M,
xni(w) < €1[0,1], if \/lgMUVMl_l < Rl —é'h| < %MUVMI,
=0, if \%MUVMZ < h|1 — '),

(WMl e{1,2,--- ,Np},w € R).

Using these cut-off functions, we define the covariances Cl+ , O Ig — C
(l=0,1,---,Np) as follows. For any (p,x,0,), (n,y,7,y) € o,

(6.5) C’+ (pxax nyTy)

= O'T Z Z e~ (x—y,k )th,l(W)h_l

kel™* weM,,




RG Analysis of Many-FElectron Systems 149

(I = e IR0 T ),
Cy (pxom,nyTy)
— ZULZ ST ey, )ht
kel'™* weMy,
(R0 — 1) (o).
We also define the covariances C;O, Ct,, C2, by (2.22), (2.23), (2.25) re-

spectively by employing x3.0(-) in place of x(h|l — e*/"|). Tt follows from
(6.3) that

Ny, Ny, Ny,
CLh=> G C5=> C, C=) Cf.
=1 =1 =0

We show in the next lemma that the covariances C’;r , O B—-C(=
1,2,---, Np) satisfy the bound properties required in Subsection 5.1. For

this purpose let us introduce finite-difference operators. For any function
f:RxR%— C, set

Dof(w, k) = o <f <w + %ﬂk) - f(w,k)> ,

Djf(w,k) = % <f <w,k+ Z%Vj) - f(w,k)) ,
(Vj e {1,2, - ,d}, (w, k) € R x RY).

LEMMA 6.2. Assume that h > e*(1. Then, there exist constants co,
¢y € R>1, which depend only on b, d, Myy, M, Es, and a constant ¢, €
(0,1] independent of any parameter such that the covariances C;r, C; (I=
1,2,--+, Np) satisfy (5.3), (5.4) with ¢y, Ny = Ny, the weight

w(0) = cp(d + 1) 2 min{ My, (Ey + 1)1} M 2
and the exponent r = 1/2, and (5.5) with ¢, Ny = Np,.

Proor. We prove the claims on CfL . The boundedness of C;” can be
proved in the same way. Since (2/7)|w| < h|1 — /"] < |w| for any w € R
with |w| < 7h, the conditions xp(w) # 0 and |w| < wh implies that

(6.6) cMyy MY < |w| < eMyy M, (V1 € {1,2,--- | N, }).
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Therefore,
1

(6.7) 5

l
Y Lo < cMyv M,
wEMy,

wh
/ dW1xh,l(w)7éO < CMUVMla (Vl S {1727 T 7Nh})'

—T

(Proof for (5.3)): Note that

(6.8)  hTH(I, — e TR REG)
= h7 (1 — e )T (L — e — 1) h(enP® - 1))

If h > e, Hh(e%m — Iy)|lbxp < E1 + 1. Thus, we can see from the
definition of My and (6.4) that

y 6
(6.9) (A7 — 1) h(en I — 1)|[p < %MUéM"WEl +1)
— EM_H—l
2 9y
(Vw € R with xp(w) # 0,k € RY).
It follows from (6.4), (6.8) and (6.9) that
(6.10) 1A= (T, — e AR B0 =L)< oMy ML

(Vw € R with xp(w) # 0,k € RY).
Recall the definition of the Hilbert space H introduced in the proof of
Lemma 2.4. For any (p,x,0,x) € Iy we define f/l)xw, géxm € H by

fl (77’ k’ ™ w) = 6P,7760,T€i<x’k>€_ixw>(h,l(O)) %7

pPXOT
Iroa (1K, Ty w) 1= 85009y () TR (T — eI RDFREID) 1 (),

Then, C;'(X,Y) = (fk.,¢4)5, (VX,Y € Iy). Moreover, by (6.7) and (6.10),

|~

(611) Hf;l)xax”H < C(MUV)M )

1
||g£7xaxHH < (W Z Z Xh,l(w)

kel™* weM,,
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o

- 3
AT~ e_i%1b+%E(k))_lHl%><b>

o(Myy, MYM™2, (¥(p,x,0,2) € Ip).

For any r € N let C" ® ‘H denote the tensor product of the Hilbert spaces
C", 'H. Since

(P, ) C (X,Y) = (p® fk,a® g )cran: (VP,a€C, XY € I),
Gram’s inequality in the Hilbert space C" ® H and (6.11) ensure that
| det((pi, ) O (Xi, V) hi<ijenl < [ IPi @ i, lcremllas © gy lloren
i=1

n
l l
< H Ifx, lllgy: |ln < e(Myy, M)",
=1
(V’I“,TL S N7pi7qi S C" with sz”(cra quH(CT S 17
Xi,Y; c I() (Z = 1,2,--~ ,n))

(Proof for (5.4)): By the assumption h > €21,

w2\ — -1
N, = log (2h (%) "> Mgy) 41
log M ’
Thus,
(6.12) Myy MMt < ch.

Using (6.12) and the inequality E;/h < 1, we can check that

(6.13) H ( > — e iR I B
bxb

< ch'™" < Myy M eMy b MPTh !, (Vo € N).

We can apply Lemma C.3 (1) proved in Appendix C together with (6.1)
and the assumption h > e2£1 to derive that for any j € {1,2,---,d},

(6.14) H (;) BT — e 5B )
Pj

bxb
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)| ) e ()

1 m—1 1 . -

m

IA

bxb

¢ £

IN

3
I

—

Taking into account (6.10), (6.13), we can substitute s = chjxl/-M_H'l,
qg= Myy M1 r = chj‘l/M*lH, t = 1 into the inequality in Lemma C.3
(2) to obtain

(6.15) H (8%) NI, — e il 3 B (k))
< My LM (eMpE M),
(Vn € NU{0},w € R with xp,;(w) # 0,k € RY).

bxb

Here we also used (6.10) to claim (6.15) for n = 0. By (6.10), (6.14) we can
apply Lemma C.3 (2) with s = cMﬁ‘l,M*lH, q=2FE1+1,r=2F, t=1
to deduce that

n -
(6.16) H (i) Bl(1, — e~ It R B iy prvi)) 1
Op; )

< CM53M721+2(E1 +1)(1+c(Er + 1)M(j‘1,M*lH)*1
(cEy(1+ ¢( By + 1) ML M)

< CM&%/M_I—H(CEQ)"TL!’

(VneN,je{1,2, - ,d},we R with y,,(w) #0,
(192, pa) €RY),

where we used the inequality Myy > Fq + 1 as well.

For any w € R let pp(w) denote a number belonging to [—mh,7h) and
satisfying w = pp(w) in R/27whZ. By using (6.6) we have for any n € N and
w € R with xp(w) # 0 that

(6.17) '(%)n(M M72U=DR2| — i )?)

< CM§3M72(171)0n+1|ph(w)]27”n! < eM?(eMyy Ml
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By (6.2), (6.17) we can substitute qi = cM?, ry = eMy, M1+,

ro = 2, t = 2 into the result of Lemma C.1 to derive that

(6.18) ‘ (%)nXh,z(w)

<cM?*(1+ cMz)fl(cM[;‘lfoHl(l + cM?))"(n!)?
< c(eMyE M3 ()2, (Yn € NU{0},w € R).

By the periodicity with the variable w,

(6.19) (%) (e’i%ﬂ(m’y)—1)”Cl+(-xaa:,-y7y)

:UTZ Ze (x=y:k) gi(z—y)w

kel'™* weMy,

- Dy (Xhl(W)h_l(Ib—e—“’fbm Bk~ S

o o (T

kel* weMy,

‘ h, I — 71%Ib+ﬁE(k) - ‘ .
(Xna(Mh ™ (I, — e )7 =t S " wy

Note that by (6.15), (6.18),

o ()
0
¢

- w 17\
Xhl Ib . ef’LEIlﬁ*EE(k))fl

)

> B! (I _e—i%fb-h%m)—l

bxb

n
Z > CMUVM l+3) (]')
7=0
eMpp M (e ML MY (n — )
< CMU—‘I/M—H—I (CME&M_H_?’)H(TL!)Z,

(Vn € NU{0},w € R, k € R%).

v
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Q2:17
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By combining (6.7), (6.20) with (6.19) we obtain that

(6.21) H (;) (e TV et (xow, yry)
™ bxb

< eM(eMygE M3 ()2, (vn € NU{0}).

This implies that

- -3 B |.i(2m z—
(6.22) ||} (-xow, yTy)|loxp < eMe (7 Moy M2 grletCn/REm a2

(V(x,0,2), (y,7,y) € I x {1, 1} x [0, 8)n).

By the periodic condition (2.2) we similarly have for any j € {1,2,---, d}
that

L\", .=
(ﬁ) (¢ E V) —1)"Cf (%0, yTy)

SO e (W) DY (W (T — e R

n L 27 /L o \"
oy k) i)y, (4 )H <2ﬂ/0 d%) <%>
J

kGF* weEMy, r=1
(WYL — e %Ib+%E(k+ijj))—1)

keF* wEeEMy,

Pi=X 1 ar

Insertion of (6.7), (6.16) yields

L\"  .on
H (%> (VYY) )G (xow, yry)

< cM(cE2)"n!, (Vn e NU{0}),

bxb

where we also used (6.21) to claim this equality for n = 0. This leads to

(623) O (xow,-yy)loxs < cMe%c-l(Ele%\e’“”““"‘”“”*”w,
V(x,0,2),(y,7,y) € T x {1,1} x[0,8)n,7 € {1,2,---,d}).

One can derive from (6.22), (6.23) that

||Cl+('XO'x, 'yTy)”bxb < CMe*(C_l(d+1)_2MUVMl_3%|ei(2“/5)(z—y),1|)1/2
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] eiZ;lzl(cfl(d+l)72(E2+1)—1#|€i(27\'/L)<x—y¢Vj)71D1/2

(V(x,0,2), (y,7,y) € I x {1, 1} x [0, B)n).

9

Here we may assume that ¢ > 1 by taking a larger number if necessary. Set

w(0) := co(d + 1) 2 min{ Myy, (Ey + 1) 1} M2,
with the constant ¢ € R>; appearing in the above inequality. Then, we have

(6.24) |G (pxoz, nyTy)]
< C(M)e_g(W(D)lel%|6L(2‘n/ﬁ)(mfy)_1|)l/2

BT o (w(0) g | BT BTy /2

Y

(V(p,x, O',%), (777)’77—7 y) € IO)-

With this weight w(0) and the exponent r = 1/2 we define the norm
Il - llo,0 and the semi-norm || - ||o,1 by (3.3). We can check that

G oo < e(M) sup 3 37 e (VOM LN oy (0 (X1
Xel vel

< o(M,b,d, w(0))M ™,
- 1
1C log < (M)  sup  sup 7 Z d;(X,Y)
1€{0,1,--- ,d} Xel vel

e (WOM (X Y)V2 | =3 S (w(0)d;(X,Y))1/?

< (M, b,d,w(0)M~".

These upper bounds can be derived even if we define ¢, as (1/4)c™! so that
the right-hand side of (6.24) contains the factor 2 in place of 3. However,
we choose to define ¢,, as (1/9)c™! in order that (6.24) can be used in the
next lemma, too.

(Proof for (5.5)): It follows from (6.8) that for any w € R with x5 (w) #
0’

h*I(Ib . 67i%1b+%m)71
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= h7H (1 —e7t) 7,

+h7 1 =) Z (hil(eif - 1)*1h(e%E(k) — L))"

n=1

By substituting this equality we obtain
C+(-000 -000)

2ﬁh > xnailw Ib‘f‘ﬁLd > xniw@h (1 —eii)

weEMy, kel weM,,

S (b 1) (R - )

n=1

Moreover, by (6.4), (6.7), (6.9) and (6.12),

IC;(-000,-000)[[pxp < c(M)M'™N +c(M) Y ( Hl)

n=1

< c(M)(MTN 4+ M7,
which implies (5.5) with Ny = N,. O

Next let us find upper bounds on the differences between the covari-
ances defined at 2 different temperatures. These bounds were required in
Subsection 5.2.

LEMMA 6.3. Assume that (4.2) holds and h > e*1. Let w(0) be the
weight introduced in Lemma 6.2. Then, there exist constants cg, ¢ € R>1,
which depend only on b, d, My, M, Es, such that the covariances C’f(ﬁa),
C; (Ba) (I =1,2,---,Ny,a =1,2) satisfy (5.31), (5.32) with co, Ny = Np,
the weight w(0) and the exponent r = 1/2, and (5.33) with ¢, Ny = Np,.

PrOOF. We give the proof for Cf . The claims for € can be proved
in the same way. For any (p,x,0,2), (n,y,7,y) € Iy, a € {1,2}, set

Cont,|(Ba) (pxox, nyTy)

607’ zx 1(r—
= ()W) Z/ dwe” Y Gy (00)
ker*v 7
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(I — TR RER) 1 (),

Since ng, (z) = ng,(z) (Vz € [=B1/4,81/4)n), Conti(B1) = Cont1(B2). Note
that for any a € {1, 2},

Cont.1(Ba) (%02, y7Yy) = CF (Ba) (%075, (2), y775, (1))

(1)@ @) S0 SN ity
2n L4
kel
Bah _
2 %—Z(m-&-l)—l—ﬂa w
. Z dw/ du
27 ™ 2w ™
m=0 Ba ™1 Bq Ba ™" Ba
— M. w
+ dw du
27 s 27 ™

B
u

1 ng, (x)+ng, (y) Yo7 (x—y,k)
+(=1) 27rL zl“:

= Th+ 2 —mh
( Badw—/ 'Badw—/ dw)
f% wh fwhf%
. ei(x_y)th,l(w)h_l(Ib . e—i%Ib-&-%E(k))—l
On the assumption h > e*£1 we can apply (6.7), (6.20) to deduce that

(6.25) [} (B1)(xarp, (2), y7ra, (y) — CF (B2) (xorp, (), y773, (1)) ot

(8
2
<3 [ Conta(Ba) (o, -yry) — CF (Ba) (075, (2), 775, () o

Th+ 3 -
Z(/ Bdw—i—/ﬁa dw)
T —Wh—%

e—i%lzﬁ%m)—l”bxb

b><b>

v = ylxniw)llh™ (T

= (xna(w)h NI, — el n B0 -1
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2 1 ( 7T 7rh+ﬁla —7h )
+ E dw + / dw + / dw
o-7d
Rl h —mh—g,

Xn (W) [IR (1 — _’”“ B09) =y
c(Myv, M)Br (Jo —y| + M),

On the other hand, the inequalities (4.7), (6.24) imply that

(6.26) |G} (B1)(pxorg, (x),myTr, () — CFF (B2) (pxory (x), myTr, ()]
< o(M)e 3 OM ™ La—gDV2 =3 L (w(0) g2 e/ DO it/

By combining (6.26) with (6.25) we have

(6:27) |G (B1) (pxors, (), ny T, (4)) = CiF (Ba) (pxom, (@), ny 775, (9)]
< o(Myv, M)B; > M ™2 (M'|z — y| + 1)

e BV OMIT Lla—y) V23X G (w(O) gl T a1/

(V(p, X, 0, (L‘), (77’ y, 7, y) S jﬂ)

The inequalities (5.32), (5.33) follow from (6.27).

To prove (5.31), take any X;, Y; € Iy and p;, q; € C satisfying lpillcrs
laillce <1 (i = 1,2,---,n). Expanding the determinant along the 1st
column and using (6.27), we observe that

| det((pi, aj) ¢ (G (B1) (R, (X3, Y5)) — CF (B2) (R, (X5, Y5))) 1<
C(MUv,M)ﬂl_% Z
s=1

- | det((pi, qj)cr (Cf (B1) (Rp, (X3, Y5)) — CF (B2) (R, (X, j))))iii’ji?"

Then, expanding the remaining determinant as in (2.29) and substituting
the determinant bound (5.3) yield the result. OJ

6.2. Application of the generalized ultra-violet integration

Since we have checked that the covariances C’f (Il =1,2,--+ ,Np,6 =
+, —) satisfy the desired bound properties, we can readily apply the propo-
sitions proved in Subsection 5.1 and Subsection 5.2 to complete the Mat-
subara UV integration. With V() (€ A V) (§ = +, —) defined in (2.30),
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set

PO () = =V (9),
T3NwM) () := 0, (Vn € Nxg), T¥Ne (1) := 0,
TN () i= FONn () + TN (), (96 € {+,—}).
Then, we inductively define F%! (1)), T (1)) (n € Nso), T (1), JO(2)

e ANV (1l €{0,1,--- N, —1}) by (5.7) with the covariances {C’l‘s}l]\[:"1 for
6 = +, — respectively.

PROPOSITION 6.4. Let the weight w(0) be the same as in Lemma 6.2,
Lemma 6.8 and the exponent r be 1/2. Assume that h > ¢*F1. Then, there
exist constants co, ¢, € R>1, which depend only on'b, d, Myy, M, Es, and a

constant ¢ € Rsq independent of any parameter such that if the parameters
M, e Ry, U, € C (p € B) satisfy

1

6.28 M >, a® > eM, swp|Up| < — 5
( ) Zc, a” =2c¢ 7Sug| p|_c(00+06)2014’

pE
the following statements hold true.

(1) For any 6 € {+,—}, r€{0,1} and 1 € {0,1,--- , Ny},
h 601 L = (b (n) 4
N [Fo" |+ Z Ty ) <a7,

n=2
coa? (HFQ‘S’Z

o0
8,1
0+ Y IITY "”no,r) <1,
n=2
N m . e’
M2 g Mama™ (Hst 0r+ Y HT%(MW) <1
m=2

n=2

(2) For any 6 € {+,—}, r € {0,1} and I € {0,1,---, Ny}, JOU () is
continuous with (Uy,Us,--- ,Up) in

{(U1, Uz, -+ ,Up) € C" | |U| < (clco + cp)*a®) ™", (Vp € B)}
and analytic with (Uy,Us,--- ,Up) in

{(U1, Uz, . Up) € C* | U] < (eleo +cp)’a’) ™, (Yp € B}
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(3) There exists a (3, L)-dependent, h-independent constant ¢’ € Rsq such
that if the inequality sup,cp |Uy| < ¢ additionally holds,

V()
Re/e d,ucgo(w) >0

and
_ystutwt)
T(¢) = log </e e ducgo(w1>>
for any 6 € {+,—}.
(4) Assume that (4.2) holds. For any 6 € {+,—}, r € {0,1} and | €

{0717"' 7Nh};
TR B~ ()
N( ﬁl N
n h n -1
,l,( (/81) _ WT(()”’( )(,62)’ < Bl 24 47

1

a2(|F§fl< 1) — F2(6a) |o+Z|T2” >—T§”’<”><62>|o) < B2,

n=2
N(B2)

m 1
M7 3 of Mima (lF&lwl) ~ E(B)lo
m=2

-1
+Z\T‘“’<"> =T (B ) <h

REMARK 6.5. It will be shown in the proof below that the constant cg
in Proposition 6.4 is equal to the maximum of ¢y appearing in Lemma 6.2
and Lemma 6.3. Since these lemmas hold for any larger constant and the
generic constant ¢ is independent of ¢y, we have the freedom to replace cqg
in Proposition 6.4 by any larger constant without changing the constant c.
Such a replacement will be necessary when we connect the UV integration
to the IR integration in Subsection 7.4.

REMARK 6.6. The definition of J%! () (I = 0,1,---,N},) depends on
the parameter M. This means that we have to fix M before introducing
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these polynomials. However, the definition of these polynomials does not
depend on the parameter a. For J%(¢) (I = 0,1,---, Np) the results of
Proposition 6.4 hold for any a € R>; satisfying (6.28). Bearing this fact in
mind, we will use the results of (1), (2) for a large, (3, L, h)-dependent « to
prove the claim (3) during the proof of the proposition below.

PROOF OF PROPOSITION 6.4. Let ¢g, ¢j(€ R>1) be the maximum of
co, ¢{ appearing in Lemma 6.2 and Lemma 6.3 respectively. Then, there
exists a constant ¢ € R independent of any parameter such that if (6.28)
holds with ¢, the results of Proposition 5.2, Proposition 5.4 hold true. In
the following we assume (6.28) with this c.

(1), (4): We can apply Proposition 5.2, Proposition 5.4 to justify (1),
(4) respectively.

(2): Fix 6 € {4+, —}. Set

D :={(U1,Us, - ,Up) € C* | |U,| < (c(co + ch)*a™)™", (Vp € B)}.

Apparently JMr (1)) is continuous in D and analytic in D. Assume that
1 €{0,1,--- , N, — 1} and J%*+1(¢)) is continuous in D and analytic in D.
Then, so are F&(¢)), T4 () (n € Nsg), since these consist of finite sums
and products of J*+1(3). The claim (1) implies that 3%, T%4(™) (1)) con-
verges uniformly with respect to (Uy,Us,---,U,) in D. Therefore, T%(¢))
is continuous in D and analytic in D, and thus so is J%!(¢)). The induction
with respect to [ verifies the claim.

(3): Fix 6 € {4, —}. First let us note that by definition there exists a
(8, L, h)-dependent constant ¢ € R~ such that if sup,c5|U,| < ¢,

(629)  Re / eV Wdpg vy, o) >0, (VLE{0,1,-++ Ny —1}).

j=1+1 Y

It follows from (1) that

N
(6.30) 170! < Eoﬁ‘l

ngil’ 0.0 < CE%M—%m—I—Qla—m’
(V1e€{0,1,--- ,Np},me {2,3,--- ,N}).

This implies that there exists a (3, L, h)-dependent constant ¢ € R such
that if o > &,
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(Vi € {0,1,--- , N — 1}, 2z € C with |z] < 2).

Thus, the Grassmann polynomials

log (/ ezJ6,1+1(¢+¢ )dﬂcﬁ (¢1)> (1=0,1,--- ,N, —1)

I+1

are analytic with z in {z € C | |2| < 2} if
1
(6.31) sup]U | <

peB c(co + )2t

Therefore, if (6.31) holds,

(6.32) log < / e gy (wl))

1+1

1 d\" L T+
=3 () s (e ey 00)
n=

= PP (p)+ 3 T (@)

z=0

= Jé’l(w)a (Vl € {07 ]-7 e 7Nh - 1})
Let us show that
_ )
(6.33) TP (1) = log ( / VO g, (w1>> ,
j=l+1 J
(\V/l € {0717 7Nh_ 1})

on the assumption

1
6.34 U, < —_ .
. o) < min e o
The equality (6.33) for [ = Nj, — 1 holds, since it is equivalent to (6.32) for
[ = N — 1. Assume that (6.33) holds for [ + 1. By the condition (6.29) we
can apply [14, Lemma C.2] to justify the equality

5,1+1 s
0 = [ D L)

j=l+2j
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Moreover, by (6.32) and [5, Proposition 1.21],

Jé’l(’l/}) — IOg </ 6J6’l+1(w+wl)d,uc§ (wl))

+1

~ log < [ [V e g v, gy (w1>)

j=t+2 "% s

1
— 1o e_vé(ww )d 1 .

Thus, the induction concludes that the equality (6.33) holds for all [ €
{0,1,--- ,Nj — 1} on the assumption (6.34).

By Lemma 2.5 (1) there exists a (3, L)-dependent, h-independent con-
stant ¢’ € R~ such that if sup ¢ |U,| < ¢/,

Re/evé(w)ducio(w) > 0,

and thus the Grassmann polynomial

log < / €V6(w+w1)d:ucio(q/)l)>

is analytic with (Uy,Us, -+ ,Up) in {(Uy,Us,---,Up) € C° | |U,| < ¢,
(Vp € B)}. On the other hand, by the claim (2) for | = 0 and taking
the h-independent constant ¢’ smaller if necessary we see that J%0(v) is
analytic in {(U1,Us,---,Up) € C° | |U,| < ¢, (Vp € B)}. Therefore, the
identity theorem ensures that the equality (6.33) for [ = 0 holds for any
(U1, Us, - -+, Up) € CP satisfying |U,| < ¢ (Vp € B). O

7. The Infrared Integration of the Model

Here we start the infrared analysis of the free energy density defined
in Subsection 1.2. As we saw in Remark 1.5, the free energy density is
independent of how to choose the argument 6 (-,-) : Z2 x Z? — R satisfying
(1.1) and (1.2). Therefore, let us focus on the model Hamiltonian with
the argument 67, simply defined by (1.4). The periodic properties of the
hopping amplitude and the magnitude of the on-site coupling enable us to
redefine the free energy density as that governed by a 4-band Hamiltonian,
whose hopping amplitude and coupling constants are no longer dependent
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on the position vector but on the band index. This 4-band many-electron
system can be analyzed by means of the general estimations constructed so
far. The essential ingredient of the IR integration process considered in this
section is an extension of Giuliani-Mastropietro’s RG method designed for
the 2-band Hamiltonian ([9]). As in Giuliani-Mastropietro’s RG we make
use of the symmetries of Grassmann polynomials to show that covariances
for the IR integration have good bound properties. Then, applying the
framework developed in Subsection 5.3 and Subsection 5.4, we will move on
to the proof of Theorem 1.1.

7.1. The four-band formulation

Let us set up a 4-band Hamiltonian whose free energy density is equal
to that considered in Theorem 1.1. From now we assume that d = 2,
u; = vy =e(=(1,0)), ug = vo = ez(= (0,1)) so that

2
I'= ije]’mje{0717aL_l}(j:172) )
7j=1

2
N 27 .
" = fJE_l:mjej‘mjé{o,l,---,L—l}(leﬂ)

Since we are going to define a 4-band model, we assume that b = 4 and
B = {1,2,3,4}. The crystal lattice in a box is identified with B x I". In
the case L = 2, the lattice B x I' can be pictured as in Figure 3. For any
x € I" we assume that the site (2, x) is right to the site (1,x), the site (3,x)
is above (1,x), and the site (4, x) is right to the site (3,x), as described in

Figure 4.
With the parameters ty e, tho, toe, tv,o € Rso we define E(-) : R2 —
Mat(4,C) by

(7.1) E(k)
0 the(l+ e_ikl) tye(l+ e_””) 0
| the(1+e) 0 0 —ty.0(1 4 e72)
toe(1+ eth2) 0 0 tho(l +e )
0 —tyo(l+ e““?) tho(l+ eikl) 0

We can see that E(-) satisfies (2.1) and (2.2). With this E(-) we define the
free Hamiltonian Hy by (2.3). For notational convenience, set Uj := Ueg,



RG Analysis of Many-FElectron Systems 165

< * < *
(] o [ e}
< * < *
[ ] o [ [¢]

Fig. 3. The lattice BxT for L = 2, where the symbol “e” denotes the sites of {1} x I, the
symbol “o” denotes the sites of {2} x I', the symbol “” denotes the sites of {3} x I,
the symbol “x” denotes the sites of {4} x T.

B,x) (4%
(1,x)  (2,%)

Fig. 4. The arrangement of 4 sites (1, x), (2, x), (3, %), (4, x).

Us := Uppe, Ug 1= Uep, Uy := U,, with the parameters Ucc, Use, Uepo,
Us,o € R introduced in Subsection 1.2. We define the interacting part V' of
the Hamiltonian by (2.4). Then, we define the Hamiltonian H : Fy(L?*(B x
Do {15 43) = FR(L2(Bx T x {1,1})) by H := Ho + V.

LEMMA 7.1.  The quantity

1
eI log(Tre iy

derived from this Hamiltonian by the trace operation over Fy(L*(B x T x
{1,1})) is equal to the free energy density

5(21L) log(Tre="M)
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considered in Theorem 1.1.

ProoOF. For p € B set

0, ifp=1,
L el, if P = 2,
(72) e(p) T e, if p= 3’

e; +e, if p=4.

Then, define the linear map G : Ff(L*(B x ' x {1,1})) — Ff(L*('(2L) x
{1,1})) by

GQ = QZL,

G(¢;1x101 ¢:2x202 T w;nxna’ng)

= wSXﬁe(m)m w;X2+e(P2)U2 o .¢;Xn+e(pn)0n Qor,
(v(pjvxjao-j) eBxT x {Tal} (J = 1727" : 7n))7

and by linearity. We can check that the map G is unitary. By definition,

(73) HO = Z (th,ewixa(wlxa + 77b27x—ela)
(x,0)€l'x{T,|}

+ tv,ewixo (w?ﬁ,xa + w3,x—e20)
- tv,o?ﬁg,xa (¢4,XU + ¢4,x—e20)
+ thﬂd)g,xa (¢4,xa’ + 77Z14L,x7e10')) + h-C,

where the notation ‘h.c’ means that the adjoint operator of the operator in
front is placed. Note that

GHyG*
= Z (th,e¢§xa(¢2x+ela + 7!)2x—e1a) + tv,e¢;xa (¢2X+920' + 7/)2x—ega)
(x,0)el'x{T1,1}

- tv,o¢§x+elo(w2x+e1+eza + ¢2x+e1 —ezo>
+ th,0¢§x+e2g(w2x+el+620 + 77Z)2x7e1+e2z7)) +h.c
= H0>

where Hy is the operator defined in (1.3) with the phase 67, defined in (1.4).
Similarly we can confirm that GVG* = V, which was defined in (1.5).
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Thus, we have that Tre ## = Tr e AGHC" = Tr ¢=AH with the Hamiltonian
H containing the phase (1.4). Then, the claim follows from Remark 1.5. O

Lemma 7.1 tells us that it suffices to prove the same statements as in

Theorem 1.1 for 1

BL?
with the Hamiltonian H defined above. Moreover, we will later confirm

that the claims of Theorem 1.1 follow from the theorem proved under the
assumption

log(Tre )

(74) max{th,ea th,o; tv,ea tv,o} =1.
Thus, from now we assume (7.4) unless otherwise stated.

7.2. The cut-off function for the infrared integration

Here we define a cut-off function whose support covers the zero set of the
free dispersion relation. In order to choose such a cut-off function correctly,
let us study properties of E first.

LEMMA 7.2.  The following inequalities hold.

<4, (Vk € R, n e NU{0},j € {1,2}).

N

| (iwly — E(k)) ™Y axa < (w2 + fe (14 cos kj)> , (V(w, k) €R?),

j=1

where fy is the quantity defined in (1.6).

PROOF. For any k € R?, p,q € {1, -1} set

=

(75)  Xpg(k) = p (AK) + ¢/ AMP 4Bk
A(k) := (t%,e + ti’o)(l + cos ki) + (tae + t?],o)<1 + cos k2),
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B(k) :=thetho(l + coskr) + ty ety o(1 + cosky).

A calculation shows that the eigen values of E(k) are X,,(k) (p,q €
{1,—1}). One can also check that the eigen values of (9/0k1)"E (k) are
the, —the, tho, —tho and the eigen values of (0/0k2)"E(k) are ty e, —tye,
ty.0, —tv,o for any n € N.

(1): Using the assumption (7.4), we have that

1206 s < max | X000 < V2JAQ[E <4
o \" .
H(%) B)| <1 (e{L2neN)

(2): Set

t t t t
s ‘= max { h,o + h,e : v,0 + v,e } ‘
th,e th,o tv,e tv,o

Since A(k) < sB(k), for any p,q € {1,—1},

(SIS

[Xpg()| = |AK) — VAK)? — 4B (k)

> ‘sB(k) — /s*B(k)? — 4B(k)?

2 2
= (S —Vs?— 4)%(min{th,eth,0a tv,etv,o})% (Z(l + cos k])) :

j=1
Since
. h,o the tvo tve}
s— 4 > min == = =5
o { h,e th,o tv,e tv,o
1
2 2
1
[Xpq(R)| = f& [ D (1+cosky) | , (¥p,q € {1,-1}).
j=1
Thus,
liwls = ) axa € max i — X, (k)|
p,qe{l,—1}
_1
2 2
< | w?+ fi Z(l + cos kj) .0

j=1
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Lemma 7.2 (1) implies that the inequality (6.1) holds with E; = 4,
FEo = 1. In this section we will apply the results of Section 6 for E; = 4,
Ey = 1. It follows that

10v/6
T

Myy =

and the weight w(0) originally set in Lemma 6.2 satisfies

(7.6) w(0) = %M‘Q.

In order to adjust the support of cut-off functions for the IR integration,
from now we assume that

M > V2.
Let us set )
N 3
Mip = — <§M5V + 4)
and 1
log (5(J5Mir) )
. BAV3
Ng =
3 := min log M ;0
Since (m/V3)MrM™Ne < /8,
2
(7.7) ¢ | Mg Mo [ + fo > (14cosk;) | | =0,
j=1

(V(w, k) € R® with |w| > 7/8),

where ¢ is the smooth function introduced in Lemma 6.1. We define the
functions y; : R¥ - R (I € {0,—1,---, Ng}) by

Xl(w7k)
2
= ¢(MJ\2/W2) ¢ MI_RQM_Q(HU w? + f Z(l + cos kj)
7j=1
2
—¢ | MiEM 2 | WP+ £ > (1 + cosk;) . ((w,k) € R%).

=1
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If ¢(M, va )# 0,

2 2 2
e 7T
W+ fi > (14 cosk;) < gM?JV +4f < ?Mg,v + 4,
j=1
and thus
2
(7.8) ¢ | MipM 2 | W+ fe ) (1+cosky) | | =1,
j=1

(Vw € R with ¢(M2w?) # 0,k € R?).
It follows from (7.7) (7.8) that

(7.9) ZXI w, k) Mj2w?), (Vw e M,k € R?).

The value of y; (w, k) is described as follows.

1
—0, i <w2 + fe 32 (1 + cos /cj)) :

< %MIRMly

€[0,1], if —MpM < <w2 + fi 2§:1(1+cosk;j)>

V6
< %MIRMZ—H’

=0, if (uﬂ + fi 23:1(1 + cos k]))

> %MIRMH_la

(\V/l € {07 _17 T aNﬁ}v (UJ, k) € Rg)
Since M > /2, (7/V/3)MpM'~! < (7 /v/6)M;gM!. This inequality implies
that
(7.11)  {(w.k) € R | xi(w, k) # 0} N {(w,k) € R? | x;(w, k) # 0} =0,
We use y; : R¥ - R (I =0,—1,---, Ng) as the cut-off functions in the IR
integration. For any [ € {0,—1,---, Ng} set

=

(7.10) xi(w, k)

D=

x<i(w, k) : ijwk
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2
X<i(w k) == p(Mppw?)e | Mg M2 [0 4+ £ (14 cosky) | |
j=1
(V(w, k) € R?).

Note that supp x;(-) C supp x<i(-) C supp x<i(-). Concerning the support
of these cut-off functions, we will frequently use the following lemma.

LEMMA 7.3. Letl € {0,1,---,Ng}. If (w,k) € R x [0,27]? satisfies
x<i(w, k) # 0, then,

71_2

_1
MpM™, |k — 7| < _6ft MipM™ (5 =1,2).

™

V3

wl <

Proor. If y<(w,k) #0,

N

2

w? + fi Z(l +coskj) | <
j=1

s

V3

MIRMH_l-

Then, by using the inequality v/1 — cos@ > (v/2/7)|0| (V6 € [—, 71]) we can
derive the claimed inequalities. [J

In order to indicate the dependency on 3, we will sometimes write x<;(3)
instead of x<;. By (7.7) we see that

(7'12) Xﬁl(ﬁ)(‘d7k) = )A(Sl(w7k)v
x<i1(B1)(w, k) = x<i(B2)(w, k),
(V(w, k) € R? with |w| > 7/B1,1 € {0,-1,--- ,Ng,}),

if B1 < Ba.
We define the weights w(l) (I € Z<o) by

w(l) := W(O)Ml, (Vl € Z<yp),

with the weight w(0) characterized in (7.6). Moreover, we take the exponent
r inside || ||1,0, || - l1,15 |- — - |; to be 1/2 throughout this section. To organize
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formulas systematically, for any differentiable function f with the variable

(w, k1, k2) let (0/0ko) f denote (0/0w)f.

LEMMA 7.4. There exists a constant ¢ € Rsq independent of any pa-
rameter such that

<8il<:j> x<i(w, k) <8ik:]) Xl(w,k)' < (ew(D)"H)"(n))2,
(V(w, k) € R®*,n e NU{0},5 € {0,1,2},1 € {0,—1,--- ,Ng}).

)

Proor. Using the inequality fi < 1, we see that for any n € N,

d\" . _
(i) wate
ON" Va2 2 -
o MM w4 fi Z(l—i—coski)
i=1

eM—H1 ifp =1,
<{ eM™2, ifn=2 <cM-M "l
0, ifn >3,

n 2
<8%> M;RQM_QI (w2 + f Z(l 4+ cos k:z)> '
j

=1

< cnl, (Yw € R with ¢(Mow?) #0),

cM—H1 ifp=1,
< _91 .
cM—=, ifn>2,

(V(w, k) € R? satisfying

2
o (MI_]%M2(ZH) (w2 + ft Z(l + cos kﬁ)) £ 0,
i=1
Vi€ {1,2}).
Thus, by (6.2), Lemma C.1 and the inequality M > 1,

() sogz)

d\" 2
(&) (o)

=1

<ceM - Ml

< c*(nl)?,

)
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9 MM 20 (2 2 ) k:
(8—> w +ft;( + cos k;)
<(

M2, (V(w, k) e R3,j € {0,1,2},n e NU{0}).

By the condition ¢, € (0,1], M~ < w(I)~!. Using these inequalities, we
can deduce that for any (w,k) € R3,

‘(%)HXQ(W,M’

()]t

m=

n—m 2
0 9.,
. <—akj> d) MIRzM 2(14+1) w2 4 ft jg_l(l -+ cos kij)

<3 () emmher = )l < (ewl) b,
m=0
The upper bound on |(0/0k;)™xi(w, k)| can be derived similarly. O
By definition we have (7/v/3)MrM™s < 7/3. The next lemma sug-

gests that an opposite inequality is also available when we deal with covari-
ances for the IR integration.

LEMMA 7.5. If x<o(w,k) # 0 for some (w,k) € R® with |w| > /3,

< MypMNott,

PROOF. By assumption ¢( UV(ﬂ'/,@) ) # 0, which implies that 1/5 <
Myv/V3 < Mrg/v/6. Thus, if Ng = 0, the claimed inequality holds. If
Ng < 0,

s T _1
log (5(%Mir) ) .
log M ’

which implies that 1/ < (1/v/3)MpMNs+1, O

Ng >
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7.3. The covariance matrices in the infrared integration
Following the infrared integration scheme proposed in [18], [3], [9], we
update the covariance by inserting the kernel of the quadratic Grassmann
polynomial produced by the previous integration at every integration step.
To simulate this procedure, we introduce a family of subsets of A V consist-
ing of polynomials satisfying certain bound properties and invariant prop-
erties. Then, we define a prototypical covariance by substituting the kernel
of a polynomial belonging to one of these subsets and study its properties.
Let cig, @ € Ryg and D(C C*) be a domain satisfying that U € D
(VU € D), where U is the complex conjugate of U and D is the closure
of D. For any | € Z<o we define the subset S(I) of AV as follows. A
Grassmann polynomial J(v)) (€ A\ V) belongs to S(I) if and only if J (1)) is
parameterized by U € D and satisfies the conditions (i), (ii), (iii), (iv).

(i) J(U)(v) is continuous in D and analytic in D with U.
(i)
h —
(713) 5ol < M3la™3, (VU € D),

N
(7.14) M EHUNT 2 MM am| g, < 1, (YU € D, € {0,1)).
m=2

(iii) With the notation introduced in Subsection 3.3,
J(U)(4) = J(U)(Ry), (VU € D),

forall S: 1 — I and @ : I — R defined as follows.

(7'15) S((p7xﬂ 0-7 $7 0)) = (p’X7 O-’ x’ 0)7
Qlpx.0..6)) = 20, (V(p.x,0,2,0) € I).

(7'16) S((ﬂ? X’ 0-7 "1:7 0)) = (p7 X’ 0-7 :L" 0)’
Q(p,x,0,2,0)) :==7ml,—1, (V(p,x,0,2,0) €I).

(7.17) S((p,x,0,2,0)) = (p,x, —0,x,0),
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Q((p,x,0,2,0)) :=0, (V(p,x,0,2,0) € I).

(7.18) S((p,x,0,2,0)) == (p,r(x+2),0,73(x + 5),6),
Q(p,x,0,2,0)) :==mng(rglx —s)+s), (V(p,x,0,2,0) € I),

where z € Z? and s € (1/h)Z are arbitrarily taken and fixed.

(7.19) S((p,x,0,2,0)) := (p,rr.(—x — e(p)), 0, x,0),
Q((p,x,0,2,0)) =0, (V(p,x,0,z,0) € I),

where e(p) (p € B) are the vectors defined in (7.2).

(iv) L

J(U)(¥) = J(U)(Ry), (YU € D),
forall S:1 — I and Q : I — R defined as follows.

(7.20) S((p,x,0,2,0)) := (p,x,0,rg(—x), —0),
Q(p,x,0,2,0)) := m(lg=1 + laz0), (V(p,x,0,2,0) € I).

(7.21) S((p,x,0,2,0)) := (p,x,0,z,—0),
Q((pvxa 0'711,‘,9)) = 7T1p€{1,4}7 (\V/(p,X,O', &, 9) € I)
We write S(1)(8) in place of S(I) when we want to indicate the de-
pendency on (3. On the assumption (4.2) we define the subset S(I) of

S()(B1) x S(1)(B2) as follows. A pair of Grassmann polynomials (J(51)(+),
J(B2)(®)) € S(1)(B1) x S(1)(H2) belongs to S(I) if and only if

h h -3 51 -3 -
(7.22) 'Wjo(ﬁl) - WJO(62) < B, 2M2'a™? (VU € D).
. N(B2) - L B
(7.23) M7z ) e M™a™Tn(B1) — Jm(B)li < By 2, (VU € D).
m=2

Later in Subsection 7.4 we will see that the output of the infrared inte-
gration at scale [ + 1 belongs to S (1) and a pair of the output at 41 and 32
belongs to S(I). The bound properties assumed in S(I) and S(I) correspond



176 Yohei KASHIMA

to the resulting inequalities in Proposition 5.6 and Proposition 5.9 with
a1 =2,a3 =1,a3 =1, ag = 1/2. In fact we will apply these propositions
with these exponents in the forthcoming IR analysis. The invariant prop-
erties listed in (iii), (iv) are especially needed in order that for J(¢) € S(I)
the kernel of J3(¢) has desirable symmetries for updating the covariance
without changing the original infrared singularity.

As a preliminary, let us characterize the quadratic part of a polynomial
belonging to this class in the momentum space. Let | € Z<g and J'(¢)) €
S(I). Using the kernel Ji(-) : I? — C of the quadratic part J}(1), we define
the map W'(-,-) : M x (2r/L)Z? — Mat(4,C) by

(7.24)  W'(w,k)(p,n)
:z—Z > et T (p,x, 1,2, -1), (n,0,71,0,1)),

xel' z€[0,8)
(V(w, k) € M x (21/L)Z2, p,n € B).

LEMMA 7.6. The following statements hold true.

(1)
T5(¥)
1 6‘777' i(k,x— iw(xr— -
= ﬁ Z L2 Z e <k7 Y>e ( y) Wl (u)7 k) (p7 n)wpxo'wwny'ry‘
(p,x,0,2), (w,k)eMy, xT'*
(n,y,7,y)€lg

(2) For any (w,k) € M x (2r/L)Z?, U € D, p,n € B,

(7.25)  WHU)(w,k)(p,n) = WYT)(~w,k)(n, p),
(7.26)  WHU)(w,k)(p,n) = (~1)lvetr Tl T IT) (w, k) (9, p),
(7.27)  WU)(w,k)(p,n) = e'CO—DR W (U)(w, —k)(p, 7).

(3) There exists a constant ¢ € Rsg independent of any parameter such
that

2
1 1
|Wl(w,k)(p,77)‘ SC‘C;I% ‘w‘—i_z‘kj_ﬂ-‘—i_g—i_z le —27

j=1
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(V(w, k) € M x (2r/L)Z2, p,n € B).

REMARK 7.7. The inequality in (3) suggests that W!(w,k) becomes
negligibly small as (w, k) approaches (0,7, 7) and thus the point (0,7, )
is essentially a zero-point of the perturbed matrix iwly — E(k) — W(w, k).
This is the crucial reason why the multi-scale IR integration around the
point (0,7, ) converges. We prove the inequality in (3) by making use
of the invariant properties summarized in (2). Our argument based on the
preserved symmetries is motivated by the preceding work [9] by Giuliani and
Mastropietro and should be regarded as an extension of Giuliani-
Mastropietro’s RG method designed for the 2-band Hubbard model on the
honeycomb lattice.

PrROOF OF LEMMA 7.6. (1): By the invariance with S, @ defined in
(7.15) we obtain that

(7.28) Ty ((pyx,0,2,0), (0, y,7T,9,8))
=20 1L ((p,x,0,2,0), (0, 5,7, 1,€)),
(V(p,x,0,2,0),(n,y,7,y,§) € I).

By the invariance with S, @ defined in (7.16),
(7.29) T((px,0,2,8), (1.y,7,9,€))

= (=) le=1T=1 7L ((p, %, 0,2, 0), (10,5, T, Y, €)),
(v(p7 x7 0-7 x’ 0)’ (777 y7 7—7 y? 6) E I)'

By the invariance with S, @ defined in (7.17),
(7.30) J5((p,x,0,2,0),(0,3,7,9.€)) = Ja((p, %, ~0,2,0), (1,5, ~7,4,€)),
(V(p,x,0,2,0), (n,y,7,9,€) € I).
Note that for any x € [0, 5)p, s € (1/h)Z,
np(ra(ra(z +5) = s) +5) = ng(z + 5).

Using this equality and the uniqueness of the anti-symmetric kernel, we can
deduce from the invariance with S, @ defined in (7.18) that

(7.31) Ji((p,x,0,2,0), (0, y, 7y, €))
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= (_1)nﬁ(r+8)+nﬁ(y+5)

) Jé((/% TL(X+ Z)’Uv Tﬁ(x + 5)79)7 (ner(y + Z),T, Tﬂ(y + 5)?5))7
Y(p,x,0,2,0),(n,y,7,y,€) € [,z € (2n/L)Z* s € (1/h)7Z).

Using the equalities (7.28), (7.29), (7.30), (7.31) in this order, we observe
that

1
(7‘32) ﬁ Z Jé((p,x,a,x,@), (777Y77_>y7§))¢px019¢ny7y§

(psx,0,2,0),
(ny,7,y,8) €l

2 _
== 2. Bllexow,—1),0.5.7 5 1) posnyry

(px,0,2),
(n,y,my)€lg

= 72 Z 6U,TJ5((p7X70-7x7 _1)> (77»}’77'7% 1))¢pxaajwny7—y

(px,0,2),
(n,y,my)€lg

(px,0,2),
(n,y,my)€lg

: Jé((pv TL(X - y)v Tv Tﬁ(IE - y)7 _1)7 (77’ 07 Tv 07 1))¢pxax@77y7-y'
It follows from (7.24) that

1 ) — iw(xT—
B2 Yo @RVeREIW W 1) (p, )
(wk)eMy, xT*

= (—1)" @21 ((p,r(x — ¥), 1, 75(x — ), —1), (1,0,1,0,1)).

By combining this equality with (7.32) we obtain the claimed equality.
(2): By the invariance with S, @ defined in (7.20),

T U)a((p, x,0,2,0), (1,¥,7,9,£))
— (_1)19:—1+15:_1+1m¢o+1y7ﬁ0
: JI(U)Q((/)7 X, 0, Tﬁ(_‘r)a _0)7 (777 y, 7, Tﬁ(_y)a _5))a
V(p,x,0,2,0),(n,y,7,y,8) € I).
By using this equality, (7.31) and the anti-symmetry of the kernel we have
that

W (ﬁ) (_w’ k) (777 p)
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i<k’x>€_iwmjl(ﬁ)2((777 X, Ta xz, _1)7 (p’ 07 T’ 0’ 1))

i\

(x,2)er'x[0,8)n

i(k,x)e—iwx(_l)l—i-lm;,go

I
S N

(x,2)erx[0,8)n
JZ(U)z((mx 1,r5(=2),1),(p,0,1,0,-1))
= % Z eilox) g miwr (1)
(x,2)€T%[0,8)p
JH(U)2((1,0,1,0,1), (p,r(—%), T, 2,-1))
—Wl( )(w, k) (p,m),

which is (7.25).
By the invariance with S, @ defined in (7.21),

Jl(ﬁ)Z((p’ X7 O-’ m? 0)7 ("77 Y7 7—7 y? é-))
= (_1>1p€{1,4}+1n€{1,4} Jl(U)Q((p) X,0,Z, _9)7 (777 y. 7y, _5))7
V(p,x,0,2,0),(n,y,7,y,§) € I).

It follows from this equality, (7.31) and anti-symmetry that

(—1) e Hac 0 (T (w, K) (1, )

_ % Z ez’(k,x)ez‘wx(_1)1pe{1,4}+1ne{1,4}+1
(x,2)el'x[0,8)n

’ Jl(ﬁ>2((77a x, T,, _1)7 (pv 0,1,0, 1))

= % Z €i<k’x>€wx(—l)<]l(U)Q((mX’ 1a,1), (p,0,1,0,—1))
2
h

Z ei(k,x>eiwx(_1)ng(—x)

_X)? T,Tﬁ(—fﬂ), _1)’ (777 07 Ta 07 1))

S

—
\/\G_/

[N}

—~ X

>

<

~

—

which is (7.26).
By the invariance with S, @ defined in (7.19),

Jé((p7 X7 07 ‘,L" 6)’ (777 Y7 T’ y’ 5))
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= Jé((pv TL(_X - e(p)), o, T, 9)7 (77’ TL(_y - 9(77)), 7Y, g))a
(v(p’ X’ O-’ ':E’ 9)7 (77’ Y7 T’ y’ E) E I)'
By using this equality and (7.31) we can derive that
(AR, 1) p, )
_2 S emifioxoelp)reln) —ive
(x,2)€r'%[0,8)p
Ty ((pri(—x —e(p)), 1,2, =1), (n,rr(—e(n)), 1,0, 1))
= Ww,k)(p,m),

which is (7.27).
(3): Take any p,n € B satisfying p,n € {1,4} or p,n € {2,3}. Since

(—D)lretiyTlocpatl — 7
the equalities (7.25), (7.26) yield that
W (w,k)(p,n) + W'(=w,k)(p,n) = 0, (V(w,k) € M x (2r/L)Z*).

Especially,

W <% k> (p,m) + W' <—%,k> (p,1) =0, (Vk € (2n/L)Z?).

Using this equality, we have that
1 us
739 W] < g [ - W () (o)

+ % ‘Wl(w,k)(p,n) -w <—%7k> (p,n)‘

C
s(\w\+—) sup  [DoWw, k) (o)l
(w k) EMX 2ET2

On the other hand, let us fix p,n € B satisfying p € {1,4} and n €
{2,3}, or p € {2,3} and n € {1,4}. First, consider the case that L €
2N. Since (7, 7) € (27/L)Z? in this case, the equality (7.27) ensures that
Whw, (m,7))(p,n) = 0. We deduce from this equality that

(7.34)  [W(w,k)(p,n)| < W (w,k)(p,n) — W (w, (7, k2))(p, )|
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+ |Wl(w7 (777 kg))(p, 77) - Wl(wv (Trv ﬂ))(p, 77)‘

2
<> ki - sup DWW, k)(p, )]
j=1 (w,k)GMXz%ZZ

Next, let us assume that L ¢ 2N. In this case, 7 —7/L, n+x/L € (2r/L)Z.
Therefore, it follows from the equality (7.27) that

(o (rrpmr D)) (o (r=gm=1)) o)
’W (w,(W+Lm+L () + Wi{w, (7= 77— 7)) (o)
<10 o = o= )]
<1 F =1 [W! (w, (r = Tor = 7)) (o)
Substituting this inequality, we see that

(7.35)  [W'(w,k)(p, )|

W <w, <7r+6%,k2>> (p,n)
—W! (w, (7?+ %r,w+ 5%)) (p,m) >

1 ! om om
+§ Z w <w7 <7T+fa7r+f>> (,0777)

se{1,—-1}

<

e

Sl

c
(|kj — 7|+ E) sup 1D; W (w, k) (p, )]
(wk)eMx 222

sup  [WHw,k)(p,n)-
(w,k)EM X 2%’212

J
+

The inequalities (7.33), (7.34), (7.35) lead to
2 c ¢
!
(7.36)  [WH{(w,k)(p,n)| < (w\ + > [k — 7| + 5T E)

m=1

| sup sup  |D;W(w,k)(p, )]
7€{0,1,2} (w k)eM x 2272
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+ sup \Wl(w,k)(p,n)!)
(w,k)eMx Q%Zz

(V(w, k) € M x (2n/L)Z% p,n € B).
We can see from the definition of W(-) and (7.14) that

W (w, k) (pm)| < 2|5l < 2¢;4M 2072,
D W w, k) (o) < 2 T2l < 27 pMBa, (V) € {0,1,2}).

By combining these inequalities with (7.36) we obtain the inequality claimed
in (3). O

For later use we define an extension of the function W!(-) with continuous
variables. For this purpose we need a few more notations. For any x € [0, )

let
x if x € [0,3/2),

ry(e) = { x— 0 ifxzel[3/2,0).
For any = € [0, L) let

I if x €10, L/2),
sp(z) == { x—L ifze[L/2,L).

Then, for any (z1,z2) € [0,L)? let 7 ((z1,72)) = (sp(z1),s0(z2)). With
these notations, set

e 2 . ’ S ’
(737) Wl(w,k)(p’ 7]) = E Z 6_1<k’7"L(x)>e_ZW7"ﬁ(x)(_1)”6(7"@(@)
(x,2)€l'x[0,8)n

’ Jé((p,x, T»xa _1)7 (T/) 0,1,0, 1))a
(V(w, k) € R%, p,n € B).

Note that
(7.38) Ww, k) = Whw, k), (V(w,k) € M x (2r/L)Z?),

Let us establish various inequalities involving this function in Lemma 7.8,
Lemma 7.9, Lemma 7.10 and Lemma 7.11 below, step by step.
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LEMMA 7.8. Assume that

1 1

<2< MypMNstL,
L_ﬂ_ IR

(7.39)

Then, there exists a constant ¢ € Rsq independent of any parameter such
that the following inequalities hold for any | € {0,—1,---,Ng}, j €
{0,—1,--- |1}

(1)

—~. =1y _
W7 (w,k)|axa < c-cnéft 2 )it G2

(V(w, k) € R? satisfying x;(w, k) # 0).

H (a%ym(”’k) S eqda ew(i) ) b,

(V(w, k) € R?,i € {0,1,2},n € NU{0}).

PROOF. (1): Take any (w,k) € R? satisfying x;(w,k) # 0. By pe-
riodicity we may assume that k € [0,27)? without losing generality. Let
& e M, k = (ki,kz) € (2n/L)Z? be such that w € [, &+ 21/3), k €
k1, ky + 27 /L) x [ko, ko + 27/ L). It follows from (7.14) that

(7.40) W9 (w,k)(p, 1) — W (&, k) (p, )|

< g Z (’eiwrb(x) o ezo&r%(w)| + |€i(k,r’L(x)) _ ez(lA(,r’L(x))D

(x,2)€T'%[0,8)n
’ ‘Jg((p7 X, T? z, _1)7 (777 07 Ta Oa 1))‘

C ~
D VI (PEEIRFE TN

(x,2)eT'x[0,08)n

IN

2
+ z |km — km|<1xm<%|$m| + 1xm2%‘(£m — LD)

m=1

: ‘Jg((vaa T?xa _1)7 (777 07 Tv 0’ 1))|
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1
= % > <Bd0((ﬂ,x,T,x,—1),(n,o,T,o,1))
(x,2)€T')[0,8)n
1 2
+ 7 mzzzl dm((p,%, 1,2, -1),(n,0,1,0, 1)))

13 ((p, %, T,2,-1), (1,0,1,0,1)),

1 1 _ 1. _
<B L> 141 < <ﬁ L> cpM3Ta~?,

By Lemma 7.3 and the inequality fy <1,

|w|+Z|k dlse(Geg i),

We can combine this inequality with Lemma 7.6 (3), (7.39) and (7.40) to

deduce that
W7 (w0, K)[axa < W (w, k) = W (@, k) [laxa + |77 (@, k) [laxs
-1~ 2N 1 1 1y 2

<c-cp |w|+z |km—7r|+g+z M2l

<c- c—lf 2M2]+l+1 —2

(2): By (7.14) and the inequality
T

|Tlﬁ(x)| < §|d0((p,X, Taxa _1)7 (n70a Taoa 1))|7 (VLE € [Oaﬂ)h)a

we have that

() e

<2(Z)" W) @)l

< c"“w(j)_"(n!)ZC;}%M%ja—Z, (Vn e NU{0}).

4x4

Since

ISL(JJZ')‘ < g‘di((an>Tax> _1)7 (7%07 1,0, 1))‘7 (\V/Z € {172}7 (.’,1?1,31’2) € F)?
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the upper bound on ||(6/8k1)”/1/l7] (w,k)|laxa (i € {1,2}) can be obtained in
the same way. U

LEMMA 7.9. Assume that (4.2) holds. Then, there exists a constant
¢ € Ryg independent of any parameter such that the following inequality

holds true for any j € {0, —1,--- , N, }, (J7(B1) (@), 7 (B2) (1)) € S(3).

H <3?%>n (W (B1)(w. k) = W (B2) (w, k)

4x4
_1 .

< ofy 2erpM AT a (ew(j) )" (n!)?,

(V(w, k) € R i € {0,1,2},n € NU {0}).

Proor. Note that for any a € {1,2},

WY () (w, k) (p, )
2
h

e—zwx+ 1 ﬁl Ba 6—20.)1‘

= €f0,2) €73
(,2)€T'%[0,8a)n o S

_ —iw(r—Pa) _ —iw(z—fa)

Lot 5.2 Lot 00)° )

j(ﬁa)((p,X,T,$,—1),(U,O,T,O,l))
hz S itk

XEFJ;E[ Tlle)h
) (1x€[07%)6_iwx°]g(ﬁa)((pa X, T: Z, _1), (77, O, T, O, 1))
o lxe[—%l,O)e_iwxjg(/@a)((p7 X, Ta T+ ﬁaa _1)7 (777 0’ Tv 0; 1)))

2 —i(k,r" (x —iwx —tw(z—
T D (I )
(x,:2)€0%[0,80)1 v R

- H(Ba) (%, 1,2, 1), (n,0,1,0,1)).

H (a%) i(Wj(&)(w,k)(p, n) = W (Ba)(w, %) (p,m))
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Z Yo lal™lsp(a)[™s(e)]™

Ugel-2L0,

D“ |

|3 (B1) (R, ((p, %, 1,2, —1), (1,0, 1,0,1)))
— J3(B2)(Ra, ((p,x, T,2,-1),(n,0,1,0,1)))|
2 2
R 2 (gl g sl — ™)
a=1 (x,z)€Tx[0,8a4)n
sp(@1) " s (@2)["?]J3 (Ba) ((p, %, 1,2, -1),(n,0,1,0,1))|

2
< %Z Z <g> : 211)Czi((p,x,T,x,—l),(n,O,T,O, 1))|n1

xerﬁé[—%,%)h
: ’Jg(ﬁl)(RLﬁ((vaa T7$a _1)7 (777 07 Tv 07 1)))
— J3(B2) (R, ((px, 1,2, —1), (1,0,1,0,1)))]
2 2 T\ n1+n2
X (3)
a=1 (x,z)€Tx[0,84)n

[

'wa%mmmmmwrmmmmwww

+1,

o = Bul
[ﬁa Ba— 51) ’dO( )((p7X7T7w7 _1)7 (77707Ta07 1))|7’L0—|—1)
: ’dO(ﬁa)((an7Tax7_ )7(7]707Ta071))’

2
: H |dz((p7 X, T7 xz, _1)a (777 07 Ta 07 1))’%1
=0

3 (Ba) (%, T, 1), (1,0, 1,0, 1))].
Moreover, substitution of (7.14), (7.23) gives

H (8%)” (W(81)(w, k) = WY (82) (. k)

< (i) )T (BL) — T3 (B2l

4x4

+ B w () T (2n)! Zujz Ba)llj1
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< 0181 CIRMQJ (CW<j)_1)n(n!)27
(V(w, k) € R®,i € {0,1,2},n e NU{0}). O

LEMMA 7.10. Assume that (7.39) holds. Then, there exists a constant
c € Ryq independent of any parameter such that the following inequalities
hold true for any l € {0,—1,---, Ng}.

(1)
v 1
Z (w, k) Wj (w, k) <c-cipfy *MTra?,
7= 4x4
(V(w, k) € R? satisfying x;(w, k) # 0,1 € {0,—1,---,1}).
(2)
_1
(iwly — 12x<J w, k (w, k) < c-c;éft *Ma™2,
4x4
(V(w, k) € R? satisfymg xi(w, k) #0,0' € {0,—1,---,1}).
3)

(ai;)n Zl: X<j(w, X)W (w, k)

j=0
<c- C[RMI 2(ew()™H™(n))?,
(V(w,k) e R3,i € {0,1,2},n e N,I" € {0, —1,--- ,1}).

4x4

Proor. (1): It follows from Lemma 7.8 (1) and the assumption M >

V2 that

4x4
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1 ! , 1
< c-C}éft 2Ml+la72ZM%] < c~cl_}%ft 2 M2,
=0
(V(w, k) € R? satisfying x;(w, k) # 0,1’ € {0, —1,--- ,1}).

(2): By Lemma 7.2 (2), (7.10) and the inequality in (1),

l/
(iwI4 — E(k))il Z )A(Sj (wv k)WJ (wv k)
Jj=0 4x4

< wols = B0) " laxa || D Ky, k)W (w, )
=0 x4
<c- c;éfti%Mafa
(V(w, k) € R? satisfying x;(w, k) # 0,1" € {0, —1,--- ,1}).
(3): One can see from Lemma 7.4, Lemma 7.8 (2), w(j) = w(0)M’ and
M > /2 that

7=0 4x4
4 n m n—m
n 0 0 .

< _— Vo _—_ J
S5 (I (@) s
j=0m=0 4x4

" n
<
SHNEN

<c- cl_éMla_2(cw(l)_1)"(n!)2,
(V(w, k) € R® i €{0,1,2},n e N,I" € {0,—1,---,1}). O
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LEMMA 7.11. Assume that (4.2) holds. Then, there exists a constant
¢ € Ry independent of any parameter such that the following inequality
holds true for any | € {0,—1,---,Ng, } and (J7(61)(¥), J7(B2)(¥)) € S(j)
(]:07_17 7l)

< ey 2 eppo > (ew(l) )" (),

(V(w, k) € R%,i € {0,1,2},n € NU {0}).

PROOF. By Lemma 7.4, Lemma 7.9 and the assumption M > /2,

H <0?€Z>n <i>2<j(w,k)/m71(gl)(w7k)

=0
i (w, k) Wﬁ (B2)(w, k))
" 4x4
Sj: m:0<:1>‘< ) X<j(w, k)'

|G

=3 (1) ety tyromy

j=0 m=0

) (W9 (81) (w, k) — W (o) (w, k)

4x4

<

ey 2 MBI a2 (ew ()1 (0 — m)1)?
1 l 1.
< cBy 2o ew(D) ") Y M
=0

< By 2 epha(ew(l) ) (n))2,
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(V(w, k) € R®,i € {0,1,2},n e NU{0}). O

Assuming that [ € {0,—1,--- ,Ng} and J/(¢) € S(j) (j = 0,—1,--,
[), we can introduce a covariance which mimics a real covariance in the IR
integration at the [th scale. Set

l
(7.41) Ei(w,k) ==Y x<j(w, X)W (w,k), ((w,k) € RY).
j=0

By (7.12) and (7.38), if (w,k) € M x I'*,

l
(7.42) Ey(w,k) =Y x<j(w, )W (w, k).
j=0

Define the covariance C; : 12 — C by

bg T {x— i(x—y)w
(7.43)  Ci(pxox,nyTy) := L’Q Z oi(x—y k) yilz—y)
(w,k)eM, xT*

Xi(w, k) (iwls — B(k) — Ey(w,k)™ (o, 7).

In the rest of this subsection we mainly study properties of C;. To this
end let us measure the support of the cut-off functions. Since supp x;(+) C
supp x<i(+) C supp x<i(+), it is sufficient to measure supp x<;(-).

LEMMA 7.12.  Assume that (7.39) holds. Then, there exists a constant
c € Ryq independent of any parameter such that the following statements

hold true for any | € {0,—1,---,Ng} and (', k') € R3.

(1)

- 1 —
3L? DY Liwrwr ko < f MR MES,
weEM kel

o
1 _
/ dw § Lo (wkiknzo < efe T MM,
o kel
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(3) X
LS b e Sl MR
kel™
Proor. All the claims are verified by Lemma 7.3, (7.39) and the in-

equality fy < 1.0

LEMMA 7.13. Assume that

1
h>—Myy., L> 8.
=G Uv B

Then, there exists a constant ¢ € Rsq independent of any parameter such

that if
M > ¢, o®>cM,

the following statements hold true for anyl € {0,—1,--- ,Ng} and J7(¢) €
(1) Ifcrr > fit holds, U +— Cy(U)(X) is continuous in D and analytic
in D (VX € I2).
(2) There exists a constant ¢(M,c,,) € R>1 depending only on M and ¢,
such that if cip > (M, cy)fi* holds,
| det((pi, a7) - Ci(U) (X, Yj))i<igenl < (errM*)",
(VT,TL € N7pi7qi € C" with Hp’LH(CTa ||q’L||(CT < 1a
X;,Y; el (Z: 1,2,--- ,TL),U Eﬁ),
ICH(U)li—1 < crrM ™" (vr € {0,1},U € D).

CU)(X) = QXD (U)(5(X)), (VX €12, U € D),

for S: 1 —I,Q:I — R defined by (7.15), (7.16), (7.17), (7.18),
(7.19) respectively.

(4)
CU)(X) = e "@(2XNC(T)(S2(X)), (VX € I%,U € D),

for S: I —1,Q:I— R defined by (7.20), (7.21) respectively.
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In (2), (3), (4), C; : I> — C is the anti-symmetric extension of C; defined
as in (3.2).

PrROOF. Note that if C)(X) = 0 (VX € I2), all the claims trivially
hold true. If C)(X) # 0 for some X € I2, there exists (w,k) € M x I'*
such that xy<o(w, k) # 0. Thus, by Lemma 7.5 we can always assume that
1/8 < MypM™Ns+1 during the proof. Combined with the assumption L > 3,
this means that (7.39) holds and thus we can refer to the results of Lemma
7.10 and Lemma 7.12. In the following we prove (1), (3), (4) first and (2)
in the end.

(1): Assume that a? > 2cM with the constant ¢ appearing in the right-
hand side of the inequality in Lemma 7.10 (2). Since c}é < frand fy <1
by assumption,

. _ 1 _1
|(iwls — E(k)) ™ Ey(U)(w,K)||axa < STARELIS
(V(w, k) € R? satisfying x;(w, k) # 0,1’ € {0,—1,---,1},U € D).

)

N =

Therefore, by Lemma 7.2 (2) and (7.10),

(7.44)  ||(iwly — E(k) — Ep(U)(w, k)"l 4x4

< D iwls — E(k) ™ By (U)(w, k) [§xall wls — E(k)) " laxa
n=0

™
<2 —=M;pM
= (Jé 1 )

(V(w, k) € R? satisfying x;(w, k) # 0,1’ € {0,—1,---,1},U € D).

1
<M

This implies the well-definedness of C;. Since U — E;(U)(w, k) is contin-
uous in D and analytic in D for any (w,k) € R3 by definition, so is the
function U +— Cj(U)(X) for any X € IZ.

(3): Forany S : I — I, Q : I — R defined in (7.15), (7.16), (7.17), the
claimed equality clearly holds.

For S: I —1I,Q:I — R defined in (7.18) with z € Z2, s € (1/h)Z,

Q03020039 CY(5((p, %,0,, ), (1,7,7,3,)
= (- 1)"ﬁ($+5)+n6(y+8)

Cil(p,ro(x +2),0,15(x + 5),0), (0, 7L(y +2),7,75(y + 5),£))
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= Ol((p? x7 0-7 x? 9)7 (777 y7 7-7 y? f))? (v(p7 X7 0-7 x? 9)7 (777 y7 T? y? E) E I)

To prove the invariance with S : I — I, @ : I — R defined in (7.19), let
us define the map Z : (27T/L)Z2 — Mat(4,C) by Z(k)(p,n) := etteln),

k) §
Py
(Vk € (27/L)Z?%, p,n € B). By (7.1) and (7.27),

Z(k)"(E(k) + Ei(w, k))Z(k) = E(-k) + Ei(w, —k),
(V(w, k) € M x (21/L)Z?).

Therefore,

Ci((p,rr(—x —e(p)),0,2),(n,r.(—y —en)), 7,y))
607

= Z ci{—x—e(p)—(-y—e(n)k) ji(z—y)w
IBL (w,k)eMp, xIT*
xi(w, k) (iwls — E(K) — Ey(w,k)) " (p,n)

_ I:Q Z ei(—x—i—y7k> ei(a:—y)w
(w,k)eMy, xT*

xi(w, k) (Z(k)* (iwly — E(k) — Ei(w, k) Z(k)) "} (p,n)
=Y ey
(w,k)eMp xI*
xi(w, =) (iwly — E(=k) = Ey(w, —k)) " (p, )
= Cl((p> X,0, CL‘), (777 y, 7, y))’ (V(p, x,0, x)? (7]7 y, 7, y) € IO)'

This implies the claimed invariance.
(4): It follows from definition and (7.25) that

(7.45) E(k)(p,n) = E(k)(n,p), E(U)(-w,k)(p,n) = E(U)(w,k)(n,p),
(V(w, k) € M x (2n/L)Z%, p,n € B,U € D).

Recall that for any (X, 0), (Y,¢) € I

CU)((X.0), (Y, €))

1
= 5(1(0,5):(1,—1)01(U)(X, Y) = 1(9,6)=(—1,)Ci(U)(Y, X)).
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For S: I —1,Q: I — R defined in (7.20),

(7.46) '@ (S2(l0x0w0).(0y v Gy (T)(S2((p,x, 0,2,0), (0, y,7.9,£)))
— e~ im(lo=—1+le=—1+1oz0+1y0)

: a(ﬁ)((pa X, 0, T,@(_x)v _9)’ (na y, 7, Tﬁ(_y)a _6))

1

5 (F Dot

. <1<9,§>:<1,_1)01<ﬁ><<n,y,n P s s )

o)1 GO (o3 0 ra(—2)), (1T, m(—y»)) |

Note that

(747) (_1)1z¢0+1y#ocl(ﬁ>((p7 X,0, Tﬁ(_x))’ (777 y, 7, Tﬁ(_y)))

:(_1)1z¢o+1y¢o% S eibeyR)ilra-a)-ra-p)
(w,k)eM), xT'*

-xl<w,k>(—m4—W—El@(w,k))_ (os1)

ey iy i
/BL (w,k)eM), xI'*

(@, k) (m B - Em(—w,k))_ (o)

= CI(U>((77’ Yy, 7, y)v (p,x,0, x))?

where we used (7.45). By substituting (7.47) into (7.46) we obtain the
claimed equality with S : I — I, @ : I — R defined in (7.20).
For S: 1 —1I,Q: I — R defined in (7.21),

(7.48) 'S0 0) 1y rwONC(T)(Sa((p, x, 0, 2,0), (1,5, 7,9, €)))
— %(—1)196{174}"'1176{174}"'1

- <1<a,5>—(1,_1)Cz(U)((n,y,T,y), (p,x,0,z))
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—hw>@4ﬂﬂﬁﬂmXJw%@JﬁwD>

Let us define Y € Mat(4,C) by

(7.49) Y(p,n) = (—1)lecttrg, .. (p,n € B).

We can see from definition and (7.26) that
Y(E(k)" + E(U)(w k)")Y = —(E(k) + E(U)(w, k)),
(V(w, k) € M x (2r/L)Z*,U € D).

Using this inequality, we observe that

(=) teetrar e 10y (T) ((p, x, 0, 2), (0, ¥, T, ¥))

LoeqrayHyena+1 9er T v i

= (_1) 2
ﬁL (w,k)eM), xT*

(7.50)

_ _7—1
-mwx(—wu—ﬂm—&awmm)<mm

— (_1)1pe{1,4}+1ne{1,4}+16‘7_I:; Z ez’(y—x,k)ei(y—x)w
(w,k)th xI'*

xi(w, k) (—iwly = B(k)* — E(U)(w,k)*) " (1. )

60,7’ i(y—x,k) i(y—x)w

% Z y—xk) ji(y—z)
(w,k)eMy, xT*

: Xl(w7 k)(zle + Y(E(k)* =+ El(ﬁ)(wa k)*)Y)_l(nv p)

= Cl(U)((nv y, 7, y)v (pv X, 0, l‘))

By combining (7.50) with (7.48) we obtain the claimed equality with S :

I —1,Q:1— R defined in (7.21).
Recall the definition of the Hilbert space H given in the proof

(2):
of Lemma 2.4. For any (p,x,0,z) € Iy let us define the vectors ul,,,,
Uéxgr € H by
ui’x”(n’ K, 7, W) i= 8,006 0K T80y () k) 3,
véxam (777 k7 T, w)
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= bgre M e (0, )3 (1w — B(k) — Ey(w, k)™ (0. p),
(V. k 7, w) € B x T x {1, 1} x My).

It follows that C;(X,Y) = (uly,vd),, (VX,Y € Iy). Using Lemma 7.12 (1)
and (7.44), we can derive that

_1 3 _1 1
b ll3e < e(M) fy M2 ol |l < e(M) f, 2 M2, (VX € Io).

Therefore, the standard argument based on Gram’s inequality concludes
that for any r,n € N, P;,q; € C" with HPJHCW ||qj||(CT <1 Xja}/j € Iy
(j:]-a2) 7n)7

(7.51) | det((pi, ;)¢ C1(Xi, Yj)1<ijan] < (e(M) i MP)".

On the assumption crr > c(M)fi?

bound.

Next let us prove the claimed upper bound on ||a||l_17r. By assumption,
mh > (7/v/3)Myy. Since x;(w,k) = 0 if |w| > (7/v/3)Myy, we can replace
M;, by M inside C;. Then, by using the periodicity with k we can justify
the following transformation.

no - 2 no .

J

we obtain the claimed determinant

: Cl('XUJ?, yTy)

o bR
ﬁL (w,k)EMXT*

T2 (alw, k) (iwls — E(k) — Eyw,k)™)
=0

no 2m ni 27
16} B L L
' I:I (271’/0 djo II 27r/0 dp1.jq

Ji=1

no I ¥ 9\ 2 9\
(52 [ o) (a2) I (57,
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Oaw' K)(iw'ly — B(K') - By, X)) ™)

. w'=w+> ‘?00:1 Wig 7k’:k—f—z ?11:1 P1,j; €1 +> ;L;:l D25y €2 .
Note that by Lemma 7.2 (1), the definition of w(l) and the fact ¢,, <1,
< M2 (w(l)TH" (n))?,

(i) =]

(V(w, k) € R3 j € {0,1,2},n € N).

Thus, by Lemma 7.10 (3) and the inequality c;p > 1,

(7.53) H <6%>n (iwly — B(k) — Ep(w,k)) »

< (eM™2 + ca )M (ew () ™1™ (),
(V(w, k) € R®,j €{0,1,2},n e N,I" € {0,-1,---,1}).

By (7.44), (7.53) and the assumption a, M > ¢ we can apply Lemma C.3
to deduce that

(7.54) H ((%)n (iwly — E(k) = Ey(w, k)™

< M ew(l) L) (nl)?,
(V(w, k) € R? satisfying x;(w, k) # 0,5 € {0,1,2},n € NU {0},
I'e{0,-1,---,1}).

4x4

Lemma 7.4 and (7.54) yield

< eM Hew()™H™(n))?, (V(w, k) € R3,j € {0,1,2},n e NU{0}).

It follows from Lemma 7.12 (1), (7.52) and (7.55) that
|d;(X)"Co(X)| < e(M) f ' M (ew(l) ™)™ ()2,
which is also true for n = 0 by (7.51). Therefore, we reach

(7.56) CUX)| < e(M) f M2em S il DL ENY? 1 (yx ¢ p2).
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By the equality w(l — 1) = w(I)M~! and the assumption M > ¢ we have
6% F=o(W(I=Dd; XNV 5 x| < (M) f7E M2 e = S0l X)'2
which implies that
[Gilli-1.r < (M) M (1) 777 < e(M, ) f M
Thus, if c;r > ¢(M, cy)fi ', we obtain the claimed upper bound. OJ

LEMMA 7.14. Assume that (4.2) holds and

1
h> —Myy, L> B
25 Uv B2

Then, there exists a constant ¢ € Rsq independent of any parameter such
that if
M >¢, o> cM,

the following statement holds true for any | € {0,—1,--- ,Ng, } and
(J7(BL) (), J(B2)(¥)) € S() (7 =0,-1,---,1).

There exists a constant c(M,c,) € R>1 depending only on M, ¢, such
that if crp > (M, cw)ft_1 holds,

(7.57) | det({ps> 4;) - C1(U) (B1) (R, (Xi, Y))))1<i j<n
— det({pi, a;) - C1(U) (B2) (R, (X, Yj)) )1<i,j<nl
< ﬁl_%M_l(CIRM2l)n7
(Vr,n € N,p;,q; € C" with ||pil|cr, ||dillcr <1,
X, Yielyp (i=1,2,--- ,n), UeD)

(7.58) GUU)(B1) — CL{U) (Bo)li—1 < By *erpM~2, (YU € D).

PrROOF. For any (p,x,0,2),(n,y,7,y) € Iy, a € {1,2}, set

Cont,1(Ba)(pxo, nyTy)

= (—1)"a o (@) +ng, (y) 20T Z/ dwetx—Y k) gilz—y)w
27I'L kel —mh
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xi(w, k) (iwly — E(k) — Ey(Ba)(w. k)" (p,m),

Since L> (s> 31 >1> \/gMI_Rl, it follows from the definition of Ng that
1/L < 1/B4 < MigMNsatl (Va € {1,2}). This means that the condition
(7.39) holds for 8; and (2. Thus, we can use the results of Lemma 7.12 for
(1 and (2. Note that

Cont l(ﬂa)('xo’x, -yry) - Cl(ﬂa)('XUT'ﬁa( )7 YTT B4 (y))

— (-1 e, 3 itk
kel™

ﬂ
- (m+1)+2- - w
: g /ﬁ ! dw/ du
=0 m+5 27,y T

Ba Ba
71' s
“Ba™ Ba w
/ du)
2w 2m s
-5 (m+1)— B —Sm—g-

. %(e io—y)u Xl(u k)(2u14 — ) El(ﬁa)(uvk))_l)

+ (L) e 5 e
kel™

| ( = dw_/wmga dw-/—ﬂh dw>
- h —h—
0 (w k) (il — B(k) — Ei(fa) (w, k) 7"
By Lemma 7.12 (2), (3) and (7.55) we see that
(7.59)  [Con, z(ﬁa)('XUl’, y7Y) = CiBa) (X075, (), -y 773, (y)) | 4x4

> ( / o N )
dw—i—/ dw

=372

/B“L keT* —Th— e

Ba

‘ <|w —yha(w, K)|(iwls — B(k) — E(fa) (@, %)) [laxa

' H§<xl<w,k><z’wu ~ B(K) — Ei(A)(, k) ) )
W 4x4
1 & 7rh+ﬁ —mh
e ([ e [ )
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xi(w, k)| (wls — E(k) = Ey(Ba)(w, k)" [laxs

1 _
< Ecw, co)fi |z — y| M2+ MY).

Since wh > (m/v/3)Myy, we can replace the integral over [—mh, wh] inside
Cont1(Ba) by the integral over (—oo,00). Then, the integration by parts
with w and the periodicity with k yield

P ()" % — 1) Conala)xos, yr0)

. 2T
7=1
60’7‘
= (=1)"a (@) F78a (y) 0T . Z/ dwe!x—YK) gi(z—y)w
2wl (&
L [T T
0" H (%/0 plm) (277/ dp27]2)
Jj1=1 Jo=1
ON™ & [ O ,
11 B (xi(w, X)(iwly — E(K') — Ei(8a)(w, X))
q=1 a

k/=k+2 ;Lllzl P1,j,€1+2 ?22:1 D2,j5€2

It follows from Lemma 7.12 (2), (7.55) and this equality that
‘dj(X)n ont,l(ﬁa)(X) < C(M)ft_lMZZ(CW(Z)fl)n(n!)a
(VX € I%,j € {0,1,2},n € NU {0}),

where

Cont(8a)(X0,Y€)
1
= 5 (1(9,5):(1,71)Cont,l(ﬁa)(Xv Y) - 1(5,9):(1,71)Cont,l(/Ba)(yv X))7

(VX,Y € Io,0,¢ € {1,-1}).

This leads to

Cont1(Ba)(X)| < (M) f¢ 12— 5 g(ew(D) j(x))l/z7
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(VX € I?,a € {1,2}).
By combining this inequality with (7.56) and using the inequality
4i(Ra, (X)) 2 24;(X), (VX € 2,5 € 0,1,2)),

we obtain
(7.60) Contt(Ba)(X) - Ewa)u%ﬁa (X))

< (M) f7 M2 _o(ew(l)d;(X ))1/2’

(VX e I%,a € {1,2}).
It follows from (7.59), (7.60) that
(7.61) Cont(02)(X) = Cu(Ba) (R, (X))

< By P oM, ) i (M Ew(1)3do(X)E + M)
e 5 2o ew(d; (X))1/2

< ﬁf%c(M, cw) fi LM 3le™ E =olew(d; (X))1/2
(VX € I%,a € {1,2}).

9

On the other hand, note that

2 n;
162) (o= T (5ot )

j=1
. (Cont,l (ﬂl)('XO'J}, 'YTy) - COﬂt,l(ﬁZ)('Xo-:Ea 'Y’Ty))

(1) @ ) dor S itxey )

(r-
TR AN
'(9)% 1(s)"
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xi(w, K)(iwly — E(K) — E(31)(w, k)~
(E(B1)(w,K) — Ei(B2) (w,K))(iwly — E(K') — E(B2)(w, k') ~"

k/=k+> ?11:1 P1,j, €1+ ?22:1 D2,j5€2

N (_1)nﬁ1(x)+m31(y)6‘7_22 3 / P e Xy k) gile—y)w jmo
B

2 _
kel*
ni 2m no 2m
L L L T
: H (Z/o dpm) H (ﬁ/o dpz,J'z)
Jji=1 Jo=1

8 no 2 a Ng
() T (s1)
g=1 1

xi(w, K)((iwly — E(K') — E/(f1)(w, k') ™!
— (iwly — E(K') — Ey(f2)(w, k) ™)

I— ny _ n A
K=k+X ;L p1jieidd ;7 p2,jpe2

The inequalities (7.54), (7.55), ¢c;r > 1, a > ¢ and Lemma 7.11 ensure that

<aik]> (xi(w, k) (iwly — E(k) — E(81)(w, k)™

(B1(B1)(w, k) = Ei(B2) (w, K)) (iwls — E(k) = Ey(f2)(w, k)™

4x4

<> () H (o) lerktion - £09 - Bl R)

=0 4x4
()| G Een-soen]
. <a%j>n_ml_m2 (iwly — B(k) — Ey(B2)(w, k)"

4x4

n

<o Lepa a2 ey 30 (1) my?

m
mi1=0 1
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S < s ) (ma!)2((n — m1 — my)))?

mo=0 m2
< B M (ew(l) ) (n))?, (V) € {0,1,2},n € NU{0}).

Using this inequality, Lemma 7.12 (2),(3) and (7.55), we can derive from
(7.62) that

45X)" (Conta (B)(X) = Contal(32)(X) ) |
< B (M) £ M ew(l) 1) ()2, (VX € 12,5 € 0,1,2},n € NU{0}),
which leads to

(7.63)

Cont(1)(X) = Conra(32)(X)|
< B2 (M) f Ml S 5o Od, 0 (yx ¢ 72

By combining (7.63) with (7.61) we have

(T640)  [CuB) (R, (X)) = Cl(B2) (R (X))

< By 2e(M,c) f; Mlem Z im0 OLON Ly ¢ 2y,
By the equality w(l — 1) = w(I)M ! and the assumption M > ¢ we can
derive from (7.64) that

Ci(B1) — Ci(62) LS ﬁl_%c(M, co) fo T M2

On the assumption c;g > ¢(M, cw)ft_l, the above inequality gives (7.58).

To prove the determinant bound, let us take any r,n € N, p;, q; €
C" satisfying ||pillcr, [ailc < 1 and X;,Y; € Ip (i = 1,2,--+,n). By
expanding along the 1st column and using (7.64),

| det((pi, qj)cr (Ci(B1) (R, (Xi, Y5)) — Ci(B2) (R, (X, Y5))))1<ij<nl
< B 2e(M,en) f MY

s=1

- |det({pi, @) o (C1(B1) (Rp, (X3, Y5)) — Ci(B2) (R, (X; Yj))))iii’ji? :
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By expanding the remaining determinants by means of the Cauchy-Binet
formula as in (2.29) and using (7.51) we obtain that

| det((pi, qj)cr (Ci(B1) (R, (Xi, Y5)) — Ci(B2) (R, (X, Y5))))1<ij<nl
< By MM ) ST MY

On the assumption c;p > ¢(M, ¢, f; *, this inequality yields (7.57). O

Though the next lemma is not used in our proof of Theorem 1.1, it
enlightens us about why the infrared integration is necessary to achieve our
goal. The discussion in Remark 1.8 was based on this lemma. Here we
temporarily lift the imposition of (7.4).

LEMMA 7.15. Set tmar = max{tpe,tho,tve tvo}. Assume that
tmazB = 1. Then, there exist constants ci,ca,cs > 0 independent of any
physical parameter such that the following inequality holds for any L € N
satisfying L > c1tmaz3 and o € {1,1}.

B 1
2 < / dr SO (%0, 000) s < cstian i 15,
0

xel

where C : (Bx T x {1,]} x [0,8))% — C is the free covariance (2.5) with
the free Hamiltonian Hy given by (7.3).

PRrROOF. First we prove the claim under the assumption (7.4). Let
Ct, : I3 — C be defined by (2.22) with ¢(M o h?|1 — "% |2) in place of
x(h|1—€'%]) and E(-) defined by (7.1). Since now the inequality (6.1) holds
with Fh1 = 4, Es = 1, the results of Lemma 6.2 for £1 = 4, 5, = 1 are
available. Then, by recalling Lemma 2.1 and (6.3) we have that

Np,
1
(7.65) sup — Y |C(X,Y) — CH (X, V)| < e(M,c) > M~
Yeh ™ xery - I=1

S C(M’ Cw)7
if h > c. Define the covariances C} : I3 — C (I =0,—1,---,Ng) by

Cl(pxoz,nyTy)
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607’ i(x— i(z—y)w . —
=7y, <Ry (0 ) (iwly — E(k) T (o).
(w,k)eMp, xT*

The covariance C| is equal to C; with J/(y) =0€ S(j) ( =0,—1,---, 1).
Thus, Lemma 7.13 (2) ensures that

1
sup — § IC/(X,Y)| < (M, cw)f M
Yely h Xely

on the assumption that h > ¢, L > 8 and M > ¢. The assumption § > 1
implies that M ~Ns < ¢(M)g3. Therefore, if h > ¢, 1< 3 < L,

Ng
(7.66) sp + 3 S CX V)| < M) 175
Vel ™ xer, |i=0

By (7.9) we can deduce that for any (x,0,2) € T' x {1, |} x [0, B)n,

Ng
Cy(xow,-000) — Y Cf(-xo1,-000)

=0
1
< 3m >

(w,k)eMp xT*
(|o(MGER|L — ' |?) — ¢(My2w?)]
g O
+ S(My2w?)||h Iy — e RIFRE0) Ly
(iwls — E() ™ laxa
(I — e BB EE0)) (il — B(K))||4x4)

(7.67)

4x4

<—1 1
AL k)z/\/t: r (M h2 1= [2)£0V ¢(Mpw?)#0
w,K)e pxI™*

(cBh™2 +cp*h 1)
< cBh™2 4+ cf%h L
Combination of (7.65), (7.66), (7.67) yields that

1
- > |C(-x0z, -000)]|4x4
(x,2)er'x[0,8)



206 Yohei KASHIMA

< e(M, ) B+ ¢(M, ¢p) + cL?B*h ™2 4 cL?33h L.

Then, sending h — oo and using the inequality f; '3 > 1 we reach the
inequality

B
(7.68) /O dx 3 O (%0, 000) s < (M, ) £

xel

on the assumption 1 < g < L.
Let us prove the lower bound. By (D.1) in Appendix D,

C(-xoz,-000) I3 Z e 0k B (1) (BB~
kel

for any (x,z) € I' x [0, 3). Consider the case that L € 2N. Since (7, 7) € I'*
and E(m,m) = O, we have that for any x € [0, 3)

2:efi(X’(’T’Tr»C’(-XU$7 -000) = %L;.

xel’

Therefore,

g
(7.69) / dz Y [|C(-xox,-000)]|4xa

0 xel’

z/dx

B
-

g e ™M) O (xox, -000)
xel

4x4

On the other hand, if L € 2N+ 1, (7 — 7,7 — 7) € I'*. For any = € [0, ),

L

z e =TT O (-x0, -000)
xel
_ esz(ﬂf%Jrf%)(Ll_’_eﬁE(ﬂf%,ﬂ’f%))*l.

Moreover, by using Lemma 7.2 (1) we can prove that

Z e W=D O (-xow, -000)

4x4
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1 1
> 2 _ || pBE(r—T,m—T) I BE(r—F,m—F)\—1 _ I
Z5|e (Is +e ) 214,
0
> 1 _/ dr _emE‘(ﬂ'+r,ﬂ'+r) (I4 + 6ﬁE(7r+r,7r+'r))fl
2 Jo= dr 4x4
1
Z 5 - C/Bl/_1

This implies that

B
(7.70) / " [|C(xox, -000)||l4xa > g — L7

0 xel

By assuming that 1 < 8 and ¢3 < L we obtain from (7.68), (7.69), (7.70)
that

B
cf < /0 dq:z |C(-xoz,-000)|laxs < (M, cw)f 8.

xel

Thus, the claim has been proved under the assumption (7.4).

Let us admit that the claim is true under the assumption (7.4) and derive
the result in the general case. Let C'(3) : (B x ' x {1, 1} x [0,3))? — C be
the covariance defined by (2.5) with the free Hamiltonian ﬁHO. It follows
that if 6> 1 and L > ¢10,

B R
o3 < /0 dq;z |IC(B)(-xox,-000)|4xa < CSft_/imawﬁ‘

xel

We can see from the definition that

C(B)(xox,-000) = C(B/tmaz) (X0 (2 /tmaz), -000)

for any (x,0,z) € I' x {1,]} x [0,3). Therefore, if ¢4, > 1 and L >
Cltmaxﬁu

tma(tﬁ
C2tmaxﬁ < /(; dl'z HC XU CU/tmam) OUO)||4X4 < C3ft/t mazﬁa

xel

or

B 1
e < / dzy_ | C(B)(xow,-000)|axa < c3fy)y B = cathaafy 8. O
0

xel
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7.4. Application of the generalized infrared integration

Since we have studied the properties of the prototypical covariance for
the infrared integration in the previous subsection, we can apply the general
infrared analysis summarized in Subsection 5.3 and Subsection 5.4 to prove
Theorem 1.1. We follow several steps until we reach the proof of the main
theorem. Since some technicalities arise in how to choose the constant crg
and the domain D of C%, let us write S(csr, D)(1), S(crr, D)(1) in place of
S(1), 8(1) respectively. We also write S(3)(crr, D)(1) instead of S(crr, D)(1)
when we want to indicate the dependency on (8 as well. Throughout this
subsection we assume that

(7.71) L>p, h>es

These are the conditions required in Proposition 6.4, Lemma 7.13 and
Lemma 7.14, since now E; = 4, Myy = 10/6/7.

We use the output of the UV integration as the input of the infrared
integration. Thus, we need to confirm the next statement as the first step.

LEMMA 7.16. Let ¢ (€ Rsq) be the generic positive constant and cy,
¢y (€ R>1) be the M-dependent constants appearing in Proposition 6.4.
Assume that
M > max{Myy,c}, o® > cM

and set
Dyy = {(U1,Us,Us3,Uy) € C* | |U,| < (cleo + cp)*a*)™t, (Vp € B)}.

Let JH0(y), J-%) € AV be the Grassmann polynomials defined in the
beginning of Subsection 6.2. Set

T) 1= 5(T) + T,

Then,
JO() € S(co, Dyv)(0).

Moreover, on the assumption (4.2),

(J2(B1) (), I°(B2)(#)) € S(co. Duv)(0).
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REMARK 7.17. One necessary condition for a Grassmann polynomial
to belong to S(cg, Dyy)(0) is the invariance with S : [ — I, @ : I — R
defined in (7.21). It is shown below that the polynomial J°(v)) satisfies
this invariance, while J+°(¢)) or J=9(¢) cannot be proved to have this
invariance by itself. For this reason it is more convenient to deal with J%(¢))
than J*9(v), J7°(3)) as the input to the infrared integration. The adoption
of JO(3) in place of JT0(zp), J0(x) is justified by Lemma 2.10.

PROOF OF LEMMA 7.16. By Proposition 6.4 (1), (2) we see that J%(¢))
satisfies the conditions (i), (ii) of S(co, Dyy)(0). Moreover, on the as-
sumption (4.2), Proposition 6.4 (4) implies that (JO(81)(x), J°(52)(¥)) €
S(co, Dyv)(0).

It remains to check that JO(1)) satisfies the invariant properties (iii), (iv).
Let J%' () (1 € {0,1,---,Ny},6 € {+,—}) be the Grassmann polynomials
defined in the beginning of Subsection 6.2. Since J&Nr(¢p) = —VP(4), by
recalling (2.30) we can check that J%» (v) satisfies the invariant properties
(iii), (iv) except the invariance with S : I — I, @ : I — R defined in (7.21).
In the same way as in the proof of Lemma 7.13 (3), (4) we can show that
for any 1 € {0,1,--- , N3}, 6 € {+,—},

C (U)(X) = ¢S 0 (U)(5,(X)), (VX € I°,U € Doy,

with S : I — I, Q : I — R defined in (7.15), (7.16), (7.17), (7.18), (7.19)
respectively, and

CH(U)(X) = e @K 08 (T)(S2(X)), (VX € I%,U € Dpy),

with S: T — I, Q: I — R defined in (7.20). Therefore, we can inductively
apply Lemma 3.9 to conclude that J%(z)) satisfies the invariant properties
(i), (iv) except the invariance with S : I — I, @ : I — R defined in (7.21),
and so does J°(3)) by definition.

In the following let S : I — I, @ : I — R be those defined in (7.21). We
see that

(7.72) VI(Rp) = Vo), (V6 € {+,-)).

Moreover, for any (p,x,0,z,0),(n,y,7,y,§) € I,

(773) 677;@2(52((pvxvovxﬂ)»(n’y»Tvyfg)))Cio(52((p’ )(7 o-’ x’ 9)7 (’I’], y, T, y’ 6)))
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1
= 5 (_1)1p6{1’4}+1n6{1’4}+1 (1(975)(1,—1)020((777 y, 7, y)v (pv X, 0, 1‘))

- 1({,9):(1,—1)Ci0((p7 X,0, :‘C)a (777 Y, 7, y))) :

For the matrix Y € Mat(4,C) defined in (7.49), YE(k)Y = —E(k). Using
this equality and E'(k)* = E(k) we can derive that

(=

pe{1,4} Tlnequ, 4}+IC+ ((,O,X ag, QZ') (777y77— y))

Z ei(x—y k) o —i(z— y)wthl w)

(ka)EMhXF*
( I4 +ei%[4+ﬁYE(k)Y)f (P, n)

Z el x—y k) o—i(z— y)wthl w)

(w,k)EMhXF*
jwr, 1 * _
RGN AR R

Np,
L2 Z e~ Hy—xk) ji(y—z)w Z Xh,l(w)
=1

(w,k)eM, xT*

!
5

T RBTRP0 1), p)
= C;O((n7y77-7y)7 (p7X707 Z‘)),

which also implies that

(—1)1pe{1,4}+1ne{1,4}+1C;0((p, x,0,2),(n,¥,7,Y))
= Co((n,y,7.9), (p, %, 0,2)).

Substituting these equalities into (7.73) yields

(7.74) e RSEXIOL (5,(X)) = OZH(X), (YK € 2,6 € {+,-}).

We see from the definition of Grassmann Gaussian integral and (7.74) that
for any X € 1",

_ X 2C760(Y)L
[ ixdnes () = ¢ xer Mgy |
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Y 5 -
_ e_z ver? ezQQ( )C (S ( )) 31/)Y e ZQn Sn ),(]Z)Sn

oo

~ 2 yer C>0(Y) oy o 1Qn(Sn(

= [Ny (),

¢&4x‘w20

or

@1 [ oxdigr ) = [ @SNy due s (0)
= [(R)xdiey(w).
Proposition 6.4 (3) states that if sup .5 |U,| is sufficiently small,
80,1\ — —Ve(p+yl) 1
J89() = log ( /e dhs, (6 >> .

By (7.75),

Jo0(U)(¢) = log ( / Vg <w1>>
>0
_ V9 1
= log (/6 VIe+RY )d:“c;g("‘pl)> .
Then, by (7.72) we obtain

JSO(U)(Re) = J~40(U)(w).

Since J~%0(U), J‘SO( )(R4) are continuous in Dyy and analytic in Dyy
with U, the identity theorem and the continuity guarantee this equality for
all U € Dyy. Therefore, we have

JO(U)(Ry) = J°(U)(y), (VU € Dyy). O

The aim of our IR integration is to find an analytic continuation of

ﬁi2 log </ eJO(w)duczoO(gZ)))
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into a (0, L, h)-independent domain of U around the origin. Here the co-

variance C% : IZ — C is defined by (2.24) with ¢(Mjw?) in place of

X(|w]). The next lemma explains how this aim is achieved.

LEMMA 7.18. There exists a constant ¢ € Ry independent of any pa-
rameter such that if M > ¢, we can choose J'(¢) € ANV (I € {-1,-2,
.-+ ,Ng —1}) so that the following statements hold true.

(1) There exist constants ¢(M, cy),c (M, ¢y) € R>1 depending only on M,
Cw such that

J' () € S(err, Dig)(1),
(Vi e{0,-1,--- ,Ng— 1}, € Ry with a? > CM7),

where JO(1)) is the polynomial set in Lemma 7.16,
crr = (M, cp) fil,

2
— 4 e
Dig = {(Ul,UQ,Ug,U4) eC ’Up| < C/(M, cw)oz4’ (Vp € B)} .

(2)

Re{det(I4 — (iwly — E(k) — B q(w, k) x<i(w, k)W (w, k))} > 0,
(V(w, k) € M xT*,1€{0,~1,--- ,Ng},a € Ryg with a® > cM’,
Ue DIR)’

where By (w,k) := 0, W{w,k) and E41(w,k) (I € {0,-1,---, Ng})
are derived from J'() by (7.24) and (7.41) respectively.

(3) There exists a constant (3, L, M) € R depending only on 3, L, M
such that if a > ¢(B, L, M) additionally holds,

/6J0(¢)duc§0(¢) € C\R<o

and



RG Analysis of Many-FElectron Systems 213

1 Ng—1
- Jl
BL? lz; 0
SRS
27372
=0 /HL (w,k)eMxT*
-log (det (Iy — (iwly — E(k) — Ejyq(w, k)™
x<i(w, kK)WHw,k))),
(VU € D[R).

(4) Assume that (4.2) holds and L > (35. Then,

(JH(B1)(@), I (B2) (%)) € S(err, Drr)(1),
(Vi €{0,—1,--- ,Ng },a € Rog with a* > cM").

PrOOF. In the following we will apply Proposition 5.6, Proposition
59 for a; =2, a2 =1, a3 = 1, ay = 1/2, Lemma 7.13, Lemma 7.14 and
Lemma 7.16. Note that there exists a constant ¢ € Ry independent of any
parameter such that for any M, a € R>; satisfying

(7.77) M2 >c¢, a>cM3,

the claims of these propositions and lemmas hold. We assume the condition
(7.77) during the proof. We can replace ¢ in (7.77) by a larger generic
constant without altering the statements of this lemma. Such a replacement
will be necessary in the proof of the claim (2).

In order to organize the argument, we introduce the sets R(l) (I € Z<)
of covariances as follows. For a constant ¢; € R>1 and a domain D,(C C*)
satisfying that U € D, (VU € D,), where D, is the closure of D,, a function
C, : I3 — C belongs to R(c1, D,)(1) if and only if C, is parameterized by
U € D, and satisfies the following conditions.

(i) U~ C,(U)(X) is continuous in D, and analytic in D, (VX € I3).
(i)

| det((pi, a;)cr Co(U)(Xi, Yi))1<ijen| < (1t M*)",

(Vr,n € Na Pi,4d; € C" with HpZH(C” ||%||O < ]-7

Xi7)/i € IO (Z = 1727"' ,’I’L),U ED_O)'
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(iii)
1Co(U) |11 < et M~ (vr € {0,1},U € D).

(iv) Under the notation introduced in Subsection 3.3,

C,o(U)(X) = @520 (U)(55(X)), (VX € I?,U € D),

for S: I — I, Q : 1 — R defined by (7.15), (7.16), (7.17), (7.18),
(7.19) respectively.

(v)

Co(U)(X) = e @(=XNC,(T)(S2(X)), (VX € I2,U € D,),
for S:1—1,Q:I— R defined by (7.20), (7.21) respectively.

Here C, : I — C is the anti-symmetric extension of C, defined as in (3.2).
We will also write R(3)(c1, D,)(1) in place of R(c1, D,)(l) when we want to
indicate its G-dependency.

Let us inductively construct J!(y) € S(I) (1=0,-1,--- ,Ng—1), C; €
R() (I =0,-1,---,Ng). Let ¢(M,cy) be the maximum of the constants
with the same notation appearing in Lemma 7.13 and Lemma 7.14. Recall
that ¢(M,c,) depends only on M, ¢, and that the constant co(€ R>p)
appearing in Lemma 7.16 stems from Proposition 6.4 and depends only on
M, since now b, d, My, Es are fixed constants. As remarked in Remark 6.5,
we can replace ¢y by max{c(M, c,),co}f ! in Proposition 6.4. Accordingly
Lemma 7.16 ensures that

T (¢) € S(max{c(M, cw), co} fy ", D)(0),
and on the assumption (4.2),

(J2(B1) (@), J*(B2)(¥)) € S (max{c(M, cw), co}f¢ ', D)(0),

where

D= {(Ul,Ug,Ug,U4) ect



RG Analysis of Many-FElectron Systems 215

1
U,| < , VpeB

O O ca) o}y eppat )}
with the constant ¢ appearing in (7.77). Now, set

crp = max{c(M, cy), co} fi L,

DIR = {(UlaUQa U37U4) € C4

Je
(max{c(M, cy),co} + c)?at’

U, <
Ul < -

(VpEB)}.

Since Drp C D, we have JO(¢) € S(err, Drr)(0), (JO(B1)(), J%(B2) (1))
€ S(err, Drr)(0).
Assume that [ € {0,—1,--- , N3} and

JJW) € S(CIRaDIR)(j)v (Vj € {07_17"' 7l})'

Using J7(¢) (j = 0,—1,---,1), we define the covariance C; : I — C by
(7.43). Tt follows from Lemma 7.13 and the inequality c;gp > c(M, cy) fi
that C; € R(crr, Drr)(l). Then, we define the Grassmann polynomials
FIL (), T () (n € Nso), TH1(y), J5 () € AV by (5.7) with the
covariance C; and the input J'(1)) — J, — J4(3p). We can apply Proposition
5.6 for a; = 2, a2 =1, a3 = 1, ag = 1/2 and Lemma 3.9 to prove that
J=1 () € S(crr, Drr)(I—1). The continuity and the analyticity of J!=1(z)
with U can be proved by the same argument as in the proof of Proposition
6.4 (2). Thus, we have inductively constructed

T () € S(err, Dir) (1), (1=0,~1,---,Ng— 1),
C e R(C[R,D[R)(l), (l =0,-1,--- ,Ng).

Thus, the claim (1) holds with ¢/(M,¢y) = c(max{c(M,cy),co} + cf)?.
Before proving the claims (2), (3), let us show that the claim (4) holds true.

(4):  Define the subset R(crr, Drr)(l) of R(B1)(crr, Dir)(l) x
R(ﬁg)(C]R,D[R)(l) (l = 0,—-1,--- aNﬁl) as fOHOWS.~ (Co(ﬁl),co(ﬁg)) S
R(,@l)(C]R,D[R)(l) X R(ﬁQ)(C[R,D]R)(l) belongs to R(C]R,D[R)(l) if and
only if
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(i)
| det({pi, 4;j) - Co(U)(B1) (Rp, (X3, Y5)))1<i,j<n
— det((pi, 95) cr Co(U) (B2) (Rp, (Xi, Y5)))1<i,j<nl
_1
< ﬂl QM_I(C]RM2Z>TL,
(Vr,n S N7 Pi, qs S CT with Hp’LH(CT7 ||qz||(CT S 17
X;,Y; €l (i=1,2,---,n),U € Djp).
(i)

1Co(U)(B1) — ColU) (Bo)ls < B 2ernM 2, (YU € Drp),

where /C'\;(ﬂj) : I(B;)? — C is the anti-symmetric extension of Cy(8;)
defined as in (3.2) for j =1,2.

We have already seen that (J°(831)(v), J(B2) (¥ )) e S(err, D1r)(0).
By Lemma 7.14 and the inequality c;r > c(M, cw)fit, (Co(Br), Co(Be)) €
R(crr, Drr)(0).

Assume that [ € {0,—1,---, Ng, } and

(F(B1) (W), T (B2)(¥)) € S(err, Drr)(3),
(Cy(B1), Cj(B2)) € Rlcrr, Dir)(4), (Vi € {0,—1,---,1}).

Then, we can apply Proposition 5.9 for a; =2, a2 =1, a3 =1, ay =1/2 to
conclude that

(J7HB) W), JTHB2) () € S(err, Dir)(1 - 1).

Moreover, if [ > Ng, + 1, we can again apply Lemma 7.14 to prove that

(C_1(A1), Ci—1(B2)) € R(crr, Dir) (1 — 1).

Therefore, the claim (4) has been proved by induction with [.

(2): Take any (w,k) € R? satisfying |w| > 7/ and x<;(w, k) # 0. By
the assumption L > ( and Lemma 7.5, the condition (7.39) holds. By
Lemma 7.8 (1), (7.44) and the inequalities ¢, < fi, f¢ < 1,

|(iwls — E(k) — B (w, k)" x<i(w, )W (w, k) laxa
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Ng
< X (@, K)||(iwls — E(K) — Eryr (@, k)™ asa [ (@, K)]|4xa
j*l

< ZXJ w, k)M Je. CIRf 2M2l+j+1 -2

Since the left-hand side of the above inequality vanishes if x<;(w,k) = 0,
we eventually have

(7.78) (iwly — E(k) — Epyr(w,k) " x<i(w, )W (w,k)[|4xa
<cMa™?, (V(w, k) € R? with |w| > 7/8).

By the condition (7.77),
(7.79) ’det (I — (iwly — B(k) — Epg (w,K) x<i(w, KW (w,k)) — 1)
< cMa™?, (V(w, k) € R? with |w| > 7/8).

The claim follows from this inequality and the replacement of the constant
cin (7.77) by a larger constant if necessary.
(3): By (7.13) and (7.14),

s e,
1 N _m
(E) > LX) < eI M™"™ma™™ (Vm e N).
Xelm

Using these inequalities, we have that

Nor1\™ > iyn oo
2 = Jh ()] | (crpM®yz 5=
( S (5) 2 k00 e

00 N n
1 N _ oN o = .
< g E <2% E (0 m> <e'h 1—a=l 1, (VZ € C with |Z| < 2)
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The above inequalities imply that
(7.80) Ree’o >0, (VI € {0,—1,--- , N3z —1}),

Re [ &% ety (1) >0,

vie {0,-1,---,Ng}, z € C with |z| < 2),
B

if « is larger than or equal to a constant ¢(3, L) € Rs¢ depending only on
B and L. We can especially see from (7.80) that

N
log ( / e” = m=1 J%W*wl)duawl))

is analytic with z in {z € C | |z| < 2}, and thus

(7.81) log (/eZ 5@:4J£”(w+wl)d,uoz (1/11))

-3 (i> log / e = met I dpg (1)
ot n! \ dz
:Jl_1(¢)7 (VlE {07_17 7N,3})7

if > c¢(B,L).
Define the covariances C<;, D<; : Ig —-C(=0,-1,---,Ng) by

2=0

C«(-xoz, yTy) := Sour Z el kx—y) giw(z—y)

BL (w,k)eEMp, xT*
x<i(w, k) (iwly — B(k) — Ey(w, k)™,
D<(xoz, yry) := 5ULT2 Z ikx—y) giw(z—y)

(w,k)eMp, xT*
x<i(w, k) (iwly — B(k) — B (w, k)7,

where Ey(w,k) := 0. By (7.44), C<;, D<; are well-defined. Note that by
(7.9), D<o is equal to CZ. Moreover,

(7.82) Cy(X) + D1 (X) = C(X), (VX € 13,1 €{0,~1,--- ,Ng+1}).
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Introduce the functions JéyQ 112 —-C (e{0,-1,---,Ng}) by

Jbo(pxoz, nyTy)

507’ i(k,x— w(r—
= ﬂiﬁ Z 1X§l(w,k)=()e (k. y>e ( y)Wl (wv k) (pv 77)
(w,k)EthF*

Then, let us define Ji(v) € AV by

- 1\ 2 l _
oY) = (ﬁ) Z Jo,z(XvY)i/’Xﬂ’Y'

X,Yel

Since

Z J(l),Q(Xay)DSZ(ZﬂX) = Z J(ZJ,Q(X7Y)DSZ(X7 Z) =0,
XEI() XEIO

(VY,Z € Iy,l € {0,—1,--- ,Ng}),
we can derive from the definition of the Grassmann Gaussian integral that
(785) [ ) = [ OB, (),
(Vi € {0,-1,---,Ng}).

To approximate C<;, D<; by invertible matrices, let us take e € R>o. Then,
define the covariances C,;, D, : I — C (I € {0,—1,--- ,Ng}) by

CL(-xox,-yTY)

s . .
1= Cx(xow, yTy) + BUL; Y, VI g—oely,
(ka)EMh x I

DESZ('XO'J}, 'yTy)

60 T i(k,x— ww(T—
= D<(-xox, yTYy) + ﬁiQ Z et lx=y) giv( y)]‘XSl(w,k):OE‘LI‘
(w,k)eM), xI'*

Let Ci’l_l, Dil_l : I3 — C be the inverse matrix of C<,, D%, respectively.
We can see that

—1
C2 (xoz,-yTy)
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60,7’ i(k,x— w(x—

_ AT Z eikx—y) giw(z—y)
(w,k)eMyp, xIT*

(I zox<t(w, k) M iwly — E(k) — Ej(w,k)) + 1y (wk)—08 1),

Dzl_l(-xax, YTY)

L
ﬁL h (w,k)eMpxT*

: (1xgl(w,k)7$0X§l(wa k)_l(iWI4 - E(k) - El—i-l(w: k)) + 1X§l(w,k):0€_114)-

By Lemma 7.6 (1) and (7.42) we have

(7.84) JL () — > DI NX,Y)dxvy
XYGIO
— > CTHXL Y )by,
X, Yely

(Vl S {0, -1, ,Nﬂ}).

Here let us recall some basics of Grassmann integration. We can number
each element of Iy so that Iy = {X; }SL Fh " We define the linear map
[ dpdip : AN(V & V) — A V! as follows. For any f(¢!) € AVE,

/ FY D Tx, -
/f(@bl)z/zxdz/)dE =0, (VX € I, m # 16L*j3h).

wXﬂZ)XQ T ngLQ/@hdq/}dE = f(¢1),

8L28h

Then, for any g € A(V @ V1), [gdypdyp(e AV') is uniquely determined
by linearity and anti-symmetry. Let C, : I3 — C be an invertible co-

variance matrix. By taking the Grassmann variables ai,as2,--- ,ap to be
Vx, Vxy ,¢X8L2ﬁh;¢xl»¢xg7 T ,¢X8L2ﬂh and the skew symmetric ma-
trix S to be

0 G
—C! 0
in [5, Lemma I1.10] we obtain the equality that

/62 Xely (E;ax+¢}(’¢x)€* z X,Yely Cgl(X’Y)wXEYdl/JdE
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. //GZX,YeIO CJI(X’Y)dJX@Ydd)dE

—1
o= xver CoXY)Pxvh

By applying the left derivative

a ... 8 8 ... a
O, Oy, Wk, 9x,

to both sides of the above equality and comparing the constant terms we
obtain that

_ . B . _ B
/inl ' TZJX ¢X t 'wlee ZXJ/GIQ C (X7Y)¢’X’l/1ydwdw

/ / X x ver, € S HX Y ) Wxdy dwdw

. det(C (szvX ))1Sp7q§l lf l=m
10 ifl £m

= [, T, o, (6),

By linearity,
(7.85) / F@)dpc, (%) = / Fp)e™ = xven Co XV )exty g i

_ / / e~ e Oo (XY )xby g i
e A\ V).
Note that
(7.86) /e—z”e,o HXY) UXTY i = (—1)8L2Bh(8L2A=1)/2 det O
=detC, L.

By combining (7.83), (7.84) with the general equalities (7.85), (7.86) we
observe that

(7.87) /BJO(w)dMCgOO(Z/J) — /eJO(w)dMD@(?ﬁ) _ /BJO(w)JS(w)duD@(d))
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i [ e @I = T xyer, DZo (XY )xdy ddp
e\0
) //6_ X x,yer, DESI(XvYWXEdedE

= €J8 lim 62 fX:4 J%(w)e— by X,Yely C;’al(X7Y)¢XEY dwda
e\0
. / /6_ by X, Yely Dzal(XaY)wxaydwdE
— €J8 hm 6_ >z X,Yely ngl(X,Y)¢XEY d¢d@
e\0
. / /6_ > X, Yely D;’JI(XYWxEydwdE

. / 62 5:4 ng(w)ducago (¢)

0.
= ¢’ lim
e\.0

[T (det (Legyarox<olw k)™
(w,k)EMh xI'*

(iwly — E(k) — Ep(w,k))
_ 2
+ Lyco(wk)=0¢ 114))

ST (et (e ysoxsolw k)~ (wls — E(K)
(w,k)EMhXF*

—_ 2
+ 1y y(wk)—08 1))
N
. / & =T Wdpce (1)

= I (det (L — (iwl — B(k) ™"
(w,k)eMy xIT*
with Xgo(wyk)io

 X<o(w, k)W (w, k)))*
-/eZ 71;11:4 ‘]’%w)ducgo(l/f)
—eR [ (det (1 (ki — B

(w,k)eMy, xT*
with x < (w,k)#0
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x<o(w, X)W (w, k)))?
e D),

In the last line of (7.87) we did the following transformation, which can be
justified by (7.80), (7.81), (7.82), [5, Proposition 1.21] and [14, Lemma C.2].

N
/ e et Wy, (v / / m= T ey () dpn. (1)
/ log(f e~ N5 (vt Ddpcy (! ))d,uD<,1(¢)
:/eJl(lb)d,uDSl(w)_

By repeating this procedure and using the fact that C<y, = Cn, we obtain
the following.

0
(7.88) [ " ez, @)
Ng—l—l
Ty ey T H ( H
=0 (w,k)EM, XT*

with x «;(w,k)#0

det (I — (iwly — E(k) — Ery1(w, k)™

x<i(w, KW (w, k))2>

JNe
e O, )
N Nﬁ
N R A H H
1=0 (w,k)EMy, xT*

with x «;(w,k)#0

~det (I — (iwls — E(k) — Epy1(w, k)™
'Xgl(w7k)Wl(w7k))2>

N NB
/ezm -4 2 )d#CgNﬁ(¢)
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Ng—1 Nﬁ
— Iy Ty A H ( H
(

=0 w,k)eEM ) xT*
with x < (w,k)7#0

~det (I — (iwly — E(k) — Ejy1(w, k)™

x<i(w, KW (w, k))2> :

It follows from (7.13) that

Ng—1 N
(7.89) ZZ; Jh| < %ca_?’,

Ng—1
B 1 N -3
e=i=0 Jo — 1‘ <er®™  —1.

Set

K :={(l,wk,0) € {0,-1,--- ,Ng} X Mp xT* x {1,1} |
x<i(w, k) # 0},

K = {(l,w,k,a) S {O,—l,--- ,N@} X M x T* x {T,l} ]
(Mypw?) # 0}

Using (7.78) and (7.79), we see that for any Q C K with @ # 0,

(7.90) [T det (Zs— (wly — E(k) — Epoa(w, k)™

(lw,k,0)€Q

- x<i(w, k)Wl(w, k)) -1

[T det (Iu - (iwly — E(k) — Ei1(w, k)™
(lw,k,0)EQ

x<i(w, k)W (w, k))

— H 1

(l7w7k7U)EQ
< eMa Q1+ cMa )97 < eMa %K' (1 + cMa~2)HE' -1,
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By (7.89) and (7.90),

Ng—1
(7.91) Im Y J§ € (—m,m),
=0
Re ™ ;V:%A To > 0,
Re [ det (L — (iwly — E(k) — Ejy1(w, k)™
(lw,k,0)€Q
: XSZ(M’ k)Wl(w’ k))
>0, (VQ C K with Q #0),

if «v is larger than a constant ¢(3, L, M) € Rso depending only on 3, L, M.
Since loge® = z (Vz € C with Im 2z € (—7, 7)), z122 € C\R<p, log(z122) =
log z1 + log z3 (V21,22 € C with Rez; > 0, Rezy > 0), the condition (7.91)
enables us to deduce the claim (3) from (7.88). O

On the assumption that M > ¢, a® > ¢M7 with the constant ¢ € Ry
appearing in Lemma 7.18, we define the function J.,4(-) : Drgr — C by the
right-hand side of (7.76). In the next two lemmas we study properties of
Jend-

LEMMA 7.19. There exists a constant ¢ € Ry independent of any pa-
rameter such that if

M>c, a?>cM,
the following statements hold true.
(1) U+ Jepa(U) is continuous in Drr and analytic in Drpg.

(2) There exists a constant ¢(M) € Rsq depending only on M such that

|Jend(U)| < C(M)ft_10727 (VU € D—IR)

(3) Additionally assume that (4.2) holds and L > (2. Then, there exists
a constant (M, ¢,,) € Rsq depending only on M, ¢, such that

| Jena(81)(U) = Jena(82)(U)] < (M, cw)ﬂf%f{la‘z, (VU € Dyg).
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PrROOF. (1): Since J!(¢) € S(crr, Drr)(1) (V1 € {0,—1,--- ,Ng —1}),

Ng—1

U /3L2 ZJO

is continuous in Dyp and analytic in D;z. By Lemma 7.18 (2) and the def-
initions (7.24), (7.41), the second term of Jg,q4 is also seen to be continuous
in Drgr and analytic in Djg.

(2): To estimate the second term of J.p4, we can apply Lemma 7.12 (1),
since the condition (7.39) is ensured by Lemma 7.5. Using (7.13), (7.79),
Lemma 7.12 (1) and the inequality f; < 1, we have that

Ng—1
| Jend| < c Z Mila~ +ch 1M3l+3z (eMa—2)"
+CM4ft a~ gc(M)ft 1072.

(3): Note that by the condition on L, (31, (2, the inequality (7.39) holds
for B1 and B2. This means that we can use Lemma 7.8, Lemma 7.10 and
Lemma 7.12 (2),(3), in which (7.39) is assumed, in the following.

We can decompose Jenq(02) as follows.

Jend(B2) = Jbna(B2) + J2na(B2),

where
Ng, —1 Ng,
end(ﬁQ L2 Z 62 252 Z
GM(ﬂg)XF*
-log (det (14 — (iwly — E(k) — El+1(62)(w, k))™!
x<1(B2)(w, k)Wl(ﬁz)(ka)))a
. Ng,—1 Ng,
Jena(B2) = "Iz > B 5 >
I=Ng, =2 [=Ng, -1 2 w,K)EM(B2) xT™*

-log (det (14 — (iwly — B(k) — Ez+1(52)(w7 k))~*
- x<t(B2) (w, )W () (w, k).
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By using (7.13), (7.79) and Lemma 7.12 (1) and recalling the definition of
Npg, we can deduce that

Ng,—1
(792) ’ end(ﬁ2 ‘ <c Z MQI -
I=Ng, -2
Ng,
Z f 1M3l+3z CMCE_Q
I=Ng,—1

<e(M)Br P e,
Next let us find an upper bound on |Jena(B1) — JL ;(B2)|. Note that
(7.93)  [Jena(B1) = Jena(B2)]

Nﬁl—l Nﬂl 2
< Z L2 0 ﬁLQJO 52) +2§;

1

(w,k)EM(Bq)xT*
-log (det (.74 — (iwly — BE(k) — Ej41(8a)(w, k)t
- x<t(Ba) (W, )W (Ba) (w, k)))

= L2 > ( du+ ma du)
(

kel
-log det (14 — (iuly — E(k) — Ert1(Ba)(u, k)

X<1(Ba) (u, k)W (Ba) (u, k)) )

S ([ [ T

-‘log (det (I — (iul; — E(k) — El+1(ﬁl)(u,k)

)"
x<i(B1) (u, X)W u,k)))
— log (det (14 — (iuly — E(k) — El+1(ﬂg)( k)7t

Xt(B2) (1, ) W () (. 1) )|

1
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xa(Be)(a, k)Wl(&)(Uak))) :

The assumption h > €® implies that 7h > (7/v/3)Myy, or ¢(M, UV“ H=0
(Vu € R with |u| > wh). This explains why the integrals with u over a
domain outside [—7h,wh] vanish in the following calculations. By using
(7.79), (7.78), Lemma 7.12 (2), (7.54), Lemma 7.4, Lemma 7.8 (2) and the
inequality crr > fi 1'in this order,

a2

(w,k)EM(Bq)xT*
-log (det (14 — (iwly — E(k) — Eip1(8a)(w, k)7t
- x<i(Ba) (@, )W (Ba) (w, k)))

%
d d
27TL2 e (/ v /—7rh u)

-log (det (I4 — (iuly — E(k) — Ei1(8a)(u, k)™t

x<1(Ba) (w, k)W (B) (u, k) |

Bah 4
LY T
~ 272
kel m=0
2—”(m-i—l +B w
/ / du
27 27 ™
m+ﬁ ﬁam+%
us
Bam= gy “
+/ dw/ du)
27 T 27 ™
~Ba (Mt -5, 8™ Ba

. ‘% log (det (14 — (iuly — B(k) — B1(Ba)(u, k)~
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) XSl(ﬂa)(ua k)wl(ﬂa)(u’ k))) ‘

Th+ 2~ i —7mh
27TL2 / du+ /ﬂh" i

Ba
. ‘ ]Qg (I4 — (ZZLI4 — E(k) - El—}—l(ﬁa)(u’k))il

Xt(Ba) (0, ) (80) (1, 1))

< ([ [ )

kel

. ‘% det (I4 — (iuly — E(k) — Ej41(6a) (u, k))_l

x<t(Ba) (u, k)W (B,) (u, k)

wh —% Noa
/ du + / du Z
s —7h :

J=l

. 2 ((ZUI4 — E(k) — El-i,-l(ﬂa)(ua k))il

X5 (1, )W (Ba) (u, k)

4x4

> 8%) ((iuls = E(K) = Biy1(5a)(u,k))
m_o (2)" s (%)l_n_mwlm(u,k)
Ng, 1

4x4

4x4

229
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1—-n

S (ew() ) e AM R (ew(l)

m=0
Ng,

< (M, cw)ﬁflM%la_Q Z MY
=l
< "(M, cw)ﬂflM%la_Q.
Also, by recalling (7.12) we see that

™

(7.95) % Z* < /_”h du + /_ ;:_1 du>

kel 81
-‘log(det (I — (iuly — B(K) — By (51) (u, k)"
X<t (B) (u, X)W (1) (u, K)))
—log (det (14 — (iuly — E(k) — Ei11(62)(u, k) ™!
X182 (1, )W (52) (1, 1) )|

1 7L
= _2 Z </ du—i—/ N du) 1X§l(ﬁ1)(uyk)¢0
cr* By -

- ‘10 det (I + (Is — (iuly — E(K) — Eps1(B2)(u, k)™

1

x<1(B2) (u, X)W (B2) (u, k)~
((iuly — E(k) — EHWMum>Wm@muo "(Ba) (u, k)
— (iuly — B(k) — i1 (61)(u, k)™
deWMWW1MUm

73 Z </ du+/_ . dU> x<1(B1)(uk)#0

kel B1
.‘log(det (I + (In — (iudy — E(K) — Eps1(B2)(u, k)™
x<1(B2) (u, )W (Ba) (u, k) ™
((iuly — E(k) — Bz (B2) (u, k)" x<a (1) (u, k)
- (W' (B2) (u, k) — W'(B1)(u, k)
+ (iuly — E(k) — By (82)(u, k)~
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(B (F2) (u, k) = Eia (B1) (u, k))
(iuly — E(k) = By (B1) (u, k)™

k
X (B) ()W (B) (1)) )|
where we used the equalities of the form
log(det(Iy — A)) — log(det(Iy — B))
— log(det(I4 + (It — B)™'(B - A)),
C-At'—(C-B)'=(C-A) " A-B)(C-DB)"!
for A, B,C € Mat(4,C). Moreover, by (7.44), the inequality c;p > ft_l,

Lemma 7.8 (1), Lemma 7.9, Lemma 7.10 (1) and Lemma 7.11 we have for
any j € {l,l —1,---, Ng }, (u,k) € R® with x;(u,k) # 0 that

(7.96) || (= Guly — B®) = By (81) (. k)™

(B2 (u, k)W (Be) (1, K))
- ((iuly — E(k) — Er1(82) (u, k) " x<i(B1) (u, k)

(W) (u k) = W (Br) (u, k)

+ (iuly — E(k) — Epy1(B2)(u,k)) !

(Er41(82) (u, k) — Ep1(B1) (u, k))

- (iuly — E(k) — Ey1(B1)(u, k)™
Xa(B) @ W (B @)

< cf|(iuly — E(k) — Eig1(62)(u, k)~ xgl(ﬂl)(w k)
S (WH(B2) (k) = WH(B1) (1, K)) [l axa
+cl|(iuly — E(k) — Ep1(62) (u, k)™
(Ei1(B2)(u, k) — Erp1(B1) (u, k) [laxa
< MW (Ba) (1, k) = W (B1) (1, 1) s
+ M| B (B2) (u, k) = B (81) (u, k) laxa
< min{cMoz_Q,cﬁl_%M_ja_2} <1
By taking into account Lemma 7.12 (2) and (7.96) we observe that
(7.97) (the right-hand side of (7.95))



232 Yohei KASHIMA

Ng, ™
1 B
S 305 94 AT B e

kel™

Similarly, by using Lemma 7.12 (3) and (7.79) we can derive that

(7.98) L2Z< /__%du>

kel* By
: j log (det (Iy — (iuly — B(k) — By (B2)(u, k)~

x<r(B2) ()W (B2) (1, K)) ) \

du) x<1(B2)(uk ;AOZ (eMa™?)"
n= 1

Combining (7.22), (7.94), (7.97), (7.98) with (7.93) yields

Nﬂl

(7.99)  [end(B1) = ha(B2)] < Z g7 M a8
=0
Ng,

+ZC,/MCw 2ft1M2l -2
< (M ew)fE a2
Finally, by coupling (7.99) with (7.92) we reach the claimed inequality. OJ

In order to indicate the dependency on the parameters 3, L, h, let us
write Jenq(03, L, h)(U) in place of J.,4(U) in the following. For any compact
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set K of C* let C(K;C) denote the Banach space of all complex-valued
continuous functions on K, equipped with the uniform norm. To prove the
next lemma, we need Lemma D.1 proved in Appendix D.

LEMMA 7.20. For any non-empty compact set K of C* satisfying K C
Dirgr the following statements hold true.

(1) For any B € Rso, L € N with L > 3, Jena(B, L, h)(-) converges in
C(K;C) as h — oo (h € 2N/().

(2) Set J(B,L) := limp,_o heanys Jend(B, L, h).  For any B € Ry,
J(B,L)(:) converges in C(K;C) as L — oo (L € N).

(3) Set J(B) = limp oo reNJ(B,L). J(B)(-) converges in C(K;C) as
8 — o0 (B €N).

PROOF. (1),(2): Take any Uy € (0, f2(c'(M,cyp)a*)™!) and small ¢ €
R~o, where ¢/(M, ¢,) is the constant appearing in the definition of D;g in
Lemma 7.18 (1). Set

De :={(U1,U2, U3, Us) € C* | |U,| < Up — ¢, (Vp € B)}.

Note that 2U € Djg for any U € D, and z € C with |z| < Uy/(Up —¢). By
Lemma 7.19 (1) and Cauchy’s integral formula we can justify the following
equalities.

(7.100)  Jena(B, L, h)(U) = Z% (%)" Jend(3, L, 1)(2U)
n=0 z=0

= an(8,L,h)(U), (YU € D),
n=0

where

1 Jend(8, L, 1) (zU
an (B, L, h)(U) = o o dz d(ﬁznﬂ)(z )

By Lemma 7.19 (2),

@00 (L) £ cOnf e (B2
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(VU € D.,n € NU {0}).

By Lemma 7.18 (3) there exists a constant ¢(3, L, M) € Rso depending
only on 3, L, M such that

1 0
— W log (/ €J (U)(w)dMC%oo(q/») = end(ﬁaLvh)(U)v
(VU € C* with |U,| < f2(c' (M, cw)e(B, L, M)*) ™, (Vp € B)).

By this equality and Lemma 2.10 (1) we can choose constants c1, hy € R,
which may depend on 3, L but are independent of h, so that for any U € D,,
h € 2N/ with h > hg,

(7.102)  an(B,L,h)(U)

_ 1 R JO(=U) (1)
o 27TZ |z|:01 dzzn+1 ( 6L2 log </e dﬂc%o()(w)
1 V(U
+ng (/e ( )w)duc(iﬂ)))
1 1 /0\" i
~ BL2n! (&) tog </e " wa)d%M)

By Lemma D.1 proved in Appendix D the last term in the right-hand side of
(7.102) uniformly converges with respect to U € D, as we send h to infinity
first, then L to infinity next. Moreover, Lemma 2.10 (2) and Proposition
6.4 (3) imply that

1 1 1 JO(zU
2mi ?lizq 4z (W tog (/e ( )(w)dﬂc?ow))
1 -V(zU)(¥)
BL2 log (/6 duc ()

Therefore, there exist {a, (8, L)}, {an(8)}52, C C(Dg;C) such that

z=0

lim sup
h—oco —_—
neaN/g U€De

=0.

(7.103) lim - sup |an(B, L, h)(U) = an (B3, L)(U)| = 0,
he?l\??ﬁ UGD_E



RG Analysis of Many-FElectron Systems 235

(7.104) lim sup [an (B3, L)(U) — an(8)(U)| = 0, (vn € NU{0}).
Lelo\lo UeD.
Since the right-hand side of (7.101) is summable with n over N U {0}, we

can apply the dominated convergence theorem for I'(NU{0}) together with
(7.103), (7.104) to deduce from (7.100) that

Jend(ﬁaLv h)(U) - Zan(ﬂa L)(U)i =0,
n=0

lim sup
h— o0 —
he2N/B UeD.

lim sup Y an(8,L)(U) - Zan(ﬁ)(U)| =0.
LeN U€eD: |pn=0 n=0

For any compact set K of C* with K C Drr we can choose Uy €
(0, f2(c (M, cp)a?)™1) and ¢ € Ryg so that K C D.. Thus, the claims
(1), (2) have been proved.

(3): By sending h and L to infinity in Lemma 7.19 (3) we obtain

_1
sup |J(61)(U) — J(52)(U)| < ¢"(M, ¢,)8, 2 f; la™?,
UeK
for any 1,82 € N with 8 > (31, which implies that (J(3))sen is a Cauchy
sequence in the Banach space C(K;C). Therefore, the claim (3) holds
true. O

Here we can give the proof of Theorem 1.1, admitting lemmas proved in
Appendix E.

Proor oF THEOREM 1.1. First of all let us assume that Theorem 1.1
is true if max{tpnc,tho:tvestvor = 1. Set tmazr = max{the,tho, tve, tvo}-
By the theorem for the Hamiltonian Ho /¢4, + V there exist a generic con-
stant ¢ € R>g and continuous functions Fj r,(-), F3(-), F(-) : Dt/tmm(c)4 —
C such that Fg(-) is analytic in Dy, (c)* and

1
FB,L(U) = _W log(Tr ef,B(Ho/tmava))’

(VU € Dy, () NRY, B € Rog, L € N with L > ),
lim sup |F,1.(z) — Fp(z)] =0, (VB € Rxo),

L—oo

LeN z€Dyg/y 00 (c)
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gim sup |F(z) — F(z)| = 0.
—00 4

BeR> 2E€Dy /1, (©)

By replacing 3 by tma. and taking into account the equality Dy .. (c) =
(1/tmaz)Di(c) we have that

1 1
tmaxF, U)=-————1log(Tre "
maxLtpmasB,L <tmaz > 5(2L)2 og( e )7

(YU € De(e) NRY, B € Rug, L € N with L > tnasf),

1 1
glm Sup ‘tmathmaQCLg?L <t z) N tmathmaxﬁ (t Z) ’ N 07
LeN zeDe(e)’ e -

(V68 € Rxo),

1 1
lim  sup ‘tmathmwﬁ ( z) — tmazF < z)‘ =0.
B — 4 tma:r tmaz

— 00
BeRs o zE€EDy(c)

Since the functions Fy, . 3.1.(:/tmaz)s FtyawB(-/tmaz)s F(-/tmaz) are contin-

uous in Dt(c)4 and Fy,. . 5.1(*/tmaz) is analytic in Dg(c)?, the claims for the
Hamiltonian H hold true. Therefore, it suffices to prove the theorem on the
assumption that ,,q, = 1.

In the following we assume that § € Rsyg, L € N satisfies L > § and
the parameters M, a € Ry satisfy the conditions required in Lemma 7.18
and Lemma 7.19. By Lemma 7.20 there exist functions J(3, L)(-), J(5)(-),
J(+) : Drr — C such that

J(ﬁ?‘L)(U): hhj};lo Jend(ﬁuLvh)(U)v

he2N/p

J(ﬂ)(U): lim  lim Jend(ﬁvL’h)(U)7

L—oco h—oo

LeN he2N/g
J(U) = lim lim lim Jend(,@,L, h)(U), (VU ED[R).

B—oo L—oo h—oo

BeN LeN he2N/B

(1): By Lemma 2.2, Lemma 2.10, Proposition 6.4 (3) and Lemma 7.18
(3), there exists a constant ¢; € Rs which may depend on 3, L but not on
h such that for any U € R?* with |U,| < ¢1 (Vp € B),

(7.105) J(3,L)(U)
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1 0
= lim log ( e’ Wdpes (W)
s ( sL? / )
1
+ W lOg (/ e_V(w)dMC(w)> )

g (oo

he2N/p
- 1 1 Tre PH
T pL? AT
By Lemma 7.19 (1) and Lemma 7.20 (1), U — J(8,L)(U) is analytic in
Drgr. On the other hand, by Lemma E.3 proved in Appendix E there exists

a domain O C C* such that D;rNR* C O and U + log(Tr e #H) is analytic
in O. Therefore, by the identity theorem we obtain that

1 Tre BH 4
(7.106) J(B,L)(U) = T log Tro Al ) (VU € Dir NRY),
or by Lemma 7.1 and Lemma E.1 proved in Appendix E,
1
7.107 —757g 10 Tre #
1
_ - § : § —BXp,q(k)
= 4J(ﬂ, L)(U) — 2,3L2 log(1+e pa(k))

kel™ p,ge{1,—-1}
(YU € D;p NRY),

where X, ,(k) (p,q € {1,—1}) are the eigen values of E(k) given in (7.5).
The equality (7.107) implies that the claim (1) holds for D¢(c¢’) with any
d € (0,(d(M,cy)a*)™h), where ¢/(M,cy,)(€ Rsg) is the M, c,,-dependent
constant appearing in the definition of Dyp in Lemma 7.18 (1). In the
following we fix ¢/ to be (2¢/(M, ¢y, )a*) ™! so that Dt(c’)4 C Djg.

(2): Set

1
Fp 1 (U) == ZJ(B’L QBLQ Z Z log(1 + e #Xpa(k)y,
kel* p,ge{l1,—1}
1 1
Fo(U) = 1JO0) = gaass / | dclon(1 4¢P

p,g€{1,~
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(VU S D[R).

We can see from Lemma 7.20 (2) and the continuity of the function k —
X, q(k) that

lim  sup [Fp(U) = Fp(U)[=0, (VB € Rxo).

L—oo

LeN UeDg(e)

Thus, the claim (2) is true.
(3): By Lemma E.2 proved in Appendix E, Lemma 7.19 (2), (7.106) and

continuity,
11 Tre PH _ 1 | Tre~PIH
L2 %8 \Tre=pM0 ) ~ [B]L2 % \ Tre 0t
</Bd 1 Tre 7
~ Jig v ~v2L2 \ Tre—Ho
B
c|{1+ sup ||U|cs |log|
UeDrn 0]

<c C(M)ftfloz_2 +14+ sup ||U|c: | log <£> ,
UeDrr [ﬁ
(VU € Dig NRY),

(7.108)

where ¢(M) € Rsq is the M-dependent constant appearing in Lemma 7.19
(2). Set

1 1
F(U) = 3 /(0)+ 55 S / Ik, 9<0Xpa(K),
paef{1,-1} 7 =™l

(VU S D[R).

Lemma 7.20 implies that the function U — F(U) is analytic in D;g. We
can derive from (7.106) and (7.108) that for any 5 € R>q,

sup  |Fp(U) — F(U)|
UeDt(c')4mR4

<o (a(M)ftlof? F14 s ||U\C4> o (1)
UeDrr
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+ sup J([B)(U) - J(U)]

UEDt(c’)4
1
- - dk log (1 4 e~ BXp.a(k)
+ 2ﬁ(277) /[—7r w2 Og( e )
p,q€{1,~1}
1
B 2(277 2 Z / dlep q(k)<0Xp q(k)
pge{1,—1} 717 m?
Thus, by Lemma 7.20 (3),
(7.109) lim sup |F3(U) — F(U)| = 0.

B—o0

BeRs o UGDt(C/) 0R4
To complete the proof, we need to show that

(7.110) ﬁlim sup |Fg(U) - F(U)| =0.
seRoy UeDe(e)

The convergence property (7.110) can be proved by a basic argument. How-
ever, we present the proof for completeness. Note that by Lemma 7.19 (2),

(7.111) sup |Fg(U)| <¢, (VB eR>1), sup |[F(U)| <é,
UeDrr UeDrr

with some constant ¢(€ Rsg) independent of 5. For any j € {1,2,3,4},
neNU{0}, Ue Dt(c’)4, set

1/ o\" 1/ 0\"
Since Fj3(-), F(-) are analytic in Dy,
(7.112) Fﬁ(U) = z a57j7n(U1, ety Ujfl, O, Uj+1, ce ,U4)U]n,
Za]n Ula"' j 170U+17 aU4)U]n:

(Vj € {1,2,3,4},U € Dt(C) ,ﬂ S Rzl)‘
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Moreover, by (7.111) Cauchy’s integral formula gives that

(3 -
lagjn(Ut, -+ Uj1,0,Ujr, -+ Un)| < E( SEfE )
2

(3 "
|aj7n(U17"' 7Uj—1707 Uj-i—lv"' 7U4)| S C <§clft2> )

(Vi €{1,2,3,4},n € NU{0},
— 3
JUj—1,Ujg, - ,Us) € Di(c) ', B € Rxq).

(7.113)

(Ul,...

Let us prove that
(7.114)  lim sup lag.1,,(0,U) —a1,(0,U)| =0, (Vn e NU{0})
SRS UED (@) R

by induction with n. By (7.109),
|ag,1,0(0,U) — a1,0(0, U)|

lim sup
Bﬂeﬁ;oo UGDt(C’)SﬁR3
= lim sup |F3(0,U) — F(0,U)| = 0.
B—o0 —3
NIR3

BeRs g UeDy(c)
Next, let us assume that there exists m € NU {0} such that (7.114) holds
for all n € NU {0} with n < m. Suppose that there exist 6 € Rso and a
sequence (/3)72; such that 8 — oo as [ — oo and
sup lag, 1.m+1(0,U) — a1 m+1(0,U)] > 6, (Vl € N).
UeDe () NR3
Then, we can see from (7.112), (7.113) that

§UM™t < suwp  ag,1me1(0,U) = arms1 (0, U)[|U"
UeDt(c')ng3

< sup |Fﬁz(‘U’7U)_F<|U‘7U)’

UeDy (@) NR3

m
+ Z sup

n=0U€Dg(c) NR3
o0 3 —n
+2% Y, (§c’ff) U, (VU € Do(@)).

n=m-+2

|a5,,1.1(0, U) — a1,,(0, U)||U["




RG Analysis of Many-FElectron Systems 241

By (7.109) and the induction hypothesis the first term and the second term
in the right-hand side of the above inequality converge to 0 as I — oo. Then,
by dividing both sides by |U|™*! we obtain that

o0 3 —-n
5<2 ) (ic’ff> jgn-mt

n=m-2

< 2] (gafz)_m_Q > (g)‘"*””‘”, (VU € Dy(@)\{0}).

n=m-2

Sending U to 0 yields 6 < 0, which is a contradiction. Thus,

;111;10 sup |ag,1,m+1(0,U) — a1,,+1(0,U)| = 0.
BERs( UeDt(c')3mR3

By induction, the convergence property (7.114) holds true.
It follows from (7.112), (7.113), (7.114) and the dominated convergence
theorem that

(7.115) lim sup  |F3(U,U) — F(U,U)| =0.
f—o0 ;
BeR.q UeDg (<)

UeDt(c’)Sm]R3

By using (7.115) in place of (7.109) in an inductive argument parallel to
that above we can prove that

(7.116) lim sup lag2.n(U,0,U) — a2, (U,0,U)| =0,
Bﬁeﬁfo UeDy ()
UeDt(c/)2nR2

(Vn e NU{0}).

Then, combination of (7.112), (7.113), (7.116) and the dominated conver-
gence theorem concludes that

lim sup |F3(U,U’) — F(U,U")| =0.
RSy VD @)

U’€Dy ()2 NR2

By repeating this argument twice more we reach (7.110). The proof of the
theorem is complete. [
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Appendix A. The Flux Phase Problem

A sufficient condition to be a minimizer of the flux phase problem for
the half-filled Hubbard model on a square lattice was essentially given by
Lieb in [15]. In order to support readers’ verification of Corollary 1.2,
here we state Lieb’s theorem with some supplementary arguments concern-
ing the repeated reflection, which are not explicit in the short letter [15].
Since the proof below is based on the proved lemmas [15, Lemma] and [16,
Lemma 2.1], it will present no more than a review to readers who are already
familiar with this subject. Apart from the condition on the flux per pla-
quette, we need a condition on the flux through the large circles around the
periodic lattice in order to define a Hamiltonian minimizing the free energy
under the periodic boundary condition. The sufficiency of these conditions
was discussed by Macris and Nachtergaele in [17]. The statement of the
theorem below is also implied by [17, Theorem 1.4, Remarks (a)], which
provides a generalized version of Lieb’s theorem with an alternative proof.
The proof below merely uses the original key lemmas [15, Lemma] and [16,
Lemma 2.1].

First let us consider the problem in a general setting. Assume that the
hopping amplitude t(-,-) : Z? x Z? — Rx( and the magnitude of on-site
interaction U(+) : Z% — R satisfy the following.

t(x,y) =t(y,x) = t(x + 2mLe; + 2nLles,y),
t(x,y) =0if x —y # e1, —ey, e, —ey in (Z/2LZ)?,
U(x) = U(x + 2mLe; + 2nLes), (Vx,y € Z*,m,n € 7).
We minimize the free energy with respect to the argument of the hopping
matrix elements. The argument is represented by a function ¢(-,-) : Z? x
7Z? — R satisfying that
(Al) ¢(X7 Y) = _(b(ya X) in R/Qﬂ-Za
d(x+2mLe; +2nles,y) = ¢(x,y) in R/27Z,
(Vx,y € Z*,m,n € 7).
With ¢ satisfying (A.1), define the Hamiltonian H(¢) on Fy(L*(T(2L) x
{1.1})) by

H(g)= Y Y tley)e?C¥l gy,

oe{l,l} x,yer'(2L)
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+ ) U (w:w;iwxmxw—é > w:c,wxg).
)

xel'(2L oe{1,l}

The flux phase problem is to find a phase ¢ satisfying (A.1) such that

1 1
- log(Tr e~ B#H(®)y — pin (_5 log(Tre—ﬁH(n))> .
satisfying (A.1)

For a phase ¢, the flux per plaquette f,(¢)() : Z2 — R is defined by

fo(9)(x) ==¢(x + e1,x) + ¢(x + e + ey, x+e1)
+ p(x +ex,x+e +e)+o(x,x+e), (Vx € Z?).

The flux through horizontal circle f,(¢)(-) : Z — R and the flux through
vertical circle f,(¢)(+) : Z — R are defined by

2L—-1

=0
2‘]L—1

fo@)(@) = ¢((w,5 + 1), (w,4)), (Vo € Z).

J=0

Before stating the theorem, let us confirm the fact that the free energy

depends on a phase ¢ only through the flux f,(¢)(-), fn(®)(:), fu(®)(:).
Assume that phases ¢1(-,-), ¢2(-,-) : Z? x Z? — R satisfy (A.1) and

(¢2)(x) in R/27Z, (Vx € Z?),

fo
fn(@1)(z) = fr(¢2)(z) in R/27Z,
fu(¢2)(z) in R/27Z, (Vx € Z).

Our aim is to prove that Tre #H(@1) = Ty ¢=B#H(%2)  To reach the conclusion,
let us follow a few lemmas. In the following let || - |gz denote the euclidean

norm of R? and (¢ — ¢2)(x,y) denote ¢1(x,y) — ¢2(X,y).

LEmMMA A.1. Assume that n > 2, x1,X2,---,%, € I'(2L),
Ixj — Xjt1llre =1 (J = 1,2,--- ,n —2), ||xp—1 — Xp|lgzg = 2L — 1 and
Xn 1 — X, = *ey,+ey in (Z/2LZ)?. Then, there exist y1,y2, -+ ,¥Ym €
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['(2L) such that y1 = X1, Ym = Xn, |[yj —¥j+illre =1 (j =1,2,--- ,m—1)
and

m—1 n—1
— $2)(¥j+1,¥5) = Z(¢1 — $2)(Xj+1, %) in R/2nZ.
j:l j=1

PrROOF. We can choose y1,y2, - ,ym € ['(2L) satisfying that y; =
X1, Ym = Xn, |¥; — ¥Vj+1llre =1 (j = 1,2,--- ,m — 1). Then, by using the
equality f,(¢1—¢2)(x) = 0 (x € Z?) repeatedly and either f),(¢1—p2)(z) =0
(x € Z) or fy(¢p1 — ¢2)(x) =0 (x € Z) only once we can deduce that

(61— B2) (Ym—1,Ym) + (d1 — $2)(Ym—2,Ym—1) + -+ (61 — $2)(¥1,¥2)
n—1

+ Z(ﬁbl — ¢2)(Xj4+1,%5) = 0in R/27Z. O
J=1

LEMMA A.2. Assume that n > 2, X1,Xg, -+ ,X, € I'(2L) and x; —
Xj41 = ey, +eq in (Z/2L7)% (j = 1,2, ,n) where Xp41 := x1. Then,

n

Z — ¢2)(Xj+1,%5) = 0 in R/277Z.

7j=1
Proor. If ||x; — xj41llge = 1 (j = 1,2,---,n), we can prove the
claimed equality only by using that f,(¢1 — ¢2)(x) = 0 (x € Z?). Let
us consider the case that there are ji,jo, -+ ,ji € {1,2,---,n} such that
J1 < g2 < - <7, iji _in+1||]R2 =2L-1 (Z =12 7l) and ||Xj -

Xjpillre =1 (V5 € {1,2,--- ,n}\{j1,J2, - ,Ji}). By Lemma A.1 there exist

Y1,¥2,  + ,¥mi € I'(2L) such that y1 = X1, ym, = Xji+1, [|[¥j —¥j+ilre =1
(j=1,2,--,mi —1) and

mp—1 J1
D (61— G2) (v, y5) = Y (61 — d2)(x;11,%;) in R/27Z.
j=1 j=1
Then, we can apply Lemma A.1 to the sequence y1, - ,¥m;,Xj 42, ",

Xj,,Xj,+1. By repeating this procedure we conclude that there are zi, zo,
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- 2Zm € I'(2L) such that ||z; — zj41|lge =1 (1 =1,2,--- ,m), Zimy1 = 21
and
m n
> (61— 62)(zj11,25) = > (1 — ¢2)(Xj11,%;) in R/27Z.
Jj=1 Jj=1

We have already seen that the left-hand side of the above equality is 0 (mod
27) in the beginning. [J

The idea of the next lemma is essentially the same as [16, Lemma 2.1].

LeMMA A.3 ([16, Lemma 2.1]). There exists a function 6(-) : T'(2L) —
R such that for any x,y € I'(2L) with x —y = +ey, +eq in (Z/2L7Z)?,

P1(x,y) = do(x,y) + 0(x) — 0(y) in R/277Z.

ProoF. For any (z,y) € I'(2L) set

z—1

0((z,y)) :==le>1 Y _(¢1 — ¢2)((j + 1,0), (4,0))
j=0

[y

y—
11 Y (61— ¢2) (2,5 + 1), (2,9))-
j=0
Then, it follows from Lemma A.2 that
0(x) + (61 — ¢2)(y,x) —60(y) =0 in R/27Z. O

LEMMA A 4.
Tr e BH(O1) — Ty o= BH(¢2)

PrOOF. Let 6(-) : T'(2L) — R be the function introduced in Lemma
A.3. We can extend the domain of 6(-) to Z? so that

0(x 4+ 2mLe; + 2nLey) = 0(x), (Vx € Z*,m,n € Z),
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1 (xy) = iH$2(xy)+0(x)=0(y))
(vx,y € Z? with x —y = +ey, +ey in (Z/2L7)?).
Let us define the transform B on Fy(L*(I'(2L) x {1,1})) by
BSQap, = Qa,
Bty Uraoa * Yhnon Par) = €551 O, g Dt
(V(xj,05) € T(2L) x {1, 1} (j=1,2,---,n))

and by linearity. The transform B is unitary and satisfies the equality
BH(¢2)B* = H(¢), which yields that Tre #H(¢1) = Ty e=AH(42) O

The following theorem was essentially proved in [15].

THEOREM A.5 ([15]). Assume that U € R, t3,t, € Ry and

th ifx—y=ei,—e; in (Z/2LZ)?,
t(x,y) =< t, ifx—y=eq —esin (Z/2L7)?
0 otherwise,

Uix)=U, (¥x,y € ZQ),
Moreover, assume that ¢ : 72 x 72 — R satisfies (A.1) and
fo(9)(x) =7 in R/27Z, (¥x € Z?),

(A.2) ‘
f(@)(x) = fu(¢)(x) = w(L — 1) in R/2xZ, (Vz € Z).
Then,
% log(Tr eiﬂH(‘z’)) = mZzII)}iZI;HR (% log(Tr eﬂH(”))> .

satisfying (A.1)

PROOF. Lemma A.4 implies that if there exists a minimizer ¢ : Z? x
72 — R satisfying (A.1) and (A.2), then any 7 : Z2xZ? — R satisfying (A.1)
and (A.2) is also a minimizer. Thus, it is sufficient to prove the existence
of a minimizer satisfying (A.2).

Since this is a minimization problem of a continuous function defined on
[0, 271']2(2L)2, a minimizer exists. Assume that ¢(-,-) : Z? x Z? — R satisfies
(A.1) and gives the minimum. Set

['(2L)q :=={(z1,22) € T(2L) | 1 < x9 < L},
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['(2L)p :=T(2L)\I'(2L),.
Define 0(-) : Z?> — R by

| =¢((z,y), (z,y) +e) ify=0orLinZ/2LZ,
bll,9) = { 0 otherwise,

(V(z,y) € Z°).
Then, define the transform 7 on Ff(LQ( (2L) x{1,1})) by

T(w;kclal w;kczag T Q/);kcnan QQL)
— ei(e(xl)+9(X2)+~"+9(Xn))¢;‘qgl¢;202 .. ¢x”gnQ2L,
(V(XJ7UJ) € F(2L) X {T7l} (.7 = 1727 RN ))7

and by linearity. We can see that 7 is unitary, 7H(¢)7* = H(¢') with
¢ : 72 x 7?2 — R satisfying (A.1) and that if y =0 or L in Z/2L7Z,

(A.3) ¢'((2,y), (z,y) + e2) =0, (Vz € Z).

For any x € Z? let Ref(x) denote the point of Z? obtained from x by
reflection with respect to the horizontal line {(z,1/2) € R? | x € R} in R
For conciseness let V(x) denote the operator

1
U (@b;Tw;l@bxlwa - 5 Z ¢;O’¢XU>'
oe{1,l}

We decompose H(¢') as follows.
H((ZS/) = H, + Hy + Hjpy,

where

ST txy)e Vg gy, + Z V(x

Do > )Yy + Z Vix
oe{l,1} x,y€l'(2L), x€el(2L),

Hing := H(¢) — Hy — H,,.
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Moreover, set

2H) = S Y tx,y)el@ RACORIC) s
oe{T,1} x,yel'(2L),
+ Y V()
x€el(2L)

SH) = Y Stk y)el @ RECORE) ) ey
ae{1,1} x,y€l'(2L)a

+ Z V(x).

x€T(2L)q

Since the property (A.3) holds, we can apply [15, Lemma] concerning the
reflection with respect to the horizontal line {(z,1/2) € R? | z € R}. Since
t(-,-) is invariant under this reflection, the transformation of H,, Hp in [15,
Lemma)] yields =(H,), Z(Hp) respectively. The result is that

(TI‘ e—ﬁH(¢'))2 <Tr e_ﬁ(Ha"‘E(Ha)""Hint) Tr e—ﬁ(Hb-l-E(Hb)-i-Hmt)_

Since Tre PH(@) is maximum and Tre A7) = Ty efﬂH(d’,), we can derive
from the above inequality that

Tr e BH(®) — Ty o= BHp+E(Hy)+Hint)

There exists a phase 7 : Z% x Z? — R satisfying (A.1) such that for any
x,y € I'(2L),

¢/ (Ref(x), Ref(y)) + 7 if x,y € T(2L),,
P'(x,y) otherwise,

)ty ={

and Hy+Z(Hp) + Hint = H(n). By (A.3) and (A.4) we observe that for any
x €L

L—-1
fo(n)(z) = ¢'((2,1), (2,0)) + Z(¢’(Ref((x,j +1)), Ref((z,))) + )
2L—1 "
+ > F (@5 + 1), (z,5))

J=L
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L-1 2L—-1
=3 (@ (@, 2L — ), (@, 2L+ 1= 5)) + )+ > & ((x,5+1),(x,7))
j=1 Jj=L+1

m(L—1) in R/27Z.

In the following we repeat the reflection with vertical lines until we
obtain a phase minimizing the free energy and satisfy the conditions (A.1),
(A.2). For s € {0,1,--- ,L — 1} set

I'2L); :={(x1,22) €eT(2L) | s+1 <z <s+ L},
['(2L)] :=T(2L)\I'(2L);.

Define 64(-) : Z* — R by

0s((z,y)) =
(V(z,y) € Z2).

—T](($, y)? (wv y) + el) ifx=s1in Z/2LZ7
0 otherwise,

Then, we define the transform 745(n) on Fy(L*(T'(2L) x {T,1})) by

TS( )(¢x101wx20'2 : wxnan )
— U(0s(x1) 405 (x2)+-+05(xn)) ¢x10_1w)*(202 R 0777

(\V/(XJVO-J') € F<2L) X {Tal} (.] =12,--- 7”))’

*

and by linearity. Remark that 75(n) is unitary, 7s(n)H (n)7s(n)* = H(1)
with 7' : Z? x Z? — R satisfying (A.1),

(A.5) Fol) (@) = 7(L — 1) in R/27Z, (Vz € Z)
and that if v = s in Z/2LZ,
(A.6) ' ((z,y), (x,y) +e1) =0, (Vy € Z).

For any x € Z? let Refs(x) be the point of Z? obtained from x by reflection
with respect to the line {(s +1/2,y) € R? | y € R} in R2,
When s = 0, let us decompose H (7)) as follows.
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where
S Y ey Vet Y V()
oe{1,l} x,yer(2L)? x€el'(2L)9
Z Z t(X=Y)em/(x’y)7/);a"‘/’ya + Z V(x)
oe{l,l} x,yer(2L)y x€l'(2L)9
Hzont =H(n') - HS - Hlo-

Moreover, set

2(HY) := Z Z t(X7y)ei(n'(Refo(x)7Refo(y))+7r)¢)*w¢yg

oe{1,l} x,yer(2L)9

+ > Vi(x)

x€el'(2L)?

E(HZO) = Z Z t(}(7 y)ei(n,(RefO (x)7REfO (y))+ﬂ)w;0wy0

oe{1,1} x,yel'(2L)?

+ > V(x)

xel(2L)9

The property (A.6) for s = 0 enables us to apply [15, Lemma] concerning
the reflection with respect to the line {(1/2,3) € R? | y € R}. By the
invariant property of ¢(-,-) the transformation of HY, H? in [15, Lemma]
gives E(H)), E(H?) respectively. As the result,

(Tre PHM)2 < Ty o BUHPHEHD)+H,) Ty o= BHPHE(HD)+H],,)
Since Tre P79 is maximum and Tre A7) = Ty e BH)  the above in-
equality implies that
Tr e BH) — Ty o~ BHPHEHD)+HY,,)
There exists a phase ¢g : Z% x Z? — R satisfying (A.1), (A.5) such that

HY + E(HY) + HY, = H(¢o). Moreover, by (A.6) for s = 0, if x = 0 in
ZJ2LZ,

(A7) fo(P0)((,9))
=1'((z,y) + e1, (z,9))
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+ 1’ (Refo((z,y) + €1 + e2), Refo((z,y) +e1)) +
+1'((,y) + ez, (,y) + e1 +e2) + 77/ ((2,9), (z,y) + e2)
=1'((0,y) +e2,(0,y)) +m +71'((0,9), (0,y) + e2)
=min R/27Z, (Vy € Z).

If L = 1, the equalities (A.7), (A.1) imply (A.2). Thus, ¢ is the desired
minimizer.

Let us assume that L > 2, s € {0,1,--- L — 2} and Tre #H(@) =
Tre PH(®) with ¢, : Z2 x Z? — R satisfying (A.1), (A.5) and that if 2 = j
in Z/2LZ for some j € {0,1,--- s},

(A.8) fo(¢s)((z,y)) = 7 in R/27Z, (Vy € Z).
We can write that

Tor 14+ L(Ps) Ts 1 (D) H (Ds) Ts 11 (hs) Toy14L(0s)" = H(QS;)

with a phase ¢, : Z? x Z* — R satisfying (A.1), (A.5), (A.8) and that if
r=s+1lors+1+4+LinZ/2L7Z,

(A.9) ¢s((z,9), (z,y) +e1) =0, (Vy € Z).
We can decompose H(¢.,) as follows.

H(gl) = HP 4 HyH 4 H3 !

nt
where
H = > Y txy)e VL e+ > V(x),
oe{l,l} x,yer(2L)s*! xel(2L)s+!
H= %" Yt y)dt Y e+ Y Vix),
oe{l,l} x,yerrL);t xel(2L);
ot = H(#)) — HT — H

Define the operators Z(H:+Y), E(H; 1) by

= Hs+1 Z Z t(X, y)ei(qﬁ;(Refs_,_l (x),Ref5+1(y))+ﬂ)w;awyU
oe{l,l}t x yEF(2L)SJrl
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+ ) V),

xel(2L)5 !

= HS+1 Z Z t(x, y)ei(qﬁé(Refsﬂ (X)yRefs+1(Y))+7T)¢;U¢ya

oe{l,1} x,yer(2L)it!

+ ) V).

xel'(2L)s+!

Again the property (A.9) enables us to apply [15, Lemmal concerning the
reflection with respect to the line {(s+3/2,y) € R? | y € R}. Since t(-,-) is
invariant under the reflection, we have that

(Tr e—ﬁH(qs;))z < Tr e—ﬁ(Hf+l+E(Hl5+1)+Hf$1) Tr 5 B(HE 4= (H7§+1)+Hf7jt1).

This inequality implies that

Tr e PHO) — Ty o= BUH; T +EH; T +HIL

because Tr e P2 (%) is maximum and Tr e PH(#) = Ty e PH(%5) | There exists
a phase ¢4y1 : Z2 x Z? — R satisfying (A.1) such that for any x,y € I'(2L),

(A.10)  ¢spi(xy)

_ [ d(Refyia(x), Refsyn(y)) + 7 if x,y € T(2L)3*,
| di(x,y) otherwise,

wnt

and considering (A.10), we can check that ¢sy; satisfies (A.5) and if z = j
in Z/2LZ for some j € {0,1,--- s},

fo(@s+1)((2,9)) = fp(85)((2,y)) = 7 in R/27Z, (Vy € Z),
if 2 = s+ 1 in Z/2LZ,
fp((bs-&-l)((xay))
= ¢y((z,y) +e1, (2,9))
+ ¢ (Refsr1((z,y) + €1 + e), Refsp1((z,y) +€1)) + 7

+d((2,y) + ea, (2,y) + €1 + e2) + ¢ ((2,y), (2,) + e2)
= (rb;((s + 1,3/) + e2, (S + 17y)) + T+ ¢;((s + 1,3/), (8 + 1ay) + e2)

and H(psi1) = H M+ Z(H) + HEEL. Using (A.5), (A.8), (A.9) for ¢,
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=min R/27Z, (Vy € Z),
if v =jin Z/2LZ for some j € {s+2,s+3,---,2s5+ 2},

fo(¢s11)((2,9)) = ¢(Refsia1((z,y) + e1), Refsr1((2,y)))
+ ¢s(Refsy1((z,y) + 1 + e2), Refsi1((2,y) +e1))
+ ¢L(Refsi1((w,y) +e2),Refs1((w,y) +e1 +e2))
+ ¢ (Refsy1((2,y)), Refs1((2,y) + e2))
= —fp(¢,)(Ref o1 ((z,y)) — e1)
=7 in R/27Z, (Vy € Z).

In summary, if = j in Z/2LZ for some j € {0,1,---,2s + 2},
fo(¢s11)((z,y)) = m in R/27Z, (Vy € Z).
By induction with s we have that Tre #H(®) = Tre BH(®L-1) with a

phase ¢r_1 : Z% x Z?> — R satisfying (A.1), (A.5) and that if z = j in
Z/2LZ for some j € {0,1,--- 2L — 2},

fo(0r—1)((x,y)) = 7 in R/27Z, (Vy € Z).

Moreover, by (A.9) and (A.10) for s =L —2,if x =2L — 1 in Z/2LZ,

fo(or-1)((%,9)) = o1_o((z,y) + €1, (z,y))
+ ¢_o((z,y) + e+ ea, (z,y) +e1)
+ ¢r_o((w,y) + €2, (2,y) +e1 + e2)
+ ¢ _o(Refr_1((z,y)),Refr—1((2,y) + e2)) +
= ¢72((0,y) +e2,(0,y)) + &1, _2((0,9),(0,y) +e2) + 7
=min R/27Z, (Vy € Z).

Thus, the phase ¢r_1 has the flux 7 (mod 27) per plaquette. Furthermore,
by (A.9) and (A.10) for s = L — 2,

L-1

fn(ér)(@) =D ¢ (G +1,2), (4,x))
j=0
2L—2
+ Y (¢ oRefr1((j + 1, 2)), Ref,1((j, 7)) + )
j=L
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+ ¢IL72((0ﬂ £L'), (2L -1, w))
L—2

=Y o+ 1,0, (G,0)

j=0
2L—2

+ Y (¢ o((2L—2—j,2), (2L — 1 —j,x)) + )
j=L

=m(L—1)in R/27Z, (Vx € Z).
Therefore, the phase ¢_1 is a minimizer satisfying (A.2). O
Appendix B. L!'-Estimates of Kernels of Grassmann Polynomials

Here we prove several lemmas used in Subsection 2.5. These lemmas
concern estimations of Grassmann polynomials with respect to the L'-norm
I 1 on their anti-symmetric kernels. Though we know the unique existence
of anti-symmetric kernels, it is not always trivial to characterize the kernels
explicitly. First of all we confirm that we can estimate anti-symmetric ker-
nels without characterizing them.

LeMMA B.1.  Assume that Wi, (¢) € P (A V) is written as

W)= () 3 WX,

Xel™
where the function Wy, : I'™ — C is not necessarily anti-symmetric. Then,

IWanll ot < Wl 1

Proor. By the uniqueness of anti-symmetric kernels we have that

Win(X) = % > sen(o)Win(X,), (VX €I™).

" o€Sy,

Thus,

1 . .
Wil < — > Wl = W[z O
’ oSy,
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We summarize necessary bounds on polynomials produced by Grass-
mann Gaussian integrals in the next lemma.

LEMMA B.2. Assume that a covariance A : Ig — C and a covariance
A©) . 12 — C parameterized by € € [0,1) satisfy that

| det(A(Xi, Yj))1<ij<n| < i,
| det(A® (X3, Y)))1<ijen] <€,
(VneN,X;,Y;ely (j=1,2,---,n),e €[0,1)),

with a constant ca € Rsq. With W (1), WD (), WP () € AV set
5 = [ ua(e),
SO@)i= [ @, (1= 1.2),

SOW)i= [Ny g0 @), (€ € 0.1),
Then, the following inequalities hold true.
(1)

m
1Sy — o) < /Mol <62 m=1¢4 [Wmllp1 _ 1) .

(2) For any a € R>,

N m
m N m. 2
3" e Sl g1 < €E Rmolet)eR Wil
m=0

(3) For any a € R,
N m
> e 1SR = $P I
m=0

N
(1) (2) (2) m
< (!ewo — Mo MY (a4 1) HWS)—WS)HLl)

m=1

P12y S e (@) W 1
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(4) For any o € R>,

N m
S amed [Sm — 5|1 < el <ez Neslarmed Wl _ 1> |

m=0

ProOOF. By anti-symmetry we have that

N
(B1)  Sp() =V ( +3 o
v
2

(G2 0)

Y Oy wml<xl,vl>)

X;el™ —ki Ylelkl

cexlyn g=m

' /¢%§1¢%§2 by dpa( )y by, - ¢Yn> ;

where the factor e+ € {1, -1} depends only on (my)}, (k)i
(1): We can derive from (B.1) that

N N n
1 m
(B.2) Sp — o] < Mol E = ( E CA ||”m||L1>
n.
m=1

n=1

_ Wl (ezﬁ ced Wl 1 1) _

(2): It follows from Lemma B.1 and (B.1) that

m
ci [|1Smll

< elWol

N n m my
: ( m= 0+Z%H ( Z CATZHI/VMZHL1 Z ( TIZZZ )O‘kl>12?:1kl=m)'
= =1

m;=1 k;=0
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Thus,
N m
2o ISl
n my
< e'W0'<1+Z wll ( > e Wl Y- (1 )df))
n=1

m;=1 k=0

< e ﬁ:o(aﬂ)meHWmHLl.

(3): From (B.1) we deduce that
mei 195 = Sl

< [es” — e

. N i n N my m "
1m=o0 + Z ol H Z CA ” ||L1 Z k; & 12 1y ki=m

n=1 =1 \my=1 k=0
\W(2)| N 1 L
+ey
n=1"" =1
i) my k 1 ™
(B2 5
my=1 k=0 X elm™
n
)= [[ w2 (X))
I=1
Therefore,

N m
> ame; S5 = S s
m=0

m
< 1" = Wo” | % mar et Wil

VTS (a1 ) - W

m=1 N -
<sup S (a+1med Wl m)

je{l 2}m 1

DR

n:l
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N
(1) (2) (2) m
< (\eWO — Mo ey (a - 1)e !!WW—W#?!!Ll)

m=1

CeSWPjei1,2) = oy (et )™ e Wil

(4): By applying the Cauchy-Binet formula in the same way as in (2.29)
and substituting the determinant bounds on A, A) we observe that for any
neN, X;,Y,ely (j=1,2,--- ,n),

| det((A + A9)(X;,Y)))1<i,j<n — det(A(X:, Y)))1<ij<n]

< Z 1¢(n)>n

¢:{1,2,---,n}—{1,2,--- ,2n}
with ¢(1)<¢(2)<---<p(n)

I
| det((Amy, In) (i, 9(4)))1<ij<nl |det (( AEe)) > (¢>(i),j))

n—1
< Z 1¢(m)§n<¢(m+1)cfzsczim < 5(22614)”7
m=0 <15:{17 ,oo,n}y—{1,2,--- 2n}
with ¢(1)<¢(2)<-- <¢(n)
where
Ay (i,7) = AX3, Y), AQ)(05) = AD(X,Y)), (i, € {1,2,-+ ,n}),
6(0) == n

By using this inequality and Lemma B.1 we can derive from (B.1) that for

anyme{ovla"'aN}’

oszjHS — S
<amcfamiy L H
nl
N 1 my; Y my
(ZEZ(0) 2, 5 meefin-

my=1 k=0 X, el™~k vy, erk

-‘/w%clw%(z---windmww - /¢§<1¢%<2"'¢§<ndﬂA+A(s> <w1>‘
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N 1 n
SgelWOIZEH

n=1 =1

N my
my my _
JPOCTHEITARS oY (/) EXT) TS

m;=1 k=0
which implies that

N . N 1 N . n
E:M%XWE—SWMASWWb§35<§:@+%mﬁHWMu0
m=0

n=1  \m=1

<zl (ez N (ar2)med (Wil _ 1) 0

We also need upper bounds on logarithm of Grassmann polynomials.

LeEMMA B.3.  With W (), WO (), WP () € AV satisfying |[Wo — 1],

Wg" =11 < 1(G = 1,2) set Q) = log W(¥), QU() := log W) (v)
(j =1,2). Then, the following inequalities hold.

(1)
Qo < —log(1 — [Wo — 1]).

(2) For any o € R>q satisfying

N
(B.3) Wol ™" > a™|[Winllr2 < 1,

m=1

N N
> a™|Qumllpr < —log (1 —[Wol' > amHWmHLI)-

(3)
Q5" = Q| < |log(W") — log(W*)].

(4) For any o € R>q satisfying
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B.4 sup amWJ) 1 < inf W(j),
(B.4) ;e{u}mzl Wil < int, W)

N
> a™IQY — QP |1
m=1

1 —1
<[1—={( inf W(J)) su amW
_< (dnt,, W) ]E{p}z W
N
WEOWEIEST o Wi Zanuw W L.
m=0 n=0

ProoF. (1),(3): Since Qo = log Wy, Q(()j) = logWéj) (j = 1,2), the
claimed inequalities are true.
(2): Note that for any m € {1,2,--- , N},

m n—1 n N my
(B.5) Qmw):Z(_lfL Wa”H(Z (%) > Wml<Xl>>

n=1 =1 \m;=1 Xelm™

UK UKy UK IS =
Thus, it follows from Lemma B.1 and the assumption (B.3) that

N
ZaW%M<X§}WW”H<ZdW%m05%WW

m=1n=1 =1 \m;=1

1 —n m "
< ZE‘WO‘ (ZO‘ ||Wm||L1>
n=1 m=1
N
< —log (1 —[Wol' > am||Wm||L1>.

m=1

(4): By (B.5) and Lemma B.1 we have that

1QL) — QP .

m n N
1 1)—
o S 11 D S L[ [
n=1

my=1
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m 1 @ n N 1 my
2)—
ST ()" 3 )
n=1 =1 \'my=1 X, el™

Iy my=m-

[T X)) - T Wi x;)
j=1 j=1

Therefore, on the assumption (B.4),

N
ST oY - QP
m=1

N N N
1 1)—n 2)—n m
<> T rH(Z a l||W£$l>rL1)1z;1mlm

n=1m=n =1 \m;=1

ey (e () 3 )

21 (1)-n (2)—n S (1) '
< ZEWVO - W | ZO‘ W[l 1

N n N m
(e ()" 3 )

X, el™

n

1

N N N n—1
m 2)|—n j
+ 3 e w w2 ST W) ( sup Zaknwk%l)
m=1 n—1 Je{.2} 5

N —n+1 N
1)—1 2)-1 . ; m
< - S (e, 1) (Za \\W$>11L1>
n= ’ m=1

N
1)—1 2)—1 m
< (rWé’ WY oW
m=1
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N
+ > am Wi - Wéf’Hu!WSQ)!*)
m=1

-1 N -1
( (Laut, ) sup S @ W )

36{1’2} m=1

which leads to the claimed inequality. O
Appendix C. Estimation of Gevrey-Class Functions

Here we establish some estimates on functions and matrix-valued func-
tions whose local regularity is that of Gevrey-class. We use these estimates
to derive decay bounds on covariance matrices containing a Gevrey-class
cut-off function. We intend not to expand our analysis more than what we
need for our purposes. More general calculus of Gevrey-class functions are
found in, e.g., [8], [21].

LEMMA C.1. Assume that O1,02 (C R) are open intervals, f; €
C>®(04;R) (5 = 1,2) and f1(O1) C Oa. Moreover, assume that xo € Oq

and
(&) s

d n
‘ (@) 2| o

with constants qj,7; € R>o (7 =1,2), t € R>1. Then,

(&) R

< qirynl,
T=x0

< qori (nl)’, (Yn € N),

< q14q272

“Tram (r1(1 4 q17m2))"(n)), (Vn € N).

T=x0

REMARK C.2. A systematic estimation of the composition of Gevrey-
class functions was presented in [8, Section I]. Here we provide another
basic estimation motivated by [21, Proposition 1.4.6].

Proor or LEMMA C.1. Fix n € N. By Taylor’s theorem, for any
x € O,
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T n+1
s [ () A

Thus, for any m € N,

() - st _ n
() (S () o)

T=x0

f2(f1(x))
= mgz:o ml (@) f2(y)’y:f1(wo)(f1($> — fi(z0))
1 f1(x) . d n+1
vl @ () R
Therefore,
d n
<%) f2(f1(x)) e
"1 [d\™ d\" .
N mzl % (d_y> fQ(y)‘y:fl(IO) (%> (fl (:E) B fl (-TO)) r=x0
a mZ:1 m! (d_y) fZ(y)’ZFfl(on)
.n!ﬁ Zn:i (i)lj fl(y)‘ Iym .
Jj=1 \l;=1 ZJ' dx Y=o =1

By substituting the assumed upper bounds we have

(£) rtne],_, | < > e ] (ZM)m‘ .
m= JI=

1;=1

r=x0
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1 /d\" " z \"
_ n t = [ 2 m
= qori(n}) ol <dz> 0 71(Q17‘2) (1 — z)

| 1 d\" ql”"z
_Wl(”) dz ) ls=01— @2z
11—z

= q1q2m2(1 +Q17’2) Yr(1+ qurg))™(n))".

In the rest of this section we find upper bounds on matrix-valued func-
tions.

LEMMA C.3. Assume that O(C R) is an open interval, xg € O, A €
C*(0;Mat(b,C)) and

(i) 20

with constants q,r € R>p, t € R>q1. Then, the following statements hold
true.

(1) Ift =1,

|() o

(2) If A(z) is invertible for any x € O and ||A(zo) pxs < s with a
constant s € R>q,

(&)

(Vn € N).

< g(n))', (vn € N),

T=20 ||pxb

< (2¢9)™(2r)"n!, (Vm,n € N).
bxb

T=x0

s2q
bxb  (1+ (sq)%)

(r(1+ (sq) 7)) (nl),

T=x0

PrOOF. (1): For any z € O,

n l
=31 (3) A0l -
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+ % /I:(x —y)" <d%>n+l Aly)dy.

Thus, for any m € N,

(£ ser

Then, by using the assumed upper bounds and Cauchy’s integral formula
we observe that

() v
()

< (2¢)™(2r)"n!.

m n
! Ly m
Sn' (quj>1zj_1lj_n
J

=1 \1;=0

r\" ., ,n d 1
=0 \1— 2 T omi Jl (1 — oym

1
\z|:2

T=20 |lpxb

(2): First let us prove the equality that for any n € N, z € O,

where the coefficients C(”)(l,ml,mg,--- ,my) € N (Ve {1,2,--- ,n}, m; €
{1,2,---,n} (j=1,2,---,1) with Zé‘:l m; = n) are inductively defined as
follows.

W(1,1) =1,

C(n) (l; my,ma,--- 7ml)
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l
= Z (1l22]—mi=10(n71)(l - 17m1) ce MMy 1y, My 41,0 0 0 7ml)
i=1
+ 1zgn711mi¢16(”_1)(l,m1, s ummr,my — Limg, e my)).
Here (mq,---,mi—1,"m; ,miy1,---,my) denotes (mq,---,mj_1,Mit1,
: 7ml)-
Since
L A@) T = —A@) L Aw) - A@)?
dx dx ’

the equality (C.1) holds for n = 1. Assume that (C.1) holds for n—1. Then,

n—11+ n
_ PN
= PO STER )
=1 37=1 \m;=1
+1
—1
1m1=16(n )(l7m17 cer Ly My—1, My 5 M1, 7ml+1)
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- ﬁ (A@;)l <%>mk A(a:)) Alz)!

k=1
order
n—1 1 n
!
59111} ISINES
=1 j=1 \'m;—=1
!
Z 1m¢¢10(n_1)(l7m1, M, my — Limigr, - my)
i—1
! N
. H (A(l‘)_l <%> A(:U)) Ax)™!
k=1
order
l n l
_ l
=2 ( 2 >1zz_m=n<—“ 2
=1 j3=1 \my= =1
(Lisalimm1 " = 1oma, - msn, Mg M, my)
+ 1l§n711mﬁé10(n_1)(l,m1, ce M1, my — Lmgg, e my))
! g\
T (A (L) A@)) A@)!
11 (4@ (5) " 4@) 4,

order

which is equal to the right-hand side of (C.1) for n. Thus, by induction the
equality (C.1) holds for all n € N.

It follows from (C.1) and the assumed upper bounds that

(C.2) H (%)n/&(w)_l

T=20 |[hxb
n l n
l
S Z H < Z )12 ll7-=1 m]':nc(n)(lv my,ma, - 7ml)$ +1
=1 j=1 \m;=
l
[ (@™ (m))")
k=1
n n
= ST”Z(sq)l H ( Z (m;!) )12 Lmg nc(”)(l,ml,mg, ,my)
=1 j=1 \'m;=
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t
' Zl_lmj:nc(”)(l,ml,mg,--- aml)) :

For any X € Rx>( let us compute the sum

n l n
(C.3) ;XIH ( Z mj!> 1Z§=1mj:nc(”)(l,m1,m2,'" ,my).

j=1 \'mj=1

Set

We see that

(the sum (C.3))

Then, by applying the formula (C.1) with A(z) =1 — f(z) we obtain

1

(the sum (C.3)) = ( d )n 1%

_ n—1
=17 % \ & @) =X(1+X)" "nl

=0

Substitution of this equality with X = (sq)% into (C.2) gives

|G 2

T=20 || pxb

< s ((sq)T(1+ (sq)1)" " 'nl)" = s%q(1 + (sq)T) ™ (r(1 + (s9) 7)) " (). O
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Appendix D. The Time-Continuum, Infinite-Volume Limit of
the Truncated Grassmann Integral Formulation

In this section we prove that for any n € N,

Sl

converges uniformly with respect to the coupling constants as h — oo,

2=0

L — oo. This convergence property itself does not imply the convergence
of the full formulation

—% log ( / e—W)duc(w).

It only guarantees the convergence of any finite truncation of the Taylor
series of the function

2o —ﬁ log ( / e—szduc(w))

around z = 0 as h, L — oo. However, once we know the analyticity of the
Grassmann integral formulation with the coupling constants on an (h, L)-
independent domain containing the origin, we can use the result of this
section to prove the uniform convergence of the full formulation as h, L —
00.

We need this type of convergence result only in Subsection 7.4, where the
model Hamiltonian is specifically analyzed. However, we set up the problem
in a general setting without specifying the kinetic term of the Hamiltonian.
We assume that

E € CY(RY; Mat(b, C))

and (2.1), (2.2) are valid. For any n € N, U € C? set

an(B, L, h)(U) := —ﬁ% (%) log (/e_sz)duc(@b))
z2=0

with the covariance C' defined by (2.5) and V(¢)(€ AV) defined by
(2.12).

LEMMA D.1. For any non-empty compact set K of C® and n € N the
following statements hold true.
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(1) an(B,L,h)(-) converges in C(K;C) as h — oo (h € 2N/3).

(2) Set an(/g7 L) = hmh—»oo,hEQN//Ban(ﬂu L7 h) an(ﬁvL)() COnverges in
C(K;C) as L — oo (L € N).

Proor. The claims can be proved by following the same idea as in
[13, Appendix B], [14, Appendix D]. However, we present the proof in a
self-contained style. Here we use the notations introduced in the proof of
Lemma 2.1. Let us define the matrix-valued function A : RY — Mat(b, C)
by A(k) := (a,(k)0pn)1<pn<p- By using (2.7) we can deduce from (2.10)
that

(D.1) C(xoz, yTy)

_ 62;; Z e—i(x—y,k>U(k)e(9€—y)A(k)
kel

(Lozy (I + P40) T — 1, (1, + e P40 U (k)

_ (Szdr o~ i(x—y k) ,(z—y)E(k)

kel™
S I e !
(V(x,0,2), (v, 7y) € T x {1, [} x [0, 8)).

Set

Coo(-xax, yTy)

(gm;d / dpe— Tt pivi) N EE 1 pyvy)
™ [0,27)d

Ly (I + PPE =PV T 1 (1 4 e PSRy T,
(V(x,0,2), (y,7,9) € Too x {1, 1} x [0, 5)).

It follows from the continuity of the function k — FE(k) that

(D.2) Llim C(-xox,y1y) = Cxo(-X02,-yTY),
LeN

(V(x,0,2), (y, 7,y) € Too x {1,1} x [0,3)).
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Using the periodicity with the variable k, we observe that for any x,y € I'o
and n € {1,2,---,d+ 1},

L, .2« "
<% (e’LZT(x—y,Vj) — 1)) C(Xo'x, y7‘y)

n 27
Sl (E A

kel™

o, -
. <8—p7> <€( y)E(k+p] J)(lwzy(Ib_i_eﬁE(k—‘,—p] J)) 1

— lacy (Ib + eiﬁm)_l))

Pi=2 =1 dm

Set

O™ [
Emaz = Sup sup (a_> E Z Djvj
16{1721"'ad}1} pERd pl ]:1

me{0,1,-- ,d+ bxb

From the above equality we can derive that
(6 d Emam)
1+Z] 1 QL( A y’vﬁ_l)

(V(x,0,2), (y,7.y) € Too x {1, 1} x [0, 3)),

where the constant ¢(f3, d, Fpqez)(€ Rsg) depends only on 3, d, Epqy- Espe-
cially we have

(D.3) 1C(xoz, yTy)llpxs <

‘d—l—l’

c(B,d, Emaz)
+ ()L [~y v
(V(x,0,2), (y.7,y) € Too x {1, 1} x [0, 3)
with [(x —y,vj)| < L/2 (Vj € {1,2,---,d})).

(D.4) |IC(-xox, yTy)|lpxs <

Note that

(8, L1)(U) = 575 / V(@) ()

= " U,(C(p010, p0710)* — C(p010, p0710)).

pEB
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By (D.2) the claims (1), (2) for n =1 hold true.
To prove the claims for n € N>o, we need to introduce a few more
notations. For any T' € T, j € {1,2,--- ,n} set

1 —
Gi(T) :={ve{l,2,--,n}|
v is on the shortest path connecting 1 to j in T'},
1 S|
Gi(T) = G;(T)\{1}.

Note that 1,5 € Gjl- (T'). In the following we use the notations introduced in
Subsection 3.2 plus (2.32). For any T' € Ty, ((07,01))ier € [Lier({T, 1} x
{1, =1}), (pj,xj,25) € BxT's x[0,8) (=1,2,--- ,n), set

Fr (01,00))1er (P1X171, p2X2T2, -+, PnXnTn)

- I T

Je{1.2,-m} L5 Y LI(T
with L1(T)7#0 Us}eL; (1)

. (—Qé(ijjO'{j7s}l'j0{j7s}, sts(_U{j,s})xS(_e{j,s})))7
F’],“7((gl’9l))l6T<(p17p27 Tt 7p7’L)7 (X27X37 e 7xn)7 (Zl,l’g, e 71'71))

=] 11 (—2C(p00 sy 5015.53 P55 (=0 ()5 (—0g51)),

Je{1,2.n} [ sYeLI(T
with L}(T);é(o Us}eL; (1)

where

C(pxoxt,nyTyt)

1
= 5(1(9,5):(1,—1)C(PX0'$777}’7'11) — L(9,6)=(-1,nHC (ny Ty, pxox)),

(V(p,x,0,2,0), (n,y,7,y,§) € BXx Lo x {1, [} x[0,8) x {1,—1}).
Moreover, for any (p;,xj,2;) € BxT' x[0,8)n, (j =1,2,---,n) set
Hr ((61,0))er (P1X1T1, p2X2T2,  + , PnXnTn)

B B T

J s ’
j€{1,2,---,n} {j,s}ELl.(T) 8ijx]‘a{j,s}xj9{j7s} 77Z}Psxs(_0'{]',5})5’75(_6{]',5})
with le.(T)qt(Zl J

Recall the definition (2.32) of the polynomial V.t (¢) € AV. By the invari-
ant property

(D.5)  C(p,x+2z,0,2),(n,y +32,7,y) =Clp,x,0,2),(1n,5,7, %)),
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(Vx,y,z € T'w)
we see that
(D.6) ope(T, C)Hr ((5,0,))cr (P1X1T1, p2X2T2, "+, PnXnTn)
n
N 4
.Ilnﬁﬂxwﬁ N
=1 (Vie{1.2, n})
= ope(T, C)

Hp (01,00 ier (P17 (X1 +Y) 1, p2rp (X2 +y)T2, -,
oL (Xn +¥)Tn)
H TL(XJ+y wj) 5 (vy 6 FOO)

I =0
(Vi€{1,2,++ ,n})

Using (3.9), (D.5), (D.6), we have that

1)n+1
0:0) a3, L00) = S0 S opem o) [[vie)|
et =1 (Viethan m})
n+1 n 1
- n'ﬂLd > 11 ) I > u.
TeT, leT (o7,07) i=1 (pi,%;,25)
e{1,1}x{1,-1} €BxI'x[0,8)},
-ope(T, C)
“Fr (01.00))1er (P1X171, p2X2T2,* + , pnXnTn)
Hr (01,0))100 (P1X1T1, p2X2T2,++ s PpXnTn)
n
N A
TV
=1 (viedhze )
n+1 n 1
et (o )t s o
TeT, leT (07,07) i=1 (p3>%4,%5)
e{T.13x{1,-1} EBXI%[0,8),
-ope(T,C)

“Fr ((01,00))er (plxlxh pQTL< Z Xv) T, -,
)

vEGY(T
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PnTL ( Z Xu) zn)
veGL(T)

Hr (01,00 1e7 <p1X1x1, p27’L< Z XU) T2,

veGL(T)
PnTL ( Z Xv) xn)
veGL(T)

YIi=0
(Vi€{1,2,-,n})

n+1 n 1
S rxa( oz (G xow)
TeT, leT (o7,07) =1 (pi x;,;)
e{1,1}x{1,-1} €BXT'x[0,8)},

+ J
per(Z UEG}(T) XU)IE]‘ (w )

j=1

-ope(T,C)

Fr (oro)ier (P15 025+ 5 pn)s (X2, X3, -+ Xn), (21,22, -+, Tn))

H1 (01,00 1er (,01X1.7J1, pP2TL ( Z Xv) 2y,
)

veGY(T
PnTL ( Z Xv) xn)
veGL(T)

I =0
(Vje{1,2,---,n})

Crsul oz )Gz o)

TeT, leT (o7,0p) (p1,21)
e{1,1}x{1,-1} €Bx[0,8)

H(% 3 Um>0pe<T,0)

1=2 (pj>%x5,2;)
€BXI'x[0,8)p

n
: + i
Hl ‘/pjTL(Z 'uGG]l(T) Xv)gcj (/I,Z} )
J:

Fé—’v((alﬁl))leT((pl’ P2, )pn)a (X27 X3, 7XTL)) (:Clv €Ty 73771))
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) HTﬂ((Ul,al))leT (ploxl’ p2TL < Z XU) T2, "+,
)

veEG(T

pnTL< Z Xv>xn>
veGL(T)

P10$1 H TL(Z ve@l(T) xv)xj (wj)’

j=2 J $Ii=0
(vie{1,2,---,n})

—1
For any (x1,X2, - ,Xn—1) € ['5 " set
XL(X1,X2, "+, Xp—1)

= 1L€2N1(xi viYe{-% —L41,, 571} (vie{1,2, n—1},j€{1,2,-- ,d})

+ 1L¢2N1<x viye{—L5t L5t 41, By (Vie (1,2, -1} ,5€{1,2, d})"
For any (p1>p27"' 7pn) € Bn, (X27X37"' ;Xn) € Fgo_17 ($1a$27"' ,l'n) €
[0, 8)},, set

Héﬂy((glﬁl))leT((pl’ P2, 7pn)7 (XQ, X3, 7Xn)7 (f]fl, T2y 71'71))
= ope(T, C)

Hr (0100 )er <910$1702TL< Z Xv) Z2,: - ,pnTL( Z Xv) J:n)
veGH(T) veGL(T)

n

J
p10x1 H 2 eGl () Xv)T; o)
J

YIi=0
(vi€{1,2,- ,n})

Moreover, for any = € [0,() let & denote an element of [0, 3); satisfying
x € [&,% + 1/h). With these notations we obtain from (D.7) that

an(ﬁ, L,h)(U)

n

ﬁ(

e{T,l}x{1,—-1}
%

Z pi / dwz) XL X2,X3, ", X )

(psx;)
eEBXI'oo

Z Up1/ dxl

p1EB
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F}’((Ulvel))leT((pl’pQ’ e 7p?’l)7 (X27X37 T 7X7'L)7 (f17=f27 te ,xAn))

H%7((Uz791))leT((p1’ P2, 7pn); (X27 X3, ,Xn>, (jb Jva U 7$An))'
Using (D.3), (3.8) and the properties of the matrix My (T,¢,s) inside
ope(T, C), we can derive that

(DS) ’H%v((al,gl))leT((pl’ P2, apn)v (X27 X3, 7Xn)a (fly f?a e 7$A7L))’

SH( Z ) ope(T, C)
i=1 mi6{274}
“Hr((01,00))ier (plo‘fl? p2TL< Z Xv) Lo,
vEé%(T)

pnTL< Z Xv)-TAn)
veGL(T)

n
. J
Pml P10$1 H m] per vEé}(T) x,u)jj (1/) )‘

(S (7))

$I =0
(Vj€{1,2,,n})

=1 \'m;€{2,4}
sup sup
p;,q;€C" with [|p;licn,llajlicn <1 XJ Y;€lg
(j:1,2,<-»,%2 ’I’gL=1"Lk7"+1) (j=1,2,--- 72 Z: mp —n+1)

’ | det((pi, q]>(CnC(Xz, }/j))lgi,jgé s mkfn+1|

ﬁ ( Y lu@zmn(D)! ( n?g}) >)

=1 m1€{2 4}
1 L
. (5 Z mg —n+ 1) !C(ﬁ, d, Emax)Z X my Tl-i-l'
k=1

With these preparations we can prove the claims (1), (2) for n € N>o. Let
us take any non-empty compact set K of CP.

(1): Since it consists of finite sums and products of the covariance C' :
(Bx T x{T,1} x [0,8))? — C, the domain of the function

HE (0,00 )102 (P15 P07 )
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can be naturally extended to (I's)”~!' x [0,8)". Note that (z,y)
C(pxox,nyTy) is continuous a.e. in [0, 3)%, and thus

(:Ula:l'?v”' 7:1:17,) —

H’%v((alvel))leT((pl’ e a/)n): (X27 e 7XTL)7 (xla T, - ax’n))

is continuous a.e. in [0, 5)". These imply that

lim F; ((Ulvel))leT((pl’ e :Pn)a <X27 e 7XTL)7 ('fla f27 T 7xAn))

neaN

= F7 (or00)ier (P15 5 o) (X250 %), (21, 2, -+, ),
i H (g e (P15 o)y (k2,00 %n), (41, 22, 7))
heaN/s

= Hp (o1.0000p (P12 5 pn)s (X2, Xn), (21,22, -, )
for a.e. (z1,x9, - ,xy) €[0,0)".

By these convergence properties and the uniform bounds (D.3), (D.8) we
can apply the dominated convergence theorem for L!([0,3)") to conclude
that

lim a,(B,L,h) =an(B8,L)in C(K;C),

h—o0

he2N/p
where
an(ﬁvL)(U)
n+1
SO T ) g [ e
TeT, leT (o7.61) p1EB

e{T.1}x{1,-1}

Py v
1=2 (pir%;)

€EBXT'co

F’Z/“,((UZ,GZ))leT((plﬂan to )pn)’ (X2,X3, T 7Xn)’ ($1,$2, T ,Q?n))
: Hé“7((gl,9l))l€T((p17P27 e 7p7l)7 (X27X37 e 7xn)7 (Z'l,fEQ, e 7$n))

(2): Substitution of (D.4) and (D.8) yields that

n
H UpiXL(X25X3’ e 7xn)

i=1
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F%’((Ulyel))leT((pl’ P2, 7Pn)a (X27X37 e 7X7l)7 ($1,$2, e 7xn))

H%7((Ul,9l))leT((plap27 t 7pn)7 (X27X37 T ,Xn), (xhx?v T 7$n))‘

ol (s )

d+1 d
L+ (3)™ Xhon [y, v 2+

m
' ( Z lnk(T)Smknk(T)! < n (;) >>
k=1 \ mye{2,4} k

1 Y n
' <§ Z mk -n + 1> !6(67 d7 Emax)% X k=1 mk_n-f—l,
k=1

(V(X27X3a' o 7Xn) € F&_17($17£27"' 7'1771) € [Ovﬁ)n)

The right-hand side of the inequality above is integrable over T! x [0, 3)™.
Note that

gl_r};)lo XZ(X27X37 e 7Xn) = 17 (V(X27X37 T 7XTL) S Fgo_l)‘
LeN

Moreover, we can see from (D.2) that

gi_llloFé“7((gl’91))l€T((p17p27 Tt 7pn)7 (X27X37 e 7xn)7 (xtha e wfn))
LeN

Hé"7((g-l79l))l€T((p17p27 Tt 7pn)7 (X27X37 Tt 7Xn)7 (%1,([’27 e Jmn))

exists for any ((x2,X3,* ,Xp), (T1,72, ,2,)) € %1 x [0, 3)". By these
convergence properties and the inequality (D.9) we can apply the domi-
nated convergence theorem for L (I ! x [0, 3)™) to conclude that a, (3, L)
converges in C(K;C) as L — oo (L €N). O

Appendix E. Direct Treatment of the Free Energy Density

In this part of Appendix we prove some lemmas concerning the free en-
ergy density in direct ways without going through the Grassmann
integral formulation. Though the results of this section are needed only
in the model-dependent analysis in Subsection 7.4, here we consider the
problem in a general configuration. Let Hp, V, H be the operators on
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Fy(L*(BxT x {1,1})) defined in Subsection 2.1 with E € C(R%; Mat (b, C))
satisfying (2.1), (2.2). In the following id denotes the identity map on

Fy(L*(B x T x {1, 1})).

LEMMA E.1. For any k € I'* let a,(k) (p € B) be the eigen values of
E(k). Then,

S Tou(Te ) = 2SS log(1 ),
peEB kel

Proor. With the unitary matrix U(k) € Mat(b, C) satisfying (2.7),
set

Yok ZZ_Z k) ZU “(p, nwnxm (0, k,0) € BxT" x {T,]}).

2 xer neB

We can number each element of B x I'* x {1, |} so that B x I'* x {1,]} =
{K; }?b:le The anti-commutation relation holds as follows.

Vi,V + YKV, =0
VUK, + VKV, = 8 gid, (Vi,j € {1,2,---,2bL%}).

By (2.7),
Hoy = Z aﬂ(k)¢ZkU¢Pk07

(pk,o)eBXT* x{T,1}

and thus,

* * *
HprlklUleQkQUQ ’ ¢Pnkn0nﬂ Z aPJ wl)lklal wmkzaz T wpnkannQ’
j=1

(V(p],k],(f]) € B X F* X {T7~L} (j = 1727’ T )n))
This implies that

Tre—ﬂHo =14+ Z e—ﬁz (p,k,0)ES ap(k) — H H (1 + e—ﬁap(k))? O]

SCBXT*x{1,|} peEB kel™
withS#Q
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We use the following lemma to approximate the normalized free energy
density at 8 by that at [3](€ N).

LEmMMA E.2. For any € R>q,
1 o Tre PH 1 o Tr e [O1H
< / Pl | (e
- [,6] 772Ld & Tr 67'YH0
+2b [ 2 sup ||E(k)|lpxs + sup |U,| | log <£> :
keRd peB 4]

PROOF. Let o(H) denote the set of all eigen values of H. We can take

an orthonormal basis B of Fy(L*(BxT x {1, |})) consisting of eigen vectors
of H. Then,

E.1) |Tr(He P < —AH = ||H Tre P4,
(E.1) |Tr(He )\ag%)!a!;(v,e 0)p, = | Hl gy Tre

Since the eigen values of Hy are

{ S ap(k)’SCBxF*X{T,l}, S#@}U{O},
(

p.k,0)€S

(E2)  |[Hollssr,) < > oo (k)| < 2bL% sup || E(K) ]|
(pk0)EBXT*x{1,1} keRe
Since
H’(p;xaprUHSB(Ff) =1, (V(p,X,O’) eBxI'x {Tv l})a
(B3)  WVlswr) < D (Ul ¥ i Voxt I3,
(p,x)eBXT
1 *
+ 5 Z |Upwwpxa¢px<7H%(Ff)

(psx,0)EBXIx{1,]}
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< 2bL%sup |U,|.
pEB

By combining (E.2), (E.3) with (E.1) we obtain

Tr(e PHH)

(E.4) ‘W

' < 2pL¢ (SUP | E(k)lbxb + sup |Up|> :
keRd peB

Note that
1 TrePH 1 Tre[O1H
(E.5) log . ef — log re
BLY Tre—FHo [B]L4 Tr e~ [AlHo
Jiv e (2)
B dy \vL? Tr e—7Ho
p 1 Tre 71 p 1 Tr(e " H)
- dy 274d log Tre—Ho | dy 14 Tre—H
[C/— re [c/ re

B 1 Tr(eHom
—I—/ dy—— re ¥ 0).
g yL¢ TrerHo

Using (E.4), we can derive the claimed inequality from (E.5). O

We use the next lemma to relate the output of the infrared integration
to the free energy density by means of the identity theorem.

LemMA E.3. For any r € Ry there exists a domain O(C C) such
that (—r,r) C O and the function U — log(TrePH) is analytic in O°(=
Ox0Ox---x0).

Proor. Take any 6, € [—1,1] (p € B). Define the operator V{ on
Fp(L*(B x T x {1,1})) by

* * 1 *
Vo = Z 5p¢pr¢pxlwpxﬂ/]pr - 5 Z 6p¢pxowpxa~

(psx)EBXT (px,0)EBXTx{T,l}

Take any r € R-( and assume that U € (—r,7)?. Then, for any 6 € [0, 1],

6
| Tr e PUHHV0) _ Ty o=BH | < / de

1y o BUH VD)
0 19
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< 6522de H‘/OH%(Ff)eﬂ(HHH%(Ff)"‘HVOH %(Ff))7

where we used the equality (d/de) Tre BH+EW) = _j3 Tr(e AH+EV) VL),
This equality can be justified by, e.g., [12, Lemma 2.3]. Therefore,

Re Tr ¢ B(H+i8V0)
> Tre PH 5ﬂ22deH%H%(Ff)eﬁ(llHll%(Ffﬁllvoll%wf))

d H Vi
>1-— 6522bL sup {HVOH%(Ff)eﬁ(” ||3Ff)+|| 0||%(Ff))} )
ue[-r,r]?,
bp€e[—1,1](pEB)

We can conclude from the above inequality that there exists ¢ € Rsg such
that

Re Tre PHFW) 5 0 (VU € (—r,1), 8, € (—¢,¢) (p € B)).
This implies that the function U +— log(Tr e PH ) is analytic in the domain

{z+iy |z e (—rr)yc(—ee)} (cCh.O

Acknowledgments. The author wishes to thank Fumihiko Nakano for
interesting conversations. This work was supported by JSPS KAKENHI
Grant Number 26870110.

Notation

Parameters and constants

Notation Description Reference

L size of the spatial lattice Subsection 1.2

thes thos magnitude of the hopping matrix ele- | Subsection 1.2

tues tuo ments

Uee, Upe, coupling constants Subsection 1.2

Ue,m Uo,o

1] inverse temperature Subsection 1.2

ft parameter depending only on tj, ¢, t, 0, | Subsection 1.2
tv,e; tv,o
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2 =

-

o
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spatial dimension

number of sites in a primitive unit cell
element of (2/8)N, step size of the dis-
cretization of [0, 3)

4bBhL?, cardinality of T
scale-dependent weight

number belonging to (0,1], exponent
inside || - {|s,0, | - le1s [+ =+ i

real positive constant independent of
any parameter

parameter to control the upper bounds
of covariances

real positive constant depending only
on parameters oy, -, Qp

parameter to control the size of support
of UV cut-off functions

largest scale in the UV integration
constant (€ (0, 1]) inside w(0) indepen-
dent of any parameter

parameter to control the size of support
of IR cut-off functions

smallest scale in the IR integration

Sets and spaces

Notation

Description

283

Subsection 2.1
Subsection 2.1
Subsection 2.2

Subsection 2.2
beginning of
Section 3
beginning of
Section 3
beginning of
Section 5
Subsection 5.1

beginning of
Section 6

Subsection 6.1

Subsection 6.1
Subsection 6.1

Subsection 7.2

Subsection 7.2

Reference

T2L)
FH(L2(T(2L)
{1,1})

D¢ (c)

r
F*

{0,1,--- 2L — 1}?
Fermionic Fock space

subset of C which depends on tj,,
th,m tv,e, tv,o

spatial lattice for a generalized system
momentum lattice for a generalized
System

Subsection 1.2
Subsection 1.2

Subsection 1.2

Subsection 2.1
Subsection 2.1



284

B

Fp(L*(B x T x
{1.1}H)
Mat(n, C)
[O>ﬂ)h

Iy

1

1%

Vo

AV

[—B1/4, B1/4)n
[51/47

@a - 61/4)h

Iy

I

Iy

Yohei KASHIMA

{1,2,---,b}
Fermionic Fock space

set of all n x n matrices
{0,1/h,---,B=1/h}

BxTx {1, 1} x [0,

I() X {1, —1}

complex vector space spanned by
the basis {@bX}XeI

complex vector space spanned by
the basis {¢% } xer

Grassmann algebra generated by
{@bX }XGI

set of all permutations over {1,2, --- |
n}

(m/B)(2Z + 1)

{we M| |w| < 7h}

Hilbert space L2(BxT* x {1, |} x M)
set of all trees over {1,2,--- ,n}
subgraph of tree T

BxT x{1,l} x(1/h)Z

Io’oo X {1, —1}

d .
{2 5amyu; | my € Z (j = 1,2,

,d)}
{=51/4, =B /A+1/h,- -+, B1/4—1/h}
{B1/4, B1/4+1/h,- -+, Bo—P1/4—1/h}
BxT x{1,1} x[=051/4,51/4)n
Iy x {1,-1}

BxT x{1,1} x {0}

Subsection 2.1
Subsection 2.1

Subsection 2.1
Subsection 2.2
Subsection 2.2
Subsection 2.2
Subsection 2.2

Subsection 2.2
Subsection 2.2
Subsection 2.2

Subsection 2.3
Subsection 2.3
Subsection 2.5
Subsection 3.2
Subsection 3.2
beginning of
Section 4
beginning of
Section 4
beginning of
Section 4
beginning of
Section 4
beginning of
Section 4
beginning of
Section 4
beginning of
Section 4
beginning of
Section 4
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9 x {1,-1}

subset of AV
subset of S(1)(81) x S(1)(B2)

Functions and maps

285

beginning of
Section 4
Subsection 7.3
Subsection 7.3

Notation Description Reference

H 1-band Hamiltonian on Fy(L*(T'(2L) x | Subsection 1.2
{1.1})

Ho kinetic part of H Subsection 1.2

V interacting part of H Subsection 1.2

H b-band Hamiltonian on Fy(L?(B x I' x | Subsection 2.1
{1.1})

Hy kinetic part of H Subsection 2.1

%4 interacting part of H Subsection 2.1

E() the generalized hopping matrix in the | Subsection 2.1
momentum space

P, projection from AV to A"V Subsection 2.2

0/0x Grassmann left derivative Subsection 2.2

C(+) full covariance Subsection 2.3

I, n X n unit matrix Subsection 2.3

o) h-independent covariance matrix with | Subsection 2.5

- Matsubara UV cut-off

d;(+) function to measure the difference be- | beginning of
tween 2 elements of Section 3

ope(T, Cy) operator made of Grassmann left- | Subsection 3.2
derivatives

Ope(T, Co) | ope(T, Co) [ 1) grer(Bp,qa(Co)+Aqp(Co)) | Subsection 3.2

ra(-) map from (1/h)Z to [0, 3);, satisfying z = | beginning of
ng(x)p +ra(x), (Vo € (1/h)Z) Section 4

na(-) map from (1/h)Z to Z satisfying = = | beginning of
ng(x)B +rg(x), (Vo € (1/h)Z) Section 4

Rs() map from Iy, to I, or from I3, to I" | beginning of

Section 4
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map from Iy, to Z, or from I%, to Z
map from 'y, to I’

function to measure the difference be-
tween 2 elements of ]

Gevrey-class function used to construct
cut-off functions

UV cut-off function

covariance matrices for the UV integra-
tion

finite difference operator

IR cut-off function

Z;‘V:ﬁz X5 ()

variant of x<;(-)

covariance matrix for the IR integration

Inner products, norms and semi-norms

beginning of
Section 4
beginning of
Section 4
beginning of
Section 4
Subsection 6.1

Subsection 6.1
Subsection 6.1

Subsection 6.1
Subsection 7.2
Subsection 7.2
Subsection 7.2
Subsection 7.3

Notation Description Reference
() ) standard inner product of R? Subsection 2.1
|- loxb operator norm for b x b-matrices Subsection 2.1
(" )cn standard inner product of C" Subsection 2.1
- llcn norm of C" induced by (-, )¢ Subsection 2.1
- inner product of Fp(L*>(BxT' x {1, | Subsection 2.4
Fy f
F norm of F¢(L?(BxT x {1,]})) induced | Subsection 2.4
f f
by <'7 '>Ff
1 By operator norm for linear transforms on | Subsection 2.4
Fr(L*(B =T x {1,1}))
- inner product of the Hilbert space H Subsection 2.5
() m
|- 11 norm of H induced by (-, )4 Subsection 2.5
|- 1l L'-norm for functions on 1™ Subsection 2.5
-0 scale-dependent norm beginning of

for anti-symmetric functions

Section 3
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-1l scale-dependent semi-norm beginning of
for anti-symmetric functions Section 3
| scale-dependent measurement of the | beginning of

difference between two anti-symmetric | Section 4
functions defined at (31 and (o

Other notations

Notation Description Reference

e1, e e; = (1,0), e2 = (0,1) Subsection 1.2

Qor, vacuum of Fr(L*(I'(2L) x {1,1})) Subsection 1.2

Q vacuum of Fr(L*(B x T x {1, 1})) Subsection 2.3

e(p) e(l) = 2) = (1,0), Subsection 7.1
)=(1

(p=1.2.3.4) | o(3) = (0

(0,0), e(
0,1), e(4
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