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Zariski Density of Crystalline Representations for
Any p-Adic Field

By Kentaro NAKAMURA

Abstract. The aim of this article is to prove Zariski density of
crystalline representations in the rigid analytic space associated to the
universal deformation ring of a d-dimensional mod p representation of
Gal(K /K) for any d and any p-adic field K. This is a generalization of
the results of Colmez and Kisin for d = 2 and K = Q,, of the author
for d =2 and any K, and of Chenevier for any d and K = Q,. A key
ingredient for the proof is to construct a p-adic family of trianguline
representations which can be seen as a local analogue of eigenvarieties.
In this article, we construct such a family by generalizing Kisin’s theory
of finite slope subspace X4 for any d and any K, and using Bellaiche-
Chenevier’s idea of using exterior products in the study of trianguline

deformations.
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1. Introduction

1.1. Background

Let K be a finite extension of Q, and d € Z>;. Let E be a sufficiently
large finite extension of @, with the ring of inteéer O and the residue field
F. Let V be a F-representation of Gi := Gal(K/K) of rank d, i.e. a
d-dimensional F-vector space with a continuous F-linear GGg-action. Let
Co be the category of Artin local (O-algebras with residue field F. We
consider the deformation functor Dy : Co — (Sets) defined by D-(A) :=
{equivalent classes of deformations of V' over A} for A € Cp. Assume that
Endpig, (V) = F, then Dy is representable by the universal deformation
ring Rys. Let A3 be the rigid analytic space associated to Ryz. The points
of A3 correspond to p-adic representations of G with mod p reduction
isomorphic to V. Define the subset Xy of A3 by

reg—cris

X7 reg—cris = {& = [Va] € X|V; is crystalline with Hodge-Tate weights

{ki,g}lgigd@@pg@p such that k;, # kjo for any i # j and 0 : K — Q,}
We denote by ?7 reg—cris the Zariski closure of A% reg—cris in X7, The main
results of this article which will be proved in §4 concern with Zariski density
of Xv,reg—cris

following (see Corollary 4.5).

in Ay, For example, one of the main results of this article is

THEOREM 1.1. IfV is absolutely irreducible and satisfies (i) p fd and
(p € K, or (ii) V /5 V(w), then we have an equality

= XV7

V,reg—cris
where w : G"}? — F* is the mod p cyclotomic character.

This theorem is a generalization of the results of Colmez, Kisin [Co08],
[Kil0] for d = 2 and K = Q,, of the author [Nal3| for d = 2 and any K,
and of Chenevier [Chl13] for any d and K = Q,. When d =2 and K = Q,,
the result of Colmez and Kisin plays some crucial roles in their studies of
p-adic Langlands correspondence for GLa(Q,).

The idea of the proof is essentially the same as those of [Co08], [Kil0],
[Nal3], [Ch13], i.e. we re-interpret purely locally the argument of infinite
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fern of Gouvéa-Mazur by using the notion of trianguline representations.
Inspired by the work of Kisin [Ki03] on a p-adic Hodge theoretic study of
Coleman-Mazur eigencurve, where he essentially proved that the restrictions
to Gq, of the two dimensional p-adic representations of G parametrized
by Coleman-Mazur eigencurve are trianguline, Colmez [Co08] defined and
studied trianguline representations for K = Q, by using the theory of (¢, T')-
modules over the Robba ring. In [Na09], the author of this article general-
ized Colmez’s results, i.e. studied trianguline representations for general K
by using the theory of B-pair defined by Berger [Be08§].

There are two key ingredients for the proof of the main theorem. One is
the deformation theory of trianguline representations, and the other is the
construction of a “universal” p-adic family of trianguline representations in
which the set of the crystalline points is Zariski dense.

For the deformation theory of trianguline representations, we have al-
ready obtained satisfying results in [BeCh09], [Chll] for K = Q, and in
[Nal3] for general K.

The other one (i.e. the construction of a p-adic family of trianguline rep-
resentations) is more important, which can be seen as a construction of local
analogue of eigenvarieties. For K = Q, and d = 2, two different construc-
tions by Colmez and Kisin are known. Colmez [Co08] explicitly constructed
(more generally) a p-adic family of rank two trianguline (¢, I')-modules over
the Robba ring by explicitly calculating the cohomology of some rank one
(¢,T')-modules over the relative Robba ring of affinoid algebras. On the
other hands, Kisin [Ki03] constructed a Zariski closed subspace Xys of
X7 X EG%‘/  using his theory of the finite slope subspace, which is (roughly)
defined as the subspace consisting of the points ([V],\) € A7 x eG)p such
that DL (V)¥=* £ 0, and showed that the family of p-adic Galois repre-

Crys
sentatiori/ on this subspace is a universal (in some sense) p-adic family of
trianguline representations. For any d € Z>, but for K = Q,, Chenevier
[Ch13] recently generalized Colmez’s construction and constructed a univer-
sal p-adic family of rank d trianguline (p,I')-modules by further developing
the cohomology theory of (¢, I')-modules over the relative Robba ring of affi-
noid algebras. Because his calculation of cohomologies heavily depends on
the explicit structure of (¢, I")-modules which is available only for K = Q,,
we cannot directly generalize his results for general K. The main feature

of this article is to construct p-adic families of trianguline representations
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for any d and for any K by generalizing Kisin’s theory of finite slope sub-
space. For d = 2, we have already done this in [Nal3]. To generalize
the construction of [Nal3] for higher dimensional case, we use an idea of
Bellaiche-Chenevier of using exterior products in the study of trianguline
deformations. We explain our results in detail below.

1.2. Overview
Here, we give an overview of the contents of this article.

In§ 2, we first recall the fundamentals of trianguline representations
using the notion of B-pairs. The notion of B-pairs was defined by Berger
[Be08]. The category of E-representation of Gk can be naturally embedded
in the category of E-B-pairs of Gi. For an E-representation V', we denote
by W (V') the associated E-B-pair. We say that V is a split trianguline
E-representation if W (V') can be written as a successive extension of rank
one FE-B-pairs, i.e. there exists a filtration T : 0 C W7 C Wy C ... C
Wy = W (V) by E-B-pairs W; such that W;/W,_; are rank one E-B-pairs
for any i. We call T a triangulation of V. Rank one F-B-pairs can be
classified by the set of continuous homomorphisms 6 : K* — E* ([Co08],
[Na09]). For a continuous homomorphism ¢ : K* — E*, we denote by
W (6) the rank one E-B-pair associated to 6. By the definition of T', there
exists a set {(5i}§l:1 where 6; : KX — E* such that W;/W;_; = W(é;) for
each 7, which we call the parameter of T'. Therefore, to construct a p-adic
family of trianguline representations, we first need to construct a universal
p-adic family of continuous homomorphisms 6 : K* — E*. Let 7 and W
be the rigid analytic spaces over E which represent the functors defined by
T(A) :={6 : K* — A* continuous homomorphism } and W(A) := {6 :
O — A*continuous homomorphism } for each E-affinoid A. If we fix a
uniformizer 7x of K, we have an isomorphism 7 = W xp Gy 6
(6|OIX<,6(7rK)). For any 6 € W(A) (which is known to be automatically Q-
analytic), we denote k(6), := gi((i)) |lz=1 € A for any embedding 0 : K — E,
which we call the o-part of Hodge-Tate weight of §. For § € W(A), define
5 G3> — A* the character such that o I'eCK|OI><( = § and é(reck (7x)) = 1,
where recg : K* — G?}? is the reciprocity map of local class field theory.
For 6 € T(A), we also define 8= (6]02).

In [Nal3], we modified and generalized Kisin’s finite slope subspace
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Xrs C© Xy xE fo;/E for any K, i.e. twisting by a universal character
on W, we constructed Xy, as a Zariski closed subspace of &3 xg 7 in-
stead of A3 xXp G%fbl/ p- In this article, we generalize the construction of
[Nal3] for any d, we construct Xy, which we denote by &, as a Zariski
closed subspace of Z := &3 xg 7> Let V be a split trianguline E'-
representation with a triangulation T whose parameter is {8;}¢_; such that
[V] € X(E') for a finite extension E' of E. From such a pair (V,T), we
define an E'-rational point z(y 1y := ([V], 61,062, -+ ,04-1) € Z(E'). For the
point z(y,7), we define é4 := (det(V) oreck) - H?;ll 6;'. For any n € Z> 1,
set [n] := {1,2,--- ,n}. For any subset I C [d], set 67 := [[;c; 6:-

The space & should be a suitable approximation of the subset of Z con-
sisting of all the points of the form 2y, 7. Hence, the space & should be con-
tained in the closed subspace Zj of Z consisting of the points ([V], 61, -,
64—1) such that the Hodge-Tate weights of V' are compatible with those of
{6;}%_,, more precisely, the o-part of Hodge-Tate wights of V is equal to
{k(61)oy -+ ,k(64-1)5,k(64)s} for any o : K — E. The basic idea of the
construction of & as the closed subspace of Zy is to generalize Kisin’s con-
struction of X ¢ by using a technique of Bellaiche-Chenevier using exterior
products in the study of trianguline deformations ([BeCh09], see proposition
3.11). If V is a split trianguline F representation as above. Then, we can
show that (*)“D;S((/\iV)(5[;]1))“’f:5[i] (") is non-zero for any 1 < i < d—17.
We construct & as a subspace of Zy roughly parametrizing the points
z=(V,61, -+ ,04—1) with this property (*).

The key main theorem of this article is the following. For the precise
statements and definitions, see Corollary 3.5, Proposition 3.7 and Theorem
3.10.

THEOREM 1.2. There exists a Zariski closed subspace & of Z satisfy-
ing the following properties (0), (1), (2).

(0) For any point z = ([V],61, -+ ,64-1) € EF(E'), the o-part of Sen’s
polynomial of V' is equal to

d

[1(T - k(8)s) € E'1]

=1

for each embedding o : K — FE.
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(1) If a pair (V,T) as above satisfies the following conditions (i), (ii), (iii),
(1) Endgg,(V) = E,
(ii) 6;/6; # HoeP ot for any i < j and {ks}oep € HaeP Z< o,
(iii) 6i/6; # [Nr/q,lp [loep ke fori < j and {ke}eep € [loep Z=21,
then the point z(yry € Z defined above is conlained in .

(2) If the point 21y € & defined in (1) satisfies one of the following
additional conditions (iv), (v),

(iv) V is potentially crystalline and, for any 1 <i<d—1,
{a € Dcris((/\iV)(fév[;]l))Eln > 1 such that (o' — o (Tx))"a = 0}

is a rank one free Ko ®q, E-module,

(v) forany 1 £ i < d—1 and for any subset 1(# [i]) C [d] with its
cardinality equal to i, we have

k(6r)o — k() & Z<o
for any o € P,

then & is smooth at z(y,r) of its dimension (K :Qp) d(d2+1) + 1.

For eigenvarieties, the classicality theorem concerning the conditions for
overconvergent modular forms to be classical is very important, in partic-
ular, which enables us to show that the set of classical points is Zariski
dense in eigenvarieties. As a local analogue of this property, we prove the
following theorem (Theorem 3.16).

THEOREM 1.3.  Let (V,T) be a pair satisfying all the conditions in (1)
and the condition (iv) or (v) in (2) of Theorem 1.2, and let U be an admissi-
ble open neighborhood of z := zxyr) in E. Then there exists an admissible
open neighborhood U’ of z in U in which the subset consisting of the points
2= ([V'],81,-,8,_1) € U such that V' is crystalline with distinct Hodge-
Tate weights are Zariski dense in U’.

For the proof of Theorem 1.3, we need to prove that, oppositely, if a point
z = ([V],61,--- ,04-1) € & satistying the condition (*) above and some
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conditions on {61-}?:1, then V is split trianguline and crystalline. Concerning
this problem, we prove some propositions (see Proposition 3.14, Proposition
3.15) using the slope filtration theorem of Kedlaya.

The main theorem Theorem 1.1 follows from these two theorems The-
orem 1.2, Theorem 1.3, and from the deformation theory of trianguline
representations, in particular, the deformation theory of generic or benign
crystalline representations developed in [Ch1l] and [Nal3].
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Notation. Let p be a prime number. Let K be a finite extension of
Qp, K the algebraic closure of K, K; the maximal unramified extension
of Q, in K. Let Gk := Gal(K/K) be the absolute Galois group of K
equipped with pro-finite topology. Let Ok be the ring of integers of K,
Tk € Ok a fixed uniformizer of K, k := Ok /mxOk the residue field of
K with cardinality ¢ = p/. Let x, : Gx — Zy be the p-adic cyclotomic
character (i.e. g((pn) = C;ﬁgg) for any p™-th roots of unity and for any g €
Gk). Let E be a finite extension of Q, such that P := Homg,—ay(K, E) =
Homq, ag(K, E). In this paper, we use the notation £ for the coefficient
field of representations. Let | — |, : & — Q> be the norm such that
Iplp == 1_1?' Let N, : K — Q, be the norm. Let denote the composition

by [Ng/qQ,lp : K* Nk Q) i Q* < E*, where the last inclusion
is the canonical one. Let xpr : Gg — OIX( be the Lubin-Tate character
associated to the fixed uniformizer 7. Let recx : K* — G%P be the
reciprocity map of local class field theory such that reck (7x) is a lifting of
the inverse of g-th power Frobenius on k, then we have ypr(reck(nx)) =1
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and xrr o reck| or = idOIx< . For any topological ring A, we say that Vj, is
an A-representation of G if V4 is a finite free A-module with a continuous
A-linear G i-action.

2. Review of B-Pairs and Trianguline Representations

In this section, we recall the definition of B-pairs and trianguline rep-
resentations and some of their fundamental properties which we will use in
later sections, see [Be08] or [Na09], [Nal3| for more details.

2.1. Review of trianguline A-B-pairs

Let Beris, B(TR and B4gr be the Fontaine’s rings of p-adic periods ([Fo94]).
Let B, := Bfrizsl the p-fixed part of Beyis. These rings are naturally equipped
with continuous G-actions. Let t = log[e] € BY,P NFil'BJ; be a period
of the inverse of the p-adic cyclotomic character .

Let Cg be the category of Artin local E-algebras A such that £ = A/m4
where m4 is the maximal ideal of A. For A € Cg, we recall the definition
of A-B-pair which is the A-coefficient version of B-pair (see Definition 2.10

and Lemma 2.11 of [Nal3]).

DEFINITION 2.1. We say that a pair W := (W,, W) is an A-B-pair
(Of GK) if
(1) W, is a finite free B. ®q, A-module with a continuous semi-linear

Gr-action, where “semi-linear” means that we have g((a ® b)x) =
(9(a) ® b)g(x) for any g € Gg,a € B, be A, x € W,.

(2) Wiy is a Gg-stable finite free sub B ®g, A-module of War :=
Bgr ®B, W, which generates Wyr as a Bgg-module.

We define the rank of W' as the rank of We over B, ®q, A. We just call an
A-B-pair if there is no risk of confusing about K.

REMARK 2.2. The functor V4 — W (Vy4) := (B. ®q, Va, Bl ®q, Va)
from the category of A-representations of G to the category of A-B-pairs
is exact and fully faithful.

PROPOSITION 2.3.  There exists a canonical bijection 6 — W (6) be-
tween the set of continuous homomorphisms 6 : K* — A* and the set of
isomorphism classes of rank one A-B-pairs.
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PROOF. See Proposition 2.16 of [Nal3]. O

By the definition of W (§) in the previous paragraph of Proposition 2.16
of [Nal3], it is easy to show that W () satisfies the following two properties.

REMARK 2.4.  The bijection in Proposition 2.3 is compatible with local
class field theory, i.e. we have an isomorphism W (6 orecx) = W (A(6)) for
any character 6 : G&> — A,

REMARK 2.5. For A € A*, we define a continuous homomorphism
6y + K* — A* such that (5,\](9;{ = 1 and 6x(mx) = A. Then, W(6y)
is a crystalline A-B-pair corresponding to an A-filtered p-module D) :=
Ky ®q, Aey such that ©f(ey) = Aey and Fil’(K ®K, Dx) = K ®k, Dy and
Fill(K @k, Dy) = 0.

DEFINITION 2.6. Let W be an A-B-pair of rank d. We say that W is
a split trianguline A-B-pair if there exists a filtration T': 0 C W; C Wy C
<+ CWy_1 € Wy =W by A-B-pairs such that W;/W;_; is rank one A-B-
pair for any i. We call T an A-triangulation of W. Define the set {&;}¢,
of continuous homomorphisms &; : K* — A* such that W;/W;_1 = W (é;)
for any ¢, which we call the parameter of T'.

Let V be an A-representation. We say that V is a split trianguline
A-representation if W (V') is a split trianguline A-B-pair.

2.2. Review of deformation theory of trianguline representations

In [BeCh09], [Chll] (for K = Q)) and [Nal3] (for general K), we study
deformation theory of trianguline B-pairs or trianguline (p, I')-modules over
the Robba ring, which we now briefly recall (see §2 of [Nal3] for more
details).

Let V be an E-representation of rank d and A € Cp. We say that the
pair (V4,14) is a deformation of V over A if V4 is an A-representation and
a:Va®aE S Vis an isomorphism of E-representations. Let (Va,4)
and (V},v¢;) be two deformations of V' over A, we say that (V4,14) and
(Vi,¢'y) are equivalent if there exists an isomorphism f : V4 = V} of
A-representations such that ¥4 = ¢’y o (f ®4 idg). We define a functor
Dy : Cg — (Sets) by

Dy (A) := { equivalent classes of deformations of V over A}
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for A € Cg.

Next, we consider the pair (V,T) where V is a split trianguline FE-
representation with a triangulation 7: 0 C Wy C We C --- C Wy = W(V).
For A € Cg, we say that the triple (V4,14,T4) is a trianguline deformation
of (V,T) over A if (V4,14) is a deformation of V' over A and

Ta:0CWiAaCWonC--- CWaa=W(Va)
is an A-triangulation of V4 such that
W(pa)(Wia®@a E)=W,;

for any 1 < i < d, where W(a) : W(V4) ®4 E = W(V) is the iso-
morphism induced from 4. We say that two trianguline deformations
(Va,¥a,Ta) and (V}, ¢y, T?) over A are equivalent if there exists an isomor-
phism f : V4 = V} of A-representations such that ¢4 = ¢/, o(f®idg) and
W(f)(Wia) =W, for any 1 =i = d. We define a functor Dyr — (Sets)
by

Dy 1(A) := { equivalent classes of trianguline deformations
of (V,T) over A}

for A € Cg. Later, we simply write [V4] € Dy (A) or [(Va,T4)] € Dyr(A)
instead of [(Va,%4)] or [(Va,1a,T4)] if there is no risk of confusing about
Ya.

We have a morphism of functors Dy, — Dy defined by [(Va,Ta)] —
[Va]. If Dy and Dy, are represented by Ry and Ry 7, then this morphism
is given by a map Ry — Ry, which is a surjection in many cases. For
the representability and other properties of Dy r, we have the following
proposition.

PROPOSITION 2.7. LetV be a split trianguline E-representation with a
triangulation T whose parameter is {6;}L_,. We assume that (V,T) satisfies
the following conditions,

(i) Endgig, (V) = E (then Dy is representable),

(i) 6;/6; # [L,ep o™ for any i < j and {ko}oep € [Iyep Z<o,



Zariski Density of Crystalline Representations for Any p-Adic Field 89

then the functor Dyt is representable by a quotient Ry, of Ry. Moreover,
if (V,T) satisfies the following additional condition,
(iii) 6:/6; # |NK/Qp o I oep ate for any i < j and {ko}oep € [loep Z=21,

then Ry, is formally smooth over E of its dimension [K : Qp] d(d2+1) + 1.

PROOF. See [BeCh09] and Corollary 2.30, Lemma 2.48 and Proposition
2.39 of [Nal3]. O

Next, we recall some relations between crystalline representations and
trianguline representations. Let V be a crystalline E-representation of rank
d. We define the crystalline deformation functor DM which is a subfunctor
of Dy defined by

D$S(A) == {[V4] € Dy (A)|Vy is crystalline }

for A € Cg. The natural inclusion D%}is — Dy is relatively representable,
and D is formally smooth ([Ki08]).

Let Dais(V) := (Beris ®Q, V)E& be the filtered p-module associated to
V', which is a finite free Ko ®q, £-module of rank d. Let {a1, a9, -+, a4} C
E be the set (possibly with multiplicity) of eigenvalues of ¢/ (f := [Ko : Q)
on Deis(V) O Kooq, Eozids E for one ¢ : Ky — E, which does not depend
on the choice of 0. We assume that a; # «; for any i # j. Extending
scalars, we assume that {ag, -+, a4} € E and Deis(V) can be written as

Dais(V) = Ko ®q, Fe1 ® Ko ®q, Fea @ -+ © Ko ®qg, Eeq

such that Ko ®q, Fe; is @-stable and ol (e;) = aye; for any 1 < i < d. Let
G4 be the d-th permutation group. Under these assumptions, we define a
filtration as filtered p-modules

Fr:0C D1 CDroC - C Dy = Deris(V)
for each 7 € &4 by

D;i = @ Ko ®q, Les ()
j=1

for 1 £ i < d, whose Hodge filtrations are induced from that on Ds(V), i.e.
we define Fil*(K ®x, D;;) := (K ®, Dr.i) NFil*(K @, Deris(V)) for each
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k € Z. By the equivalence between the category of E-filtered p-modules
and the category of crystalline E-B-pairs (see [Be08] or [Na09], [Nal3]), for
each 7 € G4, we obtain a triangulation

TT:OgWT,lgWT,QQ"'gWT,d:W(V)

by crystalline E-B-pairs {W;;}1 <;<g4 such that Des(W-;) = Dy, for any
1 =i = d. We recall the definition of benign representation in [Nal3] which
is also called generic crystalline representation in [Ch11], whose deformation
theoretic property plays a crucial role in the proof of the main theorem of
this article. Let {kio,k20, - ,kdo}oep be the set of Hodge-Tate weights
of V' (possibly with multiplicity) such that ki, 2 koy = -+ 2 kg, for
any o € P. In this article, we define the Hodge-Tate weight of the p-adic
cyclotomic character x, : Gxg — E* to be {1},ep.

DEFINITION 2.8. Let V be a crystalline representation satisfying all
the assumptions in the previous paragraph. We say that V is benign if V
satisfies the following conditions,

(1) a; # aj,p™a; for any i # j,
(2) ki, > koo >+ > kg, for any o € P,

(3) the Hodge-Tate weights of Wr; is {kis,k25, - ,kio}ocp for each
T€8sand 1< S d.

If V' is benign, then the pair (V, T} ) satisfies all the conditions in Propo-
sition 2.7 for any 7 € &4, hence the functors Dy and Dy 1, for all 7 € &4
are representable by Ry and Ry, which are quotients of Ry . For R, =
Ry, Ry, , we define the tangent space of R, by

tr, = Hompg(mp, /m% , E),

where mp, is the maximal ideal of R,. Hence, we obtain a natural inclusion
tRy.r. < tR, for each 7 € &g4.

The following theorem is a crucial for the proof of the main theorem of
this article, which was discovered by Chenevier (Theorem 3.19 of [Chl1]).
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THEOREM 2.9. Let V be a benign representation of rank d, then we

have an equality
> trys =ty
TE Gd

PROOF. See Theorem 3.19 of [Chll] (for K = Q,) and Theorem 2.61
of [Nal3] (for general K). O

3. Construction of the Local Eigenvarieties

This section is the technical heart of this article. We construct some
(approximation of) p-adic families of trianguline representations. In §10 of
[Ki03] (for K = Q) and §3 of [Nal3] (for general K'), they constructed such
families for two dimensional case using the theory of finite slope subspace. In
this section, we generalize their constructions for higher dimensional case by
using the (slightly generalized version of) finite slope subspace and a tech-
nique of [BeCh09] for the study of trianguline deformations using exterior
products.

3.1. Finite slope subspace

We first generalize Proposition 5.4 of [Ki03] and Theorem 3.9 of [Nal3]
as follows. We first recall some terminologies which are used in [Ki03],[Nal3]
(see §2 and §3 of [Nal3] for more details).

Let C, be the p-adic completion of an algebraic closure @p of Qp. De-
note by v, : C; — Q the valuation such that v,(p) = 1. Denote by
Et = lim,,>,Oc,/p the projective limit by the p-th power map. Define
the valuation v on ET by V((Tn)n>0) = limy oo vp(x,) Where z, € Oc,
is a lift of Z,. Take a set {pp},>0 € Q, such that po = p, p! 1 = pu
for any n 2 0. Set p := (Pn)n>0 € E*. Denote by W(E") the ring of

Witt vectors of ET, and by [—] : EY — W(E™") the Teichmiiler lift. Set
Aoy = W(E*’)[%]A, where (—)” is the p-adic completion of (—). The

actions of G and Frobenius ¢ on W(E+) naturally extend to A and

B/l = Amax[1/p]. Define a K-Banach algebra B . := K @k, Bf,,
and define = idg @ o 1 By — Bl k.

Let X be a separated rigid analytic space over E in the sense of Tate.
For x € X, we denote by E(x) the residue field of X at z, which is a
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finite extension of E. We say that an admissible open set U C X is scheme
theoretically dense in X if there exists an admissible affinoid covering { X; :=
Spm(R;)}ier of X such that U N X; is associated to a dense Zariski open
U; C Spec(R;) for any i € I. For an invertible function Y € I'(X, Ox)*
and an F-affinoid algebra R, we say that an F-morphism f : Spm(R) — X
is Y-small if there exist a finite extension E' of F and an element A €
(R®p E')* such that E'[A\] C R ®p E' is a finite étale E’-algebra and ¥
is topologically nilpotent in R ®pg E'. For any f € I'(X, Ox), we denote by
Xy :={z € X|f(x) # 0} the Zariski open of X on which f is not zero.

For a finite free Ox-module M with a continuous O x-linear G i-action,
we denote by M (x) the fiber of M at x, which is an E(x)-representation of
Gr. We denote by MV the Ox-dual of M. For such M of rank n, we can
define Sen’s polynomial

Py (T) € K ®q, I'(X, Ox)[T7,

which is a monic polynomial of degree n, such that the fiber Py/(T)(z) at
z is equal to Sen’s polynomial Py, (1) € K ®@q, E(z)[T] of M(x) for any
x € X (see for example [Ki03] (2.2)). Using the canonical decomposition

K &g, T(X, 0x)[T] = [ T(X,0x)[T] - a® £(T) = (o(a) f(T))ser,

oeP
we decompose Py (T) into
Py(T) = (Paro(T)ep € [ (X, 0x)(T].
oeP

Let d € Z>; be a positive integer. Assume that we are given d-pairs
{(M;,Y3)}1 <i<a, where M; are finite free O x-modules with continuous O x-
linear G g-actions and Y; € I'(X, Ox)*. We assume that the o-part of Sen’s
polynomial Py, »(T') of M; can be written as

PMi,U<T) - TQZ’,G(T)

for a monic polynomial Q; ,(T") € I'(X, Ox)[T] forany 1 £ i < dand o € P.
Under this situation, we prove the following theorem, which is a slightly
generalized version of Proposition 5.4 of [Ki03] and Theorem 3.9 of [Nal3].

THEOREM 3.1. Under the above situation, there exists a unique Zariski
closed subspace Xts C X satisfying the following conditions (1) and (2).
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(1) For any 1 =i < d, 0 € P and j € Z<, the subset Xy, q,
scheme theoretically dense in Xy.

() 8

(2) For any E-morphism f : Spm(R) — X which is Y;-small for any
1 =4 = d and factors through Xq,  (j) for any1 =i =d, o € P and
J € Z<y, the following conditions (i) and (ii) are equivalent.

(i) f factors through f : Spm(R) — X¢s — X.

(ii) For any 1 £ 1 = d, any R-linear G -equivariant map
h: f* (M) — Bir®q,R
factors through

he f*(MY) — K @, (B &g, R)? =" < Bi,&g,R.

max

PrROOF. The proof of the uniqueness is the same as that of Proposition
5.4 of [Ki03] or Theorem 3.9 of [Nal3].

By the same argument as in [Ki03] or [Nal3], it suffices to construct X ¢,
when X = Spm(R) is an affinoid E-algebra which satisfies [V;||Y; '] < ml{'p
for any 1 <4 < d, where |— | : R — Q> is an E-Banach norm on R. Then,
we construct Xy as follows. -

Take a sufficiently large k € Z> such that, forany 1 <i < dand \; € E

such that [Y;1~! < |\i|, < |Vi], the natural map

(B+aX,K RkK.o E/)@K=a(m<))\i AN B;i&-R/thd+R ®K.o E

m.

is injective with a closed image for any o € P, which is possible by Corollary
3.5 of [Nal3]. Let U; , be the cokernel of this map, then U;, is also an E'-
Banach space and we fix an orthonormalizable basis {e; s ;}jcs;, of Uio.
Then, for any R-linear G g-morphism

h:M — BIR/thIR@)K,aR
and z € E* such that v(z) > 0, we denote by

hx : MZ-V — i,U®E’(R XE EI)
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the composition of A with the map
B /Bl &0 R — Bl /Bl Grco(Rop B) iy Po,—
and the natural quotient map
Bl:/t"BigCro(Rop E') - Uio®p(Rep E'),

where P(x, ﬁ) is defined by

P(iffa ﬁ) = T%@K(M)n ® (ﬁ)n

_o(mrg)N

€ (Bl k@K o(R@p E))7

m.

whose convergence is proved in the proof of Theorem 3.9 of [Nal3]. Then,
for any m € M,’, we can write uniquely

ha(m) = a(h,,\i;m)jeiq;

jGJ’i,(T
for some {a(h,z, A\j,;m);}jes,, € R®p E'. We define an ideal
I(h,z,)\) C Rop E'

which is generated by a(h,x, \;,m); for all m € M;” and j € J,. Because
we have an equality I(h,z,7(\;)) = 7(I(h, 2z, \;)") for any 7 € Gal(E'/E),
the ideal 3 c G p) L(h, 2, 7(Ai))" descends to an ideal

I(h,z,\;) C R.
We define an ideal by

I:= Y I(ha,\)CR
i,h,m)\i

Finally, we define the smallest ideal I’ so that I’ contains I and the natural

map R/I' — R/I’[m] is an injection for any 1 £ i < d, 0 € P and

J € Z<y. Then, the closed subspace Spm(R/I") satisfies the conditions (1)
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and (2), which we can prove in the same way as in the proof of Proposition
5.4 of [Ki03] or Theorem 3.9 of [Nal3]. O

REMARK 3.2. After submitting this article to arXiv, there appeared
some important progresses in the theory of finite slope subspace or the the-
ory of families of trianguline representations ([Hel2], [Lil12], [KPX13]). In
particular, Liu [Lil2] showed (when K = Q,) that the finite slope subspace
satisfies the condition (2) in the above theorem for any f : Spm(R) — X, i.e.
without Y-small conditions, which enables us to show stronger properties
(for example, the existence of global triangulations) than those which we
prove in this article for the local eigenvarieties defined in the next section.
However, for the application to Zariski density of crystalline representations,
our results in this article are enough.

Next, we prove a proposition concerning some important properties of
X s, which is a generalization of Proposition 5.14 of [Ki03] and Proposition
3.14 of [Nal3]. Let U = Spm(R) be an affinoid open of X ¢, which is Y;-small
for any 1 < i < d. By Proposition 3.7 of [Nal3|, for any sufficiently large
k € Z>, there exists a short exact sequence,

0— (Bt

max,

kOKoR)PETY - Bl /" BL &K R — Uiy — 0

for each 0 € P and 1 < i < d, where U; , is a Banach R-module which is a
direct summand of an orthonormalizable Banach R-module.

ProPoOSITION 3.3. In the above situation, the following hold.

(1) For any 1 <i < d and o € P, the natural injection

(B$ax,K®K,a(Mi ®OX R))GK#PK:Yl'
— (BT /tFBT. & M R)\Cx
( dR dR®K,U( i @0y R))
s an isomorphism.

(2) For1<i=dando € P, let H;; C R be the smallest ideal such that
any Gk -equivariant R-linear map

h: M — Bl /t"Blr®Kk R
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factors through
Bl /t'Bi®K o Hiy — BlR/t"Blr @Ko R

Set H := [ < gpep Hio © R. Then Spm(R) \ V(H) and Spm(R) \
V(H;.) are scheme theoretically dense in Spm(R).
(3) For any x € Spm(R), (B} 1 ®k» Mi(z))9x9x=Yi js non zero for

max,

any1<i<dando € P.

PROOF. The proof is essentially the same as that of Proposition 3.14
of [Nal3]. First, we prove (1). By the definition of X, we have an equality

(Brflax,K RK,o (M; oy Rx/mg))GKmK:Yi

for any « € Spm(R) and n = 1 such that @Q;+(j)(x) # 0 for any o € P,
1 <i=dandj€ Zcgy, where R, is the local ring at z. Hence, it suffices
to show that the natural map R — [[,cy, > Be/my is an injection, where
we define

V= {z € Spm(R)|Qic(j)(x) # 0 for any 0 € P,1 S i = d,j € Z<y}.

Let f € R be an element in the kernel of this map. For Q) € R, we denote
by V(Q) the reduced closed subspace of Spm(R) such that V(Q) = {z €
Spm(R)|Q(x) = 0}. If we denote by W the support of f in Spm(R), then
we have an inclusion W C UaeP,lgz‘gd,jezgov(@i,a(j))' By Lemma 5.7 of
[Ki03], there exists @ which is a finite product of Qi»(j) such that W C
V(Q), hence we obtain an inclusion Spm(R)g € X \ W, in particular f is
zero in R[é] Because Spm(R)q is scheme theoretically dense in Spm(R),
we have f = 0, which proves (1).

Next, we prove (2). We first show that if z € V then z € Spm(R) \
V(Hi,) for any 1 < i < dand 0 € P and x € Spm(R) \ V(H). If z €
VNV(H;,) for some 1 £i < d and o € P, then we have an equality

(B:fR/thjirR QKo (M; ®oy R))% @R Ry /m,
= (Bir/t"Big ©K,0 (Mi ®0y Ry/m;)) "
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which is a one dimensional E(z)-vector space by Corollary 2.6 of [Ki03].
However, the left hand side is zero because we have H; , C m,, and this
is a contradiction. Hence, by the same argument as in the proof of (1),
there exists @ which is a finite product of @Q; +(j) such that Spm(R)g C
Spm(R)\V(H). Because Spm(R)q is scheme theoretically dense in Spm(R)
by the definition of X, this inclusion implies that Spm(R) \ V(H) is also
scheme theoretically dense in Spm(R), and then Spm(R)\ V(H; ) are also
scheme theoretically dense for all i, 0.

Using (2), we can prove (3) in the same way as that of Proposition 3.14
of [Nal3]. O

3.2. Construction of the local eigenvariety

As a generalization of §10 of [Ki03] and §3 of [Nal3] to the higher di-
mensional case, we apply Theorem 3.1 to the following situation. Let V be
an F-representation of Gx of dimension d. Let Co be the category of Artin
local O-algebra A with residue field F. For A € Cp», we say that a couple
(Va,%4) is a deformation of V over A if V4 is an A-representation of G'g
and ¥4 : Va ®4 F 5 V is an isomorphism of F-representations. We say
that two deformations (Va,14) and (V},v')) of V over A are equivalent if
there exists an isomorphism f : V4 — V} of A-representations such that
A =1y o (f ®idr). We consider a functor

Dy : Co — (Sets)
defined by
Dy7(A) := { equivalent classes of deformations of V over A}

for A € Co. We simply write [V4] € Dy-(A) instead of [(Va,44)] if there is
no risk of confusing about ¥ 4. In this paper, for simplicity, we assume that
V satisfies

EndF[GK} (V) =T.
Under this assumption, the functor Dy is pro-representable by the universal
deformation ring Ry7. Let V"™ be the universal deformation of V' over Ry
Let A5 be the rigid analytic space over E associated to the formal O-scheme

Spf(Ry7). Then, ViV paturally defines a finite free Ox_-module M of rank
d with a continuous (’)Xv—linear G -action. Let

Py (T) = (Pro(T))oer € K @@, Ox,[T] = GoepOx, [T
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be Sen’s polynomial of M.

Let det(M) : G&> — (’))X(V be the determinant character of M. We also
write by the same letter det(M) : K* — (’))X(V the continuous homomor-
phism defined as det(M) o reck.

We next recall the definitions of the weight spaces for O and K*. Let
W and 7 be the functors from the category of rigid analytic spaces over E
to the category of abelian groups defined by

W(X'):={6:0F = T(X',Ox/)*|¢ is a continuous homomorphism}
and
T(X"):={6: K* = T(X',0x/)*|6 is a continuous homomorphism}

for each rigid analytic space X’ over E. It is known that W and 7 are
representable and W is representable by the rigid analytic group variety
associated to the Iwasawa algebra O[[Of]]. As a rigid space over E, W is
non-canonically isomorphic to $(O . )-union of d-dimensional open unit
discs. If we fix a uniformizer nx € (’jK, we have an isomorphism

T 5Wxg Gryp: 6 (6\le(,5(7rK)).
We denote the projections by
plzT—>W:6+—>6\OIx(,p2,ﬂK :T—»G%I/E:éHé(wK).

Let Y € P(G%l/ Iy OGj;/E)X be the canonical coordinate. Let

S O — T(W, 0p)*

be the universal homomorphism of the functor W, which is equal to the com-

posite of the canonical map O — O[[Ox]]* : a — [a] with the canonical

map O[[OIX{HX — (W, Oy)*. Let
6~1‘}\I}iv : G}L}D —T(W,0w)"~

be the continuous character defined by

S o reck| ox = oyy'Y and oyt

w (reck (i) = 1.
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Then the universal homomorphism
SNV KX —T(T,07)"
of the functor 7 satisfies
6%““’\@;( =pjo 6{}\‘}” and 6P (7x ) = P2 (V).

We define the notion of the generalized Hodge-Tate weights for any
6 € W(X'). For any rigid space X’ over F, any continuous homomorphism
6:0f — I'(X',0x)* is locally Qp-analytic by Proposition 8.3 of [Bu07],
ie. locally around 1 € O, § can be written by

6(z) = Z (n H oz —1)"

n={n¢}oecp,no 20 o€P

for a unique {an}n C I'(X’,Ox/). Then, for any o € P, we define the o-

part of the generalized Hodge-Tate wight k(). of 6 as the partial differential

gg((ﬁ)) |z0=1 of 6 by o(z) at 1, more precisely, we define

k(8)y := an for n = {ny }orcp such that n, =1 and ny, = 0 (¢’ # o).

Here, we prove a proposition concerning the generalized Hodge-Tate
weights of rank one representations of G g, which justifies the above defini-
tion. We recall that ypr : G?}D — (’)ﬁ is the Lubin-Tate character associated
to a fixed uniformizer 7 € Ok.

PROPOSITION 3.4. Let X' be a rigid space over E, and let 5 GZ}P —
['(X',Ox/)* be a continuous character. Set 6 := 6 o recK]O}x( e W(X').

Then, the o-part of the generalized Hodge-Tate weight of Ox/ (g) is equal to
E(6)o-

PROOF. Let § : G3 — T'(X’,0x/)* be a continuous character. Be-
cause twisting by a unramified character does not change the Hodge-Tate
weights, we may assume that 5(recK(wK)) = 1. By the universality of W,
there exists a morphism f : Spm(A4) — W such that § = f* o &3, which
also implies the equality 5= f*o 5%‘“’. Because both k(6), and the Hodge-
Tate weights of 5 are compatible with base changes, it suffices to show that
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the o-part of the generalized Hodge-Tate weight of g}}\r}iv is equal to k(&%i")g
for each o € P. We denote by a, € I'(W, Oyy) the o-part of the generalized
Hodge-Tate weight of 6%”. Define a subset

Wo ::{Hak“ : O) — E*|ky, € Z for any 0 € P} CW.
oeP

Then a, is equal to k(é%iv)g at any points of Wy because the character

(IT,ep o*) : G32 — E* which is equal to [],cp o(xrr)™ is a crystalline
character with the generalized Hodge-Tate weights {k,}scp by the result
of Fontaine. Since the subset W is Zariski dense in W by Lemma 2.7 of
[Ch09], a, is equal to k:(él‘}{}i")o on W, which proves the proposition. [

Set Z 1= Xy Xpg 7>(@=1  Any point z € Z can be written as z =
(2,61, ,64-1) for x € X7 and 6; : K* — E(2)*. Let

p:2Z— Ay (2,01, ,00-1) — x,
and, for 1 << d—1,
¢ Z2—T:(x,01, -+ ,04-1) —

be the projections. We set N := p*(M), Pno(T) = p*(Puo.(T)) €
I'(Z,0z)[T] and

univ

; é *
s KX L (T, 07) 25 T(2,02)*

and
Yi = q (67" (7K )) € T(2,0z2)".

For ¢ = d, we define
6Zimiv — (det(N) o TGCK)/(SE&T\i] KX F(Z, OZ)Xa

where we set 5&111‘{] = Hf.l;ll SV For any 1 < 4 < d — 1, we define a

continuous character

SV Gat > T(2,0z)"
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such that

’5univ o TeCK‘@IX( = 5@}1niv‘o;{ and f(il,lniv(reCK(WK)) =1,

and define a unramified homomorphism
by, : K* - T(2,0z)"

such that 6}/’1.‘0;( =1 and dy,(7x) =Y.
Under these notations, we define a Zariski closed subspace

ZyCZ

the largest Zariski closed subspace such that the equality

d

Pyo(T) = [ [(T = k(&™)o)

=1

holds on Zj for any ¢ € P, i.e. if we denote
PNO’ H T k‘ 5umv ) = ad,l,aTd_l +--+ages € F(Z, Og)[T],

then Z is defined by the ideal generated by {a;s}o<i<d—10ep- For any
1<i<d—1,let A'N be the i-th exterior product of N over @z. For each
1<i<d-—1, set 5hn“’ = H] 1 5“““’ then the o-part of Sen’s polynomial
of

N; = (/\iN Ro4 Og(éhﬂw ))|Zo
is written by T'Q; »(T') for a monic polynomial Q; ,(T) € Oz,[T] because
the o-part of the Hodge-Tate weight of 6!V is k(68"V), by Proposition
3.4. Hence, we can apply Theorem 3.1 to this situation, more precisely, we
obtain the following corollary. Set Y};) := H;':1 Yjforl<isd-1.

COROLLARY 3.5. Under the above situation, there exists a unique
Zariski closed subspace

&= 20,55 € 20
satisfying the following conditions (1) and (2).



102 Kentaro NAKAMURA

(1) Forany 1 =i = d—-1,0 € P and j € Z<y, SV»Qi,a(j) s scheme
theoretically dense in E.

(2) For any E-morphism f : Spm(R) — Zy which is Y;-small for all
1 =i = d—1 and factors through 2, o, ;) for any 1 <i<d-1,0€P
and j € Z<, the following conditions (i) and (i) are equivalent.

(i) f factors through f : Spm(R) — & — Zo.
(i1) For any 1 <1< d—1, any R-linear G g -equivariant map

h: f*(NY) = Blz®q,R
factors through the natural inclusion

h: f(NY) = K @k, (Bihau&g,R)? =1 — Bl &g, R.

REMARK 3.6. By the definition, we can easily check that f
Spm(R) — Zp is Yi-small for any 1 < i = d — 1 if and only if f is Y-
small for any 1 <7 < d — 1.

Each point z € A3 corresponds to an E(x)-representation V, of Gk
such that there exists a G -stable OE(x)—lattice T, C V. which satisfies
T/ 7E(w) T S Ver (OE@)/TE()OF(z))- We assume that, for a finite ex-
tension E' of E(x), V; ®p(,) E' is a split trianguline E'-representation with
a triangulation

Tx:nglQWQg'-'ng::W(Vm(@E(x)El).

We denote by {8}, the parameter of Ty, i.e. & : K* — E'™™ satisfies
W;/W;_1 = W (&;) for any i. By Proposition 3.4, the couple (V;, T};) defines
an E’-rational point

2=z, 1) = (2,681,060, ,64-1) € Zo(E").

By Galois descent, all these are defined over E(z)(C E’), i.e. the E'-
triangulation T, descends to an E(z)(C E')-triangulation T}, of V,® g, E(2)
with the same parameter. Hence, if we write z := z(y, 1,) € Zo, then we
always assume that V, is a split trianguline F(z)-representation with an
E(z)-triangulation T.

ProposITION 3.7.  Let (V,T,) be a couple as above which satisfies the
following conditions (put z == z(v, 1)),



Zariski Density of Crystalline Representations for Any p-Adic Field 103

(0) Endg.yaq(Ve) = E(2),
(1) 6;/6: # [1ep ok for any 1 <i < j<d and {ko}oep € [ep Z<o,

(2) 6;/6; # |NK/Qp\p [Lep ofo for any 1 < i < j < d and {ky}oep €
HJEP Zzl;

then the point z € Zy is contained in &

ProoF. First, because the construction of X;s commutes with base
changes E — E’ by Lemma 3.10 of [Nal3] (more precisely, we can prove this
lemma for our modified Xy in the same way), we may assume that E(z) =
E. We prove the proposition under this assumption. By the conditions (0),
(1) and Proposition 2.34 of [Nal3], Dy, and Dy, 1, are representable by
Ry, and Ry, 1, respectively. We denote by V% the universal deformation
of V, over Ry, , and denote by

T;niv -0 C Wluniv C W2univ C...C Wclllniv — W(quni\/) ®sz RV,T,Tm

the universal triangulation, and denote by {6; »}&; the parameter of T\,
Because we have canonical isomorphisms

@Xva = Ry, and M ®OXV @Xv,l‘ - quniv
by Proposition 9.5 of [Ki03], we can define a morphism of E-algebras
g: (’A)Z’z = @Xv,CE@E(@?;ll@Tyﬁi)
% Ry, &p(850rs,) — Ry, 1,058 Or ),

where the first isomorphism is the natural one and the second isomorphism
is induced by the above isomorphism (’)vax 5 Ry, and the third surjection
is induced by the natural quotient map Ry, — Ry, 1.

We define an ideal I of Ry, 7, ® E(®d:_11 Or.s,) which is generated by

{bia(@)®1— g6 (@)1 Si<d—1,ae K}

We set
RZ = (RVI,TZ®E(®;1:_1IOT,51))/I
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Then, the natural map
A ad A -
Ry, 1, — Ry, 1,90B(®;=1015) > Rty —y®1
is an isomorphism, and the universal parameter {8 ,}%, is equal to
{smmivid on R,. We define a morphism
A g N ~d—1 A
h:0z. = Ry, 1,98(®;2,101s) - R..

Because we have an isomorphism M ®(9X7 OXv,CE = yunivo N ®o, R, is

isomorphic to the universal trianguline deformation of V,. over Ry, 7, 5 R,.
Hence, the o-part of Sen’s polynomial of N ®¢, R, is equal to H?Zl(T —
k(8%V),), so the natural morphism

Spm(R,/m") — Z

factors through
[ Spm(R,/m"™) — Zg

for any n = 1, where m C R, is the maximal ideal. We claim that f,, also
factors thorough & for any n, which proves the proposition because the
point of Zy determined by f; is equal to z.

To show this claim, we note that R, is formally smooth over E by
the condition (2) and by Proposition 2.36 of [Nal3]. In particular, R, is a
domain. Then, by the proof of Theorem 3.1, it suffices to show the following
lemma. [J

LEMMA 3.8.  The following hold.
(1) Qio(j) is non-zero in R, for any 1 <i<d—1,0 € P and j € Z<y,
(2) Foranyl1<i=d—1,0¢€P and k € Z>,, the natural map

li

E

(B;;%K QKo f;‘;(Ni))GK:SPK:Y[i]

3
1\
—

~ L (B 1By Brco (V)"
>

3
—

18 a surjection.
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PrROOF. If we can prove (i), then (ii) can be proved in the same way
as in the proof of Proposition 2.8 of [Ki03]. We prove (i). Because the
o-part of the generalized Hodge-Tate weights of f(N) is (modulo m™ of)
{k(6i2)o }&{, the o-part of the generalized Hodge-Tate weights of f(N;) is

{k;((sj’m)a' - k(é[z},w)U’J - [d] such that ﬁ(!]) = i},

for each 1 < ¢ < d — 1, where we define ¢, := H§:1 8;,« for each subset
J = {j1,j2,- - ,ji} of [d]. Therefore, the o-part of Sen’s polynomial of
fr(N;) is equal to

H (T - k((SJ,x)o + k(é[i},x)o>a
JCd] 4(J)=i

so the polynomial Q; ,(T) for f}(N) is equal to

(T - k(éJ,x)o + k(é[i],m)a)'
JA[IC[d] B(J)=i

Hence, it suffices to show the following lemma. [

LEMMA 3.9. Forany 1l =i < d—1 and for any subset J # [i] such
that §(J) =i, then k(654)o — k(6jj )0 is not constant, i.e. not contained in
E for any o € P.

PROOF. For any continuous homomorphism é : O — E*, we define
a functor Dg : Cp — (Sets) by

Dgs(A) := {64 : Oy — A*|continuous homomorphisms
such that 64( mod my) = 6},

for A € Cg. Then, Ds is representable by a ring Rs which is formally smooth
over E of its dimension equal to [K : Q). If we denote by 6"V : O% — R}
the universal deformation of §, then the o-part of the generalized Hodge-
Tate weight k(6"™V), is not constant for any ¢ € P by Lemma 3.19 of
[Nal3].

For each subset J # [i] of [d] such that §(J) = i, we set 6,59 := 6]‘6[;-}1|0I><<
and define a morphism of functors f; : Dy, 1, — Ds,, by

F1([(Va, Ta))) = (84 6" o
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where, for the parameter {6;, A}?:l of the A-triangulation Ty, we set 67 4 :=
[1i_, 6j,.4 for each subset J = {ji,---,7;} of [d]. We claim that this mor-
phism is formally smooth, which proves the lemma because then k(6,4)s —
k(é[i],x)a is equal to fj(k(53%iv)a) where f7 @ Rs,, — Ry, 1, is the map
induced by f; which is an injection by the formally smoothness of f;. We
prove the claim. Let A be an object of Cp and I C A be an ideal of A
such that I? = 0. For [(Va/r,Ta/r)] € Dv,1,(A/I) and 64 € Ds, (A)
such that 67 4,1 - 6[;.]71A/I|OIX( = 64(mod I), where the parameter of the A/I-
triangulation T'y,r is {6} 4/ 1}?:1, then it suffices to show that there exists
[(Va,Ta)] € Dy, 1,(A) alift of [(Va,r,Ta,r)] such that 674 -6[;.]71A|01x< =04.

Because Ds is formally smooth for any ¢, we can take a lift {6; 4 : K* —
AX}?:1 of {5j7A/I};-l:1 such that 674 - 6[1']7A|OI>2 = 64. Because we have
H?(Gk,W(6;/6;)) = 0 for any i < j by the condition (ii) and Proposition
2.9 of [Nal3], the natural map

H' (G, W (61,4/62,4)) — H' (G, W(61,4/1/62,.4/1))

is a surjection. Hence the sub (A/I)-B-pair Wy 4,; of W (V) lifts to an
A-B-pair Wy 4 which is an extension of W (61,4) by W (62 4). Repeating this
procedure, we can take a trianguline A-B-pair (W4,T4) which is a lift of
(W(Vayr),Ta/r) and whose parameter is {8; 4}%,. Moreover, there exists
an A-representation V4 such that W4 = W (V4) by Proposition 1.5.6 of
[Ke08], which proves the formally smoothness of f;. [J

Next, we prove that the local structure of & at z(y, r,) can be described
in terms of the trianguline deformation Dy, .

THEOREM 3.10. Let z := z(y, 1,) be a point of & salisfying all the
conditions in Proposition 3.7. Moreover, if (Vy,Ty) satisfies one of the
following additional conditions (1) or (2),

(1) Vi is potentially crystalline and
{a € Dcris((/\iVx)(g[;]l))Eln > 1 such that (' — b (mx))"a = 0}
is a free of rank one Ko ®q, E-module for any 1 <1< d—1,

(2) For any 1 < i < d— 1, and for any subset J # [i] of [d] such that
4(J) =i, we have k(0.)s — k(Op3))s & Z<g for any o € P,
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then there exists a canonical isomorphism Og_ . = Ry, 1,. In particular,

&y is smooth of its dimension [K @p] d+1) +1 at 2.

PROOF. First, we claim that Dy := Djm((AV)(é[] )¢ =0 (mx0)
is a sub E-filtered @-module of Deyis((A’ V)((SH )) of rank one such
that Fil'K ®g, Dy = 0. Because we have a natural inclusion

Dcris(W((s(é[i] (WK)))) C Dy which is induced from A*(T}) by Lemma 3.8 of
[Nal3], it suffices to show that Dy is at most rank one. This is trivial for
the condition (1). For (2), we assume that Dy is not of rank one. Then,
if we denote by W’ the cokernel of the natural injection W(é(ém (i) <

W ((A'V )(6[ ] 1)) which is induced from A*(T}), the image of Dy in D s (W)
is non zero. In particular, there exists a rank one E-filtered ¢-submodule D
of Dcris(W’)g"f =0 ("x) guch that Fil°K ®K, D = K®g,D. This implies that
W’ has a Hodge-Tate weight {k,},ep (ks < 0). However, for any o, the
o-part of the generalized Hodge-Tate weights of W' are {k(6)o — k(0};))0 }
where J runs through the subsets of [d] such that J # [i] and §(.J) = 4, any
of which is not negative integer by the assumption (2), which is a contra-
diction. We finish the proof of the claim.

We begin the proof of the theorem. As in the proof of Proposition 3.7,
we may assume that F(z) = E. By the proof of Proposition 3.7, we have
already showed that there exists a natural local morphism

OSV,Z — R, — RVE,TI-

We construct the inverse as follows. Let Spm(R) C & be an affinoid neigh-
borhood of z which is Y;-small for any 1 < ¢ < d — 1, which is possible
because z is an E-rational point so we have Yj(z) € E and we can take
Spm(R) such that |% — 1] < 1 on Spm(R). We take a sufficiently large
k € Z>, such that, for any ¢ € P and 1 <4 < d — 1, there exists a short
exact sequence of Banach R-modules with the property (Pr)

0— (B$aX7K®K7JR)('DK Yig B+ thgR®K70R —Ujs — 0

for a Banach R-module U;, with the property (Pr) (see Proposition 3.7 of
[Nal3]). By Proposition 3.3, we have an isomorphism

(Bfrax k@K .0(Ni ®0,, R))“#K=0 5 (B /"B O k.0 (Ni @0, R))7S

max,
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of locally free R-modules of rank one for any c € P and 1 < ¢ < d— 1, and
if we put Hj, (1 <9< d—1, 0 € P) the smallest ideal of R such that any
G k-equivariant R-linear map h : N — B+ v/ th ® Ko R factors through
Bj’R/th ®KoHi, and put H := Hlézﬁd—l,aep H;,, then Spm(R) \
V(H) and Spm(R) \ V(H;,) are scheme theoretically dense in Spm(R).
Under this situation, we denote by T the blow up of Spm(R) along the ideal
H, and denote by f : T — Spm(R) the canonical projection. We claim
that, for any z € T such that f(Z) =2z, N ®o, (’)T,z/m’; is a trianguline
deformation of (V, ®g E(2),T, ®g E(Z)) over OT’E/m;‘ for any n € Z>;.
To prove this claim, by the previous claim, we first note that
D} (Ni ®0,, E(2)¢' =10 = DI (WV,)(6;1)7 700 @ E(Z)

cris Cris

is a free Ko ®q, E(z)-module of rank one and

Fil' Dar(N; ®0., E(2)) N K @15, Dé(N; @0, B(2))? =114 = 0.

cris

By the definition of blow up, there exists a non zero divisor h; , € @T,z such
that H@U@T,z = hi»U@T,z forany 1 £i < d—1and o € P. By the definition
of Hiy, for any 1 < ¢ < d—1 and 0 € P, there exists a Gg-equivariant
R-linear map N,/ — (BJFaLX K®K0Hz o) PET il such that the composite with
the map

N Y ~ ~ =Y.
(B o @Ko Hio)PXY0 — (BY . @k ohi, 0O )K=

S (B k@007 )75 = (B, Ok B(2))PH=00m)

max,

is non zero, where the isomorphism

(B+3‘X K®K0hl JOT Z)QDK M (B+ax K®K U@T z)WK:YIi]

is given by a — ;*~. From these facts, we can show by induction on n that
D’ (N; ®0s, @T z/n‘tg)“"K:YM is a free Ko®q, @T ./mZ-module of rank one

Cris

forany 1 <4< d—1 and

K @k, D5 (Ni ®0,, O /m2)# =Y 0 Fil' Dar(N; ®0,, O /m2) =

cris (

for any n > 1.
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By Proposition 3.11 below, then N ®o, (’A)T,Z /m? is a trianguline de-
formation of (V, ®g E(z),T, ®r E(Z)) over (;)Tz/mg whose parameter
is {6/¥(mod m?) ¢ . so the natural map Ry, — @T,z factors through
Ry, — Ry, 1, — @Tz‘ This shows that the natural map Ry, — @gV,Z

sends the kernel of the quotient map Ry, — Ry, 7, to the kernel of the
natural map

g : @SV’Z — H @T7z.

Because ¢ is an injection by Lemma 10.7 of [Ki03] and by Proposition 3.3
(2), the natural map Ry, — @gV’Z also factors thorough Ry, — Ry, 1, —
@5V7Z' We can easily check that this gives the desired inverse map. The
last statement of the theorem follows from Proposition 2.39 of [Nal3]. O

The following proposition which we used in the above proof is a gener-
alization of Theorem 2.5.6 of [BeCh09] for any K.

ProrosiTION 3.11. Let V' be a split trianguline E-representation of
rank d with a triangulation T : 0 C W, C Wy C --- C Wy := W(V') whose
parameter is {6;}_,. We assume that (V,T) satisfies one of conditions (1)
or (2) of Theorem 3.10. Let A € Cg, and let V4 be a deformation of V
over A, and, for any 1 < i = d, let 6; 4 : K* — A* be a continuous
homomorphism which is a lift of 8; satisfying the following conditions,

(1) foranyl<i<d—1, Djris((AiVA)(6[;.]?A))“”f:5[1']vA(”K) is a free Ko®Q,
A-module of rank one,

(2) for any 1 <i < d— 1, the natural base change map

Dz;is((/\iVA)(SJ[;]}A))cpf:‘S[i],A(WK) ®A E — D+ ((/\Zv) (g[z]))gpfzé[l] (7TK)

cris
1 isomorphism.

Then, V4 has an A-triangulation Ts such that (Va,T4) is a deformation of
(V,T) whose parameter is equal to {6; a}L_,.

PROOF. The proof is of course essentially the same as that of [BeCh09],
but we give the proof here for convenience of readers. By the claim in the



110 Kentaro NAKAMURA

proof of the above Theorem, for any 1 <7 < d — 1, we have

K @, D (NV)(6:1))9=00%) A Fil'Dgg (A V)(61) = 0.

cris [7] [4]

By induction on the length of A, we can also show that

((N’VA)(6—}A))wf=5m,A<ﬂK> NFil'Dar((A'Va)(6;'4)) = 0.

+
K@K, D i i

cris

From this and the condition (1), D:;is((/\iVA)(g[alA))‘Pf:‘S[iLA(”K) is an A-
filtered p-module. Hence, by the condition (2) and Lemma 2.22 of [Nal3],

there exists an A-saturated inclusion
hi : W((S(&[Z—]VA(WK))) - W((AlVA)(g[;]}A))

such that Dcs(h;) corresponds to the canonical injection

((/\iVA)(fs_}A))”f:‘s[i],A — Dcris((/\iVA)(é_}A))'

+
D ] i)

Twisting this injection h; by 5[1-17 A, We obtain an A-saturated injection
hi s W(8j.4) — W(A'Va)
such that h}(mod my) is equal to the canonical injection

which is naturally induced by AT. Using these facts, we show by induction
on 4 that there exists an A-saturated sub A-B-pair W; 4 of W(V4) such
that W;_q 4 is a sub A-saturated A-B-pair of W; 4 and W; 4/W;_1 4 =5
W (6;,4) and the image of the inclusion W; q®@4 E — W (V4) @4 E = W(V)
is equal to W;. For i = 1, we take W; 4 as the image of the inclusion
Ry : W(b1,4) — W(V4). We assume that we can take a filtration W; 4 C
Waa C -+ € W14 C W(Vy) satisfying the above conditions. Denote
by W/ s(resp. W/) the cokernel of the inclusion W;_1 4 — W (Va) (resp.
Wiy < W (V). Taking the i-th exterior product of W (Vy) (resp. W (V)),
we obtain a following short exact sequence of A-B-pairs

0— (AT'Wii14)® Wia— W(A'Va) — ia—0
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for an A-B-pair W', (similarly for W(A'V) for an E-B-pair W/). Under
this situation, we claim that the map W (o 4) — W;’4 which is defined
as the composite of h} with the canonical projection W(A'Vy) — Wiy, is
zero. By dévissage, it suffices to show that the natural map W(dy)) —
W/ is zero. We first prove this claim under the condition (1) of Theorem
3.10. Because we have Dcris(W((S(,g[i](WK))))SD'f:‘S[i](“K) # 0, it suffices to
show that Dis(W/ (g[z]l))‘Pf:‘s[i] (") = 0, which follows from the condition
(1) of Theorem 3.10. We next prove the claim under the condition (2)
of Theorem 3.10. If the map W (é};) — W/ is non zero, we also have an
injection W (s (nx))) < Wi”(g[;]l), but this injection implies that Wi”(g[;]l)
has Hodge-Tate weights {ks}sep for some k, € Z<, which contradicts the
condition (2) of Theorem 3.10.

By this claim, the map W (4 4) — W (AVy) factors through an A-
saturated injection W (6} 4) — (NTIWi_1.4) @ W 4. Because we have a
natural isomorphism A“1W;_; 4 = W (0;—1},4), we obtain an A-saturated
injection W (6; 4) < Wy 4. If we define an A-B-pair W; 4(C W (V4)) as the
inverse image of W (6; 4)(C W/ ,) by the natural projection W (V4) — W/ 4,
W; 4 satisfies all the desired pfoperties7 which proves the proposition. u)

3.3. Density of the crystalline points in the local eigenvariety

We next study the projection map & — W4 which we define below.
In the case of eigenvarieties, the projection to the weight space is very
important for the application to the classicality theorem of overconvergent
modular forms, which says that any overconvergent modular forms with a
sufficiently large weight with respect to the slope of U,,-eigenvalue is classical
modular form. This theorem ensures that the set of classical points is Zariski
dense in the corresponding eigenvariety. In this subsection, we prove the
local analogues of these properties for the local eigenvariety &

We first define a morphism fo : 2 — WX9 by f(2) = (61|OI><(7"',
6d_1|@§’5d|0?<) for z := (x,61,-+ ,64-1) € Z, where, if x € X corresponds
to an E(z)-representation V,, we define 64 := (det(V,) oreck) - 6[71171}. We
also denote by

fo&p >

the composition of fy with the canonical immersion & — Z.
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PROPOSITION 3.12.  Let z := z(y, 1,) be a point of & satisfying all the
conditions in Theorem 8.10. Then, f is smooth at z.

Proor. By Theorem 3.10, we have an isomorphism @gv,z = Ry, T,.
Moreover, we have the following natural isomorphism

A~

Owxa 1) = OW(b1l ) 9B() OB OWi(aul )

= Bis1lo) @) Om B

balox)

where R(5i|ox) is the universal deformation ring defined in the proof of

Lemma 3.9. If we identify
Dy, r,(A) = Spf(Rv,1,)(A)

and
Dsy| ) (A) %+ x Disyy ) (A) = SPE(R(s,|_ ) O() OB Risal ) (A)
K K K K
for A € Cgy.), the local morphism at z induced by f is equal to the morphism
fz: Spf(Rv,. 1) = SPE(Resy| ) ®B() - ©p(s) Ris
K
whose A-valued points are given by

Dy 7,(4) = Dy ) (4) 5 -+ % Dy ) (A) : [(Va T)

)
Ok

g (61,14‘0;(7 et 76d,A|OI><(>7

where {6;, A}zdzl is the parameter of T4. We claim that this morphism is
formally smooth. Let A € Cpg(,), and let I C A be an ideal such that
I-mg=0. Forany [(Vasr, Tasr)] € Dv, 1, (A/I) and (6] 4,05 4, 164 4) €
D(sy| ) (A) X -+ X Disy ) (A) such that fo([(Vayr, Tajr)l) = (67 40+
6&7A)(rlr(10d I), it suffices to show that there exists a lift [(Va,Ta)] €
Dy, 1, (A) of [(Vay1,Tayr)] such that f.([(Va, Ta)]) = (&1 4, 65.4). Take
alift {6 a}L, (6.4 : KX — AX) of the parameter {51',14/]}(1'1:1 of (Vayr,Tayr)
such that 61-7A|le< = 0; 4. Because we have H?(Gk, W (6;/6)) = 0 for any i <
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j by Proposition 2.9 of [Nal3], we obtain an equality H?(G, WZ((S;_II)) =0

for any 1 £4 < d — 1. From this equality for ¢ = 1, we obtain a surjection

HY (G, W (81,4/62,4)) — H' (G, W (61,4/1/69,.4/1))-

Hence, if we denote Ty : 0 C Wy 4 C Wy ayr C - C Wy =
W (Var), we can take a lift [Wa ] € H'(Gg, W (61,4/62,4)) of [Wa a/1] €
Hl(GK,W(617A/627A)). Then, the natural map Hl(GK,WzA((S;}L‘)) —
HY (G, WQ,A/I((S;}L;/[)) is also a surjection, hence we can take a lift [W3 4] €
Hl(GK,WzA((S:,:}Ll)) of [W3 4/1] € Hl(GK7W2’A/I(63_72/I)). Repeating this
procedure inductively, we obtain a trianguline A-B-pair W, with a tri-
angulation Ty : 0 € Wy a4 € Woa C --- C Wya = Wy whose pa-
rameter is {6; 4}%; such that [W; 4] € HI(GK,Wi_l,A((Si_’jl)) is a lift of
(Wi a/1) € HY(Gk, Wi—l,A/I(éi_,};/j)) for any 1 < i < d. This shows that f,
is formally smooth. Because this property is preserved by any base change
of the base field E, f is smooth at z by Proposition 2.9 of [BLR95]. O

We next prove a proposition which can be seen as a local analogue
of the classicality theorem of overconvergent modular forms. Let (V,,T,)
be a pair as in the above proposition such that zy, 1,) is an E-rational
point of &;. We take an affinoid open neighborhood U = Spm(R) C &
of 2z, ) which is Yi-small for any 1 = i = d, where we define Yy :=
detr(N|v)(reck (k) - Y[(;ll]. Then, for any 1 < ¢ £ d, the valuation
v; = vp(6i(rk)) is independent of 2/ = (V',8},---,68, ;) € U. Take a
sufficiently large k € Z>, satisfying the conditions (1), (2),

(1) for any 1 =i < d—1 and o € P, there exists a short exact sequence
0 — (B} k@Ko R) P = B /"Bl @K o R — Ui — 0

of Banach R-modules with the property (Pr) for a Banach R-module
Ui

max{2,(d—1)2}

(2) k> —

maX1§i§d{’vi|}'

Fix k which satisfies the above conditions. We define a subset W,:d of wxd
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by

Wyt = H oo, H oo H O'k;iv") € WXd\k‘aa eZ

oceP oeP oeP
ki, — ki1, >kforany 1 <i<d—1andoe P}

Under this definition, we prove the following proposition which can be
seen as a local analogue of the classicality theorem of overconvergent mod-
ular forms, which is crucial to prove the density of the crystalline points in
& (see Theorem 3.16 below).

PROPOSITION 3.13.  Under the above situation, for any 2z’ = (V', 6],

S8 ) eUn I OWEN), VY s a crystalline and split triangulme E(z )—
representation with a triangulation T' whose parameter is {6’ ¢4 te 2=
Z(V’,’T’)'

PrOOF. First, by the definition of U and by Proposition 3.3, we have
an isomorphism

(B+aXK®K0’(N ®(92 R))GKMK Y (BIR/t B ®K0(N ®OZ R))GK

for any 1 <9 < d—1 and o € P. Because we have f(2') € W4, we have
Qio(j)(z) #0 for any 0 € P, 1 £i<d—1and —k < j < 0. Hence, by
Corollary 2.6 of [Ki03], the natural base change map is an isomorphism

(Bi/t* Bir@r.o (Ni ®05, R)X ©r B(Z)
= B/ Bl @x0 (NV)(81))0%

between one-dimensional vector spaces over E(z’) for each o and i. The
natural map

(BI—;aX,K ®K7U E( ))QDK 6 (WK) - B+ thdR ®KO’ E(Z/)
is an injection by the definition of U. From these facts, the natural map
(B k@ 1o (NV) (B 1) P =0l )

S B/ Bl ©x.0 (NV)(51)K
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is an isomorphism for each 0 € P and 1 £ i < d— 1. From this isomorphism
and because we have f(z') € WkXd, we can check that, foreach 1 £ i < d—1,
R i -1y @! =61 (k)
Di := D (NV) (b 7))7 T

-~

is a sub rank one F(z’)-filtered ¢-module of Dcris((/\"V’)(é[i] 1)) such that
Fil'(K ®p, D;) = K ®k, D; and Fil'(K ®g, D;) = 0. Hence, by Lemma
2.21 of [Nal3], we obtain a saturated injection

W (8(sy, (i) = WAV (E1)

and, twisting by 6@,}, we also obtain a following saturated injection

W (&) — W(A'V')

for each 1 < ¢ < d — 1. By Proposition 3.14 below, then V' is a split
trianguline E(z’)-representation with a triangulation 77 : 0 C W{ C W) C
-+ C W} = W (V') whose parameter is equal to {6/}¢_,. To finish the proof,
it suffices to show that W/ is crystalline for any 1 < ¢ < d by induction on
i. By Lemma 3.15 below, it suffices to check that the parameter {&}¢_,
satisfies the conditions (1) and (2) in this lemma. For (1), it is trivial by the
definition of W%, For (2), if 6:/6; = lyep o | Nk /q, |p for some {ky}oep €
[I,cpZ>1 and for some 1 < i < j < d, then k, = kijo — kjo = k + 1 for
any o € P. Hence the slope of W(6;/6}) is [K—:%Qm(zaep ks) =1 2 k. On
the other hands, the slope of W (¢;/¢}) can be computed by %(vp(ég(m()) -
vp(05(TK))) < k, which is a contradiction. Hence {6 4 | satisfies (1), (2) of
Lemma 3.15, hence V' is crystalline. [J

PRrROPOSITION 3.14. Let z := (V,61, -+ ,64-1) € Zo be a point which
satisfies the following conditions (1) and (2).

(1) For each 1 £ i1 < d— 1, there exists a saturated injection

(2) One of the following conditions holds.

(i) Foranyl <i < d—1 and for any J # [i] C [d] such that §(J) = 1,
k(é[i])a —k(67)s & Z>¢ for any o € P.
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(ii) For any 1 £ i < d and o € P, k(6;)s is an integer, and , if we
12
put vy = max; < < o{[vp (6 ()|}, k(8)o — k(8i1)o > vy

forany1<i<d—1ando €P,

Then V' is a split trianguline E(z)-representation with a triangulation T
whose parameter is {6}, i.e. 2= zyr).

PrOOF. First, by the condition (1) for ¢ = 1, we have a saturated
injection W (61) — W(V). We denote by W7 C W (V') the image of this
injection. By induction on ¢, we show that we can take a filtration 0 C Wy C
Wy C--- W1 CW; C W(V) such that Wj is a E(z)-B-pair of rank ¢ which
is saturated in W (V') and W;/W;_1 = W (6;) and A'W; C W (AV) is equal
to the image of the given injection W (&) — W(A'V) in (1). We assume
that we can take 0 C Wy C --- C W,;_; C W(V) satisfying all the above
conditions. Denote by W’ the cokernel of the injection W;_; C W(V). If we
take the i-th exterior product, we obtain a following short exact sequence
of E(z)-B-pairs

0— W(bj_) @W — W(A'V) = W' -0

for a E(z)-B-pair W” because we have a natural isomorphism A*~1W,;_; =
W (6j;—17)- Then, W” is a successive extension of NVW;_; @ A"IW' for
0= j <i—2. We define a map ¢ : W(é;) — W” as the composition of the
injection W (éy;)) — W(A'V) in (1) with the canonical surjection W(A'V) —»
W”. Under this situation, we claim that the map ¢ : W(é;) — W” is zero
under the condition (2).

We first prove this claim under the condition (i) of (2). In this case, if
¢ is not zero, then this is an injection because W(é[i]) is of rank one. By
Proposition 2.14 of [Na09], the saturation of the image of ¢ is isomorphic to
W (613 [1yep 0 F2) for some {ko}oep € [1,ep Zzo- This implies that W”
has Hodge-Tate weights {k(0;))c — ko }oep. However, because we have z €
Zy and the set of Hodge-Tate weights of W;_1 is {k(61)s, - , k(6i—1)s }oep,
each o-part of the Hodge-Tate weights of W” is equal to k(6s), for some
J # [i] such that #(J) = i, which contradicts to the condition (i), hence the
map ¢ must be zero.

We next prove the claim under the condition (ii). We assume that the
map ¢ is not zero. Because W” is a successive extension of AVW;_1 @ A" TW’
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for 0 £ j < i — 2, we obtain a saturated injection
W((SM H J_k") — /\sz‘_l Q NTIW!
c€P

for some 0 < j <4 — 2 and for some {ks}sep € [[,ep Z>0- Because, each

o-part of the Hodge-Tate weight of W is equal to k(6s), for some J # [i]

such that f(.J) = ¢, there exists such a J such that

(d—1)
f

by the condition (ii). Because the slope of W (éj; [[,cp o%o) is equal to

ko = k(ém)g — k(é])g >

Vo

) 1

i _1)2 i — _1)2
Z ke < ?Uo - <d fl) Vg = (df 1) Vo,
ocP

so the smallest slope, which we denote by s”, of ANW;_; ® NI’ satisfies
i — (d—1)?
S” < v (
f

On the other hands, because we have an injection W (6;_1))@W' < W(A'V)
and W (A'V) is étale, the smallest slope s’ of W' satisfies

(i—1)
f

9.

/
S

1\

—=0p(6i—1) (7)) = — Vo

—| =

by Corollary 1.6.9 of [Ke08]. Because all the slopes of W;_; are positive or
zero by Corollary 1.6.9 of [Ke08], then the smallest slope s” of AW, 1 ®
NTIW! satisfies that
(i—1)i
vo
f
(i—1)i

by Remark 1.7.2 of [Ke08]. Hence, we obtain an inequality —*—=vo < s" <
i—(d—1)2
f

s 2 min{is’, 25’} = —

vg, which implies that (d — 1) < 42, this is a contradiction, hence

the map ¢ must be zero. We finish to prove the claim in both cases.
This claim implies that the given injection W (6y;) — W(A'V) factors
through a saturated injection

W (81) <= W(bji—1)) @ W' — W(A'V).
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Twisting the first injection by (5[ﬁ1], we obtain a saturated injection
W(6;) — W'. If we denote by W; C W (V') the inverse image of W (8;) C W'

by the canonical surjection W (V) — W’ we obtain a short exact sequence
0— Wifl — Wi — W((Sl) — 0,

and we can check that W; satisfies the desired properties. By induction, we
finish to prove the proposition. [J

LEMMA 3.15. Let W be a split trianguline E-B-pair of rank d with a
triangulation T : 0 C W7 C --- C Wy_1 € Wy = W with the parameter
{634 1. If {6;}%_, satisfies the following conditions (1) and (2),

(1) forany 1 <i < d, 6i|01x( = [Iyep o¥o for some {kis}toer € [I,ep Z
such that k1o > koo > -+ > kqo for any o € P,

(2) forany1<i<j=d, 6;/6; # [l ep Uk“|NK/Qp]p for any {ks}oecp €
HGGP Zz 1,

then W is crystalline.

Proor. We prove this lemma by induction on the rank of W. If W is
of rank one, the condition (1) implies that W = W (6;) is crystalline. We
assume that W is of rank d and Wy_; is crystalline. For any B-pair W', let

H}(GK, W) == Ker(H{(Gg, W) - H (G, W' B, Beris))

be the Bloch-Kato’s finite cohomology of W’ defined in Definition 2.4 of
[Na09]. We claim that the natural injection

H} (G, Wa-1(6;")) = H (G, Wa1(6;1))

is a bijection, which proves that W is crystalline. We prove this claim
by computing the dimensions of both FE-vector spaces. First, we have
H2(Gk,W(6;/64)) = 0 for any 1 < i < d — 1 by the condition (2) and
Proposition 2.9 of [Nal3]. Because Wy_1(6;') is a successive extension
of W (6;/64), we also have HQ(GK,Wd_l((SJl)) = 0. Hence, we obtain an
equality

dimpH (G, Wa—1(6;1)) = [K : Qp)(d — 1) + dimpH* (G, Wy—1(6; 1))
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by Euler-Poincaré characteristic formula (Theorem 2.8 of [Nal3]). On the
other hands, because Wd_l(égl) is crystalline, we have an equality

dlmEH}(GK, Wd,l(égl)) = dimEDdR(Wdfl(6(;1))/Fi10DdR(Wdfl(6(1—1))
+ dimEHO(GK, Wd,l(étjl))

by Proposition 2.7 of [Na09]. Because Wd_l(égl) is a successive exten-
sion of W(6;/84), the condition (1) implies that Fil’Dgr(Wy-1(8;")) = 0.
Therefore, we obtain the following equalities

dimpH}(Gx, Wa—1(6;")) = dimpDar(Wa-1(5; "))

+ dimpHY (G, Wa_1(651))

= [K : Q)(d—1)+dimpH*(Gx, Wy_1(6;1)) = dimpH (G, Wa_1(6;1)).

We finish to prove the claim, hence we finish to prove the lemma. [

We define two subsets X

V reg—cris

and Xy, of Ay by

X7 reg—cris = {& = [Va] € X[V, is crystalline with Hodge-Tate weights
{kio}1<i<doep such that k; , # kj, for any i # j and o € P}

Xy = {2 = [Va] € |V ®p() E' is benign for
a finite extension E’of E(x) and T satisfies
the condition (1) of Theorem 3.10 for any 7 € &,4}

Using the propositions proved in this subsection, we can prove the
following theorem, which states the Zariski density of crystalline points in
&

%

THEOREM 3.16.  Let z(y, 1,) € &7 be an E-rational point satisfying all
the conditions in Theorem 3.10. Then, for any admissible open neighborhood

U C & of 2, 1,), there exists a smaller admissible open neighborhood
U CU of 2(V,,T,) Such that the subset defined by

Uéris = {Z = ([V]véh T 76d—1) S U/HV] € Xv,reg—cris}

is Zariski dense in U'.

ProoF. If we use Proposition 3.12 and Proposition 3.13, the proof of
this theorem is same as that of Lemma 4.7 of [Nal3]. O
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4. Zariski Density of Crystalline Representations for Any p-Adic
Field

In this final chapter, we prove the main theorems of this article.

LEMMA 4.1. Let x = [V3] € Ay reg—cris b€ @ point.  Then, for any

admissible open neighborhood U C Xy of x, U N Ay, is not empty.

PrROOF. This lemma is a generalization of Lemma 4.12 of [Nal3]. We
may assume that F(x) = E and that the set of Hodge-Tate weights 7 :=
{kioti<i<daoep of Vi satisfies k1o > koo > -+ > kg, for any o € P.
By Corollary 2.7.7 of [Ki08], the subset X%ms of Ay conmsisting of the
points corresponding to crystalline representations with Hodge-Tate weights
{kiot1<i<doep forms a Zariski closed subspace of A7+ corresponding to a
quotient RTvmiS of Ryz. We consider the universal framed deformation ring

R% of (V,f3), where 3 is a fixed F-base of V. Then, in the same way as

. . O
7, we obtain a quotient R—" . of RH and we have a natural map
V ,cris V ,cris 14

T D,T . . . - D .
RV,cris — RV,cris which is induced from the map Ry — RV corresponding

to the forgetting map D%(A) — Dy(A) - (Va,a, B) — (Va,ba) (A € Co),
where E is an A-base of V4 which is a lift of 3. Therefore, if we denote by
X7 the rigid analytic space associated to R%Zris’ it suffices to show the

V ,cris
following lemma. [

LEMMA 4.2. Let x be a point of XVD::TriS and let U be an admissible open

neighborhood of x, then there exists a point z of U whose corresponding
representation is benign and satisfies the condition (1) of Theorem 3.10.

PrROOF. We remark that, by the proof of Theorem 3.3.8 of [Ki08], wi

have a natural isomorphism (’) O, = RIj IS for each y € X . By

V cris’ V,cris’

Corollary 6.3.3 of [Be-Co08] and by Corollary 3.19 of [Ch09], there exists
an admissible affinoid open neighborhood U = Spm(R) of z in lez‘:(;‘is’ such
that

Dcris(VR) = ((R®Qchris) R VR)GK

is a finite free Ko ®q, R-module of rank d and Dgr (V) 5 K @Ky Deis(VR)
which are compatible with base changes, where Vg is the restriction to U of
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the universal deformation of V. For each ¢’ € Gal(K(/Q,), we denote by
D, the o’-component of Dis(Vg). We denote by

T+ ag 1T+ + aiT + ag := detp(T - idp,, — ¢’|p,_,) € R[T]

the characteristic polynomial of the relative Frobenius on D, , which is
independent of ¢’ € Gal(Ky/Qp). Denote by A € R the discriminant of this
polynomial. Then, we claim that A is a non zero divisor of R, i.e. the subset
Ua C U consisting of the points z such that Dis(V,) have d-distinct relative
Frobenius eigenvalues is scheme theoretically dense in U. To prove this

claim, it suffices to show that A # 0 in O ()27 2 = Rgz’cris for any z € U

because R‘li’cris is domain by Theorem 3.3.8 of [Ki08]. It is easy to see that
Deis(Vz) can be deformed over E(z)[e] with d-distinct relative Frobenius
eigenvalues, hence A # 0 in Rgz’cris. In the same way, we can show that the
subset U” C U consisting of the points z such that Deis(V;) have relative
Frobenius eigenvalues {o;}y<; <4 satisfying a; # ptf aj for any ¢ # j is
also scheme theoretically dense in U. Hence, their intersection Ux N U is
also scheme theoretically dense in U. Take an element z € Un NU"” C U.

Extending scalars, we may assume that
Dcris(‘/z) = @gleO ®Qp Eei,z

such that gof(em) = o ,€; , for some o; , € E* (1 £ i < d) such that a; , #

QG 2y ptf aj for any ¢ # j. Because O, o is Henselian by Theorem

X(ﬁ)cnsv
2.1.5 of [Berk93], if we take a sufficiently small affinoid open neighborhood

U’ = Spm(R') of z in Upn NU”, then we can write
Dais(Vr) ®r R = &% Ko ®q, R'e;

such that Ko ®q, R'e; is p-stable and o/ (e;) = aqje; for some a; € R’ for
1 <4 < dsatisfying that o; —a;, &i—pif&j € R for any i # j. By Lemma
2.6.1 and by the proof of Corollary 2.6.2 of [Ki08], for sufficiently small U’,
if we decompose Dgr(Vgr) ®g R’ into o-components by

Dar(Vg) ®r R = Dar(Vr') = ®oep Do,

then, for each o € P, the o-component D, of Dgr(Vg/) is equipped with a
filtration {Fil'D, };cz by finite free R’-modules such that

Fil'D, ®p B = Fil'Dar (Ve @' B)o
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for any local R’-algebra B which is finite over E. From these facts, we can
obtain two R’-bases {ew}Z ; and {fw} ', of D,, where {ew}z 1 is the
basis naturally induced from the basis {eZ}Z:1 of Deyis(Vrr), and { fW}Z:1
is a basis which satisfies that

Fil™%eD, =R fi o ©R fis10© - ® R fi,

for any 1 < i < d. For each o € P, we define a (d x d)-matrix Ay := (@i ) )i,
by fjo = Ele a; jo€io- We denote by a € R the product of all k-th minor
determinants of A, for all 1 £ kK < d —1 and ¢ € P. By the definition
of benign representation, for any z € Spm(R’), it is easy to see that V. is
benign if and only if a(z) # 0 in E(z). Therefore, to prove the lemma, it
suffices to show that Spm(R'), and Spm(R’)(@Jl_%) forany1<i<d—1
and for any subsets J; # Jy of [d] such that #§(J1) = #(J2) = i are all
scheme theoretically dense in Spm(R'), i.e. it suffices to show that both a
and &y, — ay, are non zero divisors of R'. Because we have an isomorphism
R, = R%Cﬂs and R‘gfﬂs is domain for any z € Spm(R’), it suffices to

,cris

show that both a and aj, — & , are non zero in Ry~ ". Finally, this claim
can be easily proved by explicitly constructing lifts of the filtered gp—module
D.is(V2) over E(z)[e] such that the values corresponding to a or ay, — &g,

for the lifts are non zero. [J

For a rigid analytic space Y over E and for a point y € Y, we denote
the tangent space at y by

tyy := Homp,) (my/my, B(y)),

where m,, is the maximal ideal of Oy,,.
Denote by X the Zariski closure of A%

V reg—cris V reg—cris
lowing theorems are the main theorems of this paper.

in Ay, The fol-

THEOREM 4.3. X

V,reg—cris
ng’ and each irreducible component of ngd which is contained in

is a union of irreducible components of

Vreg—cris 15 equidimensional of dimension d*[K : Qp] + 1.

PROOF. Let Z be an irreducible component of X' V reg—cris- Because the
singular locus Zgng C Z is a proper Zariski closed subset of Z, Lemma 4.1
implies that there exists a point x € Ay v Z such that Z is smooth at x.
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Moreover, &3 is also smooth at z of its dimension d?[K : Q,]+1 by Corollary
2.50 of [Nal3]. Because any irreducible component is equidimensional by
a remark in page.14 of [Con99], then it suffices to show that the natural
inclusion tz , — txy o is an isomorphism.

By the definition of benign representation and by Proposition 3.7, the
point z(y, 7,y € Zo corresponding to the pair (V,, T’) is contained in & for
each 7 € &4. For each 7 € G4, we denote by Y, the irreducible component
of p_l (Xv,regfcris
also an irreducible component of &£ by Theorem 3.10 and Theorem 3.16.
Because the natural morphism ply, : Y; — A3 factors through ply, : Y; —
Z — X7 for any T € G4, we obtain a map

) containing z(y, 1.y, which is uniquely determined and

bevawarn = Wrzwem 7 122 7t

for each 7 € G4, where the first equality follows from Theorem 3.10 and
Theorem 3.16. Summing up for all 7 € &4, we obtain a map

@ tey ) 7 122 7 lap e
TEGd

By Theorem 2.9 and Theorem 3.10, this map is surjective, hence we obtain
an equality

tZ,a: = tXV,am

which proves the theorem. [J

Let w : Gx — F* be the mod p cyclotomic character. Set ad(V) :=
Endp(V) and ad(V)? := ad(V)trace=0,

THEOREM 4.4. Assume that V satisfies the following conditions,
(0) Endpg, (V) =F,
(1) vareg_cris s non empty,
(2) H(Gk,ad(V)’(w)) =0,

(3) (& K*, orp [d,
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then, we have an equality fvreg_cris = Xy

PRrOOF. First, we prove the theorem when ¢, ¢ K*. It suffices to show
that A5 is irreducible by Theorem 4.3. This claim follows from the fact that
H%(Gg,ad(V)) = 0, which follows from the condition (2) and the fact that
H%(Gk,F(w)) = 0 when ¢, ¢ K*.

Next, we prove the theorem when p /d. Let P be the sub group of
O} consisting of all p-th power roots of unity. Let p™ be the order of P,
take (pn € OF a primitive p"-th roots of unity. Fix o9 € P. For each
1 =i < p" — 1, we define a subfunctor D; of Dy, by

Di(A) := {[Va] € Dy(A)|det(Va) (reck (Gpn)) = ta(00(Gpn))'}

for A € Co, where 14 : O — A is the morphism which gives the O-algebra
structure on A. In the same way as in the proof of Theorem 4.16 of [Nal3],
we can prove that, under the condition (2), D; is representable by a quotient
R; of Ry which is formally smooth over O, and, if we denote by & the rigid
analytic space associated to R;, we have an equality as rigid space

X = ]_[ X;

0si<pn—1

and Aj is irreducible. By the condition (1) and by Theorem 4.3, there exists

. — f_
i such that X; C Xy reg—cris® Because we have XiT L= 1(mod 7g) and

XLt (Cpn) = Cpr, twisting by (og o XLT)(pf_l)m for each m € Z induces an
isomorphism X; = A&;, for 0 < i, < p” — 1 such that i,, =i + (p/ — 1)dm
(mod p™). Because xpr is crystalline, this isomorphism implies that X;,, C

X Under the assumption that p fd, each 0 < j < p™ — 1 is equal

to i, for some m € Z, hence we obtain an equality ?V reg—cris = A O

V ,reg—cris*

Finally, when V is absolutely irreducible, we obtain the following corol-
lary, which is a generalization of Theorem A of [Ch13] for general K.

COROLLARY 4.5. Assume that
(1) V is absolutely irreducible,

(2) one of the following conditions holds,
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(i) p fd and §, € K,
(i) V £ V(w),

then we have an equality ?V,regfcris = A5

PrOOF. By Theorem 4.4, it suffices to show that the condition (1), (2)
of the theorem implies the conditions (2), (3) of Theorem 4.4.

We first claim that, under the assumption (1), the condition (2) implies
(in fact is equivalent to) that H°(Gx,ad(V)?(w)) = 0. This claim easily
follows from the existence of the natural short exact sequence of F|[Gk]-
modules

0 — ad(V)%(w) — ad(V)(w) 225 F(w) — 0,

which splits when p fd.
We finally check that A%

V ;reg—cris
that V is absolutely irreducible. This fact may be well known, but for
convenience of readers, we recall a proof of this fact. We use the nota-
tion used in the proof of Theorem 4.4. Let Ky be the unramified exten-
sion of K such that [K; : K| = d. By extending F, we assume that
Homq, —aig(K4, E) = Homg,—ag(K4,Q,). Fix 0y : K4 — E such that
ool = o0. Let xq : G%}’d — IE‘;d = (Ok,/mxkOk,)* be the fundamen-

is non empty under the assumption

tal character of degree d, i.e. the character defined by xq(reck,(a)) := a
(a € (’)Ix(d), Xd(reck,(mx)) = 1. Then it is known that there exists an
isomorphism

V 5 mdGk (oo xa)) @r F(n)

for some [ € Z and 7 : G?}) — F*. Because any 7 has a crystalline lift,
we may assume that V = Indgg ((G0 © xa)%)). Let xarr : G*}}’d — K
be the Lubin-Tate character of K(; associated to mx € K C Ky, and let
T be a generator of Gal(K;/K). For each o € P, choose ¢ : K4 — FE a
Qp-algebra homomorphism such that ¢|x = o. Then, one can take some

{asitoepo<i<a— € HaeP,O§i§d71Z such that as; # aq; for any i # j
and that

(Gooxa)' = II @ oxaur)*i(mod mp).
oceP,0si<d-1
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Then,

Kentaro NAKAMURA

Indg};d( IT @ oxarn)™)
ceP0<i<d-1

is a lift of V which is a crystalline representation whose o-part of Hodge-

Tate weights is {ac,;}o<;<4—1, i-e. this is an element of A%

which

V reg—cris’

proves the claim, hence proves the corollary. [
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