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Structure of the Positive Radial Solutions for

the Supercritical Neumann Problem
e?Au —u + uP = 0 in a Ball

By Yasuhito MIyAMOTO

Abstract. We are interested in the structure of the positive ra-
dial solutions of the supercritical Neumann problem in a unit ball

e U+ XU -Uu+Ur=0, 0<r<1,
U'(1) =0,
U >0, 0<r<l,

where N is the spatial dimension and p > pg = (N + 2)/(N — 2),
N > 3. We show that there exists a sequence {e:}5%, (ef > e >
- — 0) such that this problem has infinitely many singular solutions
{(ex, U}, C Rx(C?(0,1)NC(0,1]) and that the nonconstant reg-
ular solutions consist of infinitely many smooth curves in the (¢, U(0))-
plane. It is shown that each curve blows up at €, and if pg <p < psr,
then each curve has infinitely many turning points around €. Here,

(N > ]-]-)a

14— —
pyL = N—d—2v/N-1
00 (2 < N < 10).

In particular, the problem has infinitely many solutions if ¢ € {&}}2° ;.

We also show that there exists € > 0 such that the problem has no
nonconstant regular solution if € > £. The main technical tool is the
intersection number between the regular and singular solutions.
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1. Introduction and Main Results

Let Q ¢ RN, N > 3 be a bounded domain with smooth boundary.

are concerned with the elliptic Neumann problem

e2AU —U +UP =0, inQ,

(1.1) 2U =0, on 99,

U >0, in Q,
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where p > 1 and ¢ € Ry := {x; = > 0}. The problem (1.1) arises in
physical and biological models. In particular, (1.1) appears in the station-
ary problem of the Keller-Segel model for chemotaxis aggregation [22] and
the shadow system of the Gierer-Meinhardt model for biological pattern
formations [15]. For these two decades (1.1) has attracted considerable at-
tention and solutions with various shapes have been found. See [33, 35] for
single-peak solutions, [17] for multi-peak solutions, and [24] for boundary
concentrating solutions. Many papers, including [17, 24, 30, 33, 35], study
the subcritical case 1 < p < pg, where

bg e A N2 (N23),
00, (N =1,2).

In this case the compact embedding H'(Q) — LPT1(Q) is applicable, hence
a variational method works well. In this paper we are interested in the
solution structure of (1.1) in the supercritical case p > pg. Specifically, we
consider the case where the domain € is the unit ball B := {z € RY; |z| <

1}, and study the bifurcation diagram of the positive radial solutions in the
(A, U) plane. The problem (1.1) can be reduced to the ODE

U+ Uy -Uu+Uur=0, 0<r<l,
(1.2) U'(1) =0,
U >0, 0<r <1,

Throughout the present paper we define f(U) := —U + UP and X := 1/
Then A € Ry and A diverges as € | 0. Since we study the bifurcation
diagram of (1.2), it is convenient to transform (1.2) into

U"+ 222U+ 0 f(U) =0, 0<r<1,
(1.3) U'(1) =0,
U >0, 0<r<l1.

We need some notations. We call the constant solutions {(\,1)} the trivial
branch which is denoted by Cy. Let Ay denote the Neumann Laplacian,
and let {un,}>2, be the eigenvalues of —Ay on B in the space of radial
functions. Since each i, is simple, 0 = pg < pq < po < ---. Let A\, :=
tn/(p —1). By Crandall-Rabinowitz bifurcation theorem we easily see that
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(An,1) (n=1,2,---) is a bifurcation point from which a curve of nontrivial
solutions emanates. We denote the closure of the curve by C,. We will see
in Proposition 3.1 of the present paper that each curve C,, which we call
the branch, can be locally parametrized by 7 := U,,(0). Then each curve C,
can be described as {(An(7), Un(r,7))} (v := Uyn(0,7)). We define

Cr=C,n{y>1}, C, =C,Nn{y<1}.

By Zr[v(-)] we denote the number of the zeros of the function v(-) in the
interval I C R, i.e.,

Zrw(-)] = t{x € I; v(z) =0}.

Let (An,Up) € Cy. Every zero of U,(r) —1 (0 < r < 1) is simple, because
of the uniqueness of the solution of the ODE (1.3). If (A,,U,) is near
(An, 1), then U, (r) —1 is close to the n-th eigenfunction of the corresponding
eigenvalue problem. By Sturm-Liouville theory, Zj[Un(-,7) — 1] = n
provided that (A, U,) is near (A, 1). Since each zero is simple and U, (r)—1
continuously changes along each Cp, Zjg1j[Un(-,7) — 1] is preserved along
each Cp,. Therefore, Zig )[Un(-,7) — 1] = n if Uy € C,,\Co.

Let us recall known results about (1.3). It was shown in [21] that in
the subcritical case 1 < p < pg the set of the regular solutions of (1.3) is
bounded in L*, i.e.,

(v* :=)sup{||U||s0; U is a solution of (1.3).} < occ.

and that A\j(y) — oo as v T ~v*. Since %y) . < 0 ([27]), the branch
’y:

C1 has at least one turning point. Moreover, if v(< ~*) is close to ~*,
then U, (v) is nondegenerate, hence %}/w > 0 ([35]). In the critical case
p = pg the solution structure depends on the spatial dimension N. For
N € {4,5,6}, (1.3) admits a (nonconstant) radially decreasing solution for
0 < A < A1 ([3]), which implies that C; is unbounded in v. For N > 7,
there is A > 0 such that (1.3) has no nonconstant solution for 0 < A < A
([3, 4, 5]). When N = 3, the structure depends on the radius of the ball.
See [3] for a partial result. In the supercritical case p > pg, there are few
results about (1.1). When p = pg + ¢ for small € > 0, [11] constructed a
bubble tower solution of (1.1). See [28, 23, 14] for other results. A brief
history of this problem is written in [14].
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On the other hand, the branch of the positive solutions of the critical or
supercritical Dirichlet problem

U"+ 2210+ 0 g(U) =0, 0<r<]1,
(1.4) U(1) =0,
U >0, 0<r<l,

was studied by [6, 9, 18, 20, 26]. In [20] the case g(U) = (1 + U)? was
studied. The structure depends on p and N. Let

4
pJL = L+ o (V> 1),
o (2 < N <10).

When ps < p < pjr, Joseph-Lundgren[20] have shown that the branch
which emanates from (0,0) has infinitely many turning points around A =
A* =60 (N — 2 —6) and blows up at A = \*, where

(1.5) 0:= ——.

Moreover, there is a singular solution U* = =% — 1 € H}(B) for A = A\*.

When p > pyr, the branch exists for 0 < A < \*, does not have a turning

point, and blows up at A = A*. Moreover the singular solution (\*,U*)

exists. In particular, (1.3) has a unique regular solution for 0 < A < A*.
First we study the problem

S

(16) u” + Y=L/ 4 f(u) =0, s>0,
' u(0) = v, v/ (0) = 0.

In the study of the bifurcation diagram singular solutions play an important
role.

THEOREM 1.1. Suppose that p > pg. There is a singular positive solu-
tion u*(s) of

u”—i—%u'jﬁf(u):(), 0< s < oo,
u(s) o0 (s]0).
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u*(s) oscillates around 1 hence it has infinitely many critical points {s}; }°° ;.
Moreover, u(s,y) — u*(s) in C?

1oc(0,00) as v — oo. Here u(s,y) is the
solution of (1.6).

When p > pyr, this theorem was already proved by [7, Theorem 1.1].
Our method is different from [7] and it works in the case ps < p < pyr. The
same oscillation property of the regular solution of (1.6) was obtained by
[28]. Using almost the same argument, one can see that u*(s}) < u*(s§) <
s < L ut(sy) >ut(sy) > - >1,and s — s = w/y/p—1 (n— o0).

By scaling the singular solution u* we construct singular solutions of
(1.3). The first main result is the following:

THEOREM A. Suppose that p > pgs. The problem (1.3) has infinitely
many singular solutions (X%, UX(r)) € Ry x (C%(0,1) N C°(0,1] N HY(B))
(n=1,2,--- and \j < N5 < --- — 00) such that the following assertions
hold:

(i) U}(r) satisfies

Un(r) = Alp, N)(v/Ngr) (1 +0(1)) as (r]0),
where
(1.7) A(p,N) = {O(N —2— g)}7T.

(i4) ZolUn(-) — 1] = n.

(i13) U(r) >0 (0 <r <1).

Moreover, the singular solution (X2, U*) is unique, i.e., if (\5,U*) is a
singular solution such that (i) and (ii) hold, then (X%, U*) = (X5, U).

In the proof of Theorem A we see that /A = s;. Hence, \/A} | —
VAL = w/yp—1 (n — 00).

The second main result of the paper is the following:

THEOREM B. Suppose that p > ps. Let A} (n = 1,2,---) be as in
Theorem A. Let S denote the set of the regular solutions of (1.8). Then

(1.8) S=CyU G (cruc,).

n=1
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FEach C, (n = 1,2,---) can be parametrized by v = Uy(0), hence C, can
be described as {(An(7),Un(r,7))}. Moreover, A\n(y) € C*(0,00) and the
following assertions hold:

(i) For each n > 1, A(1) = \,.

(ii) For each n > 1, Ap(y) — Al (v — 00).

(iii) If ps < p < pjL, then for each n > 1, \,(v) oscillates around X},
infinitely many times as y — o0.

(iv) For each n > 1, A\p(v) — oo (v ] 0).

(v) If v > 0 is small, then Ui(r,7v) is nondegenerate, and it becomes a
boundary concentrating solution as v | 0.

(vi) For each v € Ry, Ai(7y) < Xa(y) < -~

Figure 1 shows the bifurcation diagram in the case pg < p < psr.

(iv), (v), and (vi) of Theorem B hold for every p > 1.

It follows from Theorem B (iii) that each branch C,I has infinitely many
turning points around X\ if pg < p < psr.

REMARK 1.2. If 3 < N <10, then py;, = co. Hence, the supercritical
equation (1.3) always has infinitely many solutions for A = A} (n =1,2,---)

Fig. 1. The schematic picture of the bifurcation diagram of (1.3) in the case ps < p < pJr.
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and each C;I has infinitely many turning points.

COROLLARY 1.3. Suppose that p > pg. There exists A > 0 such that
if 0 < A < A, then (1.3) has no nonconstant solution. Moreover, there is
A > 0 such that the radially decreasing solution does not exist for X > .

Let us explain technical details. In [20] they used a special change of
variables in the study of (1.4) with g(U) = (1 + U)P. The equation (1.4)
can be transformed to a first order autonomous system. See (2.4) in the
present paper. They used a phase plane analysis to obtain the bifurcation
diagram. However, for a general nonlinearity g, we cannot expect such a
change of variables. In [26] the author studied the bifurcation diagram of
the solutions of (1.4) when ¢g(U) = UP + h(U)(> 0) and h(U) is a lower
order term. Let u(s) := U(r) and s := v/Ar. The equation (1.4) becomes

'+ A+ g(u) =0, 0<s< VA,
(19) u(v/) =0,
u > 0, 0<s< VA

The equation (1.9) has a singular solution (A*, u*(s)). Let (A, u(s,7)) denote
the regular solution of (1.9) such that u(0,v) = v and «/(0,7v) = 0. It was
shown that \ is a C''-function of 7. He used the intersection number between
u*(s) and u(s,~y) which can be written as

Zp[ur () —u(- )],

where I, := (0, min{v'A*, \/A(7)}]. He showed by a scaling argument that
if ps < p < psr, then

(1.10) Zp () —u(-7)] =00 (v = 00).

Because of the uniqueness of the solution of the ODE (1.9), each zero of
u*(-)—u(-,7) is simple. Hence, each zero depends continuously on . The
number of the zeros in I, is preserved if another zero does not come from
the boundary of I,. Since u*(0) — u(0,7) = oo, a zero cannot enter I,
from s = 0. Because of (1.10), a zero enters I, from s = min{vA*, \/A(7)}
infinitely many times as 7 — oo. Therefore, A(y) oscillates around A\*
infinitely many times which indicates that the branch has infinitely many
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turning points. This method cannot be directly applied to the Neumann
problem, since in the Neumann case u(1/A(7),7) is not necessarily equal
to u*(v/A*) and the oscillation of A(y) around A\* is not trivial. The shape
of the singular solution u* of the Neumann problem becomes important to
study the behavior of each zero.

In our problem (1.3) we see that C,, is locally parametrized by v = U,(0)
(Proposition 3.1). We can write the solution as (An(7), Un(r,7))-

Section 3 is devoted to the study of the fundamental property of A, (7).
In Lemma 3.3 we show that for each v* > 1, A\,(v) does not diverge as
~ T v*. Therefore, combining this result and the local parametrization of
Cpn, we show in Lemma 3.4 that the domain of A,(7y) can be extended to
~v > 1. It is perhaps interesting to note that the nondivergence of A, (7) is
proved by the nonexistence of the entire positive solution of Au—u+u? =0
(p > pg) which is proved by the Pohozaev identity. We also show that A, ()
can be extended to 0 < A < 1. Hence, A, (7) is defined in v € Ry.

In Section 4 we study the singular solution of (1.3) and prove Theorem A.
Let u(s) := U(r) and s := v/Ar. The equation (1.3) is transformed to the
problem

A+ fu) =0, 0<s <V,
(1.11) u'(VA) =0,
u >0, 0<s<VA

In Lemma 4.1 we construct the singular solution u*(s) of the equation in
(1.11) near s = 0 and show that u*(s) = As~%(1 + o(1)) (s | 0). Here
A:= A(p,N) and A(p, N) is defined by (1.7). In Lemma 4.4 we show that
the domain of u*(s) can be extended to 0 < s < oo, that u*(s) satisfies the
equation in (1.11), and that u*(s) > 0 for s > 0. In Lemma 4.8 we show that
u*(s) oscillates around 1 infinitely many times as s — oo and that u*(s) has
the set of the critical points {s}}2°; of u* such that 0 < s] < s5 <--- — o0
and

S

s* is a local minimum point of u* and u*(s}) < 1ifn € {1,3,5,---},
» is a local maximum point of u* and u*(s}) > 1 if n € {2,4,6,--- }.

We set A% = (s%)2 and U} (r) := u*(s) (s = \/Msr). Then, (A5, U) is a

n
singular solution stated in Theorem A.
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Let (An(7),u(s,7)) denote the solution of (1.11) such that w(0,~) = ~
and us(0,7) = 0. In Section 5 we show that A,(y) — A} as v — oo and
that u(s,7) converges to u*(s) in an appropriate sense. In [25] Merle and
Peletier proved a similar convergence result for the Dirichlet problem

U'+ 80+ \U+UP=0, 0<r<l1,
U(1) =0,
U >0, 0<r<l.

when p > pg. In Theorem 5.1 we show that u(s,y) — u*(s), following
arguments in the proof of [25, Theorem A].

In Section 6 we show that A, (7y) oscillates around \! if pg < p < psrL.
Let p := ’ypTAS. We define a(p, ) := u(s,v)/v and a*(p) := u*(s)/y. We
use the intersection number between @ and @*. The function u(p,y) satisfies

1.12) {a”+ba’+ap—7p—1la:0, 0< p< oo,

P
a(0) = 1, @(0) = 0.

Let u(p, ) be the regular solution of
(1.13)

We show that as v — oo,
a(p,7) — a(p,1) in Cie(0,00) N Cloc[0, 00)
and
@ (p) = uw(p) in Cl(0,00),

where u*(p) is given by (2.2) which is a singular solution of the equation
in (1.13). In Section 2 we recall the fact that Zg )[u*(-) —u(-,1)] = occ.
Hence, for each 6 > 0,

(1.14) Zoglu™(-) —ul-,7)] =00 (v —o0),

since s € (0,0) is corresponding to p € (0, 57%) and 57% — 00
(v — o0). Since each zero of u*(-) — u(-,~) is simple, each zero depends
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continuously on «y. The divergence (1.14) tells us that a zero which is simple
enters the interval (0, /A;] from s = /A% infinitely many times. Therefore,
there exists a sequence of large numbers {~; }j’il (m1 <72 <--+— 00) such
that u* (/M%) = u(y/A;,7;) and the following holds: us(y/A%, ;) < 0 for
j€{1,3,5,--- } and ug(/A%, ;) > 0 for j € {2,4,6,---}. In Theorem 6.1,
using the convergence u(s,y) — u*(s), we show that if n € {1,3,5,---}
(resp. n € {2,4,6,---})

. >X7kw (j€{173757"'})7
(1.15) /\n(%){< N (G EL2,4.6, - )),

. <X, (je{1,3,5,---}),
resp. Anl7vj >)\:<” (j€{2,4,6,"'})'

which implies that A, (y) oscillates around A} infinitely many times as v —
00.

In Section 7 we construct a smooth branch of boundary concentrating
solutions, using a standard blow-up argument with the contraction mapping
theorem. We also show that this branch is in C; and that A\;(y) — oo (v | 0).

The paper consists of 8 sections. In Section 2 we recall known result
about the intersection number and the nonexistence of the entire solution.
In Section 3 we collect fundamental properties of A\,(7y). In Section 4 we
prove Theorem A. In Section 5 we prove the convergence to (A:,U). In
Section 6 we prove the oscillation of A, (7). In Section 7 we prove (iv) and
(v) of Theorem B. In Section 8 we prove the other assertions of Theorem B
and Corollary 1.3.

2. Preliminaries

2.1. Regular and singular solutions of the limit equation
Let us consider the radial solution @(p) of the elliptic equation on RY

(2.1) {Mﬂipzo in RY,

u>0 in RY.
It is well known that

(2.2) @ (p) i= Ap™?
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is a singular solution of (2.1), where € is defined by (1.5) and A := A(p, N)
is defined by (1.7). Next, we consider the regular radial solution @(p). The
solution u(p) satisfies (1.13).

PROPOSITION 2.1. Suppose that p > ps. Then the problem (1.13) has
a unique (positive) solution u(p,vy) and u(p,vy) = ’ya(’ypTilp, 1). Moreover,
ifpS <p<pjL, then, fO’F each v >0, Z(Opo)[ﬂ*( ) - ﬂ( ’ a’Y)] = 0.

PrOOF. We define o(p) := A~'p%u(p). The function o(p) satisfies

LN 1= 2007 + 27— 5) =0, 0<p<cx,
r%5(p) = % (p10),
v >0, 0<p<oo.

In order to make the equation autonomous we change variables to t :=
-1
A"7 log p and y(t) := v(p). The function y(t) satisfies

y' +ay —y+yP =0, —00 < t < 00,
(23) eIyt = % (t— —o0),
y > 0, —00 <t < 00,

where the prime stands for the derivative,
m = A_pQ;l, and «a:=m(N —2—20).

The equation (2.3) is transformed into the first order autonomous system

(2.4) {y/ —

2= —az+y—yP.

This system has two equilibrium points (0,0) and (1,0). By simple calcu-
lation we see that (0,0) is a saddle point. The eigenvalues of the linearized
operator at (0,0) are the roots of the quadratic equation A2 +aA —1 = 0.
The eigenvalues are mf(> 0) and —m(N — 2 — )(< 0). On the other
hand, the eigenvalues of the linearized operator at (1,0) are the roots of
A? + aA +p—1=0. Therefore, (1,0) is a spiral point if and only if

o —4(p—1)<0, ie, (N—-2-20)>-8(N-2-0) <0.
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Then,
(2.5) (N-4—-2VN-1)/2<0<(N—-4+2VN—-1)/2.

We easily see that 1+4/(N —442vN — 1) < ps(< p). Thus, 6 < (N —4+
2/ N —1)/2 always holds. If N < 10, then (N —4—2y/N —1)/2 <0(< ),
hence (2.5) holds. When N > 11, (2.5) holds if

4
N 12 r_l(—pm)-

If p > psr, then two eigenvalues are negative. Thus, we have the following:

p<1+

If N <10, then (1,0) is a spiral point for p > pg.
spiral point for ps < p < pJsr.
If N > 11, then (1,0) is a { (resp. degenerate) node for
(resp. p =pyL) P > pJL-

Let

1, 1 1
(2.6) E(y,z) = 52 — sy + —= ¢

By direct calculation we have %E(y(t),z(t)) = —az?(t). If p > ps, then
a > 0 and FE is a Lyapunov function. A phase plane analysis with this Lya-
punov function reveals that there is a heteroclinic orbit from (0, 0) to (1,0)
which is in the right half-plane. Note that the eigenvalue #m is compat-
ible with the limit condition in (2.3), because y(t) ~ Coef™ (t — —o0).
This orbit corresponds to a regular solution u(p) of (1.13) for some 7,
and @ is positive. Since u(p) is a solution, fyﬂ('y% p) is also a solution.
Without loss of generality, we assume that u(0) = 1. Every solution of
(1.13) can be written as ’ya(’y%p). Since the equilibrium point (1,0) cor-
responds to the singular solution @*(p) of (1.13) and (1,0) is a spiral point
for ps < p < pyr, the intersection number of u(p,vy) and u*(p) is infinite
for each v, i.e., Z(g00)[t*(-) —u(-,7)] = 00. O

2.2. Nonexistence of the entire solution
PROPOSITION 2.2. Ifu(s) € C?(e, R) N CV[e, R] satisfies

N -1
u"—l—Tu/—i-f(u):O (e<s<R)
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and u(s) >0 (¢ < s < R), then

(2.7) 0= (g —1- Z%) /ER sV (/) 2ds

R
i (ﬂ _ l) / N1206
2 p+1 c

i 1% (RYMu(R)u'(R) — e u(e)(e)) + % (RN (R)* — eNul(2)?)
1 1 , )
~ 5 (BTu(R)? = eMule)’) 4 g (RYu(RY™ = eMu(e)™).

This is the integral form of the Pohozaev identity. We omit the proof.
See [31, Proposition 4.3] or [12, Lemma 3.7] for detail.

PROPOSITION 2.3.  Suppose that p > pg. The problem

u’ + M=yl + flu) =0, 0<s< o0,
' (0) =0, u(0) < oo, u(cx) =0,
u > 0, 0<s<

does not admit a solution.
This proposition was obtained in [28, Theorem 1.6]. We omit the proof.
3. Local and Global Parametrization Results

In this section we study the parametrization of each branch C,, of the
solution of (1.3). Let U(r) be a regular solution of (1.3). We sometimes use
the stretched variable s := v Ar(= r/e). We define u(s) := U(r). Then u(s)
satisfies (1.11). We denote the solution of the initial value problem (1.6) by
u(s,)-

3.1. Local parametrization result
To begin with, we study the local parametrization of the branch.

ProposITION 3.1 ([27, Proposition 3.1]). Let (Ao, Up) be a noncon-
stant regular solution of (1.3), and let vo := Uy(0). Then, all solutions
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near (Ao, Uo) can be parametrized as {(A(7), U(1,7)) }y—rol<e (U(0,7) =1,
A(v0) = Ao, U(r,70) = Uo(r)).

This proposition was obtained in [27]. We prove this proposition for
readers’ convenience.

PROOF OF PROPOSITION 3.1. Let s := v/Ar and u(s) := U(r). Then,
u is not constant and u satisfies (1.11). We consider the initial value prob-
lem (1.6) and denote the solution by u(s,v). Then, u is a C*-function
of (s,7) and U(r, \,7)(= u(v/Ar,7)) satisfies (1.3). Since U,(1,\,v) = 0,
Vug(V, ) = 0. We will show that a%us(\/x,'y) # 0. Since %us(ﬁ, v) =
uss(V\,7)/(2V/N), it is enough to show that ues(v/A,v) # 0. Suppose the
contrary, i.e., uss(vV/\,7) = 0. Differentiating (1.6) with respect to s, we

have
N -1 N -1
u” + — u” + <f/(u) T2 ) u =0.

Since ug(VA, ) = uss (VA7) = 0, we see by the uniqueness of the solution
of the ODE that us(s,v) = 0. Thus, u is a constant solution of (1.6) which
contradicts that U is not constant. Hence, uss(\/x, v) # 0. We can apply
the implicit function theorem to wus(v/A,7) = 0. We see that there is a
Cl-function A = A(v), which is defined in a neighborhood of 7p, such that
us(yv/A(7),7) = 0 and that all the solutions near (\g,Up) can be written
as (A(7), u(v/A(v)r,7)) (Iv =l < ¢€). The positivity u(y/A(y)r,7) > 0
(0 <r <1) follows from the maximum principle. [J

REMARK 3.2. It follows from Proposition 3.1 that another radial
branch does not emanate from C,,. However, the branch may have a turning
point.

3.2. Local bifurcation from the trivial branch
We work on the space of radial functions. Let ¢, be the eigenfunction
of the linearization of (1.3) at (A, 1). Since

1 82 1
b ——(AF(D)) GV Ndr = (p— 1) / 62N =1dr £ 0,
/0 OUOA D)= 1) 0

the transversality condition of Crandall-Rabinowitz type holds, hence (A, 1)
is a bifurcation point.
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3.3. Extension to 1 <~y <

For each n > 1, the branch C,, emanates from (5\”, 1) and it is locally
parametrized by v = U,(0), hence C,, = {(A,(7), Un(r,¥)} (v = Upn(0,7)).
In this subsection we extend the branch in the direction v — co. In partic-
ular, we show that, for each v* > 1, A, () does not diverge as v T v*.

LEMMA 3.3. For each v* > 1, there are C' > 0 and € > 0 such that
[An(V)] < C fory e (v" —&,7").

Proor. First, we prove the case n = 1. We use a contradiction argu-
ment. Suppose the contrary, i.e.,

(3.1) there is a sequence {v;}72; (v; <", % 177
such that A\ () — oo (j — 0).

Let u(s,v;) denote the solution of (1.6), and let wu;(s) := u(s, ;). Then,
u;(0) = ~;. We show that there exists a solution u.(s) € C%(0, 00)NC?[0, o)
of the problem

u + 2=+ fu) =0, 0<s< o0,
(3.2) u'(0) =0, u(0) =~*, u(oco) =0,
u>0, v <0, 0< s < oo.

Since the problem (1.6) is well-posed, there exists i.(s) € C?(0,00) N
C°[0, 00) such that @, satisfies

and u;(s) — @.(s) in CZ_(0,00) N CP [0,00) as j — oo. Therefore, in order
to show that @.(s) = u.(s) we show that @, satisfies

{ﬂ*(oo) -0,

(3.3) 3 o
s >0, (4s) <0, 0<s<o0.

If there is 59 > 0 such that u,(50) < 0, then, for large j > 1, u;(3¢) < 0, since
uj — s in C)) _[0,00). We obtain a contradiction, because 59 < y/A1(v;)
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for large j > 1 and w;j(s) > 0 (0 < s < /Ai(y;)) for every j > 1. Thus
Ux(s) > 0 (0 < s < 00). By the maximum principle we see that @.(s) > 0
(0 < s < o). If there is §; > 0 such that (@.)(81) > 0, then, for large j > 1,
u}(31) > 0. We obtain a contradiction, because 51 < /A1 (7;) for large j > 1
and u3(s) < 0 (0 < s < y/Ai(y;)). Thus, (@)'(s) <0 (0 < s < 00). Let
:= (u)". If there is 5o > 0 such that v(52) = 0, then v/(53) = 0, since
( ) <0 (0 < s < o0). We obtain a contradiction, because v satisfies
N -1
2

v"+$v’+<f/(ﬂ*)— )v:O (0<s<o0)

s
and Hopf’s lemma says that v'(52) # 0. Therefore, v(s) < 0 (0 < s < o)
and (@)'(s) <0 (0 < s < 00). Since @, > 0 and (@) < 0, 4. (00) exists and
(tx) (00) = 0. Since U, satisfies (1.6), ()" (0c0) exists and it follows from
the boundedness of @* that (u.)"”(c0) = 0. Because of (1.6), f(u(c0)) =0,
hence @ (0c0) = 0 or 1. Suppose that @.(c0) = 1. Let w := u — 1. Then w
satisfies

1 (w+1)P — (w+1)

N —
(3.4) w” + w' +
s w

w = 0.

If w is close to 0, then {(w + 1)? — (w + 1)}/w is close to p — 1. Since
p — 1 > 0, by Sturm’s oscillation theorem we see that w oscillates around
0 which contradicts that w’ < 0. Thus, @ (occ) = 0. We have shown that
(3.3) holds and @, = w.

By Proposition 2.3 we see that if p > pg, then (3.2) has no solution. We
obtain a contradiction. Then, (3.1) does not hold, and |A;()| is bounded
for v € (v* — e,7*). Therefore, there exists a subsequence, which is still
denoted by {v;}, such that A (7;) converges as j — co. We define A\;(7*) =
lim; o0 A1(7;). Because of Proposition 3.1, A{(7*) does not depend on the
subsequence and it is uniquely determined. Moreover, us(1/A1(7*),~v*) = 0.

Second, we prove the case n > 2. Let E be as given by (2.6). Then

(3.5)

Therefore, E(u(s),v(s)) < E(u(y/A1(7*)),0) < 0 (s > /A1(v*)), which
implies that

(3.6) u(s) = u(v/A1(7))(> 0).
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Let w(s) := u(s) — 1. Then w satisfies (3.4). Because of (3.6), there is 6 > 0
such that

(w+1P—(w+1)  ulv ()P —ulv A7)
w u(v/ (")) —1

>6>0(y>0)

provided that s > /A1 (7*). Sturm’s oscillation theorem says that w oscil-
lates around 0 infinitely many times. Therefore, u(s) has the n-th positive
critical point s,. Since \,(y*) = s2 and \,(7) is continuous at v* (Propo-
sition 3.1), we see that |\, (7)| < C for v € (v* —¢,v%). O

Using Lemma 3.3, we prove the global parametrization result.

LeEMMA 34. For each n > 1, {(A(7),Un(7y))} can be defined in 1 <
v < 0.

Proor. Let C, := {(AM(7),Un(7))} be the branch which emanates
from (\,,1). We extend C,. We define

N = sup{ﬁ > 1; /\n(’Y) < oo for every v € (177)-}'

Suppose the contrary, ie., v* < oo. Let {v;}72; (v; < 7", v T ") be
a sequence. Let U, j(r) be a solution of (1.3) such that U, ;(0) = v; and
U7/m' (0) = 0. Because of Lemma 3.3, there are A\, > 0 and a subsequence of
{v;}, which is still denoted by {v;}, such that A\,(v;) — A« (j — o0). Note
that it is clear that A\, > 0. Because of the continuous dependence of the
solution U(r, v, A) of

(37 U"+ 221U+ 0 f(U) =0, 0<r<1,
‘ U'(0) =0, U(0) =~

on (v,A) in C}_[0,00), there exists a solution U, of (3.7) with (y,)\) =
(7*, As) such that (U,)’(1) = 0. Since each zero of U,(-,v) — 1 is simple,
Zo[Ux(+) = 1] = Z0,1)[Un(-,7;) — 1] = n for large j > 0. Therefore,
(As, Uy) is a solution of (1.3) and (A\«,U,) € C,. By Proposition 3.1 we can
extend the branch C, to 1 < v < ~v* 4 ¢ for small € > 0. This contradicts
the definition of v*. Thus, v* = co. U

The branch C;!" is unbounded in 7.
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3.4. Extension to 0 <~y <1
We extend C,, .

LEMMA 3.5. For each n > 1, {(An(7),Un(7))} can be defined in 0 <
v < 1.

PRrROOF. Let
Yx i= inf{y > 0; Au(y) < oo for every v < vy < 1}.

Suppose the contrary, i.e., 7« > 0. Let u(s) be the solution of the (1.6) with
v =1, and let v(s) := u'(s). Let E be as given by (2.6). Then (3.5) holds.
Therefore, E(u(s),v(s)) < E(v,0) < 0, which implies that

(3.8) u(s) > u(0)(=~ > 0).

Let w(s) := u(s) — 1. Then w satisfies (3.4). Because of (3.8), thereis § > 0
such that {(w+1)? —(w+1)}/w > (u(0)? —u(0))/(w(0)—1) > 6 > 0 (v > 0).
Sturm’s oscillation theorem says that w oscillates around 0 infinitely many
times. Therefore, u(s) has the n-th positive critical point s,. Let A, := s2.
Then (A(y),u) is a solution of (1.6) with v = v. By Proposition 3.1 we can

extend A, (7), which contradicts the definition of 7. Thus, v = 0, and A, (7)
can be defined in 0 < v < 1. J

The branch C,; is defined in 0 < v < 1.
4. Entire Singular Solution

In this section we prove Theorem A. Let (A, U(r)) be a solution of (1.3).
Then u(s) := U(r) (s := V/r) satisfies (1.11). We use the same change of
variables y(t) := A(p, N)~'s%u(s) and t := m~1log s as in Section 2. Here

mi={0(N —2—0)}"2,
and 6 is defined by (1.5). The function y(t) satisfies
2

(4.1) y' +ay —y+yP —m?e2My =0,

where a := m(N — 2 — 20). We mainly consider (4.1) in this section.
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4.1. Existence of the singular solution near r =0
We construct the singular solution of (1.11) near s = 0.

LEMMA 4.1. The problem
(4.2) V' +ay —y+yP - mPe?y =0,
‘ y(t) =1 (t — —o0)
has a unique solution.

The proof is essentially the same as one of [25, Theorem A]. We use the
following lemma to prove Lemma 4.1.

LEMMA 4.2.  Assume that (4.2) has a solution y*(t). Then, y*(t) sat-
isfies

yr(t) =1+ O(eth) (t - —o0).

PrROOF. Let ¢ := —t and n({) := y(t) — 1. The function 7(() satisfies

{n” —an' 4+ (p—1)n=yg(¢), G < ¢ < oo,
n(¢) —0 (¢ — o0),

where (j is a large number,

(4.3)

(4.4) g(¢) == m®e>" (1 +1(¢)) — v(n(¢)),

(4.5) e(m) == 1+n)?—1-pn.

There are three possibilities:

w0 wreix (5 w3 @r1- ()

Case (1): Let f:=1/(p—1) — (%)2 Because the linearly independent

solutions of the homogeneous equation associated with the equation in (4.3)
becomes unbounded as ( — oo, we have

e2¢ [

(4.7) n(¢) = e”27sin(B(0 — ¢))g(o)do.
¢
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If |n| is small, then there are € > 0 and (. > 0 such that

(4.8) o] < [(L+n)? =1 —pn[ <elnl (> )

By (4.4) and (4.8) we have

(4.9) 19(0)] < Coe ™ +eln(Q)] (¢ > &)

Using (4.7), we have

/g |77(<7)\da§/C e;/ e*%7|g(7)|d7da

2657 . > © 9050
|2 J/ e 87)g(r)ldr +¢/' 27 5olg(0)ldo
aﬂ o ¢

af
226 [

¢

ay 2 [
eQrmwua+——/ 19(0)|do
o ¢

”
2 (@)
(4.10) gﬁlmwm

where we use

2 Ee gl <20 $%g(o)
LTt ko (g)e i

=0.
By (4.9) and (4.10) we have

- 2 - e~ 2mo o o
[ e < 5 [ (@ o do (6> )

Hence,
2e o 2Cy [ _omo
(1—@)4 in(o)|d gw/c 2m gy
C —2m(
(4.11) :fW (> ¢).
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On the other hand, by (4.7) and (4.9) we have

o
e2¢

Q)= =

Co 3¢ (%+2m)o €

= ﬂe /C e dO’—l—ﬁ/C |n(o)|do
. Coe 2m(

(4.12) = 55 T2 ﬂ/ o)|do.

By (4.11) and (4.12) we have

29 (C'()(me‘7 + eln(o)]) do

Coe_ng Coe _9
In(Q)] < + e ?me
B (5 +2m) (1 - 2—%) af3?m
(4.13) —: Cre”2m¢,

Case (2): Let 3 := (%)2 —(p—1). Then, § — 3 > 0. We have

[e.9]

(4.14) n(¢)=— [ e 27sinh(B(c — ())g(0)do.

Using (4.14) and |sinh(B(7 — 0))| < %79 /2 (1 > o), we have

[o o)l < / T [ e lsnnat - o)lgto)lards

/ 5 / 120 gt ldrdo

o(5-8)o
:/ T\g 7)|drdo
¢

N[

20
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(§-B)r  foo
= 67 e_(%_ﬁ)T )ar
[ma—w)/g o >|d]
1 o0
+M/C l9(o)|do

(§-8)¢  poo
= —64 e_(%_ﬁ)T )dr
e /C 9(r)ld

1 o0
+ /C 19(0)\do

1 oo
(1.15) < S ), e

where we use § — 8> 0 and
e Gy —e(8-8)714(0)|
lim =< - = lim -
7 Bla—28)e (3707 7% la —28) (<5 + 8) e (5707
In the case (2) (4.9) also holds. By (4.9) and (4.15) we have

* 1 > —2mo
[ @i < gt [T e de (> 6

Hence,

<1 - B~ 26)) /goo Into)lde < ﬁ /coo ¢ ndo

_ Co —2m(
(4.16) — e €26

On the other hand, by (4.14) and (4.9) we have

oS¢ poo Blo—0)

HGIE 7 e 37 (Cor M 4 eln(o)) do

2 / a 97ﬂ+2m UdO'

*25( e oo

—2m(
(4.17) <33 (_ —ﬁ+ ) 26/ o)|do.

[e.e]

¢

=0.

nlR
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By (4.16) and (4.17) we have

Coe—2mC Coe —2m(
n(Q)| < Blo — 26 + 4m) + dmp (B(a —20) — 5)6
(4.18) =: Coe ™ ((> ().

Case (3): 1In this case we have
(4.19) nQ) = e3¢ [ o~ Qglo)io
¢
For each 8 > 0, we have
1
o —¢| < E|sinh(ﬁ(0 - Q).

Hence,
5
B

Therefore, by the same argument as in Case (2) we have (4.18). However,
B is not the same value as in Case (2).
We have verified all the cases. [J

n(Q)] < /C " e 37|sinh(B(o — 0))/lg(0)dor

PROOF OF LEMMA 4.1. There are three cases (4.6) as in the proof of
Lemma 4.2. We consider only the case (1). The other cases follow similarly.
We transform (4.2) to the integral equation

(4.20) n(¢) = Fm)(Q)-

The integral operator F is different in each case. In this proof we write
g(n,o) in order to stress the dependence of g on 7. In the case (1) F
becomes

€26 [® .
Fm)(C) = 7/< e~ 27sin(B(c — ¢))g(n, o)do.

We show by contraction mapping theorem that (4.20) has a unique solution.
Let (o > 0 be large. Hereafter, by || - || we denote || - [|co¢y 00)- We set



Supercritical Neumann Problem 709

X = {n(¢) € C%¢o, 00); [In(Q)]| < oo} and B:= {n(¢) € X; ||l < 7}. Let
N1, N2 € B. If > 0 is small, then there is a small € > 0 such that

(4.21) |o(m) = p(n)] < elm —ngl.
Using (4.21), we have

lg9(m,0) — g(n2,0)| < mPe 2|y — no| + £ln1 — e
(4.22) < 2¢|m — g,

provided that ¢ > 0 is large. By (4.22) we have

e2¢ [

e 2%|g(m, o) — gl 0)|do
B Je

2 oo .
e / e 2%o
B

4e
4.23 = — — .
(423 il =

On the other hand,

1F(m) = Fn)l <

<2 lm — 2|

€26 [® 4
e / e=5)9(0, 0)|do
B Je

o

e2t [ _a —

ﬁ / e 20'm26 2mad0_
¢

_ m? —2m¢
= —F——e¢€
I5] (% + Zm)
(4.24) <k,

IFO) <

<

provided that ¢ > 0 is large. By (4.23) and (4.24) we see that if € > 0 is
small, then

[F )l = 1F(m) = F(0) + F(0)||
< F(m) = FO)[ + [F(O)]]

—— M +e
B Oéﬂ !

(4.25) < 1.
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Because of (4.23) and (4.25), if ¢ > 0 is small, then F is a contraction
mapping from B into itself. Therefore, (4.20) has a unique solution. [J

Hereafter, let y*(¢) be the solution given by Lemma 4.1, and
(4.26) u*(s) == As %y*(m tlog s).

Then the following corollary is an immediate consequence of Lemmas 4.1
and 4.2.

COROLLARY 4.3.
(4.27) u*(s) = As™’ (1 +0(1)) as s 0.
Here, A= A(p,N).

4.2. Positivity of the entire singular solution

LEMMA 4.4. The domain of the singular solution y*(t) obtained in
Lemma 4.1 can be extended to t € (—o0,00), and y*(t) > 0 (—oo < t < 00).
Therefore, the domain of u*(s) can be extended to s € (0,00), and u*(s) >0
(0 < s <o0).

PROOF. In the proof we denote y* by y for simplicity. We extend the
domain of y(t). The equation (4.1) is equivalent to

/
y =2z
4.28
( ) {z’ = —az+y — yP + m2e?™y.

Then, the solution of (4.1) can be considered as the orbit (y(t),z(t)) of
(4.28). Let

2 +1

- z B(t) 9, YP
E = — — 2y +
(Z/az) 9 9 Yy D 1

where 3(t) := 1 4+ m?2e*™. Then

(4.29) %E(y(t), 2(t)) = —az® — m3e*™y? < 0.
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Since (y(_oo)vz(_oo)) = (170)7 E(y( OO)ZZ< OO)) _1/2+1/(p+1) <0.
Because of (4.29), (y(t),2(t)) € {(y,2); E(y,2z) < 0}. Since —8(t)y?/2 +
y/(p+1) <0,

1

(4.30) 0<y(t) < (—ﬁ(t)) " (coo <t < o).

Therefore, y(t) > 0 (—oo < t < 00). Since E(y,z) < 0, 22 < B(t)y* —
2P /(p + 1), hence

(4.31) 0<2(t) < (pé1

g 1ﬂ(t)1+9> : (—o0 < t < 00).

Because of (4.30) and (4.31), neither y(¢) nor z(t) blows up. Hence, the
solution (y(t), z(t)) of (4.28) can be extended to t € (—o0,00). Because of
(4.26), the conclusion about u*(s) also holds. (J

4.3. Nonexistence of the entire singular solution
LEMMA 4.5.  Let y*(t) be as in Lemma 4.1. Then,

432)  (y7)() = =

s —p s O (1= o)
where v = min{p — 1,1}.

PrROOF. Let ¢ := —t and n(¢) = y(t) — 1. By (4.5) and (4.13) we have
(4.33) lo(n)] < Cre=?m(H0e,
Because of (4.5) and (4.33), we have
(4.34) g(¢) = m2e™2mC 4 O (e~ 2mI4V)Cy,

There are three cases (4.6) as in the proof of Lemma 4.2. We consider only
the case (1).
Differentiating (4.7) with respect to ¢, we have

(4.35) 7(Q) = et /< " e 57 sin(B(o — O))glo)do
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By (4.34) and (4.35) we have

1(6) = e [ e in(to — G
_ m26%< /oo 6*(%+2m)0 COS(,B(O' _ <))d0’ + O(e—Qm(1+V)C)
¢
—92m3

_ e—2m{ +0 e—2m(1+y)<

_ m e—QmC + O(e—Qm(l-‘ru)C)'

2(N — 1) — 36

Since (y*)'(t) = —n'(¢), we obtain (4.32). In the other cases (2) and (3) we
also obtain (4.32), using (4.14) and (4.19). O

COROLLARY 4.6. Suppose thatp > pg. Let 6 > 0. Then, u* € H'(Bs),
and

(4.36) (u*)(s) = —0As 971 (1 +0(1)) (s10).

Proor. Differentiating (4.26) with respect to s, we have

() (5) = 04571y (- Togs) + As~(y") (- logs) -
= —0As 9711+ 0(1)) + As 7 Lo(s)
= —0As7 711 + o(1)),

where we use Lemma 4.5. Then, we obtain (4.36). We show that

5
/0 {(u*)2 + ((u*)/)2} sV 1lds < .
We have
{u*(S)Q + ((u*)/(s))z}stl < <C()5729 +C’13’29’2> gN-1

_ —20+N-1 —20—-2+N-1
= Cys + Cis .

Since p > pg, 20 —2+ N —1 > —1 and —20 + N — 1 > —1. Hence,
f06(005_20+N_1 + C1s720724N-1)gs < o0, which indicates that u* €
H'(Bs). O
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LEMMA 4.7. Suppose that p > pg. The problem

u + 2=+ flu) =0, 0<s< o0,
(4.37) u(s) = As~"(1+o(1)) (s 10),
‘ u(o0) =0,
u > 0, 0<s <o

does not admit a solution.

This lemma was proved by [29]. See [7] for details of nonexistence results.
However, we briefly prove the lemma.

PROOF. Suppose that (4.37) has a solution. Because u(s) = As~%(1 +
o(1)) (s | 0) and the uniqueness of the solution w*(s) obtained by
Lemma 4.1, the solution of (4.37) is u*(s). We denote u* by u for sim-
plicity. Because f'(0) = —1 < 0, u(s) and u/(s) decay exponentially as
s — oo. Thus, the four terms RV ~!u(R)u/(R), RNv/(R)?, RNu(R)?, and
RNu(R)P*! converge to zero as R — o0o. Because of (4.27) and (4.36), we
see that the four terms eV ~lu(e)u/(g), eNu'(e)?, eNu(e)?, and eNu(e)Pt!
converge to zero as € | 0. Taking the limit of (2.7) ase | 0 and R — oo, we
have

N N o N N o
(— —-1- —> / sV (W) ds + (— - —> / sV lu2ds = 0.

Since p > pg, % —1- I% > 0. The above equality implies that (4.37) does
not admit a solution. [J

4.4. Existence of critical points of u*(s)
The main technical lemma in this section is the following:

LEMMA 4.8. Suppose that ps < p < pjr. There is a sequence {s}}°°,
(0=s} < s} <sy<--— 00) such that (u*)'(s5) =0 (n > 1),

u*<3>{<1 (s € {si,85, - ),

>1 (86{337527”'})
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and

w)(s) {< 0 (s € (s5:51) U (s s3) U ),
>0 (se(s],s5)U(ss,s5)U--).

PRrRoOOF. First, we show that u* has the first positive critical point. We
use a contradiction argument. Suppose the contrary, i.e.,

(u*)(s) <0 (0<s<o0).

Since u*(s) > 0 (0 < s < 00), u*(s) converges as s — oo. Since (u*)" does
not change sign, (u*)'(s) — 0 (s — o00). We see by (1.11) that (u*)"(s)
converges as s — 00. Since u*(s) converges, (u*)”(s) — 0 (s — o0). There-
fore, f(u*(oc0)) = 0, and u*(c0) = 0 or 1. If u*(oc0) = 1, then by the
same argument as in the proof of Lemma 3.3 we see that u* should oscil-
late around 1. This oscillation contradicts that (u*)'(s) < 0 (0 < s < o).
Thus, u*(c0) = 0. We see that u* is a solution of (4.37), which contradicts
Lemma 4.7. Therefore, there is s7 > 0 such that (u*)'(s) <0 (0 < s < s7)
and (u*)'(s7) =0.

Second, we show that there exists s& (n > 2). Let v* := (u*)’, and let
E be as given in (2.6). Then

d N -1

B (s),v*(s)) = ————(0"(s)* < 0,

Therefore, E(u*(s),v*(s)) < E(u*(s7),0) <0 (s > s7). This implies that
(4.38) u*(s) >u*(s]) (s> s7).

Let w(s) := u*(s) — 1. Then w satisfies (3.4). Because of (4.38), {(w+1)P —
(w+ D}/w > {(u*(s7))? —u*(s])}/(u*(s7) — 1) > 0. Sturm’s oscillation
theorem says that w oscillates around 0 infinitely many times as s — oc.
Consequently, ©* has infinitely many critical points. Because u* satisfies
the ODE, we easily see that u* does not have a critical point on {u* = 1}
and that if «* has a critical point on {u* > 1} (resp. {u* < 1}), then it is
a local maximum point (resp. local minimum point). Thus, the conclusion

of the lemma holds. O
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4.5. Proof of Theorem A

Since the convergence property in Theorem 1.1 is proved in Section 5,
the proof of Theorem 1.1 is postponed until Section 5. Here we prove only
Theorem A.

PROOF OF THEOREM A. Let A% := (s%)2. Then, (A}, u*(s)) is a singu-
lar solution of (1.11) which satisfies (4.27). We define U (r) := u*(1/A\5r).
Then by Corollary 4.3 and Lemmas 4.4 and 4.8 we see that U satisfies (i),
(ii), and (iii). It follows from Corollary 4.6 that U} € H'(B). The unique-
ness of (A, Uy) follows from the uniqueness of the solution of (4.2) which
was shown in Lemma 4.1. [J

5. Convergence to the Singular Solution as 7y —

Let u(s,y) denote the solution of (1.6). Note that w(0,7) = 7. Let
y(t) = A(p, N)"'s%u(s,) and t = m~'logs. Then y(t) satisfies (4.1). Let
n € N be fixed. Let A’ be the number given in Theorem A, and let y*(¢) be
the singular solution given in Lemma 4.1. Then by Lemma 4.4 we see that
y(t) can be defined in R. We set £ := m~'log /A% .

5.1. Convergence to u*
Our goal in this section is to prove the following:

THEOREM 5.1. Let n > 1 be fized. Let r) := e™tn . Suppose that
{’7j}§i1 is an arbitrary sequence diverging to oco. Let u*(s) be the singular
solution defined by (4.26), and let uj(s) := u(s,~;) be the solution of (1.6).
Then, as j — oo,

U] — ’LL*, u; — (U*)/, (lnd U;/ - (U*)” Zn CZOOC(O7 7":;]

We define

1
= ——(1 —log A).
7(7) me(ogv og A)

LEMMA 5.2.  Suppose that v > 0 is large. Then, y(t) satisfies

y(t,y) <™ (oo <t < t).
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PROOF. Let u(s) := u(s,7) and v(s) := u/(s). Since (u(s),v(s)) satis-
fies (3.5),
u(s)?  u(s)Pt!

(5.1) B ERETS < E(u(s),v(s)) < E(7,0)

2 p+1
T2 (s > 0).

2 p+1

Since v > 0 is large, (5.1) tells us that u(s) < v (s > 0). By the definition
of y(t) we have

y(t) — Aflsau(s) < AflemOt,y _ em9(t+7’('y)) (—OO <t< tZ) 0

We define
§:=t+7(y) and w(&,7):=y(t").
Then w(¢, ) is a solution of the problem

w4 aw' — w4+ wP —m2e2mETMy =0, —oco < € <t +1(v),
(5.2) {w>0, —o0 < <ty +7(7),
e "%w(E) =1 (€ — —o0).

Because of Lemma 5.2,
(5.3) w(€,7) < (—oo <€ <t +7(7)).

Using the a priori estimate (5.3), we prove the following uniform conver-
gence:

LEMMA 5.3. Let w(&) be a solution of

w” + aw’ —w+ wP =0, —oo < &<t +7(7),
G4) w0, oo < €<t +7(),
e M w(€) =1 (€ — —o0).

Then, for each fized € € R,

w(é,7) — w(€) and w'(§7) —w'(€) in C°(—00,)
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as y — o00.
PROOF. Let € > 0 be small. Since w(&) is a solution of (5.4),
(5.5) w(&) =0 (§— —o0).

Because of (5.3) and (5.5), there is {(< &) such that

wEe <5 and [BE] <5 (~o<E<E).
Then,
(&%) = B(E)] < hw(&, )] + [w(€)|
<+
(5.6) =e (-o0<{<E).

We show that

(5.7) [w(§,7) —w(§)] <e in [§¢].

Since y/(t) = A7 ms?(Qu(s) + su'(s)), ¥'(t,y) — 0 (t — —o0). Hence,
w'(§,7v) — 0 (§ = —o0). Integrating the equation in (5.2) over (—oo,£], we
have

3
(w —wP + m262m(’7_7(7))w) dn,

68) WO +au) = [

—o0
where we use w'(—o0) = 0 and w(—o0) = 0. There is Cyp > 0 independent
of large v > 0 such that

3 _
/ ‘w —wP + mzezm(”_T(V))w‘ dn < Cy (£ <9),
—00

because of (5.3). Then |w'(§)| < Jaw(§)| + Cp, which indicates that w
is equicontinuous in [¢,€]. It follows from (5.3) that w(&,7) is uniformly
bounded in [¢,£]. By the Arzela-Ascoli theorem we see that w(£,~) con-
verges to a certain function in C° [€, €] which satisfies the equation in (5.4).
This function is a solution of (5.4). Using the same argument as in the

proof of Lemma 4.1, we see that the solution of (5.4) is unique, hence the
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limit function is w(§). Therefore, (5.7) holds for large v > 0. The estimates
(5.6) and (5.7) indicate that w(&,v) — w(€) in C%(—o0,&] as v — oo. In
particular, this convergence is uniform.

Next, we show that

(5.9) w'(€y) —@'(§) in C%(—00,f] as 7y — oo

Because of (5.3), we see by (5.8) that |w’(£, )] is uniformly bounded in each
bounded interval. Since w” = —aw’ + w — w? + m2e2™E-TMy, W’ (€, )|
is also uniformly bounded in each bounded interval. By the Arzela-Ascoli
theorem we see that w'(&,~) uniformly converges in a bounded interval as
v — o0o. Since the solution of (5.4) is unique, the limit function is @’(§).
Hence

(5.10) w'(&,y) = w'(§) in Ch(—o0, 8.

By the same argument as in the case w’(—o00) we can show that @'(—oc0) = 0.
Therefore, there is & such that

(5.11) w'(§,7) — @' (§)] <& (—00 <& < &)

Because of (5.10) and (5.11), (5.9) holds. The proof is complete. OJ

Since (w,w’) — (1,0) (£ — o0), it follows from Lemma 5.3 that (y, 2)
approaches (1,0) as 7 — oo along t = & — 7(7) provided that ¢ is large
enough. In the next lemma we show that once near (1,0), the orbit (y, 2)
remains near (1,0) until ¢ reaches some T, which is negatively large, but
independent of v. We set

Lpi=1{(y,2); E(y,2) < E(L,0)+p}, p>0,
where F is defined by (2.6).

LEMMA 5.4. For every € > 0, there exists T.(< t*) such that the fol-
lowing holds: If there is to(< T¢) such that (y(to), z(tg)) € Iz, then

(y(t),2(t)) € Toe  (to <t <Ty).
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ProOOF. Let E(t) := E(y(t), 2(t)). We have

4
m
E/(t) — —az2 +m262mtyz < EeﬁlmtyZ.

Hence, for ¢t > tg,

m4 t
E(t) < B(ty) + 7~ / e (0)2dC.

However, there is K > 0 such that
E(y,z) > —K +y*.

Therefore,
(5.12) E(t) < E(to) + m (£e4mt + /t e4m<E(g)d§) .
t

We choose T so that

4

m K 1
—<—+ —(FE(1 2 dmTe .
4a{4m+4m( (1,0) + 6)}6 <e

Let to(< T) and define
t1 == sup{t > to; E(t) < E(1,0) + 2¢}.

We show by contradiction that t; > T.. Suppose the contrary, i.e., t; < T%.
Then by (5.12) and the definition of ¢; we have

4 t
Bw) < Bt + G (et [ ememic)
< E(tg)+e¢
< E(1,0)+ec+e¢
= E(1,0) + 2,

which contradicts the definition of ¢1. Hence, t; > T, which indicates that
(y,2) €Tae (to <t <T:). O
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LEMMA 5.5.  Suppose that v > 0 is large. There exists a constant M >
0 independent of v > 0 such that

@]+ |z <M (¢ <t7).

Proor. By the same argument as in the prgof of Lemma 5.3 we show
that y'(—o0) = 0. Let E := E(y(t), 2(t)). Since E(t) < E(—o0) = 0, hence

z(t)* A1) y(t)rt!
— =yt + o 1

< .
5 5 <0 for teR

(5.13)

When t € (—o0,t!], B(t) is bounded, hence there is K > 0 such that

p+1
_5(75) y2 Y >
2 p+1

y2
—S % (<t

(5.14) g

We see by (5.13) and (5.14) that for ¢ € (—o0, t}],

20 y®)® K =) )
2 2 2 - 2 2

hence y(t)? + 2(t)? < K. The conclusion holds. [J

PRrROOF OF THEOREM 5.1.  Let (yj;, 2;) be a solution of (4.28) such that
e~m0y(t) — U (t — —o0). By Lemma 5.5, the sequence {(y;,z;)} is
uniformly bounded in (—oo,t;]. Since (y;,z;) is a solution of (4.28), the
sequence {(y;, z;)} is uniformly bounded in (C?(—o0,t:])?. By the Arzela-
Ascoli theorem we can extract a subsequence, which is still denoted by
{(yj, zj)}, converges in (C*(I))? to some function (4, z), where I is an arbi-
trary compact subset of (—oo,t’]. By taking the limit, we find that (7, 2)
satisfies (4.28).

It remains to show that

(5.15) y(t) — 1 as t— —oo,
for then g is the solution of the problem

V' +ay —y+yP —m2ePy =0, —oo<t<tk,
y(—o0) = 1.
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We have shown in Lemma 4.1 that this problem has a unique solution y*(¢).
Thus, y(t) = y*(t) (—oo < t < t!). Because of this uniqueness, the entire
sequence {y;} converges to y*. Thus, as j — oo,

yi —y* and yf— (y*) in Cp.(—o0,t;].

Hence, the first two convergences of the statement of the theorem are ob-
tained. The third convergence holds, since u; satisfies (1.6).

We show (5.15) by contradiction argument. Suppose that (5.15) does
not hold. Then there exists a sequence {¢} such that t;, — —oo as k — oo,
and a constant 6 > 0 so that

(5.16) (y(tx),z(ty)) € Ts forall k> 1.

Let € := g. Then by Lemma 5.3, there exist £ € R and jo € N such that
(i (€ —7(1), (€ = (1)) € Te if j > jo.

By Lemma 5.4, this implies that if j > jg, then
(yj(t),2j(t)) € T2: C T in (& —7(y), ),

where T, depends only on €. By choosing j large enough, the interval
(& —7(74),T:) can be made to include an element of the sequence {t;}. We
obtain a contradiction, because of (5.16). O

We are in a position to prove Theorem 1.1.

PrOOF OF THEOREM 1.1. The existence of u*(s) near s = 0 follows
from Lemma 4.1. Lemma 4.4 says that u* is positive and it is defined in
s € (0,00). It follows from Lemma 4.8 that u* oscillates around 1. The
convergence property follows from Theorem 5.1. [J

5.2. Convergence to \}
Using Theorem 5.1, we prove the following:

THEOREM 5.6.  Let {\,(7)}y>1 be as in Subsection 3.3, and let A}, be
as in Theorem A. Then

n(y) = Ap as v — oo.



722 Yasuhito MIYAMOTO

_1
PROOF. Let 8} be the first positive zero of u*(s) — (#) P! and let

I == (0, %) Let s1 be the first positive critical point of u(s,y). We show by
contradiction that if v > 0 is large,then u(s,y) does not have a critical point
in Iy. Suppose that s; € I1. Then, s; should be a local minimum point of
u(s, ), hence by (1.6), u(s1,7) < 1. Then the corresponding orbit in the
(u,u)-plane is in {E < 0} at s = s1, and it cannot go out when s > s;.
This contradicts Theorem 5.1, because u(s,y) — u*(s) in C’O[%,éﬂ. We
have shown that u does not have a critical point in I;.

Let s} be the n-th positive critical point of u*(s). Let 6 > 0 be small.
Because of Theorem 5.1, u(s,y) — u*(s) in C’Z[%, s} + 6] as v — oo. Since
each zero of (u*) is simple, s, — s% (v — 00), where s, is the n-th positive
critical point of u(s,v). Since \/A,(7) = s, and /A5 = sk, we obtain the
conclusion. [

6. Oscillation of )\, (7)

Let u(s, ) be the solution of (1.6), and let (A}, u*) be a singular solution
of (1.11). Let {A\,(7)}y>1 be as given in Subsection 3.3. The goal of this
section is to prove the following:

THEOREM 6.1.  Suppose that ps < p < pjr. An(7) oscillates around
Ay, infinitely many times as v — o0.

PrROOF. Let I := (0,/\5]. We define a(p, ) := u(s,v)/v, a*(p,7) :=
u*(s)/7, and p := 'ypgls. We show that
(6.1) for each M > 1, there are py € [0, 1] and - > 0 such that
Zo,p) [ (-7) —a(-,y)] =2 M for v =0
The function @(p) satisfies (1.12). Since the energy
@? @ | at!

2 2yp-1 +p—|—1

_1
decreases, G(@i, @) < G(1,0) < 0, hence @ < (;;jh)’kl. Since @/yP~1 — 0

as y — 00,

(6.2)  a(p,y) — alp,1) in Cf,.(0,00) NCR[0,00) (v — 00),
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where @( -, 1) is the solution of (1.13) with v = 1. We apply the same change
of variables to the singular solution u*(s). We have

"y 2
(6.3) = Ap~(1+0(1)) ("7 L0).

—6
i (p,) = %A( fl> (1+0(1)) (s]0)

If p is in a compact interval in R;, then pyf% uniformly converges to 0
on the interval as v — oo. Therefore, (6.3) indicates that

(6.4) @*(p,y) — @ (p) in Cpe(0,00) (7 — o0),

where u* is given by (2.2) which is a singular solution of the equation in
(1.13). Because of Proposition 2.1, Zjg )[u*(-) — u(-,1)] = oo. Therefore,
(6.2) and (6.4) indicate that (6.1) holds.

Since 0 < p < pg is equivalent to 0 < s < po'y_p% and po'y_pz;l 10
(v — 00), (6.1) implies that

(6.5) Zrlw(+) —u(- )] = oo (v — o0).

Since each zero of u*(-) — u(-,~) is simple, the number of the zeros in [
is preserved provided that another zero does not enter I from 0I. Since
u*(0) — u(0,v) = oo, a zero cannot enter I from s = 0. Since (6.5) says
that the number of the zeros increases, a simple zero enter I from s = \/)\7;‘;
infinitely many times as v — oo. Therefore, there exists a sequence of large

numbers {7;}32; (11 <72 < --+ — 00) such that u(\/A5,7;) = u*(/A})
and

e T
>0, (j€{2,4,6,---}).

Note that us(1/A%,7;) # 0, because of the simplicity of the zero. We con-
sider only the case where n is odd, since the proof of the case where n
is even is similar to this case. In the proof of Theorem 5.6 we already
saw that u(s,y;) does not have a critical point in (0,3L). /A% is a lo-
cal minimum point of u*. Because of Theorem 5.1, u(s,;) is close to
u*(s) in C2[%, VA%l We easily see that the n-th positive critical point of
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u(s,7), which is \/An(v;), is close to \/A;. We consider the case where
us(\/N5,7;) < 0. We show that A,(v;) > A% Suppose the contrary, i.e.,
An(7;) < AL Since ug(y/A%, ) < 0 and s = /X% is a local minimum point
of u(y/An(75),7;), there is a local maximum point s* € (v/An(7;), VL)
Since s* is a local maximum point, u(s*,7;) > 1 which contradicts Theo-
rem 5.1. Thus, A\, (7;) > A

When us(\/E, v;) > 0, we suppose the contrary, i.e., Ay(7;) > AJ.
Since /An(7;) is a local minimum point, there is a local maximum point
s* € (VA (7)), VL) and u(s*, ;) > 1. We obtain a contradiction, because
of Theorem 5.1. Thus, A, (y;) < Af.

We have proved (1.15), which implies that A\, () oscillates around A
infinitely many times as v — oo. [J

7. Boundary Concentrating Solution

We construct a boundary concentrating solution which is radially in-
creasing when A is large. We show that this solution belongs to C;. We use
different notation only in this section.

Let us compare Theorem 7.13, which is the main result of this section,
with the results of Ambrosetti-Maclchiodi-Ni [1, 2]. In [1, 2] authors con-
structed various concentrating solutions of
(71) {52AU—V(]m])u+up:0 in Q

u >0 in Q

under certain conditions on V', where € is the unit ball, annulus {a <
|z| < 1}, or RY. When € is the ball or annulus, the Dirichlet or Neumann
boundary condition is imposed. Among other things, they have shown that
the Neumann problem on B has a solution wu. of (7.1) concentrating on
|z| = re, where 7. is a local maximum for u. such that 1 —r. ~ eloge. They
used a finite dimensional reduction of the energy functional which works
for general concentrating solutions. Their solution is different from ours,
since our solution concentrates on the boundary. However, their method
is applicable to our case. In this paper, we use another method. We find
a solution near an approximate solution, using the contraction mapping
theorem.
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7.1. One-dimensional problem
We consider the one-dimensional problem

(72) {6210” + f(w)=0, O0<x<l,

w'(0) =w'(1) = 0.
Let w(y) := w(x) and y := x/e. The function w(y) satisfies

{w”+f(w =

0, 0<y<deg,
w'(0) = w'(d;) =0,

(7.3)

where d. :=1/e.
For p > 1 the system of equations for (w, Z) (Z := @') in the phase plane

has a saddle point at (0,0) and a center (1,0). There is a unique homoclinic
solution around the center connecting the saddle to itself. This homoclinic
solution can be written explicitly as

e () (59

From the phase portrait for (w, z) it is clear that all the orbits on {w > 0}
satisfying the Neumann boundary conditions are inside the region enclosed
by the homoclinic orbit and that every orbit in this region is periodic one.
Hence, w is a solution of (7.3) if and only if an integral multiple of its half
period is equal to the interval length d.. Now, we find a increasing solution.
Let w(y) be a increasing solution that has maximum « and minimum £.
Then,

o
p+ 1) p1

I<f<l<a<a:= <T

Multiplying (7.3) by w, and integrating it, we have

IU;:F(w)—F(ﬁ), F(a)=F(B8), and F(w)=w*—- ——
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The half period is given by the integral
@ dw
VE(w) = F(f)

Thus, w is a increasing solution of (7.3) if and only if T'(a) = d.. The
integral (7.4) was studied by De Groen and Karadzhov [10]. Among other
things, they obtained

(7.4) T(a) =

PROPOSITION 7.1.  There is a small ey > 0 such that the problem (7.2)
has a smooth curve of increasing solutions {w(x;€)}ocece,, which can be
described as a graph of e, satisfying the following: For 6 > 0, there exists
g1 > 0 such that, if 0 < & < &1, then

(7.5) |w(s;e) —w*(s)| <6 for s€]0,d],

where W(s;e) 1= w(z;e) (x = 1 —es). Moreover, the first two eigenvalues
of the eigenvalue problem

2" + f(w)p=kro in (0,1), ¢ =0 at z=0,1

ko(e) = —(p— 1{4(]94_ 3) + O <e_%>
— _(=D6-p) —|—O<e 3?) (1<p<3),
/41(8) <1 —|—(4)<e_5> (3 Sp).

In particular, if € > 0 is small, then k1(e) < 0 < ko(e) and w(x;e) is
nondegenerate.

Using (7.5), we immediately have

COROLLARY 7.2. Let w(z;e) be the increasing solution. Then, w sat-
isfies (ew')? — F(w) = —F(w(0;¢)) for x € (0,1), and —F(w(0;¢)) — 0
(e 1 0). Moreover, F(w(-;¢)) 2N pointwisely in [0, 1].

We recall some known results of the “limiting” operator L* := j—; +
f'(w*(s)) on Ry with the Neumann boundary condition. The operator L*
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has a continuous spectrum (—oo, —1] and may have discrete eigenvalues
outside (—oo, —1] ([19, p. 140]). We study the nonnegative eigenvalues of
L.

ProrosiTioN 7.3. The eigenvalue problem
(7.6) L*¢* =k*¢* in Ry, (69)/(0)=0,  ¢"c H'(Ry)

has the unique nonnegative eigenvalue. Moreover, this eigenvalue is the first
one which is simple, ki := (p—1)(p+3)/4, and the associated eigenfunction
is 93(s) 1= (w) P12
By direct calculation we see that
3—p p+3 ptl

¢y = (w*) T — W(W*) 2

(p—1)(5-p)

and K] = — 1

satisfy
L¢i =wi¢] in Ry, (¢7)1(0) =0,  ¢7€ H(Ry) (1<p<3).

It is known that if 1 < p < 3, then «] is the second eigenvalue and that if
p > 3, then L* has only one eigenvalue above —1. In particular, 0 is not an
eigenvalue and L* is invertible.

COROLLARY 7.4. For each p > 1, there is 6 > 0 such that L* has no
eigenvalue in [—6,00) except K.

7.2. Notation

From now on we assume ¢ € (max{N/2,2}, N). Under this assumption
the inclusion W?24(B) — CY(B) is continuous (¢ > N/2) and 1/r € Li(B)
(¢ < N). Let R denote the set of the radial functions on B. Let X :=
{u € W24(B)NR; %u =0on 0B} and Y := LY(B)NR. By B(X,Y) we
denote the space of the bounded operators from X to Y equipped with the
operator norm || - || B(XY)- In this section we work on X and Y and define
f(U) := —U + U|U[P~! in order that f is defined in R. The regular radial
solutions of (1.3) satisfy

) {52 (U + X=1U) + f(U) =0, 0<r<1,

U'(0) = U'(1) = 0.
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Let w(r) be the increasing solution given in Proposition 7.1. We find a
solution of (7.7) near w(r). Substituting U(r) = v(r) + w(r) into (7.7), we
obtain the following equation of the error term v:

(7.8) Lv+ Mw + N (v,w) =0,
where
N -1
Lv:=¢? <v" + Tv’) + f(w)v,
N -1
Muw = &2 " w,

N(v,w) := f(v+w) — f(w) — f(w)v.

L is an approximation of the linearized operator &2 (;—; + X ;1 d%) + f1(U).

We easily see that £ € B(X,Y) and that N'(-,w) is a nonlinear mapping
from X to Y, since the inclusion X < C%(B) is continuous.

7.3. A priori estimates
We use the following a priori estimate in order to use the dominated
convergence theorem.

PROPOSITION 7.5. Let Q be a bounded domain. Let ¢ € C°(Q) N
HY(Q). If

2N —V(z)p=0 in Q,
and if V(xz) > Cp > 0 in Q, then there is Cy > 0 independent of € such that

_ Cydist(z, 09) )
€ 9y

o) < 2ollcexp (
where dist(x, Q) is the distance from x to 0S).

When ¢ € C?%(12), Proposition 7.5 was proved in [13, Lemma 4.2] for a
general operator. The proof of [13, Lemma 4.2] works in the generalized
sense, hence Proposition 7.5 holds. This proposition was also used in [30].

LEMMA 7.6. Let (ke,¢) € R X X (||¢|lcc = 1) be the eigenpair of

Lo=Fksp in B,
a%¢:0 on OB.
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If there is a small &y > 0 such that |k:| < 6o for small € > 0, then there are
Co > 0 and C; > 0 independent of € > 0 such that

[¢(r)] < Coe™ 07/ (0 <r < 1),

PRrROOF. We see by Proposition 7.1 that there are Co > 0 and 61 > 0
such that f/(w) < —Co < 0 (0 <r <1—61¢). The function ¢ satisfies

&2 (¢” 4 ?Q ' (w)— red = 0.

Since 69 > 0 is small, there is C3 > 0 such that f'(w) — k. < f'(w) + 6 <
—C3<0(0<r<1-be). It follows from Proposition 7.5 that there are
C4 > 0 and C5 > 0 such that dist(r,0B) =1 —r — 61 and

|6(r)] < Cae™GUT=e/E = CuehCsemG0N/E (0 <7 <1 - 6e).
If we take Cy large enough, then this inequality holds for r € [0, 1], because

|6l = 1 < Cy < Cpe~@s(=r=28)/e (1 — §1e < r < 1). The proof is
complete. [J

7.4. Invertibility of L
The main technical lemma in Section 7 is the invertibility of L.

LEMMA 7.7. The operator L € B(X,Y) is invertible, and there is C > 0
independent of small € > 0 such that ||[L}|gryx) < C.

PrROOF. It is enough to show that there is a small 6 > 0 such that £
has no eigenvalue in [—§, §]. We show this by contradiction.

Suppose the contrary, i.e., there is a small 6 > 0 such that £ has an
eigenvalue k. in [—6, 6] for small € > 0. Then there is an eigenfunction ¢
such that

52A¢ + f(w)¢p = ke¢ in B,

3%<;5 =0 on OB.
Without loss of generality we can assume ||¢|,, = 1. Because of Propo-
sition 7.1, f'(w) — ke < =69 < 0 (0 < r < 1—61e). By Lemma 7.6 we
have

|p(r)] < CoeC10=/e (0 < < 1).
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We let ¢Z(s) = ¢(r), w(s) := w(r), and r = 1 —es. Moreover, we set
#(s) := ¢(|s|) and w(s) := w(|s|). Then ¢ satisfies
¢" +a(s)¢' + f'(w(s))p =0, -1 <s<g,
(7.9) ¢(0) = ¢'(£5) =0,
ol =1,
where

Let R > 0. If ¢ > 0 is small, then 2R < 1/¢, a(s) € L>*(—2R,2R). By
[16, Theorem 9.11] we see that ||@| y2(_pr < C. Since the inclusion

H*(—R,R) — C'(=R,R) (0 < v < 1/2) is continuous, [|¢[|c1~(—pr) <

Cs. By the Arzela-Ascoli theorem we can choose a subsequence {¢}.~¢ such

that the following holds: There is ¢r € C'(—R, R) such that ¢ 1o, bR in
CY (=R, R). It follows from (7.9) that ¢” converges in C°(—R, R) as ¢ | 0.
Since the operator % that is defined on {u € C?(—R, R); v/(0) = 0} is a
closed operator in C!'(—R, R), ¢r € C? and ¢ =0, q%’% in C°(—R, R). Let
{Rj}j>1 (0 < R < Ry < --- — 00) be a sequence diverging to co. For
each fixed Rj, there is ¢ > 0 such that [0, R;) C (—1/e,1/¢). Using the
expanding domains {[0, R;)};>1 and a diagonal argument, we see that there

is o* € C*(R) and k* € [~6, 8] such that ¢ =10, ¢* in C2 (R) and k. — K*.

loc

We set ¢*(s) := ¢*(s) (s € Ry). Since, for each ¢ € C}(R),

1/e s _ _ 2 - -
/0 ( "o u¢/ + @) — ,.;qu)) wds =0,

1—es

we have
/R+ ((¢")" + f(w*)¢* = £*¢") pdx =0, [¢*[l, =1, (¢*)'(0)=0.

Since ||¢*[|, =1, ¢* # 0.
We will show that ¢* € H*(R,). Multiplying L& = k.¢ by rV~1¢ and
integrating it, we have

1 1
/ (3(¢")? = fl(w)e?) N ldr = — / ke r™N " dr.
0

0
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Making the change of variables r = 1 — €s, we have

/e - B /e )
/1 (697 +) (1= es)¥ s = /1 (pi? ™" = k) *(1 — es)Nds.
0 0

By Lemma 7.6 we have |¢(s)| < Coe=C1*. The right-hand side is bounded
uniformly in e, hence

1/e -
/ (pﬁ;pfl — Ke) P*(1 —es)N"tds| < Cs.
0

Using Fatou’s lemma, we have

/R+ (o)) + (@)} as = [

Ry
e , -
< lim inf/ ((¢’)2 + ¢2> (1 —es)Nlds < Oy,
0

.. TIN\2 72 _ N—-1
lim inf x[0,1/2] ((cb) +¢ ) (1—es)™ds

€l0

where x[9,1/ is the characteristic function. Thus ¢* € H (R, ). Therefore
(k*,¢*) is an eigenpair of (7.6). Since (7.6) has no eigenvalue in [—§, ]
(Corollary 7.4), we obtain a contradiction. [J

7.5. Contraction mapping
Because of Lemma 7.7, £ is invertible provided that £ > 0 is small. The
equation (7.8) can be transformed to

v="T(v),
where
T (W) = —L {Muw] — LN (v, w))].

In order to show that 7 is a contraction mapping on a small ball in X we
show that || £~ [Muw]||y is small.

LEMMA 7.8. || L7 [Muw]y = ofe).
Proor. By Lemma 7.7 we have

£ M| < L7 gy IMwlly < C[IMw]ly -
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We show that || Mw||y = o(e). Using Corollary 7.2, we have

N -1 4
2 w/

[Muwll§ = |

q

= (N — 1) /l(sw’)qu_q_ldr
01 q
= (N — 1)qeq/0 (F(w(r)) — F(w(0)))2 rN =9 1dr.

Since [F(w(r)) — F(w(0))] < C (0 < r < 1) and |F(w(r)) — F(w(0))] =%

0 pointwisely in [0,1], we see that (F(w(r)) — F(w(0)))%/?rN-a-1 0
pointwisely in (0, 1] and that

| (F(w(r)) — F(w(0)))Y?rN=971 < 04/2pN=a=1 ¢ L1(0,1).

Here, we use the condition ¢ < N. The dominated convergence theorem
says that

1
/ (F(w(r)) — F(w(0))? rN=""tdr — 0 (¢ | 0).
0
Since || Muwl|§y = €?-0o(1) = o(e?), the proof is complete. [J

Let B, := {u € X; |lul|x < €}. We show that the Lipschitz constant of
N(-,w) in B, is small.

LEMMA 7.9. Lete > 0 be small. If vi,vo € B., then
L7 N (01, w)] = L7HN (02, w)]|| < 0(1) [Jor = vallxc (e 10).

In particular, the Lipschitz constant of L~ N (-, w)] : B. — X is less than
one.

PrOOF. By Lemma 7.7 we have

[£7H N (v, w)] = LN (w2, w)] [ < [[L7| gy IV (01, w) = N (w2, w)lly
< C N (v1,w) = N (v, w)|ly -
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We show that ||N(v1,w) — N(ve,w)|y < o(e) |lvr — va||x for vi,ve € B..
We have
IV (v1,w) = N (vz, w)llg = [| (01 +w) = flvz +w) = f'(w)(v1 = va)],
= ||£'(@)(v1 = v2) = f'(w)(v1 = va) |,
< || f/(@) = f(w)]|  llor = vell,.

Here, w(z) is a function such that

min{v; (z) + w(zx), v2(x) + w(x)} (z)

<w
< max{v (z) + w(z),va(z) + w(x)},

hence [[w(x) — @(x)|y, < Ce. We have || f/() — f'(w)]l, = o(1) (¢ | 0).
Thus,

IV (v, w) = N (vz, w)ll, < o(1) [Jor = vall

l, <
< o(1)C ||v1 — vallx-

The proof is complete. [
Using Lemma 7.9, we will show that 7 is a contraction mapping in B,.

LEMMA 7.10. Let € > 0 be small. Then T(B.) C B.. Moreover, the
Lipschitz constant of T : B, — B. is less than one, i.e., there is § € (0,1)
such that if vi,ve € B., then || T (v1) — T (v2)|lx < 6 |lvr — va|lx-

PrROOF. First, we will show that T'(B.) C B.. By Lemma 7.9 we have
that, for v € B,

HEil[N(U’w)]HX = Hﬁfl[/\/(v,w)] — L7V, w)]”X
(7.10) <o(1)[jv -0,
where we use Lemma 7.9. We have that, for v € B,
1T (0)llx = || £ [Mw] + LTHN (v, w)] |5

< e Mullly + 7 W (o, o)l
< o(e) +o(1) |Jv]lx = ofe),
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where we use Lemma 7.8 and (7.10). Thus, if € > 0 is small, then, for all
v € B, T(v) €B..

Second, we show that the Lipschitz constant of 7(-) in B, is o(1). We
have that, for v, vy € B,

1T (1) = T(v2)llx = [[L7 N (v, w)] = L7HN (v2, )] |
< o(1) [lor — vallx,

where we use Lemma 7.9. Then the later part of the lemma holds. [J

Applying the contraction mapping theorem to 7 which is defined in B,
we obtain the following:

COROLLARY 7.11.  There is a large A\g > 0 such that (7.7) has a one-
parameter family of positive solutions {(A\,U(r, )}y, and ||[U —w||, <

Ce(= C/VN).

PRrROOF. Since the condition ||[U — w||s < Ce does not guarantee the
positivity of U, we have to check the positivity of U. We see by a priori
estimate that U is a classical solution. If there is 79 € [0,1] such that
U(ro) < 0, then there is r; € [0,1] such that ming<,«1 U(r) = U(r;) <
0. Then, 0 < £2U"(r1) = —f(U(r1)), hence U(r;) < —1. We obtain a
contradiction, because [|[U — w|loc < Ce. Therefore U > 0. The equality
does not hold, because of the strong maximum principle. Thus, U > 0. [J

7.6. Nondegeneracy
LEMMA 7.12.  Let {(\,U)} be a family of solutions obtained in Corol-

lary 7.11, and let L := £ ((Z% + M= d%) + f/(U). Then there is small 6 > 0
such that L has no eigenvalue in [—6,6] if € > 0 is small. In particular, U
is nondegenerate in X.

PrROOF. Let 6 > 0 be a constant used in the proof of Lemma 7.7.
Then, £ has no eigenvalue in [—§,6]. We show that L has no eigenvalue in
[—6/2,6/2]. Suppose the contrary, i.e., there is k) € [—6/2,6/2] such that
Lo = kxé (| ]x = 1). Then,

(7.11) (L= ra)o+ (f'(U) = f(w))g = 0.
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Because of Lemma 7.7, (£ — k) is invertible and there is C' > 0 indepen-
dent of small € > 0 such that H( — RK)) 1HB (XY) < C. It follows from

Corollary 7.11 that || f'(U) — f'(w)|lo, — 0 as € | 0. By (7.11) we have

ol = ||(£ = kx)"" [(F/(U) = F(w)) 0] ||«
<102 =m0 e 1 (/) = /() élly
<C|F ) = fw)lglly =0 (e 10),
which contradicts that ||¢||x = 1. O

7.7. Asymptotic behavior of \i(y) (v ] 0)
THEOREM 7.13. Let (A1(v),Ui(r,v)) € C1. Then, Ui(r,7) is a bound-
ary concentrating solution obtained in Corollary 7.11 if v > 0 is small.

PrROOF. Since |w(r) —w(r)?| < C (0 < r < 1) and w(r) N 0
pointwisely in [0,1), by the dominated convergence theorem we see that

if r > 1/2, then

2L LT o) + o) as

1
<2 [ (u@)+ P ds =0 10

Hence, |[Muw]|,, — 0 (¢ | 0). Since v satisfies (7.8), by the elliptic regularity
we see that ||[v]| ;1 — 0 (e | 0). If v(zg) + w(zo) = 1, then g > 1/2 and by
phase plane argument we see that w'(zo)(> 0) is large. Since v/(x¢) is small,
v'(x0)+w'(z0) > 0. Therefore, Zy jj[v(-)+w(-)—1] = 1 provided that e > 0
is small. The boundary concentrating solution obtained by Corollary 7.11
belongs to Cj, because of (1.8). The proof of (1.8) is postponed until the
proof of Theorem B in Section 8. [J

COROLLARY 7.14.  Let (A (7),Ui(r,7)) € Ci. Then, \i(y) — oo (v |

0). Moreover, d’\lm < 0 for small v > 0.

PRrROOF. Because of Lemma 7.12, if € > 0 is small, then U is nondegen-
erate, which indicates the following: If A;(v) > 0 is large, then

dA1(7)

(7.12) =

£0
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Because of Corollary 7.11, ||U — w||, < Ce. Since ¢ = ()\1(7))_%, we have
(v(A1) =)U(0) < |U(0) = w(0)| + |w(0)]
<O(=)+oll) (A= o0).
Therefore,
(7.13) Y(A1) =0 (A — o0).
By (7.12) and (7.13) we see that

dM(7)
dy

(7.14) <0 if Ai(y) >0 is large.

By (7.13) and (7.14) we see that Ai(y) — oo (v 1 0). O
8. Proof of Theorem B

PRrROOF OF THEOREM B. (i) is mentioned in Section 1. (ii) follows from
Theorem 5.6. (iii) is proved in Theorem 6.1. (v) follows from Theorem 7.13
and Corollary 7.14. Let u(s,7) be the solution of (1.6). Then, we already
saw in Lemmas 3.3 and 3.5 that if v # 1, then u(s,~y) has infinitely many
critical points. Let {s,}>%; (0 < s1 < s2 < ---) denote the set of the
critical points of u(s,7). Since A\,(y) = s2, (vi) holds. Corollary 7.14 says
that Ai(y) — oo (v | 0). Since A1(7y) < Aa(y) < ---, (iv) holds.

We prove (1.8). Let (Ao,Up) € S, and let m := Z[U(-) — 1].
Proposition 3.1 says that there is a one-parameter family of solutions C :=
(A7), U()) such that (A(0),U(0)) = (Ao, Up). This branch C can be ex-
tended to v = 1, because of Lemmas 3.3 and 3.5. Note that Zj 1)[U(-,7) —
1] =mif (\,U) € C and U # 1. It follows from the uniqueness of the

branch near (A, 1) that C C Cp,. Thus, (Ag,Uy) € C C Cp, and the (1.8)
holds. The proof is complete. [

PROOF OF COROLLARY 1.3. Let A :=inf,cr, A1(y) > 0. Because of
(ii) and (iv), A > 0. For each n > 2, A,,(7) > A1(7)(> A). This implies that
the first assertion holds. The other assertion follows from the boundedness
of {A1(7)}y>1. O
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