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Hypersurfaces with Constant Anisotropic Mean

Curvatures

By Hui MA and Changwei X10NG

Abstract. In this note, we apply the evolution method to present
another proof of the anisotropic version of Heinze-Karcher inequality
for hypersurfaces in the Euclidean space, from which the Alexandrov
type theorem follows from a standard argument via the Minkowski
formula.

1. Introduction

The classical Alexandrov theorem is one of the most remarkable results
which states that any closed embedded constant mean curvature hypersur-
face in the Euclidean space is a round sphere. There are different methods
to prove it, for instance, Alexandrov reflection ([1]), application of Reilly’s
formula ([21, 22]), Montiel-Ros’ integration ([18]), a spinorial Reilly-type in-
equality ([10]), etc. It can also be generalized to many other ambient man-
ifolds or hypersurfaces with constant higher order mean curvatures ([21],
[17], [22], [18], [14], [7] and references therein). Recently, S. Brendle ([3])
proved an Alexandrov type theorem in certain warped product manifolds,
including deSitter-Schwarzschild and Reissner-Nordstorm manifolds. His
proof is based on evolution equations, which seems to have generality.

On the other hand, as a natural generalization of surfaces with constant
mean curvature, extensive research has been devoted to studying surfaces
with constant anisotropic mean curvature in the Euclidean space in the
fields of analysis, geometry and material sciences (cf. [23], [8], [2], [9], [5],
[20], [6], [24], [15, 16], [11, 12] and the references therein). Let F : S* — R
be a smooth positive function defined on the unit sphere which satisfies the
following convexity condition:

Ap = (D*F +F1), >0, VYzeS"
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where D?F denotes the Hessian of F on S”, 1 denotes the identity on 7,,S™
and > 0 means that the matrix is positive definite. Now let z : ¥ — R**!
be a smooth immersion of a closed orientable hypersurface and v : ¥ — S™
denote its Gauss map. Then the anisotropic surface energy of x is defined
as follows:

Notice that if F' = 1, then F(z) is the usual area functional of x. The
algebraic (n + 1)-volume enclosed by ¥ is given by

1
V= n+1/2(x,l/>dA.

It is very interesting to study the critical points of F for volume-preserving
variations. The Euler-Lagrange equation for this constrained variational

problem is
(1.1) Hp := —divy DF + nHF = constant,
where H := —%trdu is the mean curvature of x. Thus Hp is called the

anisotropic mean curvature of x. Notice that if F' =1 then Hp is nothing
but nH.

Among all hypersurfaces with constant anisotropic mean curvature,
there is one class of special hypersurfaces which are the generalization of
the unit spheres. Consider the map

@: S — R
x+— DF, + F(x)x,

where DF is the gradient of F' on S". We call Wr = ¢(S™) the Wulff shape
of F or F. Under the convexity condition of F, Wg is a smooth convex
hypersurface and F is called a parametric elliptic functional. When F =1,
the Wulff shape is the unit sphere.
Observe that
Hp = —trd(¢ ov),

so one can call

Sp:=—d(pov)=—Apodv
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the anisotropic Weingarten operator of x. Let S := —dv be the classical
Weingarten operator. Remark that in general Sg is not symmetric, but
it still has real eigenvalues Ay,---, Ay, which are called anisotropic prin-
cipal curvatures. Similar to the classical hypersurfaces theory, we have

the following characterization for the anisotropic umbilical hypersurfaces in
R+

LEMMA 1.1 (See [11, 12]). Let x: ¥ — R" be an immersed closed
hypersurface. If Ay = Ay = -+ = A, # 0 holds everywhere on %, then ¥ is
the Wulff shape, up to translations and hometheties.

Let o, be the elementary symmetric functions of the anisotropic prin-
cipal curvatures Aq,- -+, Ap, l.e., op = Zi1<~~<z‘,. Aiy -+ A, for 1 < r < mn.
Set g = 1. Then the r-th anisotropic mean curvature H, is defined by
H, =0,/C], where C] = r,(%lr), In particular, Hy = Hp/n.

We have proved the following Alexandrov type theorem in [13]:

THEOREM 1.1. Let ¥ be a closed oriented hypersurface embedded in
the FEuclidean space R™*1. If H, is constant for some r =1,--- ,n, then 3
is the Wulff shape, up to translations and hometheties.

In this note, we will apply the evolution method introduced by Bren-
dle [3] to derive another proof of the Heinze-Karcher inequality (Theorem
3.1), from which Alexandrov type Theorem 1.1 follows from a standard
argument via the Minkowski formula. In Section 2, we first recall hypersur-
faces theory in the Euclidean space in terms of moving frames and then we
prove three fundamental equations for an immersed oriented hypersurface
in R™*! related to its anisotropic mean curvature. In Section 3, we use one
of the fundamental equations obtained in Section 2 and employ the evolu-
tion method introduced by Brendle ([3]) to show the Heintz-Karcher type
inequality. Then Theorem 1.1 follows from the standard argument.

2. Preliminaries and Basic Equations
For the convenience of the reader, we firstly recall the basic facts related

to anisotropic mean curvature of a hypersurface in terms of moving frames.
See more details in [12].
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Let  : ¥ — R™"! be a smooth oriented hypersurface with its Gauss

map v : ¥ — S™. Let {E1, -+, E,} be a local orthonormal frame on S”,
then {e; := Eyov,---,e, := E, ov} is a local orthonormal frame of ¥
and e1, - ,epn,eptr1 = v is a local orthonormal frame on R"*! along x.

Denote the dual frames of E; and e; by 6; and w;, respectively, and the
corresponding connection forms by 6;; and w;;.

Throughout this paper, we agree on the range of indices: 1 <4,j,---<n
and 1 < A, B,--- <n+ 1. Recall that the structure equations of y : S —
R™*1 are as follows:

dy = Z&E@" dE; = Z 0i; E; — 0y,

(2.1) !
d(‘)izzt‘),-j/\ej, d@ij—zeik/\akj :—92'/\9]‘,
J k

where 6;; + 0;; = 0. Let F' € C*°(S™) be a smooth function defined on
S™. With respect to the dual frame field 64, --- , 6, of S* chosen above, the
exterior derivative, the second covariant derivative and the third covariant
derivative of F' are defined by

dF =) Fib;,
(2.9) Y Fb;=dFi+ > F,
J J
> Fijbe = dFij+ Y Firbij + > Frjbhi,
k ks k

respectively. It follows from (2.1) and Ricci identity that
Fijk — Firj = Fjbir — Fibij,

which implies that (Fj; + Fé;;) r = (Fir + Fé;1) j. Denote the coefficients
of Ap by Aij = Fij + F(Sij, then we have

Aij e = Ak j,
where

> Aijab = dAi; + Apbr; + Ag;ri.
k
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The structure equations of z : ¥ — R"™*! are given by
dr = Zwiei,
i
de; = Zwijej + Z hijwj'l/, dv = — z hijwjei,
j j ij
1
dw; = Zwij AN Wwj, dwij = Wik N\ Wgj — §Rijklwk N wy,
J
where w11 = Zj hijw; and h;; = hj;. Making use of (2.1), we get
dei = d(EZ @) I/) = I/*dEZ‘ = Z V*eijej - I/*HZ‘V,

J

thus we have

(2.3) wij = V*Hij, V*HZ‘ = — Z hijo.
J

Let f € C*°(X) be a smooth function defined on ¥. With respect to the
dual frame field wq, -+ ,w, of X defined above, the exterior derivative and
the second covariant derivative of f are given by

df = fiws, > figwi = dfi + Y fiwsie
i J J

Particularly, considering x and v as smooth functions on ¥, we have

(2.4) T; = €4, xij = hijl/,

(2.5) vi=— Z hijej, vij = — Z hikjer — Z hikhi;v,
j K k

where h;ji, is defined by >, hijrwr = dhij + D1 hgjwri + >k Rikwr;-
For a smooth positive function F : S* — R* defined on S, Fov is a
function on ¥. We define the covariant derivatives of (F ov) and A;jov by

d(Fov)=> (Fov)wi,

i

(2.6) Z(F ov)jwj =d(Fiov)+ Z(Fj o v)wji,

J J
Z(Aij ov)pwy = d(Aijov) + Z(Akj o V)W + Z(Aik O V)W
% e %
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Taking the pull-back v* on both sides of equations (2.2) and using (2.3) and
(2.6), we get ([12])

(2.7) (F o), Zhw (Fjov)

(2.8) (F;ov); Zh]k Fyrov),

(2.9) (Ajjov)p = — Z(Az‘jp o v)hpk.
p

Denote Spej =), sije;, then s;; = > (Ay o v)hy;. Thus we have

(2.10) Sijk = — Z(Ailp o} I/)hpkhlj + Z(Ad o} V)hljlm
Ip l

and

(2.11) Sijk = Sikj-

Let p := (z,v) denote the support function. The following identities were
already derived in [24] in the case when the anisotropic mean curvature is
constant and (2.13) has been obtained in [6]. (2.12) will play an important
role in the proof of Theorem 3.1.

ProrosITION 2.1.

(2.12) Ap(Fov)+tr(ApS?)(Fov) + (VHp, DF|,) = tr(5%),
(2.13) Apv 4 tr(ApS?)v + VHp = 0,
(2.14) App +tr(ArpS*)p + Hr + (v, VHE) = 0,

where Apf = div(ApVf), V[ denotes the gradient of f with respect to the
induced metric on ¥, tr(S%) = > i SijSji and tr(S9?) = doij hlzj

ProoF. Making use of (2.9), (2.7), (2.8), (2.10) and (2.11), we get

Ap(Fov) =Y ((Aiov)(F o))

ki
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= Z (Azkp o I/)hpihkj (Fj (e} I/) — Z(AZk o V)hkji(Fj o V)
7yi.k,p k,i,j
— Z(Alk 9] V)hkj(Fj 9] V)i
k,i,j
= O (Aikp 0 hpitij = Y (Aig 0 V) higjs) (Fj o v)
Jj ikp ik
+ Z Aig 0 V) higjhip(Fjp o v)
k,i,3,p
= - Z siji(Fjov) + Y (A o v)hihip(Ajp o v — (F o v)8jp)
j k,i,j,p
= _ZS’LZ] F ov +ZSUS]1_Z zkoy)hk:jhij(FOV)
0.,k

= —Z Hp); Fjol/)—i-tr(SF) —tr(ApS*)Fouw.
J

This proves (2.12).
By (2.9), (2.5), (2.10) and direct calculations, we get

Apr = > ((Agov)wp)i

ki

— Z (Azkp o V)hpihklel — Z(Alk o y)(hm-pep + hz‘phpkl/)
i,k,p,l 1,k,p

- - Z Sl — Z ik © V)hkphin

,k,p

= — Z(HF)lel — tr(AFSQ)I/,
l

which immediately verifies (2.13).

It follows from dp = (z,dv) = (z,vw;) that p; = (x,v;). Using (2.4)
and (2.5), we get

pij = (x,v5); = (ej, —hixer) + (@, —hijrer — hihiv)
= —hij — hijp(z, ex) — highy;p.
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Together with (2.9) and (2.10), it yields

App = Y ((Aik o v)pr)i
ik

— Z (Aikg o V)hgihg(z, er)

i7k7q7l

= (A 0 v)(his + hig(@, €q) + hrghqip)
i,k,q

= = sulw,e) — Hp — tr(ApS?)p
l
= —(z,VHp) - Hp — tx(ApS®)p,
which completes the proof of (2.14). O

The following Minkowski formula and its higher order version were ob-
tained in [11] and [12].

PROPOSITION 2.2. Let X be a closed orientable hypersurface immersed
in R, Then

/E(nF o v+ Hplz,v))dA = 0.
More generally,
(2.15) /E(HTF ov+ Hypyi(x,v))dA =0
forr=0,1,--- ;n—1.
3. Heintze-Karcher Type Inequality

Consider a closed orientable hypersurface ¥ embedded in R®*!. Denote
by v the inner unit normal vector field to . Assume that the anisotropic
mean curvature Hr with respect to the inner normal v is everywhere positive
on ¥. Suppose that there exists a domain Q C R**! such that 0Q = X.

Given a smooth positive F' with convexity condition, we can associate
the dual norm F* : R"*1 — R defined by ([19], [13])

F*(x) = sup{ g&j; |z € S"}.
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Then we can define the F-distance function dp : Rt x R**! — R to be
dp(z,y) = F*(y — x). Note that in general dp(x,y) # dr(y,z) and when
F =1, dp is the Euclidean distance function d.

For each p € Q, let pr(p) = dr(X,p) be the F-distance of p from 3.
Then the level set of pr can be expressed as

X = {peQpr(p) =t}
= {P(z,t) =z +tvp(x)|lz € X}

for t is small enough. Remark that for fixed ¢,
d®(x,t) = (I —tSF) o dx.

Compactness of ¥ guarantees that there exists € > 0, such that ®(z,t)
remains an immersed hypersurface if [t| < e. Moreover, up to parallel
translations, v is still the unit normal vector field of ®(z,t). Define ¢: ¥ —
(0, +00) to be the F-cut function of ¥ satisfying c(x) is the greatest ¢ such
that dp (X, x + tvp(x)) =t (See [13]). The point ®(x,t) on ¥; satisfies

0
(3.1) aq)(x,t) =vp =: fv+¢,

and ¥; will disappear at the time T" = mazyc(x), where f is a smooth
function defined on 3 x I C ¥ X R and £ is tangent to ;. Remark that the
anisotropic normal vp = pov = F(v)v+ DF|,. So f = F(v) and { = DF|,
in (3.1).

PROPOSITION 3.1.  Under the flow (3.1), we have the following evolu-
tion equations:

%dAt = (divéE — nHf)dA,,
ov

T —Vf+dv(§),

%F oV = <D17(V,g)7 —Vf + th(£)>?
%HF = Apf + tr(ApS?)f + (VHp, ).
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PRrROOF. In fact, the first three equations are classical results and the
last one follows from Lemma 2.1 of [12] or (4.20) in [6]. O

Define

Q) :=n o Hr

From the identities in Proposition 3.1, we have

1 Fo
2O = [ (v D)~ dvGE D) + (T
_HLFnH(Foyt) FHQ”t(AFer(AFs?) FYdA:.

Thus by the divergence theorem and the definition of Hr (1.1) we get

lQ'(t) = {f< DF o) + i[le(DF o) —nHF o]
n HF
e Hz”t [Arf + tr(ArS?)f]}dA
F
= /Zt —Hi%<VHF,DFOUt>
—f - F;;t [Apf +tr(ApS?) f]}dA;.
F

Now taking into account that f = F ov; and (2.12), we get

[<VHF,DFO Vt> + AF(FO I/t)

1, B
Low -
+tr(AFSQ)F o] — F oy }dAy

2
= _/ (trl(;)JrDFoytdAt
P

1
< <1+—>/ FowdA, <0,
n po

where we have used S;” ) > % and the equal sign holds if and only if

Sp = %Id. This shows that Q(¢) is monotone decreasing.
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ForO0<7<T,

Q0) —Q(r) = —/OT Q'(t)dt > (n + 1)/OT Lt F o v dAdt

= (n+ 1)/ av,
Qn{pr<7}

where the last equality follows from the co-area formula. Let 7 — T". Then
we obtain the following Heintze-Karcher type integral inequality that one
can find also in [13] where it was proved using the ideas of [18].

THEOREM 3.1. Let x : ¥ — R™ be a closed hypersurface embedded
into the BEuclidean space. If the anisotropic mean curvature Hp with respect
to the inner normal v is everywhere positive on Y, then we have

(3.2) n/E F;F”dA > (n+ 1)V(Q),

where V (§2) is the volume of the compact domain Q0 determined by ¥. More-
over, the equality holds if and only if ¥ is anisotropic umbilical.

Once we have Minkowski formula (2.15), Heintze-Karcher type inequal-
ity (3.2) and the characterization for the anisotropic umbilical hypersurfaces
in R"" (Lemma 1.1), it is straightforward to prove the Alexandrov type
theorem 1.1 by the standard argument ([18], [13]).
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