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Structure of the F-Blowups of Simple
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Dedicated to the centennial anniversary of Professor Kunihiko Kodaira

Abstract. As a natural continuation of the preceding paper
[HSY], we study the F-blowups of simple elliptic singularities and de-
termine their structure.

1. Introduction

In [Y1], Yasuda introduced the notion of the F-blowup, which is a canon-
ical birational modification of varieties in characteristic p > 0. For a non-
negative integer e, the e-th F-blowup of a variety X is defined as the univer-
sal birational flattening of the direct image FfOx of the structure sheaf by
the e-iterated Frobenius morphism. The behavior of the F-blowups of mild
singularities has been studied and is fairly well-understood: For e > 0, the
e-th F-blowup of a tame quotient singularity coincides with the G-Hilbert
scheme (Yasuda [Y1], Toda and Yasuda [TY]), and that of an F-regular
surface singularity is the minimal resolution [Ha|. However, the behavior of
the F-blowup in general is a mystery yet.

In [HSY], Sawada, Yasuda and the author studied the F-blowups of
certain classes of surface singularities, that is, non-F-regular rational double
points and simple elliptic singularities. The behavior of the F-blowups of
these singularities turned out to be more pathological and unexpectedly
complicated. As for simple elliptic singularities, an F-blowup may be non-
normal, not dominated by the minimal resolution and the sequence of the
F-blowups does not stabilize in general. To obtain these results we employed
not only the classical theory of surface singularities but also computer-aided
calculations using Macaulay2 [GS].
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Computation with Macaulay?2 is very useful and gave a lot of suggestive
examples, but we could not obtain an exhaustive list of the F-blowups of
simple elliptic singularities in [HSY]. In this paper, we will determine the
structure of the F-blowups of any simple elliptic singularity in characteristic
p > 0 as a natural continuation of [HSY, Section 4]. Our main results are
the following

THEOREM 1.1. Let (X, z) be a simple elliptic singularity in character-
istic p > 0 with the elliptic exceptional curve E on the minimal resolution X.
Let FB((X) be the e-th F-blowup of (X,z). Then the following conditions
are equivalent.

(1) The intersection number —E? is not a power of p.
(2) The F-blowup sequence {FB.(X)|e=0,1,2,...} stabilizes.

(3) FB.(X) = X foralle>1.

We note that in the case of simple elliptic singularities of type Eg, that
is, the case where E? = —1 = —p°, the F-blowup sequence does not stabilize
in any characteristic p > 0.

Next we give a notation to state the result in the case when —FE? is a
power of p. Given an elliptic curve E with the zero element Py € E of the
group law and an integer ¢ > 0, let Ep[q] denote the set of all g-torsion
points on E. When ¢ is a power of the characteristic p, it is known that
8Ep,[q] = q if E is ordinary; and that Ep,[¢] = {Fo} if E is supersingular.

THEOREM 1.2. Let (X, z) be a simple elliptic singularity in character-
istic p > 0 with the elliptic exceptional curve E on the minimal resolution
X. Suppose that E*> = —p" for an integer n > 0 and choose a point Py € E
such that O (—E) ® Op = Op(p"FRy) as the zero element of the group law
of E.

(1) Suppose that (X,x) is F-pure, or equivalently, E is ordinary. If E*> =
—1 (resp. E? = —p™ < —1), then for all e with p® > max{3, p"}, the
e-th F-blow-up FB.(X) coincides with the blowup BIEPO[pe}\{PO}(X)
(resp. Blgp, [pe] (X)) of X at the non-trivial p°~torsion points (resp. all
the p°-torsion points) on E.
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(2) Suppose that (X,x) is not F-pure, or equivalently, E is supersingu-
lar. If E? = —1 (resp. E?> = —p™ < —1), then for all e with p® >
max{3,p"}, the e-th F-blowup FB.(X) coincides with the blowup of
X at an ideal defining a fat point at Py with local expression (t,uP" ')
(resp. (t,u?")), where t,u are local coordinates at Py € X.

On the other hand, we have FB.(X) = X for1<e<n.

Note that the sequence of F-blowups of any F-pure singularity is mono-
tone [Y2], and this is the case for Theorem 1.2 (1). In Theorem 1.2 (2), the
e-th F-blowup FB.(X) has the exceptional set consisting of an elliptic curve
E; = E and a smooth rational curve Fy = P!, and has an Ape_o-singularity
(resp. Ape_1-singularity) on Eo\ E;. Thus the monotonicity of the F-blowup
sequence breaks down in the non-F-pure case (2). We also remark that the
F-blowups are normal except for the cases p = 2, e = 1 and E? = —1, -2,
which are not covered by Theorem 1.2. Actually, we have examples of non-
normal first F-blowups in these exceptional cases [HSY, Examples 4.6 and
4.10].

The above theorems are obtained by refining the arguments in [HSY,
Section 4]. Since any simple elliptic singularity (X, z) is a cone singularity,
we may assume that X = Spec R for a section ring R = R(C, L) of an
ample line bundle L on an elliptic curve C' = E. Then for any ¢ = p°,
the graded ring structure of R gives rise to a %Z—grading of the R-module

RY4 = F¢Oy and its decomposition
RYa — [Rl/q]o od 7 ® [Rl/q]l/q odZ D B [Rl/q](q_l)/q 0dZ

into the R-summands [RY7];/; moaz = D, H(C,L™ @ FSLY), among
which we especially focus on the 0-th summand [Rl/ g modaz and a few
others. We examine whether each of these summands are flattened on the
minimal resolution X of X and whether X is the blowup (i.e., universal
flattening) of it. It turns out that for 1 < ¢ < ¢ — 1, the i-th summand
[Rl/q]i/q od7 is flattened on X if and only if ¢ # di, where d = deg L =
—E?. If d > 2, then the 0-th summand [RY9]y 047 is also flattened on
X , and the flattening X is universal unless d = p = q = 2. It follows that
if d = —E? is not a power of p, then the e-th F-blowup FB.(X) coincides
with the minimal resolution X for all e > 1.
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In the case when d is a power of p, RY/4 may have a summand that is not
flattened on )2, that is, the 0-th summand [Rl/q]o modZ if d = 1; and the
q/d-th summand [Rl/q]l/d mod 7z if ¢ > d > 2, respectively. The structure
of this summand depends on that of the vector bundle FfO¢c on C, which
differs according to whether C' is ordinary or supersingular. On the other
hand, we see that X coincides with the blowup at another summand of R'/4,
that is, [Rl/q](q,l)/q moa7 if d = 1; and [RY9]g moaz if d > 2, respectively.
Hence the F-blowup FB.(X) factors through X , and we can determine the
structure of FB.(X) by a detailed study of the torsion-free pullback to X
of the summand that is not flattened.

Acknowledgments. 1 would like to thank Takehiko Yasuda for invalu-
able discussions and suggestive examples. I thank Tadakazu Sawada for
useful discussions. I also thank the anonymous referee for careful reading
and helpful comments.

2. Preliminaries

2.a. Blowups at modules and F-blowups

Let X be a Noetherian integral scheme and M a coherent sheaf on X.
For a modification f:Y — X, we denote the torsion-free pullback of M by
f*M = f*M/torsion.

DEFINITION 2.1. A modification f:Y — X is called a flattening of M
if f*M is flat, or equivalently locally free. A flattening f is said to be
universal if every flattening g: Z — X of M factors as g: Z — Y L X, The

universal flattening exists and is unique. It is also called the blowup of X
at M and denoted by Bl (X).

If M is an ideal sheaf, then the blowup at M defined above coincides
with the usual blowup with respect to the ideal M. We state a few basic
properties of the blowup at a module; see [OZ], [Vi] and [HSY] for more
detail.

Let 7 be the rank of M, K the rational function field of X and fix an
isomorphism A" M ® K = K. Then we define a fractional ideal sheaf

Iy =Im(AM— AMe K =K).
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PROPOSITION 2.2. Let M and N be coherent sheaves on X.
(1) Bly(X) 2 Blz,, (X) = Proj Ox [Tat]

(2) Blpmon (X) = Blorm(Bly (X)), where p: Bly(X) — X is the blowup
at N.

PROOF. (1) See [OZ], [Vi]. (2) is easy. O

We recall the definition of the F-blowup in a modified form from the
original one [Y1]. Let X be a Noetherian integral scheme of characteristic
p > 0 and suppose that its (absolute) Frobenius morphism F: X — X is
finite.

DErFINITION 2.3 (Yasuda [Y1]). For anon-negative integer e, we define
the e-th F-blowup of X to be the blowup of X at FfOx and denote it by
FB.(X).

We now introduce the notation to be used throughout this paper. Since
any simple elliptic singularity is a quasi-homogeneous by Hirokado [Hi, The-
orem 4.2], we may and will work under the following setup; cf. [HSY, Section
4].

2.b. Setup

Let C be an elliptic curve defined over an algebraically closed field k£ of
characteristic p > 0 and let L be a line bundle on C' with d = deg L > 0.
Consider the graded k-algebra

R=R(C,L)=EPH(C, L"),

n>0

where degt = 1. Then X = Spec R has a simple elliptic singularity. The
minimal resolution f: X — X of X is described as follows: X has an Al-
bundle structure m: X = Speca(D,,5o L"t") — C over C, and its zero-
section E (2 C) is the exceptional curve of f. Its self-intersection number
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is £? = —deg L. Our situation is summarized in the following diagram:

E%XLX
N7
C

For ¢ = p° we study the structure of the torsion-free pullback f*RY? of
RY4 = FeOx. We decompose R4 = D,>0 HO(C,FeL™)t"/1 as RY1 =

@’3:_(} [Rl/q]i/q mod Z» Where

(R moaz= €D HY(C,FL™1= B HO(C, L™ ® FLLY)

0<n=i modgq m>0

is an R-summand of RY9 for i = 0,1,...,q — 1; cf. [SVdB, Example 3.1.7].

We are able to know whether any of the summands is flattened on
the minimal resolution X. We put ¢ = p° and d = deg L = —FE? in what
follows.

LeEMMA 2.4 (cf. [HSY]). Let ¢ = p® with e > 1 in the notation as
above.

(1) X is a flattening of [RY9)o moaz if and only if d > 2.

(2) If1<i<q—1, then X is a flattening of [Rl/q]i/q mod 7 if and only if
q # di.

(3) Suppose q = di with d > 2. Then for a point Q € E with P =m(Q) €
C, f*[Rl/q]i/q mod 7 18 mot flat at Q if and only if L' = Oc(qP).

PrOOF. (1) See [HSY, Lemma 4.4] if C' is ordinary. The case where C
is supersingular follows from subsections 4b1-4b2 of [HSY].

(2) The sufficiency is proved in [HSY, Lemma 4.1]. Suppose g = di to
prove the necessity (and also (3)). Then the line bundle L’ is divisible by its
degree ¢, i.e., L' = O¢(qPy) for a point Py € C, because the multiplication
by g on the group structure of C identified with its Jacobian variety induces
a finite (hence surjective) morphism go: C' — C. As in the proof of [HSY,
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Lemma 4.1] we have

f*[Rl/q]i/q mod Z
= Im([Rl/q]l/q modZ ®R OX - F:O)N()

= Im| @ H(C,L™ @ FfLY) @ O¢ — @ L™ ® FEL
m>0 m>0
= Im(H°(C,FfL) @ O¢ =% FeLy o @ L™ ® FLL,

m>1

where a,;, (m > 0) is the graded part of the map « of degree m. Now it is
sufficient to show the following claim, which implies that f*[R/], /q modZ
has a finite colength ¢ > 0 in the locally free sheaf 7*F¢L! = EBmZO L™ ®

F°Lion X.

CramMm. Coker(ag) is supported on a finite closed subset of C' and its
length is q.

To prove the claim, note that the set Cp,[q] of g-torsion points with
respect to the group law of C' with the zero element F is finite. If P € C
is not g-torsion, then H'(C, L(—qP)) = 0 and it follows as in the proof
of [HSY, Lemma 4.1] that the map «q is surjective at P. Thus the map
ao: H(O, F¢LY)®0Oc — FE¢L' is a generically surjective map between locally
free sheaves of the same rank ¢, so that it is injective and Coker(ayg) is a
sheaf of finite length supported on g-torsion points. It follows from the exact

sequence
0— 059 — FCL' — Coker(ag) — 0

that the length of Coker(ap) is equal to x(FEL!) — X(qu) =q.

(3) Continuing the argument above, we see that f*[Rl/q]i/q mod 7 18
not flat at @ if and only if P = w(Q) € Supp(Coker(ap)) and that
Supp(Coker(ap)) € Cp,lg].- In fact, all g-torsion points P € Cp[q] are
in Supp(Coker(ayp)), since a translation Py +— P of g-torsion points pre-
serves the sheaf L' = O¢(qPy) and so the map «g. Thus f*[Rl/q]Z-/q mod 7, 18
not flat at @ if and only if P € Cp,[q], or equivalently, if L' = O¢(¢P). O

REMARK 2.5. If one writes [Rl/q]o mod 7 as [Rl/q]q/q mod 7, then the
assertion (1) of Lemma 2.4 can be included in (2).
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The following is used to show the normality of F-blowups.

ProPOSITION 2.6. Let ng be an integer with ngdegL > 3 and I a
fractional ideal of R = R(C, L) of the form

I=p H(C, Lo L")t

n>ng

for a line bundle Lo on C of degree zero. Then the Rees algebra R[IT] is
normal.

PRrROOF. This is done similarly as in the proof of [HSY, Theorem 4.7],
which we include for the sake of completeness. First note that the normal-
ization of R[IT] is

RIT) = P T7T™,
m>0
where I™ is the integral closure of the fractional ideal I™; see e.g., [L, 9.6.A].
Since ngdeg L > 3,

10y = 1= @ (Lo® LM =2 Oy (—noE) ® 7* Lo

n>ng
is an invertible sheaf on X ; see e.g., [Hart, IV, Corollary 3.2]. Hence

I = H(X,04(-mnoE) @ w*Li") = @) HO(C,L§' ® L")t

n>mng

for all m > 1. Now, for any integers n > mng and ny,...,n, > ng with
ny + -+ ny, =n, the map

HYC,Ly® L") ®---® H(C, Ly ® L") — H°(C,L§* ® L")

is surjective by [HSY, Lemma 4.9]. This implies that the multiplication map
79" - Tm s surjective in all degrees n. Since I = I is integrally closed,
we conclude that I™ = I™, from which the normality of the Rees algebra

R[IT] follows. O

The results on F-blowups of simple elliptic singularities obtained in
[HSY] are summarized in the following
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THEOREM 2.7 ([HSY]). Let (X,z) be a simple elliptic singularity in
characteristic p > 0 with the elliptic exceptional curve E on the minimal
resolution X . Let ﬁe(X) be the normalization of the e-th F-blowup FB.(X)
of (X,z) for any e > 1.

(1) If (X,z) is F-pure with E? = —1, then FB.(X) coincides with the
blowup of X at p® — 1 non-trivial p®-torsion points on E.

(2) If (X, ) is not F-pure with E? = —1, then FB.(X) coincides with
the blowup of X at an ideal supported at a point Py € FE wijh local
expression (t,uP" 1), where t,u are local coordinates at Py € X .

(3) If E? < —2 and —E? is not a power of p, then @E(X) ~ X for all
e > 1. Moreover, if (X, z) is F-pure and E* < —3, then FB.(X) = X.

In the above theorem, the behavior of the normalized F-blowups remains
open in the case F? < —2 and —E? is a power of p. Also, we could not
determine the normality of the F-blowups except for a special case in (3),
where X = Spec R is assumed to be F-pure.

We note that R = R(C, L) is F-pure if and only if C' is ordinary. This
is related to the structure of the vector bundle FfO¢ as follows.

LemMA 2.8 ([HSY, Lemma 4.12], cf. Atiyah [At], Tango [T]). Let C
be an elliptic curve in characteristic p and let ¢ = p® for e > 0.

(1) If C is ordinary, then FOc splits into a direct sum of q distinct
q-torsion line bundles.

(2) If C is supersingular, then FEO¢ is isomorphic to Atiyah’s indecom-
posable bundle F, of rank q; see Section 3 for the definition.

3. Some Surjectivity Results

In this section we prove some surjectivity results, which are used to prove
that the F-blowups of certain simple elliptic singularities coincide with the
minimal resolution. Among them we have the following

THEOREM 3.1. Let L be a line bundle on an elliptic curve C of deg L >
2. Then the natural map

e

p
N\ H’(C,L® F{Oc) — H°(C,det(L @ F£Oc))
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1s surjective for all e > 0.

Note that the Frobenius push-forward FfO¢ is a vector bundle of rank p®
and of degree zero. Its structure differs according to whether C' is ordinary or
supersingular as we have seen in Lemma 2.8. In both cases, however, FfO¢
is obtained by starting from O¢ and taking extension by a line bundle of
degree zero repeatedly. (The difference is whether the extensions are trivial
or not.)

In order to handle the supersingular case, we recall the construction of
Atiyah’s vector bundle F, studied in [At]. For any elliptic curve C' and an
integer r > 0, there exists an indecomposable vector bundle F,. on C of
rank 7 and degree zero with h°(F,) = h'(F,) = 1, determined inductively
by F1 = O¢ and the unique non-trivial extension

(1) 0— Og — F — Fr_1— 0.
It is easy to see that det F,. = O¢. We state an easy lemma for later use.

LEMMA 3.2. Let L be a line bundle on an elliptic curve C.
(1) IfdegL > 1, then H'(C,F, ® L) = 0.

(2) Ifdeg L > 2, then F, ® L is generated by its global sections.

PrROOF. (1) If degL > 1, then H'(X,L) = 0, so that the assertion
follows by induction on r with exact sequence (1).

(2) For any point P € C with residue field x(P) we have an exact
sequence 0 — F, @ L(—P) - F, ® L - F, ® LR k(P) — 0. If deg L > 2,
then H'(C,F, ® L(—P)) = 0 by (1), so that the map H*(X,F, ® L) —
HY(X,F.® L® r(P)) is surjective, that is, F. ® L is globally generated at
P.O

The following lemma slightly improves [HSY, Lemma 4.9].

LEMMA 3.3. Let Ly,..., L, be line bundles on an elliptic curve C of
degL; > 2 fori = 1,...,n. Assume in addition that if degl; = --- =
deg L, = 2, then L; % L; for some i,j. Then the natural map

HYC, L) ® - @ H(C, Ly) — HY(C, L1 @ - @ Ly,)
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18 surjective.

PrROOF. The case that degL; > 3 for ¢ = 1,...,n is done in [HSY,
Lemma 4.9]. Thus we may assume that 2 = deg L; < deg Lo or deg L1 =
deg Lo = 2 and L1 2 Ls. Since Lj is generated by global sections and
h(L1) = 2, we have a short exact sequence

0— L' — HC,L1) ® Oc — Ly — 0.
The cohomology long exact sequence of this sequence tensorized by Lo is
H°(C,Ly) ® H(C,Ly) — H°(C,L1 ® Ly) — H'(C, L7 ® Ly).

Since H'(C, L' ® L) = 0 by our assumption, we obtain the surjectivity of
the map H(C, L1)® H°(C, Ly) — H°(C, L1® Ls). On the other hand, since
deg(L1®Ls) > 3, the map H(C, Li®Ly)H(C, L3) — H°(C, Li®Ly®L3)
is also surjective. Thus the map HY(C, L) ® H°(C,Ly) ® H°(C,L3) —
H°(C,L1 ® Ly ® L3) is surjective. Now the required surjectivity follows
inductively. [

LEMMA 3.4. Let Lq,...,L, be line bundles on an elliptic curve C of
degL; > 3 fori=1,...,n. Then the natural map

HO(C,]:T X Ll) R ® HO(C,}—T ® Ln) — HO(C’}—S@n QRLIQ & Ln)
18 surjective.

PROOF. More generally, we prove the surjectivity of the map
HY(C, Fr,®L1)®- - -@H®(C, Fp,®Ly) — H(C, Fpr,®- - -@F,, QL 1®---®Ly,)

by n-fold induction on rq, ..., r,. First, the caser; = --- = r, = 1 is nothing
but Lemma 3.3. We now suppose r; > 1 and prove that the above map is
surjective assuming the surjectivity of the maps up to r1,...,7; —1,...,7rn.
For this purpose we may assume without loss of generality that ¢ = 1. Let
Vip = H(C,F, ® L;) and H = L1 ® -+ ® L,. Since H(C, L) = 0, we
can derive from exact sequence (1) the following commutative diagram with
exact rows:
0= V11®@Verm® - QVpr, - Vi @@V, — V1 1®@V2ry®---QVpyr,, =0

1 1 1
0— HYFr®  ®F,QH) — HY(Fr® - @F,@H) — HY(Fria®@Fr® - @F,,@H)
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Since the vertical maps on the left- and right-hand sides are surjective by
induction hypothesis, the required surjectivity in the middle follows from
the five-lemma. [J

LEMMA 3.5. Let H be a line bundle on an elliptic curve C' of deg H >
2r + 1 for an integer r > 1. Then the natural map

H°(C,F®" @ H) — H°(C,det(F,) ® H) = H(C, H)
18 surjective.

Proor. Let L be any line bundle with deg L = 2. Then F, ® L is
generated by its global sections by Lemma 3.2 (2). It then follows as in
Step 2 of the proof of [Ha, Lemma 1.8] that

I, = Ker(F®" @ L" — det(F, ® L) = L")

is also generated by its global sections. Then H'(C,I,® H® L") = 0 since
deg H ® L™" > 0. Hence the required surjectivity follows from the exact
sequence

HY(C,F¥" @ H) — H°(C,det(F,) ® H) — HY(C, I, o H® L™"))
associated to

0-LOHRL " —F®H —det(F,) @ H— 0.0

LEMMA 3.6. Let L be a line bundle on an elliptic curve C' with deg L >
2. Then the natural map

or: \ H*(C, Fr ® L) — H°(C, det(F, ® L))
is surjective for all r > 1.

PrROOF. When deg L > 3, the assertion immediately follows from Lem-
mas 3.4 and 3.5.1

! Actually, we do not use the non-triviality of the extension (1) in this case. But we
do use the non-triviality of the extension (1) in considering the case deg L = 2 with direct
computation.
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Let deg L = 2 and let s,t € H(C, L) be a basis of the 2-dimensional k-
vector space H%(C, L). Let U = C\(s)o (resp. V = C\(t)o), the complement
of the divisor of zeros of s (resp. t). Then C is covered by the affine open
subsets U, V.

We first consider the case r = 2. Let £ = Fo ® L. Then £ is given by a
non-trivial extension

(2) 0—-L—-&—L—0,
which gives rise to an exact sequence
0— H°(C,L) = H°(C,&) 2 H(C, L) — 0.

We choose a basis s1, 82,11,y of the 4-dimensional vector space H°(C, &)
so that s and ¢t map to s; and ¢; under 2 and sy and ¢35 map to s and ¢
under p, respectively. Then s1, sy (resp. t1,t2) give a local basis of £ on U
(resp. V), and there exist regular functions f, g on U such that ¢; = fs; and
ty = gs1 + fso. Then the image of the map A? HY(C, &) — HO(C,det €)
contains s1 A sz, t1 Asy = f(s1A82), t1 Aty = f2(s1A82), taAsy = g(s1/As2).
Since HY(C,det £) =2 H°(C, L?) is 4-dimensional, it is sufficient to show the
following

CrAaM. 1, f, f2, g are linearly independent over k.

To prove the claim, note that f ¢ k, since s1,¢; are linearly independent
over k. Hence f is transcendental over the algebraically closed field &, so that
1, f, f? are linearly independent over k. Thus, if the claim fails, then there
exist a,b,c € k such that g = a + bf + cf?. Then we define an Oy-module
homomorphism ¢y: Ly = Ops — £|y and an Oy-module homomorphism
¢v: Lly = Oyt — Ely by

(/J)U(S) = §9 + ct1 and Qﬁv(t) =19 —asy — btl.

Then ¢y and ¢y give splittings of the surjection &€ — L on U and V,
respectively, and

du(t) = ou(fs) = f(s2+ct1) =ta — gs1 + cf?s1 =t — (a + bf)s1 = oy (t)

on UNV. Thus ¢y and ¢y glue together to give a global splitting ¢: L — £ of
the surjection &€ — L. This contradicts to the non-triviality of the extension
(2) and the claim follows.
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Next let r > 3. In view of the exact sequence
0— H(C,L) - H°(C,F, o L) > H(C,F,_1 ® L) — 0,

we have the following diagram, whose commutativity is verified with an
explicit computation.

HO(L) ® /\7"—1 HO(JTT ® L) id®i:1p HO(L) ® /\r—l Ho(fr—l ® L)
u®id | | 1d®¢r
H(F,oL)ye N HY(F @ L) HO(L) ® HO(det(F,_, ® L))
N Ho(lfr ® L) HO(L) ®lHO(LT’—1)
er !
HO(det(F, ® L)) = HO(L")

Here the upper horizontal map id ® /\T_lp is surjective since p is, and
the map id ® ¢,_1 is surjective since so is ¢,_1 by induction. Since r >
3, it follows from Lemma 3.3 that the multiplication map H°(C,L) ®
HO(C,L™Y) — HO(C,L") is also surjective. Thus the map ¢, is surjec-
tive as required. [J

PrRoOOF OF THEOREM 3.1. Suppose that C'is an ordinary elliptic curve.
Then FfO¢ is a direct sum of ¢ = p® non-isomorphic g-torsion line bundles
by Lemma 2.8(1). Hence L ® F¢O¢ is a direct sum of ¢ non-isomorphic line
bundles L = L1, Lo, ..., L, of degree equal to deg L > 2. Then the vector
space A H(C, L ® F¢O¢) contains a subspace isomorphic to H(C, L1) ®
-+ ® HY(C, L), which surjects onto H°(C, L; ® --- ® L,) = H°(C,det(L ®
FfO¢)) by Lemma 3.3.

If C' is supersingular, then FfOc = Fpe by Lemma 2.8(2), and the result
follows from Lemma 3.6. [

COROLLARY 3.7. Let L be a line bundle on an elliptic curve C' with
deg L > 2. Then for any n > r > 2, the natural map

NEH(C,F. ® L) ® H(C,L)*"" — H°(C,det(F,) ® L") = H°(C, L")
18 surjective.

Proor. This follows from Lemmas 3.3 and 3.6. OJ
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4. Comparing “Partial” F-Blowups with the Minimal Resolution

By “partial” F-blowup, we mean the blowup of X = Spec R at a direct
summand of RY? of the form M = [Rl/q]i/q mod 7. If a partial F-blowup

Blas(X) coincides with the minimal resolution X, then we can study the

F-blowup as a further blowup of X. For this purpose we study partial

F-blowups in two cases: We treat the case E? < —2 with the blowup at

[Rl/q]() mod 7 in subsection 4.a and the case E? = —1 with [Rl/q]q;l m0d 7
q

in subsection 4.b.

4.a.
We work under the notation in the setup (2.b). In this subsection we
will study the structure of the blowup of X = Spec R at the R-summand

[Rl/q]o mod Z = @ HO(Ca rm ® F*eOC)

m>0

of RY/4, under the assumption that E? < —2. It follows from Lemma
2.8 that if C is supersingular, then [R'%]g 1,047 is isomorphic to T'\(F,) =
®D,>0 H*(C, Fy®L")t" as a graded R-module. In order to study the blowup
at this module, we put for the moment

M, =T.(F) =P H(C,F. @ L")t"
n>0

for each r > 1 and regard its torsion-free pullback M = f*M, to the
minimal resolution X of X = Spec R as a subsheaf of

Mr = @(fv“ ® Ln)tn'

n>0

Note that M, = H(X,M,) since M, is a reflexive R-module, and M, is
locally free by our assumption that deg L = —E? > 2; see Lemma 2.4 (1).

LEMMA 4.1. Suppose that the self-intersection number of E C X is
E? < =2 and let M, = T'.(F,) as above. Then det M, = O+ ((1—r)E) and
the natural map

,
Op: /\MT — HO()Z', det M,)
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18 surjective.

PrROOF. Let V C C be an open subset on which L and F, trivialize
and let s be a local basis of L on V. We choose a local basis eg,...,e,_1 of
Frlv with respect to the exact sequence restricted from (1),

0— 0y — Frlyv — Froaly — 0

as follows: e is a local basis of O C F, corresponding to its global section
1, which we also denote by eg = 1 € H(C,O¢), and e1,...,e,_1 give a
local basis é1,...,6-—1 of Fr_1|y. Let U = 77V C X. Then, with the
local trivialization L|y = Oys and F,|y = @;:& Oye; = (’)é‘;r as above, we

have
r—1

M|y = @ Oye; = OF,
1=0
where Oy = @,,~((L|v)"t" = @, Ov (st)" = Oy|[st]. On the other hand,
the degree zero piece of M, is H(C,F,) = H°(C,O¢) and the positively
graded parts of J\Z, and M, coincide since F,. ® L™ is generated by global
sections for n > 1 by Lemma 3.2 (2). Hence M, = Opeo®P,, 1 (Fr@L™)t"
and . N
Mr‘U = OU<€(), stel, ‘e ,St6T_1>.

Thus det(M,)|y = Op(st)"teg A--- Ae,_1, from which we obtain

det M, 2 O ((1—r)E) @ 7" det F, = O (1 —1)E) = @ L™t

n>r—1

Now, to prove the surjectivity of the map ¢,, note that the target
HO(X, det ]\Z,) of ¢, sits in degree n > r — 1 and its n-th graded piece
is HO(C, L™)t" = H°(C,L"). Then it immediately follows from Corollary
3.7 that ¢, is surjective in degree n > r.

To show the surjectivity in degree n = r — 1, note that A" M, contains
the vector subspace

r—1

H(C,F)e \ H(C,.F @ L).

On the other hand, it follows from Lemma 3.6 that the natural map

r—1
N\ H(C,Fy ® L) — H'(C,det(F,—1 ® L)) = H(C, L")
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is surjective. Now the surjectivity of ¢, in degree r — 1 follows from the
surjectivity of H°(C,F, ® L) — H°(C,F,_1 ® L) and the identification
H°(C,0¢) = HY(C, F,). O

COROLLARY 4.2. Suppose that the self-intersection number of E C X
is B2 < —2 and let M, = [Rl/q]o modZ for any q = p°. Then the natural
map

q
wq: \ My — H°(X, det M)

18 surjective.

PROOF. It remains to consider the F-pure case. For this purpose we
decompose FfO¢ into the direct sum of ¢ non-isomorphic g¢-torsion line
bundles O¢ = Ly, Lo, ..., Ls. Then M, = @7_, J;, where J; = R, and for
2<i<gq,

Ji =@ H(C,Li ® L")t

n>1

with the torsion-free pullback J; = D,>1(Li @ L™)" to X. We then have
that det ]\qu =@,>,1(L1® - ® Ly® L")t", and the required surjectivity
is an easy consequence of Lemma 3.3. [J

We are now able to improve Theorem 2.7 (3).

THEOREM 4.3.  Let (X,z) be a simple elliptic singularity with the el-
liptic exceptional curve E on the minimal resolution X with E* < —2.

(1) Suppose either that E*> < —2 and p® > 3, or that E*> < —3 and
p® > 2. Then the blowup of X at [RY7"]g mod7z coincides with the
minimal resolution X.

(2) If —E? is not a power of the characteristic p, then FB.(X) = X for
alle > 1.

PrOOF. (1) Let Y be the blowup of X at the R-module [RY"" |0 mod -
We know that X dominates Y by Lemma 2.4 (1) and that ¥ — X has
an exceptional curve, which must be the image of F, since [Rl/ P mod Z

is not flat; see the proof of [HSY, Corollary 4.3]. This implies that X is
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the normalization of Y. On the other hand, it follows from Lemma 4.1 and
Corollary 4.2 that Y is the blowup of X = Spec R at a fractional ideal I of
the form
I= @ HYC Loy L"),
n>q—1
where Lo is a line bundle on C' of degree zero. Thus, to prove (1) it is
sufficient to show that the Rees algebra R[IT] is normal. This follows from
Proposition 2.6 since (¢ — 1) deg L > 3 by our assumption.
(2) follows from (1) and Lemma 2.4 (2). O

4.b.

In this subsection, we assume that deg L = —E? =1 in the notation of
(2.b), that is, X = Spec R has a simple elliptic singularity of type Eg. We
will study the structure of the blowup of X at the R-summand

RV s 0z = @ HO(C, L™ @ FELO )™
! m>0
of R4, We denote this module by M = M, throughout this subsection

and embed its torsion-free pullback M to the minimal resolution X into the
graded O ¢-module
M=EP L™ FLTHm
m>0

as in 4.a.

LEMMA 4.4. For a power q = p® > 2 of p, let M denote the torsion-
free pullback of the R-module M = M, = [RY9]4 modz to the minimal
q

resolution X. Then det M = O (—E) @ n*det FE(LY™Y) and the natural
map
q ~ —~—
<pq:/\M — H(X,det M)

18 surjective.

PROOF. First note that the cokernel of the map H°(C, F¢LI~1)®@0¢c —
F¢(L%1) is locally free of rank one as claimed in the proof of [HSY, Lemma
4.1]. Hence we have an exact sequence

«

0— 05 S oLy - I -0
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with L' a line bundle on C, and it is easy to see that degLl’ = ¢ — 1 by
Riemann-Roch. As before, let V' C C be an open subset on which L and
L’ trivialize and let s be a local basis of L on V. We choose a local basis
e1,...,eq of FE(LY71)|y so that eq,...,e4—1 is the standard global basis of
Im(a) = qufl corresponding to a k-basis of H*(C, F¢LI~1) = HO(C, L971)
and e, maps to a local basis of L'. Let U = 7~V and embed M|U into
M|y = @BL, Ove;, where Oy = Oy|st]. We now express homogeneous
generators of ]\7|U in each degree with the local basis ey,...,eq of M|y. It
is clear that M |u has generators ey, ..., e4—1 in degree zero. In order to find
a new generator in degree one, we look at the exact sequence

0— H'(C, L% - HY(C,L® FSLI™Y) — HY(C,L® L) — 0.

Here elements of degree one coming from HY(C,L®9~!) are generated by
e1,...,eq—1. Thus a new generator in degree one lifts from a global section
in H°(C, L ® L) that generates (L ® L')|y; it has a local expression st(e, +

;1:_11 a;e;) with a; € Oy. Finally, M | and M|y coincide and are generated
by (st)™ei,. .., (st)™e, in degree m > 2. Hence there are no new generators
in degree m > 2. Consequently we have

M’U = OU<€1, N 7 8t6q>.
It follows that det(M)|U = Op(st)er A--- Aeg, and
det M = O (—E) @ 7" det(FSLI) = Oy (-E) @ L' = (P(L @ L")t
n>1
Now the surjectivity of the map

q
vg \M — H(X,det M) = P HO(C, L' @ L")t

n>1
follows easily: For any A € H(C, L' ® L") with n > 1, let X be its lifting to
HO(C, L™ @ FELI7). Then e; A ... Aege1 AM"™ € A M maps to M" via
pq- U

PROPOSITION 4.5.  Let (X, x) be a simple elliptic singularity of type Eq
and suppose q = p® > 3. Then the minimal resolution X coincides with the

the blowup of X = Spec R at the R-module My = [RY9] 4 mod 7

q
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PROOF. By the previous lemma, the fractional ideal I = I; attached
to M = M, is I = HO(X,det M) = @, ., H'(C, L' ® L")t". Since deg(L' ®
L) > q > 3 by our assumption, the result follows from Proposition 2.6 as in
Theorem 4.3. [J

5. The Case —FE? is a Power of p

In this section we consider the exceptional case d|q = p° to prove The-
orem 1.2. In this case, it turns out that the F-blowup sequence does not
stabilize.

5.a.

Let ¢ = p® with e > 1 and suppose that ¢ is divisible by d = —F2.
Then by Lemma 2.4, the R-module R'/9 has a unique summand that is not
flattened by torsion-free pullback to X, that is, [R'4)y moaz if d = 1; and
[Rl/q]l/d mod z if d > 2. If we further assume that ¢ = p® > 3, then

(a) FBe(X) is the blowup of X at the O ¢-module f* [RY9)g moazif d = 1;
and

(b) FB(X) is the blowup of X at the Og-module f*[R"9] /4 moaz if
d>2,

by Proposition 2.2 (2), Theorem 4.3 (1) and Proposition 4.5. Case (a) is
already treated in the proof of [HSY, Theorems 4.5 and 4.13]: The case
E? = —1 in Theorem 1.2 follows from Proposition 4.5 and the descriptions
of the torsion-free pullback f*[R'9)y moqz in [HSY, Lemma 4.4 (1) and
subsection 4b1]. Thus we assume in addition that £ < —2 and let i = ¢/d.
Then 1 <i < ¢ —1, and Lemma 2.4 (3) tells us that

f*[Rl/q]l/d modZ — f*[Rl/q]i/q mod Z

is flat exactly off the points P € E C X such that L? Oc(qP), where we
identify points on C and E via C' = F. Fix one such point Py € E as the
zero element of the group law of E = C. Then L' = O¢(qP) if and only
if P is a g-torsion point. It is well-known that there are exactly ¢ distinct
g-torsion points if C' is ordinary and that there is no non-trivial g-torsion
point if C is supersingular. By this reason the structure of F-blowups differs
according to whether R = R(C, L) is F-pure or not.
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Now to study the structure of the torsion-free pullback f* [Rl/ 7, /d mod Zs
note that FCLY? 2 O (Py) ® FCOc since LIY/4 =2 Oc(qPy) by our assump-
tion, so that

(3> [Rl/q]l/d modZ = @ HO(C7 Lm(PO) ® FSOC)tm'

m>0

We first consider the F-pure case.

THEOREM 5.1.  Let (X, z) be an F-pure simple elliptic singularity with
the elliptic exceptional curve E on the minimal resolution X such that
—E? = p™ for an integer n > 1. Fiz a point Py € E such that O¢(—F)®
O = Op(p"Ry), and for a power g = p® of p, let Z. = {Py, P1,...,Py_1} C
X be the set of g-torsion points on E C X with respect to the group structure
(E, Py). Then for all e > n, the normalization FA‘]/BQ(X) of the e-th F-blowup
FB.(X) coincides with the blowup Bly, (X) of X at the g-torsion points.
Moreover, we have

FB.(X) = By, (X)

except for the case p =2, e =1.

PrROOF. Let d = degL = p™ > 2. We will look at the torsion-free
pullback to X of the R-module [Rl/qh/d modZ as in (3). Since C = FE
is ordinary by the F-purity, FfO¢c splits into line bundles as FfOp =
@g’:—& Oc(P; — Py); see Lemma 2.8 and also [HSY]. Accordingly we have
a splitting [R'/9]; /d modZ = @g;& Ji into ¢ non-isomorphic reflexive R-
modules Jo, J1, ..., Jy—1 of rank one, where

Ji = @ H(C,0c(P) ® L™).

m>0

As in the proof of [HSY, Lemma 4.4] we see that the torsion-free pullback
of J; is

77 = Im | @ HC,00(P) @ L™) ® Oc — @) Oc(P) ® L™

m>0 m>0

= Oce P Oc(P) L™ C P Oc(P) @ L™ = 7*0c(P),

m>1 m>0
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where O C O¢(P;) is the graded part of degree m = 0. Thus we have the
following exact sequence of O ¢-modules:

0— f*J; —» 7°0c(P;) — k(FP;) — 0.

It follows that f*J; = ZIp, ® 7*O¢(P;), where Zp, C Oy is the ideal sheaf
defining P; viewed as a point on E C X. Hence f*J; is flattened by blowing
up at P; € X. It follows that the normalized F-blowup FB.(X) is obtained
by blowing up the points Fj, ..., P,—;; see the proof of [HSY, Corollary
4.3]. If we assume further that ¢ = p¢ > 3, then FB.(X) = Bly, (X) by
Proposition 2.2(2) and Theorem 4.3(1). O

REMARK 5.2. In the exceptional case p =2, e = 1 of the theorem, the
normality of the F-blowup may break down. Indeed, we have an example of
E7—singularity in characteristic 2 whose first F-blowup is not normal [HSY,
Example 4.10]. In this example, the exceptional set of the first F-blowup
consists of three Ps, one of which is the image of the elliptic exceptional
curve on ﬁBl(X).

5.b. Non-F-pure case

We now consider the non-F-pure case. We assume that the exceptional
elliptic curve E = C is supersingular with —E? = p™ > 2 throughout the
remainder of this subsection. Then we have a unique point Py € C' such
that L = O (—F) ® Op = O¢(p" F), since the multiplication by p™ on the
group structure of C' = Jac C induces a purely inseparable endomorphism
on C.

For each r > 0 let F, be Atiyah’s indecomposable bundle of rank r on
C. To proceed along the same line as in [HSY, 4bl], we note that F, is
self-dual, and consider the dual sequence

(4) 0—Frq—F —0c—0

of the non-split exact sequence (1) in Section 2. We consider the graded
R-module
M, = @ HO(C, F(Py) @ L™)t™
m>0
and embed its torsion-free pullback J\Afr = f*M, into M, = @,,,~o(Fr(FPo)®
Lmytm. If ¢ = p° > d = p™ then by Lemma 2.8, M, is isomorphic to the
R-module [RY9], /d modz under consideration.
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We fix any point P € C' and let V C C be a sufficiently small open
neighborhood of P on which L, O¢(FPy) and F, trivialize. We choose a local
basis eq,...,e, of F. on V inductively as follows. For r = 1, let e; be a
(local) basis of F; = O¢ corresponding to its global section 1 € H°(C, O¢).
For r > 2, we think of F,._; as a subbundle of F, via the exact sequence
(4), and extend the local basis ej,...,e,—1 of F._1 on V to a local basis
e1,...,ep of F,.

Let U = 7'V C X. Then, with the local trivialization L[, 2
Oc(Po)|lv = Oy and F |y = @;_, Ove; = O%T as above, we have

T
M|y = @ Oye; = OF,

=1

where Oy = @, (L|v)"t" = ,,~, Ovt™ = Oy|t]. Note that the fiber
coordinate t and a regular parameter v at P € C = F form a system of
coordinates of U. With this notation we shall express generators of the
Opy-module MHU C M, |y, which come from homogeneous elements of the
graded R-module M,.

First note that the graded parts of MHU and M, |y coincide in degree
> 1 and are generated by tey,...,te,, since F,.(Fy) ® L™ is generated by
global sections for n > 1. It remains to consider the contribution of the
degree zero piece [M,]o = H°(C, F,(Fp)) to the generation of MT\U. To this
end, note that we have an exact sequence

0 — H(C, Fi(Po)) — H"(C, Fiy1(Ry)) — H(C,0(Po)) — 0

for 1 < i < r — 1, via which we regard H°(C, F;(Py)) as a subspace of
H°(C, F.(P,)). Then, since h°(F;(Py)) = i by Riemann-Roch, we can
choose a basis s1,...,s, of H(C, F,.(P)) so that s1,...,s; form a basis of
HO(C, Fi(Py)) for 1 <i < r. Tt also follows from exact sequence (4)@0¢(Py)
that the global sections sy, ..., s; generate F;(Py) on C'\ {FPy}, so that they
give a basis of F;(FPy)® K as a vector space over the function field K of C. On
the other hand, ey, ..., e; can also be viewed as a basis of F;(FPy) @ K = K%
under the local trivialization F;(FPp)|y = @;:1 Oye; = OF' induced from
Fily = Oé‘?i and Op(FPy)lvy = Oy. We will compare the basis consisting
of s; ® 1 and the standard basis e, ..., e, of F.(Py) ® K = K% using the
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following commutative diagram with exact rows:

O—> Ho(fifl(Po))@)OV — Ho(fl(PQ))(@OV — HO(Oc(Po))®OV —)0

! i !

0— Fio1(Po)|v — Fi(Po)lv — Oc(Po)lv —0
l= le le

0— ogit — oY — Ov -0

Suppose now that P = Py. Since Bs|O¢(Fy)| = {Fo}, we may choose a
regular parameter u at Py € C so that s; ® 1 = u. It then follows from the

above diagram that
i—1

$; ®1 =mwue; + ZCL@j@j,
j=1
where a;;’s are local regular functions on V. Arguing with the non-triviality
of the extension (4) as in [HSY, 4b1 (4)], we see that we can replace sq,. .., S,
so that they satisfy the condition:

(5) ula;; for 1 < j <i—2 but a;;_1 is not divisible by w.

Therefore, local generators of MT on a neighborhood Uy of Py are described
as
My, = Ouy,(uer,ue; +aji—1€i—1,te; |2 <i<r)
= Oy, (uer,ue; +a;i—1€;i-1,te, |2 <1 <r),

where a;;—1(P) # 0. Accordingly the ideal 7 1, C O defined in Section 2
has the following local expression:

Ty lve 2 (7).

If Py # P € U then M|y = Oplen,...,e;) = OF" by a similar argu-
ment. As in Theorem 5.1 we are led to the following

THEOREM 5.3. Let (X, z) be a non-F-pure simple elliptic singularity
with the elliptic exceptional curve E& on the minimal resolution X such that
—E? = p™ for an integern > 1. Let Py € E be the point such that Oy (-E)®
Op = Op(p"PRy), and let I, € Oy be the ideal sheaf defining a fat point
supported at Py € X whose local expression at Py is

(Ie)Po = (t’ upe)



Structure of the F-Blowups of Simple Elliptic Singularities 217

as above. Then for all e > n, the normalization PTBeN(X) of the e-th F-
blowup FB.(X) coincides with the blowup Blr, (X) of X at Z.. Moreover,
we have

FB.(X) 2 Blz. (X)
except for the case p =2, e =1.

REMARK 5.4 (cf. [HSY, Remark 4.14]). As is mentioned in the intro-
duction, the e-th normalized F-blowup FB.(X) in Theorem 5.3 has the
exceptional set consisting of an elliptic curve E1 & E and a smooth rational
curve Fy = P!, and has an Ape_1-singularity on Ey \ Ei. Thus the mono-
tonicity and stabilization of the F-blowup sequence break down in Theorem
5.3, whereas the F-blowup sequence in Theorem 5.1 is monotone and does
not stabilize.

5.c. Proofs of the main theorems

PrROOF OF THEOREM 1.1. The implication (1) = (3) is Theorem 4.3
(2), and (3) = (2) is trivial. The implication (2) = (1) follows as soon as we
prove Theorem 1.2, in which the F-blowup sequence does not stabilize. [

PROOF OF THEOREM 1.2. Suppose first that 1 < e < n. Then E? <
—4, and Xisa flattening of R'/?° by Lemma 2.4. It follows from Theorem
4.3 (1) that FB.(X) = X.

Suppose now that e > n. If E2 < —2, then assertions (1) and (2) of
the theorem follow from Theorems 5.1 and 5.3, respectively. If E? = —1,
then the assertions follow by combining Propositions 2.2 and 4.5 with [HSY,
Theorems 4.5 and 4.13] (cf. Theorem 2.7). O
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