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§1. Introduction

A complex normal variety X is a symplectic variety if there is a holomor-

phic symplectic 2-form ω on the regular locus Xreg of X and ω extends to

a holomorphic 2-form on a resolution X̃ of X. Notice that, if ω extends to

a holomorphic 2-form on a particular resolution of X, then it also extends

to a holomorphic 2-form on an arbitrary resolution of X.

In this article X is an affine symplectic variety with a coordinate ring

R, where R is positively graded as R = ⊕i≥0Ri with R0 = C. Moreover

we assume that ω is homogeneous with respect to the natural C∗-action

on X. The weight l of ω is automatically positive because X has only

canonical singularities ([Na 1], Lemma 2.2). These varieties are constructed

in various ways such as nilpotent orbit closures of a complex semisimple Lie

algebra, Slodowy slices to nilpotent orbits, symplectic quotient singularities,

Nakajima quiver varieties and so on.

In the remainder we assume thatX has a (projective) crepant resolution1

π : Y → X. Then the symplectic 2-form ω extends to a symplectic 2-

form ωY on Y . Moreover the C∗-action uniquely extends to a C∗-action

on Y ([Na 2], Proposition A.7). Notice that the symplectic structures ω

and ωY determine Poisson structures respectively on X and Y . A Poisson

deformation of X (resp. Y ) is just a deformation of the pair of X (resp.

Y ) and its Poisson structure. These have been extensively studied in [Ka],

[K-V], [G-K], [Na 3] and [Na 4].

∗This is a revised version of the article entitled “Poisson deformations and Mori dream
spaces”.

2010 Mathematics Subject Classification. 14J10, 14E30, 32G05.
Key words: Poisson deformations, birational geometry, holomorphic symplectic vari-

ety.
1More generally we may take a Q-factorial terminalization as Y , which always exists

by a main result of [BCHM].
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Here let us consider the second cohomology space H2(Y,C). The first

interpretation of this space is the Picard group Pic(Y ) ⊗Z C tensorised

with C. One can consider various cones inside Pic(Y )⊗Z R. In particular,

the π-movable cone Mov(π) is decomposed into the ample cones Amp(π′)
for different crepant resolutions π′ : Y ′ → X of X. The codimension one

faces of each ample cone generate hyperplanes of Pic(Y ) ⊗Z R and these

hyperplanes divide Mov(π) into various chambers.

The second interpretation of H2(Y,C) is the base space of the universal

Poisson deformation of Y . By using the C∗-action on Y one may construct

the universal Poisson deformation Y → H2(Y,C). The central fibre Y0

over 0 ∈ H2(Y,C) is isomorphic to Y ; hence Y0 usually contains proper

subvarieties as the exceptional locus of π. But it turns out that a general

fibre Yt is an affine variety. We define the subset D ⊂ H2(Y,C) as the locus

where Yt is not affine.

The purpose of this article is to compare these two structures on

H2(Y,C). We explain the main result in a more precise form. The universal

Poisson deformation of X is constructed as a family of Poisson varieties over

a quotient space H2(Y,C)/W by a finite group W . The universal Poisson

deformations of X and Y fit into the commutative diagram

Y −−−→ X
�

�

H2(Y,C)
q−−−→ H2(Y,C)/W

(1)

Here the central fibres Y0 and Xq(0) are respectively Y and X and the

induced map Y0 → Xq(0) coincides with π.

Put X ′ := X ×H2(Y,C)/W H2(Y,C) and consider the induced commuta-

tive diagram

Y Π−−−→ X ′
�

�

H2(Y,C)
id−−−→ H2(Y,C)

(2)

The maps Πt : Yt → X ′
t are birational for all t ∈ H2(Y,C) and they

are isomorphisms for general t ∈ H2(Y,C). Let D ⊂ H2(Y,C) be the locus

where Πt is not an isomorphism. Notice that D coincides with the locus
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where X ′
t is singular. It can be also characterized as the locus where Yt is

not an affine variety. Then our main theorem asserts that

Main Theorem.

(i) there are finitely many linear spaces {Hi}i∈I of H2(Y,Q) with

Codim(Hi) = 1 such that D =
⋃
i∈I(Hi)C,

(ii) there are only finitely many crepant projective resolutions {πk : Yk →
X}k∈K of X, and

(iii) the set of open chambers determined by the real hyperplanes

{(Hi)R}i∈I coincides with the set {w(Amp(πk))} where w ∈ W and πk
are crepant projective resolutions of X.

Notice that a crepant resolution π : Y → X is a relative Mori dream

space in the sense of [H-K] when, more generally, X is a rational Gorenstein

singularity (cf. Corollary 1.3.2 of [BCHM]). But the chamber structure is

determined by the set of full hyperplanes when X is a symplectic singularity.

This property does not hold for a general rational Gorenstein singularity

(Example 13).

The simplest nontrivial example of the main theorem would be the fol-

lowing.

Example. Let X := {(x, y, z) ∈ C3;x2 + y2 + zn = 0} be an An−1-

surface singularity and let π : Y → X be the minimal resolution. Let

E1, ..., En−1 be the irreducible components of Exc(π). The 2-nd cohomology

H2(Y,R) has dimension n − 1 and is generated by [Ei]’s. We introduce a

negative definite symmetric form ( , ) on H2(Y,R) by the usual intersection

pairings of Ei’s. The subset Φ := {E := ΣaiEi;E
2 = −2, ai ∈ Z} of

H2(Y,R) determines a root system of An−1-type. The Weyl group of Φ

is isomorphic to the symmetric group Sn. Thus Sn acts on H2(Y,R) as

the Weyl group. Moreover H2(Y,R) is divided into n! Weyl chambers. In

particular, Amp(π) coincides with one of them:

Amp(π) = {x ∈ H2(Y,R); (x, [Ej ]) > 0 for all j}.

Note that X has a C∗-action (x, y, z) → (tnx, tny, t2z), t ∈ C∗ and the

symplectic 2-form

ω := Res(dx ∧ dy ∧ dz/x2 + y2 + zn)
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is homogeneous of weight 2 with respect to this C∗-action. The universal

Poisson deformation of X is given by

X := {(x, y, z, u1, ...un−1) ∈ Cn+2;

x2 + y2 + zn + u1z
n−2 + ...+ un−2z + un−1 = 0}

where (u1, ..., un−1) ∈ Cn−1 is the base space. Let us consider an n −
1 dimensional vector space V := {(s1, ..., sn) ∈ Cn; Σsi = 0} and a fi-

nite Galios covering V → Cn−1 defined by (s1, ..., sn) → (σ2(s1, ..., sn), ...,

σn(s1, ..., sn)). Here σi are defined by

(z − s1)(z − s2) · · · (z − sn) = zn + σ1(s1, ..., sn)z
n−1 + ...+ σn(s1, ..., sn).

The Galois group of this map is the symmetric group Sn acting on V by the

permutation of si’s. Thus Cn−1 = V/Sn. We put X ′ := X ×V/Sn
V . Then

X ′ can be written as

X ′ := {(x, y, z, s1, ..., sn) ∈ Cn+3;

x2 + y2 + (z − s1)(z − s2) · · · (z − sn) = 0, Σsi = 0}.

The map X ′ → V can be viewed as an n − 1 dimensional family of

surfaces. Define the discriminant locus D by

D := {s = (s1, ..., sn) ∈ V ;X ′
s is singular}.

Then one has

D =
⋃

1≤i<j≤n
Lij ,

where

Lij = {(s1, ..., sn) ∈ V ; si = sj}.
The family can be resolved simultaneously. The simultaneous resolution is

not unique. Let us take one of them, say Y. Then we have a commutative

diagram

Y Π−−−→ X ′
�

�

V
id−−−→ V

(3)
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Then Y → V is the universal Poisson deformation of Y .

For a general point tij ∈ Lij , the induced map Πtij : Ytij → X ′
tij con-

tracts one smooth rational curve Cij to a point. By using the C∗-action on

Y we put Eij := limλ→0 λ(Cij) We may choose a simultaneous resolution

Π : Y → X ′ so that E12 = E1, E23 = E2, ..., En−1,n = En−1.

We introduce a positive definite symmetric form on

V (R) := {(s1, ..., sn) ∈ Rn; Σsi = 0}

as the restriction of the standard metric on Rn. Define an R-linear iso-

morphism α : H2(Y,R) → V (R) by α([E1]) = (1,−1, 0, ..., 0), α([E2]) =

(0, 1,−1, 0, ...0), ..., α([En−1]) = (0, 0, ..., 1,−1). The map α preserves the

symmetric forms up to a reversal of sign. Each Weyl chamber of H2(Y,R)

is mapped to a chamber of V (R) determined by Lij∩V (R)’s. In particular,

Amp(π) is mapped to a chamber surrounded by n− 1 rays

R≥0(−n+ i, ...,−n+ i, i, ..., i) (1 ≤ i ≤ n− 1)

Here −n+ i occurs i times and i occurs n− i times.

The map α induces a C-linear isomorphism αC : H2(Y,C)→ V , whose

inverse coincides with the period map for Y → V determined by a suitable

multiple of ω. (END of EXAMPLE)

The example above can be generalized to the Slodowy slice to an arbi-

trary nilpotent orbit in a complex simple Lie algebra (see Example 11).

One can find in [Na 6] explicit descriptions of the chamber structures and

the flops connecting them in the case where X is a nilpotent orbit closure of

a complex simple Lie algebra. In particular, we can determine the explicit

equations of the hyperplanes Hi. In Example 12 we illustrate this by using

one typical example.

The birational geometry for crepant resolutions of 4-dimensional sym-

plectic singularities is also treated in [A-W].

Recently Bellamy [Bel, Theorem 1.4] has identified the Calogero-Moser

deformation of a symplectic quotient singularity X with the family X ′ →
H2(Y,C). Moreover, he explicitly computed the discriminant locus D ⊂
H2(Y,C) in some interesting cases. As an application of our main theorem,

he finally counted the number of crepant resolutions of X ([ibid, 4.2, 4.3]).
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§2. Proof of Main Theorem

Let π : Y → X be the same as in Introduction. Let Amp(π) ⊂ H2(Y,R)

be the open convex cone generated by π-ample line bundles on Y . Its closure

Amp(π) coincides with the cone generated by π-nef line bundles. Thus we

often call Amp(π) the nef cone of π. A line bundle L on Y is called π-

movable if the support of Coker[π∗π∗L→ L] has codimension at least two.

The closed cone in H2(Y,R) generated by the classes of π-movable line

bundles is denoted by Mov(π) and its interior is called the movable cone for

π. In the remainder we will write Mov(π) for the movable cone. By the

definition we have Amp(π) ⊂ Mov(π).

The following is a fundamental fact on birational geometry proved al-

most thirty years ago.

Lemma 1. The nef cone Amp(π) is a rational polyhedral cone.

Proof. Take an effective divisor D of Y in such a way that −D is

π-ample. If we take a rational number ε > 0 very small and put ∆ := εD.

Then (Y,∆) has klt (Kawamata log terminal) singularities. Since KY is

trivial, −(KY + ∆) is π-ample. The cone of effective 1-cycle cone NE(π)

is then a rational polyhedral cone (cf. [KMM, Theorem 4-2-1, Proposition

4-2-4]). Its dual cone Amp(π) is hence a rational polyhedral cone. �

The symplectic 2-form ω on Xreg identifies the sheaf ΘXreg of holomor-

phic vector fields with the sheaf Ω1
Xreg

of holomorphic 1-forms. Moreover

it induces an isomorphism ∧2ΘXreg
∼= Ω2

Xreg
. By this isomorphism ω is

identified with a 2-vector θ on Xreg, which we call the Poisson 2-vector.

The Poisson 2-vector defines a bracket on the structure sheaf OXreg by

{f, g} := θ(df ∧ dg) with f ∈ OXreg and g ∈ OXreg . By the definition this

bracket is a skew-symmetric C-bilinear form and is a biderivation with re-

spect to each factor. One can prove that this bracket satisfies the Jacobi

identity by using the fact that ω is d-closed. Thus Xreg admits a Poisson

structure. By the normality of X, this Poisson structure uniquely extends

to a Poisson structure on X.

A T -scheme X → T is called a Poisson T -scheme if there is an OT -

bilinear Poisson bracket { , }X : OX ×OX → OX . Let T be a scheme over

C and let 0 ∈ T be a closed point.
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A Poisson deformation of the Poisson variety X is a Poisson T -scheme

f : X → T together with an isomorphism φ : X0
∼= X which satisfies the

following conditions

(i) f is a flat surjective morphism, and

(ii) { , }X restricts to the original Poisson structure { , } on X via the

identification φ.

Two Poisson deformations (X/T, φ) and (X ′/T, φ′) with the same base

are equivalent if there is a T -isomorphism X ∼= X ′ of Poisson schemes such

that it induces the identity map on the central fibre.

For a local Artinian C-algebra A with residue field C, denote by PDX(A)

the set of equivalence classes of Poisson deformations of X over Spec(A).

Then it defines a functor

PDX : (Art)C → (Set)

from the category of local Artinian C-algebra with residue field C to the

category of sets.

Assume that a crepant projective resolution π : Y → X is given. Then

the symplectic 2-form ω extends to a symplectic 2-form ωY on Y . The

symplectic 2-form ωY determines a Poisson structure { , }Y on Y . Notice

that π : (Y, { , }Y ) → (X, { , }) is a morphism of Poisson varieties, i.e.

π∗{f, g} = {π∗f, π∗g}Y for f, g ∈ OX .

Assume that A ∈ (Art)C and T := SpecA. If (Y/T, φ) is a Poisson

deformation of Y , then SpecΓ(Y,OY) → T is a flat deformation of X =

SpecΓ(Y,OY ) because H1(Y,OY ) = 0 (cf. [Wa]). Moreover, the Poisson

structure on Y determines a Poisson bracket on Γ(Y,OY). Thus we have a

morphism of functors

π∗ : PDY → PDX .

We can apply Schlessinger’s theory [Sch] to these functors to get the prorep-

resentable hulls RX and RY . By definition RX and RY are both complete

local C-algebras with residue field C. Let mX (resp. mY ) be the maximal

ideal of RX (resp. RY ) and put RX,n := RX/m
n+1
X and RY,n := RY /m

n+1
Y .

There are formal semiuniversal Poisson deformations {Xn → SpecRX,n}n≥0

and {Yn → SpecRY,n}n≥0. Moreover, for each n ≥ 0, there is a commutative
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diagram

Yn −−−→ Xn�
�

SpecRY,n −−−→ SpecRX,n

(4)

By Corollary 15 of [Na 2] the Poisson deformation functor PDY is un-

obstructed and its tangent space PDY (C[ε]) is naturally isomorphic to

H2(Y,C) (cf. [Na 2], Proposition 8, Corollary 10). By Theorem 5.1 of

[Na 3], PDX is also unobstructed and RY is a finite RX -module. Moreover,

by Corollary 2.5 of [Na 3], both functors PDX and PDY are prorepre-

sentable, in other words, {Xn → SpecRX,n}n≥0 and {Yn → SpecRY,n}n≥0

are respectively formal universal Poisson deformations of X and Y .

The main result of [Na 4] asserts that π∗ : PDY → PDX is a finite

Galois covering with a finite Galois group W . By the C∗-actions we can

algebraize the commutative diagram above ([Na 3, Section 5])

Y −−−→ X
�

�

H2(Y,C)
q−−−→ H2(Y,C)/W

(5)

Here W acts linearly on H2(Y,Q) and the diagram is C∗-equivariant.

Each linear function on H2(Y,C) has weight l = wt(ω). For each t ∈
H2(Y,C), the induced map Yt → Xq(t) is a birational morphism and it

is an isomorphism for general t. Notice that Y0 → Xq(0) coincides with

π : Y → X. The map Y → H2(Y,C) is a C∞-fibre bundle and every fibre

Yt is diffeomorphic to Y . In particular, there is a natural identication of

H2(Yt,Z) with H2(Y,Z).

Put X ′ := X ×H2(Y,C)/W H2(Y,C) and consider the induced commuta-

tive diagram

Y Π−−−→ X ′

f

� g

�

H2(Y,C)
id−−−→ H2(Y,C)

(6)

Here Π : Y → X ′ is a crepant projective resolution. Let Π′ : Y ′ → X ′ be

another crepant projective resolution. Since the birational map Y ′ − − →
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Y is an isomorphism in codimension one, we have a natural identifica-

tion H2(Y ′,R) ∼= H2(Y,R). By this identification the nef cone Amp(Π′)
can be seen as a cone in H2(Y,R). Furthermore, as the restriction map

H2(Y,R) → H2(Y,R) is an isomorphism, we can regard Amp(Π′) as a

cone in H2(Y,R). By the same reasoning as in Lemma 1 Amp(Π′) is a

rational polyhedral cone.

Take a nonzero element α ∈ H2(Y,C) and consider the complex line

A1
α := {tα}t∈C inside H2(Y,C). We put

Yα := Y ×H2(Y,C) A1
α,

and

Xα := X ′ ×H2(Y,C) A1
α.

We then get a commutative diagram

Yα Πα

−−−→ Xα
�

�

A1
α

id−−−→ A1
α

(7)

According to Kaledin [Ka] we call Yα → A1
α the twistor deformation

of Y determined by α. There is a relative symplectic 2-form ωY on Y
extending the symplectic 2-form ωY on Y . Define ωYα to be the restriction

of ωY to Yα. A remarkable property of the twistor deformation is that, for

each t ∈ A1
α, the 2-nd cohomology class [ωYα

t
] ∈ H2(Yαt , C) coincides with

t ·α ∈ H2(Y,C) under the natural identification H2(Yαt , C) ∼= H2(Y,C) (cf.

[G-K]).

Lemma 2. If (α,C) �= 0 for any proper curve C ⊂ Y such that π(C)

is a point, then Πα
t is an isomorphism for all t ∈ A1

α − {0}.

Proof. Assume that a proper curve Ct ⊂ Yαt is contracted to a point

by Πα
t for some t ∈ A1

α − {0}. Since ωYα
t

is a holomorphic 2-form, we

must have ([ωYα
t
], Ct) = 0. By the C∗-action, we have a proper (but, not

necessarily irreducible or reduced) curve C ⊂ Y as a limit of Ct. Then we

have (tα, C) = 0; hence (α,C) = 0. �
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It is not true that if (α,C) = 0 for some proper curve C ⊂ Y , then the

birational map Πα
t contracts some curves to points for each t ∈ A1

α. But we

have the following:

Lemma 3. Assume that π factorizes as Y
µ→ Z → X with Z normal,

µ birational, and Exc(µ) �= ∅. If α ∈ µ∗(H2(Z,C)), then Exc(Πα
t ) �= ∅ for

all t ∈ A1
α.

Proof. Since Z has only rational singularities, we have an exact se-

quence

0→ H2(Z,C)→ H2(Y,C)→ H0(Z,R2µ∗C).

Recall that a 1-st order Poisson deformation Y1 → SpecC[ε] of Y corre-

sponds to an element α of H2(Y,C) ([Na 2], Proposition 8, Corollary 10).

For a point p ∈ Z take a sufficiently small analytic neighborhood U of p.

Then Y1 induces a 1-st order Poisson deformation of µ−1(U) and it deter-

mines an element of H2(µ−1(U),C) ([ibid], Proposition 8, Corollary 10). If

α ∈ H2(Z,C), then the induced Poisson deformation of µ−1(U) is trivial by

the exact sequence above.

Now let us define a subfunctor PDµ
Y of PDY as follows.

For A ∈ (Art)C, define PDµ
Y (A) to be the set of equivalence classes

of the Poisson deformations fT : YT → T of Y (T := Spec(A)) with the

following property:

(*) For each p ∈ Z, there is a sufficiently small (analytic) neighborhood

U of p such that fT induce trivial Poisson deformations of µ−1(U).

By the argument above, the tangent space PDµ
Y (C[ε]) of the functor

PDµ
Y is isomorphic to H2(Z,C). The functor PDµ

Y has a prorepresentable

hull RµY in the sense of [Sch]; one can easily check all axioms of [Sch] in the

same way as in PDY . Now one can apply the T 1-lifting method to prove that

PDµ
Y is unobstructed. More precisely, let An := C[t]/(tn+1) and take an el-

ement [Yn → Spec(An)] ∈ PDµ
Y (An). Put Yn−1 := Yn×Spec(An)Spec(An−1).

The birational map µ : Y → Z extends to a birational map µn : Yn → Zn
over Spec(An) by [Wa] because R1µ∗OY = 0. Put Zn−1 := Zn ×Spec(An)

Spec(An−1). Notice that Zn and Zn−1 are both Poisson deformations of Z.

There is a natural restriction map H2(Zn, An)→ H2(Zn−1, An−1), which is

a surjection. This implies that PDµ
Y has the T 1-lifting property and hence

PDµ
Y is unobstructed ([Kaw]).
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Recall that the twistor deformation Yα is constructed inductively as the

objects of PDY by using the T 1-lifting property of PDY (cf. [Na 2], p. 281).

But, if α ∈ H2(Z,C), then it is already constructed as the objects of PDµ
Y

by the T 1-lifting property of PDµ
Y . This means that our twistor deformation

induces a trivial Poisson deformation of µ−1(U). In particular, Exc(Πα
t ) �= ∅

for all t ∈ A1
α. �

Let C ⊂ X ′ be the locus on which Π is not an isomorphism. The locus

C can be also defined as the subset where g is not a smooth morphism.

We define D ⊂ H2(Y,C) to be the closure of g(C). By Lemma 2, D is a

closed algebraic subset of H2(Y,C) with D �= H2(Y,C). We call D the

discriminant locus for Π.

Lemma 4. Assume that α ∈ H2(Y,C) is contained in a complex hy-

perplane of H2(Y,C) generated by a codimension one face F of Amp(π′)
for a crepant resolution π′ : Y ′ → X. Then α ∈ g(C).

Proof. The codimension one face F defines a birational contraction

map µ : Y ′ → Z and it factorizes π′ as Y ′ → Z → X. Consider the universal

Poisson deformation Y ′ → H2(Y ′,C) of Y ′. We identify the base space

H2(Y ′,C) with H2(Y,C). Then we have two families Y ′ and X ′ of Poisson

varieties over H2(Y,C) and there is a birational projective morphism Π′ :

Y ′ → X ′. By the assumption α ∈ µ∗(H2(Z,C)). By applying Lemma 3 to

π′ : Y ′ → X, we see that Exc(Π′
α) �= ∅. Hence α ∈ g(C). �

Corollary 5. There are only finitely many crepant projective resolu-

tions of X.

Proof. Suppose that there are infinitely many crepant projective res-

olutions ofX. Then we have infinitely many rational polyhedral cones inside

H2(Y,R) corresponding to the nef cones of crepant resolutions. Note that

the interior part of these cones do not intersect. The codimension one faces

of these cones generates infinitely many complex hyperplanes of H2(Y,C).

Since D �= H2(Y,C), these complex hyperplanes are all irreducible compo-

nents of D by Lemma 4. This is absurd. �

Theorem ([BCHM]). Let f : V →W be a Q-factorial terminalization

of a normal variety W with rational Gorenstein singularities. Assume that



350 Yoshinori Namikawa

f is an isomorphism in codimension one and ρ(V/W ) = 1. Then there is a

flop f ′ : V ′ →W , in other words, f ′ is another Q-factorial terminalization

of W such that the proper transform D′ of an f-negative divisor divisor D

is f ′-ample.

In fact,
⊕

m≥0 f∗OV (mD) is a finitely generated OW -algebra. The flop

V ′ is nothing but ProjW
⊕

m≥0 f∗OV (mD).

Lemma 6. Mov(π) is the union of the nef cones of crepant projective

resolutions of X.

Proof. Assume that D is a π-movable divisor. If D /∈ Amp(π), there

is a codimension one face of Amp(π) such that the corresponding birational

X-morphism φ1 : Y → Z1 contracts D-negative curves. Since D is π-

movable, φ1 is an isomorphism in codimension one. By the previous theorem

we can take its flop φ′1 : Y1 → Z1. Let π1 : Y1 → X be the composition of

φ′1 and Z1 → X. Notice that π1 is a crepant resolution by [Na 2, Corollary

31]. Let D1 ⊂ Y1 be the proper transform of D. If D1 is π1-nef, then

D ∈ Amp(π1). If D1 is not π1-nef, we repeat the same process. Since there

are only finitely many different crepant projective resolutions of X, if this

process does not terminate, there appear the same crepant resolution twice

in the process, say Yi and Yj (i < j). Take a discrete valuation v of the

function field K of Yi in such a way that its center is contained in Exc(φi−1).

Let Di ⊂ Yi be the proper transform of D. Then we have inequalities for

discrepancies (cf. [KMM], Proposition 5-1-11):

a(v,Di) < a(v,Di+1) ≤ a(v,Di+2) ≤ ... ≤ a(v,Dj).

Here the first inequality is a strict one by the choice of v. On the other hand,

we have Yi = Yj and Di = Dj by the assumption. This is absurd. Thus we

finally reach πn : Yn → X such that Dn is πn-nef. Then D ∈ Amp(πn). �

The following fact is pointed out by Braden, Proudfoot and Webster.

Proposition ([BPW, Proposition 2.19]). The movable cone

Mov(π) ⊂ H2(Y,R) is a fundamental domain for the W -action on

H2(Y,R).
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The group W also acts on X ′ and the map X ′ → H2(Y,C) is W -

equivarinat. Let Π′ : Y ′ → X ′ be another crepant projective resolution

of X ′. For w ∈W , we take the fibre product

Y ′
w −−−→ Y ′

Π′
w

� Π′
�

X ′ w−−−→ X ′

(8)

We call Y ′
w the w-twist of Y ′.

Let {πk : Yk → X}k∈K be the set of all crepant projective resolutions

of X. For each k ∈ K, we can construct the universal Poisson deformation

Yk → H2(Y,C) of Yk. Notice that there is a H2(Y,C)-birational projective

morphism Πk : Yk → X ′ and Πk is a crepant resolution of X ′.

Corollary 7. Every Q-factorial terminalization of X ′ is obtained as

the w-twist Yk,w of Yk for w ∈W . In particular, they are all smooth.

Proof. Denote by Πk,w the crepant resolution Yk,w → X ′. The nef

cone Amp(Πk,w) ⊂ H2(Y,R) is w(Amp(πk)). By the previous proposition

and Lemma 6, H2(Y,R) is covered by the cones {w(Amp(πk))}. �

Lemma 8. Assume that α ∈ D. Then there exists a crepant projective

resolution Π′ : Y ′ → X ′ and a codimension one face of F of Amp(Π′) ⊂
H2(Y,R) such that the complex hyperplane H of H2(Y,C) generated by F

contains α.

Proof. We may assume that α ∈ g(C). Then Πα : Yα → X ′
α has

non-empty exceptional locus2. Let H be a Π-ample divisor. Since

CodimYExc(Π) ≥ 2, we have D := −H ∈ Mov(Π). Notice that (D,C) < 0

for any proper curve C in Yα contracted by Πα. Choose a codimension

one face of Amp(Π) and let φ1 : Y → Z1 be the corresponding birational

morphism. By the previous theorem there is a flop φ′1 : Y1 → Z1. We

denote by Π1 the composition of φ′1 and the map Z1 → X ′. The resulting

variety Y1 is again a crepant projective resolution of X ′ by Corollary 7. Let

D1 ⊂ Y1 be the proper transform of D. If D1 is not Π1-nef, one can find a

codimension one face F1 of Amp(Π1) in such a way that the corresponding

2Caution: Yα is not the twistor deformation, but the fibre over α.
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birational map φ2 : Y1 → Z2 contracts D1-negative curves. By taking the

flop of φ2 we get a new crepant resolution Π2 : Y2 → X ′. Since there are

only finitely many crepant resolutions of X ′ by Corollary 7, this process

eventually terminates by the same argument as in Lemma 6 and the proper

transform Dn ⊂ Yn of D is Πn-nef for some n. Each map φi induces a bi-

rational map φi,α : Yi−1,α → Zi,α. Suppose that all φi,α are isomorphisms;

then the birational map Y −− → Yn is an isomorphism on a neighborhood

of Yα. On the other hand, D is Π-negative around Yα and Dn is Πn-nef

around Yn,α. This is absurd. Thus Exc(φi0,α) �= ∅ for some i0.

By Corollary 7, Yi0−1 can be written as Yk,w with a crepant resolution

Yk of X and w ∈ W . Let Cα be a proper curve on Yi0−1,α contracted by

φi0,α. Then ([ωYi0−1,α ], [Cα]) = 0. By the C∗-action on Yi0−1 we obtain a

proper curve C on Yk as limt→0 t(Cα). As Yi0−1,α is diffeomorphic to Yk,

there is a natural identification H2(Yi0−1,α,C) ∼= H2(Yk,C)(∼= H2(Y,C)).

Under this identification we have [ωYi0−1,α ] = α; thus (α, [C]) = 0.

Let F be the codimension one face of Amp(Πi0−1) which determines φi.

Let H be the complex hyperplane of H2(Y,C) generated by F . Note that

H = {x ∈ H2(Y,C); (x, [C]) = 0}. As (α, [C]) = 0, we have α ∈ H. �

Remark 9. The locus g(C) is invariant by W . By Lemma 4 and Corol-

lary 7, if α ∈ H2(Y,C) is contained in the complex hyperplane generated

by a codimension one face F of Amp(Π′), then α ∈ g(C). Lemma 8 together

with this fact implies that D = g(C) and that D coincides with the union of

complex hyperplanes generated by F ⊂ Amp(Π′) for all crepant projective

resolutions Π′ : Y ′ → X ′ and for all codimension one faces F of their nef

cones.

Now our results can be summarized as follows:

Main Theorem.

(i) There are finitely many codimension one linear subspaces {Hi}i∈I of

H2(Y,Q) such that D = ∪i(Hi)C. Moreover D = g(C).
(ii) There are only finitely many crepant projective resolutions of X,

say {πk : Yk → X}k∈K . The closed movable cone Mov(π) is the union

of nef cones: Mov(π) =
⋃
k∈K Amp(πk). Moreover H2(Y,R) =⋃

k∈K,w∈W w(Amp(πk)).
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(iii) The chambers {w(Amp(πk))}k∈K coincide with the open chambers

determined by {(Hi)R}i∈I .

Remark 10. Even if X has no crepant resolution, Main theorem

equally holds for a Q-factorial terminalization π : Y → X. In fact, we

can construct a commutative diagram of universal Poisson deformations of

Y and X (cf. [Na 3], Theorem 5.5) over affine spaces

Y −−−→ X

f

�
�

An q−−−→ An

(9)

Notice that each fibre of Y f→ An has singularities, but f is a locally

trivial deformation of Y ([Na 3], Theorem 5.5, (b)), i.e. for each point

p ∈ Y , there is an open subset U of Y in the classical topology such that

p ∈ U and f |U is identified with the projection (U ∩ Y ) × ∆n → ∆n. By

the period map p : An → H2(Y,C) ([Na 5], (4.2)), the first affine space An

is naturally identified with H2(Y,C). Moreover Theorem 1.1 of [Na 4] still

holds in our case and q is a finite Galois covering. Thus the second affine

space An is identified with H2(Y,C)/W for a finite Galois group W .

§3. Examples

Example 11. Let g be a complex simple Lie algebra and G its adjoint

group. Let χ : g → g//G be the adjoint quotient map. If h is a Cartan

subalgebra of g and W is the Weyl group of g with respect to h, then g//G

can be identified with h/W . Choose a Borel subalgebra b of g containing

h. Define a map µB : G ×B b → g by (g, x) → Adg(x). Let O ⊂ g be

a nilpotent orbit and S ⊂ g the Slodowy slice to O. Consider the map

χ|S : S → h/W and denote by S0 its null fibre. By the Kostant-Kirillov

form, S0 is a symplectic variety and it admits a good C∗-action. On the

other hand, we define SB := µ−1
B (S) and consider the composition map

SB ⊂ G×B b→ h. We then denote by SB,0 its null fibre. The map SB → S

induces a map π : SB,0 → S0, which is a crepant resolution of S0. We have

Mov(π) = Amp(π). In other words, S0 has a unique crepant resolution. In
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[LNS] we proved that the commutative diagram

SB −−−→ S
�

�

h −−−→ h/W

(10)

gives the universal Poisson deformations of SB,0 and S0 with some excep-

tions. The exceptional cases are when

(i) O is the subregular orbit in Bn, Cn G2 or F4,

(ii) O[n,n], O[2n−2i,2i] (1 < i ≤ n/2) in Cn or

(iii) 8 dimensional nilpotent orbit in G2.

When O is not item (i) on the list, we have H2(SB,C) ∼= h and our

chamber structure for π is nothing but the Weyl chamber structure of h(R).

When O is item (i) on the list, we know that S0 is isomomorhic to the

null fibre of the Slodowy slice to the subregular nilpotent orbit in another

simply-laced Lie algebra (as symplectic C∗-varieties). For Bn, the simply-

laced Lie algebra is A2n−1 and other cases are: Cn → Dn+1, G2 → D4,

F4 → E6.

For (ii), the nullfibres of the Slodowy slices for the following pairs are

mutually isomorphic as symplectic C∗-varieties ([H-L], Corollary 5.2) :

(O[n,n] ⊂ Cn, O[n+1,n+1] ⊂ Dn+1)

(O[2n−2i,2i] ⊂ Cn, O[2n−2i+1,2i+1] ⊂ Dn+1).

Finally, the nullfibre of the Slodowy slice in the case (iii) is isomorphic to

the null fibre of the Slodowy slice for O[4,12] ⊂ C3 as symplectic C∗-varieties.

In any of these cases, we have H2(SB,C) ∼= h′ for a Cartan subalgebra

h′ of a suitable simple Lie algebra g′. Then the chamber structure for π

again coincides with the Weyl chamber structure of h′(R).

Example 12. Let G be a complex simple Lie group and let P0 be its

parabolic subgroup. Let s : T ∗(G/P0) → g be the Springer map from the

cotangent bundle of G/P0 to the Lie algebra g of G. The Springer map

s is a generically finite projective morphism. As s is G-equivariant, the

image of s coincides with the closure Ō of a nilpotent orbit O of g. We

take the Stein factorization of s: T ∗(G/P0)
µ→ Õ → Ō. Then µ is a crepant

resolution of Õ. In [Na 6] we have studied the birational geometry related

with µ. According to [Na 6] one can describe the chamber structures of
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H2(T ∗(G/P0),R) quite explicitly3. Here we shall illustrate it by using one

typical example.

We put G = SL(5,C). Fix a maximal torus T and consider the corre-

sponding root system Φ of g. Choose a base {α1, α2, α3, α4} of Φ. Denote

by Φ+(resp. Φ−) the set of positive roots in Φ. Let us consider the marked

Dynkin diagram

❞ � � ❞

α1 α2 α3 α4

Let I be the set of simple roots corresponding to the white vertexes and

denote by ΦI the root subsystem of Φ generated by I. We set Φ−
I := ΦI∩Φ+.

We define a parabolic subalgebra p0 of g by

p0 := h⊕
⊕

α∈Φ+

gα ⊕
⊕

α∈Φ−
I

gα.

Here h := Lie(T ). Let P0 be the corresponding parabolic subgroup of G.

Let L ⊂ P0 be the Levi part of P0 containing T . By Theorem 1.3 and

Proposition 2.3 of [Na 6], there is a one-to-one correspondence between the

chambers (inside H2(T ∗(G/P0),R)) and the parabolic subgroups of G with

the Levi part L. Moreover, all such parabolic subgroups are constructed

from P0 by performing the operations “twist” successively.

If we twist P0 by the vertex α2, we have a parabolic subgroup P1:

� ❞ � ❞

−α2 −α1 α1 + α2 + α3 α4

We can continue twisting one by one. Then we get

P2 (as the twist of P1 by α1 + α2 + α3):

� ❞ � ❞

α3 + α4 −α4 −α1 − α2 − α3 α1

P3 (as the twist of P2 by α3 + α4):

❞ � � ❞

α4 −α3 − α4 −α1 − α2 α1

3In [Na 6] the base space H2(T ∗(G/P0),C) is denoted by k(p0).
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P4 (as the twist of P3 by −α1 − α2):

❞ � ❞ �

α4 −α2 − α3 − α4 −α1 α1 + α2

P5 (as the twist of P4 by α2 + α3 + α4):

❞ � ❞ �

α1 α2 + α3 + α4 −α4 −α3

These 6 parabolic subgroups are the complete lists of those with the

Levi part L. In the remainder we put Y := T ∗(G/P0), Y := G ×P0 r(p0)

and Yi := G ×Pi r(pi). Here r(pi) are solvable radicals of pi. Since Y is a

vector bundle over G/P , we have an isomorphism H2(Y,R) ∼= H2(G/P,R).

On the other hand, we have

H2(G/P,R) ∼= Homalg.gp(L,C
∗)⊗ZR = {x ∈ h(R)∗; (x, α1) = (x, α4) = 0},

where ( , ) is the Killing form on h(R)∗. Thus H2(Y,R) can be identified

with the dual space of the 2-dimensional vector space Rα2 ⊕ Rα3 by the

Killing form. Now H2(Y,R) is decomposed into 6 chambers:

�
�

�
�

�
�

�
�

❅
❅

❅
❅

❅
❅

❅
❅

�
�

�
�

�
�

�
�

❅
❅

❅
❅

❅
❅

❅
❅

Amp(Y)

Amp(Y5)

Amp(Y4)

Amp(Y3)

Amp(Y2)

Amp(Y1)

α2 = 0 α3 = 0

α2 + α3 = 0

The movable cone Mov(Y ) is the upper half plane. The Weyl group

W is isomorphic to Z/2Z, which acts on H2(Y,R) as the reflection with

respect to the line {α2 + α3 = 0}.
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Example 13. The following example is due to Ryo Yamagishi. It clari-

fies a difference between symplectic singularities and non-symplectic singu-

larities.

Let us consider the line bundle Z := p∗1OP1(−1) ⊗ p∗2OP1(−1) ⊗
p∗3OP1(−1) on P1 × P1 × P1. Denote by Σ ⊂ Z the zero section of the

bundle map Z → P1×P1×P1. For 1 ≤ i < j ≤ 3, let pij : Σ→ P1×P1 be

the projection to the i-th and j-th factors. There is a birational projective

morphism fij : Z → Xij to a smooth variety Xij such that fij |Σ = pij and

fij is an isomorphism outside Σ. We put Σij := pij(Σ). Then Σij
∼= P1×P1

and fij is the blowing up of Xij along Σij . Moreover there is a birational

projective morphism f : Z → X to an affine (singular) variety X, which

contracts Σ to a point. By the construction f factors through fij for each

pair (i, j) with 1 ≤ i < j ≤ 3. Then X12, X13 and X23 are three different

crepant resolutions of X.

Recall that Σij is naturally identified with the product P1 × P1 of the

i-th and the j-th factors of P1×P1×P1. Let liij be a fibre of the projection

map qiij : Σij → P1 to the i-th factor. Then the normal bundle of such a

curve (inside Xij) is isomorphic to OP1(−1)⊕2 ⊕OP1 .

Now one has a birational projective morphism giij : Xij → Xi
ij such

that giij |Σij = qiij and giij is an isomorphism outside Σij . By the definition

X1
12 = X1

13, X
2
12 = X2

23 and X3
13 = X3

23. Thus we shall denote them by X1,

X2 and X3. Note that these 4-folds Xi have 3-dimensional ordinary double

points along Sing(Xi)(∼= P1). The 4-folds X12, X13 and X23 are related by

flops

X12 → X2 ← X23

X23 → X3 ← X13

X13 → X1 ← X12.

Then Pic(X12)⊗ZR is divided by the ample cones of X12, X23 and X13.

There are 3 open chambers and they are determined by half-lines. Thus X

is not a symplectic singularity.
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❅
❅

❅
❅

❅
❅

❅
❅

�
�

�
�

�
�

�
�

Amp(X12)Amp(X13)

Amp(X23)
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