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The Grothendieck Conjecture for Hyperbolic

Polycurves of Lower Dimension

By Yuichiro HosHI

Abstract. In the present paper, we discuss Grothendieck’s an-
abelian conjecture for hyperbolic polycurves, i.e., successive extensions
of families of hyperbolic curves. One of the consequences obtained in
the present paper is that the isomorphism class of a hyperbolic poly-
curve of dimension less than or equal to four over a sub-p-adic field is
completely determined by its étale fundamental group (i.e., which we
regard as being equipped with the natural outer surjection of the étale
fundamental group onto a fized copy of the absolute Galois group of the
base field). We also verify the finiteness of certain sets of outer isomor-
phisms between the étale fundamental groups of hyperbolic polycurves
of arbitrary dimension.
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Introduction

Let k be a field of characteristic zero, k an algebraic closure of k, and

G, Gal(k/k) the absolute Galois group of k determined by the given

algebraic closure k of k. Let X be a variety over k (i.e., a scheme that is of
finite type, separated, and geometrically connected over k — cf. Definition
1.4). Then let us write IIx for the étale fundamental group of X (for some
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choice of basepoint). The group Ilx is a profinite group which is uniquely
determined (up to inner automorphisms) by the property that the category
of discrete finite sets equipped with a continuous Il x-action is equivalent to
the category of finite étale coverings of X. Now since X is a variety over k,
the structure morphism X — Speck induces a surjection

IIy —— Gk
In particular, the assignment
II: (X — Speck) +— (IIx — Gg)

defines a functor from the category Vi of varieties over k (whose mor-
phisms are morphisms of schemes over k) to the category Gy of profinite
groups equipped with a surjection onto G} (whose morphisms are outer
homomorphisms of topological groups over Gj). The following philoso-
phy, i.e., Grothendieck’s anabelian conjecture (or, simply, the “Grothendieck
conjecture” ), was proposed by Grothendieck (cf., e.g., [7], [8]).

For certain types of k, if one replaces Vi by “the” subcategory
Ay of Vi, of “anabelian varieties” over k, then the restriction of
the above functor IT to Ay should be fully faithful.

Although we do not have any general definition of the notion of an “an-
abelian variety”, the following varieties have been regarded as typical ex-
amples of anabelian varieties:

e A hyperbolic curve (cf. Definition 2.1, (i)).
e A successive extension of families of anabelian varieties.

In particular, a successive extension of families of hyperbolic curves, i.e.,
a hyperbolic polycurve (cf. Definition 2.1, (ii)), is one typical example of
an anabelian variety. In the present paper, we discuss the Grothendieck
congecture for hyperbolic polycurves.

The following is one of the main results of the present paper (cf. Theo-
rems 3.3, 3.14; Corollaries 3.15, 3.16).

THEOREM A. Let p be a prime number, k a sub-p-adic field (¢f. Defi-
nition 8.1), k an algebraic closure of k, n a positive integer, X a hyperbolic
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polycurve (cf. Definition 2.1, (ii)) of dimension n over k, and Y a normal

variety (cf. Definition 1.4) over k. Write Gk = Gal(k/k‘) IIx, Iy for the
étale fundamental groups of X, Y, respectively. Let ¢: Iy — Ilx be an
open homomorphism over Gy. Suppose that one of the following conditions

(1), (2), (3), (4) is satisfied:
(1) n=1.
(2) The following conditions are satisfied:
(24) n = 2.
(2-ii) The kernel of ¢ is topologically finitely generated.
(3) The following conditions are satisfied:
(3-i) n=3.
(3-ii) The kernel of ¢ is finite.

i)

ii)

(3-iii) Y s of LFG-type (cf. Definition 2.5).

(3-iv) 3 < dim(Y).

(4) The following conditions are satisfied:
(4-1)
(4-ii) ¢
(4-iii) Y is a hyperbolic polycurve over k.
(4-iv) 4 < dim(Y).

n=4.

¢ is injective.

Then ¢ arises from a uniquely determined dominant morphism ¥ — X
over k.

REMARK A.l.

(i) Theorem A in the case where condition (1) is satisfied, k is finitely
generated over the field of rational numbers, both X and Y are affine
hyperbolic curves over k, and ¢ is an isomorphism was proved in [23]
(cf. [23], Theorem (0.3)).

(ii) Theorem A in the case where condition (1) is satisfied was essentially
proved in [14] (cf. [14], Theorem A).
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(iii) Theorem A in the case where condition (2) is satisfied, Y is a hyperbolic

polycurve of dimension 2 over k, and ¢ is an isomorphism was proved
n [14] (cf. [14], Theorem D).

One of the main ingredients of the proof of Theorem A is Theorem A
in the case where condition (1) is satisfied (which was essentially proved by
Mochizuki — cf. Remark A.1, (ii)). Another important ingredient in the
proof of Theorem A is the elasticity (cf. [18], Definition 1.1, (ii)) of the
étale fundamental group of a hyperbolic curve over an algebraically closed
field of characteristic zero. That is to say, if C' is a hyperbolic curve over an
algebraically closed field £ of characteristic zero, then, for a closed subgroup
H C Il of the étale fundamental group Ilo of C' it holds that H is open in
II¢ if and only if H is topologically finitely generated, nontrivial, and normal
in an open subgroup of IIo. An immediate consequence of this elasticity is
as follows:

Let V be a variety over F' and ¢: IIyy — IIg a homomorphism.
Suppose that the image of ¢ is normal in an open subgroup of
IIc. Then ¢ is nontrivial if and only if ¢ is open.

Let us observe that this equivalence may be regarded as a group-theoretic
analogue of the following easily verified scheme-theoretic fact:

Let V be a variety over F' and f: V — C a morphism over F.
Then the image of f is not a point if and only if f is dominant.

The following result follows immediately from Theorem A (cf. Corollary
3.18 in the case where both X and Y are hyperbolic polycurves). That is
to say, roughly speaking, the isomorphism class of a hyperbolic polycurve
of dimension less than or equal to four over a sub-p-adic field is completely
determined by its étale fundamental group (i.e., which we regard as being
equipped with the natural outer surjection of the étale fundamental group
onto a fized copy of the absolute Galois group of the base field).

THEOREM B. Let p be a prime number; k a sub-p-adic field (c¢f. Def-
inition 3.1); k an algebraic closure of k; X, Y hyperbolic polycurves (cf.
Definition 2.1, (ii)) over k. Write Gy, & Gal(k/k); Ilx, Iy for the étale

fundamental groups of X, Y, respectively;
Isomg(X,Y)
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for the set of isomorphisms of X with'Y owver k;
ISOInGk (Hx, Hy)

for the set of isomorphisms of Ilx with Iy over Gi; Ay, for the kernel of
the natural surjection Iy — Gy. Suppose that either X orY is of dimension
< 4. Then the natural map

Isomg(X,Y) —— Isomg, (Ilx, Iy )/Inn(Ay ;)
1s bijective.

Next, let us observe that if X and Y are hyperbolic polycurves over a
sub-p-adic field k, then the finiteness of the set of isomorphisms over k

Isomg (X,Y)

may be easily verified (cf., e.g., Proposition 4.5). Thus, if the natural map
discussed in Theorem B is bijective for arbitrary hyperbolic polycurves over
sub-p-adic fields (i.e., Theorem B without the assumption that “either X or
Y is of dimension < 4” holds), then it follows that the set

Isomg, (Ix, Iy ) /Inn(Ay,)

is finite. Unfortunately, it is not clear to the author at the time of writing
whether or not such a generalization of Theorem B holds. Nevertheless, the
following result asserts that the above set is, in fact, finite (cf. Theorem
4.4).

THEOREM C. Let p be a prime number; k a sub-p-adic field (c¢f. Def-

inition 3.1); k an algebraic closure of k; X, Y hyperbolic polycurves (cf.
Definition 2.1, (ii)) over k. Write Gy, def Gal(k/k); Iy, Iy for the étale
fundamental groups of X, Y, respectively; Isomg, (Ilx,Ily) for the set of
isomorphisms of Ilx with Ily over Gy; Ay, for the kernel of the natural
surjection Iy — Gy. Then the quotient set

Isomg, (TLy, [Ty ) /Tnn(Ay)

1s finite.
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In the notation of Theorem C, if k is finite over the field of rational
numbers, then we also prove the finiteness of the set of outer isomorphisms
of IIx with ITy (cf. Corollary 4.6).
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1. Exactness of Certain Homotopy Sequences

In the present §1, we consider the ezactness of certain homotopy se-
quences (cf. Proposition 1.10, (i)) and prove that the kernel of the outer
homomorphism between étale fundamental groups induced by a morphism
of schemes that satisfies certain conditions is topologically finitely generated

(cf. Corollary 1.11). In the present §1, let k be a field of characteristic zero,

k an algebraic closure of k, and G}, o Gal(k/k).

DEFINITION 1.1. Let X be a connected noetherian scheme.
(i) We shall write
IIx
for the étale fundamental group of X (for some choice of basepoint).

(ii) Let Y be a connected noetherian scheme and f: X — Y a morphism.
Then we shall write

Ay =Ax;y Cllx

for the kernel of the outer homomorphism Ilx — Ily induced by f.

LEMMA 1.2. Let X be a connected noetherian normal scheme. Write
n — X for the generic point of X. Then the outer homomorphism I, — Ilx
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induced by the morphism n — X is surjective. In particular, if U C X is
a nonempty open subscheme, then the outer homomorphism Iy — Ilx
induced by the open immersion U — X 1is surjective.

Proor. This follows from [24], Exposé V, Proposition 8.2. [J

LEMMA 1.3. Let X,Y be connected noetherian schemes and f: X — Y
a morphism. Suppose that'Y is normal, and that f is dominant and of finite
type. Then the outer homomorphism Ilx — Ily induced by f is open.

PRrROOF. Since f is dominant and of finite type, it follows that there
exists a finite extension K of the function field of Y such that the natural
morphism Spec K — Y factors through f. Thus, it follows immediately
from Lemma 1.2 that IIx — Iy is open. This completes the proof of
Lemma 1.3. O

DEeFINITION 1.4. Let X be a scheme over k. Then we shall say that
X is a wvariety over k if X is of finite type, separated, and geometrically
connected over k.

LEMMA 1.5. Let X be a variety over k. Then the sequence of schemes
X xpk My - Speck determines an exact sequence of profinite groups

1 —— Iy, 7 Tx G 1.

In particular, we obtain an isomorphism HXxkE 5 A X/k (which is well-
defined up to Il x-conjugation).

ProOF. This follows from [24], Exposé IX, Théoréme 6.1. [

LEMMA 1.6. Let X, Y be connected noetherian schemes and f: X — Y
a morphism. Suppose that f is of finite type, separated, dominant and
generically geometrically connected. Suppose, moreover, that Y is normal.
Then the outer homomorphism llx — Ily induced by f s surjective.

ProOOF. Write n — Y for the generic point of Y. Then since X — Y is
dominant and generically geometrically connected, we obtain a commutative
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diagram of connected schemes

XXyn—>X

l s

b R—

Now since Y is normal, and (one verifies easily that) X Xy 7 is a variety over
7 (i.e., over the function field of Y), it follows immediately from Lemmas 1.2;
1.5 that the outer homomorphism IIx — Ily is surjective. This completes
the proof of Lemma 1.6. [J

LEMMA 1.7. Let X be a variety over k. Suppose that G} is topolog-
ically finitely generated (e.g., the case where k = k). Then the profinite
group Ilx is topologically finitely generated.

PROOF. Since (we have assumed that) k is of characteristic zero, this
follows from [25], Exposé II, Théoreme 2.3.1, together with Lemma 1.5. O

DEFINITION 1.8. Let X, Y be integral noetherian schemes and f: X —
Y a dominant morphism of finite type. Then we shall write

Nor(f) = Nor(X/Y) —— Y

for the normalization of Y in (the necessarily finite extension of the function
field of Y obtained by forming the algebraic closure of the function field of Y
in the function field of) X. Note that it follows immediately from the various
definitions involved that Nor(f) = Nor(X/Y') is irreducible and normal, and
that the morphism Nor(f) = Nor(X/Y) — Y is dominant and affine.

LEMMA 1.9. Let X, Y be integral noetherian schemes and f: X — Y
a dominant morphism of finite type. Suppose that X is normal. Then f
factors through the natural morphism Nor(f) — Y, and the resulting mor-
phism X — Nor(f) is dominant and generically geometrically irreducible
(i.e., there exists a dense open subscheme U C Nor(f) of Nor(f) such that
the geometric fiber of X Xnor() U U at any geometric point of U is irre-
ducible — ¢f. [5], Proposition (9.7.8)). If, moreover, X andY are varieties
over k, then the natural morphism Nor(f) — Y is finite and surjective, and
Nor(f) is a normal variety over k.
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PrRoOOF. The assertion that f factors through the natural morphism
Nor(f) — Y and the assertion that the resulting morphism X — Nor(f)
is dominant follow immediately from the various definitions involved. The
assertion that the resulting morphism X — Nor(f) is generically geometri-
cally irreducible follows immediately from [4], Proposition (4.5.9). Finally,
we verify that if, moreover, X and Y are wvarieties over k, then the natu-
ral morphism Nor(f) — Y is finite and surjective, and Nor(f) is a normal
variety over k. Now since Y is a wariety over k, it follows immediately
from the discussion following [12], §33, Lemma 2, that Nor(f) — Y is fi-
nite. Thus, since Nor(f) — Y is dominant (cf. Definition 1.8), we conclude
that Nor(f) — Y is surjective. On the other hand, since Nor(f) — Y is
separated and of finite type (cf. the finiteness of Nor(f) — Y), to verify
that Nor(f) is a normal variety over k, it suffices to verify that Nor(f) is
geometrically irreducible over k. On the other hand, since Nor(f) — Y is
dominant, this follows immediately from [4], Proposition (4.5.9), together
with our assumption that X is geometrically irreducible over k (cf. the fact
that X is a normal variety over k). This completes the proof of Lemma
1.9. O

PrROPOSITION 1.10. Let S, X, and Y be connected noetherian normal
schemes and Y — X — S morphisms of schemes. Suppose that the follow-
ing conditions are satisfied:

(1) Y — X is dominant and induces an outer surjection Iy — Ilx.

(2) X — S is surjective, of finite type, separated, and generically geo-
metrically integral.

(3) Y — S is of finite type, separated, faithfully flat, geometrically nor-
mal, and generically geometrically connected.

Then the following hold:

(i) Lets — S be a geometric point of S that satisfies the following condi-
tion

(4) For any connected finite étale covering X' — X and any ge-
ometric point 8 — Nor(X'/S) of Nor(X'/S) that lifts the ge-
ometric point 5 of S, the geometric fiber X' Xnor(x7/s) 5 of
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X' — Nor(X'/S) (¢f. Lemma 1.9) at' s — Nor(X'/S) is con-
nected. (Note that it follows from Lemma 1.9 that a geometric
point of S whose image is the generic point of S satisfies condi-

tion (4).)

Then the sequence of connected schemes X xg5 4 X — S (note that
X Xg§ is connected by conditions (2), (4) — cf. also [4], Corollaire
(4.6.8)) determines an exact sequence of profinite groups

HXX5§ ? HX HS 1.

(i1) If, moreover, the function field of S is of characteristic zero, then
Ax/g is topologically finitely generated.

PRrROOF. Let us first observe that it follows from Lemma 1.7, together
with the fact that a geometric point of S whose image is the generic point of
S satisfies condition (4) (cf. condition (4)), that assertion (ii) follows from
assertion (i). Thus, to verify Proposition 1.10, it suffices to verify assertion
(). Next, let us observe that since the composite X xg5 — X — S factors
through s — S, it follows that the composite IIxx s — IIx — Ilg is trivial.
On the other hand, it follows immediately from Lemma 1.6 that the outer
homomorphism IIx — Ilg is surjective. Thus, it follows immediately from
the various definitions involved that, to verify Proposition 1.10, it suffices
to verify that the following assertion holds:

CrAM 1.10.A: Let X’ — X be a connected finite étale covering
of X such that the natural morphism X’ xgs — X xg s has
a section. Then there exists a finite étale covering of S whose
pull-back by X — S is isomorphic to X’ over X.

To verify Claim 1.10.A, write T et Nor(X'/S) — S. Now let us observe
that since X is connected, and X' — X is finite and étale (hence closed and
open), it follows that X’ — X hence also Y’ def'y xx X' 2} Y, is surjective.

Next, to verify Claim 1.10.A, I claim that the following assertion holds:

Cramm 1.10.A.1: Y, Yy def g xg T, and Y’/ are irreducible and

normal.
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Indeed, we have assumed that Y is normal. Thus, since X’ — X, hence
also Y’ — Y, is étale, it follows that Y’ is normal. On the other hand, since
T is normal, and Y — S, hence also Y — T, is geometrically normal, it
follows from [5], Proposition (11.3.13), (ii), that Y7 is normal.

Since Y7 and Y’ are normal, to verify Claim 1.10.A.1, it suffices to
verify that Y7 and Y’ are connected. Now let us observe that the assertion
that Y’ is connected follows from our assumption that the natural outer
homomorphism Ily — Ilx is surjective. Next, to verify that Y7 is connected,
let U C Y7 be a nonempty connected component of Y. Then since Y — S,
hence also Yp — T, is flat and of finite presentation, hence open (cf. [5],
Théoreme (11.3.1)), the images of U and Y7 \ U in T" are open in T'. Thus,
since Y — S, hence also Yy — T, is generically geometrically connected, it
follows that the image of Y7 \ U in T, hence also Y \ U, is empty. This
completes the proof of the assertion that Yp is connected, hence also of
Claim 1.10.A.1.

Next, to verify Claim 1.10.A, I claim that the following assertion holds:

CLAIM 1.10.A.2: The natural morphism T — S, hence also
Yr — Y, is finite.

Indeed, since Y — S is geometrically normal, one verifies easily that Y’ — S
is geometrically reduced. Thus, it follows from [4], Corollaire (4.6.3), that the
(necessarily finite) extension of the function field of S obtained by forming
the algebraic closure of the function field of S in the function field of Y’
(cf. Claim 1.10.A.1), hence also in the function field of X', is separable. In
particular, since S is normal and noetherian, the natural morphism 7" — S
is finite (cf., e.g., [12], §33, Lemma 1). This completes the proof of Claim
1.10.A.2.

Next, to verify Claim 1.10.A, I claim that the following assertion holds:

CramM 1.10.A.3: The natural morphism Y’ — Y7 is finite and
étale (hence closed and open; thus, Y/ — Y7 is surjective — cf.
Claim 1.10.A.1).

Indeed, since Y/ and Yr are finite over Y (cf. Claim 1.10.A.2), and Y/ —
Yr is a morphism over Y, one verifies easily that Y/ — Y7 is finite. In
particular, in light of the surjectivity of Y/ — Y (cf. the discussion preceding
Claim 1.10.A.1), hence also of Y7 — Y, by considering the fibers of Y/ —
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Yr — Y at the generic point of Y, together with Claim 1.10.A.1, we conclude
that Y’ — Yp is dominant, hence surjective. On the other hand, since
Y’ — Y is unramified, it follows from [6], Proposition (17.3.3), (v), that
Y’ — Yp is unramified. Thus, since Y is normal (cf. Claim 1.10.A.1), it
follows from [24], Exposé I, Corollaire 9.11, that Y' — Y7 is étale. This
completes the proof of Claim 1.10.A.3.

Next, to verify Claim 1.10.A, I claim that the following assertion holds:

CrAiM 1.10.A.4: The morphism Y7 — Y is finite and étale.

Indeed, the finiteness of Yr — Y was already verified in Claim 1.10.A.2.
Thus, since Y and Y7 are irreducible and normal (cf. Claim 1.10.A.1), and
Yr — Y is surjective (cf. the proof of Claim 1.10.A.3), it follows from [24],
Exposé I, Corollaire 9.11, that, to verify Claim 1.10.A.4, it suffices to verify

that Yr — Y is unramified. To this end, let 2 be a separably closed field

and y def SpecQ — Y a morphism of schemes. Then since Y/ — Y is

unramified, Y' Xy 7 is isomorphic to a disjoint union of finitely many copies
of Spec 2. Thus, since Y/ — Yr is surjective and étale (cf. Claim 1.10.A.3),
we conclude that Y7 xy ¥ is isomorphic to a disjoint union of finitely many
copies of Spec (2, i.e., that Y — Y is unramified. This completes the proof
of Claim 1.10.A.4.

Next, to verify Claim 1.10.A, I claim that the following assertion holds:

CramM 1.10.A.5: The morphism 7' — S, hence also Xp df x Xg
T x , is finite and étale. Moreover, X is connected, and the
natural morphism X’ — X7 is finite and étale (hence closed and
open; thus, X' — Xrp is surjective).

Indeed, since (we have assumed that) the composite Y — X — S'is faithfully
flat and quasi-compact, it follows from Claims 1.10.A.2; 1.10.A.4, together
with [6], Corollaire (17.7.3), (ii), that 7" — S, hence also Xp — X, is
finite and étale. Thus, the connectedness of Xp follows immediately from
the surjectivity of the natural outer homomorphism IIx — IIg (cf. the
discussion preceding Claim 1.10.A). Finally, we verify that X' — Xy is
finite and étale. The finiteness and unramifiedness of X' — X follow
immediately from a similar argument to the argument used in the proof
of the assertion that Y/ — Y7 is finite and unramified (cf. the proof of
1.10.A.3). On the other hand, since X’ and Xp are flat over X, the flatness
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of X" — X7 follows immediately from [24], Exposé I, Corollaire 5.9, together
with the unramifiedness of X — X, which implies that the fiber of X7 — X
at any point of X is isomorphic to a disjoint union of finitely many spectra
of fields. This completes the proof of Claim 1.10.A.5.

Since T' — S is a finite étale covering (cf. Claim 1.10.A.5), it is imme-
diate that, to verify Proposition 1.10, i.e., to verify Claim 1.10.A, it suffices
to verify that the finite étale covering X' — Xrp (cf. Claim 1.10.A.5) is an
isomorphism. On the other hand, let us observe that, since X’ and X1 are
connected (cf. Claim 1.10.A.5), to verify Claim 1.10.A, it suffices to verify
that the finite étale covering X’ — Xr is of degree one. Write d for the
degree of the finite étale covering T — S. Then since (we have assumed
that) X xg 3 is connected, it follows immediately that the number of the
connected components of X1 xXg 5 is d. Moreover, it follows immediately
from our choice of 5 — S (cf. condition (4)) that the number of the con-
nected components of X’ xg 35 is d. Thus, since X' — Xrp is surjective (cf.
Claims 1.10.A.5), the morphism X’ — X7 determines a bijection between
the set of the connected components of X’ x g5 and the set of the connected
components of X7 xXg 5. On the other hand, let us recall that we have
assumed that the natural morphism X’ x ¢35 — X X g5 has a section. Thus,
by considering the connected component of X’ x g5 obtained by forming the
image of a section of X’ xg35 — X Xxg 5, one verifies easily that the finite
étale covering X’ — X7 is of degree one. This completes the proof of Claim
1.10.A, hence also of Proposition 1.10. [J

COROLLARY 1.11. Let S, X be connected noetherian normal schemes
and X — S a morphism of schemes that is surjective, of finite type, sepa-
rated, and generically geometrically irreducible. Suppose that the function
field of S is of characteristic zero. Suppose, moreover, that one of the fol-
lowing conditions is satisfied:

(1) There ezists an open subscheme U C X of X such that the composite
U — X — § is surjective and smooth.

(2) There exist a connected normal scheme Y and a modification ¥ —
X (ie., Y — X is proper, surjective, and induces an isomorphism
between the respective function fields) such that the composite Y —
X — S is smooth.
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Then Ay/s is topologically finitely generated.

PROOF. Suppose that condition (1) (respectively, (2)) is satisfied.
Then, to verify Corollary 1.11, it follows from Proposition 1.10, (ii), that it
suffices to verify that the scheme U (respectively, Y) over X in condition
(1) (respectively, (2)) satisfies the conditions imposed on “Y” in the state-
ment of Proposition 1.10. On the other hand, this follows immediately from
Lemma 1.2. This completes the proof of Corollary 1.11. [J

2. Etale Fundamental Groups of Hyperbolic Polycurves

In the present §2, we discuss generalities on the étale fundamental groups
of hyperbolic polycurves. In the present §2, let k be a field of characteristic

zero, k an algebraic closure of k, and Gy, & Gal(k/k).

DEFINITION 2.1. Let S be a scheme and X a scheme over S.

(i) We shall say that X is a hyperbolic curve (of type (g,r)) over S if there
exist
e a pair of nonnegative integers (g, r);

e a scheme X°P' which is smooth, proper, geometrically connected,
and of relative dimension one over S;

e a (possibly empty) closed subscheme D C X' of X P! which is
finite and étale over S

such that

e 2g—2+1>0;

e any geometric fiber of XP* — § is (a necessarily smooth proper
curve) of genus g;

e the finite étale covering D — XP* — S is of degree 7;
e X is isomorphic to X°P*\ D over S.
(ii) We shall say that X is a hyperbolic polycurve (of relative dimension n)

over S if there exist a positive integer n and a (not necessarily unique)
factorization of the structure morphism X — S
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X=X, — X1 Xo X1 — S=Xo

such that, for each i € {1,--- ,n}, X; — X;_; is a hyperbolic curve
(cf. (i)). We shall refer to the above morphism X — X,_; as a
parametrizing morphism for X and refer to the above factorization of
X — S as a sequence of parametrizing morphisms.

REMARK 2.1.1. In the notation of Definition 2.1, (ii), suppose that S
is a normal (respectively, smooth) variety of dimension m over k. Then one
verifies easily that any hyperbolic polycurve of relative dimension n over S
is a normal (respectively, smooth) variety of dimension n + m over k.

DEFINITION 2.2. In the notation of Definition 2.1, (i), suppose that
S is normal. Then it follows from the argument given in the discussion
entitled “Curves” in [15], §0, that the pair “(XP*, D)” of Definition 2.1, (i),
is uniquely determined up to canonical isomorphism over S. We shall refer
to X Pt as the smooth compactification of X over S and refer to D as the
divisor of cusps of X over S.

PROPOSITION 2.3. Let n be a positive integer, S a connected noethe-
rian separated normal scheme over k, X a hyperbolic polycurve of relative
dimension n over S,

X=X, — X, Xs X — S=X

a sequence of parametrizing morphisms, and Y — X a connected finite étale
covering of X. For each i € {0,--- ,n}, write Y; o Nor(Y/X;). Then the
following hold:

(i) Foreachi € {1,---,n}, Y; is a hyperbolic curve over Y;_1. Moreover,
if we write YZ-CIDt for the smooth compactification of the hyperbolic curve
Y; over Y;_1 (cf. Definition 2.2), then the composite Yfpt —Y,_1—
X,;_1 s proper and smooth. Furthermore, if we write YiCpt — i1 —
X;_1 for the Stein factorization of the proper morphism YiCpt — X1,
then Z;_1 is isomorphic to Y;_1 over X;_;.

(ii) For eachi € {0,--- ,n}, the natural morphism Y; — X; is a connected
finite étale covering.



168 Yuichiro Hosnri

In particular, Y is a hyperbolic polycurve of relative dimension n over
Nor(Y/S), and the factorization

Y=Y, — Y, Y Nor(Y/S) = Yo

18 a sequence of parametrizing morphisms.

PRrROOF. First, I claim that the following assertion holds:
Cram 2.3.A: If n =1, then Proposition 2.3 holds.

Indeed, write X°P* for the smooth compactification of X over S (cf. Defini-
tion 2.2); D C X' for the divisor of cusps of X over S (cf. Definition 2.2);

yopt 2 Nor(Y/XPY): E for the reduced closed subscheme of Y °P* whose sup-

port is the complement YP*\ Y (cf. [3], Corollaire (4.4.9)); T dof Nor(Y/S).

Let us observe that since S and X°P' are normal schemes over k, and k is
of characteristic zero, the natural morphisms 7' — S and YP* — X°P! are
finite (cf., e.g., [12], §33, Lemma 1), and, moreover, the base-change by a ge-
ometric generic point of S of the natural morphism YP* — X°Pt is a tamely
ramified covering along (the base-change by the geometric generic point of
S of) D C X°P*. (Note that it follows immediately from the definition of
the term “hyperbolic curve” that D is a divisor with normal crossings of
X P relative to S — cf. [24], Exposé XIII, §2.1.) In particular, it follows
immediately from Abhyankar’s lemma (cf. [24], Exposé XIII, Proposition
5.5) that YP' is smooth over S, and, moreover, that E is étale over S.
Write YP* — Z — S for the Stein factorization of YP* — S. (Note that
since Y°P' is finite over X°P' and X°P' is proper over S, Y°P' is proper
over S.) Then since (one verifies easily that) Z and T are irreducible and
normal, and the resulting morphism Z — T is finite and induces an isomor-
phism between the respective function fields, it follows from [3], Corollaire
(4.4.9), that Z is isomorphic to T over S. On the other hand, since Y P
is proper and smooth over S, it follows from [24], Exposé X, Proposition
1.2, that Z, hence also T, is a finite étale covering of S. In particular, it
follows from [6], Proposition (17.3.4), together with the fact that YP (re-
spectively, E) is smooth (respectively, étale) over S, that Y P! (respectively,
E) is smooth (respectively, étale) over T. Now one verifies easily that the
pair (YP' E C Y°P!) satisfies the conditions listed in Definition 2.1, (i), for
“(XcePt D C X°PY)”. This completes the proof of Claim 2.3.A.
Next, I claim that the following assertion holds:
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CrLAIM 2.3.B: For a fixed ig € {1,---,n}, if assertion (i) holds
in the case where we take “i” to be ig, then assertion (ii) holds
in the case where we take “i” to be ig — 1.

Indeed, it follows from assertion (i) in the case where we take “i” to be i
that, to verify assertion (ii) in the case where we take “i” to be ig — 1, it
suffices to verify that Z;,—1 — X;,—1 is a finite étale covering. On the other
hand, since the composite Y;Ept — Yj,—1 — Xj,—1 is proper and smooth (cf.
assertion (i) in the case where we take “i” to be ip), this follows from [24],
Exposé X, Proposition 1.2. This completes the proof of Claim 2.3.B.

Next, I claim that the following assertion holds:

Cram 2.3.C: For a fixed ig € {1,--- ,n}, if assertion (ii) holds
in the case where we take “i” to be ig, then assertion (i) holds
in the case where we take “i” to be ig.

Indeed, by applying Claim 2.3.A to the connected finite étale covering Y;, —
Xi, (cf. assertion (ii) in the case where we take “i” to be ig) of the hyperbolic
curve X, over X;,_1, we conclude that assertion (i) in the case where we
take “i” to be ig holds. This completes the proof of Claim 2.3.C.

Now let us observe that assertion (ii) in the case where we take “i” to
be n is immediate. Thus, Proposition 2.3 follows immediately from Claims
2.3.B and 2.3.C. This completes the proof of Proposition 2.3. [J

PROPOSITION 2.4. Let 0 < m < n be integers, S a connected noethe-
rian separated normal scheme over k, X a hyperbolic polycurve of relative
dimension n over S, and

X:Xn—>Xn_1 X2 X1—>S:X0
a sequence of parametrizing morphisms. Then the following hold:

(i) For any geometric point Ty, — X of X, the sequence of connected

_ pr )
schemes X Xx, Tm — X — X,, determines an exact sequence of
profinite groups

1 —— Mxxy 70 — My —— Tx, — 1.

In particular, we obtain an isomorphism xx z, 5 Ax/x,, (which
is well-defined up to Il x-conjugation).
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Let T be a connected noetherian separated normal scheme over S and
T — X,, a morphism over S. Then the natural morphisms X xx,,
T2 X and X x x,, I 2 T determine an outer isomorphism

HUxxy, 7 — Ilx xmy  Ilr
and an isomorphism

AXmeT/T — AX/Xm
(which is well-defined up to Ilx-conjugation).

Ax/x,, s nontrivial, topologically finitely generated, slim (i.e., every
open subgroup of Ax/x,, is center-free), and torsion-free. In particu-
lar, Ax/x,, is infinite.

Ax, 1/x,, 18 elastic (cf. [18], Definition 1.1, (ii)), i.e., the follow-
ing holds: Let N C Ax . /x, be a topologically finitely generated
closed subgroup of Ax, . /x, that is normal in an open subgroup
of Ax,..,/Xm- Then N is nontrivial if and only if N is open in

AXps1/Xom-

Suppose that the hyperbolic curve X,,+1 over X, is of type (g,r) (cf.
Definition 2.1, (i)). Then the abelianization of Ax, . /x,, s a free
Z-module of rank 2g + max{r — 1,0}; Ax . /x, s a free profinite
group if and only if r # 0.

For any positive integer N, there exists an open subgroup H C
Ax,i1/Xm Of DX, . 1/X,, Such that the abelianization of H is (a free
i—module) of rank > N.

PrROOF. First, we verify assertion (i). Let us observe that it follows
immediately from Lemma 1.6; Proposition 2.3, (i), together with the various
definitions involved, that (X,,, X, X, T,, — X,,) satisfies the four conditions
(1), (2), (3), and (4) (for “(S,X,Y,s — S5)”) in the statement of Proposition

1.10.

Thus, It follows immediately from Proposition 1.10, (i), that the

sequence of profinite groups

Oxxy, #m ITx IIx,, —— 1

is ezact. Thus, to verify assertion (i), it suffices to verify that Ilxy =z, —

IIx is injective. Now I claim that the following assertion holds:
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Cram 2.4.A: If n =1 (so m = 0), i.e., X is a hyperbolic curve
over S, and the finite étale covering of S determined by the
divisor of cusps of the hyperbolic curve X over S (cf. Definition
2.2) is trivial, then Ilxx . 7, — Ilx is injective.

Indeed, write (g,7) for the type of the hyperbolic curve X over S; My,,
Mg r41 for the moduli stacks over k of ordered 7-, (r + 1)-pointed smooth
proper curves of genus g, respectively; Ilaq, ., lr,,,, for the étale fun-
damental groups of My ,, Mg 11, respectively. Then since (we have as-
sumed that) the finite étale covering of S determined by the divisor of
cusps of the hyperbolic curve X over S is trivial, it follows immediately
from the various definitions involved that there exists a morphism of stacks
sx: S — Mgy, over k such that the fiber product of sx and the morphism
of stacks Mg ,41 — My, over k obtained by forgetting the last marked
point is isomorphic to X over S. Thus, we have a commutative diagram of
profinite groups

Hx x 570 — Iy —— s ——1

| | |

1 HMQ,T-H X Mg,rT0 HMg HMgﬂ' 1

41

— where the right-hand vertical arrow is the outer homomorphism induced
by sx, the left-hand vertical arrow is an isomorphism, and the horizontal
sequences are exact (cf., e.g., [11], Lemma 2.1; the discussion preceding
Claim 2.4.A). In particular, it follows that IIx xg Ty — Ilx is injective.
This completes the proof of Claim 2.4.A.

Next, I claim that the following assertion holds:

Cramm 2.4.B: If n = 1 (so m = 0), then lxx, 7z, — Iy is
mjective.

Indeed, since the divisor of cusps of X over S is a finite étale covering of
S, there exists a connected finite étale covering S’ — S of S such that
the finite étale covering of S’ determined by the divisor of cusps of the
hyperbolic curve X xg S” over S’ is trivial. Thus, we have a commutative



172 Yuichiro HoSHI

diagram of profinite groups

1 HXXsfo HXXsSI HS/ 1
HXXsfo — HX HS 1

— where the vertical arrows are outer open injections, and the horizontal
sequences are exact (cf. Claim 2.4.A; the discussion preceding Claim 2.4.A).
In particular, it follows that IIx ¢z, — Ilx is injective. This completes the
proof of Claim 2.4.B.

Now, we verify the injectivity of Il x« .z, — Ilx by induction on n—m.
If n —m = 1, then the injectivity of Ilx« X Fm IIx follows immediately
from Claim 2.4.B. Suppose that n—m > 2, and that the induction hypothesis
is in force. Let T, 1 — X,_1 be a geometric point of X, 1 that lifts
the geometric point Z,, — X;,. Then it follows immediately from various
definitions involved that we have a commutative diagram of profinite groups

1

l

1 HXXmem HXn—l X X Tm

| !

s IIx s IIx

1 —— Tlxxy, 7

1 EE— HXXXn7

1Tn—1 n—1"

moreover, since X, X Xx, T, X,—1 are hyperbolic polycurves over X, _1,
Xn—1 XX, Tm, Xm of relative dimension 1, 1, n —m — 1, respectively, it
follows immediately from the induction hypothesis that the two horizontal
sequences and the right-hand vertical sequence of the above diagram are
exact. Thus, one verifies easily that the homomorphism Ilx « s Fm — Hx
is injective. This completes the proof of assertion (i). Assertion (ii) follows
immediately from assertion (i), together with the “Five lemma”. Next,
we verify assertion (iii). Let us observe that it follows from assertion (i)
that, to verify assertion (iii), we may assume without loss of generality that
m =n — 1. On the other hand, if m = n — 1, i.e., X is a hyperbolic curve
over X,,, assertion (iii) is well-known (cf., e.g., [23], Proposition 1.1, (i); [23],
Proposition 1.6; [19], Proposition 1.4). This completes the proof of assertion
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(iii). Assertion (iv) follows from [19], Theorem 1.5. Assertion (v) is well-
known (cf., e.g., the statement of, as well as the discussion immediately
preceding, [23], Corollary 1.2). Assertion (vi) follows immediately from
Hurwitz’s formula (cf., e.g., [9], Chapter IV, Corollary 2.4), together with
assertions (iii), (v). This completes the proof of Proposition 2.4. [J

DEFINITION 2.5 (cf. [10], §4.5). Let X be a variety over k. Then we
shall say that X is of LFG-type (where the “LFG” stands for “large fun-
damental group”) if, for any normal variety Y over k and any morphism
Y — X X}, k over k that is not constant, the image of the outer homomor-
phism ITy — II X 18 infinite. Note that one verifies easily that the issue
of whether or not X satisfies this condition does not depend on the choice
of “k” (cf. also Lemma 1.5).

REMARK 2.5.1. In the situation of Definition 2.5, suppose further that
k' is a field extension of k, and that % is an algebraic closure of k’. Then it
follows immediately, by considering hyperplane sections (cf., e.g., the proof
of [18], Proposition 2.2), that Y may, in fact, be taken to be a hyperbolic
curve, in which case it is well-known (cf., e.g., [16], Proposition 2.3, (ii)),
that IIy is naturally isomorphic to HYXEEI' In particular, one verifies easily,
by considering models of the various objects involved over finitely generated
k-subalgebras of k¥, that X is of LFG-type if and only if X X k' is of LFG-
type.

LEMMA 2.6. Let X, Y be varieties over k. Suppose that X is of LFG-
type. Then the following hold:

(i) Suppose that there exists a quasi-finite morphism'Y — X. Then'Y is
of LFG-type.

(ii) Let f: X — Y be a morphism over k. Suppose that the kernel Ay is
finite. Then f is quasi-finite. If, moreover, f is surjective, then Y is
of LFG-type.

PRrROOF. First, let us observe that, it follows from Lemma 1.5, together
with the various definitions involved, that, by replacing k by k, to verify
Lemma 2.6, we may assume without loss of generality that & = k. Now
we verify assertion (i). Let Z be a normal variety over k and Z — Y
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a nonconstant morphism over k. Then since Y is quasi-finite over X, it
follows that the composite Z — Y — X is nonconstant. In particular, since
X is of LFG-type, the image of the composite II; — Iy — Ilx, hence also
I1; — Ily, is infinite. This completes the proof of assertion (i).

Next, we verify assertion (ii). Let 7 — Y be a k-valued geometric point
of Y and F a connected component (which is necessarily a normal variety
over k) of the normalization of the geometric fiber of X — Y at 5. Then
one verifies easily that the outer homomorphism Iy — IIx induced by the
natural morphism F' — X over k factors through Ay C Ilx; in particular,
since Ay is finite, the image of IIp — Ily is finite. Thus, since X is of
LFG-type, one verifies easily that F' is finite over k. This completes the
proof of the fact that f is quasi-finite.

Finally, to verify that if, moreover, f is surjective, then Y is of LFG-
type, let Z be a normal variety over k and Z — Y a nonconstant morphism
over k. Then since f is a quasi-finite surjection, and Z — Y is nonconstant,
one verifies easily that there exists a connected component C (which is
necessarily a normal variety over k) of the normalization of Z xy X such
that the natural morphism C' — X over k is nonconstant. Thus, since X is
of LFG-type, the image of Il — IIx, hence also II¢ — IIx — Iy (cf. the
finiteness of Ay), is infinite. In particular, since the composite C' — X — Y
factors through Z — Y, we conclude that the image of II; — Iy is infinite.
This completes the proof of assertion (ii). O

PROPOSITION 2.7. Let S be a normal variety over k which is either
equal to Speck or of LFG-type. Then every hyperbolic polycurve over S is
of LFG-type.

PRrROOF. First, let us observe that it follows from Lemma 1.5, together
with the various definitions involved, that, by replacing k by k, to verify
Proposition 2.7, we may assume without loss of generality that k = k. Let
X be a hyperbolic polycurve of relative dimension n over S. Then it follows
immediately from induction on n that, to verify Proposition 2.7, we may
assume without loss of generality that n = 1. Let Y be a normal variety
over k and Y — X a nonconstant morphism over k.

Now suppose that the composite Y — X — S is nonconstant, which
thus implies that S # Speck. Then it follows from our assumption that S
is of LFG-type that the image of the composite Iy — IIx — Ilg, hence
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also Iy — Ilx, is infinite. This completes the proof of the infiniteness of
the image of IIy — Ilx in the case where the composite ¥ — X — §'is
nonconstant.

Next, suppose that the composite Y — X — S'is constant. Write s — S
for the k-valued geometric point of S through which the constant morphism
Y — X — S factors (cf. the fact that Y is a normal variety over k). Then
it is immediate that the composite Y — X — S determines a nonconstant,
hence dominant, morphism Y — X X g5 over k. Thus, since I1y g3 = Ax/s
(cf. Proposition 2.4, (i)) is infinite (cf. Proposition 2.4, (iii)), it follows
immediately from Lemma 1.3 that the image of Iy — Ilx x5 SA X/5 <
IIx is infinite. This completes the proof of the infiniteness of the image of
IIy — IIx in the case where the composite Y — X — S is constant, hence
also of Proposition 2.7. [J

LEMMA 2.8. Let S be a connected noetherian separated normal scheme
over k, X a hyperbolic curve over S, R a strictly henselian discrete valua-
tion ring over S, K the field of fractions of R, and Spec K — X a morphism
over S. Then it holds that the morphism Spec K — X factors through the
open immersion Spec K — Spec R if and only if the image of the outer
homomorphism Ilspec k — llx induced by the morphism Spec K — X is
trivial.

ProOOF. First, let us recall (cf., e.g., [6], Théoreme (18.5.11)) that
Hgpecr = {1}. Thus, necessity is immediate; moreover, it follows imme-
diately from Proposition 2.4, (ii), that, by replacing S by Spec R, to verify
sufficiency, we may assume without loss of generality that S = Spec R.
Moreover, one verifies immediately that we may assume without loss of
generality that R is complete, and that the given morphism Spec K — X
does not factor through S = Spec R. Next, let us observe that, by consid-
ering the exact sequence (1-5) of [23] with respect to a suitable connected
finite étale covering of X and applying Abhyankar’s Lemma (cf. [24], Ex-
posé XIII, Proposition 5.5), one verifies easily that, for each cusp ¢ of the
hyperbolic curve X over R, if we write XP' for the smooth compactification
of X over S (cf. Definition 2.2) and X, for the fiber product of X over X°Pt
with the spectrum of the ring obtained by completing X°P! along ¢, then
the natural outer homomorphism Ilx, — IIx = Ax/g is injective. On the
other hand, since R is complete, and the given morphism Spec K — X does
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not factor through S = Spec R, it follows immediately from the wvaluative
criterion of properness applied to the morphism X' — S that the given
morphism Spec K — X factors through the natural morphism X, — X
associated to a suitable cusp ¢ of X. Thus, if the image of the natural outer
homomorphism Igpec x — Ilx is trivial, then it follows that the image of
the natural outer homomorphism Ilgpec k — Ilx, is trivial; but this contra-
dicts the easily verified fact that no nonzero element of the maximal ideal
of R is divisible in K*. This completes the proof of Lemma 2.8. [

LEMMA 2.9. Let S, Y, Z be normal varieties over k; Z — Y — S
morphisms over k; X a hyperbolic polycurve over S; f: Z — X a morphism
over S. Thus, we have a commutative diagram as follows:

7z L . x

Lo

Y — S.
Suppose that the following conditions are satisfied:

(1) Z =Y is dominant and generically geometrically irreducible. (Thus,
it follows from Lemma 1.6 that the natural outer homomorphism
I1; — Ily is surjective.)

(2) Azyy € Ag/x. (Thus, it follows from the surjectivity of Iz — Ily
— ¢f. (1) — that the natural outer homomorphism Iz — Ilx induced
by f determines an outer homomorphism Ily — Ilx.)

Then the morphism f: Z — X admits a unique factorization 7 — Y — X.

ProOOF. First, let us observe that, by induction on the relative dimen-
sion of X over S, to verify Lemma 2.9, we may assume without loss of
generality that X is a hyperbolic curve over S. Also, we observe that the
asserted uniqueness of the factorization under consideration follows imme-
diately from the fact that the morphism Z — Y is dominant (cf. condition
(1)). Write g € X xg Y for the scheme-theoretic image of the natural

morphism Z — X xgY over S and I' & Nor(Z/T'y). (Note that one verifies
easily that 'y is an integral variety over k, and that the natural morphism
Z — Ty is dominant.) Now let us observe that it follows from Lemma 1.9
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that T" is a normal variety over k, the resulting morphism Z — T' is dom-
inant and generically geometrically irreducible, and the natural morphism
I' = I'g is finite and surjective.

Next, I claim that the following assertion holds:

Cramm 2.9.A: Let § — Y be a geometric point of Y. Then
the image of the morphism Z xy § — X Xj 7 determined by f
consists of finitely many closed points of X X 7.

Indeed, let FF — Z xy Y be a connected component (which is necessarily
a normal variety over g) of the normalization of Z Xy y. Then it follows
immediately from condition (2) that the image of the outer homomorphism
I — Ilx induced by the composite of natural morphisms F' — Z Xy ¥y =
Z — X is trivial. On the other hand, it is immediate that the composite of
natural morphisms F' — Z Xy ¥y Bz oXx factors through the projection
X X5y oy, Thus, since the outer homomorphism Iy 3 — Ilx induced
by the projection X xg7¥ —+ X is injective (cf. Proposition 2.4, (i)), it
follows that the image of the outer homomorphism IIp — Ilxy gy induced
by the morphism F' — X Xg ¥ is trivial. In particular, since X xg7% is a
hyperbolic curve over g, hence of LFG-type (cf. Proposition 2.7), and the
morphism F — X X g7 is a morphism between varieties over y, one verifies
easily that the image of the morphism F' — X Xxg 7 consists of a closed
point of X xg7. Thus, since the morphism Z xy § — X X ¥ in question
factors through Z xgy — X Xg 7, we conclude that Claim 2.9.A holds.
This completes the proof of Claim 2.9.A.
Next, I claim that the following assertion holds:

CLAIM 2.9.B: The composite I' — I'g — X xgY g Y, hence
also the composite 'y — X xXgY Bk Y, is dominant and induces
an isomorphism between the respective function fields.

Indeed, since Z — Y is dominant and generically geometrically irreducible
(cf. condition (1)) and factors through the composite in question I' —
Y, one verifies easily from [4], Proposition (4.5.9), that the composite in
question I' — Y is dominant and generically geometrically irreducible. Thus,
one verifies easily that, to verify Claim 2.9.B, it suffices to verify that ' — Y
is generically quasi-finite. To verify that I' — Y is generically quasi-finite,
let 7y — Y be a geometric point of Y whose image is the generic point of Y.
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Then since (one verifies easily that) the operation of forming the scheme-
theoretic image commutes with base-change by a flat morphism, I'g Xy 7y~ is
naturally isomorphic to the scheme-theoretic image of the natural morphism
Z xy Ny — X Xg7ny. On the other hand, since the natural morphism
X xXgny — X XNy is a closed immersion, it follows immediately from Claim
2.9.A that the image of the natural morphism Z xy 7y — X X g7y consists of
finitely many closed points of X x gmy-. Thus, we conclude that the composite
I'p— X xgY Pr2 Y, hence (by the finiteness of I' — I'g — cf. the discussion
preceding Claim 2.9.A) also the composite ' — T'y — X xg YV g Y, is
generically quasi-finite. This completes the proof of Claim 2.9.B.
Next, I claim that the following assertion holds:

Craim 2.9.C: AF/Y - AF/X

Indeed, let us observe that since the morphism Z — TI' is dominant and
generically geometrically irreducible with normal codomain (cf. the discus-
sion preceding Claim 2.9.A), it follows immediately from Lemma 1.6 that
the natural outer homomorphism Iz — IIr is surjective. Thus, one verify
easily from condition (2) that Claim 2.9.C holds. This completes the proof
of Claim 2.9.C.

Next, I claim that the following assertion holds:

Cram 2.9.D: Let ¥ — Y be a geometric point of Y. Then the
image of the morphism I" Xy § — X X ¥ determined by the
composite ' — I'yg — X xgY 1 X consists of finitely many
closed points of X X 9.

Indeed, this follows immediately from Claim 2.9.C, together with a similar
argument to the argument used in the proof of Claim 2.9.A. This completes
the proof of Claim 2.9.D.

Next, I claim that the following assertion holds:

CrLAaM 2.9.E: The composite I'y — X xgY P2 ¥V is an open
1MMersion.

Indeed, let 7 — Y be a geometric point of Y. Then let us first observe that
it follows immediately from Claim 2.9.D that the image of the composite
I'xyy — o xyy — X Xg7¥ consists of finitely many closed points of X xg7.
Thus, since I' — I’y is surjective (cf. the discussion preceding Claim 2.9.A),
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and the morphism I'g Xy Yy — X X g¥ is a closed immersion, we conclude that
Iy Xy ¥ is quasi-finite over . In particular, the composite I'g — X xgY i
Y is quasi-finite. Thus, it follows immediately from Claim 2.9.B, together
with [3], Corollaire (4.4.9), that the composite Ty < X xgY % YV is an
open immersion. This completes the proof of Claim 2.9.E.

Next, I claim that the following assertion holds:

Cramm 2.9.F: If X is proper over S, then f: Z — X factors
through Z — Y.

Indeed, if X is proper over S, then one verifies easily that the composite
g — X xgY 2y s proper. Thus, it follows immediately from Claim
2.9.E that I'g — X xgY ™2 yisan isomorphism. In particular, we conclude
that f: Z — X factors through Z — Y. This completes the proof of Claim
2.9.F.

Next, I claim that the following assertion holds:

Cramv 2.9.G: If the genus (i.e., the integer “g” in Definition
2.1, (i)) of the hyperbolic curve X over S is > 2, then f factors
through Z — Y.

Indeed, write X°P' for the smooth compactification of the hyperbolic curve
X over S (cf. Definition 2.2). Then since (one verifies easily that) X°P! is a
proper hyperbolic curve over S, by applying Claim 2.9.F (where we take the
data “(S,Y,Z,X)” to be (S,Y, Z, X)), we conclude that the morphism
Z — Xt gver S factors as a composite Z — Y — X°Pt'. Thus, to verify
Claim 2.9.G, it suffices to verify that this morphism Y — X' factors
through X C X°P'. Note that since Z — Y is dominant by condition (1), it
follows immediately that the morphism ¥ — X°P' maps some dense open
subscheme of Y into X; thus, by considering a suitable discrete valuation
of the function field of Y (cf. [2], Proposition (7.1.7)), one verifies easily
that, to verify that the morphism ¥ — X' maps Y into X C X°P! it
suffices to verify that, for any strictly henselian discrete valuation ring R
and any dominant morphism Spec R — Y, it holds that the composite
Spec R — Y — X°P! factors through X C X°P'. On the other hand, since
the composite ng — Spec R — Y, where we write ngr for the spectrum of
the quotient field of R, factors as a composite ng — I' — Y (cf. Claim
2.9.B), this follows immediately from Claim 2.9.C, together with Lemma
2.8. This completes the proof of Claim 2.9.G.
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Finally, I claim that the following assertion holds:
Cramm 2.9.H: f factors through Z — Y.

Indeed, one verifies easily that there exists a connected finite étale Galois
covering X’ — X of X such that the genus (i.e., the integer “g” in Definition

2.1, (i)) of the hyperbolic curve X’ over S’ & Nor(X’/S) (cf. Proposition
2.3) is > 2. Write Y/ — Y for the connected finite étale Galois cover-
ing of Y corresponding to X’ — X (relative to the outer homomorphism

Iy — IIx — cf. condition (2)); Z’ &f y Y' — Z for the connected (cf.
condition (1)) finite étale Galois covering of Z corresponding to Y/ — Y.
Then, by applying Claim 2.9.G (where we take the data “(S,Y, Z, X)” to be
(8", Y', 7', X")), we conclude that the natural morphism Z’ — X' over S’
factors as a composite Z' — Y’ — X'; in particular, the natural morphism
7' — X over S factors uniquely as a composite Z' — Y’ — X, which, more-
over, is, in light of this uniqueness, compatible with the natural actions of
Gal(Z'/Z) ~ Gal(Y'/Y). This compatibility with Galois actions thus im-
plies that we obtain a factorization Z — Y — X as desired. This completes
the proof of Claim 2.9.H, hence also of Lemma 2.9. [J

LEMMA 2.10. Let S, Y be normal varieties over k; ¥ — S a mor-
phism; X a hyperbolic polycurve over S; ¢: Iy — Ilx a homomorphism.
Write n — Y for the generic point of Y. Then the following conditions are
equivalent:

(1) The homomorphism ¢ arises from a morphism Y — X over S.

(2) There exists a morphismn — X over S such that the outer homomor-
phism 11, — Ilx induced by this morphism n — X coincides with the
composite of the outer surjection (cf. Lemma 1.2) II, — Ily induced
by n — Y and the outer homomorphism determined by ¢.

PrROOF. The implication (1) = (2) is immediate; thus, it remains to
verify the implication (2) = (1). Suppose that condition (2) is satisfied.
Then it follows immediately that there exists a nonempty open subscheme
U CY of Y such that the morphism 7 — X in condition (2) extends to a
morphism U — X over S. Moreover, it follows immediately from Lemma
1.2 that the outer homomorphism II;; — IIx induced by this morphism
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U — X coincides with the composite of the outer surjection (cf. Lemma 1.2)
Iy — Ily induced by the natural open immersion U — Y and the outer
homomorphism determined by ¢. Thus, in light of Lemma 1.2, we may
apply Lemma 2.9 (where we take the data “(S,Y, Z, X)” in the statement
of Lemma 2.9 to be (S,Y, U, X)) to conclude that condition (1) is satisfied.
This completes the proof of Lemma 2.10. O

LEMMA 2.11. Let X be a hyperbolic curve over k, Y a normal variety
over k, and f:Y — X a morphism over k. Write ¢¢: Ily — Ilx for the
outer homomorphism induced by f. Consider the following conditions:

(1) f is surjective, smooth, and generically geometrically connected.

(2) ¢y is surjective, and the kernel Ay of ¢ is topologically finitely gen-
erated.

(3) f is surjective and generically geometrically connected.

(4) Let C be a hyperbolic curve over k and C — X a morphism over k.
Then if f factors through C — X, then C' — X is an isomorphism.

Then we have implications and an equivalence:

(1) = (2) = B) == (4).

PrROOF. The implication (1) = (2) follows immediately from Lemma
1.6 and Corollary 1.11. Next, we verify the implication (2) = (4). Suppose
that condition (2) is satisfied. First, let us observe that it follows immedi-
ately from Lemma 1.5 that, by replacing k by k, to verify that condition (4)
is satisfied, we may assume without loss of generality that k = k. Let C' be
a hyperbolic curve over k and C' — X a morphism over k. Suppose that f
admits a factorization Y — C' — X. Note that since X and C are hyperbolic
curves, the surjectivity of ¢, implies, in light of Proposition 2.4, (iii), that
f, hence also the morphism Y — C, are dominant. In particular, we con-
clude from Lemma 1.3 that the induced outer homomorphism Iy — Il
is open. Now since ¢ is surjective, it follows formally that the induced
outer homomorphism IIo — Ilx is surjective. On the other hand, since the
kernel of ¢ is topologically finitely generated, it follows from the openness
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of Iy — Il that the kernel of Il — IIx (admits an open subgroup which
is topologically finitely generated, hence) is topologically finitely generated.
Thus, it follows immediately from Proposition 2.4, (iii), (iv), that Il — Ilx
is an outer isomorphism. In particular, it follows immediately from Propo-
sition 2.4, (v), together with Hurwitz’s formula (cf., e.g., [9], Chapter IV,
Corollary 2.4), that C' — X is an isomorphism. This completes the proof
of the implication (2) = (4).

Next, we verify the implication (3) = (4). Suppose that condition (3)
is satisfied. Let C be a hyperbolic curve over kK and C — X a morphism
over k. Suppose that f factors through C — X. Then since f is surjec-
tive, C' — X is surjective, hence quasi-finite. On the other hand, since f
is generically geometrically connected, and k is of characteristic zero, one
verifies easily that C' — X induces an isomorphism between the respective
function fields. Thus, since X and C' are irreducible and normal, it follows
from [3], Corollaire (4.4.9), that C' — X is an isomorphism. This completes
the proof of the implication (3) = (4).

Finally, we verify the implication (4) = (3). Suppose that condition
(3) is not satisfied. If f is not surjective, then one verifies easily that f
factors through the natural open immersion from a suitable nonempty open
subscheme of X which is # X. (Note that one verifies easily that every
nonempty open subscheme of a hyperbolic curve over k is a hyperbolic curve
over k.) Thus, condition (4) is not satisfied. On the other hand, if f is

surjective but not generically geometrically connected, then the morphism

c Nor(Y/X) — X over k is not an isomorphism; moreover, f factors

through this morphism C' — X (cf. Lemma 1.9). Since (one verifies easily
that) C' is a hyperbolic curve over k, we conclude that condition (4) is not
satisfied. This completes the proof of the implication (4) = (3), hence also
of Lemma 2.11. [J

LEMMA 2.12.  In the notation of Lemma 2.11, suppose, moreover, that
Y is of LEG-type. Then the following hold:

(i) The following conditions are equivalent:

(i-1) f is a finite étale covering.
(i-2) ¢y is an outer open injection.

(i-3) ¢y is open, and, moreover, the kernel A¢ of ¢y is finite.
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(ii) The following conditions are equivalent:

(ii-1) f 4s an isomorphism
(ii-2) ¢ is an outer isomorphism.

(ii-3) ¢y is surjective, and, moreover, the kernel Ay of ¢y is finite.

PRrROOF. First, we verify assertion (ii). The implications (ii-1) = (ii-2)
= (ii-3) are immediate; thus, it remains to verify the implication (ii-3) =
(ii-1). To verify this implication, suppose that condition (ii-3) is satisfied.
Then it follows from the implication (2) = (3) of Lemma 2.11 that f is
surjective and generically geometrically connected. On the other hand, it
follows from Lemma 2.6, (ii), that f is quasi-finite. Thus, it follows from
[3], Corollaire (4.4.9), that f is an isomorphism. This completes the proof
of the implication (ii-3) = (ii-1), hence also of assertion (ii).

Finally, we verify assertion (i). The implications (i-1) = (i-2) = (i-3)
are immediate; thus, it remains to verify the implication (i-3) = (i-1). To
verify this implication, suppose that condition (i-3) is satisfied. Then, by
replacing X by a connected finite étale covering of X corresponding to the
image of (an open homomorphism that lifts) ¢, we may assume without
loss of generality that ¢ is surjective. Thus, the implication (i-3) = (i-1)
follows from the implication (ii-3) = (ii-1) of assertion (ii). This completes
the proof of assertion (i). O

LEMMA 2.13. In the notation of Lemma 2.11, suppose, moreover, that
Y is a hyperbolic curve over k. Then the following hold:

(i) The following conditions are equivalent:

(i-1) f is a finite étale covering.

(i-2) ¢y is an outer open injection.

(i-3) ¢y is open, and, moreover, the kernel Ay of ¢ is topologically
finitely generated.

(ii) The following conditions are equivalent:

(ii-1) f 4s an isomorphism

(ii-2) ¢¢ is an outer isomorphism.
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(ii-3) ¢y is surjective, and, moreover, the kernel Ay of ¢ is topologi-
cally finitely generated.

PRrROOF. First, we verify assertion (ii). The implications (ii-1) = (ii-2)
= (ii-3) are immediate; thus, it remains to verify the implication (ii-3) =
(ii-1). To verify this implication, suppose that condition (ii-3) is satisfied.
Now let us observe that it follows immediately from Lemma 1.5 that, by
replacing k by k, to verify that condition (ii-1) is satisfied, we may assume
without loss of generality that k = k. Then it follows from Proposition 2.4,
(iii), together with the surjectivity of ¢, that the image of ¢ is infinite, i.e.,
Ay is not open in Ily. Thus, since Y is a hyperbolic curve over k, and Ay
is topologically finitely generated, it follows from Proposition 2.4, (iv), that
¢ is injective. In particular, it follows from the implication (ii-2) = (ii-1)
of Lemma 2.12, together with Proposition 2.7, that f is an isomorphism.
(Alternatively, one may reason as in the final portion of the proof of the
implication (2) = (4) of Lemma 2.11, i.e., by applying Proposition 2.4, (v),
and Hurwitz’s formula.) This completes the proof of the implication (ii-3)
= (ii-1), hence also of assertion (ii).

Finally, we verify assertion (i). The implications (i-1) = (i-2) = (i-3)
are immediate; thus, it remains to verify the implication (i-3) = (i-1). To
verify this implication, suppose that condition (i-3) is satisfied. Then, by
replacing X by a connected finite étale covering of X corresponding to the
image of (an open homomorphism that lifts) ¢, we may assume without
loss of generality that ¢¢ is surjective. Thus, the implication (i-3) = (i-1)
follows from the implication (ii-3) = (ii-1) of assertion (ii). This completes
the proof of the implication (i-3) = (i-1), hence also of assertion (i). O

LEMMA 2.14. Suppose that k = k. Let n be a positive integer, X
a hyperbolic polycurve over k, F' a normal variety over k of dimension
> n, and F — X a quasi-finite morphism over k. (Thus, it holds that

n < dim(F) < dim(X).) Write Hp_x o Hp/Ap/x. Then there erists a
sequence of normal closed subgroups of llp_.x

{1}:H0nggan—lan:HF—>X

such that, for each i € {1,--- ,n}, the closed subgroup H; is topologically
finitely generated, and, moreover, the quotient H;/H;_1 is infinite.
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ProoF. Write d < dim(X). Let

X:Xd —_— Xd,1 —_— X1 SpeCk:Xo

be a sequence of parametrizing morphisms. For each j € {0,---,d}, write
F[j] — X, for the normalization in F' of the scheme-theoretic image of the
composite F' — X — Xj;. Then it follows immediately from the various def-
initions involved, together with Lemma 1.9, that we obtain a commutative
diagram of normal varieties over k

F Fld] F[1] —— Speck = F|0]
| | | |
X — Xy X1 —— Speck =X

— where the horizontal arrows are dominant and generically geometrically
connected, and the vertical arrows are finite, which implies that F'[7] is of di-
mension < i, and that 0 < dim(F[i+1]) —dim(F[7]) <1 (cf. also [4], Propo-
sition (5.5.2)). Now since F' is of dimension > n, one verifies easily that
there exists a uniquely determined subset {Dg,---,Dp_1} €{0,--- ,d—1}

of cardinality n such that, for each i € {0,--- ,n — 1}, the normal vari-
ety F[D; + 1] is of dimension ¢ + 1, but the normal variety F[D;] is of
dimension i. Write F[D,] e P Next, let us observe that since k is of

characteristic zero, and the horizontal arrows in the above commutative
diagram of normal varieties over k are dominant and generically geomet-
rically connected, one verifies easily that, for each i € {0,---,n}, there
exists a nonempty open subscheme U[D;] C F[D;] of F[D;] such that, for
each i € {1,---,n}, the image of U[D;] C F[D;] by F[D;] — F[D;_1] is
contained in U[D;_1] € F[D;_1], and, moreover, the resulting morphism
U[D;] — U|[D;_1] is surjective, smooth, and geometrically connected. Thus,
we obtain a commutative diagram of normal varieties over k

U[D,] —— U[D,_1] U[D,] —— Speck = U[Dy]
| | | |
F[D,| —— F[D;,_1] e F[D,] —— Speck = F[Dy)]

— where the vertical arrows are open immersions, and the upper horizontal
arrows are surjective, smooth, and geometrically connected.
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Now, for each i € {0,--- ,n}, let us write N; C Iy for the normal closed
subgroup obtained by forming the image of the normal closed subgroup

Ayp,a1/UDn—i) € Hup,) via the outer surjection Ily(p,; — I (cf. Lemma

1.2); H; o Ni/(Ni N Apyx) € Ilp—x. (Thus, one verifies easily that

No = {1}; Hy = {1}; N, = lIp; H, = Ilp_x.) The rest of the proof
of Lemma 2.14 is devoted to verifying that this sequence of normal closed
subgroups of Ilg_, x

Hy={1}CcH C---CH, 1 CH,=lp_x

satisfies the condition in the statement of Lemma 2.14.

First, let us observe that it follows from Corollary 1.11 that
Ay(p,)/U[D,_.]» hence also H;, is topologically finitely generated. Thus, it
remains to verify that, for each i € {0,--- ,n — 1}, the quotient H;1/H;
is infinite. To verify this, let @ — U[D,—;—1] be a k-valued geometric
point of U[Dp—;—1]. Write Up,_./p, ., def U[Dn—i] Xup,_,_,) @ (which
is a smooth variety over k of dimension 1 (respectively, dim(F) — n + 1)
if i # 0 (respectively, i = 0) by our choices of U[D,,_;] and U[Dy,—_;_1]).
Then one verifies easily from Proposition 1.10, (i), applied to the morphism
U[Dn—i] — U[Dp—i-1], that the natural morphism Up, . /p

(where we write Xp, dof x ) determines a sequence of profinite groups

- XDn—i

n—i—1

HUani/aniq - H'I/Hi — Iy,

n—i

On the other hand, since (one verifies easily that) the natural morphism
UDn,i/Dn,i,l — Xp, , is quasi-finite, hence nonconstant, and Xp_ . is
of LFG-type (cf. Proposition 2.7), the image of the outer homomorphism
HUDn—i/Dn—i—l — HXDTH-’ hence also the image of H;y1/H; — HXDTH-’ is

infinite. Thus, we conclude that H;i1/H; is infinite. This completes the
proof of Lemma 2.14. [

3. Results on the Grothendieck Conjecture for Hyperbolic Poly-
curves

In the present §3, we prove some results on the Grothendieck conjecture
for hyperbolic polycurves (cf. Theorems 3.3, 3.7, 3.8, 3.11, 3.14; Corollaries
3.12, 3.15, 3.16, 3.18, 3.20, 3.21). In the present §3, let k be a field of

characteristic zero, k an algebraic closure of k, and G, o Gal(k/k).
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DEFINITION 3.1 (cf. [14], Definition 15.4, (i)). Let p be a prime num-
ber. Then we shall say that k is sub-p-adic if k is isomorphic to a subfield of
a finitely generated extension of the p-adic completion of the field of rational
numbers.

ProPOSITION 3.2. Let X be a hyperbolic polycurve over k and Y an
integral variety over k. Then the following hold:

(i) Write Hom{*™ (Y, X) C Homy (Y, X) for the subset of dominant mor-
phisms from'Y to X over k and Hom%ien(ﬂy, IIx) C Homg, (Ily, IIx)
for the subset of open homomorphisms from Iy to llx over Gy. Then
the natural map

Hom{® (Y, X) —— Homg} ™" (Ily, x)/Inn(A )
(cf. Lemma 1.3) is injective.

(ii) Suppose that k is sub-p-adic for some prime number p. Then the
natural map

Homy (Y, X) —— Homg, (Ily, x)/Inn(Ax ;)
1s injective.

PrOOF. Write n dim(X). First, we verify assertion (i). Now I claim
that the following assertion holds:

CrLAIM 3.2.A: If n = 1, then assertion (i) holds.

Indeed, since k is of characteristic zero, it follows that Y contains a schemat-
ically dense open subscheme which is smooth over k. Thus, by replacing Y
by such an open subscheme, we may assume without loss of generality that
Y is smooth over k. Now if k is sub-p-adic for some prime number p, then
Claim 3.2.A, follows from [14], Theorem A. Since A/, is slim (cf. Proposi-
tion 2.4, (iii)), Claim 3.2.A for arbitrary k then follows by thinking of such
an arbitrary k as a direct limit of subfields that are finitely generated over
Q (hence sub-p-adic for any prime number p). This completes the proof of
Claim 3.2.A.

Next, we verify assertion (i) by induction on n. If n = 1, then asser-
tion (i) follows from Claim 3.2.A. Now suppose that n > 2, and that the
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induction hypothesis is in force. Let X — X,,_1 be a parametrizing mor-
phism for X; f, g: Y — X dominant morphisms over k that induce the
same A x/,-conjugacy class of homomorphisms ITy — Ily. Then since the

composites fp_1: Y L X—>Xn 1,91 Y g x - X,,—1 induce the same

Ax, _,/k-conjugacy class of homomorphisms ITy — TIx it follows from

n—17
the induction hypothesis that f,—1 = gn—1. Let 7 — X,,—1 be a geometric
point of X,,_; whose image is the generic point of X,,_j and C CY xx, |7
(where we take the implicit morphism ¥ — X, to be f,—1 = gn—1) an
irreducible component of Y xx, |, 7. Write Cyeq C Y Xx, , 7 for the re-
duced closed subscheme of Y X, , 7 whose support is C' C Y xx, |, 7.
(Thus, Creq is an integral variety over 7.) Then, in light of the easily ver-
ified fact that the natural morphism Ci..q — Y is schematically dense, by
replacing (Speck, X,Y) by (7, X Xx,_, 7, Creq) and applying Proposition
2.4, (ii), (iii), we conclude that, to verify assertion (i), it suffices to apply
assertion (i) in the case where n = 1, which has already been verified. (Here,
we note that it is necessary to apply the fact that Ax, | /5 is center-free
(cf. Proposition 2.4, (iii)) in order to pass from Ay ,-conjugacy classes to
Ax/x,_,-conjugacy classes.) This completes the proof of assertion (i).

Next, we verify assertion (ii). Write n — Y for the generic point of Y.
Fix a homomorphism II,, — Ily arising from the natural morphism n — Y.
Then we have a natural IIx-conjugacy class of isomorphisms Ax, =
Ax/p, (cf. Proposition 2.4, (ii)), a natural outer isomorphism Ilx,, =
IIx xg, II, (cf. Proposition 2.4, (ii)), and a commutative diagram

HOInk(Y,X) E—— HOmGk (Hy,Hx)/Inn(AX/k)

l l

Hom,)(n, X xn) —— Homnn(Hn,HXXM)/Inn(AXXM/n)

— where the left-hand vertical arrow is injective (cf. the fact that the
natural morphism 7 — Y is schematically dense). Thus, by replacing k
by the function field of Y (i.e., of ) and Y by Speck, to verify assertion
(ii), we may assume without loss of generality that Y = Speck. Then —
in light of Proposition 2.4, (ii) — assertion (ii) follows immediately from
[14], Theorem C, together with induction on n. This completes the proof
of assertion (ii). O



Grothendieck Conjecture for Hyperbolic Polycurves 189

THEOREM 3.3. Let p be a prime number, k a sub-p-adic field (cf. Defi-
nition 3.1), k an algebraic closure of k, X a hyperbolic curve (cf. Definition

2.1, (i)) over k, and Y a normal variety (cf. Definition 1.4) over k. Write

G def Gal(k/k); x, My for the étale fundamental groups of X, Y, re-

spectively. Let ¢: Iy — Ilx be an open homomorphism over Gy. Then ¢
arises from a uniquely determined dominant morphism Y — X over k.

PROOF. Since there exists a dense open subscheme of Y which is
smooth over k, this follows immediately from [14], Theorem A, together
with Lemma 2.10; Proposition 3.2, (i). O

LEMMA 3.4. Letn be a positive integer; S, Y normal varieties over k;
X a hyperbolic polycurve over S of relative dimension n; ¢: lly — Illx an

open homomorphism over Gy. Suppose that the composite Iy , IIx — Ilg

arises from a morphism'Y — S over k. Write S C S for the scheme-

theoretic image of the morphismY — S, Z def Nor(Y/S’), and n — Z for

the generic point of Z. Then the following hold:
(i) The morphism Y — Z (c¢f. Lemma 1.9) over k is dominant and

generically geometrically connected. In particular, Y, defy « znisa
(nonempty) normal variety over 1.

(ii) There exist nonempty open subschemes Uy C Y, Uy C Z of Y, Z,
respectively, such that the image of Uy CY by the natural morphism
Y — Z is contained in Uz C Z, and, moreover, the resulting mor-
phism Uy — Uy is surjective, smooth, and geometrically connected.

(iii) The image of the composite Ay, j,, — Iy, — Ily 4, IIx — Mg (cf.
(1)) is trivial. In particular, we obtain a natural Ix-conjugacy class
of homomorphisms Ayn/n — Ax/s.

(iv) If, moreover, n = 1, k is sub-p-adic, and the image of some homo-
morphism that belongs to the Ilx-conjugacy class of homomorphisms
Ay, — Axys of (iil) s nontrivial, then ¢ arises from a morphism
Y — X over k.

PROOF. Assertion (i) follows from Lemma 1.9. Assertion (ii) follows
immediately from the fact that k is of characteristic zero, together with as-
sertion (i). Assertion (iii) follows immediately from the definition of Ay, /,,
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together with the fact that the composite ¥; — Y — S factors through
the natural morphism n — S. Finally, we verify assertion (iv). Let us
observe that since ¢ is open, Ily, — Ily is surjective (cf. Lemma 1.2),
and the subgroup Ay, ,, C Ily, is normal, it follows that the image of
the arrow Ay, , — Ax/g of assertion (iii) is nontrivial (by assumption!)
and normal in an open subgroup of Ay/g; in particular, it follows from
Proposition 2.4, (iv), together with Lemmas 1.5; 1.7, that the image of the
arrow Ay, ;, — Ax/g of assertion (iii) is open. Write X, df ¥ xgn. Let
us fix an isomorphism Ilx, 5 Iy xg II, (cf. Proposition 2.4, (ii)) over
II,, arising from morphisms X, — X, X, — n over S; a homomorphism
Iy, — Iy X, I, over II,, arising from morphisms Y, — Y, Y, — nover Z.
Then the open homomorphism ¢: IIy — Ilx determines a homomorphism
¢n: My, — Iy x, I, — ILx x4 1L, < Ix, over II,. On the other hand,
since (we have already verified that) the image of the arrow Ay, m — Axys
of assertion (iii) is open, it follows immediately from Proposition 2.4, (ii),
together with the various definitions involved, that the homomorphism ¢,
over I, is open. Thus, since X, is a hyperbolic curve over 7, it follows from
Theorem 3.3 that ¢, arises from a morphism Y;, — X, over . In particu-
lar, it follows immediately from Lemma 2.10 that ¢ arises from a morphism
Y — X over k. This completes the proof of assertion (iv). O

LEMMA 3.5. In the notation of Lemma 3.4, suppose, moreover, that
dim(X) (= dim(S) +n) < dim(Y). Write N C Ily for the normal closed
subgroup of Iy obtained by forming the image of the normal closed subgroup
Ay v, € Uy, (cf. Lemma 3.4, (i) of Iy, by the outer surjection (cf.
Lemma 1.2) Iy, — Ily induced by the natural open immersion Uy — Y.
Then the following hold:

(i) The image of the composite Ay, j, — Ily, — Iy, hence also the com-
posite Iy — Iy, — Iy (cf. Lemma 1.5; Lemma 3.4, (i)), coincides
with N C Ily.

(ii) If, moreover, Y is of LEG-type, then N is infinite.

(iii) If, moreover, Y is a hyperbolic polycurve over k, then there exists a
sequence of normal closed subgroups of N

{1} = Ho € H1 € -+ € Haim(y)—dim(8)-1 € Haim(v)—dim(s) = NV
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such that, for each i € {1,---,dim(Y) — dim(S)}, the closed sub-
group H; is topologically finitely generated, and, moreover, the quo-
tient H;/H;_1 is infinite.

PrOOF. Let 7 — Uz be a geometric point of Uz whose image is the

generic point n of Uz. Write Yy def y- xz 7 and (Uy)y def Uy Xy, 7. (Note

that Y5 (respectively, (Uy )y) is a normal (respectively, smooth) variety over 7
of dimension > dim(Y') —dim(S) by Lemma 3.4, (i) (respectively, our choice
of (Uy,Uyz)) — cf. also [4], Théoreme (5.5.8).) First, we verify assertion (i).
It follows from Lemma 1.5 that we have a natural Ily,-conjugacy class of
isomorphisms Ily, = Ay, jp; moreover, it follows from Proposition 1.10,
(i), together with our choice of (Uy,Uy), that there exists a natural IIys, -
conjugacy class of surjections iy, = Ay ju,- Thus, one verifies easily
from the surjectivity of I,y — Iy, (cf. Lemma 1.2) that the image of the
composite Ayn /m < Iy, — Ily coincides with N C Ily. This completes the
proof of assertion (i). Next, we verify assertion (ii). It follows immediately
from our choice of (Uy,Uyz) that the geometric fiber F' of Uy — Uy at
a k-valued geometric point of Uy is a smooth variety over k of dimension
> dim(Y) — dim(S) > 0. In particular, one verifies easily that the natural
morphism F' — Y x k over k is nonconstant. Thus, since (we have assumed
that) Y is of LEG-type, it follows immediately from Lemma 1.5 that the
image of IIr — Ily induced by the natural morphism F — Y is infinite.
On the other hand, one verifies easily that Il — Ily factors through the
composite Ay, < Iy, — Ily. Thus, it follows immediately from the
definition of N that N is infinite. This completes the proof of assertion
(ii). Finally, we verify assertion (iii). Observe that the natural morphism
Y5 — Y factors through a natural closed immersion Yz — Y x; 7. Thus,
since Y X 7 is a hyperbolic polycurve over 7, it follows from Lemma 2.14
that the image of Ily, — Ily,7 admits a sequence of closed subgroups as
in the statement of assertion (iii). On the other hand, any homomorphism
Iy ,5 — Ily that arises from the morphism Y x; 7 Py determines an
isomorphism Ily 7 — Ay j (cf. Lemma 1.5; Proposition 2.4, (ii)). Thus,
it follows immediately from assertion (i) that assertion (iii) holds. This
completes the proof of assertion (iii). O

DEFINITION 3.6. Let X, Y be normal varieties over k and ¢: IIy —
I[Tx a homomorphism over G.
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(i)

(i)
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We shall say that ¢ is nondegenerate if ¢ is open, and, moreover,
for any open subscheme U C Y, any normal variety Z over k such
that dim(Z) < dim(X), and any smooth, geometrically connected,
surjective morphism U — Z over k, the composite Iy — Iy — Il x of
the outer homomorphism Il; — IIy induced by the open immersion
U — Y and the outer homomorphism IIy — Ilx determined by ¢
does not factor through the outer homomorphism IIyy — IIz induced
by the morphism U — Z.

Suppose that X is a hyperbolic polycurve of relative dimension n over
k. Then we shall say that the homomorphism ¢ is poly-nondegenerate
if there exists a sequence of parametrizing morphisms

X=X, — X, X1 —— Speck = Xj

such that, for each i € {0,--- ,n}, the composite IIy — IIxy — Iy, of
the outer homomorphism Iy — Ilx determined by ¢ and the natural
outer homomorphism ITx — Iy, is nondegenerate (cf. (i)).

THEOREM 3.7. Let p be a prime number, k a sub-p-adic field (c¢f. Def-
inition 3.1), k an algebraic closure of k, X a hyperbolic polycurve (cf.
Definition 2.1, (ii)) over k, and Y a normal variety (cf. Definition 1.4)
over k. Write G, % Gal(k/k); Ty, Iy for the étale fundamental groups
of X, Y, respectively; Ay, C llx for the kernel of the natural surjection
Iy — Gg; Hom{°™(Y, X) for the set of dominant morphisms from X to
Y over k; HOIIIEND(Hy,Hx) for the set of poly-nondegenerate homomor-
phisms (cf. Definition 3.6, (ii)) from Ily to Ilx over Gy. Then the natural

map

Hom{*™(Y, X) —— Homg, (Iy,IIx)/Inn(Ax )

determines a bijection

Homl" (v, X) —=— Homgy® (I, Ix) /Tan(A ).

PRrROOF. First, I claim that the following assertion holds:
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CLAIM 3.7.A: Any (necessarily open — cf. Lemma 1.3) homo-
morphism ¢;: Iy — IIx over Gy that arises from a dominant
morphism f:Y — X over k is poly-nondegenerate.

Indeed, suppose that there exist a sequence of parametrizing morphisms

X=X, — X,-1 —— -+ X1 Speck = X,

an integer ¢ € {0,--- ,n}, an open subscheme U C Y of Y, a normal vari-
ety Z over k, and a smooth, geometrically connected, surjective morphism

U — Z over k such that the composite Iy — Ily ﬁ IIx — Ilx, factors
through Il — IIz. Then, by applying Lemma 2.9 (where we take the data
“(S,Y,Z, X, f)” in the statement of Lemma 2.9 to be (Speck, Z,U, X;,U —
Y EA X — X;)), we conclude that the composite U — Y EN X — X, fac-
tors through U — Z. In particular, since f is dominant, it holds that
dim(Z) > ¢. This completes the proof of Claim 3.7.A.

It follows from Claim 3.7.A, together with Proposition 3.2, (ii), that, to
verify Theorem 3.7, it suffices to verify the surjectivity of the natural map

Homji?™ (Y, X) —— Homg " (Iy, TLx) /Inn(A ).

Let ¢: IIy — Ilx be a poly-nondegenerate homomorphism over Gy, and

X=X, — X, Xq Speck = Xg

a sequence of parametrizing morphisms as in Definition 3.6, (ii). Now I
claim that the following assertion holds:

CramM 3.7.B: Suppose that there exists a morphism f: Y — X
over k from which ¢ arises. Then f is dominant.

Indeed, assume that f is not dominant. Write X’ C X for the scheme-

theoretic image of f and S & Nor(Y/X’). Then since the natural morphism

Y — S over k is dominant and generically geometrically irreducible (cf.
Lemma 1.9), and k is of characteristic zero, one verifies easily that there
exist open subschemes Uy C Y, Ug C S of Y, S, respectively, such that
the image of Uy C Y by Y — S is contained in Ug C S, and, moreover,
the resulting morphism Uy — Ug is surjective, smooth, and geometrically
connected. On the other hand, since f is not dominant, one verifies easily
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that X', hence also Ug, is of dimension < dim(X). Thus, since ¢ is poly-
nondegenerate, we obtain a contradiction. This completes the proof of Claim
3.7.B.

Next, let us observe that, to verify that ¢ arises from a dominant mor-
phism Y — X over k, it suffices to verify that the following assertion holds:

CrAM 3.7.C: Foreachi € {0,---,n—1}, if the composite ITy LA
IIx — Ilx, arises from a dominant morphism ¥ — X; over k,

then the composite 11y 2, IIx — Ilx,,, arises from a dominant
morphism Y — X, over k.

The rest of the proof of Theorem 3.7 is devoted to verifying Claim 3.7.C.
Write 7 & Nor(Y/X;); n — Z for the generic point of Z, Y, Ly %y, 7.
Now I claim that the following assertion holds:

Cram 3.7.C.1: The image of any homomorphism that belongs
to the llx,,,-conjugacy class of homomorphisms Ay, , —
Ay, ,/x, of Lemma 3.4, (iii) (where we take the data “(S,Y, X)”
in the statement of Lemma 3.4 to be (X;,Y, X;41)), is nontrivial.

Indeed, assume that the arrow Ay, ,, — Ay, /x, of Lemma 3.4, (iii), is
trivial. Then it follows immediately from Lemma 3.4, (ii); Lemma 3.5, (i),
that there exists a nonempty open subschemes Uy C Y, Uz C Z such
that the natural morphism Y — Z induces a morphism Uy — Uz which is
surjective, smooth, and geometrically connected, and, moreover, the image of
the composite AUy/Uz — Iy, — Iy 4, Ix — IIx,, is trivial. (Here, we
note that it follows immediately from the existence of the poly-nondegenerate
homomorphism ¢, together with the definition of poly-nondegeneracy, that
dim(X) < dim(Y").) Thus, it follows immediately that the composite Iy, —

IIy ﬂ Ix —» IlIx,,, factors through Il — IIy,. On the other hand, since
dim(Z) =i <i+1=dim(X;41), and ¢ is poly-nondegenerate, we obtain a
contradiction. This completes the proof of Claim 3.7.C.1.

It follows from Claim 3.7.C.1, together with Lemma 3.4, (iv), that the
composite Iy LA IIx — Ilx,,, arises from a (necessarily dominant — cf.

Claim 3.7.B) morphism Y — X,i; over k. This completes the proof of
Claim 3.7.C, hence also of Theorem 3.7. [J
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THEOREM 3.8. Let p be a prime number; k a sub-p-adic field (cf. Defi-
nition 3.1); k an algebraic closure of k; Y, S normal varieties (cf. Definition

1.4) over k; X a hyperbolic curve (¢f. Definition 2.1, (1)) over S. Write

G def Gal(k/k); Ilx, Iy, Ig for the étale fundamental groups of X, Y, S,

respectively. Let ¢: Iy — Ilx be a homomorphism over Gi. Suppose that
the following conditions are satisfied:

(1) The composite 1y 2, IIx — Ilg arises from a morphism'Y — S over
k.

(2) ¢ is open, and its kernel is finite.
(3) Y is of LEG-type (cf. Definition 2.5).
(4) dim(X) (=dim(S) + 1) < dim(Y).

Then ¢ arises from a quasi-finite dominant morphism ¥ — X over k. In
particular, dim(X) = dim(Y).

PROOF. Let us observe that, in light of Lemma 2.6, (ii), by applying
Lemmas 3.4, (iv); 3.5, (i) (where we take the data “(S,Y,X,¢)” in the
statement of Lemma 3.4 to be (S,Y, X, ¢)), to verify that ¢ arises from
a quasi-finite morphism Y — X over k (which is necessarily dominant by
condition (4)), it suffices to verify that the image of the closed subgroup N C
IIy defined in the statement of Lemma 3.5 by ¢: IIy — Ilx is nontrivial.
On the other hand, since Y is of LFG-type, it follows from Lemma 3.5,
(ii), that N is infinite. Thus, it follows from condition (2) that the image
of N C IlIy by ¢: IIy — Ilx is nontrivial. This completes the proof of
Theorem 3.8. [J

DEFINITION 3.9. Let n be a positive integer. Then we shall say that
the assertion (1,,) holds if, for any hyperbolic polycurve X of dimension n
over k, ITx does not admit a sequence of closed subgroups of IIx

(1} =Ho C Hi C--- C H, C Hyy1 = lx

such that, for each ¢ € {0,--- ,n}, the closed subgroup H; is topologically
finitely generated and normal in H;y1, and, moreover, the quotient H;1/H;
is infinite.
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LEMMA 3.10. The assertion (1) (c¢f. Definition 3.9) holds.
ProoF. This follows immediately from Proposition 2.4, (iv). O

THEOREM 3.11. Let n be a positive integer, p a prime number, k a
sub-p-adic field (cf. Definition 3.1), k an algebraic closure of k, S a normal
variety (cf. Definition 1.4) over k, X a hyperbolic polycurve (cf. Definition
2.1, (ii)) of relative dimension n over S, and Y a hyperbolic polycurve over
k. Write Gy def Gal(k/k); TIx, Ty, Ilg for the étale fundamental groups
of X, Y, S, respectively. Let ¢: Iy — Ilx be a homomorphism over Gy.
Suppose that the following conditions are satisfied:

(1) The composite Iy LA IIx — Ilg arises from a morphism'Y — S over
k.

(2) ¢ is an open injection.
(3) dim(X) (= dim(S) +n) < dim(Y).

(4) For each i € {1,---,n — 1}, the assertion (f;) (¢f. Definition 3.9)
holds.

Then ¢ arises from a quasi-finite dominant morphism ¥ — X over k. In
particular, dim(X) = dim(Y').

PROOF. Let

X=X, — X, Xo X1 — S=Xo

be a sequence of parametrizing morphisms. Fix a surjection (cf. Proposition
2.4, (i)) IIx — Ilx, over Gy that arises from the morphism X — X; over
k. First, I claim that the following assertion holds:

Cram 3.11.A: If n > 2, then the composite IIy — IlIx, of
¢: Iy — Ilx and the fixed surjection IIx — Ilx, arises from a
morphism Y — X over k.

Indeed, write S” C S for the scheme-theoretic image of the morphism Y — S

(cf. condition (1)), Z o Nor(Y/S"); n — Z for the generic point of Z;

Y, def X z 1. Then, to verify Claim 3.11.A, by applying Lemmas 3.4, (iv);
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3.5, (i) (where we take the data “(S,Y, X, ¢)” in the statement of Lemma

3.4 tobe “(S,Y, X1, 11y 2, IIx — Ilx,)”), it suffices to verify that the image
of N C Ily defined in the statement of Lemma 3.5 in IIx, is nontrivial. To
verify this, assume that the image of N C Ily in Ilx, is trivial, i.e., that the
image of N C Ily in ITx is contained in Ax/x, C IIx. On the other hand,
since N C Ily is normal in I1y-, and ¢ is an open injection, it follows that the
image of N in Ilx is normalin an open subgroup of Il x. In particular, again
since ¢ is an open injection, we conclude that there exists an open subgroup
U C Ax/x, of Ax/x, such that if, for each i € {0,--- ,dim(Y’) — dim(S)},
we write HzU C Ax/x, for the image, via ¢, in Ax/y, of the subgroup “H;”
in the statement of Lemma 3.5, (iii), for our “N”, then

° Hg m(Y)—dim(S) C U (so we obtain a sequence of closed subgroups of
U
{1} =HY CH € C H{ (v} aim(s)-1

def

C HY =U),

C Hg dim(Y)—dim(S)+1

dim(Y)—dim(S)
e for each i € {1,---,dim(Y) — dim(S) + 1}, the closed subgroup H
is topologically finitely generated,

e for each i € {1, oo, dim(Y) — dim(S)}, the closed subgroup HY is
normal in Hd im(Y)—dim(S)’

U . .
e the closed subgroup Hdlm(y) dim(s) S Hdlm(Y)fdirn(S)Jrl is normal in

HU

dim (v)—dim($)+10 20d;

e for each i € {1,--- ,dim(Y) — dim(S)}, the quotient H” /HY | is infi-
nite.

Now let us recall that we have assumed that n < dim(Y) —dim(S), and that
the assertion (f,,_;) holds. Moreover, it follows immediately from Propo-
sitions 2.3; 2.4, (ii), that U may be regarded as the “IIx” associated to a
hyperbolic polycurve over k of dimension n — 1. Thus,

o if Hf{im(y) dim(S +1/ dlm(Y) dim(s) 18 finite, then by replacing U (=
HY ) by H dlm( )—dim(S and, for each i € {1,---,n},

dim(Y)—dim(S)+ )
taking the “H; > in Definition 3.9 (in the case where we take the



198 Yuichiro Hosnri

“ITx” in Definition 3.9 to be U — cf. the above discussion) to be
U

H i (v)—dim(8)—n+i” and

o if Hclljim(Y)fdim(S)Jrl/H([i]im(Y)fdim(S) is infinite, then, for each i €

{1,---,n}, by taking the “H;” in Definition 3.9 (in the case where we

take the “IIx” in Definition 3.9 to be U — cf. the above discussion)

U
to be Hy vy dim()—nt1+i7

we obtain a contradiction. This completes the proof of Claim 3.11.A.

By applying Claim 3.11.A inductively and replacing S by X,,_1, to verify
Theorem 3.11, we may assume without loss of generality that X is a hyper-
bolic curve over S. Then it follows from Theorem 3.8, together with Propo-
sition 2.7, that ¢ arises from a quasi-finite dominant morphism ¥ — X over
k. This completes the proof of Theorem 3.11. [J

COROLLARY 3.12. Let p be a prime number, k a sub-p-adic field (cf.
Definition 3.1), k an algebraic closure of k, S a normal variety (cf. Def-
inition 1.4) over k, X a hyperbolic polycurve (cf. Definition 2.1, (ii)) of
dimension 2 over S, and Y a hyperbolic polycurve over k. Write Gy, def
Gal(k/k); Ilx, Iy, Ig for the étale fundamental groups of X, Y, S, re-
spectively. Let ¢: Iy — Ilx be a homomorphism over Gy. Suppose that
the following conditions are satisfied:

(1) The composite Iy LA IIx — Ilg arises from a morphism'Y — S over
k.

(2) ¢ is an open injection.
(3) dim(X) (= dim(S) + 2) < dim(Y).

Then ¢ arises from a quasi-finite dominant morphism ¥ — X over k. In
particular, dim(X) = dim(Y').

PrOOF. This follows from Theorem 3.11, together with Lemma 3.10. [J

LEMMA 3.13. Let Gy, Gy be profinite groups; Hy C G1, Hy C G
closed subgroups; ¢: G1 — Go a homomorphism. Suppose that ¢(Hy) C Ha.
Then the homomorphism Hi1 — Hos induced by ¢ is surjective if and only if
the following condition is satisfied: For any open subgroup U C Go of Go
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and any normal open subgroup N C U of U, if the composite HoNU — U —
U/N is surjective, then the composite Hi N~ (U) — ¢~ 1(U) LU —» U/N
18 surjective.

Proor. This follows immediately from the various definitions in-
volved. OJ

THEOREM 3.14. Let p be a prime number, k a sub-p-adic field (cf.
Definition 3.1), k an algebraic closure of k, X a hyperbolic polycurve (cf.

Definition 2.1, (ii)) of dimension 2 over k, and Y a normal variety (cf.

Definition 1.4) over k. Write Gy, def Gal(k/k); Iy, My for the étale fun-

damental groups of X, Y, respectively. Let ¢: Iy — Ilx be an open ho-
momorphism over Gi. Suppose that the kernel of ¢ is topologically finitely
generated. Then ¢ arises from a uniquely determined dominant morphism
Y — X over k. In particular, Y is of dimension > 2.

PROOF. First, let us observe that it follows from Proposition 2.3 that,
by replacing X by the connected finite étale covering of X corresponding
to the image of ¢, to verify Theorem 3.14, we may assume without loss of
generality that ¢ is surjective. Let X — X; be a parametrizing morphism
for X. Then since both the kernel of ¢ (by assumption) and the kernel
Ax/x, of the outer surjection (cf. Proposition 2.4, (i)) Ilx — Ilx, (by
Proposition 2.4, (iii)) are topologically finitely generated, it follows from
Theorem 3.3, together with the implication (2) = (3) of Lemma 2.11, that

the composite IIy LA IIx — Ilx, arises from a morphism Y — X; over k

which is surjective and generically geometrically connected. Write n — X1

for the generic point of X1; Y, def'y Xx, 1y Xy f x xx, n. (Thus, Y, is a

normal variety over .)
Now I claim that the following assertion holds:

Cram 3.14.A: Any homomorphism that belongs to the IIx-
conjugacy class of homomorphisms Ayn /m — Ax/x, of Lemma
3.4, (iii) (where we take the data “(S,Y, X)” in the statement
of Lemma 3.4 to be “(X1,Y, X)”), is surjective.

Indeed, it follows immediately from Lemma 3.13 that, to verify Claim
3.14.A, it suffices to verify that the following assertion holds:
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Cram 3.14.A.1: Let X’ — X be a connected finite étale cover-
ing of X and X” — X’ a connected finite étale Galois covering
of X’. Write Y’ — Y for the connected finite étale covering of Y’
corresponding to X’ — X via ¢; Y” — Y for the connected fi-
nite étale Galois covering of Y’ corresponding to X” — X’ via ¢.
Write, moreover, Y, € Y/ xx, n (= Y/ xy Y;); Y, © Y xx, 1)
(=YY" xyY,). (Here, let us observe that since the natural mor-
phism Y;, — Y induces an outer surjection Ily, —» Ily — cf.
Lemma 1.2 — it holds that Y, and Y," are connected.) Suppose
that the composite AX/Xl NIy — xr — IIx/ /Ilx» is surjec-
tive. Then the composite Ay, /, N Iy, < Iy, — Iy, / Iy, is
surjective.

Now, to verify Claim 3.14.A.1, let us observe that, in the notation of Claim

3.14.A.1, it follows immediately from Proposition 2.3 that the sequence of

schemes X' — X{ & Nor(X'/X1) — X, & Nor(X'/Speck) determines a

structure of hyperbolic polycurve of dimension 2 on X', and, moreover, the
natural morphisms X{ — X1, n — n — where we write ' — X for the
generic point of X| — are connected finite étale coverings. In particular, one
verifies easily that the natural inclusions Il — Ilx, Hy;; — Ily, determine
equalities

AX/leHX’:AX’/Xiv AYn/WnHK;:AYé/TI"

Thus, to verify Claim 3.14.A, i.e., Claim 3.14.A.1, by replacing X by X',
it suffices to verify that the following assertion holds (cf. also Lemma 1.5;
Proposition 2.4, (ii)):

CrAamM 3.14.A.2: In the notation of Claim 3.14.A.1, let 7 — X,
be a geometric point of X; whose image is the generic point 7.
Suppose that X" — X is Galois, and that X" x x, 7] is connected.
Then Y, x;, 7 (=Y" xx, 7) is connected.

Now, to verify Claim 3.14.A.2, let us observe that since X” xx, 77 is con-
nected, i.e., X" — X1 is generically geometrically connected, and (one ver-
ifies easily that) the composite X" — X — X is smooth and surjective,
it follows from the implication (1) = (2) of Lemma 2.11 that the com-
posite IIx» — Ilx — Ilx, is surjective, and its kernel is topologically
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finitely generated. Thus, since (we have assumed that) the kernel of ¢ is
topologically finitely generated, it follows immediately that the composite
IIy» — Ilx» — Illx — Ilx, (where the first arrow is the surjection in-
duced by ¢) is surjective, and its kernel is topologically finitely generated.
Therefore, by the implication (2) = (3) of Lemma 2.11, we conclude that
the natural morphism Y” — X is surjective and generically geometrically
connected; in particular, Y x x, 7] is connected. This completes the proof of
Claim 3.14.A.2, hence also of Claim 3.14.A.

It follows from Claim 3.14.A, together with Lemma 3.4, (iv), that ¢ arises
from a uniquely determined (cf. Proposition 3.2, (ii)) morphism Y — X over
k. On the other hand, since the composite Y — X — X is dominant, one
verifies easily from Claim 3.14.A, together with Proposition 2.4, (iii), that
this morphism Y — X is dominant. This completes the proof of Theorem
3.14. 0

REMARK 3.14.1. The argument given in the proof of Theorem 3.14 is

essentially the same as the argument applied in [14] to prove [14], Theorem
D.

COROLLARY 3.15. Let p be a prime number, k a sub-p-adic field (cf.
Definition 3.1), k an algebraic closure of k, Y a normal variety (cf. Defi-
nition 1.4) over k, and X a hyperbolic polycurve (cf. Definition 2.1, (ii))

of dimension 3 over k. Write Gy, e Gal(k/k); Ilx, Ty for the étale funda-
mental groups of X, Y, respectively. Let ¢: Iy — Ilx be a homomorphism
over Gi. Suppose that the following conditions are satisfied:

(1) ¢ is open, and its kernel is finite.
(2) Y is of LEG-type (cf. Definition 2.5).
(3) 3 < dim(Y).

Then ¢ arises from a uniquely determined quasi-finite dominant morphism
Y — X over k. In particular, Y is of dimension 3.

Proor. Let X — Xs be a parametrizing morphism for X. Then
it follows immediately from condition (1), together with Proposition 2.4,

(iii), that the kernel of the composite IIy 4, IIx — Ilx, is topologically
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finitely generated. Thus, it follows from Theorem 3.14 that the composite

11y i IIx — Ilx, arises from a uniquely determined dominant morphism
Y — Xs over k. In particular, it follows from Proposition 3.2, (ii); Theorem
3.8, together with Lemma 2.6, (ii), that ¢ arises from a uniquely determined
quasi-finite dominant morphism Y — X over k. This completes the proof
of Corollary 3.15. [

COROLLARY 3.16. Let p be a prime number, k a sub-p-adic field (cf.
Definition 3.1), k an algebraic closure of k, X a hyperbolic polycurve (cf.
Definition 2.1, (ii)) of dimension 4 over k, and Y a hyperbolic polycurve

over k. Write Gy, dof Gal(k/k); Ilx, Iy for the étale fundamental groups of
X, Y, respectively. Let ¢: Iy — Ilx be a homomorphism over Gy. Suppose
that the following conditions are satisfied:

(1) ¢ is an open injection (respectively, isomorphism).
(2) 4 < dim(Y).

Then ¢ arises from a uniquely determined finite étale covering (respectively,
uniquely determined isomorphism) Y — X over k. In particular, dim(Y') =
4.

PrOOF. First, let us observe that, to verify Corollary 3.16, by replacing
IIx by the image of ¢ (cf. condition (1); Proposition 2.3), we may assume
without loss of generality that ¢ is an isomorphism over Gy. Let X — X3 be
a parametrizing morphism for X and X3 — X5 a parametrizing morphism
for X3. Then it follows immediately from our assumption that ¢ is an
isomorphism, together with Proposition 2.4, (iii), that the kernel of the

composite Iy 2, IIx — Ilx, is topologically finitely generated. Thus, it

follows from Theorem 3.14 that the composite Iy LA IIxy — IlIx, arises
from a uniquely determined dominant morphism ¥ — Xs over k. Moreover,
it follows from Corollary 3.12 that ¢ arises from a quasi-finite dominant
morphism Y — X over k; thus, it holds that 4 = dim(X) = dim(Y).
Therefore, in light of Proposition 3.2, (ii), by applying a similar argument
to the above argument to ¢!, we conclude that the morphism ¥ — X is
an isomorphism. This completes the proof of Corollary 3.16. [J

DEFINITION 3.17. Let n be a positive integer and X an algebraic stack
over k. Then we shall say that X is a hyperbolic orbi-polycurve of dimension
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n over k if X admits a dense open substack that is a scheme, is geometrically
connected over k, and, moreover, admits a finite étale Galois covering that
is a hyperbolic polycurve of dimension n over some finite extension of k.

COROLLARY 3.18. Let p be a prime number; nx, ny positive integers;

k a sub-p-adic field (c¢f. Definition 3.1); k an algebraic closure of k; X,
Y hyperbolic orbi-polycurves of dimension nx, ny over k, respectively (cf.

Definition 3.17). Write Gy, e Gal(k/k); Ilx, Iy for the étale fundamental
groups of X, Y, respectively; Isomy(X,Y') for the set of isomorphisms of X
with Y over k; Isomg, (ILx,Ily) for the set of isomorphisms of Ilx with Iy
over Gy; Ayyy for the kernel of the natural surjection Ily — Gy. Suppose
that either nx < 4 or ny < 4. Then the natural map

Isom(X,Y) —— Isomg, (Ilx, Iy )/Inn(Ay ;)
1s bijective.

ProoOF. First, let us observe that the injectivity in question follows
immediately from Propositions 2.3; 3.2, (ii), together with the definition of
a hyperbolic orbi-polycurve. Thus, it remains to verify the surjectivity in
question. Let ¢: IIx = IIy be an isomorphism over Gj. Now I claim that
the following assertion holds:

Cram 3.18.A: If X and Y are hyperbolic polycurves over k, then
¢ arises from an isomorphism X = Y over k.

Indeed, let us first observe that, to verify that ¢ arises from an isomorphism
X 5 Y over k, by replacing (X,Y, ) by (Y, X, ¢ 1) if necessary, we may
assume without loss of generality that nx > ny; in particular, since (we
have assumed that) either nx < 4 or ny <4, it holds that ny < 4. Thus, it
follows from Theorem 3.8; Corollaries 3.12, 3.15, 3.16, together with Propo-
sition 2.7, that ¢ arises from a uniquely determined quasi-finite dominant
morphism X — Y over k. In particular, we obtain that nx = ny < 4.
Thus, again by applying Theorem 3.8; Corollaries 3.12, 3.15, 3.16, together
with Proposition 2.7, to ¢!, we conclude from Proposition 3.2, (ii), that
the morphism X — Y is an isomorphism. This completes the proof of Claim
3.18.A.
Next, I claim that the following assertion holds:
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CLAIM 3.18.B: ¢ arises from an isomorphism X = Y over k.

Indeed, it follows from the definition of a hyperbolic orbi-polycurve, to-
gether with Proposition 2.3, that there exist a finite extension kz (C k)
of k and an normal open subgroup Hx C Ilx of Ilx such that the con-

nected finite étale Galois coverings Zx — X, Zy — Y corresponding to

Hx C lIlx, Hy def ¢(Hx) C Iy are hyperbolic polycurves over kz. Then

it follows from Claim 3.18.A that the isomorphism Hy — Hy induced by
¢ arises from an isomorphism Zx — Zy over ky. On the other hand,
since (we already verified that) the natural map in question is injective,
and the isomorphism ¢ is compatible with the natural outer actions of
IIx/Hx = Gal(Zx/X), lly/Hy = Gal(Zy/Y) on Hx, Hy, respectively
— relative to the isomorphism I1x/Hx — Iy /Hy induced by ¢ — we con-
clude that the isomorphism Zy — Zy is compatible with the natural actions
of Ix/Hx = Gal(Zx/X), lly /Hy = Gal(Zy/Y) on Zx, Zy, respectively
— relative to the isomorphism Ilx /Hy — Ily /Hy induced by ¢. Thus, by
descending the isomorphism Zx = Zy, we obtain an isomorphism X = Y
over k, which, by the various definitions involved (cf. also the slimness
property discussed in Proposition 2.4, (iii)), belongs to the Ay-/;-conjugacy
class of isomorphisms Iy — IIy determined by ¢. This completes the proof
of Claim 3.18.B, hence also of Corollary 3.18. [J

REMARK 3.18.1. It seems most likely to the author that the assertion
(t,,) (cf. Definition 3.9) holds for every positive integer n. However, it is
not clear to the author at the time of writing whether or not there exists an
integer n > 1 for which the assertion (t,,) can be proven. Here, let us observe
that if one proves that the assertion (f,) holds for every positive integer
n, then it follows immediately from a similar argument to the argument
applied in the proof of Corollary 3.18 — except that instead of applying
Theorem 3.8; Corollaries 3.12, 3.15, 3.16, one applies Theorem 3.11 — that
the conclusion of Corollary 3.18 holds without the assumption made in the
statement of Corollary 3.18 that “either nx < 4 or ny < 4”.

PROPOSITION 3.19. Let kx, ky be finitely generated extension fields
of the field of rational numbers; kx, ky algebraic closures of kx, ky, re-
spectively. Write G, def Gal(kx /kx) and Gy, def Gal(ky /ky). Then the
following hold:
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(i) Let H C Gy, be a closed subgroup of Gy, . Suppose that H is topo-
logically finitely generated and normal in an open subgroup of Gy, .
Then H 1is trivial.

(ii) Write Isom(kx /kx, ky /ky) for the set of isomorphisms kx ~ ky that
determine isomorphisms kx — ky. Then the natural map

ISOm(Ex/kx,Ey/ky) E— ISOm(ka,GkX)
1s bijective.

PROOF. Assertion (i) follows from [1], Theorem 13.4.2; [1], Proposition
16.11.6. Assertion (ii) follows from the main result of [20] (cf. also [22] for
a survey on [20]). O

COROLLARY 3.20. Let kx, ky fields of characteristic zero; kx, ky
algebraic closures of kx, ky, respectively; n a positive integer; X a hy-
perbolic polycurve (c¢f. Definition 2.1, (ii)) of dimension n over kx; Y a

normal variety (cf. Definition 1.4) over ky. Write Gi, e Gal(kx /kx);

Gy def Gal(ky /ky); x, Iy for the étale fundamental groups of X, Y,

respectwely Let ¢: Ily — Ilx be an open homomorphism. Suppose that
one of the following conditions (1), (2), (3), (4) is satisfied:

(1) n=1.
(2) The following conditions are satisfied:

(2-) n = 2.
(2-ii) The kernel of ¢ is topologically finitely generated.

(3) The following conditions are satisfied:

(3-1) n=3.

(3-ii) The kernel of ¢ is finite.
(3-iii) Y is of LFG-type (cf. Definition 2.5).
(3-iv) 3 < dim(Y).

(4) The following conditions are satisfied:



206

(4-
(4-ii
(4-iii
(4-iv

i) n
ii)
i)
)
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¢ is injective.

Y is a hyperbolic polycurve over ky.

4 < dim(Y).

Then the following hold:

(i) Suppose that both kx, ky are finitely generated over the field of ra-
tional numbers. Then the open homomorphism ¢ lies over an open
homomorphism Gy, — G .

(i) In the situation of (i), suppose that the homomorphism G, — G
obtained in (i) is injective. Then ¢ arises from a dominant morphism
Y — X.

(iii) Suppose that both kx, ky are finite extensions of the p-adic completion

of the field of rational numbers for some prime number p. Suppose,

moreover, that one of the following three conditions is satisfied:

(iii-a)

(iii-b)

(iii-c)

The open homomorphism ¢ lies over an open homomorphism

Gi, — Gy that arises from a homomorphism kx — ky of
fields.

There exist hyperbolic curves (cf. Definition 2.1, (1)) Zx —
Speckx, Zy — Specky of quasi-Belyi type (c¢f. [17], Defini-
tion 2.3, (iii)) and morphisms X — Zx,Y — Zy over kx, ky,
respectively, such that if we write Iz, , Iz, for the étale funda-
mental groups of Zx, Zy, respectively, then the homomorphism
¢ lies over an isomorphism 1z, = Iz, .

The open homomorphism ¢ lies over an open homomorphism
Gr, — Gy, and, moreover, there exist a hyperbolic curve Z
over kx and a dominant morphism X — Z over kx such that
if we write Iy for the étale fundamental group of Z, then the
extension Iz of G, is of A-qLT-type (cf. [18], Definition 3.1,
(v))-

Then ¢ arises from a dominant morphism Y — X.
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PROOF. Assertion (i) follows immediately, by considering the compos-

ite Ay/p, — Iy LA IIx — G}y, from Lemmas 1.5, 1.7; Proposition 3.19,
(i). Next, we verify assertion (ii). Let us first observe that, in light of
Proposition 2.3, by replacing IIx by the image of ¢, to verify assertion (ii),
we may assume without loss of generality that ¢, hence also the injection
G, — G}, obtained by assertion (i), is surjective. Then it follows from
Proposition 3.19, (ii), that the isomorphism G, — G, arises from an iso-
morphism kx = ky that determines an isomorphism kx — ky. In particu-
lar, to verify assertion (ii), by replacing (X, kx,kx) by (X Xy ky, ky, ky)
and applying Proposition 2.4, (ii), we may assume without loss of generality
that (kx,kx) = (ky,ky). On the other hand, since (kx,kx) = (ky,ky),
assertion (ii) follows from Theorems 3.3, 3.14; Corollaries 3.15, 3.16. This
completes the proof of assertion (ii).

Finally, we verify assertion (iii). Now I claim that the following assertion
holds:

CrLAM 3.20.A: If either condition (iii-b) or condition (iii-c)
holds, then condition (iii-a) holds.

Indeed, suppose that condition (iii-b) is satisfied. Then let us observe that
it follows from [17], Corollary 2.3, that the isomorphism Iz, = Iz, arises
from an isomorphism Zy = Zx of schemes, which thus implies (cf., e.g.,
the discussion concerning the term isogenous given in “Curves” of [17], §0)
that condition (iii-a) is satisfied.

Next, suppose that condition (iii-c) is satisfied. Let ¢: IlIx — IIz be a
homomorphism over Gy, that arises from the dominant morphism X — Z
over kx. Then one verifies easily that the composite ¢ o ¢: Iy — Ilgz
is open (cf. Lemma 1.3) and, moreover, lies over an open homomorphism
Gry — Gy (cf. condition (iii-c)). Thus, it follows immediately from [18],
Theorem 3.5, (iii), that condition (iii-a) is satisfied. This completes the
proof of Claim 3.20.A. In particular, to verify assertion (iii), it suffices to
verify assertion (iii) in the case where condition (iii-a) is satisfied.

Suppose that condition (iii-a) is satisfied. Then, in light of Proposition
2.3, by replacing ITx by the image of ¢, to verify assertion (iii) in the case
where condition (iii-a) is satisfied, we may assume without loss of generality
that ¢, hence also the homomorphism G, — Gj, of condition (iii-a), is
surjective. In particular, we conclude that the homomorphism Gy, — Gy
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of condition (iii-a) arises from an isomorphism kx — ky. Thus, by replac-
ing (X,kx,kx) by (X Xgy ky,ky,ky) and applying Proposition 2.4, (ii),
we may assume without loss of generality that (kx,kx) = (ky, ky). On the
other hand, since (kx,kx) = (ky, ky), assertion (iii) follows from Theorems
3.3, 3.14; Corollaries 3.15, 3.16. This completes the proof of assertion (iii). OJ

COROLLARY 3.21. Let p be a prime number and n a positive integer.
Write S for the set consisting of the set of all prime numbers, F for the
set of isomorphism classes of sub-p-adic fields (c¢f. Definition 3.1), V for
the set of isomorphism classes of hyperbolic orbi-polycurves of dimension
n over sub-p-adic fields (cf. Definition 3.17), and D s« Fxs. Suppose
that n < 4. Then the hypotheses of [18], Theorem 4.7, (i), (ii), are satisfied
relative to this .

PROOF. First, let us recall from [14], Lemma 15.8, that the absolute
Galois group of a sub-p-adic field is slim (i.e., every open subgroup of the
absolute Galois group of a sub-p-adic field is center-free). The fact that D is
chain-full (cf. [18], Definition 4.6, (i)) is immediate. The rel-isom DGC (cf.
[18], Definition 4.6, (ii)), as well as the slimness of the “A;” in the statement
of [18], Theorem 4.7, follows immediately from Corollary 3.18 (cf. also the
proof of Corollary 3.20) and Proposition 2.4, (iii). O

4. Finiteness of the Set of Outer Isomorphisms between Etale
Fundamental Groups of Hyperbolic Polycurves

In the present §4, we discuss the finiteness of a certain set of outer iso-
morphisms between the étale fundamental groups of hyperbolic polycurves
of arbitrary dimension (cf. Theorem 4.4 below). In the case where the base
field is finite over the field of rational numbers, we also prove the finiteness
of the set of outer isomorphisms between the étale fundamental groups of

hyperbolic polycurves (cf. Corollary 4.6 below). In the present §4, let k

be a field of characteristic zero, k an algebraic closure of k, and Gy, def

Gal(k/k).

LEMMA 4.1. Let G be a profinite group, H C G an open subgroup of
G, A a group, and A — Aut(G) a homomorphism to the group of auto-
morphisms Aut(G) of G. Write Ay C A for the subgroup of A consisting
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of a € A such that the automorphism of G obtained by forming the image
of a in Aut(G) preserves H C G. Suppose that G is topologically finitely
generated. Then Ay is of finite index in A.

PROOF. Write d & [G : H]. Then since G is topologically finitely
generated, the set S of open subgroups of GG of index d is finite. On the other
hand, the homomorphism A — Aut(G) naturally determines an action of A
on S, and Ay C A coincides with the stabilizer of H € S. Thus, Ay is of
finite index in A. This completes the proof of Lemma 4.1. [J

LEMMA 4.2. Let n be a positive integer, X a hyperbolic polycurve of
dimension n over k, and

X:Xn . Xn—l X1 Speck:Xo

a sequence of parametrizing morphisms. Then the following hold:

(i) There exists an open subgroup H C Ax /i, such that, for each i €

{0,--- ,n}, if we write H; N Ax/x, (thus, we have a sequence of
normal closed subgroups of H

H,={1}CH, 1C---CHCH CHy=H

and a natural injection H;/H;11 — Ax,,  /x, for eachi € {0,--- ,n—
1} — ¢f. Proposition 2.4, (1)), then, for each i € {1,--- ,n — 1}, it
holds that

rankz((Hi /HZ-H)ab) < rankZ<(HZ-_1 /Hz-)ab) .

(ii) Let ¢ be an automorphism of Ax k- Suppose that ¢ preserves an open
subgroup H C Axyy, as in (i). Then, for each i € {0,--- ,n}, it holds
that ¢(Ax)x,) = Ax/x,-

(iii) Let 1) be an automorphism of llx over Gy. Suppose that v preserves
an open subgroup H C Axy, as in (i), and that k is sub-p-adic (cf.
Definition 3.1) for some prime number p. Then ) arises from an
automorphism of X owver k.
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PROOF. First, we verify assertion (i) by induction on n. If n =1, then
assertion (i) is immediate. Now suppose that n > 2, and that the induction
hypothesis is in force. Then since one may regard Ax,x, as the “Ax/;” of
a hyperbolic polycurve over k of dimension n — 1 (cf. Proposition 2.4, (ii)),
by the induction hypothesis, there exists an open subgroup H* C Ay, x, of
Ax/x, such that, for each i € {1,---,n}, if we write H; ©f e Ax/x;s
then, for each i € {2,--- ,n — 1}, it holds that

rankz((H;"/Hi*H)ab) < rankz((H;‘_l/H;‘)ab) .

Now since the profinite group Ax/x, is normal in Ax/, and topologically
finitely generated (cf. Proposition 2.4, (iii)), it follows from Lemma 4.1
(where we take the data “(G, H,A)” in the statement of Lemma 4.1 to be
(Ax/x,, H*, Ax/;) and the action of “A” on “G” in the statement of Lemma
4.1 to be the action by conjugation) that NAX/k(H*) is open in Ax .

Since H* C Nay, (H*) (= Nay, (H*) N Ax/x,), and H* is open in
Ax/x,, we have a natural surjection

NAX/k(H*)/H* NAX/k(H*)/NAX/Xl (H")
whose kernel is finite.  Thus, there exists an open subgroup @ C
Nay, (H*)/H* of Nay, (H*)/H* such that the composite
- * * * *
Q — NAx/k(H )/H - NAx/k(H )/Nﬁx/xl(H )
is injective. In particular, Q may be regarded as an open subgroup of
C ~
Nay (H*)/Nay,x, (H*) —— Axp/Ax/x, —— Axy/k

(cf. Proposition 2.4, (i)). Thus, it follows immediately from Proposition
2.4, (vi), that there exists an open subgroup Qg C @ such that

rankZ<(Hf/H§)ab) < rankg( aby.

Let us write H C Ax/;, for the open subgroup of Ax/;, obtained by form-
ing the inverse image of Qu C Na,, (H")/H" by the natural surjection
Nay,(H*) = Nay, (H*)/H*; thus, H fits into an ezact sequence of profi-
nite groups

1 o bs Qu 1.

Now I claim that the following assertion holds:



Grothendieck Conjecture for Hyperbolic Polycurves 211

CrAmM 4.2.A: This open subgroup H C Ay, satisfies the con-
dition appearing in the statement of assertion (i).

Indeed, let us first observe that, by our choice of (H*, Q ), one verifies easily
that, to verify Claim 4.2.A, it suffices to verify that HNAx/x, = H*. To this
end, let us observe that since H* is open in Ay, x,, and H* C H N Ax/x,,
we have a natural surjection H/H* — H/(H N Ax,x,) whose kernel is
finite. On the other hand, since H/H* = Qg may be regarded as an open
subgroup of Ax, /. (cf. the discussion preceding Claim 4.2.A), it follows
from Proposition 2.4, (iii), that H/H* is torsion-free. Thus, we conclude
that HNAy,x, = H*. This completes the proof of Claim 4.2.A, hence also
of assertion (i).

Next, we verify assertion (ii). Now since (one verifies easily that) the
image of the composite H — Ax/, — Ax, |/, satisfies the condition ap-
pearing in the statement of assertion (i) for “H”, by induction on n, to
verify assertion (ii), it suffices to verify that the following assertion holds:

CrAaiMm 4.2.B: ¢(Ax/Xn71) = AX/anl'
Now I claim that the following assertion holds:
Cramm 4.2.B.1: ¢(Hp—1) = Hp—1.

Indeed, it is immediate that there exists a unique integer 0 < m < n —1
such that the image of the composite H, 1 — H 4, H — H/Hp41 is
nontrivial, but the image of the composite H, 1 — H LA H — H/H,,
is trivial, thus, H,_ 1 — H LA H — H/H,,;+1 determines a nontrivial
homomorphism H,,_1 — H,,/Hp+1. Now since the composite H 4, H —
H/Hp,+1 is surjective, and H,,_; C H is normalin H, one verifies easily that
the image of the nontrivial homomorphism H,_1 — Hy,/Hy, 41 is normal;
thus, since H,,_1 is topologically finitely generated (cf. Propositions 2.3; 2.4,
(iii)), it follows from Proposition 2.4, (iv), that the image of the nontrivial
homomorphism H,,_1 — Hy,/H+1 is open, which implies that

rankZ((Hm/HmH)ab) < rank, (H2 ).

Thus, it follows from the condition appearing in the statement of assertion
(i) that m =n — 1, i.e., ¢(Hy—1) C Hp—1. Moreover, by applying a similar
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argument to the above argument to ¢!, we conclude that ¢(H,,_1) = H,_1.
This completes the proof of Claim 4.2.B.1.

Finally, we verify Claim 4.2.B. To verify Claim 4.2.B, write N for the
intersection of all A x/,-conjugates of Hy,_1. Then it is immediate that N is
normal in Ay . Moreover, since Ay x, _, is topologically finitely generated
(cf. Proposition 2.4, (iii)) and normal in Ay, and Hy,—1 C Ax/x, , is

open in Ax/x, ,, one verifies easily that N is open in Ay, x, . Thus,

—19
Ax/x,_,/N € Axj,/N is a finite subgroup of Ax/,/N; in particular, since
Ax, /i is torsion-free (cf. Proposition 2.4, (iii)), Ax/x,_,/N € Ax//N
is the unique maximal torsion subgroup of AX/k/N. On the other hand, it
follows from Claim 4.2.B.1 that ¢ determines an automorphism of Ax/;/N.
Thus, we conclude that the automorphism of Ax/,/N determined by ¢
preserves Ay, x, /N, hence that ¢ preserves Ay, x, ;. This completes the
proof of Claim 4.2.B, hence also of assertion (ii).

Finally, we verify assertion (iii). It follows immediately from assertion
(ii), together with Proposition 2.4, (i), that, for each i € {0,--- ,n}, ¢
induces an automorphism ; of Ilx, over G. (Thus, ¥ = idg,, and ¢, =
.) Now it is immediate that, by induction on i, to verify assertion (iii), it
suffices to verify that the following assertion holds:

Cram 4.2.C: For each i € {0,--- ,n — 1}, if the automorphism
1; arises from an automorphism f; of X; over k, then ;1 arises
from an automorphism of X;,; over k.

To verify Claim 4.2.C, write n — X for the generic point of X;, (X;11), def

Xiy1 Xx; n, and (Xi+1);7 for the base-change of the natural morphism

Xi+1 — X; by the composite n — X; 5 X;. Then it follows imme-
diately from assertion (ii), together with Proposition 2.4, (ii), that ;41
induces an isomorphism IT(x, i41), over II,,. Thus, it follows
from Theorem 3.3, together with the equivalence (ii-1) < (ii-2) of Lemma
2.13, that the isomorphism I y,, ), — Il(x

) — Hix
1)) arises from an isomorphism
(Xit1)y — (Xit1); over n. In particular, it follows from Lemma 2.10 that
;11 arises from an endomorphism of X; 1 over k. Therefore, by applying a
similar argument to the above argument to wi__:l, we conclude from Propo-
sition 3.2, (ii), that ;41 arises from an automorphism of X, over k. This
completes the proof of Claim 4.2.C, hence also of assertion (iii). [J
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THEOREM 4.3. Letn be a positive integer, p a prime number, k a sub-
p-adic field (c¢f. Definition 3.1), k an algebraic closure of k, X a hyperbolic
polycurve (cf. Definition 2.1, (ii)) of dimension n over k, and

X:Xn —_— Xn,1 X1 SpeCk’:Xo

a sequence of parametrizing morphisms. Write Gy, def Gal(k/k), x for
the étale fundamental group of X, and Ax for the kernel of the natural
surjection llx — Gy. For each i € {1,--- ,n}, write, moreover, (g;,7;)
for the type of the hyperbolic curve X; over X;—1 (cf. Definition 2.1, (i)).
Suppose that, for eachi € {1,--- ,n—1},

2¢i+1 + max{r;y; — 1,0} < 2¢; + max{r; — 1,0} .
Then the natural map
Auty(X) —— AutGk(HX)/Inn(AX/k)

is bijective, i.e., every automorphism of llx over Gy arises from a uniquely
determined automorphism of X over k.

PROOF. The injectivity of the map in question follows from Proposi-
tion 3.2, (ii). The surjectivity of the map in question follows from Lemma
4.2, (iii), together with Proposition 2.4, (v). This completes the proof of
Theorem 4.3.

THEOREM 4.4. Let p be a prime number; k a sub-p-adic field (cf. Def-

inition 3.1); k an algebraic closure of k; X, Y hyperbolic polycurves (cf.
Definition 2.1, (ii)) over k. Write Gy, & Gal(k/k); Ilx, Iy for the étale
fundamental groups of X, Y, respectively; Isomg, (Ilx,Ily) for the set of
isomorphisms of Wx with Ily over Gy; Ay, for the kernel of the natural
surjection IIy — Gy. Then the set

Isomg, (TLy, [Ty ) /Tnn(Ay)
is finite.

ProoF. If Isomg, (Ilx,IIy) = 0, then Theorem 4.4 is immediate.
Thus, to verify Theorem 4.4, we may assume without loss of generality
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that Isomg, (ILx,Ily) is nonempty. Then let us observe that any ele-
ment of Isomg, (ILx, ITy) determines a bijection between Isomg, (ILx, IIy)/
Inn(Ayy;) and Autg, (Ilx)/Inn(Ay/,). Thus, to verify Theorem 4.4, by
replacing Y by X, we may assume without loss of generality that X =Y.
Let H C Ax/; be an open subgroup of Ay, which satisfies the condition
appearing in the statement of Lemma 4.2, (i), with respect to a sequence of
parametrizing morphisms

X=X, — X1 —— --- X1 Speck = X .

Then, by applying Lemma 4.1 (where we take the data “(G, H, A)” in the
statement of Lemma 4.1 to be (Ax/, H, Aut(Ax/;))), we conclude that
there exists a subgroup A C Aut(Ax ;) of Aut(Axyy) of finite index such
that, for each ¢ € A, it holds that ¢(H) = H. Write B C Autg, (ILx)
for the inverse image of A C Aut(Ax/) via the natural homomorphism
Autg, (Ix) — Aut(Ay/,). (Thus, B C Autg,(Ilx) is of finite index in
Autg, (ITx).) Then it follows immediately from Lemma 4.2, (iii), that ev-
ery element of B arises from an automorphism of X over k, i.e., the image
of the composite B — Autg, (Ilx) - Autg, (Ilx)/Inn(Ax/;) is contained
in the image of the natural injection Auty(X) — Autg, (ILx)/Inn(Ax /)
(cf. Proposition 3.2, (ii)). In particular, it follows from Proposition 4.5
below that the image of the composite B — Autg, (Ilx) — Autg, (Ilx)/
Inn(Ax,) is finite. On the other hand, since B is of finite indez in
Autg, (ITx ), we thus conclude that Autg, (Ilx)/Inn(Ax ) is finite. This
completes the proof of Theorem 4.4. [J

ProrosiTiON 4.5. Let S, Y be integral varieties over k; ¥ — S a
dominant morphism over k; X a hyperbolic polycurve over S. Then the set
dom

Hom&™ (Y, X) of dominant morphisms from'Y to X over S is finite.

ProOF. Write n for the relative dimension of X over S. First, I claim
that the following assertion holds:

Cram 4.5.A: If n = 1, then Proposition 4.5 holds.

Indeed, let 7 — S be a geometric point of S whose image is the generic
point of S and F' a connected component of the normalization of Y xg 7.
(Here, we note that since k is of characteristic zero, Y X g 7 is necessarily
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reduced.) Thus, F' is a normal variety over 7. Then since Y is integral,
and Y — S is dominant, one verifies easily that the composite of natural
maps Hom$™ (Y, X) — Homz(Y x5 7, X xg7) — Homgp(F,X xg7) is
injective (cf. the easily verified fact that the composite F' — Y xg7] — Y
is schematically dense) and factors through the subset Hom%om(F , X Xg7).
Thus, by replacing S, Y by 7, F, respectively, to verify Claim 4.5.A; we
may assume without loss of generality that k = k and S = Speck.

Next, to verify Claim 4.5.A, I claim that the following assertion holds:

CrLAamM 4.5.A.1: If Y is of dimension one (and n = 1), then
Proposition 4.5 holds.

Indeed, let us first observe that one verifies easily that there exist a non-
negative integer N and a connected finite étale Galois covering X' — X of
X over k of degree N such that the genus (i.e., the integer “¢g” in Definition
2.1, (i)) of the hyperbolic curve X’ over k is > 2. Then it is immediate that,
for each dominant morphism Y — X over k, there exist a connected finite
étale Galois covering Y’ — Y of Y over k of degree < N and a dominant
morphism Y’ — X’ which lies over the given dominant morphism ¥ — X.
Thus, in light of the fact that Y/ — Y is schematically dense, since the set
of isomorphism classes of connected finite étale Galois coverings of Y over
k of degree < N is finite (cf. Lemma 1.7), by replacing (X,Y) by (X', Y’),
to verify Claim 4.5.A.1, we may assume without loss of generality that X
is of genus > 2. Then Claim 4.5.A.1 follows immediately from de Franchis’
theorem (cf., e.g., [13], p. 227). This completes the proof of Claim 4.5.A.1.

It follows from Claim 4.5.A.1 that, to verify Claim 4.5.A, we may assume
without loss of generality that Y is of dimension > 2. Next, let us observe
that, by replacing Y by a suitable affine open subscheme of Y, to verify
Claim 4.5.A, we may assume without loss of generality that Y is regular,
and that Y may be embedded into a projective space P over k (of suitable
dimension). Thus, by applying Bertini’s theorem (cf., e.g., the easily verified
quasi-projective version of [9], Theorem 8.18) and [21], §V, Corollaire 7.3,
inductively (i.e., by considering suitable hyperplane sections), we conclude
that there exist a smooth variety C of dimension one over k and a morphism
C — Y over k such that the induced outer homomorphism Ilo — Iy is
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surjective. Now let us consider the natural commutative diagram

Hom{°™(Y, X) —— Hom®P**(Ily, ITx)/Inn(Tlx)

| |

Homy(C,X) —— Hom(Il¢,IIx)/Inn(Ilx)

(cf. Lemma 1.3). Since the upper horizontal arrow is injective (cf. Propo-
sition 3.2, (i)), and the right-hand vertical arrow is injective (cf. the sur-
jectivity of IIg — Ily), it holds that the left-hand vertical arrow is injec-
tive. On the other hand, again by the surjectivity of Ilo — Ily, it follows
immediately that the left-hand vertical arrow factors through the subset
Hom{°™(C, X) € Homy(C, X) (cf. also Proposition 2.4, (iii)). Thus, to ver-
ify Claim 4.5.A, it suffices to verify the finiteness of Hom{°™(C, X), which
follows from Claim 4.5.A.1. This completes the proof of Claim 4.5.A.

Finally, we verify Proposition 4.5 by induction on n. If n = 1, then
Proposition 4.5 follows from Claim 4.5.A. Now suppose that n > 2, and
that the induction hypothesis is in force. Let X — X,,_1 be a parametriz-
ing morphism for X. Then since the finiteness of Hom3™ (Y, X,,_1) follows
from the induction hypothesis, to verify the finiteness of Homcslom(Y, X), it
suffices to verify that, for any f, 1 € Homcslom(Y7 Xp—1), the inverse im-
age of {f,_1} € Hom%™ (Y, X,,_1) by the natural map Hom$™(Y, X) —
Hom°™(Y, X,,_1) (induced by the morphism X — X,,_1) is finite. In other
words, to verify the finiteness of Hom%om(Y, X), it suffices to verify that, for
any fp_1 € HomgOm (Y, X,,—1), the set Hom‘}f’fi1 (Y, X)) — where we take the
structure morphism Y — X,,_1 to be f,_1 — is finite. On the other hand,
since X — X,,_1 is a hyperbolic curve, this finiteness in question follows
from Claim 4.5.A. This completes the proof of Proposition 4.5. [

COROLLARY 4.6. Let kx, ky be finite extensions of the field of rational
numbers; X, Y hyperbolic polycurves (cf. Definition 2.1, (ii)) over kx,
ky, respectively. Write Ilx, Ily for the étale fundamental groups of X,
Y, respectively; Isom(Ilx,IIy) for the set of isomorphisms of I x with Iy .
Then the set

Isom(ITx, ITy ) /Inn(I1y)

1s finite.
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Proor. If Isom(Ily,Ily) = @), then Corollary 4.6 is immediate. Sup-
pose that Isom(Ilx,IIy) # (. Then since any element of Isom(Ilx,IIy)
determines a bijection between the set Isom(ILx, Ty )/Inn(Ily) and the set
Out(IIx) e Aut(IIx)/Inn(Ilx), to verify Corollary 4.6, by replacing Y by
X, we may assume without loss of generality that X =Y.

Now let us observe that, for each ¢ € Aut(Ilx), by considering the

¢ ot
composites Ay p, — lx = x — Gry, Ay, — lx = Ix — Giy
and applying Propositions 2.4, (iii); 3.19, (i), we conclude that ¢ lies over
a(n) (uniquely determined) automorphism of G, . Thus, we have a natural
exact sequence

1 — AUtGkX (IIx) —— Aut(Ily) —— Aut(G, ).

Write N C Out(Ilx) for the (necessarily normal) subgroup of Out(IlLx)
obtained by forming the image of Autg, (Ilx) € Aut(Ily) in Out(ILy).
Then since Ilx — G}, is surjective, one verifies easily that the sequence

1 N Out(Ily) —— Out(Giy) % Aut(Gy,)/Inn(Gy,)

induced by the above exact sequence is ezact. Thus, since N is finite (cf.
Theorem 4.4), and Out(Gy, ) is finite (cf. Proposition 3.19, (ii)), we con-
clude that Out(Ilx) is finite. This completes the proof of Corollary 4.6. O
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