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Discrete Series Whattaker Functions on Spin(2n,2)

By Kenji TANIGUCHI

Abstract. Discrete series Whittaker functions on Spin(2n, 2) are
studied. The main results are the dimensions of Whittaker models and
the explicit formulas of Whittaker functions. The dimensions of the
spaces of algebraic and continuous Whittaker models are described
by sums of dimensions of irreducible representations of Spin(2n — 3).
As for the explicit formulas, we obtain Mellin-Barnes type integral
representations for the Whittaker functions associated with minimal
K-type vectors.

1. Introduction

Let GRr be a real semisimple Lie group and Gr = KRARNR be its Iwa-
sawa decomposition. Let n be a one dimensional unitary representation of
Nr. Given a representation 7 of GR, a realization of 7 in the induced rep-
resentation Indgﬁn is called a Whittaker model of w. By this realization, a
vector v in 7 is expressed by a function on GRr, which we call the Whittaker
function associated with v.

Mainly from the number theoretical point of view, Takayuki Oda and
his colleagues have calculated explicit formulas of Whittaker functions and
generalized spherical functions on various low rank groups and of various
representations.

Besides the number theoretical interest, the theory of Whittaker mod-
els are also interesting from the analytic points of view. It is well known
that, in the case of the principal series of SL(2,R), the Whittaker functions
associated with a Kr-type vector is expressed by the classical Whittaker’s
confluent hypergeometric function. In the case of representations of higher
rank groups, the image of a Whittaker model gives an example of multi-
variable confluent hypergeometric functions. Therefore, we may expect that
we can study such functions by means of representation theory.
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Another interesting aspect is the relationship with the invariants of rep-
resentations. First, let us consider algebraic Whittaker models, namely
(g, Kr)-module intertwining operators from a Harish-Chandra (g, KR)-
module 7 to Ind%ﬁn. If the one dimensional unitary representation 7 of
NR is non-degenerate (cf.§3.1), we can judge the existence of non-trivial
Whittaker models by the Gelfand-Kirillov dimension of 7, and the dimen-
sion of the Whittaker models is given by the Bernstein degree of it. Secondly,
let us consider continuous Whittaker models, namely continuous intertwin-
ing operators from the C*°-globalization 7 of a (g, Kr)-module 7 to the
C*-induced space C“—Ind%ﬁn. We can judge the existence of non-trivial
continuous Whittaker models by the wave front set of 7. If 7 is a discrete
series, the dimension of continuous Whittaker models are expressed by the
Bernstein degree and geometric data of nilpotent orbits. These results, due
to H. Matumoto ([9], [10]), are summarized in §3.

The author thinks that we can observe the relation between the in-
variants of representations and the structure of Whittaker models more
clearly when we treat Whittaker models of non-quasi-split groups than that
of quasi-split groups. Suppose GR is a non-quasi-split real semisimple Lie
group. Consider a discrete series representation m which has non-trivial
Whittaker models. Then it is observed that the degree of an irreducible
component of the associated variety corresponds to the dimension of the
solution space of one system of differential equations. It is also observed
that the multiplicity of the associated cycle corresponds to the dimension
of the right MR(n)-module structure of the solution space of the gradient
type differential-difference equation D;\,n(b = 0. (For the definition of this
equation, see §3.4). Here, MR(n) is the centralizer of 7 in MR = Zgy(AR).
This observation is obtained in a former paper [13] of the author. He ex-
pects that such correspondence holds for general higher rank group cases,
and hopes to explain it in a natural way.

Until now, there are not so many concrete examples of non-quasi-split
cases. For such reasons, we investigate the case when GR is the non-quasi-
split group Spin(2n,2), 7 is a discrete series of GR, and 7 is a non-degenerate
character of NR in this paper. This setting is the same as in [6], except for
the group GR. Since Spin(4,2) ~ SU(2,2), this paper is a generalization of

[6]-

The sections are organized as follows. In §2, we briefly review the struc-
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ture of Spin(2n,2) and parametrize its discrete series representations. The
set of discrete series representations of Spin(2n,2) is divided into 2n + 2
parts Z,, 4, m = 1,...,n + 1. §3 is mainly devoted to the presentation
of general theory. We review H. Matumoto’s results on the existence and
the dimension of Whittaker models in §3.1, J. T. Chang’s results on the
associated cycles of discrete series in §3.2, and H. Yamashita’s results on
the realization of algebraic Whittaker models of discrete series in §3.4. In
§3.3, we apply Chang’s theory to our Spin(2n,2) case. Combining this the-
ory with Theorem 5.13, we obtain the dimension of the space of algebraic
Whittaker models:

THEOREM 1.1 (Corollary 3.6, Theorem 3.8). Suppose Gr = Spin(2n,
2).

(1) The discrete series wp has non-trivial algebraic Whittaker models if
and only if A€ Ep 1, m=2,...,n.

(2) The dimension of the space of algebraic Whittaker models of mp, A €
Hn4,m=2,...,m, 18

. Spin(2n—3,C
4 g dim V°F ( )/ , .
(llfl7“‘1/"‘777,—27#17“"/"‘”77”)
ALZHL2A22 2 X 22 Hm —22Am —1

AmZph 2 A1 2 2 A1 20, > [An]

In §4, we write the gradient type differential-difference equations, which
describe discrete series Whittaker functions, by using Gelfand-Tsetlin basis
of the minimal Kp-type. After that, we put them in order. Solving such
differential-difference equations reduces to getting a coefficient function of
some special minimal Kp-type vector, which we call “corner vector”. This
reduction is discussed in §4.4, and the result is as follows.

THEOREM 1.2 (Theorem 4.23). Let Q; | be the Gelfand-Tsetlin pat-
tern defined in Definition 4.22. Let ¢p(a) = ZQGGT(A) c(Q;a)Q be a solution
of the differential-difference equation D;\qub = 0, which describes an alge-
braic Whittaker model of the discrete series i, A € S+, m = 2,...,n.
If c(Q} _1;a) is known, then it determines all the c(Q;a) for Q@ € GT(\)

containing the same qon,—4 part as Q;Ll.
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By this theorem, we may restrict our interest to determination of the co-
efficient function ¢( :{ 1;a). In §5, we deduce a system of differential equa-
tions satisfied by the coefficient function ¢(Q;a) for some special Gelfand-
Tsetlin pattern Q. The set of such special patterns contains Q;Ll. Also
obtained are the Mellin-Barnes type integral representations for these func-
tions. In order to present these results briefly, we use the notation defined in

§84, 5. See (4.21) for the definition of K¢(m'), and see §5.2 for the definition
of aj, B, tj, n(Q,m';a).

THEOREM 1.3 (Proposition 5.8, Proposition 5.9). Assume Q € GT'(\)
satisfies (4.20), (4.23) and (4.24).

(1) Define f(Q,m';t) = n(Q,m';a) 'c(Q;a). Then, f(Q,m';t) is a so-

lution of
(81521 - atzg - t%)f(Q7 m,; t) = 07
N2 t N2
2
[T +ap) + E(atl = 01,) [[ (0w + By) ¢ F(Q.m;8) =0.
p=1 p=3

(2) Let C; be a loop starting and ending at +o0o, crossing the real azxis
at —oj — 1 < s < —aj, and encircling all poles of I'(—oy, — s), p =
Js .-, Na, once in the negative direction, but none of the poles of I'(B,+
s),p=3,...,7. Define

{ff((Q,m’;t)},:i [2 T(—ap— ) { 15 K_y(t) }ds
AQm'st) [ 2m Jo, T2, (1 — B, —s) U(—t2)" Ts(t) f

and, for j =2,..., Na, define
{fK(Q,m t} B / IL2;T(—ay — ) [T 5 T'(B, + 5)
F@m'st) [ 2m Je, [T 1 1+ap+s>H§zj+1r<1—ﬁp—s>
(—t2)” K_s(t1)
A e

Here, K,(2) and I,(z) are modified Bessel functions, and v = /—1.
These integrals absolutely converge in C2\ ({t; =0} U {to = 0}), and
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they form a basis of the solution space of the system of differential
equations in (1).

An interesting fact is that not all of these functions generate a solution
of the whole differential-difference equation D ngzﬁ = 0. In §5.3, we construct

shift operators satisfied by the functions fJK , f]I (Propositions 5.10, 5.12).

By these shift operators, we know that only 4 in the 2/Ns functions fJK , fJI
do generate solutions of the whole differential-difference equations.

THEOREM 1.4 (Theorem 5.13). LetA € ., +, m=2,...,n. Then the
functions fJL( T —1t), with j = 1,2, L = K, I, completely determine

the solutions of D5 77¢ =0.

Some of the above solutions may define a continuous intertwining oper-
ator from the C'*°-globalization (7} ) to C*°(GR/NR; 7).

THEOREM 1.5 (Theorem 5.15). Let A € =, +, m =2,...,n. Suppose
the character n of NRr is the one defined by (4.6). If Fn2 > 0, then the
dimension of the space of continuous intertwining operators is

Z dim VSpin(Zn—?),(C)

’ ’ .
(Ml7---7Nm727/117---7un7m)
A1 2A22 2 A 2 2 m—22 A — 1

AmZpi > A1 > 2 1200 >l

Each continuous intertwining operator corresponds to fi defined in Theo-
rem 1.8 (2). On the other hand, if Fno < 0, then this space is zero.

When Gr = Spin(2n + 1,2), we have similar results on the Whittaker
models of discrete series representations. Details are discussed elsewhere
about this case.

Before ending the introduction, we define some notation. Suppose HR
is a real Lie group. Write hg the Lie algebra of Hg, h the complexification
of hg and H a complexification of Hr. This notation will be applied to
groups denoted by other Roman letters in the same way without comment.
For two integers a < b, let [a,b] be the interval {z € Z|a < x < b}. The
imaginary unit is denoted by ¢. For a field K, let M,, ,(K) be the set of
m X n matrices with entries in K. The set of real n x n alternative matrices
is denoted by Alt,,(R). The symmetric group on {1,2,...,n} and the group
Z/27 are denoted by &,, and Zs, respectively.
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2. The Group Spin(2n,2) and Its Discrete Series

2.1. Structure of Spin(2n,2)

Let Gr = Spin(2n,2) C Spin(2n+ 2,C) (n > 2) be the connected two-
fold linear cover of SOy(2n,2), whose maximal compact subgroup KR is
isomorphic to Spin(2n) x Spin(2). We realize the Lie algebra go = s0(2n, 2)
as

. X171 1 X129\ | X171 € Altgn(R), Xog € Altg(R),
so(2n,2) = { <—th12 X22> Xi2 € Moy, 2(R) '

Let 6X = —!'X be a Cartan involution of gy and let gog = €y + po the
corresponding Cartan decomposition. Denote elementary matrices by E;; =
(6ki01j )k =1,... 2n+2 and set Fy; := E;; — Ej;. Then

{Fjpll <k<j<2n,or(jk)=02n+2,2n+1)} and
{LF2n+j’k|1 S] S 2, 1 S k S 27’1,}

are bases of £y and pg respectively.
Let

Ag = tFonik2n—24ks ag := RA; + RA,,

and define f; € af by f;(Ax) = 6, . Then ag is a maximal abelian subspace
of po. The restricted root system A(go, ap) is

A(QO? a()) = {:l:fl + f27 :l:fla :tf?}
Choose a positive system
A+(907 aO) = {:l:fl + f27 f17 f2}7

and denote the corresponding nilpotent subalgebra ) . A+(go,a0)(90)a by
ng. Here (go)q is the root space corresponding to a root a. One obtains an
Iwasawa decomposition

go = € + ap + ng, GR = KRARNR,
where Ar = exp ag and Nr = expng. Let

XF o= Fonopjh+ tFonyin,  (1<5<2,1<k<2n-2),
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Xfitf = Fonon—1 — tFopg1on + tFoni22n—1 — Fony22n+1,

X_fitfo = Fopnon_1+ tFopi10n + tFopi22n-1 + Fong22n41.

Then {X}‘;|1 <k <2n—2} is a basis of (go)s;, and { Xy, 1y, } is a basis of
(go)ifﬁ-h'
2.2. Parametrization of discrete series

Let us now parametrize the discrete series of Ggr. Take a compact Cartan
subalgebra t of g defined by

n+1
Tk = —LF2]€72]€_1, t:= @CTk
k=1

Let {ej|]1 < j < n + 1} be the dual basis of {T;}. The root systems
A= A(g,t) and A, := A(8, t) are

A={teitej|l <i<j<n+1}, Ac={te; +ej]l <i<j<n},
respectively. Choose a positive system
Af ={e;+ejl <i<j<n}

of A.. There are 2n + 2 positive systems Aii, ey A:Jrl,i of A containing
AF, defined by

Ab L =ATU{ei kel <i<m—1}U{en1 £elm <i < n},
if 1<m<n+1,

A:;?_:Aju{eiienﬂ\lgiSm—l}U{—en+1iei|m§i§n},
if 1<m<n,

AT =AfU{eite 1 <i<n—1}U{—e,*en1}

n+1,—

The discrete series representations of Gr are parametrized by Harish-

Chandra parameters. By definition, the set of Harish-Chandra parameters
r—!+ .
=T is

=t = {A € t*|A is A-regular, Af-dominant, and
A + p is Kr-analytically integral}.
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Here, p is half the sum of positive roots for some positive system of A.
Hereafter, we denote by ma the discrete series representation corresponding
to A € 2. In our case, =7 is divided into 2n + 2 parts:

n+1 n+1
== JEmsUJEn  Emzi={AeZF|(A8) >0,VFe AL}
m=1 m=1

3. Discrete Series Whittaker Functions

3.1. Whittaker models

Let n : Ng — C* be a non-degenerate unitary character of Ng. We
denote the differential representation ng — (R of n by the same letter 7.
“Non-degenerate” means that n is non-trivial on every root space corre-
sponding to a simple root of At (go, ap). The space of analytic and smooth
Whittaker functions are defined by

analytic
—

A(GR/Nr;n) = {F : Gr C|F(gn) = n(n)~"F(g),

for n € Nr,g € GRr},
oo C _
C>(Gr/Nr;n) = {F : Gr = C|F(gn) = n(n)~'F(g),
for n € Nr, g € Gr},

respectively. These are representation spaces of Gr by left translation.

Let (m,V) be a representation of Gr or a Harish-Chandra (g, KR)-
module. A realization of (m, V') in A(GRr/NR; ) is called a Whittaker model
of (m, V). By this realization, a vector v € V' is expressed by a function on
GR, which we call a Whittaker function associated with v.

We review some results, due to Matumoto, on the existence and the
dimension of Whittaker models.

THEOREM 3.1 ([9]). LetV be an irreducible Harish-Chandra (g, KR)-
module.

(1) V has a non-trivial Whittaker model if and only if the Gelfand-Kirillov
dimension DimV of V' is equal to dimng.

(2) If V has a non-trivial Whittaker model, then the dimension of Whit-
taker models is equal to the Bernstein degree DegV of V.
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Any irreducible Harish-Chandra (g, Kg)-module V' admits an infinitesi-
mal character. Therefore, any smooth Whittaker function ¢ (v)(g), with v €
V and v € Homg g (V, C>°(GR/NR; 1)), is an eigenfunction of the Casimir
operator. Since the Casimir operator is an elliptic differential operator, ¥ (v)
is real analytic. Therefore we may identify Homg g (V, A(GR/Ng; 7)) with
Homg g (V, C°(GR/Nr; 1)), if V' is irreducible.

The next problem is to specify the continuous intertwining operators.
For a Harish-Chandra (g, Kr)-module (7, V), let (7o, Vo) be its C*°-glob-
alization. This is a Fréchet representation of Ggr. The space of contin-
uous intertwining operators from Vo, to C*°(Gr/Ng;7n) will be denoted
by Homg, (Voo, C*°(GR/NR;7)).  This is a subspace of Homgrp(V,
C*°(GRr/Ng;n)), and it is isomorphic to the space

Wh, (V) = {€ € Vi |ml (X)§ = —n(X)¢, X € no}

of C~°°-Whittaker vectors (cf [10]). Here, (7., VL) is the continuous dual
t0 (oo, Vo) With respect to the U(g)-topology.

The next theorem, also due to Matumoto, presents a condition for the
existence of non-trivial continuous intertwining operators and the dimension
of the space of such operators. In order to state his results, we introduce
some conventions. Since a unitary character v is determined by the value
on the root spaces corresponding to simple roots, we may regard ) as an
element of ¢(ng/[ng, no])* C g Using the Killing form, we identify gj with
go- Note that ¢ is non-degenerate if and only if :"*Ad(GR)Y C gf ~ go
is a principal nilpotent Gr-orbit. We denote by P(GR) the set of principal
nilpotent Gr-orbits. The wave front set of V is denoted by WF(V'). For
the definition of wave front set, see [10].

THEOREM 3.2 ([10]). Let GRr be a connected real reductive linear Lie
group and let V' be an irreducible Harish-Chandra (g, Kr)-module. Let 1) be
a non-degenerate unitary character on ng.

(1) WhyZ (V') is non-zero if and only if ¢ € WF(V).

(2) IfV is the Harish-Chandra module of a discrete series representation
and ¢ € WFE(V), then

. 0 P(Gr
dim WhF (V) = #PGR) ooy

#WGR
where Way s the little Weyl group of GR.



10 Kenji TANIGUCHI

3.2. Chang’s results

Let us recall J. T. Chang’s papers [2], [3], in which associated cycles of
discrete series are determined for some cases.

Let V' be a Harish-Chandra (g, Kr)-module. Choose a Kg-stable fi-
nite dimensional generating subspace V of V, and define a filtration V,, :=
U(g)nVo of V. Here {U(g)nln = 0,1,2,...} is the standard filtration of
U(g). By this filtration, M := grV admits an S(g) ~ grU(g)-module struc-
ture. The associated variety AV(V') of V is the support SuppM C g* of M.
Note that AV (V) is a closure of finite K-orbits on p. Let Xi,..., X) be
the irreducible components of AV(V'), and let m; be the length of S(g)g,
module Mg, where P; is the minimal prime ideal corresponding to the ir-
reducible variety X;. The associated cycle AC(V') of V is the formal sum

Assume that GRr has discrete series. Then g has a compact Cartan
subalgebra t C €. Let b = t 4+ u be a Borel subalgebra of g, and let B C GG
be the corresponding Borel subgroup. This Borel determines a positive
root system AT of A(g,t) so that i corresponds to negative roots. Let
A} C AT be the set of compact positive roots and denote p = % Y oaeat @,
Pe = % ZaeAj o, pp = p—pe- We may and do regard b as a point on the flag
variety X := G/B. By the choice of b, the K-orbit Z := K -b~ K/KNB
is closed. Here, “dot” means the adjoint action.

Suppose A € =T is At-dominant. Let 7 be the character of T := exp t
with dr = A — p. This character gives rise to a K-homogeneous line bundle
on Z, and we denote by £, _, its sheaf of local sectionson Z. Let j : Z — X
be the embedding map, and let j1 (£a—,) be the direct image in the category
of D-modules. It is well known that the global section space I'(X, j+(La—)))
realizes the Harish-Chandra module of wj. Note that the lowest Kp-type
sheaf for mp is Lo, ® det Nz x =~ LA p.1p,, Where Ny x is the normal
sheaf of Z in X.

Let T*X ~ G xp (g/b)* ~ G xp u be the cotangent bundle on X.
Here, we identify (g/b)* with & by a fixed invariant bilinear form on g.
By this identification and TZ ~ K Xgnp (¢/€Nb), the conormal bundle
T%X is isomorphic to K X gnp (1N p). For each point x € X, representing
a Borel subalgebra b,, the fiber TX in T*X is given by (g/b,)* C g*.
The moment map v : T*X — g* is given by, on each fiber, the inclusion
(g/by)* — g*. For the discrete series 7y, the associated variety AV (my) is
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a closure of a single K-orbit on p, and it coincides with the moment map
image v(T;X) ~ K - (uNyp). Therefore, the associated cycle AC(mp) of ma
is an integral multiple of (77 X).

THEOREM 3.3 ([3]). Let& be a generic point of uNp C v(1;X). Then
the associated cycle of the discrete series representation mwp is

AC(my) = dim H° (v~ (£), LA—petonly-16) 7(T2X).

Under some condition, the explicit formula of this coefficient can be
obtained. Let Ny (&, unp):={k € K|k-& € unyp}. Then it is not hard
to show that y71(¢) ~ Ng(&,unp)~t-b C Z. Note that Ng(£,unp) is
not a group. In order to calculate Ni (&, uNp), let us consider the following
groups. Let S be the set of all compact simple roots, (S) the root system
generated by S. Let [ := t+ 3 ¢/ 8a, and let ¢ = [+ D b be the
parabolic subalgebra whose Levi part 1s [. The analytic subgroups with Lie
algebras [, q are denoted by L, @) respectively.

We deonote by VI the irreducible finite dimensional representation of a
reductive group F' with the highest weight v.

THEOREM 3.4 ([3]). Let K (&) be the centralizer of & in K and K (§)?
be the identity component of the reductive part of K(§). If

(3.1) Ni(&unp) = (KNQ)K(E) = (KNQ)K(Q)y,
then

_ K(¢
HO(’y l(f),ﬁAfchran—l(é)) ~ Coh-Ind TK OmQ Res lgmg()mg VKf;i?+pn.

Here Coh-Ind is the cohomological induction, i.e. the operation which makes
the irreducible representation of the large group with the same highest weight
as that of the small group.

3.3. Spin(2n,2) case
Let us apply the general theory to our Spin(2n,2) case.
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PROPOSITION 3.5.
(1) If A € Z1 4, then Dim(7mp) = 2n.
(2) If A€ Ep v, m=2,...,n, then Dim(my) = 4n — 2 = dimnyg.
(3) If A € Ep41 4, then Dim(mp) = 4n — 3.

PrROOF. Let X, € g, be a non-zero root vector for o € A(g,t). For
each case, we can choose

(1) Xien¢€n+1 + XﬂFen¢en+1
g = (2) X*Glj:en_',l + Xe,,.,{?en_,_l + Xien:Fen-&-l
(3) X:Fen:ten+1 + X—€n713F6n+1

as a generic point of 4N p. It is not hard to calculate the centralizer K (&),
and finally we obtain Dim(my) = dim(K - §) = dim K — dim K(§) = 2n,
4n — 2 and 4n — 3, respectively. [

COROLLARY 3.6. The discrete series ma has a non-trivial algebraic
Whittaker model if and only if A € Epy &, m=2,...,n.

Chang has shown that the condition (3.1) is satisfied if GR is a connected
real rank one group. It is also satisfied in our case.

PROPOSITION 3.7.  The condition (3.1) is satisfied when A € =, +,
m=2,...,n.

ProoFr. Suppose A € E,, +, m = 2,...,n. In this case,
m—1 n
un p = @ (g—eiien+1 S3) g—@i:':en+1) D @(geiq:en-&-l S g—ei:Fen+1)'
i=1 i=m

We choose a generic point £ of nNp as in the proof of Proposition 3.5. For
this &,

K(&), ~ {£1} x Spin(2n — 3,C),
n—1

K(f) = K(é)r e€xp (Z(a”iX61+€¢ + binelfei)

1=2
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+ an(X—el—i-en + X—e1—en)> )

where X,,’s are appropriately chosen non-zero root vectors. For A € =, ¢,
the parabolic subgroup K N @ corresponds to the set of simple roots {e; —
€2,y s Cm—2 — €m—1,€m — Emtls--y€n-1—E€n,en_1+en}. Let Q1 D KNB
be the parabolic subgroup of K, whose Levi subalgebra corresponds to the
set of simple roots {e2 —e3,...,€,_1 —€n,en_1+e€,}. Note that )1 contains
K(§). Let k = qwq; be the Bruhat decomposition of k € Nk (&,1uNp) with
respect to (K N Q)\K/Q1, where ¢ € KN Q, w € (&1 X (Spmr1 X
Zy ™MN\Sy X Z5 7/ (Sno1 X Z5?), q1 € Q1. Since K NQ normalizes uNp,
k-& € unp is equivalent to g - £ € w™ (i Np). By direct computation,
this is true only if w = e, and we can show that, if ¢; - £ € uNp, then
@1 € (KNQ)K(E). Thus we get N (§,unp) C (KNQ)K(E). Since the
inverse inclusion is trivial, we get Ng(&,unNyp) = (K N Q)K(§). Finally,
since each connected component of K(&) meets expt C K N Q and the
unipotent radical of K (&) is contained in K N @, we know Ng (&, unp) =

(KNQ)K(E) = (KNQ)K(g)). O

For A € Zppa, m=2...,m, let A= (A up1) = Ay oy Ans Ang1) =
A — p. + pp, be the Blattner parameter of m5. Since
K(€)? ~ Spin(2n — 3,0C),
KN ~GL(m—-1,C) x Spin(2(n —m+ 1),C) x Spin(2,C)
X (unipotent radical) and
KN Q ~GL(m —2,C) x Spin(2n — 2m + 1,C) x (unipotent radical),
we have

VKﬂQ VGL(m 1,0 X VSpin(Q(n—m+1) O X VSpm(2 O

A (A1seeAm—1) (AmyeesyAn) +1 ’
K K
Res lKr(}QomQ yKEne
~ @ VGL(m 2,0 X VSpm(2n 2m+1, (C)’
(Ml: s Hm— 2) (Ml? 7H’n m)

ALZR12A22 2 A 22 m—22Am —1
Am>pi > A 122 120! >Anl

Coh-Ind Tﬁg OQQR lgﬂ?m yKne
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‘rSpin(anS,C)
: @ 4 ! :
(Hl7~~uu7n72uu‘17~-uu'n7»m)

ALZH12A22 2 A, 22 Hm —22Am — 1
Am >y > A 12 2 A1 20l > (A

THEOREM 3.8. The Bernstein degree of ma, A € Epp 4, m = 2,...,n,
18
. Spin(2n—3,C)
C Z dlm ‘/(Hl7--'7/‘Lm—2vul]_7"'»#'ln_m)’

AL2B1 2222 2Am —22Hm—22Am—1
Am2ph 2 X120 21 20l >

where C' is a general constant independent of A.

In §5.3, we see that this constant C is four (Theorem 5.13).

3.4. Realization of Whittaker functions

Embedding of a discrete series into an induced representation is realized
by gradient type differential-difference equations. We review Yamashita’s
results (cf. [16]).

Let 1 be a non-degenerate unitary character of Ng. For a finite dimen-
sional representation (7, V;) of KR, define

C(KRr\GRr/Ng:n) := {F : Gr <5 V,|F(kgn) = n(n) "' (k)F(g),
for n € Ng,g € Gr, k € KR}.

Let, as before, A = A — pe + pn be the Blattner parameter corresponding
to a Harish-Chandra parameter A. Let (75,V5) be the irreducible finite
dimensional representation of K with the highest weight A. Let (Ad,p) be
the adjoint representation of K on p. Fix an invariant bilinear form ( , )
on go and choose an orthonormal basis {X;} of pg. Define a differential-
difference operator VS\m by

Vi OF (KR\GR/NR; 1) — Cgad(KR\GR/NR; 1),
Vin®(9) =Y Lx.¢(g) © X;.
Here, Lx, is the left translation.

Let A} be the set of non-compact roots a with (o, A) > 0. Then the
irreducible decomposition of 75 ® Ad is Baeatu(—ai)MaTsqr Ma € {0,1}.
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Let TS\_ = BuentM—aTs_, be the negative part and let pr~ : 73 ® Ad — TS\_
be the natural projection. Define a differential-difference operator D5 . by

D5, =pr oVjs, : CZ(Kr\Gr/Nr;n) — C2(KR\GR/NR; 1)
A

THEOREM 3.9 ([16]). Let w3 be the dual Harish-Chandra module of
wa. If the Blattner parameter A of wa s far from the walls, then

Homg g (73, O (Gr/NR; 1)) = Ker(Dy; , ).

REMARK 3.10. Suppose Gr = Spin(2n,2) and A=Y Ave. The
Harish-Chandra parameter of 7} is A* := ZZ: Aie; + (=1)"Ape, —
Antient1. Therefore, if A € 5, + and m < n, then A* € 5, +. The
Blattner parameter A corresponding to A = Z”H Nie; €2y, m <, is

m—1
A= Z i—n+i+1)e;
i=1
n
—i—Z i—n+ie+ (A1 £ (n—m+1))eny1.
=m

Especially, the n-th components \,, A}, of the Blattner parameters of 7y, 7}
are Ay, (—1)"A,, respectively. Therefore, if A € =, 1, m = 2,...,n, then
the Bernstein degrees of w5 and 7} are identical because of Theorem 3.8.

4. Radial Ar Part of D:\n

In this section, we write the differential-difference equation D ngb =0
explicitly. After that, we reduce the problem of solving this equation to the
problem of getting coefficient functions of some special vectors.

4.1. Irreducible decomposition of tensor product representation

The Lie algebra £ is isomorphic to so(2n,C) @ so(2,C) and, as a vector
space, p is isomorphic to the matrix space Ma, 2(C). The adjoint represen-
tation (ad,p) of € on p is

s50(2n,C) & s0(2,C) n May, 2(C),
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(A,B)- X =AX — XB, for Ae€so(2n,C),B €s0(2,C),X € My, 2(C).

Let (7%,CF) be the natural representation of so(k,C) on C¥. By the
identification C?" @ C2 ~ Moy, 2(C), u ®@ v — ulv,

(ad, p) = (7", C*") B (7%,C?).

Note that ¢F5,;; € p corresponds to the vector v]z” X v? € "X 12, where

oF =10,...0, i,O, ...,0) is a standard basis of C*.

We realize the representation 75 of KR by using the Gelfand-Tsetlin
basis.

DEFINITION 4.1. Let A = (\1,...,\,) be a dominant integral weight
of Spin(2n). A (\-)Gelfand-Tsetlin pattern is a set of vectors Q = (qy, .. .,
d2n—1) such that

(1

= (%’,1, 42y -5 4| (i+1)/2] )-

2) The numbers g; j in @ are all integers or all half integers.

3) Git1j = G2ij = qi+1,4+1, forany j=1,...,7— 1.

5 QQz,j>q21 1]>q2z,]+1aforaHYJ_1 ot — L

6) q2ii = q2i—1,i = —q2i-

) a
(2)
(3)
(4) @it1i = Qi > |q2iv1itl-
(5)
(6)
(7)

q2n— 1_]_>\

Here, |a] is the largest integer not greater than a. The set of all A-Gelfand-
Tsetlin patterns is denoted by GT'()\).

Notation 4.2. For any set or number * depending on Q € GT'()\), we
denote it by *(Q), if we need to specify (). For example, ¢; ;(Q) is the g; ;
part of Q € GT(\).

THEOREM 4.3 ([5]). Let A be a dominant integral weight of Spin(2n)
n

and let (T, VSpm(2 )Y be the irreducible representation of Spin(2n) with the
A

highest weight . Then GT'(\) is a basis of (T, V)\Spm@n)),
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The action of elements F), , € s0(2n) is expressed as follows. For j > 0,
let

lai—1j = qei—1,5 +1—J, lai—1,—j == —lai—1,,
laij = qaij+i+1—7, loi,—j == —laij + 1,

and let l3; 0 = 0. Define a,, 4(Q) by

hiepimaWimrg + bio k) Thigp<i(loi-1y + big)
4]_[1%\;5@ (loi1j + loic1 k) (loim1,j + loic1p + 1)
J

azi—1,j(Q) = sgn(j)

for j = +1,...,+i, and

hiepzilloig + loime) Thicpy<ir (2ig + laiga )

0205(@) = e25(Q ,
2 ,]( ) 2 7]( ) <4l%7,,j — 1) Hoaﬂgz (l2i,j =+ lgi’k)(lm’j — l27;7]¢)
J

for j = 0,%1,...,+i, where e ;(Q) is sgn(j) if j # 0, and

sgn(q2i—1,i92i+1,i+1) if j = 0.
[b]
Let 0, be the shift operator, sending q, to q,+ (0, ...,sgn(b),0,...,0).

For notational convenience, we often write 7; ; := 02,3 ;02,2 ;.

THEOREM 4.4 ([5]). Under the above notation, the Lie algebra action
is expressed as

Tn(Fair120Q = Y agi1,;(Q)o2i1,Q,

1<|yl<i

Tn(Faiga0i1)Q = Y a2;(Q)02i Q-

0<|j|<i

In the following of this paper, we assume that the Blattner parameter A
is far from the walls. It follows that the numbers \; satisfy

(4.1) AL > A2 > > A > Ay

and the differences between adjacent numbers are sufficiently large.
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k
Let e, = (0,...,1,0,...,0) € C" and e_j, := —ep. Let

:V)\Spin(Qn) ® c2n o, VSpin(Qn)

e for k=41,...,4+n

Pry
be the projection operator along the irreducible decomposition

Spin(2n) 2 Spin(2n)
VA ®C @ V)\Jrek :

1<[k|<n

In order to describe this operator explicitly, we identify @@ € GT'(\) with the
Gelfand-Tsetlin pattern (Q, q2,,) of a representation of Spin(2n + 1), where
don = (A1 +1,..., -1+ 1, |Ay| +1). Just the same way as in the proof of
[8, Proposition 4.3] and [13, Lemma 3.1.3], we get the following formulas.

LEMMA 4.5. For Q € GT(\) and k = +1,...,+n,

(42) pry(Q®uvir) = a2n—1,k(Q)o2n-1£Q,
43) Q= 3 Ot

lon_9i — lop_
0<|jl<n—1 2n—2,j 2n—1,k

70,j02n—1,k Q>

(4.4) prk(Q®U§Z—2)
_ Z Z an—3,i(Q)azn—2,;(Ti0Q)a2,—1,1(7: ;Q)

(lon—3,i — lon—2.; + 1)(lan—2,; — lan—1.k)

1<i|<n—10<|j|<n—1

X Ti,jO'Qn—l,kQ-

REMARK 4.6. For @ € GT'()), it is not hard to see that as;—1;(Q) =0
if and only if 09;—1;Q & GT'()), and that ag; ;(Q) = 0 if and only if either
(i) j 75 0 and UQZ'JQ ¢ GT()\) or (ii) j = 0 and q2i—1,i O Q2i4+1,i+1 = 0.
Moreover,

(1) if j # 0, the coefficient of 19 jo2,—1 1@ in (4.3) is non-zero if and only
if T07j0’2n,17kQ c GT()\ + €k), and

(2) if j # 0, the coefficient of 7; jo2,—1 1@ in (4.4) is non-zero if and only
if 75 joon—1kQ € GT(\ + ey).
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We know that V~K]R VSpm(Qn) X VSpm(Q) and p ~ C?*"XC2. Therefore,

the irreducible decomposmon of VS\K]R ®p is

K ~ szn(2n) Spin(2)
1<|k|<n
Spin(2n) Spin(2)
® @ V>\+€k & V>\ n+1—1"
1<|k|<n

Since the irreducible representations of Spin(2) are one dimensional,
we identify @) € GT'(\) with a vector of VS\KR, on which T,,11 acts by the

scalar A\,41. Such identification is also applied to V/\szn(%) &V/\Spj ?il) More

precisely, for @Q € GT'()), regard Qf = 025,—1,kQ as a vector in Vf;fm(zn) X

Viﬁ ?1(:21) , on which T}, 1 acts by the scalar A,41 £+ 1.

Let pry . = pry X pry be the projection operator from VS\KJR ®p to
Vf_ﬁz(%) X V/\izf ?1(:21) along the irreducible decomposition (4.5). Then, by
normalizing vectors appropriately, we have the following explicit formulas
from Lemma 4.5.

LEMMA 4.7. For Q € GT(\) and k = £1,...,+n,

pry+(Q @ (v3y K v3)) = agn—14(Q)Qj
Z a2n—2,j(Q)a2n71,k(7—07jQ)TO?jQ%’

lon—2j — lan—1k

pry +(Q ® (vin_1 K v3)) =
0<j|<n—1

pry +(Q ® (vin_o R v3))
B azn—3,i(Q)a2n—2,j(7i,0Q)a2n—1,k(7;Q) +
= > > 7i,Q

(lon—3,i — lon—2. + 1)(l2an—2, — lon—1.k)

1<]i|<n—10<[j|<n—1
pry +(Q ® (U?n X v7))
= Fupry . (Q ® (v7"Ww3)) for j=2n,2n—1,2n-2.

The action of the Casimir element of so(k) C s0(2n) on the Gelfand-
Tsetlin bases is as follows. Let C := > ;< F Since this is a constant
multiple of the Casimir element of so(k), it acts on an irreducible representa-
tion of s0(k) by a scalar. Especially it acts on @ € GT'(\) by a scalar, since
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@ is contained in the ti’f ?(k)—isotypic subspace. This scalar is calculated
in [13, §5.1].

LEMMA 4.8. Let2p, == (k—2,k—4,....,k—2|k/2]). For Q € GT()\)
and k=2,...,2n,

2 (Cr)Q = —(|ak—1]* + 2{ar—1, pr)) Q-

4.2. Differential-difference equation D;\,nqﬁ =0

Under some appropriate normalization of the invariant bilinear form
(, )on g, {tFonti |l <i<2,1<j<2n} forms an orthonormal basis of
po- These vectors are expressed as

Lo yi g = X]fi — Fopoyig, for 1<i<21<k<2n-2,
tFontion—oti = Ai, for 1<i<2,

1
LFQ?’L—H,Qn = §(X*f1+f2 - Xf1+f2) — tThy1,
1

Q(X_fl'f‘fQ + Xf1+f2) - FQn,Qn—l-

tFoni29n—1 =
Let Mg be the centralizer of Ag in Kgr. Since MR acts on ng/[ng, ng, it
acts on the set of unitary characters of Ng. Therefore, when we calculate
Ker(D;\m), we may choose “manageable” non-degenerate unitary character
n in its Mpr-orbit. Let MR(n) be the centralizer of n in Mg. Since MRg(7n)
acts on Ker(D;\m) by the right translation, the space of Whittaker models
has Mp(n)-module structure.
As a “manageable” character, we choose 7 satisfying

gy Jom i (i k) = (1,20 - 2),
(4.6) n(Xy5) = { 0 otherwise,

77(X—f1+f2) = 12, U(Xfﬁ-fz) =0

with 1 > 0,12 # 0. Here, we denote the differential of n by the same
symbol n. For a representation 7 of KR, we also denote its differential by
the same symbol 7.
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Because of the Iwasawa decomposition, an element of C7° (Kr\GR/NR;
n) is determined by its restriction to Ar. Thus, we consider the restriction
of p € C;’;(KR\GR/NR; n) to Ag.

Introduce a coordinate in Ag by

(R>0)2 3 (a1,a2) — exp((logai)A; + (logaz)As) € Ar

and define 0; := a;0/0a;. The left action of Lie algebra elements on ¢ is as
follows:

It X b, then  Lyd(a) = 4|  dlexp(—tX)a) = —75(X)é(a),

dt|,_,
X €y, then  Lyd(a) = __dlacs(-tAd()X))
= n(Ad(a~") X)¢(a),
and for A;, La,¢(a) = % tzo(b(eXp(—tAi)a) = —0i¢(a).

Since {¢Fon4i |1 <i<2,1<j<2n} is an orthonormal basis of po,

2 2n
V;m¢ = 2 : § :LLF2n+i,j¢ ® tFonyij
i=1 j=1
2 2n—2

= Z Z LX}Ci*F2n—2+i,k¢ ® LF2”+ivk

i=1 k=1

T L(X 45— Xpy 4 py) /2T @ @ tEon 100

2
+) Lad ® tFongign-2+i
i=1
+ L(X—f1+f2+Xf1+f2)/2—F2n,2n—1QS ® tFoni2,2n-1
: n
1
==Y 0i¢ @ tFontign 2yi + La—1¢ @ tFont1,2n—2
i=1
201
+ 07727(05 @ tFont29m—1+ ¢ ® tFoq1,2n)
2
2 2n—3+i
+) Y T (Fon—atik) ® tFanyi + 075 (Tng1) ® tFong1.20-
i=1 k=1
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Since

(15 ® ad) (Fan—24i4) (0 ® tFoption—214)
= 75(Fon—2+i k)20 ® tFontion—24i
— 275 (Fon—21ik)V @ tFonyik — v @ thhnyion—24i

for v € VS\KR, we have

75 (F2n—24i k)0 @ tFop ik
1
= 5{(7;\ ® 1) (Fan—o+ik)’ — (15 @ ad) (Fap_o4ik)® — 1} (v ® tFontion—24i)-

Here, 1 is the trivial representation of €. Since t¢Fb,4;; corresponds to

03" W7 under p ~ C** K C? and Soanodt F3 orix = Con—ayi — Con_34i,
we have
2
1
(4.7) V5,9 =3 Z{—Z@i + (15 ® 1)(Con—24i — C2n—3+i)
i=1

- (7'5\ ® ad)(02n72+i — an,gﬂ-) —2n+3— Z}
X @@ (V351 B0]) + tAns16 @ (v3; K vp)
m
i @@ (3 B)

n2a1 n n
T g, (9@ (Vi1 Bv) + 6 6 (v K o))).

Let us calculate the projection of V5 77¢ to each irreducible component
of V:\KR ® p. By the identification GT'(\) C VS\K]R explained in §4.1, we write

sa)= Y clQia)Q.
QeGT(N)
We need to calculate the projection
pry, ({ (75 ® 1)(Can—24i — Con—3+i)
(4.8) — (13 ® ad)(Con—24i — Con—34i)}Q @ V5n_9;)

= pry((15 ® 1)(Con—24i — Con—31:)Q @ v%ﬁ_ﬂi)
— Toter (Con—24i — Con—s40) P14 (Q @ var_o,).
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When i = 2, this is a multiple of ag,—1 1(Q)0o2,—11Q. By (4.2) and Lemma
4.8, the multiple is

—(Jazn—11* + 2(a2n-1, p2n)) + (|d2n—2|* + 2(q2n—2, p20—1))
+ (|la2n—1 + exl® + 2(a2n—1 + €k, p2n))
— (|azn—2]* + 2(A2n—2, p2n—1))
= 2sgn(k) Ay + 1 +sgn(k) (2n — 2|k|)
=2lgp—1 1+ 1.

Analogously, when i = 1, (4.8) is

Z )y a2n 2,j(Q)azn—1k(02n—2,;Q)
2n—2

l I 02n—2,j02n—17kQ'
2n—2,5 — L2n—1,k

0<]j|<n—1

By these and Lemma 4.7, the projection of (4.7) to V/\S_fén(%) X VSIZ?SI)

is
(4.9) pry+(Vy,®)
=— Z am—1,k(Q)

QEGT(N)
X (32 g +n—1F A1 F 7722—> c(Q;a)Q

Z Z azn—2,;(Q)azn—1%(10,;Q)

lon—2j — lon—1k

QEeGT () 0<|j|<n—1

a
X (al loy_ 23+n—1i’7271> (Q; a)0,;QF

DD VDS

L gear(n) 1<fil<n—10<|j|<n—1
azn—3,i(Q)a2n—2,;(75,0Q) a2n—1,1(7 ; Q)
(lon—3,i — lon—2 + 1)(loan—2,; — lon—1.k)

o(@;a)7; ;Q% .

In order to rewrite (4.9) in a simple form, we need to know the zero
points of coefficients in the right hand. By Remark 4.6, we have the following
lemma:

LEMMA 4.9. Suppose Q € GT'(N).
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(1) For k= =£1,...,%n, ag,—1x(Q) is not zero if and only if 09,1 1Q €
GT()\ + €k).
(2) Fork=+1,...,4n and j ==+1,...,£(n—1),

a2n—2,j(Q)a2n—1x(70,Q)  a2n—2(02m—1£Q)a2n—1%(Q)

lon—2.; — lon—1k lon—2; —lon—11 — 1
is not zero if and only if T joon—1,Q € GT (X +ey).
(3) Fork=+1,...,4n,j=+1,...,2(n—1) and i = +£1,...,+(n — 1),

a2n—3,i(Q)a2n—2,;(75,0Q)a2n—11(7 ; Q)

(lon—3,i — lon—2.5 + 1)(loan—2,; — lon—1.k)
~a2n-3,i(70,;Q)a2n—2,j (0201 £Q)a2n1,£(Q)
 (lan—si — lon—2)(lon—2j — lon—14 — 1)

is not zero if and only if 7; jo2,—11Q € GT(A + ep).
By this lemma, we can write (4.9) in a simple form.

PROPOSITION 4.10.  For k = +£1,...,4n, pr, + (V5 ¢) = 0 is equiva-
lent to the following equations.

(1) If Q € GT'(N) and 02p,—11kQ € GT (X +e), then

a
<32 —lopap+tn—1F X1 F m) c(Q;a)

2(12
VS azn—2,—j(70,;Q)

lon—2j + lon—1

0<]j|<n—-1

a
X <51 +lopo;+n—1=L %) c(70,;Q; a)
2

m aon—3,—i(7i jQ)azn—2,—;(70,;Q
¥ > ) { ; ._ll( = ,;(ln 'Jj(ng ) )c(Tz‘,jQ;a)
1 1<i|<n—10<|j|<n—1 2n—3,1 2n—2,5)\2n—2,j 2n—1,k

= 0.
(2) If Q € GT'(N), 10,j02n-1,Q € GT(A+e) and 19;Q & GT(\), then

(81 —lop2j+n—1=x %) c(Q;a)
az
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m azn-3,—i(7i,0Q)
+i > -~ ;lz -c(7i,0Q; a)
1 1<[i|<n—1 2n—3,1 2n—2,j

= 0.

(3) IfQ < GT()\), Ti,j0_2nfl,kQ (S GT()\ + ek), TZ'J'Q Q GT()\) and ’7'@0@ Q
GT()N), then

c(Q;a) =0.

PrROOF. (1) Replace @ in the second sum of the right hand side of
(4.9) with 79,—;Q. After that, change the variable j of the summation by
—j. Analogously, replace @ in the third sum of (4.9) with 7—; _;Q. After
that, change th variables 4, j of the summation by —i, —j, respectively. Then
we get the above formula. The equations in (2) and (3) are obtained in the
same way. [

We investigate the conditions in Proposition 4.10. Note that, )\ satisfies
(4.1). Note also that, if 7 = 0, then no @ € GT'(\) satisfies the conditions
in Proposition 4.10 (2), (3).

LEMMA 4.11.

(1) Q € GT(N) satisfies 09y—1xQ € GT (X + ey) if and only if one of the
following conditions holds.

(a) k=

(b) k€[2 n—1] and gap—25-1 > M.

(¢) k= —(sgnAp)n.

(d) ke [-n+1,-1] and gan—2,—k < A_k.
(e) k= (sgnAp)n and qan—2n-1 > |Anl.

(2) Q € GT()) satisfies 19, jo2,—1kQ € GT (X +er) and 19,;Q & GT(N) if
and only if one of the following conditions holds.

(a) ke [l,n—1], j =k, gan-2k = A\ and qan—3 -1 > M. The last
condition is unnecessary if k = 1.
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) ke[-n+1,-2, j=—(-k—1)=k+1, gans 1=y and
Gon—3,—k—1 < A_k.

(C) k= _(Sgn)‘n)n; Jj= _(n_1)7 q2n—2n—-1 = ’)\n| and ‘q2n—3,n—1’ <
[Anl-

(3) @ € GT(N) satisfies T jo2—1kQ € GT (X + eg), 7:,;Q & GT(X) and
7i.0Q & GT'(X\) if and only if one of the following conditions holds.

(a) ke[l,n—=1],i=j=Fk, @an-3k = @2n—2k = M\ and qap_4 -1 >
Ak. The last condition is unnecessary if k = 1.

(b) ke[-n+1,-3,i=—(—k—2)=k+2, j=—(—k—1)=k+1,
G2n—3,—k—2 = G2n—2,—k—1 = A_k and qop_4 -2 < A_g.

(c) k = —(sgnAp)n, i = —(n —2), j = —(n — 1), @en-3pn—2 =
92n—2n—1 = ‘)\n’ and QPon—an—2 < |)\n|

We write the differential-difference equation Dj ngb = 0 in the case A €
Em,+. In order to write equations briefly, we introduce some notation.

Notation 4.12.

Df ::81—{—71—1:{:%,
2a2
V(@5 a) := (DY + lan—2,5)c(10,;Q; a)
L la2n_3-7__i(l7i7jQ)-C(Ti’jQ; a),
ai 1<[i|<n—1 2n—3,i 2n—2,j

m—1 m—2

201

DQi(Q) =02 + Z l2n—1,p - Z l2n—27p +m—-2% )\n+1 + 772727
p=1 p=1

[ (lan—2,5 — lan—2,)
Aj(Q) = azn—2,—;(10,;Q) == : :
’ I lan—n,g + lan—1,—p)
agn—2,-' (70,5’ Q) e[ ni1,-minupn-1p gy U2n—25' = lan—2p)

HPG[—m—l]U[m,n] (l2n—2,j’ + l2n—1,p)

Bji(4,Q) =

Let A € E, 4, m=2,...,n. Then ¢ satisfies

pr_k7+(V;\mq§) =0, pr_ky_(VS\mqﬁ) =0 for 1<k<m-—1,
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pry. +(V5,0) =0, pro=(Vy,®) =0 for m<k<n.
By Proposition 4.10 and Lemma 4.11, we have the following lemma.

LEMMA 4.13. Suppose A € E,, 1+, m € [2,n]. Then D5 ,® = 0 is
equivalent to the following.

(1) For ke [l,m—1], if Q € GT'(\) satisfies qan—2 < A, then

(4.10) (02 — lop—1,— +n— 1)e(Q;a)
a1 > aon—2,j(10,;Q)

2a lon—2.5 + lop—1 —
2 0<|jl<n—1 2n—2,j 2n—1,—k

4+

c(70,jQ;a) = 0.

(2) Fork € [—n,—1]U[m,n|, if Q € GT () satisfies one of the condition
Lemma 4.11(1), then

(4.11) (az —lp g +n—14 g1+ %) c(Q;a)

w0 Y 2@y )

lon—2.; + lop—
0<|jl<n—1 2n—2,j 2n—1,k

=0.

(3) For k € [27m - 1]7 ZfQ S GT()\) satisﬁes (J2n—2,k—1 = )‘k and
Qon—3k—1 < A, then

(4.12) c(Q;a) =0, Z @2n-3,-i(7i0Q) c(1ip@;a) =0.

lon—3;+lop—2k—
1<[i|<n—1 2n—3,1 2n—2k—1

(4) Suppose Q € GT'(N) satisfies the condition in Lemma 4.11(2) for k €
[=n+1,~2] U [m,n — 1] U {~(sgnAns1)n}. Define j(k) by
k if k € [m,n — 1],
S0 ={k+1 ke [-n+1,-2)
—n+1 if k= —(sgn\,)n.

Then,
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(4.13) (DF — lan—2,j(x))c(Q; a)
n Lﬂ Z a2n—3,—i(Ti,0Q) C(Ti,OQ; CL) —0.
| a2 lon—3,i + lan—2,j(k)

(5) Suppose k € [-n+1,=3]U[m,n—1]U{—=(sgnA\,+1)n}. If Q € GT(\)
satisfies the condition in Lemma 4.11(3), i.e. if

Qn—3k = @n—2k = M, ©2n—dk—1 > ks when k € [m,n — 1],
92n—3,-k—2 = q2n—2,—k—1
= Aks Qan—a,—k—2 < A_p, when k € [-n+ 1, -3],
P2n—3n—2 = 2n—2n—-1 = ‘)\nla 2n—4,n—2 < ’)\n|7 when k = _(Sgn)\n)nv
then
c(Q;a) = 0.

By elimination of some terms of the equations in Lemma 4.13, we obtain
the following equations.

COROLLARY 4.14.

(1) Suppose j € [1,m — 1] satisfies 70;Q € GT'(X). Then

a
(4.14) (D;(Q) —lop—om—1+lon—2; FAnt1 F E) c(Q; a)

2&2
n2a1
+ % Z

i'e{j}ulm,n—1]
U[—n+1,0]

« a2n—2,—j (To,j’Q) HlSpSm—17p7£j(l2n—2,j/ - lzn—2,p)
H;n:_ll(l?nflj/ +l2n—1,—p)

X c(19,5Q; a)
=0.

Here, Apt1 = Apt1 F(n —m+1) is the (n+ 1)-st part of the Harish-
Chandra parameter A € E, +.
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(2) Suppose j € [-n+1, —m~+1]U[0,n—1]. If there existsi € [—n+1,n—1]
such that 7; ;Q € GT()N), then

(4.15) (D5 (Q) + lan—2,)c(Q; a)
Ty By (§,QViF (Qia) = 0.

je{iu[—m+2,—1]

(3) Especially, when j =0, the equation (4.15) is

-1

(416)  Dy(Qec(@a)Fr Y. By(0,QVF(Q;a)

j'=—m+2
HTL— 1 l
p=1 "2n—3,p

H;:m l2n71,p H;p;z(—l%fz,fp)

:F

X ch(Q;a)ﬂ% > MC(TLOQ§@)

lo, o
1 1<[i|<n—1 2n—3,1
=0

PROOF. (4.14) can be obtained from the equations (4.10), applied to
k € [1,m — 1], by elimination of ¢(r #Q;a), j' € [1,m —1]\ {j}. (4.15) can
be obtained from the equations (4.11), applied to k € [—n,—1] U [m,n|, by
elimination of Vj/(Q;a), 7' € [-n+1,-m +1]JU[0,n — 1]\ {j}. O

Suppose Q € GT'(\) and 19—;Q € GT'(X) for some j € [-n+1,—m +
1] U [0,n — 1]. Replace @ in (4.15) by 79,—;Q. Then we obtain

D7 (Q) — lan—2.—j)c(10.-jQ; a)
Bji(j,70,—;Q)
Ly BUn@ e o
§'€[l~m+2,—1] Bj(]vﬂh‘j@) J

+ (Df — lan—2,—5)c(Q; a)

(4.17) F

—
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L 3 azn—3,-i(7i,0Q) (7500; a)

a lon—3i+ lon—2,_;
11§M§n_1 2n—3,1 2n—2,—j

=0.
If Q € GT()\) satisfies

(1) 70—;Q ¢ GT(X\) and 79,—jo2,-1,—;Q € GT(A + e—_;) for some j €
[-n+1,—m]; or

(2) T07_jQ ¢ GT(/\) and TQ,_jJQn_L_j_lQ c GT()\ — €j+1) for some j €
[2,n —2]; or

(3) 70,—n+1Q & GT(N) and 70,—n+102,—1,—(sgnr)n@ € GT(A— (sgny,)en),

then (4.13) holds for k such that j(k) = —j (or j(k) = n — 1 in the case
(3)). We may and do regard the equation (4.13) as a special case of (4.17),
whose first and second lines are zero.

LeEMMA 4.15. If (4.17) holds for j = j1,...,js and 7;0Q € GT(\) for
1= il, e ,Z‘sfl, then

- L | (lon—2,—j, + lon-3,,)

By, (Jus 10—, Q) [To =1 2, (lan—2,—j,, — lan—2,—j,)
x (D5 (Q) = lan—2,—j,)e(70,-5,Q; @)
N i Z [ (on2—j, +l2n-31,) Bj(ju: 705, Q)
) I =120 (on—2—j, = lon—2.-j,) Bj,(iu> 70—, Q)

x Vi (10,-5,Q; a)

(4.18) +
e

p=1j'€l-m+2,

s s—1
+ | Df - 212n72,7ju - len—s,iy c(Q;a)
p=1 v=1

m Z asn—3,—i(7,0Q) TI. ) (lon—3i — lon—3,)

+i= :
a _1(lop—34 + lop—2.—;
1 lg\i\gn—l H,u,fl( 2n—3,1 2n—2, Ju)

c(13,0Q; a)

=0.
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ProOOF. This is obtained from the equations (4.17), applied to j =
J1,---,Js, by elimination of ¢(7;0Q;a), i = i1,...,i5—1. O

We apply this lemma to some special cases. For m’ € [m —1,n — 1] and
Q € GT'(N), let

(m) == {p € [1,m" = 1]|5,0Q € GT(N)},
Ko(m') := [L,m/ — 1]\ K1 (m),

Ks(m') :=={p € [-n+2,—m]||7,0Q € GT(\)},
(m') = [-n+2,—m] \ K3(m'),

(m') :=={p—1|p € K3(m')}.

If p € Ki(m), then 70_,Q € GT(X\) or \pp1 = Gan-2p > @n-3p >
@on—2,p+1- In the latter case, 79 _poon—1,—p—1Q € GT(X\ — epy1). Thus
(4.17) holds for j = p in each case. If p € Kz(m'), then 19_p11Q €
GT(N) or gan—2.—p > Qon—3,—p > @n-2,—p+1 = A_pt+1. In the latter case,
7’07_p+10’2n_17_p+1Q € GT()\ + €_p+1) Thus (4 17) holds for j = p—1in
each case.

Let it € Ki(m/) U K3(m/), or i = —n+ 1 if 7_,41 0Q € GT(X). Define
Il(m’) = Kl(m') U K5(m’) U {0},
Iy(m) = {Kl(m’) UKs(m')U{-n+1} if 7n110Q € GT(N)

O\ Ki(m)UKs(m)U{n—1} if 7,410Q & GT(N),
Iy(m/,i) == Iy(m') \ {i}.

Then (4.18) holds for {j1,...,7s} = Li(m') and {i1,...,is—1} = L2(m’,4),
This implies the following formula.

COROLLARY 4.16. Forie€ Ki(m')UKz(m')U{—n+1}, if —p110Q €
GT(N), then

m 92n—3,—i(Ti0Q) [yvery (mr iy (23 — lan—31)
(419) —1— el ‘ )

=+ Z Hi’élz(m’,i) (lon—2,—j + lan—3,ir)

jelim j, 70, jQ) Hj’eh(m’)\{j}(hn*zfj - 12n72,7j/)
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x (D3 (Q) — lan—2,—5)c(70,-;Q; a)

DI

jeli(m’) j'€[-m+2,—1]
Hi/elg(m',i)(l%—?,—j + lon—3,) Bj/(j,70,—;Q)
[en mngy Uan—2,-j — lan—2,—57) Bj(j,70,-;Q)
x VF(10,-jQsa)

+ | Df — Z lon—2,—j — z lon—3 | c(Q;a)

jEIl(m/) iIGIQ(m/,i)

ALY

a , 7
i e[—m/+1,-1]
U[m/ ,n—1]

azn—3,— (Tir,0Q) [ Line 1, (m iy lan—3, — lan—3,i7)

c(1ir0Q; a).
[Lier,(m)(lon—s, + l2n—2,;) (7 )
Suppose @ € GT'(\) satisfies
(420) on—2p = q2n—3,p = 42n—4p for any p € [17 m — 2]

Define
421)  Ke(m')i={j € [m—1,m| U [=n + 1, =m||70,Q € GT(\)}.
For j € Kg(m'), define

Li(m',j) == Ii(m) U{—j}.

Then (4.18) holds for {ji,...,js} = Li(m/,j) and {i1,...,is_1} = LIo(m’).
By (4.20) and the definition of Vji(Q; a), the term V(19 @) is zero for
j € [-m+2,—1] and j” € I;(m/, j). Thus we obtain the following formula.

COROLLARY 4.17. Suppose Q € GT()\) satisfies (4.20). If j € Kg(m'),
then

L HiEIg (m') (lan—2,5 + lon—3,1)

(4.22) F _
B_j(=3:70,Q) ITjrer, mry (l2n—25 — lon—2,—j)
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x (Dy (@) — l2n—2,j)C(To,jQ; a)
. Z [Licrymny (l2n—2,—j + lon—3,1)

vt B 10-5Q) Hjrer o iy (lon—2,-57 = lan—2,-7)

X (DSE(Q) —lan—2,—jr)c(10,— Q5 a)

+ ’Di':— Z l2n_27_j’_ Z l2n—3,i C(Q§a)

j'eli(m’,j) iclz(m’)

m 3 azn—3,-i(7i,0Q) [ e, (mr) (l2n-3. — lon—3,i7)

+ -
al H]’GII (m/7j) (l2n_3’7’ + l2n7277.]/)

i€[—m/+1,—m+1]
U[m/ ,n—1]

X C(Tion; a) .

4.3. Condition for qo,_4

In this subsection, we deduce necessary conditions for 2,4 so that the
differential-difference equation has a non-trivial solution. In the first place,
we deduce conditions for go,—4, k € [1,m — 2].

LEMMA 4.18. Suppose k € [1,m—2]. If Q € GT(\) satisfies qan—ak <
Ait1, then ¢(Q;a) = 0.

Proor.

Step 1. Among the Gelfand-Tsetlin patterns with gop—ar < Agt1,
there is a @ satisfying qon—2% = Ag+1 and gop—3% < Agy1. By the first
equation in (4.12), ¢(Q;a) = 0 for this Q). Therefore, by the second equa-
tion in (4.12), ¢(Q;a) = 0 for Q@ € GT'(\) satisfying qan—2k = @on—34% =
Ait1. Thus, ¢(Q;a) = 0 for all Q@ € GT'(X) such that ga,—2% = Apt1 and
B3k < Akt1-

Step 2. Suppose @ € GT(\) satisfies gap—ar < Aptr1 and gop—ap <
@2n-3k < Qon—2k = Akg1. In this case, if j' € [m,n — 1] U [-n + 1,0\ {k},
then c¢(7p #Q;a) = 0 by Step 1, since 7 5@ satisfies the condition in it.
If we apply (4.14) to this @ and j = k, we know that ¢(Q;a) = 0 for

Q € GT(\) satisfying qon—21 = Ag+1 + 1 and gop—3 1 < Apy1. By repeating



34 Kenji TANIGUCHI

this discussion, we know that ¢(Q;a) = 0 for Q@ € GT(\) satisfying A\, >
Gon—2.k = M1 and qap—3 5 < Apg1.

Step 3. Suppose @ € GT(\) satisfies gan—2% = @2n—3k = Apt+1. By
Step 2, ¢(Q;a) = 0. If 7,,Q € GT'(X) for (i,5) # (k,k), then it satisfies
Mo 2 @an—2k > Me+1 and gap—3 1 < Apy1; so it satisfies the condition in the
conclusion of Step 2. It follows that ¢(7; ;Q;a) = 0 for (i,7) # (k, k). If we
apply (4.15) to this @ and j = k, we have c¢(73, 1, Q; a) = 0, namely c¢(Q;a) = 0
for Q € GT()) satisfying qon—a1 < Ary1 and gan—2k = G2n—3% = Apg1+ 1.

Step 4. Suppose Q € GT()) satisfies the condition in the conclusion
of Step 3. Then, by applying the discussion in Step 2 for this @}, we know
that ¢(Q;a) = 0 for Q € GT()) satisfying gan—3% < Mgy + 1.

By repeating the shift operations as in Step 2 and Step 3, the lemma is
shown. [J

In the second place, we deduce conditions for ga;,—4 1, k € [m—1,n—2].

LEMMA 4.19. Suppose k € [m — 1,n —2]. If Q@ € GT(\) satisfies
Qn-ak > Ngt+1, then ¢(Q;a) = 0.

PROOF.

Step 1. Among the Gelfand-Tsetlin patterns with gop—ar > i1,
there is a @ satisfying ¢o,—3x+1 = @en—2k+1 = Mkt1. By Lemma 4.13
(5), ¢(Q;a) = 0 for this Q.

Step 2. We know ¢(Q;a) = 0 for those Q with q2,,—3 k41 = G2n—2,k+1 =
Ak41.  Shift gop—3 541 downward by using (4.16). Then we know that
c(Q;a) = 0 for all Q € GT(N) satisfying qop—ar > Apy1 and Ay =
42n—2,k+1 = G2n—3,k+1-

Step 3. Suppose @) € GT'()\) satisfies the condition in Step 1. If we
apply (4.15) to this @ and j = —k — 1, we know that ¢(Q;a) = 0 for all
Q € GT'(\) satisfying qop—4k > Apt1 and gopn—2 k41 = G2n—3k+1 = Akg1 — 1.

By repeating the shift operations as in Step 2 and Step 3, the lemma is
shown. [J
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LEMMA 4.20. IfQ € GT(X) satisfies qan—a < Apt2 fork € m—1,n—
3]: or @2n—4,n—2 < ‘)‘n‘; then C(Q; a) =0.

PrRoOOF. The proof of this lemma is just the same as that of the previous
one. In the first place, if @) satisfies the above condition and go,—31 =
Gn—2k+1 = Apt2 (or = |\, | if K = n—2), we have ¢(Q; a) = 0 by Lemma 4.13
(5). Shift go,,—3 upward by using (4.16). Then we know that ¢(Q;a) =0
for all Q@ € GT(X) satisfying gap—ar < Agt2 and gapn—2441 = Apy2. In
the third place, if @ € GT'(X) satisfies q2,—3 1 = @an—2k+1 = Akt2, then
shift upward them to ¢2n—3% = G2an—2k+1 = Aet+2 + 1 by using (4.15). By
repeating these shift operations, the lemma is shown. [J

COROLLARY 4.21. If Q € GT(\) does not satisfy

Ak > Qen—ak > g1 for ke [1,m — 2],
(4.23) A+l = Qon—ak = Agt2 for k € [m —1,n— 3],
An—1 > qon—4,n—2 > |)\n|7 (me < n)v

then ¢(Q;a) = 0.

4.4. Reduction to the “corner” vectors

Choose a qa,,—4 satisfying the condition (4.23). In this subsection, we
show that, if ¢(Qo; a) is known for some Qo € GT'(\) containing this qa,—4,
then it completely determines the other ¢(Q;a)’s for @ € GT(\) containing
the same qy, . .., qon—4 parts as Qg. We call Qg with this property a “corner
vector”.

As will be seen in §5, there is a set of Gelfand-Tsetlin bases @, includ-
ing corner vectors, such that we can explicitly write the scalar differential
equations satisfied by ¢(Q;a). Such bases Q € GT () satisfy the following
conditions: For an m’ € [m —1,n — 1],

Qn—2p = Apt1, @2n—3p = Qon—ap forpe[m—1,m' —1],
Gn—2p = Ap, @n-3p = qon—ap-1 forpe[m +1,n-1],
Gn—2,m' = @n—3m’ € Am/+1; @n-am—1] if m" >m,

or [|Am|, Am—1] if m' =m — 1.

(4.24)
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DEFINITION 4.22. For m' € [m — 1,n — 1], let Q,, € GT()\) be the
Gelfand-Tsetlin pattern which satisfies (4.20), (4.23), (4.24) and g2p—2m =
@n—3m = |Am/+1]- Analogously, let Q;L, € GT(A) be the Gelfand-Tsetlin
pattern which satisfies (4.20), (4.23), (4.24) and @ap—2m/ = Qn-3m =
Pn—4,m'—1 (01" = )\m—l ifm' =m — 1)

THEOREM 4.23. If ¢(Q |;a) is known, then it determines all the
c(Q;a) for Q € GT(N) containing the same qi, . . ., Qon—a parts as Q.

PROOF. In this proof, we assume all € GT()\) contain the same
qi,--->qon—q as Q1 . Note that this qo,,—4 satisfies (4.23). For simplicity,
we prove the case when A\, > 0 and m < n. The case when A\, < 0 is proved
just in the same way. The case when m = n is also proved just in the same
way, and the proof is a little easier.

For Q@ = (qi1,...,92n—1) € GT(\), define lengths of @ by

m—2
1Qll2n—2.1 =Y (g2n—2j — Aj+1),
j=1
n—2
1Qll2n—2,2 :== (g2n—2,5 — Aj+1),
j=m—1
m—2
1Qll2n-31 =Y (d2n-3; — q2n—4,5);
j=1
n—3
[Qll2n—32 = (@2n—3,5 — G2n—a5)
j=m—1

+ @2n—3n-2 — ©n—-3n-1 — |@n—2.n-1 — @2n—a,n—2|-

Note that, since gopn—3n,—2 > @n-2n-1 = @n-3n—1 and gap—3,-2 >

G2n—4,n—2 > @2n—3n—1, the term
©n—-3n—2 — @n—3n—1 — [@2n—-2,n—1 — 2n—4,n—2|
= {q2n—-3n—2 — 42n—-3n—1
— max{gn—2.n—1, @n—an—2} + Min{qan—2n-1,¢2n—an-2}

is zero if and only if either (i) ¢2n-3n-2 = @2n—2n—1 and gop-3,—1 =
@2n—4,n—2 O (ii) g2n-3n-2 = @2n—4,n—2 and G231 = G2n—2,n—1. Define a
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partial order @ < @ in GT()\) by

RQ=Q & Q=QoQ<Q,

Q' =<Q & [Qz2n-21 < |Qll2n-2,1;
or [|Ql2n-21 = [|Qll2n—21 and [|Q'[l2n-31 < [|Qll2n—3.1;
or ||Q/||2n—2,1 = HQHQn—zl, HQIH2n—3,1 = HQH2n—3,1

and [|Q'[l2n—-2,2 < [|Q[l2n—2,2;
or [|Qlzn—21 = [|Qll2n-21, 1Q"l2n-3,1 = |Qll2n-3,1,
1Ql2n-2,2 = [|Qll2n—2,2 and [|Q’

|l2n-32 < [|Ql|2n—3,2-

We will show Theorem 4.23 by induction on this partial order.
Step 1. If @ satisfies (4.20) and

@2n—2p = Mpr1 forpe[m—1,n—2],
_3p = Qon— forpe|m—1,n—3|,
(4‘25) q2n—3,p = Q2n—4p p [ ]
An—1> @n-3n-2= @n-2n-1 = @2n—4n—2;

2n—3n—1 = 2n—4,n—2,
then the equation (4.15), applied to this @ and j =n — 1, is

(D2(Q) + lan—21n-1)c(Q; a)
an - 17 n—3,—n n—2n—
Lm 1(n — 1,Q)azn—3,-n+2(Tn—2, 1Q)c(Tn_2m_1Q;a)
ay lon—3n—2 —lon—2n—1

=0.

If @ satisfies (4.20) and

P2n—2p = )‘p—l-lv for pe [m - 1n- 2]7
(4.26) Qon—3p = Qon—a,p forpem—1,n—2],

Pn—4,n—-2 = @n—2n—1 = (2n—3.n—1 > An,

then the equation (4.15) for this @ and j = —(n — 1) is

(D2(Q) + lon—2,—n+1)c(Q; a)

37
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B_ -n+1 aop—3.n—1(7— _
L m n+1( , Q)a2n—3n—1(T—n+1, n+1Q)C(T—n+1,—n+1Q§a)
ay lon—3,—n+1 — lon—2,—n+1

=0.

By repeating these shift operations, we know that C(Q;Ll; a) determines the
¢(Q;a) for @ € GT'(\) which satisfies (i) (4.20) and (4.25) or (ii) (4.20) and
(4.26), in other words, for  which is minimal with respect to the partial
order <.

Step 2. Suppose @ € GT'(X) in question satisfies 7 0Q € GT'(A) for an
i € [1,n—2]U{—n+1}. Then 7;0Q > @ since ||7;,0Q||2n-2p = ||Q||2n—2,p for
p = 1,2 but ||7,0Q|l2n-3p > ||Q|l2n—3, for p = 1 or 2. Consider the equation
(4.19) applied tom’ =n—1. If j € 1(n—1)\{0} = K1(n—1) C [1,n—2],
then 70 _;Q < @ since ||79—jQ|l2n—2p < [|Q|l2n—2p for p =1 or 2. If j €
Ii(n—1),j € [-m+2,—1] and ¢’ € [-n+1,n—1], then 7, jy79_;Q < @ since
HTZ‘/J/TO’_]'QHQn_QJ < HQ”Qn_QJ. Moreover, ifi' e [—n—|—2, —1]U{n—1}, then
T 0Q < @ since |77 0Q|l2n—3p < ||Ql|2n—3,p for p =1 or 2. It follows that
all the ¢(Q’; a)’s appearing in the right hand side of (4.19) satisfy Q' < Q.
Therefore, ¢(7;,0Q; a) can be expressed as

c(rioQia)= Y (differential of ¢(Q';a)),
Q'2Q(<7i0Q)

and it is determined by ¢(Q;_;;a) by the hypothesis of induction. Es-

pecially, if Q@ € GT(\) satisfies (4.20) and g2,—2), = Ap1 for any p €
[m — 1,n — 2], then we know from the result of Step 1 that ¢(Q |;a)
determines ¢(Q; a).

Step 3. Suppose @ € GT'(\) satisfies (4.20). Let k € Kg(n —1). Con-
sider the equation (4.22) applied to m’ = n—1 and j = k. Since j' € I;(n—1)
implies 79— 5@ = Q and i € [-n + 2, —m + 1] U {n — 1} implies 7;0Q < @,
all the ¢(Q’;a) appearing in the right hand side of (4.22) satisfies Q' < Q.
Therefore, ¢(19 1 Q; a) satisfies

(4.27) (DF(Q) — lan—21)c(T01Q; a) = Z (differential of ¢(Q’;a)).

Q=Q
The equation (4.14) for j = m — 1 implies
(4.28) Z Ap(Q)c(ro1Q; a) = Z (differential of ¢(Q’;a))

k€Kg(n—1) Q'=2Q
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since 79 7Q < Q for j' € [-n+2,—m + 1].

In order to eliminate extra terms in the left hand side of (4.28), consider
the following differential operator. For any m’ € [m — 1,n — 1] and j,k €
Kg(m'), the fraction in the right hand side of

(4.29)
H (Dg:(Q) - l2n72,p)
pEKe(m/)\{j}

_ heromni (P2 (@) — lanp) — Thpe sy iy (n-2.6 — lon—25)
D5 (Q) — lon—2.k

X (Dit(Q) —lon—21)

+ H (l2n—2,k - l2n72,p)
pE€Ke(m/)\{j}

is a polynomial in D;E(Q), so it is a differential operator. Note that the last
term in the right hand side is zero if k # j.

Choose j € Kg(n —1)N[m — 1,n — 2]. We have 79,;Q > Q, since
Jj € [m —1,n — 2] implies ||70;Q||2n—22 > [|Q|l2n—2,2. Differentiate both
sides of (4.28) by HpeKﬁ(nil)\{j}(Dét(Q)—l2n_27p) and use (4.27) and (4.29).
Then we get

c(10,;Q;a) = Z (differential of ¢(Q’;a)).
Q'<70,;Q
By the hypothesis of induction, ¢(7p jQ; a) is determined by ¢(Q ;;a), and
so is ¢(7;,;Q; a) for i € [m —1,n — 2] because of Step 2. Then we know from

the result of Step 2 that ¢(Q;"_;;a) determines the ¢(Q;a) for all @ € GT'(\)
satisfying (4.20).

Step 4. If 79,Q € GT(X) for j € [1,m — 2], then the equation (4.14),
applied to this j, implies

c(10,;Q;a) = Z (differential of ¢(Q';a)).
Q'<70,;Q

By the hypothesis of induction, ¢(7p jQ; a) is determined by ¢(Q_;;a), and
so is ¢(7;,;Q; a) for i € [1,m — 1] because of Step 2. Then we know from the
result of Step 3 that ¢(Q;" |;a) determines all the ¢(Q;a) for Q € GT(\). O
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5. Determination of Whittaker Models

In this section, we first deduce a system of differential equations which
are satisfied by ¢(Q;a) for Q € GT'(\) satisfying (4.20), (4.23) and (4.24).
Secondly obtained are the Mellin-Barnes type integral representations for
the solutions of this system of equations. Though the dimension of the solu-
tion space is high, only a few of the solutions satisfy the whole differential-
difference equations D;\mqb = 0. Lastly, continuous intertwining operators
are determined.

5.1. Scalar differential equations
In this subsection, we assume that ) satisfies (4.20), (4.23) and (4.24).
In this case,

Ki(m') ={p€[m—1,m"—1]|lgan-3p < q2n—2},
Ko(m') = [1,m’' — 1]\ K1(m’)

=[1,m=21u{pem—1,m —1]lg2n-3p = G202}
Kz(m') ={p € [-n+2,—m'llgan—3,p > q2n—2,-pr1 = Apr1},
Kym')=[-n+2,—-m' — 1]\ K3

={pe[-n+2,-m - 1|g2n—3,—p = @2n—2,—p+1 = A—pt1},
Ks(m') = {p—1lp € K3(m')}

={pe[-n+1, —m' — 1|g2n—3,-p-1 > @on—2,—p = A=p},

by definition.

LEMMA 5.1. Let

Jm'):=[-n+1,-m' —1U[m—1,m' — 1],
dm’(Q) = Z l2n—2,—p + Z l2n—3,p-
ped (m")u{m’} ped(m’)

Suppose ) € GT(X\) satisfies (4.20), (4.23) and (4.24).
(1) If T—p 0Q € GT'(N), then
m a2n73,m’<71m/,0Q) HpeJ(m/) (l2n73,7m’ - l2n—3,p)

(5.1) ——
ay HpGJ(m’)U{O}(ZQ’n—?),—m’ + l2n—2,—p)

C(Tfm’,OQQ CL)
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= (iMDQi(Q) +Df — dw (Q) + lznz,mf) c(Q;a).

l2n—2,—m’

(2) If Qn—2,m' = @2n—-3,m’ > )\m’Jrl; then

(5.2)
L (2l2n—2,—m + 1) Ipesm) (l2n—2,—m + l2n—3p)
Bm/(m/, T,m/’,m/Q) HPGJ(MI)U{O}(ZQ'H*Q,*T)’L/ — l2n72’7p)
(Di(Q) - l2n 2,—m’)C(T—m’,—m’Q; a)

— (F2SHDHQ) + DT — (@)~ by = 1) ol Qi)

l2n2 m/

$

[,ﬂ a2n—3,—m’(Q)(212n—3,m’ - 2) HpGJ(m’) (l2n—3,m’ - lZn—?),p - 1)

ai HpéJ(m’)U{O,m’}(lQn*&m' + l2nf2,fp - 1)
x c(Q;a).

(3) If Qn—2m' = ¢2n—3,m’ > )\m’—l-l; then

(53) C(T_m/7_m/Q; a)
ai l2n—3,—m’ - l2n—2,—m’ +1
m a2n—2,m/ (T—m’,—m’Q)GQn—S,m’ (T—m’,OQ)

Hpe[_n,_l]u[m,n} (loan—2,—m/ + lon—1,p)

X

peront1,—mrupn—1pf—m (l2n—2,—m’ — loan—2,p)
x (D3 (Q) + lan—2,—m)c(Q; ).
(4) For k € Kg(m')

2 HpEJ(m’)U{fm’}(ZZTLfQ,k =+ l2n—3,p)
B_i(=k,70kQ) Tlpesomyuior(len—2k — lon—2,—p)
(DQi(Q) - lQn—Q,k)C(To,kQ; a)

- (zp lan-1, = DE(Q) + DY — doy (Q) — lQnQ,k) «(Q;a)

lon—2k

(5.4) F

PROOF. (1) Since —m/ € Ks(m'), the equation (4.19) holds for i =
—m/. If j € I;(m/') \ {0} = Ki(m') U K5(m/), then 79 _;Q & GT'(\) because
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of (4.24). If j' € [-m+2,—1] and j € I;(m/), then 7 1 _;Q & GT(\) for
all 7/ because of (4.20). If ¢/ € [-m/+1, —1]U[m/,n—1], then 7y o Q & GT'(\)
because of (4.20) and (4.24). Therefore, the terms in the right hand side
of (4.19) vanish except for the third term (i.e. (Df +---)c(Q;a)) and the
(DF(Q) —lan—20)c(Q; a) term in the first sum. If we arrange the coefficients
by using l2n73,p = —lgnfg’fp for q € Kg(m,) and lgnfg’p = —lgn,Q,,erl for
q € K4(m'), we get (5.1).

(2) Since 70—/ Tom 0Q = Tom/,—m@ € GT'(N), the equation (4.22),
with @ replaced by 7_,,0Q € GT(X) and with j = —m/, holds. Since
T0,—j'T-m 0@ & GT(A) for j" € K1(m') U K5(m') and 7y oT_m/0Q & GT(A)
for i/ € [-m/+1,—m+1]U[m’+1,n—1], the terms in the right hand side of
(4.22) vanish except for the second term, the (D5 (Q) —l2n—2.0)c(T_mr 0Q; a)
term in the first sum and (7 07— 0Q; @) term in the third sum. Thus
we get (5.2).

(3) For this Q, 7;,_,wQ € GT()) if and only if i = —m/. (5.2) is the
equation (4.15) applied to j = —m/.

(4) Consider the equation (4.22) applied to j = k. Since 79 _Q & GT'(\)
if j/ € Ki(m') U K5(m') and 77 0Q & GT'(\) if ¢/ € [-m/ +1,—-m + 1] U
[m/,n — 1], the terms in the right hand side of (4.22) vanish except for the
second term and the (D5 (Q) — lan_2,0)c(Q; a) term in the first sum. Thus
we get (5.4). O

PROPOSITION 5.2. If Q € GT(\) satisfies (4.20), (4.23) and (4.24),
then c¢(Q;a) is a solution of

a1

2
(5.5) {(DT —dy(Q))* — (DY(Q) £ lan-1.0)* — <ﬂ> } c(Q;a) = 0.

PROOF. Suppose ¢2n—2m = @2n—3.m' > Apy+1. Then (5.5) is obtained
from (5.1), (5.2) and (5.3), by elimination of c(7_y0Q;a) and
C(Tfm’,fm/Q; (L).

Next, suppose ¢an—2m' = @2n—3,m' = Am/+1. The equations (5.2) and
(5.3), with @ replaced by 7, .,y Q, are difference equations for Q, 7/ /@
and 70,,Q. The equation (5.4), applied to k = m/, is a difference equation
for @ and 79 ,,/Q. By elimination of 7,/ @ and 79 /@ from these, we get
the equation (5.5). O
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In order to deduce another differential equation, we prepare two identi-
ties.

LEMMA 5.3. If z1,...,x are different, then for xi,...,2k, Y1,..., Yk
and z,
k yrk—1 k k—1
[T (@i + ) [Timy iz — )
(5.6) > - = [IG+w)
i=1 Hi’:l,;éi(xi — xyr) i=1
k k
(5‘7) Z Hj:l(xi + ?/j) —1_ Hf:l(z - yi) .
= (2 + @) Hf’:l,;«éi(xi — ) 1z + o)

ProOOF. (5.6): Both sides are polynomials in z of degree k — 1. At k
different points x;, [ = 1,...,k, they take the same values Hf:_ll(acl + yi).
So they are identical.

(5.7): Let g(z) := (left hand side) x Hle (z+x;), which is a polynomial
in z of degree k — 1. For I € [1,k], g(—z;) = (=1)k! H?Zl(xl + ;). On the
other hand, the polynomial []%_, (z + ;) — [I*_, (2 — %) of degree k — 1 has
the same values at k points z = —x;, so they are identical. [J

Suppose @@ € GT'()) satisfies (4.20), (4.23), (4.24) and gapn—2m—1 <
Am—1. In this case, Kg(m') is not empty since m — 1 € Kg(m'). The
equation (4.14), applied to this @ and j =m — 1, is

(5.8) {Déﬁ(@) A+ Y A0(Q) F 1)} (Q:a)

2(12
a
P N AQ)elmor@sa)
2 peKes(m?)
—0.

Let j € Kg(m'). After applying HpeKG(m’)\{j}(Dzi(Q) —lop—2,+1) to both
sides of (5.8), use (4.29) and (5.4). Then we get

—1—A;(Q) H (lan—2,j — lan—2,p) | c(10,;Q; a)

peKs(m)\{s}
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_ [ (DEQ) — lan_sp +1)
peEKes(m/)\{j}
x{D%<Q>:FAn+1+2 (40 7 1)}
21 Z Ap(Q)B_(=k, 10 £Q)

2az keKe(m')

[peomryugor (l2n—2,k — lon—2,—p)
[pesomnug—my (an—2k + lon—3p)

X HpeKa(m/)\{j}(Dgc(Q) —lon—2p) — HpEKa(m/)\{j}(lznfz’k — lan-29)
D;:(Q) - l2n—2,k
lon—1n
y (:Fupi(@ +DF — dy(Q) - lzn—z,k)] (Q: )

lon—2k

Let

(5.10) Ki;(m'):={pe[m—-1,m —1]lp+ 1€ K¢(m')}
U{pe[-n+1,-m' —1]pe K¢(m')}.

Note that #Kg(m') = #K7(m') + 1 if gap—2,m—1 < Am—1. This is because
m—1 e Kg(m') if ¢an—2,m—1 < Am—1, while there is no element in K7(m’)
corresponding to m — 1 € Kg(m’). It is not hard to see that

1102 lon—sp [Tp lan—1p [T (—lon—2,p)
Hg;ll lQn—2,p(l2n—27p - 1) H;n:_ll(_l2n—l,p)
_ l2n—1,n HpEK7(m’) ZZn—?,,p

HP€K6(m') lon—2p

tAo(Q) =

and

HpEIl (m/) (l2n—2’k - l2n72,7p)
[permy(lon—2k + l2n—3,)

Hp€K7(m/) (ZQTL*Q,]{) - l2n—3,p)

LAR(Q) tB_i(—Fk, T0xQ)

 Tperemn e n—z — l2n—2,)
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It follows that the last term in (5.9) is £n2a1/2a2 times

e ks omy(Uon—2k — lan—3)

keKeg(m') HPGKa(m’)\{k} (l2n72,k — l2n—2,p)

% Hpng(m/)\{j}(Dzi(Q) - l2n—2,p) - HpgKG(m/)\{j}(lzn—z,k - l2n—2,p)
D3 (Q) — lan—2k

X ((1 F w) (D5 (Q) — lon—2,)

lon—2,k

+ DiF - dm’(Q) - DQi(Q) + l2n1,n)

_ ( Z 127172,16 + lQn—l,n Hp€K7(m’) (lQn—Q,k - l2n_37p) )

veroimy 2k Theromongry (lan-2a = lan—2p)

X H (Dg:(Q) - l2n—2,p)
peKs(m)\{j}

[Le s () (lon—2.5 — lon—3,p)

+
ke Kg(m') percomn gy (2n—26 = lon—2,)

" Hpng(m’)\{k}(DQi(Q) —lon—2p)
D%(Q) - l2n—2,j
X (Di': - dm'(Q) - D;(Q) + l2n—1,n)

1
- H (lon—2,j — lon—3,p)

:t .
peKa(m’) Dy (Q) — l2n—2,5

» ((1 . 12"-17") (DE(Q) — lan-25)

lon—2.j

DT dw(Q) - DEQ) T zzn_l,n)

l n—1l.n m’ lni
) (w 2t U percs o) 12 3m> [ (DHQ) - b oy
pEKe

Hpero(m) 2 (m)\{s}

+ Hp€K7(m’)(D5t(Q) - l2n—3717) - Hp€K7(m’) (l2n—27j - l2n—3,p)
D5 (Q) — lan—2,
X (DiF - dm/(Q) - D;(Q) T+ l2n71,n)
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lon—2. F lop—
B 2n 2l,j + 2'77, 1n H (l2n—2,j i l2n—37p)-
2n—2,j pEK+(m’)

Here, we use Lemma 5.3 to get the last equality. Then (5.9) becomes the

next equation.

LEMMA 54. IfQ € GT()\) satisfies (4.20), (4.23) and (4.24), then for
JjE Kg(m’),

(5.11)
1201
"oy ;(Q) ( 11 | (lon—2,5 — l2n2,p)> c(10,;@; a)
pEKe(m/)\{j}
= ( I[I D@ —lonsp+ 1)) (D5 (Q) F Ani1)e(Q; a)
pEKe(m)\{j}
L @ Hpem(m')(DgE(Q) —lon-3p) — [perrmn (lon—2,j — lon-3,p)
2a2 Dzi(Q) —lap—2;

X (DT - dm/(Q) - D;:(Q) + l2n71,n)

lon—2.; F lon— H

_ 2n 2,j :F 2n 1,TL (l2n_27j _ lQn_37p)] C(Q7 a)
lon—2; ,
p€K7(m )

PROPOSITION 5.5. If Q € GT(\) satisfies (4.20), (4.23), (4.24) and
©n—2m-1 < Am—1, then c(Q;a) is a solution of

(5.12) {(Dr?(@) FhAnp) ] (PF(Q) —lonap+1)
keKg(m')
+ 5 (DF — d(Q) = D3 (Q) F lan-1.0)
az

X H (Dét(Q> - l2n3,p)} C(Q; a)

pEK7(m')
= 0.
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If m" =m—1 and q@an—2m—1 = Am—1, then c(Q;a) satisfies the equation
(5.12) with Kg(m') replaced by Kg(m — 1) U {m — 1}.

PROOF. Suppose g2p—2,m—1 < Am—1. In this case Kg(m') is not empty
since m — 1 € Kg(m'). Differentiate (5.11) by D3 (Q) — lan_o; + 1, and
use (5.4). Then we get the equation (5.12). Suppose m’ = m — 1 and
P2n—2,m—1 = Am—1. Then Kﬁ(m_l)(77m+1,fm+1Q) = KG(m_l)(Q)U{m_
1}. It follows that the equation (5.11) holds for j = m — 1, if we replace
Q by T_m+1,—m+1Q. From this equation and the equations (5.1) and (5.3),
applied to m' = m — 1, we obtain (5.12) by elimination of ¢(7_p41,0Q; @)
and ¢(T—m41,—m+1Q;a). O

5.2. Solutions of (5.5) and (5.12)
Suppose A € E,, 4, m = 2,...,n, and m' € [m —1,n — 1]. Assume
Q € GT()) satisfies (4.20), (4.23) and (4.24). Define j; and k; by

{j37"'7jN1}:K6<m/)ﬂ[m7m/]a O<j3<"'<jN17
{kny41s- - kgt = Kg(m) N [-n+1,—m' — 1], ky,41 <+ <kn, <O0.

If Kg(m')N[m,m'| (resp. K¢(m')N[—n+1,—m’—1]) is empty, then we set
Nj =2 (resp. Ny = Nyp).
When m’ > m, define

+A, Ay, for p=1,

Ay +lop—2m-1—1, forp=2,

A, +lon2j, — 1, for 3 <p < Ny,

Ay +lon 2k, — 1, for Ny +1 <p < Na.

ap = ap(m', Q) =

Suppose m’ = m — 1. In this case, (i) Kg(m') N [m,m'] is empty, and (ii)
the inequality relation of £A, 41 and la,,—2 ,m—1 — 1 depends on the value of
g2n—2.m—1. For these reasons, we define

ap = ay(m', Q)
+A,, + max{*A,11,lon—2m-1 —1}, forp=1,
=< A, +min{£A,41,l0n-2m-1— 1}, forp=2,
+A, + l2n—2,kp -1, for 3 <p < Ns.
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REMARK 5.6. Suppose m’ € K¢(m'). Then, an, and £A,+1loy 2 —1
are not identical only if m’ = m — 1 and lon—2m—1—1>FA,11.

Consider the number lg,_3, for p € K7(m'). By definition (5.10) of
K?(m/)7

K7(m/) = {]3 —-1,... ,le — 1} U {kNlJrl, .. .,sz}.

Define

= ! ) A+ lon—3,-1, for 3 <p< Ny,
ﬁp = Bp(m 7Q) = { +A, + l2n—3,k:p; for Ny +1 <p < N,.

LEMMA 5.7. These numbers satisfy

ap >ag > B3 >a3 > >an -1 > By, > an,
> 02> Bn+1 > anyg1 = B2 > 00 > any—1 > BN, > an,,

and the difference between (3, and oy, is at least two.

PROOF. Recall Remark 3.10 and the condition (4.24). If p € Kg(m') N
[m—1,m’—1], then ly,,—2p—1 = Apy1+n—p—1 = A,y since gan—2p = Apt1.
If p € Kg(m')N[—n—1,—m/—1], thenlop_2p,—1 = —lop_2._p = —(A_p+n+
p) = —A_, since qan—2—p = A_p. We know Ay > lop_0m — 1> Ay — 1
since Ay > @an—2.m/ = Apr41. It follows that

arZag>-->an, >0>an,+1 > > an,,

since the Harish-Chandra parameter A = Z?jll Aie; € B, + satisfies

A1>...>Am_1>:|:An+1>Am>"'>An—1>‘An|‘

Next, consider the numbers ;. If 3 < p < Ny, then lgp 25,1 —1 >
lon—34,-1 > lan—2.j, > lon—2,4, — 1 since qan—2j,-1 = Gon—3j,—1 > Gon—2,j,-
If Ny +1<p< Ny, thenloy ok, 1—12>1l2n-3%, > lon-2k, > lon-2k, —1
since qan—2,—k, > q2n—3,~k, = q2n—2,—k,+1- 1t follows that ap 1 > By > ayp,
and the difference between 3, and «, is at least two. [
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In order to rewrite (5.5) and (5.12) in a convenient form, let

0
(5.13) t = ﬂ, ty = :Fw, Oy, = tj—
ai 2a9

(514)  n(Q,m';a)
_ a—n+1+dm/ (Q)a_ Z ;nz—ll l2n—1,p+z ;n:—12 l2n—2,p:|:(An+>\n+1)_m+2

= 2
X exp <im> .
2a2

Note that ¢; > 0 since n; > 0 and a; > 0. We have 0; = =0, (i = 1,2)
and m2a1/2ag = Fta/t1. Since lap—2, = Ay = Ay, we have the following
proposition.

PROPOSITION 5.8. Assume Q) € GT (M) satisfies (4.20), (4.23) and
(4.24). Define

F(@Q,m'5t) = n(Q,m';0) " c(Q; a).
Then, the differential equations (5.5) and (5.12) are expressed as

(5.15) (97 — 07, — ) f(Q,m';t) =0,

N2 t N2 ,
310) - 110+ en)+ L (0 = ) [1: + 5 0 7Qur's) =0

PROPOSITION 5.9. Let C; be a loop starting and ending at +oo, cross-
ing the real azis at —oj—1 < s < —aj, and encircling all poles of I'(—ayp—s),
p = j,...,Na, once in the negative direction, but none of the poles of
I'(Bp+s), p=3,...,], i.e. encircling the half real axis {x+0i € Clz > —a;}
once in the negative direction. Define

{flK(Q>m/;t)} o L szovzgl F(_O‘p - S) { t; K_s(tl) } ds
fQm5t) [ 7 2m Jo, [102,7(1 =3, —s) L(=t2)" Is(t) )
and, for j =2,...,Ns, define

{fJK(Q,m';t)}
F1(Q,m';t)




50 Kenji TANIGUCHI

N2 T(=op =) Hi::& LBy + s) (—t2)® K_s(t1)
T o / HJ ) { } -

iI‘ 1+ap+s) ;,V:Qjﬂl“(l—ﬁp t5 1-s(t1)

Here, K,(z) and I,(z) are modified Bessel functions (cf. [4]). Then these
integrals absolutely converge for (t1,t2) € C?\ ({t1 = 0} U {t2 = 0}), and
they form a basis of the solution space of the system of equations (5.15) and
(5.16). Moreover, if ay # g, the leading terms of these functions at to =0
are

{flK} HJ]DV:Q? [(on — o) { tz_al Ka, (1) } and
fll H;IJJV:ZS (= By +1) (=t2) ™ Loy (t1) )7

{fK} - ‘ H;’VijJrl F(aj - ap) ngg F(ﬁp — Oéj)
fr H;,;i I'(l1+ ap — o) ]])ijﬂ T(aj — By + 1)

y {(—m_)g Ko, <t1>}
ty Ioéj (t1)

if § > 2, respectively. If ay = ag, then the leading terms of fiX, fi are
complicated.

PROOF. At a generic point, the solution space of the system of equa-
tions (5.15) and (5.16) is 2Ny dimensional. It is easy to verify that these
integrals formally satisfy the equations (5.15) and (5.16).

Let s = u + vi, where u is a very large positive real number and v is
a non-zero finite real number. We will see the asymptotic behavior of the
integrands when u — oo. In the following of this proof, C;(v)’s are positive
constants which depend on v.

By the asymptotic expansion of the gamma function, we know that, if
|arg s| < 7 and |s| is large,

[(s+a) = s V247521 x 0(1), |s] — .
Hence we have

' N2 1 T(=ap — )
H ﬂp—s)

‘ 12T (—ap — ) [[)s T(Bp + 9)
HJ 1F(1+O‘p+s) évj-q-ll—‘(l_ﬁp_s)
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N» No
< C(v) exp —QU—ZQP+ZBP—N2+1 log |u + vi| + 2u
p=1 p=3

_ (&Y - (2/2)*" Il (2) - L(z)
L(z) = (5) Z n!T(v+n+1) and - K (2) = 2 sin v ’

n=0

and t; is a positive real number, we have
‘K—u—w(tl)‘; ‘I—u—w(tl)|

1
< C’g(v)exp{<u+ 5) log| —u — v —u(log%+1)}.

Next,
|(£t2)" | < C3(v)[ta] "

Thus the integrals in this proposition absolutely converge. The leading
terms are obtained by the residue theorem. They imply that ij, j =
1,...,No, L = K, I, are linearly independent. [

5.3. Solutions of the whole differential-difference equations

We consider whether the solutions of scalar equations obtained in the
previous subsection satisfy the whole differential-difference equations
Dj\md’ = 0 or not.

The equation (5.2), with @ replaced by 7,/ 1/ Q, expresses ¢(Tpy my Qs @)
as a sum of differentials of ¢(Q;a) and c(70,,/Q;a). The equation (5.11),
with j = m/, expresses ¢(7p,,vQ;a) as a differential of ¢(Q;a). By (i) elim-
ination of ¢(1p ,,/Q;a) from these equations, (ii) changing the independent
variables from a; to t; and the dependent variables from ¢(Q;a) to f(Q;a),
and (iii) simplifying the equation so obtained by using (5.15) and (5.16), we
get the following shift operator.

PROPOSITION 5.10. Suppose Q € GT(N) satisfies (4.20), (4.23) and
(4.24), and suppose T @ € GT(X). Then

S (Ton ey @, m’; t) = (nonzero constant) x Sy (m’, Q) f(Q,m’;t),
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Sl(m/7 Q)
1 Al
= ﬁ(atl + O,) H (O, + ap)
1t2 p=1 4N,
N2 N2
n Hp:3(at2 + Bp) — Hp:?)(ﬁp —an, — 1)
31/2 + ANy +1 '

For notational convenience, let Q' := 7,/ , @ and denote o;(Q’), 5;(Q")
by o, B}, respectively. As before, aj, 3; mean a;(Q), B;(Q), respectively.
Let N1 = #(Ks(m/)(Q) N [m,m]) + 2 and No = #(Ke(m')(Q) N [—n +
1,—m/ —1]) + Ny, i.e. they are the numbers Ni, Ny used in the previous
section, defined for @ (not for Q’).

SllppOSG P2n—2m’ = (2n—3m’ < P2n—-3m'—-1 = Qq2n—4m’'—1- Then
Kg(m')(Q') = Kg(m')(Q). Therefore,

of =aj, forj=1,...,Ny—1,N1+1,..., Ny,
O‘?\h =an;, +1,

/8;:6‘7’ forj:3,...7N2.
In this case, it is easy to verify that

Sy(m’, Q) f(Q,m'; 1)

No L / / ep .
= f] (Q7m7t) 1fj§N1,
_pr:[l(ﬁ’”_% —h X { SFRQml) i > N,

forj=1,2,...,Noand L = K or [.

Suppose m' > m and ga-2m = Gn-3m’ = @n-3m—1 — 1 =
Donimr1 — 1. Then Kg(m')(@) = Ka(m')(@) \ {m'}. Tt follows that

Oé;':()éj, fOI‘jzl,...,Nl—l, Oé;»:OéjJrl, fOI‘j:Nl,...,Ng—l,

ﬁ;-:,@j, fOI‘j:3,...,N1—1. 59:[334_1, fOI‘j:Nl,...,Ng—l.
In this case, for L = K, I,

Si(m', Q) fH(Q,m'; )
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N .
T L ij(Q’,m’;t), for j < Ny
_H(ﬁp_aNl_)X _¢L It :

p=1 j—l(Q7m7t)7 for j > Ni.

On the other hand, the non-zero functions Sy (m’, Q)fﬁ,1 (Q,m';t), L=K,I,
are not solutions of (5.15) and (5.16). Since (ngm/)q?"*‘lvm’*l_)‘m’“Q;L/ =
Q;;,, we get the following proposition.

PROPOSITION 5.11. Form/ >m and L = K, I,

don—4,m’—1 —Ap/p1—1

H Sl (m,’ TTI))’L/,m/QT_n/)fJL (Q;L/a m/; t)

p=0
(non-zero constant) x ij(Q;,,m’;t), if 7 < Ny,
= { not a solution of (5.15) and (5.16) for Q;;/ if j = Ny,
(non-zero constant) X fJL_l(Q;,, m';t), if 7 > Ny.

Suppose m' > m and A,y > gop—am/—1. Consider Q € GT'()) satisfying
(4.20), (4.23) and

Qon—2p = Apy1 for p € m —1,m' — 1],
Qon—3p = Gan—a,p for p € [m —1,m’' — 2,
(5.17) Qon—2p = Ap for pe [m' +1,n —1],
@2n—3p = Q2n—a,p—1 for p € [m',n — 1],
Qn—2,m' = @n—3m'—1 € [@n—a,m'—1, Am/]-

Note that, if g2p,—2 ' = G2n—3,m'—1 = @2n—1,m’'—1, then such @ is Q;, defined
in Definition 4.22. If 2n—2,m' = q2n—3m'—1 = )\m/, then such Q is Qr_n’—l'

Suppose @ € GT'()) satisfies (4.20), (4.23) and (5.17). Then, for j = m/,
the equation (4.15) is

c(Tpy—1,m’@; a) = (nonzero constant) x ﬂ(D;(Q) + lon—2.m)c(Q; @).
m

As before, let

f(Q;lv m/; t) = n(Q:r_L/a m/v a)_lc(Q:,;/; (I),
f(Q;l/_l,m' —1;t) = n(Q;L,_l,m' -1, a)_lc(Q;l,_l; a).
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Since (Tm/_lym/))‘m’tinf&m/flQ;;, =@,/ we obtain a shift operator

(@, ,,m' —1;t) = (non-zero constant) x Sa(m’) f(QF,, m'; 1),
A —1
So(m') == H (O, £ Ap—q—n+m).

q:q2n—4,m/ -1

Recall that, for

Kﬁ(m,)(Q:rrL/) = {m - 1} U {j37 SR 7jN1} U {kNl-‘rl? .. '7kN2}7

K7(m')(Q7,) is defined to be
K7(m,)(Q;;’) = {.73 - 17 cee 7jN1 - 1} U {kN1+17 ey kNQ}

Suppose Q., | # Q. Since K¢(m' —1)(Q,,_,) = Ke(m/)(Q,) u{—m'},

we have

Kg(m/ — 1)(@;,_1) = {m — 1} U {jg, - ,le} U {—ml,k‘NH_l, .. .,kNQ},
K7(m’ — 1)(@72,71) = {jg —1,... JIND — 1} U {_ml,kNlJrl’ .. '7kN2}‘

For simplicity, denote o;(Qy,), B8;(Qr,) by o}, B}, and a;(Q,_)),
Bi(Q,.,_1) by oc;’ , ;.’ , respectively. They are related as follows:

ag:oe; for 1 <p< Ny, ﬁg:ﬁ; for 3 <p < Ny,

Oéxh-i-l =+N, — Ay —n+ m’ ﬁxfr&-l = £A, — Pn—a,m'—1 — N+ m’ +1

o =ad for Ny +2<p < Ny +1,

D p—1
Bl =0, for Ny+2<p<Ny+1,

and they are ordered as follows:

/ / / / / / /
> > fy>azy > >ay g > By > oy,
/! " / / /
> 0> B, 41> any41 = Bny41 > Any+1 2= By 42
! / !
>~->aN2_12ﬁN2>aN2.

Since

Sg (m/) (:i:tg)s
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(ﬂN1+1 + )
I‘(l + aN gt s)

1 F(_O‘/J<f1+1 —3)

(1= 85,41 —9)

(:l:tg)s — (_):6%1+1—04x11+1 (:l:tz)s,

we have the following proposition.

PROPOSITION 5.12. For L = K or I, Sg(m’)ff(Q;,,m’;t) is a non-
zero constant multiple of

()fL(Q m/—1s T lvt)ZfJ:177N17
() j+1(Q_l 1, _17t) Zf]:Nl+17aN2

Propositions 5.11, 5.12 enable us to judge whether ij, 7 =1,...,No,

L = K, I, generates the whole solution of D~ qb = 0.
By Theorem 4.23, ¢(Q} ;;a), therefore f(QF 1;t), determines all
the ¢(Q;a) containing the same qi,...,qo,—4 parts as Q;Ltl. Let o =

a;(QF ). This is the leading exponent of fL(Qn 1;t) at to = 0. Since
ar = £(Ay, + Apy1) and ag = £A, + lop—2m—1 — 1, alternative use of
Proposition 5.11 and Proposition 5.12 implies that, if j = 1,2 and L = K, I,

L
f (Qn 17 ) f ( n2’ _2’t)
Prop.5.11 Prop.5.12 _
- fJL( :—27n_2;t)—> e T f]L( m—lam_l;t)

On the other hand, if j > 3, there exists m’ € Kg(n —1)(Q; ) N [m,n — 2]
such that o (QF ;) = £A,, + lop 2., — 1. In this case,

fJL( :zr 1= 151) fJ‘L(Q;—w”_Q;t)

Prop 5.12

Prop 5.12

Prop.5.11 Prop.5.12 -
op-5, fL(Qn 9 —23t) — ... opP-9 ij(Qm/,m/;t)
PR3 ot a solution of (5.15) and (5.16) for Q.

This implies that only fL( T n—1t), j=1,2, L = K, I, can generate
a solution of the whole dlfferentlal—difference equations. It follows that the
constant C' in Theorem 3.8 is at most four. In the special case when m = n,
we can check the compatibility of the equations in Lemma 4.13. Therefore,
this constant C, which is independent of m, is just four.

THEOREM 5.13. Let A e Ent, m = 2,...,n. The functions

Q1 n=151), (Qu_1,n—1;1), f55(Qh_1,n—=1;1), f5(Qp_1,n—1;1),
with Q:ﬁ defined in Definition 4.22 completely determines the non-zero
solutions of Dx n¢ =0.
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5.4. Continuous Whittaker models

So far, we have investigated the space Homg gy (7}, C°(GR/NR;7)).
Here, we specify the subspace of continuous intertwining operators
Homgy, (73 )oo, C°°(GR/NR;71)). Note that the latter space is isomorphic
to Wh‘ion(wj\).

PROPOSITION 5.14.  Suppose Gr = Spin(2n,2). Let wp be the discrete
series representation with the Harish-Chandra parameter A.

(1) Suppose A € Zp 4 and ' € Epp -, m = 2,...,n. If WhZ (7)) # {0},
then WhZ, (r3,) = {0}.

(2) Let n and i’ be non-degenerate unitary characters defined as in (4.6).
Suppose mamy < 0. If Wh, (73) # {0}, then Wh, (7}) = {0}.

(3) Suppose A € Eppx, m=2,...,n. If Wh, (73) # {0}, then

dim Wh (})
_ Z dim VSpin(Qn—3,(C)

I ! .
(K1 s st 2 4] s by )
ALZp12A22 2 A 2 2 m—22Am — 1

Am2>pi >N 122 1 20], >R

PROOF. For our case Gr = Spin(2n,2), there are two principal nilpo-
tent Gr-orbits on g, and Wgy =~ Ga x (Z/27)%. Therefore, (3) follows from
Theorems 3.2, 3.8, Remark 3.10 and Theorem 5.13.

Via the Kostant-Sekiguchi correspondence ([12]), these two orbits cor-
respond to the two nilpotent K-orbits on p generated by X . 4e,,, +
XenTenis T X—entens: (see the proof of Proposition 3.5). Schmid and Vilo-
nen ([11]) proved that the associated cycle of a Harish-Chandra (g, KRr)-
module and the wave front cycle of it are related under the Kostant-
Sekiguchi correspondence. It follows that, for m = 2,...,n, the wave front
set of the discrete series mp with A € 2, ; and that of mp» with A’ € =, _
are different principal nilpotent Gr-orbits. Therefore, (1) is a consequence
of Theorem 3.2 (1). Recall the identification of a unitary character with an
element of ¢(ng/[ng, ng])* C tg§ =~ tgo (cf. §3.1). It is easy to check that n
and 7’ are contained in different principal nilpotent Gr-orbits multiplied by
t. Therefore, (2) also follows from Theorem 3.2 (1). O
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By a theorem of Wallach ([15]), if ¢ € Homgy, (7} ) oo, C°(GR/NR; 1)),
then 9¥(v)(g), v € (7})oo, ¢ € GR, must be a moderate-growth function.
We show that, if F12 > 0, then the function flK defined in Proposition 5.9
generates a rapidly decreasing Whittaker function.

Recall the definition (5.13) of ¢1,ts. Since aj,as > 0, 1 > 0 and Fny >
0, we have t; > 0 and to > 0. Let

Ny Bp—1

=11 1I -0.-a.

p=3 q=ap+1

fol(t) = % /C [(—oy — s)I'(—ag — s)t5 K_s(t1) ds.

Then f& = S3fo, so we show that fo is a rapidly decreasing function. Recall
an integral formula

1 v 00 2
K,(z) = 5 (g) /0 exp <—u - i_u> uw ' du

of K, (z). Then fj is

1
21 Jey

L/t \° [ 2N
><<2<2> /0 exp< U 4u>u du | ds
o0 t2 1 2tou\ ° du
= /; exp < u — E) (4—7” /C1 P(—al — S)F(—QQ — S) <T> d8> 7

By residue calculus, the inner integral is expressed by a K-Bessel function,
and then we get

> 2t2u —(eataz)/2 2t2u du
= — Koi—as | 24/ —/— ) —-
fo /0 exp( 4“) < 1 ) e (31 U

This is essentially the same as the function h, o treated in [6, Theorem 4.4].
This function is proved to be a rapidly decreasing function there. It is not
hard to see that this function generates a rapidly decreasing solution of
D;\mqﬁ = 0. Therefore, the intertwining operator corresponding to this solu-
tion is an element of Homg, ((7} )oo, C°°(GR/NR;7)). This result, together
with Proposition 5.14, implies the following theorem.

I(—ay — s)I'(—a2 — s)t5
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THEOREM 5.15.  Suppose Gr = Spin(2n,2). Let mp be the discrete
series representation with the Harish-Chandra parameter A € 2, +, m =
2,...,n. If Fno > 0, then

dim Homgy, (73 ) oo, O™ (GR/NR; 1))
Spin(2n—3,C)

= E dim V ’ ’ .
(Nl e bm—2,5 47 7~~~nun_m)

AL2pH12A22 2 Am 22 m —22Am — 1
Am2p) 2N 1> 2 1 >0l > ]

Each continuous intertwining operator corresponds to fi defined in Theo-
rem 5.9. On the other hand, if Fno < 0, then

Homg, (74 )se, C>°(GR/NR; 1)) = {0}.
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