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The Fatou Property of Block Spaces

By Yoshihiro SAWANO and Hitoshi TANAKA

Abstract. Around thirty years ago, block spaces, which are the
predual of Morrey spaces, had been considered. However, it seems
that there is no proof that block spaces satisfy the Fatou property.
In this paper the Fatou property for block spaces is verified and the
predual of block spaces is characterized.

1. Introduction

The purpose of this paper is to verify the Fatou property for block spaces,
which in turn yields a characterization for the predual of block spaces. The
Morrey space M5 (R™) is a properly wider space than the Lebesgue space
LP(R™) when 0 < ¢ < p < oo and this space works well with the fractional
integral operators (cf. [8,9, 10, 11]). We first recall the definition of Morrey
spaces and consider block spaces which are Morrey spaces if we pass to the
predual.

1.1. Morrey spaces
Let 0 < g < p < oo be two real parameters. For f € L{ (R"), define

loc

1_1 %
1l ez = sup QI3 ( / !f(x)lqdw>
QeQ Q

_ ey Y
- s @) (,Q,/me)r da:) ,
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664 Yoshihiro SAWANO and Hitoshi TANAKA

where we have used the notation Q to denote the family of all cubes in R"
with sides parallel to the coordinate axes and |@Q| to denote the volume of
Q. The Morrey space M4(R™) is defined to be the subset of all L7 locally
integrable functions f on R" for which || f|| e ®n) is finite. It is easy see
that | - || v (®n) becomes the norm if ¢ > 1 and that || - || v ®n) becomes
the quasi norm otherwise. Letting 0 < r < ¢ < p < 0o and using Hélder’s
inequality, we have

(1) \Qﬁ;(éﬂ/gunwrdx)%s|@ﬁ;(éﬂ/gunwwdx>%

and, hence,
1fllve ey 2 1 vz e
This tells us that

(1.2)  LP(R") = ME(R™) C MP(R™) C ME(R") when p > ¢ > 7 > 0.

If we let f(z) = |z|~"/P, then the cube R = (—t/2,t/2)", t > 0, attains its
Morrey-norm. In fact, if 0 < g < p < oo, then

|Qﬁl</' ! d)%<<\Rfl(/° ! d)é
sup P g —F ax S C P g —F ax
QeQ Q |z[nalp R |z|m/P

=0 ((n(1 ~ q/p)) /1)

and f belongs to ML(R™). Because then f does not belong to LP(R™), we
see that the Morrey space ML(R™) is properly wider than the Lebesgue
space LP(R™). The completeness of Morrey spaces follows easily by that of
Lebesgue spaces.

If the sequence of nonnegative functions {f;}32; C M¥E(R") satisfies
fr(x) 1 f(x) (a.e. z € R"), then we have

(1.3) I fell vz ey T I1LF1 A ey

from the definition of the Morrey norm || - || y4»(rny. However, the following
property is different from that of Lebesgue spaces.

For any measurable set E C R" such that |E| < oo and any f € LP(R"),
we have by Hoélder’s inequality

’/Ef(:v) dz

< [1f@ldo= [ xe@If@]ds < Bl < o
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where p’ is the conjugate number defined by 1/p+ 1/p’ =1 and xg stands
for the characteristic function of E. While, if f € ME(R™) then it follows
from the definition of Morrey-norm that

/Q @lds =10l (i /Q )] de
<ial(g /Q |f<:c>|wac)é
— Q"5 - QP (ﬁ/@lf(m)lqu)%

1
< L fll ez @ey QL7

This implies that for any family of counterable open cubes {Qj};-’il such
that £ C Uj Qj, we have

< / (@) da

<X / 2)]do < 1l sy Z!QJIP

(1.4) x)dx

In general, for two real parameters 0 < r < oo and 0 < d < 1, the Hausdorff
capacity or the Hausdorff content of the set E' is defined by

=inf » [Q;l%
i

where the infimum is taken over all counterable cubes {Q); };";1 which cover
E with the side-length less than r. Using this definition, we have by (1.4)

(1.5) z) da| < HYP (E)| fll wag g

Of course, |E| < oo does not always imply H. HYY (E) < oo. Thus, we cannot
conclude from the fact that |E| < oo that the left hand side of this inequality
is finite.
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1.2. Block spaces

We shall define block spaces following [4]. Let 1 < ¢ < p < co. We say
that a function b on R™ is a (p/, ¢')-block provided that b is supported on a
cube @ € Q and satisfies

(16) ( /Q ()| dx)"l’ <lQpi.

(The cube @ will be called the support cube of b.) The space Bg: (R™) is
defined by the set of all functions f locally in L4 (R™) with the norm

171 5o (e = inf{H{)\k}Hll D f= Z)\kbk} < o0,
¢ k

where [[{ A }721lin = Dok [Ak| < 00 and by is a (p/, ¢')-block, and the infimum
is taken over all possible decompositions of f. By the definition of the norm
we see that the inclusion

(1L7)  LF(R") = BY(R") D BY(R") D BY(R") when p > ¢ > 7 > 1.
In [4, Theorem 1] and [16, Proposition 5] the following was proved.

PROPOSITIION 1.1. Let1l < q < p < oo. Then the predual space of
MEY(R™) is Bg, (R™) in the following sense:

If g € MY(R™), then f € Bp (R"™) — Jga f( x)dx is an element of
Bf;,/(R”)* and

[ @) o € B < Iflg gz, (F € B,
Moreover, for any L € BS,I(R”)*, there exists g € ML(R™) such that

L) = [ J@gl)de. (f € By R),

and

12l ey = 19l
q
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See [7] for more details about the predual spaces. We refer [1, 2, 5] for
recent development of the theory of the predual spaces.

In this paper we shall prove the following theorem which assert the Fatou
property of block spaces.

THEOREM 1.2. Let 1 < q¢ < p < oo. Suppose that f and fi, (k =
1,2,...), are nonnegative, ||fk||Bp/(Rn) < 1land fr T f a.e. Then f €
q/

p/
By (R") and |l vy < 1.

This quite simple fact can not be found in any literature as far as we
know. Since the case when p = ¢ is clear from the Fatou lemma, Theorem
1.2 is significant only when g < p. Seemingly, it is clear that we have
f € LP(R™). However, it is difficult to find an expression of f.

The letter C' will be used for constants that may change from one occur-
rence to another. Constants with subscripts, such as C, Cs, do not change
in different occurrences.

2. Proof of Theorem 1.2

In what follows we shall prove Theorem 1.2. We need the following
lemmas.

LEMMA 2.1. Let 1 < ¢ < p < oo. Then, a function f belongs to
Bf;, (R™) if and only if there exists g € Bf;, (R™) such that |f(z)] < g(z) (a.e.
x €R™).

PROOF. Suppose that f € Bs,/ (R™). Then there exist a sequence
{Ae}2, € ' and a (p/,¢')-block by, such that f = >, A\gbg. Letting
g = Y i |A\kl|br|, we have g € BSZ(R”) and |f| < g. Conversely, suppose
that there exists g € Bp/ (R™) that satisfies |f(z)| < g(x). Decompose g as
g = > Apb) where {\}, }k L €11 and bl is a (p/, ¢')-block. Then we see that

X{y: g(y)20} (T Z X L)X {y: g(y)20} (T)

and, hence,

X
Z)‘k_bk )X {y g(y)0} (7)-

J}
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Since |f(x)[/g(x) < 1 as long as g(x) # 0, the function (f/g)bj,X{y: g(y)0}
becomes a (p', ¢')-block. This proves the lemma. [J

We denote by D the family of all dyadic cubes of the form Q = 27%(i +
0,1)"), keZ,icZ".

LEMMA 2.2, Letl<qg<p<oo and f € Bs, (R™) with ||f||3§,'(Rn) <1

Then f can be decomposed as
f=2_ MQWQ)
QeD
where M\(Q) is a positive number with
S a@ <2y
QeD
and b(Q) is a (p',q')-block with supp b(Q) C 3Q.

Proor. First, decompose f as
F=> b
keK

where K C N is an index set, >, [Ax] < 2 and by, is a (p/, ¢')-block with
the support cube Q. We divide K into the disjoint sets K(Q) C N, Q € D,

as
K=J K@
QeD
and K (Q) fulfills, when k € K(Q),

Qr C 3Q and |Q] = |Q].

We now rewrite f as

F=Y"Mbe=> | Do by

keK QeD \keK(Q)

=D 93" > Ml (3 D Z ArDr
QeD keK(Q) keK(Q) k€K (Q)

=) AQHQ)

QeD



The Fatou Property of Block Spaces 669

It follows that

DA =3") | X Pl =3") fwl<28

QeD QeD \keK(Q) keK

and that

3" Z Ak Z Arbr,

kEK(Q) kEK(Q) L7 (Rv)
-1
<3 D0 el DD Ikl @y
keK(Q) keK(Q)
-1
1_1
< 3" ) M > IlIQelr
keK(Q) kEeK(Q)
-1
1_1
<3 D0 Il l@lPTE YD M
keK(Q) keK(Q)
< [3Q[ 1,

which imply that b(Q) is a (p/, ¢')-block with supp b(Q) C 3Q. These com-
plete the proof. [

Proor or THEOREM 1.2. We may assume that 1 < g < p < oo as we
remarked just below the statement of the theorem. By Lemma 2.2 f; can
be decomposed as

fo=">_ M(@bi(Q),

QeD
where A\;(Q) is a positive number with

(21) Son@ <23

QeD

and bi(Q) is a (p/, ¢’)-block with supp bx(Q) C 3Q and

1_1

(2.2) 5@l o gy < 13Q17 5.
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Noticing (2.1), (2.2) and using the weak+-compactness of the Lebesgue space
L (3Q), we now apply a diagonalization argument and, hence, we can select
an infinite subsequence {fx;}32; C {f}72, that satisfies the following:

flcj = Z )\kj (Q)bkj (Q)a

QeD
23)  lim (@ =A@,
(2.4) lim by, (Q) = b(Q) in the weak+-topology of L7 (3Q),

j—00
where b(Q) is a (p/, ¢’)-block with supp b(Q) C 3Q. We set
foi="Y_ MQHQ).

QeD

Then, by the Fatou theorem and (2.1),

(2.5) D AMQ) < liminf Y A (Q) <2-37,

J—00

QeD QeD

which implies f € BZ,I (R™).
We shall verify that

(2.6) lim fr;(x) dx = 0 fo(x)dx

for all Qp € D. Once (2.6) is established, we will see that f = fp and
fe Bg, (R™) by virtue of the Lebesgue differentiation theorem because at

least we know that fy locally in L7 (R™).
Let € > 0 be given. We set

DI(QO) = {Q €D: Q N QO 7£ ®7 ’3Q’ S Cl}7
Dy(Qo) ={Q€D: QNQo #0, |3Q]| € (c1,c2)},
D3(Qo) :=={Q €D: QNQo #0, [3Q] > 2},

where we have defined, keeping in mind that 1/p —1/¢ < 0,
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It follows that

> | Ak, (Q)br; (Q) () — MQ)b(Q) ()| d:
QED1(Qo) ’ @0

1

< Y Ow@+FA@)BQIF <4-3 =<,
Q€eD1(Qo)

where we have used (2.1), (2.5) and

/|bk |dx/ b(Q)(x)| dz < 3Q]*

(see (1.6)). It follows from Hélder’s inequality that

> / | Ak, (@)br, (Q)(z) — M(@)b(Q) ()] dx:
QeD3(Qo) ” 0

<1l Y (@) + MQDBRIFTE <430l ey = %,
QED3(Qo)

where we have used the fact that 1/p —1/¢ < 0 and

11
||bkj(Q)||Lq’(3Q)a Hb(Q)HLq’(gg) < [3Qr .

Finally,
> My (Q)br, (Q) () dz — [ N@Q)b(Q) () de
Q€D2(Qo) ’/QO /0
< ) Ak (@)br, (Q) () d — [~ MQ)br; (Q) () dax
QED2(Qo) ‘/ /QO
+ Q)b x)dr — A@Q)b(Q)(x) dx| .
A

From (2.3) and the fact that D2(Qo) contains the only finite number of
dyadic cubes,

3 ' | (@b @@~ [ Qb (@) da

QED4(Qo) 7 Q0 0

< S (@ - M@ <

QeED2(Qo)

™
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for large j. From (2.4),

Z )‘/QO )\(Q)bkj (Q)($) dx — /QO )‘(Q)b(Q)(l‘) dx

QeD2(Qo

<2-3" sup
Q€eD2(Qo)

/ by (Q)(x) dr / Q) ds

for large j. These prove (2.6).
Since fi T f a.e., we must have by (2.6)

(x)dz = | fo(z)dz
Qo Qo

for all Qg € D. Thi/s yields f = fo a.e., by the Lebesgue differential theorem,
and, hence, f € B}, (R").

Since we have verified f € Bf;,/ (R™), by the Hahn-Banach theorem, we
see that there exists an L € qu),, (R™)* such that

L(f) = HfHBP/’(Rn) and HLHBP;(Rn)* =1,

which imply by Proposition 1.1

HfHBp/’(Rn) = Sup{’/Rn f(x)g(z)dz| : ||g||M5(Rn) = 1} .

There holds also

sup{| [ fulolate) o] lolaugem =1}

These yield

gy =500 {| [ Aolgto)da] s k=120 olaggeey =1} < 1.

This completes the proof of the theorem. [
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3. Banach Function Spaces

To state our next result, we need terminology from the theory of the
Banach function spaces introduced in the book [3]. We place ourselves in
the setting of a o-finite measure space (R, ). Let M* be the cone of all
p-measurable functions on R assuming their values lie in [0, co].

DEFINITION 3.1. A mapping p : Mt — [0,00] is called a “Banach
function norm” if, for all f, g, fn,(n = 1,2,3,...), in M, for all constants

a > 0 and for all y-measurable subsets E of R, the following properties
hold:

(P1) p(f) =0 & f=0p-ae;plaf) =ap(f); p(f+9) < p(f) + p(9);
(P2) 0<g< fpae = plg) < p(f);

(P3) 0< fu 1 f prace. = p(fn) T p(f);

(P4) p(E) < oo = p(xe) < oo;

(P5) w(E) < 00 = [, fdu < Crp(f) for some constant Cp, 0 < Cp < o0,

depending on E and p but independent of f.

Let M denote the collection of all extended scalar-valued (real or com-
plex) p-measurable functions on R. As usual, any two functions coinciding
p-a.e. shall be identified.

DEFINITION 3.2. Let p be a Banach function norm. The collection
X = X (p) of all functions f in M for which p(|f]) < oo is called a “Banach
function space”. For each f € X, define

1fllx = p(LfD)-

Let 1 < ¢ < p < oo. The Morrey space M%(R™) and the block space

Bf;, (R") are not Banach function spaces, since the norm || - ||,z fails

property P5 and the norm || - || 57 (Rn) fails property P4.
q/



674 Yoshihiro SAWANO and Hitoshi TANAKA

Ezample 3.3. Here, we exhibit an example showning that || - || v &)
fails property P5. From this example, we learn that the norm || - || . &
q/
fails property P4 when 1 < ¢ < p < oo. For simplicity, we let n = 1 and
1 < ¢ < p = 2; other cases are dealt analogously.

Let us consider the sequence

( _(plil1
G2 ) =\ S 10167167167 167 )

that is, a; is a decreasing sequence and 47F appears 2F times for k = 0,2,....
We may write a; = 4~[og2 3] where [a] stands the largest integer not greater
than a.

Let «(2,q) > 1. We define

= U (a(Za q)j7 06(2, Q)j + aj)‘
j=1
Then |E| = 2. Define

J=1

1/2 X (2 q)j7a(2,q)j—|—aj) (t)7 (t € R)

Then 1o
(a )

Meanwhile,
/ ftydt=> 4177727 = o0
E =
This example also reads g ¢ Bg, (R) by a duality argument.

DEFINITION 3.4. If p is a Banach function norm, its “associate norm”
o' is defined on M™ by

(3.1) p’<g>:=sup{ /R fgdu:f€M+,p(f)§1}, (g € MY).
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We have the following property:

THEOREM 3.5 ([3, Theorem 2.2]). Let p be a Banach function norm.
Then the associate norm p' is itself a Banach function norm.

With Theorem 3.5 in mind, we define the associate space X’ of X.

DEFINITION 3.6. Let p be a Banach function norm and let X = X (p)
be the Banach function space determined by p as in Definition 3.2. Let p’
be the associate norm of p. The Banach function space X (p’) determined
by p’ is called the “associate space” of X and is denoted by X'.

THEOREM 3.7 ([3, Theorem 2.7]). Ewvery Banach function space X co-
incides with its second associate space X". In other words, a function f
belongs to X if and only if it belongs to X", and in that case

Iflx = Ifllxr,  (feX=X").

4. Application of Theorem 1.2

In what follows we shall apply Theorem 1.2 and characterize the predual
of block spaces.

THEOREM 4.1. Let1 < ¢ < p < oo. Then the associate space MbL(R™)
coincides with the block space BZ, (R™).

PrROOF. We see that Bg,/ (R™) ¢ MY(R™)" by Proposition 1.1. So we
shall verify the converse. Suppose that a measurable function f satisfies

(4.1) sup {l |t ds

ol <1} <1

Then we first see that |f(z)| < oo (a.e. z € R™). Splitting f into its real
and imaginary parts and each of these into its positive and negative parts,
we may assume without loss of generality that f > 0. For k =1,2,..., set
Qr := (—k, k)" and let

fk(x) = min(f(x)7k)XQk($) (m € Rn)
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We notice that fi € Bg,/ (R™) and || fx| < 1 by Lemma 2.1, Proposition

B2 (R?)
q
1.1 and (4.1). Since fj T f a.e., it follows from Theorem 1.2 that f € Bg, (R™)

and || f|| Bp &) < 1. This proves the theorem. [J

By Theorems 3.7 and 4.1 (or directly Proposition 1.1), one sees that
! mny, ny\" __ n
Bf;, (R™)" = ME(R™)" = ME(R™).
Furthermore, from the fact that ML(R™)” = M4 (R™), we are able to char-

acterize the predual of block spaces following the argument in [3].

DEFINITION 4.2. Let 1 < ¢ < p < oo. The closure in M%(R") of the
set of all finite linear combinflt/ion of the characteristic functions of sets of
finite measure is denoted by M%(R™).

THEOREM 4.3. Letl < q<p < oo. Then the predual space of BZ,/(R”)
is ME(R™) in the following sense:

If g € BS,I(R”) then f € ./\/lp R™) — [gn f( x)dx is an element of
ME(R™)* and

[ 100) e € B < Iy g9z (F € M)
Moreover, for any L € /W;(]R{")*, there exists g € BS,/(R”) such that

L) = | f@gl)de, (€ MyR"),
and that

HLHMZ(RTL)* = HgHBs,l(R")'

ProOOF. The first assertion is clear. So we shall prove that va]) (R™)* C
Bf;, (R™). Thanks to Theorem 4.1, we need only show

ME(R™)* C ME(R™Y.
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Suppose that L belongs to Mg(R”)*. We shall exhibit a function g in
ME(R™)" such that we have

(42) L) = | f@g()de, (f e MyR").

If we let Q; := ¢+ [0,1)", i € Z", then the sequence {Q;};czn forms
disjoint subsets of R”, each of which has measure one and whose union is
all of R™. For each i € Z", let A; denote the Lebesgue measurable subsets
of ; and define a set-function \; on A; by

Ai(A) = L(xa), (A€ A).

Notice that A;(A) is well-defined for all A € A; because x4 belongs to
MEY(R™).

We claim that )\; is countably additive on A;. Indeed, let (Ax)32, be a
sequence of disjoint sets from A; and let

l o0
= JdA (=1,2..), U
k=1 k=1

It follows from (1.2) and the Lebesgue dominated convergence theorem that

C8

[y

Ixa = xB/llre@ey < lIxa = xBllLr@;) — 0 as T — oc.

The continuity and linearity of L give

l

Xi(A) = L(xa) = hm L(XBl) = hm ZL XA,) = Z)‘Z
k=1 k=1

which establishes the claim.

Since |A\i(A)] < HLHM@(Rﬂ)* for all A € A; and \;(A) = 0 for all A €
A; such that |A| = 0, by the Radon-Nikodym theorem, there is a unique
measurable function g; on Q; such that

Lica) = MA) = [ xa()gilo)do, (A€ A,

Since the sets @); are disjoint we may define a function g on all of R™ by
setting g = g; on each ;. Clearly,

(1.3 Lixe) = [ xe(@lgla) da
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for all characteristic functions of sets of finite measure yg.
We first show that g belongs to M%(R™)". Choose and fix f in M4 (R™).
Let, for [ =1,2,...,
4! k
filz) == Z iXFk,l(w)7
k=1

where

k kE+1

l

Fip = {:UER”: \x\<2,§§]f(x)]< 51 }

If we suppose for the moment that g is real-valued, then f;- sgn (g) becomes a
finite linear combination of characteristic functions of sets of finite measure.
Hence, we may apply (4.3) and use the linearity of L to obtain

[ ala@ldz = L(fi- sen (9)) < 12l gz il ey

Letting | — oo, we have

| 11 @a@) dz < 121 gz 1L aeze

from the monotone convergence theorem and the Fatou property of Morrey
norm. This means that g belongs to M%(R™). If g is complex-valued, then
the same argument applied separately to the real and imaginary parts of g
shows that each of these is in M%(R™)" and, hence, that g again belongs to
MY(R™).

Write, for a function f which can be written as a finite linear combination
of characteristic functions of sets of finite measure,

LU= |, Sl da

and observe the continuity of both sides on M%(R™). Then we conclude
that (4.2) holds. This complete the proof of the theorem. [J

REMARK 4.4. Let 1 < g < p < oo. Let Cy be the class of continuous
functions with compact support in R™. The Zorko space Z'(R") is defined
by the closure in M§(R") of Cy. In [2], Adams and Xiao pointed out (without
detailed proof) Z¥(R™) is the predual of Bg,/ (R™). In [6], Izumi, Sato and
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Yabuta gave a detailed proof of this fact on the unit circle. The idea used
in the proof of Theorem 1.2 comes from their nice paper.

We shall use {E};}?°, to denote an arbitrary sequence of measurable
subsets of R®. We shall write E;, — () a.e., if the characteristic functions
XE, converge to 0 pointwise a.e. Notice that the sets Ej are not required
to have finite measure.

DEFINITION 4.5. Let 1 < ¢ <p < oo. A function f in M§(R") is said
to have “absolutely continuous norm” in M4 (R™) if || fxg, || Me(Rey — 0 for
every sequence {Ej}7° | satisfying Ej, — () a.e. The set of all functions in
ME(R™) of absolutely continuous norm is denoted by M\g (R™).

THEOREM 4.6. Letl < q<p<oo. Then

MP(R™) = ME(R™).

PrROOF. By [3, Theorem 3.13], we need only verify that the character-
istic function xg has absolutely continuous norm for every set F of finite
measure. Let {F}}72, be an arbitrary sequence for which Fj, — () a.e. Then
it follows from (1.2) and the Lebesgue dominated convergence theorem that

IXEXF Mo ®e) < IXEXE | Lr®Re) — 0 88 k — oo,

which proves the theorem. [J

Recently there are many closed subspaces of Morrey spaces. We refer to
[13] as well as [15, Definition 2.23]. Also, it might be interesting to compare
Theorem 4.3 with [12, Theorem 1.3], where they considered function spaces
called smoothness Morrey spaces. We refer to [14] for an exhaustive detail
of smoothness Morrey spaces.

5. Miscellaneous

Ezample 5.1. Let1 < ¢ < p < co. We show that MQ(R") and M5 (R™)
are different spaces. In fact, the former is narrower than the latter. We prove
this by giving an example when n = 1; other cases can be dealt similarly.
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Set
E:=|J(k—1+kma, k+ ki),
k=1

Then we see that xg belongs to ME(R™) but does not belong to MS(R”).

Example 5.2. Let 1 < g¢g<p<ooand L: ML(R") — R be a bounded
linear functional. Then in view of the embedding LP(R™) — M%(R"), one
has a function g € L (R") such that

L(f) = - f(x)g(x) de, (f € LP(R™)).

However, it can happen that L is not zero even when g = 0; One can show
this by an example.
Recall the set F defined in Example 5.1. Set, for £k =1,2,...,

Iyi=(k—1+kvra, k+kva).

Then,
lim xe(z)dr = 1.

k—o0 I

With this in mind, let us define a closed subspace H by

H := {f € MI(R) : lim f(z) dzx exists }

li
k—oo Ik
Then, from the definition of the norm, we have

lim
k—o00

| f@)de) < [ fllvg -
k

Consequently, it follows from the Hahn-Banach theorem that the mapping

fEH»—>klim f(z)dr e R

[e.e] Ik:

extends to a continuous linear functional L. Observe that L(xg) = 1 and,
hence, L # 0. Meanwhile, L. annihilates any compactly supported function
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in MY (R) because such a function belongs to H. Therefore, if one considers
a function g satisfying

for all f € LP(R™), then one obtains ¢ = 0 by virtue of the Lebesgue
dominated convergence theorem.

We end this paper with the following proposition.

PROPOSITION 5.3. Let 1 < q < p < oo. Suppose that f € LY (R™) has
compact support. Then there exists a finite sequence {\; } *, of nonnegative
numbers and {b; } ", of (p',q')-blocks such that

f= ZA b; and ZA < 8117 gy

Jj=1 Jj=1

ProOF. The proof will be complete once we show that there exists a
finite sequence {\; }¥ ;=1 of nonnegative numbers and {b; } ", of (p/, ¢')-blocks
such that

f= Z)\b and ZA <2Hf||Bp &)

j=1
when f is positive.
We know that, as is illustrated by the proof of Lemma 2.1, there exist an
infinite sequence {A;}72; of nonnegative numbers and an infinite sequence
{B;}% 321 of nonnegative (p', ¢")-blocks such that

7j=1

Suppose that the support of f is engulfed by a large cube Q. By using the
characteristic functions, we may as well assume that B; is supported on Q.

Then we have
N-1

[e.e]
f=Y NBj+) AjB
j=1 j=N
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and

N-1

> A+ Qol1 ™ > A;B;
: =

i= L' (Rm)

N—1
3 11
< §HfHB§/'(Rn) +|Qole » || f - Z A;B;j
Jj=1 Lq’(Rn)
By the monotone convergence theorem, we see that

N-1 L [e%¢)

> A+ 1Qol 7 || D AB; < 201l g0t oy
3=1 j=N !

Ld'(Rn)
as long as N is sufficient large. Thus, if we define Ai, Ag,
bl,bz,... ,bN as

)\j:Aj, bj:Bj whenj:1,2,...,N—1,

and
1_1 PR o . .

j=N Ld (R) 0

then we obtain the desired decomposition. [J

...,)\N and

Av %0
)\N:07
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