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Abstract. We define the characteristic cycle of a constructible
sheaf on a smooth surface in the cotangent bundle. We prove that the
intersection number with the 0-section equals the Euler number and
that the total dimension of vanishing cycles at an isolated character-
istic point is also computed as an intersection number.

For a constructible sheaf on a smooth algebraic variety in positive char-
acteristic, an analogy between the wild ramification of an étale sheaf and
the irregularity of a D-module in characteristic 0 suggests that the charac-
teristic cycle is defined as a cycle of the cotangent bundle. Its intersection
product with the O-section is expected to give the characteristic class [4]
and the Euler number for a proper variety consequently. At an isolated
characteristic point (see the last paragraph of Section 1 for the definition)
of a fibration to a curve, the intersection number with the section defined
by a non-vanishing differential form of the curve is expected to be equal to
the total dimension of nearby cycles.

In a tamely ramified case, the characteristic cycle has an elementary
definition in arbitrary dimension (1.4). For a sheaf on a curve, the charac-
teristic cycle is determined by the Swan conductor at the boundary (1.6).
For a sheaf on a surface, Deligne and Laumon define the characteristic cycle
implicitly in [20] (see also [16, Letter 3 (b)]) using the total dimension of
the nearby cycles and compute the Euler number, under the “non-feroce”
assumption.

To remove the assumption, Deligne further sketched a global method,
extending that in [6], in a letter [8] and in unpublished notes [9] with more
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detail. The method fits in an approach of Beilinson using the Radon trans-
form [5].

In this article, we define the characteristic cycle of a sheaf on a surface
in general in Definition 3.8, by combining the approach using the Radon
transform and the non-logarithmic version [25] of ramification theory devel-
oped in a joint work with Abbes, following the ideas in [8] and [9]. We prove
that the intersection number with the 0-section equals the Euler number in
general in Theorem 3.19 and that that with the section defined by a fibra-
tion to a curve computes the total number of nearby cycles at an isolated
characteristic point in Theorem 3.17, as suggested in [9]. We also show in
Proposition 3.20 that it is the same as that defined in [25, Definition 3.5]
as long as the latter is defined. The relation with the characteristic class
defined in [4] is still to be clarified.

The definition goes as follows. First, by studying the ramification of
the Radon transform using the ramification theory developed in [25], we
define the characteristic cycle that a priori may depend on the choice of a
projective embedding. Using a deformation argument [9] and the dimen-
sion formula for the nearby cycles by Deligne and Laumon [19], we show
that the characteristic cycle thus defined computes the total dimension of
nearby cycles at an isolated characteristic point. We deduce from this that
the characteristic cycle is in fact independent of the choice of a projective
embedding.

The deformation argument relies on the stability of nearby cycles under
small deformation of fibrations. This in turn follows from a generalization
of Hensel’s lemma due to Elkik [10] together with the vanishing of the
limit of nearby cycles for a certain sequence of blow-up and the stability of
the dimension of nearby cycles. The last fact is based on a generalization
by Kato [17], [14] of the formula [19] used above and the stability of the
ramification of restrictions to curves.

We prove that the Euler number equals the intersection number of
the characteristic cycle with the 0-section, applying the Grothendieck-Ogg-
Shafarevich formula computing the Euler number of a sheaf on a curve [13]
two times. The equality implies that the difference with the characteristic
cycle defined in [25] is controlled by a divisor numerically equivalent to zero.
By using a finite covering trivializing the ramification except at one irre-
ducible component of the ramification divisor, we conclude that this divisor
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is in fact zero and derive the coincidence of the two definitions.

We briefly describe the content of each section. After briefly recalling the
ramification theory developed in [25] in Section 1, we prove in Section 2.1
the stability of the ramification of the restrictions to curves in Propositions
2.1 and 2.4. We also show a continuity of the total dimension of nearby
cycles in Proposition 2.6. Using a generalization of Hensel’s lemma due to
Elkik [10] recalled in Section 2.2, we prove the stability Theorem 2.14 of
nearby cycles under small deformation of fibrations in Section 2.3.

After some preliminaries on the universal family of hyperplane sections
in Section 3.1, we study the ramification of the Radon transform and define
the characteristic cycle in Definition 3.8, depending on projective embedding
in Section 3.2. We prove in Proposition 3.13 and Theorem 3.17 a formula
computing the total dimension of nearby cycles as an intersection number
with the characteristic cycle and deduce that it is in fact independent of a
projective embedding. Finally in Section 3.3, we prove the equality for the
Euler number in Theorem 3.19 and the equality of the characteristic cycle
defined using the Radon transform with that defined in [25] in Proposition
3.20.
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1. Brief Summary of Ramification Theory

We briefly recall the ramification theory from [25]. Let K be a com-
plete discrete valuation field with not necessarily perfect residue field F' of
characteristic p > 0. The filtration (G’ ), by (non-logarithmic) ramifica-
tion groups of the absolute Galois group Gx = Gal(K*P/K) is defined
as a decreasing filtration by closed normal subgroups indexed by rational
numbers r = 1 [2], [3]. For a rational number r = 1, define G}";r C G%
to be the closure | J ., G%. The subgroup Ix = G}( C Gk is the inertia
subgroup and Py = G}QL C Gi is its p-Sylow subgroup called the wild
inertia subgroup. Assume that K is of characteristic p. Then, the graded
piece Gr'Gg = G/ G}”j is known to be an abelian group annihilated by p
[25, Corollary 2.28.1] for r > 1.

Let A be a finite field of characteristic £ # p and M be a finite A-module
with continuous G i-action. Then, there exists a unique decomposition M =
D, - M (") called the slope decomposition characterized by the condition

that the G’/ -fixed part MG equals P, <, M) for r > 1. We define the
total dimension of M by

(1.1) dim totg M = Z 7 dimy M.

r>1

In the classical case where the residue field F' is perfect, it is equal to the sum
dim M + Swx M of the dimension and the Swan conductor [13, Section 4].
Further, if K is of characteristic p and if A contains a primitive p-th root of
unity, the r-th piece M) for r > 1 is decomposed as D, . crra—nx X&)
by characters of the abelian group Gr" G annihilated by p, since the group
algebra A[G] is decomposed as [],. 5 ,x A for a finite abelian group G
annihilated by p.

We consider the case where X is a smooth scheme of dimension d over
a perfect field k£ of characteristic p > 0 and K = Frac(@x’g) is the local
field at the generic point £ of a smooth irreducible divisor D. The residue
field F is the function field x(&) of the divisor D and the residue field F'
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of K%P is an algebraic closure of F. For a rational number r, let I(r)
denote the fractional ideal {a € K | ordga = —r} and define an F-vector
space L(r) = I(r) ®o.ep I of dimension 1. Then, the dual (Gr"Gg)Y =
H Ome(GI'rG i, Fp) of the F,-vector space Gr"G is canonically identified
as a subgroup of the F-vector space Q%{/k,g ®ox ¢ L(r) by the canonical
injection

(1.2) char: (Gr"Gg)" — Q%{/k:,g R0y L(r)

defined in [25, Corollary 2.28.2]. For a non-trivial character x € (Gr"Gg)",
let F'(x) denote a finite extension of F where char() regarded as an F-linear
mapping L(—r) — Q%{/k,g R0x ¢ F descends to an F(x)-linear mapping.
Then, it defines a line L(x) in the fiber T*X X x Spec F'(x) of the cotangent
bundle 7% X = V(Qk/k) at Spec F((x) — & € X.

Let U = X = D denote the complement and j: U — X be the open
immersion. Let F be a locally constant constructible sheaf of A-modules
on U. We assume that A contains a primitive p-th root of unity, fix an
isomorphism F, — p,(A) and identify (Gr"Gg)"Y = Hom(Gr"Gg,A*).
Then, the characteristic cycle Char jF is defined on a neighborhood of the
generic point € of D as follows. Let 7 be the geometric point of U defined by
the separable closure K** and let M = Fj; be the continuous representation
of Gk defined by F. Then the slope decomposition M = @, >, M (") and

the decomposition by characters M) = eaxe(GrrGK)V X&) for r > 1
are defined. Let T X C T*X denote the O-section and THX C T*X the
conormal bundle. We define the germ of the characteristic cycle Char jF
at £ to be

(1.3) (—=1)¢ (rank F [T X] + dim MY - [T5 X]

) v—[F(‘S‘:)F][Lu)])

r>1  ye(Gr"Gg)

where d = dim X. Let (Char 5F)%! denote the sum of the last term in
the parantheses.

More generally, we consider the case where D is not necessarily an ir-
reducible and smooth divisor. After removing closed subset of codimension
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2 2 if necessary, we assume that D is a divisor with simple normal crossings.
Let F be alocally constant constructible sheaf of A-moduleson U = X — D.
Then, further after removing closed subset of codimension 2 2 if necessary,
we may assume that the ramification of F along D is non-degenerate in the
sense of [25, Definition 3.1] which we will not recall here.

Assuming that the ramification of F along D is non-degenerate, the
characteristic cycle Char 5 F is defined as follows. Let Dy, ..., D, be the
irreducible components of D and for a subset I C {1,...,m}, let D; denote
the intersection (;c; D; and Tj, X C T*X be the conormal bundle. If F is
tamely ramified along D, the characteristic cycle Char 5 F is defined by

(1.4) Char jiF = (—1)4 > rank F-[Th, X]
Ic{1,...,m}

Next, we consider the case where the ramification of F along D is non-
degenerate and totally wild; for every irreducible component D; of D, the
tame part .7-',—(]1,1) is 0. Then the germ of cycle (Char j;.?’-")‘}’)iild in (1.3) for
each irreducible component D; of D is defined as a cycle of T*X and the
characteristic cycle is defined by the equality

(1.5) Char jiF = (—1)4 <rank F - [T%X]+ ) (Char j,f)gijd> .

)

In general, the characteristic cycle Char jF is characterized by (1.4) and
(1.5) together with the additivity for exact sequence on F and the compat-
ibility by étale pull-back. Define the singular support SS(5#F) C T*X to
be the union of the underlying set of the components of the characteristic
cycle Char 5 F. If dim X = 1, we have

(1.6) Char jiF = — (rank F[T5X]+ Y (rank F + Sw,F) - [T;X]).
zeD

Going back to the general dimension, the total dimension divisor is de-
fined by

(1.7) DTjHF = dim totg, Fy, - D
7
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where the geometric point 7; is defined by a separable closure of the local
field K; at the generic point of an irreducible component D; of D. Note that
in the definition of the total dimension divisor we do not need to assume
that ramification is non-degenerate.

More generally, for a constructible complex I of A-module on X such
that the restriction of the cohomology sheaf HIK is locally constant on U
for every integer ¢, the Artin divisor a(K) is defined by

(1.8) a(K) =) (~1) (DTjgj*Hq(IC) =) dimHI(K), - Di)

q

where §; is a geometric point dominating the generic point of an irreducible
component D; of D.

Let F be a locally constant constructible sheaf of A-modules on U =
X — D with non-degenerate ramification along a divisor D with simple nor-
mal crossings. Let C be a smooth curve over k and C' — X be an immersion
over k such that the intersection C'N D is finite. We say that the immersion
C — X is non-characteristic at a closed point x € C'N D with respect to jiF
if the tangent vector of C' at z is not annihilated by any nonzero differential
form in the fiber of SS(jiF) at x. If C — X is non-characteristic at x, the
total dimension divisor is compatible with the pull-back [25, Proposition
3.8]:

(1.9) (DTjF,C), = dim tot,Fle.

Let C be a smooth curve over k and f: X — C be a smooth morphism
over k. We say that f: X — C is non-characteristic with respect to jF
if the section of T*X defined by the pull-back by f of a non-vanishing
differential form on C' does not intersect with the singular support SS(51F).
If dim X = 2, it is equivalent to that for every closed point ¢ of C, the
immersion X Xc ¢ — X is non-characteristic. We say that x € X is a
characteristic point of f: X — C with respect to jiJF if f: X — C is not
non-characteristic on a neighborhood of . A morphism f: X — C non-
characteristic with respect to 71 F is universally locally acyclic relatively to
JF, if either F is tamely ramified along D or F is totally wildly ramified
along D and f|p: D — C' is flat by [25, Proposition 3.15]. In particular,
the complex of vanishing cycles ¢(51F, f) on the geometric fiber Xz is 0 for
every geometric closed point ¢ of C.
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We say that a closed point z is an isolated characteristic point of f: X —
C with respect to 1/ F if the restriction of f to a neighborhood of x is non-
characteristic with respect to jiF except possibly at x. This definition
makes sense also in the case where there exists an neighborhood V of z
such that V' = {z} is smooth over k and that (D NV) = {z} is a divisor of
V = {z} with simple normal crossings. The condition that z is an isolated
characteristic point of f: X — C with respect to jiF implies that there
exists an neighborhood V' of = such that V' = {x} is smooth over C.

2. Stability of Nearby Cycles

2.1. Stability of ramification of the restrictions to curves

For morphisms f: X — S and T' — S of schemes, let (X, f) x T denote
the fibered product to indicate the morphism, if necessary. For morphisms
f: X — Sandg: X — S of schemes and a closed subscheme Z of X defined
by an ideal sheaf 7, C Ox, we say that f and g are congruent to each other
modulo Zz and write f = g mod Zyz if the restrictions f|z: Z — S and
glz: Z — S are the same.

PROPOSITION 2.1. Let X be a normal surface over a perfect field k of
characteristic p > 0 and let f: X — C be a flat morphism over k to a
smooth curve C over k. Let D C X be a closed subscheme quasi-finite over
C, let u be a closed point of D and let v = f(u) € C.

1. There exists an integer N = 1 such that if a morphism g: X — C
over k satisfies g = f mod mY, then g: X — C is flat at u, its restriction
glp: D — C is quasi-finite at w. Further, if flp: D — C is flat at u (resp.
and if flp = quy: D =A{u} — C is étale), then g|p: D — C is flat at u
(resp. and g|p — (uy: D = {u} — C is étale on a neighborhood of u except
at u).

2. Let A be a finite field of characteristic £ # p and F be a locally
constant constructible sheaf of A-modules on the complement U = X = D.
Assume that u is an isolated characteristic point of f: X — C with respect
to ) F. Then, there exists an integer N = 1 such that if a morphism g: X —
C over k satisfies g = f mod mlY, then u is an isolated characteristic point
of g: X — C with respect to HF.

3. Further, there exists an integer N = 1 such that if a morphism
g: X — C over k satisfies g = f mod mYY, there exist an étale neighborhood
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V — C of v = f(u) such that the connected components (D, f|p)), and
(D, g|p)\; of (D, fIp) x¢'V and (D, g|p) xc V containing u are finite over
V' and that for every closed point y € V = {v}, we have

(2.1) > dim toty (F-1,))
mG(D,f|D)?/,f(m):y

= Z dim totx(]:|g—1(y)).

z€(D,g|p)Y 9(x)=y

In 3, an étale neighborhood V' — C of v means an étale morphism
equipped with v — V lifting v — C.

Proor. Replacing X by a neighborhood of u, we may assume that
X = {u} is smooth over k and that the reduced part of D = {u} is a smooth
divisor of X = {u}.

1. Let t € O¢c, be a uniformizer and N 2 1 be an integer such that
f*t ¢ m&. Then if g = f mod mY, we have g*t ¢ m!¥ and g is flat at w.

Let N 2 2 be an integer such that m» =1 annihilates (D, f|p) xc v on a
neighborhood of u. If g = f mod muN , the elementary lemma below implies
then (D, g|p) xcv is also annihilated by m&~!. Hence g|p: D — C is quasi-
finite at u. Assume f|p: D — C'is flat at u. Then, the pull-back by f of a
uniformizer ¢ € O¢,, forms a regular sequence of the local Cohen-Macaulay
ring Op,, of dimension 1 and so is the pull-back by g. Hence g|p: D — C

is also flat at w. Further if f|p: D — C is étale except at u, let N = 2

be an integer such that mY~!

N
u

annihilates QF, Jcu With respect to f |p. If
g = f mod mY then m¥~" also annihilates Qb/au with respect to f|p and
hence g|p: D — C' is étale on a neighborhood of u except at w.

LEMMA 2.2. Let A be a noetherian ring, I C A be an ideal, M be an
A-module of finite type and N 2 1 be an integer. If the canonical surjection
M/INM — M/IN='M is an isomorphism, then M is annihilated by I~}
on a neighborhood of Spec A/I.

PrROOF. By the assumption, the A-module IN~'M satisfies I -
IN=1M = IN=1M. Hence, it follows from Nakayama’s lemma. [J
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2. Let m: X’ — X be a resolution. Namely, X’ is a smooth surface
over k, 7 is proper and X' — 77 !(u) — X — {u} is an isomorphism. The
singular support SS(5F) is defined as a closed subset of T*(X = {u}). Let
SS(HiF) € T*X' denote the closure of SS(jiF) and regard it as a reduced
closed subscheme. Let E C X’ denote the inverse image 7! (u) = X’ x x u.

Let t € O¢,, be a uniformizer and let df : X’ — T* X’ denote the section
defined by f*dt on a neighborhood of E. By the assumption that u is an
isolated characteristic point of f: X — C with respect to j1F, the intersec-
tion (X', df) xp+x SS(51F)" of the image of the section df and the singular
support SS(jiF)" is a subset of the inverse image T*X' x x» E. Let N = 2
be an integer such that (X', df) x1+x: SS(jiF)" is a closed subscheme anni-
hilated by I)]EV*Q. Since g = f mod m!Y implies dg = df mod miv_lﬁﬁ(/k, the
intersection (X', dg) x7+x SS(jiF)" is also annihilated by Z5 2 on a neigh-
borhood of T*X’ x x+ E' by Lemma 2.2 and u is an isolated characteristic
point of g: X — C with respect to jiF.

3. Shrinking X if necessary, we may assume that v is the unique point
in the fiber of f|p: D — C. Since a quasi-finite scheme over a henselian
discrete valuation ring is the disjoint union of a finite scheme and a flat
scheme, there exist an étale neighborhood of V' — C of v = f(u) such that
the connected components (D, f|p)), and (D, g|p)}, are finite. In the rest
of proof, we assume that they are finite and flat.

Let DT(jiF, f)} denote the part of the pull-back of DT(jiF) to
(X,f)v = (X,f) x¢ V supported on (D, f|p)) and similarly for
DT(jiF,g)). Since u is an isolated characteristic point of f: X — C
with respect to jiF, the left hand side of (2.1) is equal to the degree of
DT(jF, f)} over V by (1.9). We will take an integer N = 1 satisfying
the conditions in 1. Then, for a morphism g: X — C over k satisfying
g = f mod mY, the point u is an isolated characteristic point of g: X — C
with respect to ;1. F and the right hand side is also equal to the degree of
DT (jF,g)} over V.

Let N = 1 be an integer such that DT (jF, f), xy v is annihilated by
mN =L If g = f mod m¥, then DT(jiF, 9)% x v v is equal to DT (ji.F, f)% xv
v and is also annihilated by m/Y~! by Lemma 2.2. Since the degree of
DT (jiF, f)} over V is equal to the length of the scheme DT (jiF, f)}, xv v,
it is equal to the degree of DT'(jiF, )} and the assertion follows. [J

The following example shows that in Proposition 2.1 and Theorem 2.14,
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one cannot drop the assumption of non-charactericity.

Example 2.3. Let X = A% = Spec k[x,y] be the affine plane over an
algebraically closed field k of characteristic p > 2 and U = X = D be the
complement of the y-axis D. Let u = (0,0) denote the origin of X = A2
Assume that A contains a primitive p-th root of unity and let F be the
locally constant constructible sheaf of A-modules of rank 1 on U defined

9. Then, the singular support

P
SS(71F) is the union of the zero-section 7' ;E(EX and the sub line bundle over
D spanned by the section dy.

Let f: X — C = A! = Spec k[t] be the smooth morphism defined
by t — y. It is characteristic with respect to jiF at every point of D.
The restriction f|p: D — C is an isomorphism. For ¢ € A'(k), the Swan
conductor Sw(q ) (71F|f-1(¢)) of the restriction to the fiber is 0 for ¢ = 0 and
1 for ¢ # 0. Hence by [19], we have dim ¢l (ji.F, f) = 1.

Let n = 2 be an integer and g: X — C = A! = Spec k[t] be the
smooth morphism defined by t + y + xy™. We have g = f mod m?*!. The
restriction g|p: D — C is also an isomorphism. For ¢ € Al(k), the Swan
conductor Sw(q ) (j1F[4-1(¢)) of the restriction to the fiber is 0 for ¢ = 0 and
p—1>1 for ¢ # 0. Hence by [19], we have dim ¢ (jiF, f) =p—1 > 1.

by the Artin-Schreier equation zP — z =

For closed subschemes C' and C’ and a closed subscheme Z of X defined
by the ideal sheaf T, C Ox, wesay C =C'mod Iz if C xx Z=C"xx Z.
If f: X - S and g: X — S satisfy f = gmodZz and T C S is closed
subscheme, we have (X, f) x¢ T = (X, g) xs T mod Z.

Let C be a reduced excellent noetherian scheme of dimension 1 and u
be a closed point of C' with perfect residue field. Let C’ — C be the nor-
malization. Let A be a finite field of characteristic ¢ invertible at w and
F be a locally constant constructible sheaf of A-modules on U = C' = {u}.
Then, the total dimension dim tot,F is defined as the sum

ZU’EC/Xcu dim tOtu/f.

PROPOSITION 2.4. Let X be a normal excellent noetherian scheme of
dimension 2 and u be a closed point of X such that Ox 4 is of dimension 2
and that the residue field is perfect. Let U C X be a dense open subscheme.
Let A be a finite field of characteristic £ invertible on X and let F be a
locally constant constructible sheaf of A-modules on U.
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Let C be a reduced Cartier divisor of X containing u such that u is in
the closure of C N U. Then, there exists an integer N 2 1 such that for a
reduced Cartier divisor C1 of X satisfying C' = C'y mod muN, the point u is
in the closure of C1 NU and we have

(2.2) dim tot, (F|cnv) = dim toty, (Fl|o,nu)-

Proor. Let Z be a closed subscheme of X such that U = X = Z and
let N 2 2 be an integer such that Oznc,, is annihilated by mfy ~—L. Then, for
areduced Cartier divisor C; of X of dimension 1 satisfying C' = C1 mod m¥,
the ring Oznc, 4 is also annihilated by mN~! by Lemma 2.2 and the point
u is contained in the closure of C1 NU.

Let V. — U be a G-torsor for a finite group G such that the pull-back
Fy of F is constant and let f: Y — X be the normalization of X in V.
Let D and D; be the normalizations of D = C xx Y and D; = C; xx Y.
For 0 € G,# 1 and a point v of D above u, let f@v denote the ideal of
Op,, defining the intersection Ay NIy C Ap = D of the diagonal and the
graph of ¢ in D x¢ D and similarly Z,,, for v; of Dy above u. By the
definition of the Swan conductor, it suffices to show the existence of N > 1
such that the congruence C' = C; mod m)} implies a bijection D x ¢ {u} and
Dy x¢ {u} satisfying the equalities length Op ,/Zs, = length Op, , /Zsy,
for the corresponding points and for o € G, # 1.

First, we prove the case where X,C and D = C xx Y are regular.
For ¢ € G,# 1, let Z, denote the ideal of Oy defining the intersection
Y, = Ay NI, C Ay =Y of the diagonal and the graph of 0 in Y xx Y.
We have Z,., = Z,Op,. Let N = 2 be an integer such that Op,/Z,0p.,
is annihilated by mY~! for every ¢ # 1 and v € f~!(u). Let C; be an
integral closed subscheme of dimension 1 satisfying C' = C; mod m”. Then,
since D1 = C1 xx Y = D mod mg, the scheme D; is also regular at every
v € f~Y(u). Further, Op, »,/ZyOp, » is annihilated by m?’~! by Lemma 2.2
and is isomorphic to Op ,/ZyOp,, for every o # 1 and v € f~Y(u). Thus
the assertion is proved in this case.

We show the general case by reducing to the case proved above by using
the following embedded resolution.

LeEMMA 2.5 (cf. [22, Theorems 8.3.4, 9.2.26]). Let X be a normal ex-
cellent noetherian scheme of dimension 2 and C C X be a reduced closed
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subscheme of dimension 1. Let U C X be the complement of finitely many
closed points of codimension 2 of X contained in C' such that U and CNU
are regular.

Then, there exist a reqular excellent noetherian scheme X' of dimension
2 and a proper morphism g: X' — X such that g~1(U) — U is an isomor-
phism and that the reduced part of the inverse image g~ *(C) is a divisor of
X' with simple normal crossings.

In particular, the closure C' C X' of g~ 1(CNU) with the reduced scheme
structure is reqular and meets transversely the reduced part E of the effective
Cartier divisor C xx X' — C".

By shrinking X if necessary, we may assume that X — {u} and C = {u}
are regular. We apply Lemma 2.5 to X = {u} to obtain g: X’ — X and
further to the inverse image D’ = C'x x+Y” in the normalization f': Y’ — X’
in V to obtain Y’ — Y’. Further applying Lemma 2.5 and replacing X’ by
a resolution of the quotient Y” /G, we may assume that D’ is regular.

We set C x x X' = C' + F where C’ is the normalization of C and F is
a divisor supported on the inverse image E of u. We regard F as a reduced
divisor of X’ and let M = 1 denote an integer such that (M — 1)E = F.
For a reduced Cartier divisor C satisfying C = C; mod m? | there exists
a Cartier divisor C] of X’ such that C; xx X’ = C} + F by Lemma 2.2.
Since Cxx X' =Cy xx X' modIg, we have C' x x» E = C] x x» E and the
divisor Cf is reduced and meets E transversely. Hence, it is a normalization
of C 1.

As we have shown above, there exists an integer N’ = 1 such that the
congruence ¢! = Ch mod ml)’ for a reduced Cartier divisor C% of X’ and
for each point «' € C' N E imply the equality (2.2) holds. Set N = M + N’
and let C’ be a closed reduced subscheme of X satisfying C' = C’' mod mY.
Then, we have C' = C] mod Ig/. Hence, we obtain the equality (2.2). O

We show a continuity of the total dimension of the space of vanishing
cycles.

PROPOSITION 2.6. Let C be a smooth curve over an algebraically closed
field k of characteristic p and let g:' Y — C be a smooth morphism of
schemes over k of relative dimension 1. Let f: X — Y be a proper mor-
phism of schemes over k. Let A be a finite field of characteristic £ # p and
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let F be a constructible sheaf of A-modules on X locally acyclic relatively
to X — C. Let Z C X be a closed subscheme such that the restriction of
F on X = Z is unwversally locally acyclic relatively to X — Y. Let B be
a linear combination of divisors on' Y flat over C' supported on the closed
subset E = f(Z).

Let u be a closed point of Z and setv = f(u) € ECY ands = g(v) € C.
Assume that u is the unique point of the inverse image Z Xy v, that v is an
isolated point of ENYs and that Z — C' is quasi-finite outside s. Assume
also that, for every closed point t € C,t # s and for every point y € E;, we
have

(2.3) > dim tot ¢.(Flx,, flx,) = (B, Y2)y.

ZEZXYyY

Then, the equality (2.3) holds also fort =s and y = v.

PrOOF. By the assumptions that v is an isolated point of £ NY, and
that Z is quasi-finite over C' outside s, the closed subset £ C Y is quasi-
finite over C on a neighborhood of v. Hence, by replacing C' by an étale
neighborhood of s and Y by an étale neighborhood of v, we may assume
that E is finite over C' and that v is the unique point of E above s. Then,
Z is also finite over C' and w is the unique point of Z above s. We define
functions a and b on C' by

a(t) =Y dim tot.¢(Flx,, flx,), b(t) = (B, Y3).

2E€74

By the assumption, we have a = b on C' — {s}. By the assumption that B
is flat over C, the function b is constant on a neighborhood of s. Hence, it
suffices to show that the function a is also constant on a neighborhood of s.
Let t € C be a closed point. The complex of nearby cycles ¢(F|x,, f|x,)
is supported on Z; by the assumption that the restriction of F to X = Z
is universally locally acyclic relatively to f: X — Y. For y € Ej, let 7,
be a geometric generic point of the strict localization of Y; at y. Then, the
distinguished triangle of vanishing cycles gives us a distinguished triangle

(2.4) — (REFIv)y = (REFIV)a, — P 6=(Flx,, flx,) — -

2EZXyY
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Hence a(t) equals the sum of the Artin conductors . ay(RfiFly;) de-
fined as (1.8).

We prove
(2.5) a(s) —a(t) = —dim ¢, (Rf+F, g) = 0.

for t € C' = {s} to complete the proof. The first equality is a consequence
of the lemma below. We show the vanishing ¢,(Rf.F,g) = 0. Since F
is assumed locally acyclic relatively to X — C, the canonical morphism
Fs — (F,gof)is an isomorphism on X. Since the formation of the nearby
cycle complex is compatible with proper push-forward, it implies that the
canonical morphism Rf.Fs — ¥ (Rf.F,g) is an isomorphism. Thus, we
obtain the required vanishing ¢,(Rf.F,g) = 0 and the equality (2.5) is
proved. [

LEMMA 2.7. Let g: X — C be a smooth morphism over an alge-
braically closed field k of characteristic p from a smooth surface X to a
smooth curve C. Let D be a divisor of X finite flat over C and s be a closed
point of C' such that the closed fiber Dy consists of a unique point . Let A
be a finite field of characteristic £ # p and let IC be a constructible complex
of A-modules on X such that the restriction HiC|y of the cohomology sheaf
on the complement U = X = D is locally constant for every integer q.

Then, on a meighborhood of s in C, the sum of the Artin conductors
> .ep, @2(K|x,) is constant except possibly for s =t and satisfies

(2.6) az(Klx,) = Y a:(Kl|x,) = — dim ¢4 (K, g).

z€Dy

PrOOF. By devissage, it suffices to consider the case where K = jF
for a locally constant constructible sheaf F on U and the open immersion
j: U — X and the case where K = i,G for a constructible sheaf G on D
and the closed immersion i: D — X. The first case is [19, Théoreme 5.1.1].
The second case follows from the exact sequence 0 — G, — EBZG Dy g, —
¢2(1.G,9) — 0 where 77 denotes a geometric generic point of the strict
localization S of C' at s. [J
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2.2. An application of Elkik’s theorem

To prove the stability of nearby cycles in the next subsection, we recall
the following generalization of Hensel’s lemma due to Elkik [10, Section 2],
with slight reformulation. Let S = Spec R be an affine noetherian scheme
and Y = Spec B be an affine scheme of finite type over S. By taking a finite
presentation B = R[T]/(f) where T denotes a system of indeterminates and
f denotes a system of polynomials, a closed subscheme Z of Y is defined
by the ideal Hp = ) K(4)A(q) C R[T] in the notation [10, 0.2]. As noted
there, the complement of the support of Z is the largest open subscheme of
Y smooth over S and the ideal can only get larger by base change. Although
Z depends on presentation, let Zy,g denote it by abuse of notation.

LeEMMA 2.8 ([10, Théoréme 2]). Let S be an affine noetherian scheme,
X = Spec A be an affine noetherian scheme over S and let J C A be an
ideal such that the pair (A, J) is henselian ([23, Chapitre IX Définition 3]).
For an integer n 2 1, set X,, = Spec A/J"™ C X. Let h 2 0 be an integer.

Then, there exist integers m = r = 0,m = h such that, for any affine
scheme Y over S of finite type and any morphism of schemes f: X, — Y
over S for n 2 m satisfying Zy;s Xy Xn C Xy, there exists a morphism
f: X =Y over S that makes the diagram

x .y

(2.7) o |1

commautative.

PROOF. Since the ideal defining Zy,g only get larger by base change
as remarked in [10, 0.2], we may assume X = S by taking the base change
by X — S.

In the notation of [10, Théoréme 2], the condition J(a’) € J" means
that a morphism X,, — Y is defined. Further, under this condition and
h < n, the condition Hp(a’) D J" means a closed immersion Z xy X,, C
Xp,. Since the condition J(a’) = 0 means that a morphism X — Y is
defined and since the congruence a = a’ mod J" " means the commutative
diagram (2.7), the assertion follows by [10, Théoréme 2]. O
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ProPOSITION 2.9. Let f: X = Spec A — S be a morphism of finite
type of affine noetherian schemes and X1 be the closed subscheme defined
by an ideal I C A. Assume that X is normal and that the complement
U =X = X is a dense open subscheme smooth over S. Let X = Spec A be
a henselization (|23, Chapitre IX Définition 4|) of X along X1. Let V — U
be a G-torsor for a finite group G and let Y be the normalization of X in
V.

Then, there exist integers r = 0 and N = r+2 such that for a morphism
g: X — S satisfying g = f mod IV, there exist isomorphisms p: X > X
and G: Y=YxxX—Y satisfying the following properties: The diagram

L

(2.8)

N

S

where f and g denote the composition with f and g is commutative and
compatible with the G-actions. They are congruent to the identity modulo
IN*T(’)X and IN*’”(’)? respectively.

ProoOF. For a scheme T" over X, let T denote T regarded as a scheme
over S with respect to the composition with f: X — S and similarly for
T, for a morphism ¢g: X — S. For an integer n = 1 and for a scheme T’
over X, let T;, C T denote the closed subscheme 7' x x Spec A/I". The
canonical morphism X — X induces an isomorphism X — X, forn = 1.
If g: X — S satisfies g = f mod IV and if n £ N, we have T,y = Ty, y for
a scheme T over X and we will drop the subscripts f and g in this case.

Let Z be the closed subscheme Z /8 of X. By the assumption that U
is smooth over S, the intersection Z N U is empty. Hence, there exists an
integer h > 1 such that Oy is annihilated by I". Let m = > 0,m = h be
integers as in Lemma 2.8 for the henselian pair (A, TA).

Let N be an integer satisfying N 2 mand N =2 2+r. Let g: X — Sbea
morphism of schemes satisfying g = f mod IV. We apply Lemma 2.8 to the
canonical immersion X N =Xn — Xy over S. For N 2 h, the assumption
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Z C X on h implies that the assumption Z XX, Xy C Xj, of Lemma 2.8
is satisfied. Hence applying Lemma 2.8 we obtain a commutative diagram

X, —— X;

(2.9) ﬁ j

Xyop —— Xy

of schemes over S.

We show that the induced morphism p: Xg — X ¢ on the henselizations
is an isomorphism. Let W be an étale neighborhood of X; — X, such

that the Composmon X 2 Xf — Xy is induced by W — Xy. Since
p: X — X ¢ induces the identity on Xp = Xg cX N_r, the endomorphlsms
induced by W — X on the completions of the local rings of X and X rat
all points of X 1 are surjections and hence automorphisms. Thus the induced
endomorphisms on the henselizations of the local rings of Xg and X 7 at all
points of X are also automorphisms and the morphism W — X is étale
on a neighborhood W' C X of X;. Hence, by replacing W by W', we may
assume that W — X s 1tse1f is étale. Since (X X 1) is a henselian pair, the

morphism p: X, — X ¢ is an isomorphism.

The normalization Y in the étale covering V' — U is finite over X. Let Z’
be the closed subscheme Zy, x of Y. The intersection Z 'NV is empty. Define
an integer h' similarly as h above and let m’ = v/ 2 0,m’ = h' be integers
defined for i;f - X 7 in Lemma 2.8. Then, by a similar argument as above
for Yy — Xy, there exists an integer N 2 N such that if ¢ = f mod v,

there exists an isomorphism ¢: Yy, — ?f such that the diagram (2.8) is
commutative.

We show that the morphism ¢: 17 — §~/f is compatible with the ac-
tion of G, after replacing N’ by a larger integer if necessary. Since the set
Hom (Y Y) is finite and since the canonical morphism from the henseliza-
tion to the completion is an injection, there exists an integer n > 1 such
that the restriction map Homy (Y Y) — Homy (Yn, Y) is injective. Then,
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if N2 m, N = r + n, both compositions in the diagram

Y, <L — Y
(2.10) l l
Y, —— ¥

for 0 € G are the same after restricted to 17” - ?N—r- Hence the diagram
(2.10) itself is commutative for 0 € G and ¢: Y; — Y} is compatible with
the action of G. [J

2.3. Stability of nearby cycles
The stability of nearby cycles at an isolated singularity is an immediate
consequence of Proposition 2.9.

ProrPoOSITION 2.10. Let X be a scheme of finite type over a perfect field
k of characteristic p, C be a smooth curve over k, and let f: X — C be a
flat morphism over k. Let u be a closed point of X such that U = X = {u}
18 smooth over C' and j: U — X be the open immersion. Let A be a finite
field of characteristic £ # p and F be a locally constant constructible sheaf
of A-modules on U.

Then, there exists an integerN 2> 1 such that, for a morphism g: X — C
satisfying g = f mod mY, there exists an isomorphism

(2‘11) R%(]'}", f) - R%(J'f, g)‘

Proor. Replacing X by the normalization, we may assume X is nor-
mal. Let X be the henselization of X at u and F be the pull-back of F
onU =U xx X. Then, by Proposition 2.9 applied to X — S and a finite
Galois covering V' — U trivializing F, there exists an integer N = 1 such
that, for a morphism g: X — C satisfying g = f mod mY, there exists an
isomorphism p: X — X ¢ over C' and an isomorphism p*: F — F. They
induce an 1bomorph15m (2.11). O

To prove the main result in this section, we show the vanishing of a
certain limit of the spaces of vanishing cycles. We begin with the study of
the limit of the local rings with respect to a sequence of blow-up.
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LeMMA 2.11 ([1, Proposition 1.9.4], [12, 5.4]). Let A be a local ring, p
be a prime ideal and let f € A be a non-zero divisor. Assume that A= A/p
is a discrete valuation ring and that f € A is a uniformizer.

1. Let A" denote the subring Alp/f™;n = 1] C A[l/f]. Then, p' =
pA[1l/f] is a prime ideal of A" and the canonical morphism A/p — A'/p’ is
an isomorphism. We have fp' = p’ and the ideal fA' is a mazximal ideal of
A’. The canonical morphism A[l/f] — A'[1/f] is an isomorphism.

2. Assume fp = p. Then the ring A[l/f] equals the local ring Ap and
the canonical morphism p — pAyp is an isomorphism.

3. Assume that A is henselian and that fp = p. Then, the local Ting Ay
1s also henselian.

We record a proof of 1. and 2. for the convenience of the reader.

Proor. 1. By the commutative diagram of exact sequences

0 — p — A — A —— 0

| |n |n

0 —— pA[L/f] —— AL/f] —— A/f] —— 0,

the subring A’ = A+pA[1/f] C A[1/f] is the inverse image of A C A[1/f] by
the surjection A[1/f] — A[1/f]. Hence, we obtain an isomorphism A’/p’ —
A and p’ = pA[1/f] is a prime ideal of A’. We have fp’ = fpA[l/f] =
pA[1/f] =y’ Since A'/fA" = (A'/p")/(f) = A/fA is the residue field of A,
the ideal fA’ is a maximal ideal of A’. The inclusions A — A" — A[1/f]
imply an isomorphism A[1/f] — A’'[1/f].

2. We show that A[1/f] is a local ring and that its maximal ideal is
pA[l/f]. Let ¢ € A and n = 0 be such that g/f" € A[l/f] is not in
pA[1/f] = Ker(A[1/f] — A[1/f]). Since g is not contained in p and f is a
uniformizer of A, it is of the form g = uf™+bforu € AX,m = 0,b € p = fp.
Writing b = f™c for ¢ € p, we obtain g = f™(u+c¢) and u+c € A is
invertible. Hence A[1/f] is a local ring and is equal to Aj.

Since fp =p and A[l/f] = Ap, we have pAp = pA[l/f] = p.

3. Let B be the local ring of an étale algebra over Ap at a maximal ideal
above p such that the residue field is isomorphic to the residue field x(p)
of the local ring Ap. We show that the canonical morphism Ay — B is an
isomorphism.
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By Zariski’s main theorem, there exist a finite A-algebra B and an iso-
morphism Bg — B from the localization at a prime ideal q of B above p. By
replacing B by the quotient by the p-torsion part, we may assume that the
canonical morphism B — B ®4 Ay is an injection. The finite x(p)-algebra
B ®4 k(p) is decomposed as k(q) x C. We identify the residue field x(q)
with k(p) by the canonical isomorphism.

The image of B in k(q) = x(p) equals A/p since B is finite over A and
A/p is normal. Let Bj be the image of B in C. Define a subring B’ C
B ® Ap containing B as a subring to be the inverse image by the canonical
surjection By Ap — BRak(p) of B'=A/px By C k(q) x C = B®aK(p).
Since the kernel of the surjection B ®4 Ay — B ®4 k(p) is the image of
B ®4 pAp and is contained in B by 2, the cokernel of the injection B — B’
is isomorphic to the cokernel of B/pB — B’ = A/p x By and is of finite
length as an A/p-module. Hence B’ is also finite over A and the canonical
morphism B ®4 Ap — B’ ®4 Ap is an isomorphism.

Since A is henselian, the finite A-algebra B’ is the product of local rings.
Thus, replacing B by the factor of B’ whose spectrum contains ¢, we may
assume that k(p) — B ®4 k(p) is an isomorphism. Then, the morphism
Ap — By of finite étale Ap-algebras is an isomorphism. [

ProrosiTIiON 2.12.  Let S be the spectrum of a discrete valuation ring
and X be a scheme of finite type over S. Let D be a closed reqular integral
subscheme of X finite and flat over S and let E be a Cartier divisor of X
meeting D transversely. Let x be a closed point of DN E. Forn 2 1, let
X, — X denote the blow-up at D N"nFE, let x, be the closed point above x
of the proper transform of D and let T,, be a geometric point of X,, above
T

Let A be a finite field of characteristic £ invertible on S and F be a
constructible sheaf of A-modules on X. Then, for an integer ¢ > 0, the
inductive limit lii>nan1/)56nf 1S zero.

ProOOF. Replacing S by a strict localization, we may assume S is
strictly local. Let A denote the local ring Ox z, p C A be the prime ideal
defined by D and f € A be a function defining the divisor £ on a neigh-
borhood of x. Then, lim, X, z, is Spec A of the strict localization A" of
A" = Alp/f";n =2 1] at the maximal ideal fA’ in the notation of Lemma
2.11.1. By Lemma 2.11.1, the ideal p’* = pA’* satisfies fp/" = p'*.
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Let n and 77 denote the generic point of S and the point defined by a sep-
arable closure. By Lemma 2.11.1 and 2., the complement X xx (X=-F)=
Spec A™"[1/f] € X = Spec A’ of the inverse image of E equals the spec-
trum Spec Ag}h of the localization of A’* at the prime ideal p’* and hence

is contained in the generic fiber X x g 1. Further, since the underlying set
of the inverse image X x x E consists of the unique closed point and is con-
tained in the closed fiber, the generic fiber X X g 1 equals Spec Ag}h and is
henselian by Lemma 2.11.3. The residue field of p’* is a finite extension of

the function field of S. Hence X X g 1 is a finite disjoint union of strictly
local schemes and lim ,, Rz, F = HY(X xg 17, F) is zero for ¢ > 0. OJ

LEMMA 2.13. Let S be the spectrum of an excellent discrete valuation
ring, X be a normal flat scheme of finite type over S of relative dimension
1. Let D C X be a reduced closed subscheme of X finite and flat over S
andlet j: U =X = D — X denote the open immersion.

Let X' — X be a proper birational morphism as in Lemma 2.5 such that
the proper transform D' C X' of D is reqular and meets the reduced part E
of the closed fiber X! transversely.

Forn 2 1, let X,, — X' be the blow-up at nE N D’ and let D, C X,
denote the proper transform of D'. Then for a geometric point T of Dz and
for a locally constant sheaf F of A-modules on Uy, the canonical mapping

(2.12) HY(X, = Dp) xx &, RYjIF) — RipziF

s injective. Further, there exists an integer m = 1 such that, for every
n = m, the canonical mapping (2.12) is an isomorphism.

PROOF. The canonical morphism H'(X,, x x Z, RyjiF) — Rz F is
an isomorphism by the proper base change theorem. Hence, the injectivity
follows from the exact sequence

(2.13) P RwiF — HX(Xn = Dn) xx &, RYHIF)
T'EDp X xT
— RYWejF — €  RWwiF
T'EDXXxT

and ROy jiF = 0 for ¥ € D,, xx Z. By Proposition 2.12, the inductive
limit lim, of the last term in (2.13) is zero. Since RY%zjF is of finite
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dimension, there exists an integer m = 1 such that the last map in (2.13) is
the zero-map for n = m. Hence, for n = m, the second arrow in the exact
sequence (2.13) is an isomorphism. [J

We prove the following stability of nearby cycles for a fibration from a
surface to a curve. A similar stability is proved by Laumon in [21, Théoréme
6.1.4] in arbitrary dimension, under the assumption that the normalization
of a covering trivializing the sheaf has an isolated singularity.

THEOREM 2.14. Let X be a normal surface and C be a smooth curve
over a perfect field k of characteristic p, and let f: X — C be a flat mor-
phism over k. Let D be a closed subscheme of X and j: U =X =D — X
be the open immersion. Let A be a finite field of characteristic £ # p and F
be a locally constant constructible sheaf of A-modules on U.

Let u be a closed point of X such that uw is an isolated characteristic
point of f: X — C with respect to jF and that D = {u} is étale over C.

1. There exists an integer N = 1 such that, for a morphism g: X — C

satisfying g = f mod m!Y

w » we have an equality

(2.14) dim R4, (1 F, f) = dim R'¢,(jiF, g).

2. There exists an integer N = 1 such that, for a morphism g: X — C
satisfying g = f mod mY | there exists an isomorphism

(2.15) R'u(iF, f) = R'%u(3F, 9).

Proor. By Proposition 2.10, it suffices to prove the case where u is in
the closure of D = {u}. By shrinking X, we may assume D is flat over C
and u is the unique point of the fiber of D — C.

1. First, we deduce the case where F = Ay from Proposition 2.10. Let
i: D — X denote the closed immersion. By the exact sequence 0 — jiAy —
Ax — i,Ap — 0 and R%,(jiAy, f) = 0 for ¢ # 1, we have an equality

(2.16)  —dim R'¢y(jidv, f) = dim Ry (Ax, f) — dim Rey (Ap, f|p).

By the assumption, X — {u} — C is smooth and D — {u} — C is étale.
Hence, by Proposition 2.10, there exists an integer N = 1 such that, for
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a morphism g: X — C satisfying ¢ = f mod mY, we have isomorphisms

Ry (Ax, f) — Ryu(Ax,g) and Ry, (Ap, flp) — RYw(Ap,g|p). Further,
we have an equality (2.16) with f replaced by g by Proposition 2.1 and by
the same argument as above. Hence the equality (2.14) holds for F = Ay.

We prove the general case. Let Fy = F —rank F - Ay denote the virtual
difference. Let S denote the strict localization of C' at a geometric point
5 above f(u) and let 77 be a geometric point of S defined by an algebraic
closure of the fraction field. Then, we have

(2.17)  dim R4, (51 F, f) — rank F - dim R ¢, (jiAy, f)

= > dim tot (1 Fol W)« s7) — dim totu (5170l (1, £)x g5)
z€(D, f)X 57

and similarly for dim R+, (iF, g) by [19, Théoreme 5.1.1], [17, Theorem
(6.7)], [14, Theorem 11.9].

Let N =2 1 be an integer satisfying the conditions in Propositions 2.1
and 2.4 and in the first part of this proof and let g be a morphism satisfying
g = f mod mfy . Then, since u is an isolated characteristic point of g, the
fiber of g containing u is a reduced Cartier divisor on a neighborhood of .
Hence by Propositions 2.1 and 2.4 and by what we have proved above, we
have

(2.18) Z dim tots (1| (v, f)x s7)
z€(D,f)x g7
= Z d1m tOtx (j!j:’(U,g)Xsﬁ)?
z€(D,g9)X 7]
(2.19) dim toty, (j1F |1, f)xgs) = dim toty (1.F |, x 5)

respectively and the equality (2.14) for F = Ay. By (2.17), they imply the
equality (2.14).
2. By Lemma 2.13, there exists an integer n = 0 such that the morphism

(2.20) H!((Xyn = D) xx @, RO(JIF, f)) = R'u (i F, f)

is an isomorphism in the notation loc. cit. Recall that X’ is regular and
an elementary computation show that the blow-up X,, is normal. Changing
the notation, let X’ and D’ denote X,, and D,,. Further by Lemma 2.13,
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the canonical morphism
(2.21) Hy (X' = D') xx u, RY(jiF, 9)) — R'¢u(iiF, g)

is an injection. Thus, by 1., it suffices to show that there exists an integer
N = 1 such that for a morphlsm g: X — C satisfying ¢ = f mod m¥, there
exists an isomorphism

(2.22) H)((X' = D) xx u, Rp(jiF, f))
— H (X' = D) xx a, RY(jiF, g)).

Since X’ — D’ may not be affine, we cannot immediately apply Propo-
sition 2.9. By shrinking C' and X, we may assume that C' and X are affine.
To apply Proposition 2.9, we use a contraction X’ — X" — X satisfying
the following property, constructed in the proof of [11, Lemme A]: The mor-
phism ¢: X” — X is proper, its restriction X" = ¢~ 1(u) — X = {u} is an
isomorphism and the morphism X’ — X" contracts exactly those compo-
nents of 7~1(u) not meeting D’. Referring to loc. cit. for the detail of the
construction, we briefly sketch it here. Let m: X’ — X be the canonical
morphism. Take an integer m = 1 such that 7*7,.Ox/(mD’") — Ox/(mD")
is surjective. Then X’ — X" is defined as the Stein factorization of X' —
Projx ©,,> o mOx/(mD’). Since X’ is normal, its contraction X" is also
normal.

Since X’ — X" is an isomorphism on a neighborhood of D’, we identify
D’ as a divisor of X”. Then, by the proper base change theorem, the
canonical morphism H!((X” = D') x x @, RY(j1F, f)) — HA(X' = D') xx
u, R (1 F, f)) is an isomorphism and the same for g. Thus to define an
isomorphism (2.22), we may replace X’ by X"

By the assumption that f: X = {u} — C is smooth, the restriction of f
to U is smooth. Hence, the restriction of f to the complement (X" — D) —
¢~ 1(u) is also smooth. The divisor D’ is @-ample and the complement
X" =D’ is a scheme affine over X and hence is an affine scheme. Let
V' — U be a G-torsor for a finite group G such that the pull-back of F on
V' is constant.

We apply Proposition 2.9 to the composition X"’ — D' — X — C of
morphisms of affine schemes and to the pull-back of the G-torsor V' — U.
Let X " be the henselization of X” — D’ along the inverse image ¢~ !(u),
let j: U xx X” — X" be the open immersion and let F be the pull-back
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of F. Let X f and X ; denote the scheme X" regarded as schemes over C

with respect to the compositions of X” — X with f: X — C and ¢: X —
C respectively, as in the proof of Proposition 2.9. Then, we obtain an
isomorphism h: X g = X ¢ over C together with an isomorphism A* (GiF) —
G F on X e

Since the henselization X” — X” — D’ is defined as the limit of étale
neighborhoods of ¢! (u), the restriction to ¢! (u) of the nearby cycle com-
plex of j,}N— with respect to the morphism X" - C equals the restriction
of the nearby cycle complex of jF with respect to X” — D’ — C. Hence
the isomorphisms h: )A(/g — )?}’ over C and h*(jiF) — jiF on )?g induce an
isomorphism (2.22) with X’ replaced by X" as required. O

3. Radon Transform and the Characteristic Cycle

3.1. Preliminaries on the universal family of hyperplane sections
For the formalism of dual variety, we refer to [18]. Let X be a normal

projective irreducible scheme over an algebraically closed field k of charac-

teristic p > 0 and let £ be a very ample invertible Ox-module. Let

X - P =P(EY) = Proj,S°E

be the closed immersion defined by L to the projective space
associated to the dual EVY of the k-vector space £ = I'(X,L). We use an
anti-Grothendieck notation to denote a projective space P(E)(k) =
(E ={0})/k*.

Let PV = P(FE) be the dual of P. The universal hyperplane H =
{(z,H) | + € H} C P x PV is defined by the identity id € End(E) re-
garded as a section F € T'(P x PV,0(1,1)) = E ® EY. By the canon-
ical injection Q%;. /k(l) — FE ® Op, the universal hyperplane H is identi-
fied with the covariant projective space bundle P(T*P) associated to the
cotangent bundle T*P. Further, the identity of H is the same as the map
H = P(T};(P x PY)) — H = P(T*P) induced by the locally splitting
injection Ny pxpv — pr*{Q%,/k.

The fibered product X xp H — PV is the intersection of X x PV with H
in P x PV and is the universal family of hyperplane sections. We consider
the universal family of hyperplane sections p: X xp H — PV.
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Assume that X is smooth of dimension d and X ; P. We say that
a reduced closed subscheme T C T*X is a conic subscheme if it is stable
under the multiplication by scalars. For a reduced closed conic subscheme
T C T*X, we define a reduced subscheme

(3.1) P(T) C X xp H=P(X xp T*P)

as follows. First, we consider the inverse image T by the canonical sur-
jection X xp TP — T*X and its restriction to the complement X xp
(T*P = TP) C X xpT*P of the O0-section. Then, P(T) is defined to be the
unique reduced closed subscheme of X xp H = P(X xp T*P) such that its
pull-back by the canonical projection X xp (TP = TP) — P(X xp T*P)
is equal to the restriction to the complement of the O-section. Alternatively,
the conic closed subscheme T C X xp T*P is defined by a graded ideal of
the graded Ox-algebra Oxypr+p and P(T) C P(X xp T*P) is defined as
Proj of the quotient graded algebra.

Assume that a reduced closed conic subscheme T of T* X is of codimen-
sion d = dim X. Then, since X xp TP — T*X is a surjection of vector
bundles, the projectivization P(T') C X xp H of the inverse image is also
of codimension d. Since p: X xp H — PV is of relative dimension d — 1,
the image p(P(T)) C PV is of codimension at least 1.

LEMMA 3.1.  Let X be a projective smooth scheme of dimension d over
k and let L be an ample invertible Ox-module.
1. Assume that L is very ample and satisfies the following condition:

(L) For every pair of distinct closed points uw # v of X, the canonical
mapping

(3.2) E=T(X,L) = Ly/m2L, ® L,/m>L,
18 a surjection.

Then, for an irreducible closed conic subscheme T' C T*X of codimension
d = dim X, either the morphism P(T) — p(P(T)) induced by p: X xpH —
PV is generically radicial or p(P(T)) C PV is of codimension = 2. For
another irreducible closed conic subscheme T' C T*X of codimension d
different from T , the intersection p(P(T))Np(P(T")) C PV is of codimension
> 2.
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2. There exists an integer m such that L®" is very ample and satisfies
the condition (L) for every n = m.

Proor. 1. Let Zpn C Oxxx denote the ideal sheaf defining the diago-
nal immersion A: X — X x X. Let Z C X x X be the closed subscheme
defined by Ii and p1,p2: Z — X be the restriction of the projections. De-
fine a vector bundle V over X and a line bundle L associated to a locally
free Ox-module £ = p1«p5L of rank d + 1 and the invertible Ox-module
L respectively. The canonical isomorphism £ ® Q% — £ ® (Za/ZX) C L
induces an injection

(3.3) T"X®L—V

of vector bundles. The cokernel of (3.3) is the line bundle L.
The linear morphism

(3.4) Ex(XxX)—=Vxx(XxX)°xxV

of vector bundles on (X x X)° = X x X = Ay defined by I'(X, L) ®
Oxxx)y — pr’{ﬁ@pr;ﬁ~ sends a closed point (I, u,v) to (I mod m2L,,l mod
m2L,) in the fiber of (u,v). The condition (L) means that (3.4) is a surjec-
tion.

The images of twists by L of T, 7" C T*X by (3.3) define closed sub-
schemes T'® L and T ® L of V. Then, the intersection of the pull-backs
of T® L and T" ® L by the projections defines a closed subscheme of
V xx (X x X)° xx V. Pulling it back by (3.4) and applying the construc-
tion similar to the definition of P(T") in (3.1), we define a closed subscheme
R(T,T") of PV x (X x X)°. It consists of triples (H,u,v) of a hyperplane
containing points u # v such that (u,H), (v, H) € H are contained in
P(T) and P(T") respectively. Since T,T' C T*X are of codimension d and
T*X ® L C V is of codimension 1, the intersection of their pull-backs in
V xx (X x X)°xx V is of codimension 2(d+ 1). Hence the codimension of
R(T,T") C PV x (X x X)®is 2(d+1). Hence, the codimension of the closure
of its image S(T,7T") C PV by the projection is at least 2(d + 1) — 2d = 2.

Assume T = T” and let H € PV be a hyperplane not contained in
S(T,T). Then, there exists no two distinct points u # v in X such that
both (u, H) and (v, H) are contained in P(T'). In other words, the restriction
P(T) — PY of p: X xp H— PV is radicial outside S(7,T).
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Assume T # T’ and let H € PV be a hyperplane not contained in
S(T,T’). Then, there exists no two distinct points u # v such that (u, H) is
in P(T) and (v, H) is in P(T"). In other words, the intersection p(P (7)) N
p(P(T")) C PV is contained in the union of S(T',T") and the image p(P(T)N
P(T")). By the assumption that 7' and 7" have no common irreducible
components, the intersection P(T) N P(T') € X xp H is of codimension
> d+ 1. Since X xp H — PV is smooth of relative dimension d — 1, the
image p(P(T) N P(T")) C PV is of codimension = (d + 1) — (d — 1) = 2.
Hence the assertion follows.

2. Define Z C X x X as in the proof of 1 and let S = X x X = Ax
be the complement of the diagonal. Then, it suffices to apply the following
Lemma to the proper flat scheme X x S over .S and to the closed subscheme
pripZ UprisZ C X xS where pry;: X XS — X x X denote the restrictions
of the projections pry;: X x X x X — X x X. [

LEMMA 3.2. Let S be a noetherian scheme, f: X — S be a proper flat
scheme over S and L be an f-ample invertible Ox-module. For a closed
subscheme Z of X flat over S, there exists an integer m such that for every
n = m and for every point s € S, the restriction

(3.5) I'( X, L2"® Ox,) — I(Zs, LO" @ Oz,)
18 a surjection.

Proor. Let Z; C Ox be the ideal sheaf defining Z. Since L is f-
ample, there exists an integer m such that for every n = m and for every
qg > 0, we have R1f, T, ® L®" = 0. For n = m, the spectral sequence
ERT = Tor(_oif (RIf.I7 @ LO k(s)) = HPTI(X,, Tz, @ LZ" @ Ox,) implies
the vanishing H'(X;,Zz, ® L ® Ox,) = 0 and (3.5) is a surjection. (]

The following lemma will be used to show the existence of a pencil
defining a fibration close to f.

LEMMA 3.3. Let X be a projective normal scheme of dimension d over
k and L be an ample invertible Ox-module. Let u be a closed point of X
such that X° = X = {u} is smooth and let N = 1 be an integer.

1. Assume that L is very ample and satisfies the condition:
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(N) For every closed point x € X, # u, the canonical morphism
(3.6) E=T(X,L) = L,/m) L, ® L, /m2L,
18 a surjection.

Letl € E =T(X, L) be a non-zero section such that the hyperplane section
X defined by loo does not contain u. Let T,... T, be a finite family of
closed conic irreducible subschemes of T*X° of codimension d.

Then, for f € m,/mY, there evists a non-zero section | € E = T'(X, L)
such that | # |,

(3.7) I/lso = f mod m¥

and that the hyperplane section Xg of X defined by l = 0 satisfies the follow-
ing condition: The complement X§ = Xo — {u} C X° is smooth and, for
every i = 1,... ,m, the intersection T)"‘(SXO N T; with the conormal bundle
s contained in the 0-section.

2. There exists an integer m = 0 such that L% is very ample and
satisfies the condition (N) for every n = m.

Proor. 1. We regard the k-vector space W = Ox,u/miv as an affine
space over k and let £y C E =TI'(X, L) denote the inverse image of f mod
m% by the surjection E = T'(X, L) — W = Ox ,/m% sending I to I/l mod
m?.

We define a closed subscheme Z C X° x X°, a vector bundle V' of rank
d+ 1 over X° and an injection 7*X° @ L — V (3.3) of vector bundles of
codimension 1 on X° similarly as in the proof of Lemma 3.1.1. We consider
the pull-back £ ® Oz — p5L of the canonical morphism £ ® Ox. — L.
Since £ ® Oz = p;(F ® Oxo), it induces E ® Oxo — p1.p5L by adjunction
and hence F x X° — V. We define a linear morphism

(3.8) ExX°—=VxW

of vector bundles on X° to be its product with the canonical morphism
E — W. It maps a closed point (I,z) to (I mod m2L,,l mod m¥L,) in
the fiber of . The condition (N) means that (3.8) is a surjection. For a
closed point (I,xz) € E x X° and [ # 0, its image in V' x W is contained in
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(T*X° ® L) x W if and only if  is a point of the hyperplane section X
defined by | = 0.

We put Ty = T%.X° and for each T;, let T; ® L C V denote the image
of the twist of 7; by L by (3.3) and define

Ej; C Ef x X°

to be the inverse image of (T; ® L) x {f} by (3.8). For (I,x) € Ey x X° such
that [ # 0, the condition (I,z) € Ey is equivalent to I = 0 mod m2L,, that
means that  # u is a singular point of the hyperplane section X defined
by I = 0. Further, for (I,z) € E;y x X° not contained in E ¢ and for i # 0,
the condition (I,z) € Ey; is equivalent to that « # u is a smooth point of
the hyperplane section X and the fiber of the conormal bundle T)*(SX ° at
x, that is spanned by the twist of [, is contained in T;.

Consequently, [ € Ey,# 0 is not in the image of E; by the projection
E; x X° — Ey if and only if X§ is smooth. Further, for such [, it is not
in the image of Fy; if and only if the intersection T OX °N7T; is contained
in the O-section. Thus, the hyperplane section Xg satisfies the condition if
and only if | € Ef,# 0 is not in the union of the images of Eyq, -+, Ef
by the projection Ey x X° — Ejf.

The conic subscheme Ty = T, X° C T* X* is of codimension d = dim X
and T; C T*X° fori=1,...,m are assumed to be of codimension d. Since
the morphism (3.8) is surjective and the injection (3.3) is of codimension 1,
the subvariety Ey; C Ey x X° is of codimension d + 1. The images of Ey;
by the projection Ey x X° — E; are of codimension at least 1 in Ey and
the assertion is proved.

2. Let P C X x X be the closed subscheme defined by Ig( andlet T'C X
be the closed subscheme defined by m)Y. Then, it suffices to apply Lemma
3.2to S = X = {u} and the closed subscheme Z=(TxS)I(PN(X x).9))
of X x 5. [

Combining Lemmas 3.1 and 3.3, we obtain the following.

PRrROPOSITION 3.4. Let X be a projective irreducible smooth scheme of
dimension d over an algebraically closed field k and L be an ample invertible
Ox-module. Let T be a conic irreducible closed subscheme of T*X of codi-
mension d. Then, there exists an integer m = 0 such that for every n = m,
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the invertible Ox -module LZ™ is very ample and satisfies the condition (L)
in Lemma 3.1 and the morphism P(T) — p(P(T")) is generically radicial.

PRroOOF. For a hyperplane Hy € PV, the inverse image of p: X xpH —
v is identified with the hyperplane section X N Hy. Hence, it is contained
in the open set, a priori can be empty, of p(P(T")) where P(T) — p(P(T))
is radicial if and only if the intersection of X N Hy, regarded as a subset of
X xp H, with P(T) consists of a unique point. Since the condition (L) has
been already studied in Lemma 3.1.2, it suffices to show the existence of an
integer m such that for n = m, there exists a hyperplane Hy € P such that
the intersection of X N Hy with P(T) for L& consists of a unique point.

Let u be a closed point of X in the image of T by the canonical map
T*X — X. Take a function f defined on a neighborhood of u such that
f(u) = 0 and that T" and the section df of T*X meet on the fiber of 7% X
above u.

By Lemma 3.3.2, there exists an integer m such that for n = m, the
invertible Ox-module £%" satisfies the condition (N) in Lemma 3.3 for u
and N = 2. Then by Lemma 3.3.1, for an integer n = m, there exist non-
zero sections loo,l € T'(X,L%"), 1l # [ such that the hyperplane section
X defined by ls does not contain u and [/l = f mod m2, that the
hyperplane section Xg of X defined by [ = 0 is smooth outside u and that
the intersection T5o X° N'T with the conormal bundle of X5 = Xo — {u} C
X° =X = {u} is contained in the 0-section.

Let Hy be the hyperplane defined by [ = 0 and g be the function 1/l
defined on X — X,. Then the congruence [/lo, = f mod m2 implies that
dg(u) = df(u) in T,;X. Hence, the pair (u, Hy) € X xp H is a point of
P(T). Further, the conditions that X§ is smooth and that T’ OXo NT is
contained in the 0-section imply that the intersection of the ﬁber Xox{Hop}
of p: X xp H — PV at Hy with P(T) is a subset of {u}. Thus, u is the
unique point of the fiber P(T') — p(P(T)). O

Let G = Gr(1,PY) be the Grassmannian variety parametrizing lines in
PV. The universal line D C G x PV is canonically identified with the flag
variety parametrizing pairs (L, H) of points H of PV and lines L passing
through H. We also identify D with the projective space bundle P(TPV)
associated to the tangent bundle of PV. We define Xg by the cartesian
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diagram
Xeg — X xpH
| l
(3.9) D —— PY
G.

The Grassmannian variety G is also regarded as Gr(2, F) parametrizing
subspace of E of dimension 2. If V C E x G denotes the universal sub vector
bundle of rank 2, the universal axis A C P x G — G is the projective
space bundle P(V"1) associated to the annihilators V+ c EY x G. The
intersection X xp A = AN (X x G) is identified with the Grassmannian
bundle Gr(2,X xp T*P) parametrizing sub vector bundles of rank 2 of
X xpT*P. Hence X xp A is proper smooth over X and the immersion X xp
A=Gr(2,X xpT*P) - X x G =Gr(2,X x E) is a regular immersion of
codimension 2. The intersection of the twist of the pull-back of the universal
sub bundle V C F x G to X x G with the pull-back of X xp T*P defines a
sub line bundle on the complement X x G = X xp A and hence morphisms
to X xp H and to D. They define a morphism (X xG) = (X xp A) — Xg
to the fiber product and further induce an isomorphism from the blow-up
of X x G at X xp A to Xg.

For a line L C PV, we define X, by the cartesian diagram

X, —— XxpH
(3.10) le lp

L —— PV

It is equal to {(z,H) € X x L | x € X N H}. If the axis Ay = (g H
of L meets X transversely, then X7, is the blow up of X at the intersection
X N Ay and is smooth over k.

Let T' C T* X be a conic reduced closed subscheme of codimension d and
u be a closed point of X. Let f be a morphism to a smooth curve C over k
defined on a neighborhood of u and assume that the intersection of 1" with
the image of df : X x¢T*C — T*X is contained in the union of the fiber of
u and the 0-section on a neighborhood of u. Then, for a basis w of X xoT*C
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on a neighborhood of u, the intersection number (7, [w])7+x ,, with the image
[w] of the section of T*X defined on a neighborhood of u is defined. It is
independent of the choice of w since T is assumed conic. More intrinsically,
it is the intersection multiplicity of the twist Hom(X x¢ T*C,T) with the
image of the section df of the twisted vector bundle Hom(X x¢cT*C,T*X)
at the inverse image of u and we will write it as

(3.11) (T, df )X u

by abuse of notation.

LEMMA 3.5. Let T C T*X be a conic closed subscheme of dimension
d = dimX and L be a line in PV. Assume that the axis A; meets X
transversely and that T is contained in the 0-section Ty X on a neighborhood
of XNA~L.

Let u be a closed point of X not in X N Ar and set v =pr(u). Assume
that, on a neighborhood of T*X xx (p;'(v) = (X N AL)), the intersection
of T with the image of (X = (X NAp)) xp T*L — T*(X = (X N Ap)) is
contained in the fiber T X of u.

Then, v is an isolated point of the intersection p.(P(T))NL C PY if v
s contained in it and we have

(3.12) (p«(P(T)), L)pv,v = (T, [dpL]) 7+ X -

ProoOF. We claim that the intersection of pzl(v) CXr,CXxpH=
P(X xp T*P) with P(T) is contained in the fiber of u. On the complement
of XN Ay, the immersion X = (XNAy) —» X; - X xpH=P(X xpT*P)
corresponds to the restriction on X — (X N Ar) of the injection T*L xp,
(P=AL) — T*P xp (P — Ap) induced by the morphism P — A; — L.
Hence on a neighborhood of p;*(v) = (X N ApL), the claim follows from the
assumption on the intersection of 7" with the image of X xyp T*L — T*X.
Since X meets Ay, transversely, pr: Xy — L is smooth on a neighborhood
of p;*(v) N (X N Ap). Hence, on a neighborhood of p;'(v) N (X N ApL), the
claim follows from the assumption that 7" is contained in the 0-section 7% X
on a neighborhood of X N Ar. Applying the projection formula to (3.10),
we have (p*(P(T)), L)PV,U = (P(T), XL)XXPH,U'
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Let T be the inverse image of T by the surjection X xp T*P — T*X
appeared in the definition (3.1) of P(T). For a basis w of X xr T*L on a
neighborhood of u, we have (P(T'), X1)xxpHu = (T, [w])x xpT*P,u by the
definition of P(T'). Further, the right hand side is equal to (T, [w])7*x . O

3.2. Radon transform and vanishing cycles

Let X be a smooth projective connected surface over an algebraically
closed field k£ of characteristic p > 0. Let D ; X be a reduced closed
subscheme of X and j: U = X = D — X be the open immersion of the
complement. Let A be a finite field of characteristic £ # p and F be a
locally constant constructible sheaf of A-modules on U = X — D.

Let £ be a very ample invertible Ox-module. We set E' = I'(X, £) and
let X — P = P(EY) be the closed immersion as in the previous section.
The Radon transform R,jF is defined to be Rp.q*jiF using the universal
family of hyperplane sections

(3.13) X 1 XxpH - PV=P(E).

We study the ramification of the cohomology sheaves RZjHF =
Rép.q*/1F in Lemma 3.7 below. We define several closed subsets of PV.
Let D;,i € I be the irreducible components of dimension 1 of D. For each
i € I, let D7 C D; be a dense open smooth subscheme not meeting D;/ for
i’ # i along which the ramification of F is non-degenerate. We define a
finite set X of closed points of D by

(3.14) S=D-|]JD;

i€l
and let j°: U — X =3 denote the open immersion. For an irreducible
component D;,7 € I of codimension 1, let Tfj’, j € J; be the irreducible
components of the singular support SS(j7F) C T*(X = X) dominating Dy
and T;; C T* X be the closure. They are irreducible conic closed subschemes
of T* X of dimension 2. We set

(3.15) J=117%
i€l
let ij € J denote j € J; C J and

(3.16) SS(HhF)=TxXu | T u | Tr X
ijed zeX
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Applying the construction of P(T") (3.1) for conic closed subscheme T' C
T* X, we define closed subvarieties P(T% X), P(T;;) for ij € J and P(T; X)
for z € ¥ of X xp H = P(X xp T*"P). They are irreducible subschemes
of X xp H=P(X xp T*P) of codimension 2. We define a closed subset
P(jiF) C X xp H to be the union

(3.17) P(iF) =P(TxX)u | P(Ty)u | P(T3X).
ijed zeX

The image of P(T%X) by the projection p: X xp H — PV is the dual
variety XV. Let T,y C PV denote the image p(P(Tj;)) for ij € J. The image
H, = p(P(T;X)) C PV is the dual hyperplane P(T}P) = {H | z € H}
for z € . Since P(TxX), P(T;;), P(T;X) C X xp H are of codimension 2
and dim X xp H=dimP — 1+ 2 = dimP" + 1, their images in PV are of
codimension 2 1. For z € X, the canonical morphism P(T;X) — H, is an
isomorphism.

LEMMA 3.6. Let L be an ample invertible Ox-module.
1. Assume that L is very ample and satisfies the condition (L) in Lemma
3.1 and the following condition:

(R) The closed subset XV and T;; C PV forij € J are of codimension 1.

Then, X, T} forij € J and Hy for x € X are distinct to each other and
the morphisms P(T%X) — XV and P(T;;) — Tlg forij € J are generically
radicial.

2. There exists an integer m such that for every n = m, the invertible
Ox-module LZ™ satisfies the condition (L) in Lemma 3.1 and the condition

(R).

Proor. 1. It follows from Lemma 3.1.1.
2. It follows from Lemma 3.1.2 and Proposition 3.4. [

We define a closed subset D(R.jiF) C PV to be the union

(3.18) D(RejF)=X"u | Tyu | Ha
ije €Y

Under the condition (R), the closed subset D(R,jiF) C PV is the under-
lying subset of a Cartier divisor. For an irreducible component D; of D
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of dimension 1, the Op,-module £; = £ ®p, Op, is very ample and the
linear subspace P} = P(E;) C PY = P(E) associated to E; = Ker(E —
['(D;, L;)) is of codimension = 2. The product D; x P is a subset of X xpH
for i € I and x x H, is also a subset of X xp H for z € X.

LEMMA 3.7. 1. The morphism X xpH — PV is flat of relative dimen-
sion 1. It is smooth outside P(T%X). Outside the union | J;c;(D; x P}) U
Uses(z x Hy), the closed subscheme D xp H C X xp H is a divisor flat
over PV,

2. Outside the union P(jiF)UU;c;(Di x PY), the morphism p: X xp
H — PV is universally locally acyclic relatively to the pull-back q*jF.

3. The cohomology sheaf Ry jF = R°p.q* )i F 1s 0 except for s =0,1,2.
The restrictions of R$HF on the complement V. = PV = (D(RzjF) U
U,er PY) is locally constant for every s.

PROOF. 1. Since a hyperplane H C P is defined by a non-zero section
[ € T'(X, L), the intersection X N H is a Cartier divisor of X. Further
X xp H is a smooth divisor of a scheme X x PV flat of relative dimension
2 over PV. Hence the morphism X xp H — PV is flat of relative dimension
1. The smoothness outside P(T%X) follows from P(T%X) = P(TxP) C
P(X xp T*P) = X xp H.

Outside ¥, D — X is a smooth divisor of X —X. If H ¢ P}, we have
D; N H & D;. The condition H ¢ H, means ¢ H. Hence if (u,H) €
D xp H is not a point of the union (J;c;(D; x PY) U U,ex(z X Hy), the
intersection DN H is a Cartier divisor of XN H at x. Thus, outside the union
User(Di x PY) U U ex (z X Hy), the closed subscheme D xp HC X xp H
is a divisor flat over PV,

2. We apply [19, Théoreme 2.1.1 (ii)] to the flat morphism p: X xpH —
PY. Let (z,H) € X xp H be a point outside the union P(jiF) UJ;c;(D; x
P/). Then, by 1., p: X xp H — PV is smooth at (z,H). Further, if
x is a point of D, D xp H is a Cartier divisor of X xp H flat over PV
at (x,H). By the condition that (z, H) is not in P(jF), the immersion
X N H — X is non-characteristic with respect to jiF. Hence the total
dimension of the restriction of j1JF to X N H is computed as the intersection
number (X N H, DT (;#F)) by (1.9).

In other words, it is the intersection number of the fiber of X xpH — PV
at the point [H] with the pull-back of DT'(;1F) flat over PV. Hence the
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assumption on the function ¢ in [19, Théoreme 2.1.1 (ii)] is satisfied and
the assertion follows by [19, Théoreme 2.1.1 (ii)].

3. By 1., we have R®p,q*iF = 0 except for s = 0,1,2. By 2. and [15,
2.4], R°p.q* /1 F is locally constant on V for every s. [

We define the characteristic cycle of 1 F as a cycle in the cotangent
bundle 7* X using the ramification of the Radon transform.

DEFINITION 3.8. Let £ be a very ample invertible Ox-module satisfy-
ing the conditions (L) in Lemma 3.1 and (R) in Lemma 3.6 and let

(3.19)  a(RejhF) = ak (W F) - XY+ > ai((hF) - Ty + > a5 (iF) - Hy
iged zEY

denote the Artin divisor (1.8) of the Radon transform R,jiF. We define
the characteristic cycle of 51 F relative to L by

a% (j1.F)

(3.20) Charz(jiF) = _<[P(T)*(X) L (75X
ak () F
+%W‘;%§] - [T4) +xezza§(j!f) : [T;;X]>

as a cycle of dimension 2 in the cotangent bundle T X.
We have
(3.21) p« P(Charg ()1 F)) = —a(ReiF)

by the definition. We study the coefficients in more detail in Proposition
3.11.

We prove an analogue Theorem 3.17 of the Milnor formula [6] in several
steps. In the following, we assume that £ is a very ample invertible Ox-
module satisfying the conditions (L) in Lemma 3.1 and (R) in Lemma 3.6.
The following immediate consequence of Lemma 3.7 is fundamental in the
study of the morphism defined by a pencil.

LEMMA 3.9. Let L be a line in PV such that the axis A; meets X
transversely and does not meet D. We identify the blow-up X of X at
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X NApL as a closed subscheme of X xp H by the cartesian diagram (3.10).
Then, outside the intersection XN (P(jF)UU;e;(Ds xPY)), the morphism
pr: Xp — L is locally acyclic relatively to the pull-back of nF and is non-
characteristic with respect to the pull-back of 1 F. Further, outside the same
locus, the restriction D x x X1 — L of pr, is flat.

PrOOF. The local acyclicity and the flatness of D xx X — L is clear
from Lemma 3.7. The non-characteristicity is clear from the definition of

P(;HF). O

Let XV° be a smooth dense open subscheme of XV satisfying the follow-
ing conditions: The intersections with other components of D(R zjF) (3.18)
and with PY for ¢ € I are empty. The inverse image of P(T%X) — XV
consists of one point for every point of XV°. The ramification of (R%5F)|v
along XV° is non-degenerate. The restriction (R%jiF)|xve is locally con-
stant for s =0, 1, 2.

Similarly, we define smooth dense open subschemes TZ\J/O C TZ\J/ forij € J
and HY° C H, for x € . Let D(R.jiF)° denote the disjoint union

(3.22) D(RejF)° = XVeu |J e v HY®

ijed zeX
as in (3.18). It is a dense open subscheme of D(R,j1F) and is smooth of
codimension 1 in PV.

LEMMA 3.10. Let L be a line in PV such that the azxis A meets X
transversely and does not meet D. Let y be a closed point of L corresponding
to a hyperplane H C P and suppose that L meets D(RejF) at y properly.

1. Let z € X be a closed point not contained in Ar satisfying y = pr(z).
Assume that pr,: X1 — L is non-characteristic with respect to (the pull-back
of ) jiF on a neighborhood of pzl(y) except at z. Then, we have

(3.23) —(a(RenF), L)y = (Charg (1 F), [dpL]) -

2. Assume that L meets D(RpjF)° transversely at y and that the im-
mersion L — PV is non-characteristic with respect to (R:jF)|v at y for
s = 0,1,2. Then, the intersection (X N H) x {y}) N P(HF) C X xp H
consists of one point z and we have

(3.24) dim tote. (j1F,pr) = (a(ReiF), L)y
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PrOOF. 1. We verify that the assumptions of Lemma 3.5 is satisfied.
By the assumption X N A; C U, the singular support is contained in
the O-section on a neighborhood of X N A;. By the assumption of non-
characteristicity, the intersection of 1" with the image of X xp T*L — T*X
is satisfied. By p.P(Chargs(1F)) = —a(RejiF) (3.21) and Lemma 3.5, we
obtain (3.23)

2. Let 7, denote a geometric generic point of the strict localization of L
at y. By the definition of D(R ;i F)°, the point y € L is not contained in P}/
for ¢ € I and z is the unique point of pzl(y) contained in P(51F) C X xpH.
Hence, by Lemma 3.9, the morphism pr,: Xy — L islocally acyclic relatively
to the pull-back of jF on pzl(y) except at z. Hence the distinguished
triangle of vanishing cycles gives a distinguished triangle

(3.25) — (RejiF)y — (RepF)a, — ¢=(1WF,pL) — -

This implies dim tot¢. (717, pr) = ay (R F)|L)-

By the assumption that the immersion L — PV is non-characteristic at
y and by (1.9), the total dimension of the restriction dim toty, (Rzj1F)[L
equals the intersection number (DT(RzjiF),L)y. By the definition of
D(R.5F)°, the dimension dim(Rzj1F), is the rank of the restriction of
RejF on the component of D(R,jF)° containing y. Hence we have
ay(ReiF)le) = (a(RejiF), L)y. O

PROPOSITION 3.11 (cf. [9, p.7 Question]). The coefficients of [Tx X] in
Charg(jiF) is the rank of F. The coefficient of [Ti;] forij € J is a rational
number at least 0 and its denominator is a power of p. The coefficient of
[TXX] for x € ¥ is an integer at least 0, if x is not an isolated point of D.
If x € ¥ is an wsolated point of D, it is —rank F.

PrROOF. Let L be a line as in Lemma 3.10.2 and y be a point of inter-
section L N D(R,5F)°. By Lemma 3.10.2, we have dim tot¢,(j1F,pr) =
(a(RejhF),L)y. If z is not an isolated point of D, we have ¢Z(51F,pr) =0
except for ¢ # 1 and the coefficient of the component containg y in a(R zj1F)
are integers at most 0. Hence, the coefficients in Charg(jiF) are rational
numbers at least 0 except for the coefficients of [T} X| for an isolated point
x € ¥ of D. If z is an isolated point of D, we have ¢Y(jiF,pr) = (j«F)-
and ¢2(j1F,pr) = 0 except for ¢ # 0. Hence, the coefficient of [T} X] is
—rank F.
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Assume that y is in XV°. Since F is locally constant on a neighborhood
of z, by the Milnor formula [6], we have —dim tot¢,(jiF,pr) = —rank F -
dim tot¢. (1A, pr) = rank F - (T'x X, [dpr])1+x, .. Hence the coefficient of
[T% X] is rank F by Lemma 3.10.2.

Since P(T;;) — Tl\J/ is generically purely inseparable by Lemma 3.6, the

degree [P(T;;) : T)] is a power of p. [J
We show the existence of a good pencil for an invertible sheaf satisfying

the conditions (L) and (R).

LEMMA 3.12.  Let £ be a very ample invertible Ox-module satisfying
the conditions (L) and (R). Then, the open subscheme of the Grassmannian
variety G consisting of lines L C PV satisfying the following conditions
(P1)—(P3) is non-empty:

(P1) The axis Ar meets X transversely and does not meet D. The mor-
phism pr|p: D — L is generically étale.

(P2) The intersection L N D(RenF) is finite and is contained in
D(RrjF)°. Further L meets D(RyjJF)° transversely. The inter-
section LN J,c; P is empty.

(P3) The immersion L — PV is non-characteristic with respect to
vi(RENF)y for s = 0,1,2 for the open immersion jy: V — PV
for V in Lemma 3.7.

The condition (P2) implies that the inverse image of the intersection
X NAp in X does not meet the intersection Z; = P(;#F) N Xr. The
condition (P2) further implies that the intersection Zj consists of finitely
many closed points and that the restriction pr|z, : Zr, — L is an injection.

PROOF. Since each condition is an open condition on G, it suffices to
show that there exists a line L C PV satisfying each condition (P1)—(P3),
separately.

By Bertini’s theorem, there exists a hyperplane H € PV meeting X
transversely and another hyperplane H' € PV meeting X N H transversely.
Then, for the line L C PV spanned by H and H’, the axis A;, = HNH' C P
meets X transversely. Similarly, there exists a hyperplane H € PV meeting
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D transversely and another hyperplane H' € PV not meeting D N H. For
the line L C PV spanned by H and H’, the intersection A; N D is empty.
A line L satisfying these conditions satisfies (P1).

Since D(R .51 F)° is a dense open subscheme of a divisor D(Rzj1F) of
PV, there exists a line L C PV such that the intersection with D(RzjF) —
D(RpjF)° is empty. Since D(R,jF)° is smooth, there exists a line L
meeting D(R 51 F)° transversely. Since P} is of codimension = 2 for every
i € I, there exists a line L C PV such that the intersection L NP} is empty
for every i € I. A line L satisfying these conditions satisfies (P2).

Forij € J, let X3, C D xpv T;7° be the subset consisting of pairs (L, H)
of a hyperplane H € Tlgo C PV and a line L C PV passing through it such
that the immersion L — PV is not non-characteristic at H. Since the closure
Y C D of Efj is of codimension 2 and since D is a P!-bundle over G, its
image Q;; C G is of codimension = 1. We define ¥x € D and X, C D for
x € ¥ similarly. By the same argument, their images Qx € G and Q, C G
for z € ¥ are of codimension at least 1. A line L € G not contained in the
union of Qx,Q;; and Q, C G for x € ¥ satisfies (P3). O

PropPoSITION 3.13. Let L be a very ample invertible Ox -module satis-
fying the conditions (L) and (R). Let L C PV be a line such that the axis Ay,
meets X transversely and does not meet D and set Zy, = X NP(jHF) C Xp.

Let u be a closed point of X — (XNAL) satisfying the following condition:

(u) v =pr(u) is an isolated point of pr,(Z1) and that u is the unique point
in the intersection Zj, ﬂpzl(v). Further, for i € I, if the restriction
pr|p;: Di — L is not flat, v is not in the image pr(D;).

Then, we have

(3.26) —dim totgy (71F,pr) = (Charg(71F), [dpL]) 1+ x u-

Proor. By Lemma 3.12, the open subscheme V' C G consisting of
lines satisfying the conditions (P1)—(P3) is non-empty. We take a line C' in
G passing the point s € G defined by L and meeting V. By replacing C' by
a neighborhood C' of s, we may assume that for every point ¢t € C' = {s},
the corresponding line L; satisfies the conditions (P1)-(P3).
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We apply Proposition 2.6 to the cartesian diagram

Xy, Xc Xg — X xpH
& | | |

L Lo D — P

| | |

S C G

and to the pull-back B of the Artin divisor a(Rz)nF) to Y = Lo. We
show that the pull-back of ji.F to X¢ is locally acyclic relatively to X¢ —
C. By the assumption (P1), the axis Ay, meets X x C transversely and
does not meet D x C. Hence the pull-back of 5 F is locally constant on
a smooth scheme X — (D x C) over C' and is locally acyclic relatively to
Xc = (D x C) — C by the local acyclicity of smooth morphism. Further,
on a neighborhood of D x C, it is the pull-back by the projection and is
also locally acyclic relatively to X¢ — C by [7, Théoreme 2.13]. Hence the
pull-back of jiF to X¢ is locally acyclic relatively to X¢ — C.

The pull-back of jiF is universally locally acyclic relatively to X¢ — L¢
outside the inverse image Z’ of the union of P(jiF) U UJ,c;(D; x PY) by
Lemma 3.7. By condition (P2), the morphism Z' — C' is quasi-finite on
C — {s}. By the assumption (u), v is not contained in L N J,c; P; and
is an isolated point of pr(Zr) = pr(Z' N X1). Further, u is the unique
point of Z; N pzl(v) =7'"n pzl(v) and the assumptions of Proposition
2.6 are satisfied. Hence by Lemma 3.10.2 and Proposition 2.6, we obtain
dim tote, (i1 F,pr) = (a(RejF), L),. Hence (3.26) follows from (3.23). O

ProproOSITION 3.14. Let

C X - X

be an étale morphism o: X' — X of smooth surfaces over k and a flat
morphism f: X' — C to a smooth curve C over k. Assume that X is pro-
jective and let F be a locally constant constructible sheaf on the complement
U= X =D of a reduced closed subscheme D G X. Let j': U' — X' be the
pull-back of j: U — X and F' be the pull-back of F on U’. Let u be a closed
point of X' such that u is an isolated characteristic point of f: X' — C with
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respect to jiF' and assume that the restriction f|pr: D' = D xx X' — C' is
étale on a neighborhood of u except at u.

Then, for an ample invertible Ox-module L, there exists an integer m
such that for every integer n = m, the invertible Ox-module LZ™ is very
ample and satisfies the conditions (L) and (R) and we have

(3.27) —dim totey (jiF', f) = (T"¢)"Char on (1 F), [df]) 7+ X u

Proor. We prove Proposition by reducing it to Proposition 3.13 using
the stability of nearby cycles Theorem 2.14. By taking an étale morphism
C — P! on a neighborhood of v = f(c), we may assume C = P! and
v = 0. By Theorem 2.14, there exists an integer N = 1 such that for a
morphism ¢g: X' — C congruent to f mod m , we have an isomorphism
¢u( Ji 7f)—¢U( VIEaEY) )

Similarly as Proposition 2.1, there exists an integer N = 1 such that
for a morphism g: X’ — C congruent to f mod m , we have an equality
(T, [df)r+x'u = (T, [dg])r+x7 4 for every irreducible component T' of the
singular support SS(51F).

By Lemmas 3.1.2 and 3.3.2, there exists an integer m = 1 such that
for every integer n = m, the invertible Ox-module £®" is very ample and
satisfies the conditions (L) and (N) for the integer N = 1 above. We show
the equality (3.27) for n = m above. By changing the notation, we write
L for £LZ". We show the existence of a pencil L such that p; satisfies
the conditions in Proposition 3.13 and that the composition g = pr, o ¢ is
congruent to f mod ml’

Take a hyperplane Hy, € PY not contained in D(RzjF)UJ,;c; P, and
a section lo, € E = I'(X, L) defining Hy. Then, the hyperplane section
Xo = X N Hy is smooth and does not contain x € 3. Further, we may
assume that u is not contained in H,, and that Dy, = D N Hy, is étale.
We apply Lemma 3.3 to the family of subschemes T%X,T;; for ij € J,
Ty X for x € YU Do and Ty X. Then, there exists | € Ey satisfying the
conditions loc. cit. for this family. By the rational function /I, we also
identify L = P!,

The complement X§ = Xo — {u} is a smooth divisor of X — {u}. The
condition that the intersection T' )*(OX NT%_ X is contained in the 0-section
means that X, and X meet transversely and hence the axis Ay of the
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pencil L spanned by [ and [, meets X transversely. The condition that the
intersection 7' )*(SX NT;X is contained in the 0-section for x € Dy, means
that the axis Ay, does not meet D.

Let pr: X; — L be the morphism defined by the pencil L. By the
assumption that Do = D N Hy is étale, the restrictions pr|p,: Di — L
are flat and LNPY = @ for i € I. Let Z;, C X be the intersection
with P(#F) € X xp H. By the conditions that H, is not contained in
LND(RejF) =pr(Zr) and that X N Ar is contained in U, the morphism
pr: X1 — L is smooth outside the finite set pr(Zr). Further, pr: Xp — L
is locally acyclic relatively to the pull-back of jiF and is non-characteristic
with respect to the pull-back of jiF outside Z; by Lemma 3.9.

The condition that the intersection T° )*(SX NT5%X is contained in the
0-section means that the morphism p;: X; — L is smooth on a neighbor-
hood of p;*(v) — {u}. The condition that the intersection of T*SX with
T X, T;; for ij € J, T;X for x € ¥ is contained in the 0-section means
that the intersection X§ N Zy, is empty. Thus, the condition (u) in Propo-
sition 3.13 is satisfied and we have an equality —dim totg,(,) (W F,pL) =
(Charz (1 F), [dpL]) 1 x o (u)-

The congruence [/l,, = f mod mY means that the composition py o
@: X — L is congruent to f: X — C mod muN. Thus, by Theorem 2.14,
we have an isomorphism ¢, (0*1F, f) — ¢y (71F,pL). Since we also have
((T*p)*Charg (11 F), [df )7+ x7u = (Charg (j1.F), [dpL]) 7+ x p(u), the assertion
follows. [J

COROLLARY 3.15. Let f: X' — X be an étale morphism of smooth
surfaces over k. Let X O X and X' 5 X' be projective smooth surfaces
containing X and X' as dense open subschemes and let L and L' be a very
ample invertible O g-module and O -module satisfying the conditions (L)
and (R).

Let U be a dense open subscheme of X and F be a locally constant
constructible sheaf of A-modules on U. Let j: U — X and j: U' = U xx
X' — X' be the open immersions and let F' be the pull-back of F on U’.
Then, we have

(3.28) (T* f)*(Charz (51F)|x) = Charg (51.F)| x-
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Proor. It is sufficient to show that the coefficient of an irreducible
component Ty of SS(jF) C T*X in Charg (71 F)|x = >, ai[T;] equals that
of an irreducible component T} of the pull-back of Tp in Charp (j{F')|x: =
>y au[T)]. Let Ty C T*X be the closure. By Lemma 3.6.1, the restriction
P(Ty) — Ty of the morphism X xp H — PV is generically radicial. By
Lemma 3.12, we may take a pencil L C PV satisfying the conditions (P1)-
(P3) there. Let v be a point L NTy and u € P(Ty) be the unique point
of the inverse image p;*(v) C X1. By the condition (P2), u € X xp H
is not contained in P(T;) for i # 0. Similarly, we take a pencil L' ¢ P"Y
satisfying the conditions (P1)—(P3) and a unique point v’ € P(T}}) of the
inverse image p;; (pr/(u')) C X},. Let j: U — X and j': U’ — X' be the
open immersions. Then, by Proposition 3.13, we have

—dim tot,¢(j1F,pr) = (Chars (i1 F), [dpL])r+xu = ao - (To, [dpL]) 1+ X

—dim tOtu/qb(j!/]:/,pL/) = (Charg/ (5{.7:/), [dpL’])T*X’,u’
= a6 . (Té, [dpL/DT*X’,u’-

By Proposition 3.14, there exists an integer n such that the invertible O g-
module M = L®" is very ample, satisfying the condition (L) and (R) and

—dim tot,¢(jiF,pr) =
—dim tot, ¢(jiF ,prs) =

Charp (1 F), [dpL)) 1 x s
(T* f)*Char pm (51 F), [dpr]) 1o x7 -

Thus, if we set Chara(51F) = >, b;[T;], we obtain

—~

ao - (To, [dpL))r*x 0 = bo - (To, [dpL]) T+ X
ag - (19, [dpr ) e xr 0 = bo - (T0, [dpr]) e x7 -

Since (To, [dpr])r+xu > 0 and (T, [dpr/])r= x> 0, we obtain ag = by =
ap. Thus the equality (3.28) is proved. O

Corollary 3.15 means that the characteristic cycle Charz(51F) is inde-
pendent of the choice of a very ample Ox-module £ satisfying (L) and (R)
and that the construction of Charg (51 F) is étale local. Thus, we can make
the following definition.

DEeFINITION 3.16. Let X be a smooth surface over £ and U be the
complement of a Cartier divisor. Let F be a locally constant constructible
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sheaf of A-modules on U. Then, we define Char™ (5 F) to be the restriction
to T*X of Chary(jiF) for a smooth compactification X — X, the compo-
sition j: U — X and a very ample invertible O g-module £ satisfying (L)
and (R).

The construction of Char™(5F) is additive in the sense that we have
Char™(j,F) = Char™ (j1F') + Char™ (jF")

for an exact sequence 0 — F' — F — F” — 0 of locally constant con-
structible sheaves on U = X = D. We record the equality (3.26) for the
convenience of the reference.

THEOREM 3.17 (cf. [9, p.7 Principe]). Let X be a smooth surface over
k and let F be a locally constant constructible sheaf of A-modules on a dense
open subscheme U. Let f: X — C be a flat morphism to a smooth curve
and u be a closed point of X. Assume that u is an isolated characteristic
point of f with respect to jiIF and that D is étale over C on a neighborhood
of u except at u. Then, we have

(329) —dim t0t¢u(j'f7 f) = (ChaI'R(.]yf)7 [df])T*X,u

Proor. Clear from Proposition 3.14. [J

We prove a variant of Theorem 3.17 for a normal surface later at Propo-
sition 3.22.

3.3. Euler characteristic and the characteristic cycle

We compute the Euler characteristic. Let X be a smooth connected
surface over a perfect field k, let D ;Cé X be a reduced closed subscheme
and F be a locally constant constructible sheaf of A-modules on U =
X =D. Let Y — X be a closed immersion of a smooth curve such that
the immersion Y — X is non-characteristic with respect to jiF. Then let
Char”(jiF|y) denote —1-times the cycle of T*Y defined as the image of the
fiber Char™(jiF) x x Y by the surjection T*X x x Y — T*Y.

LEMMA 3.18. Let X be a projective smooth connected surface, D C X
be a reduced closed subscheme and C be a proper smooth connected curve of
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genus g over an algebraically closed field k. Let f: X — C be a proper flat

morphism over k such that the restriction f|p: D — C is finite. Let F be

a locally constant constructible sheaf of A-modules on U = X = D.
Assume that f: X — C is non-characteristic with respect to j)JF on the

complement of a finite set Z of closed points of X. Let ¢ € C be a closed

point such that on a neighborhood V- C C of ¢, the morphism X x¢V —V

1s smooth and non-characteristic with respect to joF and set Y = X X c.
1. We have

(3.30)  xe(U.F) = (2—29) xe(UNY, Fluay) — Y _ dim totg. (1, f).
x€Z

2. We have

(3.31)  (CharR(jiF), Tx X)7+x = (2 = 29) - (Char® (jiFly), T¥Y ) ey
+ D (Char® (), [df - x o

reZ

ProOF. 1. By the assumption that X x¢V — V is non-characteristic
with respect to jiF, the cohomology sheaves of Rf,/1iF are locally constant
on V similarly as in the proof of Lemma 3.7 and we have rank (Rf.jiF)y =
Xc(U NY, Fluny). Hence it suffices to apply the Grothendieck-Ogg-
Shafarevich formula [13, Théoréeme 7.1] to compute x.(U,F) =
X(C, REGF).

2. By the cartesian diagram

X — = TCxc X —— T*X

/| J»

C —— TC,

we have

(Char™®(j1F), T% X)1+x = (0 A, TEC) e

where A = (Char™®(jiF),T*C x¢ X)r+x denotes the pull-back by the top
right arrow.

Since X x¢V — V is assumed non-characteristic, the push-forward p, A
is supported in the union of the 0-section and the inverse image of C = V.



Characteristic Cycle 435

Hence, it is the sum A; + A5 of a multiple A; of the zero-section and a linear
combination As of fibers. We have

(A1, TeC)rec = (pA, T2 C) o - (T6C. TEC) 1o
= (Char®(jiF), T*C xc Y)r+x - (29 — 2).

By the exact sequence 0 — T*C' x¢ Y — T*X xx Y — T*Y — 0 and
the definition of Char®(jiFly), we have (Char®(jiF),T*C x¢ Y)p-x =
—(Char®(jiFly), TyY)r+y and (A1, T3C)7+c equals the first term in the
right hand side of (3.31). Since (Ay, TAC) 7+ is equal to the second term,
the equality (3.31) is proved. [

THEOREM 3.19 (cf. [9, p.13 Corollaire]). Let X be a projective smooth
surface over an algebraically closed field k of characteristic p > 0, U be a
dense open subscheme and j: U — X be the open immersion. Let A be a
finite field of characteristic £ # p and F be a locally constant constructible
sheaf of A-modules on U. Then, we have an equality

(3.32) Xe(U, F) = (Char™ (jiF), T% X )+ x .

Theorem 3.19 is proved in [20, Théoreme 1.2.1] under the following “non-
feroce” assumption on F: There exists a finite Galois covering V of U
trivializing F such that for every point £ € X of codimension 1, the pull-
back V x¢r Spec K¢ to the local field K¢ = Frac(Ox ) at £ is isomorphic to
II Spec L; for finite extensions L; of local fields such that the residue fields
are separable over that of K.

PrROOF. Let £ be a very ample invertible Ox-module satisfying the
conditions (L) and (R). By Lemma 3.12, there exists a line L C PV satisfying
the conditions (P1)-(P3). Let H be the hyperplane corresponding to a
closed point of L not contained in D(RyjnF) and Y = X N H be the
hyperplane section. We compare (3.30) and (3.31) for the blow-up X, and
the pull-back Fp, of F to Uy, = U x x X1,. Then, since the axis Aj, meets X
transversely and does not meet D, we have

Xe(UL, F) = xc(U, F) + rank F - deg(X N Ap)
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and

(CharR(j!]-"L), T;(LXL)T*XL = (CharR(j!]-"), T)*(X)T*X
+ rank F - deg(X N ApL).

By the Grothendieck-Ogg-Shafarevich formula, we have
(3.33) X(UNY, i F|luny) = (Char(5Fly), Iy Y )=y .
Hence, by (3.30), (3.31) and Theorem 3.17, we have

(3.34) xe(U, F) — (Char® (i F), T5x X)px
= 2(Char(jiFly) — Char® (jiFly), TyY )1y

For i5 € J, let ij be a finite scheme over D] such that T;; xp,
D7 is a line bundle over Dj;. We put Char®(jiF) = rank F - [T X] +
dijed SZJZ-(j!f) (T3] + > sy SR (1 F) [Ty X] and define an effective Cartier di-
visor DT (51 F) supported on D by

(3.35) DTR(j\F) =) si(iF) - [D5; : Df] - D,

ijeJ
Since the coefficients of the O-section T3:Y in Char(jiF|y) and Char™ (5, F|y)
are both —rank F and the other coefficients are defined by the intersection

number — (DT (j1F),Y)x and —(DTR(jF),Y)x, for the right hand side of
(3.34) we have

(3.36) xe(U, F) = (Char® (jiF), T5% X)1+x
= —2(DT(jiF) — DTR(GIF), e1(L))x.

The left hand side of (3.36) is independent of the choice of an ample
invertible Ox-module £ satisfying the conditions (L) and (R). Since the
Néron-Severi group is generated by the classes of ample invertible sheaves,
the difference DT'(5).F) — DTR(j,F) is a divisor numerically equivalent to
0 by Lemma 3.1.2. Hence the right hand side of (3.36) is 0 and we obtain
(3.32). O

ProPOSITION 3.20. The restriction of CharR(j!}") to the non-degen-
erate locus is equal to Char(j1F) whose definition is recalled in Section 1.
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Proor. It suffices to show that the coefficients of T\ X, T;; for ij € J
and T/ X for z € ¥ in Char™(j|F) are equal to the corresponding ones
in Char(jiF) as long as the latter is defined. By Proposition 3.11, the
coefficient of T% X in Char™ (5 F) is rank F and the assertion follows in this
case.

We deduce the assertion on the coefficients of T;; for ij € J from that
DT (5 F)—DTR(5F) is numerically equivalent to 0 proved at the end of the
proof of Theorem 3.19. Let D; be an irreducible component of dimension
1 of D. The assertion is étale local by Corollary 3.15. By the additivity
of the characteristic cycles, we may assume that J; consists of one element
1. Let s11(jiF) and sT(51.F) be the coefficients of Ty; in Char(5;F) and in
Char”™(j,.F).

By approximation, there exists a finite Galois extension L of the function
field K of Galois group G of X such that the local field K splits completely
and that the inertia group at K; for ¢ € I,4 # 1 acts trivially on the stalk of
F. Let Y — X be the normalization in L and let X’ — Y be a resolution
of singularities.

Let H be the class of an ample line bundle on Y and let D;y be the
inverse image of D1 in Y. Then, since the divisor DT(f*51.F) — DT™(f*5.F)
of X’ is numerically equivalent to 0, we have (DT(f*)F) —
DTR(f*jiF),H)y = 0. Since the right hand side is (s11(jiF) — s} (jiF)) -
(D3, : DY] x (D1y,H)y and (D1y, H)y > 0, we have s11(jiF) = ST (51 F).
Thus the assertion for the coefficient of Tj; for ij € J is proved.

Assume that D has simple normal crossing and that F is non-degenerate
along D and let u be a closed point of D. We show that the coefficients
of T;X in Char(jiF) and Char(jiF) are equal. Since we assume that
Char(jiF) is defined, it suffices to consider the cases where F is tame ram-
ified along D and is totally wild ramified separately.

In the tamely ramified case, we deduce the assertion from the following
Lemma.

LEMMA 3.21. Let X be a smooth surface over an algebraically closed
field k and f: X — C be a smooth morphism to a smooth curve. Let D be
a divisor with simple normal crossing and u be a closed point of D. Let F
be a locally constant constructible sheaf U = X = D tamely ramified along
D.

1. If the restriction D — C' of f is étale at u, we have ¢ (1 F, f) = 0.
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2. Assume that u is in the intersection of two components D1 and Do
of D and that the restriction f|p,: D1 — C and f|p,: Dy — C are étale.
Then, we have Vi(jF,f) = 0 for ¢ # 1 and we have dimyl(HF, f) =
rank F. Further the action of the Galois group of the local field K, at
v = f(u) € C on PL(HF, f) is tamely ramified.

Proor. 1. By [15], f: X — C is locally acyclic relatively to 7F in
this case.

2. We have ¢ (j1F, f) = 0 for ¢ # 1 and dim. (51 F, f) = rank F by
[19]. We show that the action of the Galois group of the local field K,
at v = f(u) € C on ¥L(jiF, f) is tamely ramified. Since the local tame
monodromy is abelian, we may assume that F is of rank 1. Let 7: X' — X
be the blow-up at u and set v = f(u). Let E be the exceptional divisor and
let w1, w2, w3 € E be the intersection with the proper transforms of Dy, Do
and of the fiber f~!(f(u)) respectively and set E° = E = {w1, wa, w3 }.

An elementary computation as in [24] shows the following:
PO(m* 51 F, f)|go is a locally constant constructible sheaf of rank 1 tamely
ramified at wi, ws, w3 with a tame Galois action of the local field K, of
C at v and YI(7*HF, f)|ge = 0 for ¢ # 0. We have by, (7*)F, f) =
Yo (T F, f) = 0. We have i, (7*5F, f) = 0 except for ¢ = 0,1 and
Y, (m* )1 F, f) for ¢ = 0,1 have the same dimension with a tame Galois ac-
tion of the local field K,. Thus, the Galois action of the local field K, on
(i F, f) = RU(E,(m*5HF, f)|g) is tamely ramified. O

In the case 1 (resp. 2) of Lemma 3.21, by Theorem 3.17 and Lemma 3.21,
we have (Char™(j,F), [df]) = 0 (resp. = rank F) and hence the coefficient
of T*X in Char®(jiF) is zero (resp. rank F). Thus the assertion follows in
the tamely ramified case.

Assume that F is totally wildly ramified along D. Let f: X — C
be a morphism to a smooth curve defined on a neighborhood of u that is
non-characteristic with respect to jiF. Then, f: X — (' is locally acyclic
relatively to 51 F and we have ¢, (jiF, f) = 0 by [25, Proposition 3.15].
Hence the assertion follows as above. [J

PROPOSITION 3.22. Let X be a normal surface over k and let F be a
locally constant constructible sheaf of A-modules on a dense open subscheme
U=X=0D. Let f: X — C be a flat morphism to a smooth curve and u be
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a closed point of X. Assume that u is an isolated characteristic point of f
with respect to HF and that D = {u} is étale over C' on a neighborhood of
u. Let m: X' — X be a resolution, F' be the pull-back of F and E = 7w *(u)
be the inverse image. Then, we have

(3.37) —dim tot¢u (1 F, f) = (Char™ (1. F"), [df]) 1= x &

PrROOF. By resolution, we may assume that X is projective and
X = {u} is smooth over k. Let N = 1 be an integer such that and g =
fmod m¥ implies an isomorphism ¢, (j1F, f) ~ ¢u(j1iF,g) by Theorem
2.14. We take an ample invertible Ox-module £ satisfying the condi-
tions (L) and (R) on the complement of u and take a pencil L such that
pr: X1 — L satisfies the condition in Proposition 3.13 and f = py, mod m?.

Let U’ € X’ be the inverse image of U C X. Similarly as Lemma 3.18,
we obtain equalities

Xe(U', F) + rank F - deg(X N Ar)

(3.38) =2xc(U' xx Y, Flurxyy) — dim tote, (j1F, pr)
- Z dim tote, (i1 F, pr)-
zeX
and
(3.39) (Char®(jiF), T X )pex: + rank F - deg(X N AL)

= 2(Char®(j1F|y), Ty Y)r+y + (Char™(jiF), [df]) 1= x' 1
+ ) (Char®(jiF), [dpL]) 7+ X o
reX

The corresponding terms in (3.38) and (3.39) are equal to each other except
for the second terms in the right hand, by Theorems 3.19 and 3.17 and the
Grothendieck-Ogg-Shafarevich formula. Hence we have an equality also for
the second terms and the assertion follows. [
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