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On a Semilinear Strongly Degenerate Parabolic

Equation in an Unbounded Domain

By Cung The Anh and Le Thi Tuyet

Abstract. We study the existence and long-time behavior of so-
lutions to a semilinear strongly degenerate parabolic equation on R

N

under an arbitrary polynomial growth order of the nonlinearity. To
overcome some significant difficulty caused by the lack of compactness
of the embeddings, the existence of global attractors is proved by com-
bining the tail estimates method and the asymptotic a priori estimate
method.

1. Introduction

The understanding of asymptotic behavior of dynamical systems is one

of the most important problems of modern mathematical physics. One way

to attack the problem for a dissipative dynamical system is to consider its

global attractor. The existence of global attractors has been proved for a

large class of nondegenerate partial differential equations [8, 21]. In the

last few years, a number of papers are devoted to the study of asymptotic

behavior of solutions to degenerate equations.

One of the classes of degenerate equations that has been studied widely

in recent years is the class of equations involving an operator of Grushin

type

Gαu = ∆xu + |x|2α∆yu, α ≥ 0.

This operator was first introduced by Grushin in [9]. Noting that G0 = ∆,

the Laplacian operator, and Gα, when α > 0, is not elliptic in domains

intersecting with the surface x = 0. The long-time behavior of solutions

to semilinear parabolic equations involving this operator has been studied

recently in both autonomous and non-autonomous cases [2, 3, 4, 5, 7]. We

also refer the reader to some recent results about the generalized Grushin
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operators [10, 11, 14, 15, 16, 24]. Very recently, Thuy and Tri [22] considered

a strongly degenerate operator

Pα,βu = ∆xu + ∆yu + |x|2α|y|2β∆zu, α, β ≥ 0,

which is degenerate on two intersecting surfaces x = 0 and y = 0, and

established some compact embedding theorems for weighted Sobolev spaces

associated to the operator in bounded domains. Then using the theory of

critical values of nonlinear functionals in Banach spaces [1], they also proved

the existence of nontrivial solutions to Dirichlet problem for the associated

elliptic equations.

In this paper we consider the following semilinear strongly degenerate

parabolic equation

∂u

∂t
− Pα,βu + λu + f(X,u) = g(X),

X = (x, y, z) ∈ R
N1 × R

N2 × R
N3 = R

N , t > 0,

u(X, 0) = u0(X), X ∈ R
N ,

(1.1)

where λ > 0, u0 ∈ L2(RN ), the nonlinearity f and the external force g

satisfy the following conditions:

(F) f : R
N × R → R is a continuous function satisfying

f(X,u)u ≥ α1|u|p − C1(X),(1.2)

|f(X,u)| ≤ α2|u|p−1 + C2(X),(1.3)

∂f

∂u
(X,u) ≥ −α3,(1.4)

for some p ≥ 2, where α1, α2, α3 are positive constants, C1(·) ∈
L1(RN ) ∩ L2(RN ) and C2(·) ∈ Lp′(RN ) with 1/p + 1/p′ = 1, are non-

negative functions. Denote F (X, s) =
∫ s
0 f(X, τ)dτ . Then we assume

that F satisfies

−C4(X) + α4|u|p ≤ F (X,u) ≤ α5|u|p + C3(X),(1.5)

where α4, α5 are positive constants, and C3(·), C4(·) ∈ L1(RN ) are

nonnegative functions;
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(G) g ∈ L2(RN ).

In order to study problem (1.1), we use the weighted Sobolev space in-

troduced in [22]. Assume that Ω ⊂ R
N , we define the space S1(Ω) consisting

of all functions u such that

‖u‖2
S1(Ω) :=

∫
Ω

(
|u|2 + |∇xu|2 + |∇yu|2 + |x|2α|y|2β |∇zu|2

)
dX < +∞.

Then the space S1(Ω) is a Hilbert space with the inner product

(u, v)S1(Ω) =

∫
RN

(
uv + ∇xu∇xv + ∇yu∇yv + |x|2α|y|2β∇zu∇zv

)
dX.

It is noticed that if Ω is a bounded domain, then the embedding S1(Ω) ↪→
L2(Ω) is compact (see [22]). However, this property is no longer true for

unbounded domains. Here the natural energy space for problem (1.1) in-

volves the space S1(RN ) and its dual space S−1(RN ). We also use the

space S2(RN ), which was used before in more general situations in [11, 19],

consisting of all functions u such that

‖u‖2
S2(RN ) : =

∫
Ω

(
|u|2 + |Pα,βu|2

)
dX < +∞.

One can check that the embedding S2(RN ) ↪→ S1(RN ) is continuous.

The main aim of this paper is to prove the existence of a global attractor

in the space S1(RN ) ∩ Lp(RN ) for the semigroup generated by problem

(1.1). First, we use the Galerkin method to prove the global existence of

a weak solution and then construct the continuous semigroup associated to

problem (1.1). Next, we use a priori estimates to show the existence of a

bounded absorbing set in S1(RN ) ∩ Lp(RN ) for the semigroup. In the case

of bounded domains, since the embedding S1(Ω) ↪→ L2(Ω) is compact, this

immediately implies the asymptotic compactness of the semigroup in L2(Ω),

and therefore the existence of a global attractor in L2(Ω) (see [23] for more

details). Here because the embedding is no longer compact, the proof of

the asymptotic compactness in L2(RN ) is much more involved. To do this,

we exploit the tail estimates method introduced in [25], and as a result,

we obtain the existence of a global attractor in L2(RN ). When proving

the existence of global attractors in Lp(RN ) and in S1(RN ) ∩ Lp(RN ), to
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overcome the difficulty arising due to the lack of embedding results, we use

the asymptotic a priori estimate method initiated in [13, 26]. The main

new feature of the paper is that we are able to prove the existence of global

attractors for a class of semilinear strongly degenerate parabolic equations

in unbounded domains.

It is noticed that the results obtained in the paper are also true for

problem (1.1) in an arbitrary (bounded or unbounded) domain Ω in R
N , not

necessary the whole space R
N , with the homogeneous Dirichlet boundary

condition. Then, instead of S1(RN ) and S2(RN ), we use the spaces S1
0 (Ω)

and S2
0 (Ω), defined as the completions of C∞

0 (Ω) in the corresponding norms.

For the existence, continuity and long-time behavior of strong solutions to

this problem in bounded domains, we refer the reader to a very recent

work [6]. These results can be also extended to the non-autonomous case,

i.e. when the external force g may depend on time t, by using the theory

of uniform/pullback attractors (see e.g. [2, 4, 7] for the case of Grushin

operator). In particular, when α = β = 0, our results recover/extend some

existing ones for semilinear nondegenerate parabolic equations.

The paper is organized as follows. In Section 2, we prove the existence

and uniqueness of a weak solution to problem (1.1) by using the Galerkin

method. In Section 3, we show the existence of global attractors in various

function spaces for the semigroup generated by problem (1.1) by exploit-

ing and combining the tail estimates method and the asymptotic a priori

estimate method.

2. Existence and Uniqueness of Weak Solutions

We first give the definition of a weak solution.

Definition 2.1. A function u : (0,+∞) → S1(RN ) ∩ Lp(RN ) is said

to be a weak solution of (1.1) if u ∈ L2(0, T ;S1(RN )) ∩ Lp(0, T ;Lp(RN )) ∩
L∞(0, T ;L2(RN )) for all T > 0, and

(u(t), v)L2(RN ) +

∫ t

0

∫
RN

(∇xu∇xv + ∇yu∇yv + |x|2α|y|2β∇zu∇zv)dXds

+ λ

∫ t

0
(u, v)L2(RN )dt +

∫ t

0

∫
RN

f(X,u)vdXds

= (u0, v)L2(RN ) +

∫ t

0
(g, v)L2(RN )ds
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for all v ∈ S1(RN ) ∩ Lp(RN ) and all t > 0.

We now prove the following theorem.

Theorem 2.1. Let (F)− (G) hold. Then, for any u0 ∈ L2(RN ) given,

problem (1.1) has a unique weak solution u. Moreover, the mapping u0 �→
u(t) is continuous on L2(RN ).

Proof. i) Existence. For each m ≥ 1, we denote

Ωm = {X ∈ R
N : |X|RN < m},

where |.|RN denotes the Euclidean norm in R
N . For each integer n ≥ 1, we

denote by

un(t) =

n∑
j=1

γnj(t)ωj

a solution of

d

dt
(un(t), ωj) − (Pα,βun(t), ωj) + λ(un(t), ωj) + (f(X,un(t)), ωj)

= (g, ωj), t > 0,

(un(0), ωj) = (u0, ωj), j = 1, 2, . . . , n,

(2.1)

where {ωj : j ≥ 1} ⊂ S1(RN ) ∩ Lp(RN ) is a Hilbert basis of L2(RN ) such

that span{ωj : j ≥ 1} is dense in S1(RN ) ∩ Lp(RN ).

Multiplying the first equation in (2.1) by γnj(t), taking the sum from 1

to n, and integrating over R
N , we obtain

1

2

d

dt
‖un‖2

L2(RN ) +

∫
RN

(|∇xun|2 + |∇yun|2 + |x|2α|y|2β |∇zun|2)dX

+ λ‖un‖2
L2(RN ) +

∫
RN

f(X,un)undX =

∫
RN

gundX.

Using (1.4) and the Cauchy inequality, we get

d

dt
‖un‖2

L2(RN ) + 2

∫
RN

(|∇xun|2 + |∇yun|2 + |x|2α|y|2β|∇zun|2)dX

+λ‖un‖2
L2(RN ) + 2α1

∫
RN

|un|pdX ≤ C +
1

λ
‖g‖2

L2(RN ).
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Integrating from 0 to t, 0 < t ≤ T , we obtain

‖un(t)‖2
L2(RN ) + 2

∫ t

0

∫
RN

(|∇xun|2 + |∇yun|2 + |x|2α|y|2β|∇zun|2)dXds

+λ

∫ t

0
‖un‖2

L2(RN )ds + 2α1

∫ t

0

∫
RN

|un|pdXds ≤ ‖u0‖2
L2(RN )

+CT +
1

λ
T‖g‖2

L2(RN ).

Hence it deduces that

{un} is bounded in L2(0, T ;S1(RN )) ∩ Lp(0, T ;Lp(RN ))(2.2)

∩L∞(0, T ;L2(RN )).

Using (1.3), one can check that

{f(X,un)} is bounded in Lp′(0, T ;Lp′(RN ))

for all T > 0. Then, there exists a subsequence {uµ} such that

uµ ⇀∗ u weakly-star in L∞(0, T ;L2(RN )),

uµ ⇀ u in Lp(0, T ;Lp(RN )),

uµ ⇀ u in L2(0, T ;S1(RN )),(2.3)

f(X,uµ) ⇀ χ in Lp′(0, T ;Lp′(RN )),(2.4)

for all T > 0. Hence, (2.3) implies that

−Pα,βuµ + λuµ ⇀ −Pα,βu + λu in L2(0, T ;S−1(RN )).

Now, to prove that χ(t) = f(., u(t)), we argue similarly to [18]. Arguing in

a similar way as in [18, p. 75], we get

lim
a→0

sup
µ

∫ T−a

0
‖uµ(t + a) − uµ(t)‖2

L2(RN )dt = 0.(2.5)

Let φ ∈ C1([0,+∞)) be a function such that

0 ≤ φ(s) ≤ 1,

φ(s) = 1 ∀s ∈ [0, 1],
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φ(s) = 0 ∀s ≥ 2.

For each µ and m ≥ 1, we define

vµ,m(X, t) = φ
( |X|2

RN

m2

)
uµ(t), ∀X ∈ Ω2m,∀µ,∀m ≥ 1.(2.6)

We obtain from (2.2) that, for all m ≥ 1, the sequence {vµ,m}µ≥1 is bounded

in L∞(0, T ;L2(Ω2m))∩Lp(0, T ;Lp(Ω2m))∩L2(0, T ;S1(Ω2m)), for all T > 0.

In particular, it follows that

lim
a→0

sup
µ

(∫ a

0
‖vµ,m(X, t)‖2

L2(Ω2m)dt +

∫ T

T−a
‖vµ,m(X, t)‖2

L2(Ω2m)dt
)

= 0.

On the other hand, from (2.5) we deduce that for all m ≥ 1,

lim
a→0

sup
µ

(∫ T−a

0
‖vµ,m(X, t + a) − vµ,m(X, t)‖2

L2(Ω2m)dt
)

= 0.

Moreover, since Ω2m is a bounded set, then S1(Ω2m) is included in L2(Ω2m)

with compact injection [22]. Then, by Theorem 13.3 and Remark 13.1 in

[20], we obtain that

{vµ,m}µ≥1 is relatively compact in L2(0, T ;L2(Ω2m)),

and thus, taking into account that vµ,m(X, t) = uµ(X, t) for all X ∈ Ωm, we

deduce that, in particular, for all m ≥ 1,

{uµ|Ωm} is pre-compact in L2(0, T ;L2(Ωm)).(2.7)

Hence, by a diagonal proceduce, one can conclude from (2.7) and (2.3) that

there exists a subsequence {uµµ}µ≥1 ⊂ {uµ}µ≥1 such that

uµµ → u in Ωm × (0,+∞) as n → ∞,∀m ≥ 1.

Then, as f(·, ·) is continuous,

f(X,uµµ) → f(X,u) a.e. in Ωm × (0,+∞),

and as {f(X,uµµ)} is bounded in Lp′(Ωm × (0, T )), by Lemma 1.3 in [12,

Chapter 1], we obtain

f(X,uµµ) ⇀ f(X,u) in Lp′(0, T ;Lp′(Ωm)).
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By the uniqueness of the weak limit, we have

χ = f(X,u) a.e. in Ωm × (0, T ) ∀T > 0,∀m ≥ 1,

and thus, taking into account that ∪∞
m=1Ωm = R

N , we obtain

χ = f(X,u) a.e. in R
N × (0,+∞).(2.8)

Then, (2.8) and (2.4) yield that

f(X,uµ) ⇀ f(X,u) in Lp′(0, T ;Lp′(RN )) ∀T > 0.(2.9)

Hence, it is standard matter to show that u is a weak solution to problem

(1.1).

(ii) Uniqueness and continuous dependence. Let u0, v0 ∈ L2(RN ). De-

note by u, v two corresponding solutions of problem (1.1) with initial data

u0, v0. Then w = u− v satisfies{
wt − Pα,βw + λw + f(X,u) − f(X, v) = 0,

w(0) = u0 − v0.

Hence

1

2

d

dt
‖w‖2

L2(RN ) + C‖w‖2
S1(RN ) +

∫
RN

(u− v)(f(X,u) − f(X, v))dx = 0,

for a.e. t ∈ [0, T ]. Using the condition (1.4), we have

d

dt
‖w‖2

L2(RN ) + C‖w‖2
S1(RN ) ≤ 2α3‖w‖2

L2(RN ), for a.e. t ∈ [0, T ].

Applying the Gronwall inequality, we obtain

‖w(t)‖2
L2(RN ) ≤ ‖w(0)‖2

L2(RN )e
2α3t.

This implies the uniqueness (if u0 = v0) and the continuous dependence of

solutions. �

3. Existence of Global Attractors

Thanks to Theorem 2.1, we can define a continuous semigroup

S(t) : L2(RN ) → S1(RN ) ∩ Lp(RN ),

where S(t)u0 := u(t) is the unique weak solution of (1.1) subject to u0 as

initial datum.
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3.1. Existence of bounded absorbing sets

For the sake of brevity, in the following lemmas, we give some formal

caculations, the rigorous proof is done by use of Galerkin approximations

and Lemma 11.2 in [17].

We first prove the existence of an absorbing set for S(t) in S1(RN ) ∩
Lp(RN ).

Lemma 3.1. Suppose (F) − (G) hold. Then the semigroup S(t) gen-

erated by (1.1) has a bounded absorbing set in S1(RN ) ∩ Lp(RN ), that is,

there exists a positive constant ρ, such that for every bounded subset B in

L2(RN ), there is a number T = T (B) > 0, such that for all t ≥ T , u0 ∈ B,

we have

‖u(t)‖2
S1(RN ) + ‖u(t)‖p

Lp(RN )
≤ ρ.

Proof. Taking the inner product of (1.1) with u in L2(RN ) we get

1

2

d

dt
‖u‖2

L2(RN ) +

∫
RN

(|∇xu|2 + |∇yu|2 + |x|2α|y|2β|∇zu|2)dX

+ λ‖u‖2
L2(RN ) +

∫
RN

f(X,u)udX = (g, u)L2(R).

(3.1)

Using (1.2), we have∫
RN

f(X,u)udX ≥ α1

∫
RN

|u|pdX −
∫
RN

C1(X)dX.(3.2)

By the Cauchy inequality, the right-hand side of (3.1) is estimated as follows

|(g, u)L2(R)| ≤ ‖g‖L2(RN )‖u‖L2(RN ) ≤
λ

2
‖u‖2

L2(RN ) +
1

2λ
‖g‖2

L2(RN ).(3.3)

It follows from (3.1) - (3.3) that

d

dt
‖u‖2

L2(RN ) + 2

∫
RN

(|∇xu|2 + |∇yu|2 + |x|2α|y|2β|∇zu|2)dX

+ λ‖u‖2
L2(RN ) + 2α1

∫
RN

|u|pdX ≤ C +
1

λ
‖g‖2

L2(RN ).

(3.4)

Hence, in particular, we have

d

dt
‖u(t)‖2

L2(RN ) ≤ −λ‖u(t)‖2 + C +
1

λ
‖g‖2

L2(RN ).(3.5)
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Using the Gronwall inequality, we obtain

‖u(t)‖2
L2(RN ) ≤ e−λt‖u0‖2

L2(RN ) +
(C
λ

+
1

λ2
‖g‖2

L2(RN )

)
(1 − e−λt).(3.6)

From (3.6) we deduce the existence of a bounded absorbing set in L2(RN ):

There are a constant R and a time t0(‖u0‖L2(RN )) such that for the solution

u(t) = S(t)u0,

‖u(t)‖L2(RN ) ≤ R for all t ≥ t0(‖u0‖L2(RN )).

Integrating (3.4) on (t, t + 1), t ≥ t0(‖u0‖L2(RN )), and using (1.5), we find

that ∫ t+1

t

(∫
RN

(|∇xu(s)|2 + |∇yu(s)|2 + |x|2α|y|2β |∇zu(s)|2)dX

+ λ‖u(s)‖2
L2(RN ) + 2

∫
RN

F (X,u(s))dX
)
ds

≤ C
(
‖u(t)‖2

L2(RN ) + 1 + ‖g‖2
L2(RN )

)
≤ C

(
R2 + 1 + ‖g‖2

L2(RN )

)
.

(3.7)

Multiplying (1.1) by ut(s) and integrating over R
N , we obtain

‖ut(s)‖2
L2(RN ) +

1

2

d

ds

(∫
RN

(|∇xu|2 + |∇yu|2 + |x|2α|y|2β |∇zu|2)dX

+ λ‖u(s)‖2
L2(RN ) + 2

∫
RN

F (X,u(s))dX
)

=

∫
RN

gut(s)dX ≤ 1

2
‖g‖2

L2(RN ) +
1

2
‖ut(s)‖2

L2(RN ).

(3.8)

Hence,

d

ds

(∫
RN

(|∇xu|2 + |∇yu|2 + |x|2α|y|2β|∇zu|2)dX + λ‖u(s)‖2
L2(RN )

+ 2

∫
RN

F (X,u(s))dX
)
≤ ‖g‖2

L2(RN ).

(3.9)

Combining (3.7), (3.9), and using the uniform Gronwall inequality, we have∫
RN

(|∇xu|2 + |∇yu|2 + |x|2α|y|2β|∇zu|2)dX + λ‖u(t)‖2
L2(RN )

+ 2

∫
RN

F (X,u(t))dX ≤ C
(
R2 + 1 + ‖g‖2

L2(RN )

)
.

(3.10)
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Using (1.5) once again, we finish the proof. �

We now derive uniform estimates of the derivative of solutions in time.

Lemma 3.2. Suppose (F) − (G) hold. Then for every bounded subset

B in L2(RN ), there exists a constant T = T (B) > 0 such that

‖ut(s)‖2
L2(RN ) ≤ ρ1 for all u0 ∈ B, and s ≥ T,

where ut(s) = d
dt(S(t)u0)|t=s and ρ1 is a positive constant independent of

B.

Proof. By differentiating (1.1) in time and denoting v = ut, we get

∂v

∂t
− Pα,βv + λv +

∂f

∂u
(x, u)v = 0.

Taking the inner product of the above equality with v in L2(RN ), we obtain

1

2

d

dt
‖v‖2

L2(RN ) +

∫
RN

(
|∇xv|2 + |∇yv|2 + |x|2α|y|2β |∇zv|2

)
dX

+λ‖v‖2
L2(RN ) +

∫
RN

∂f

∂u
(x, u)|v|2dX = 0.

(3.11)

By (1.4), it follows from (3.11) that

d

dt
‖v‖2

L2(RN ) ≤ 2α3‖v‖2
L2(RN ).(3.12)

On the other hand, integrating (3.8) from t to t + 1 and using (3.10), we

obtain ∫ t+1

t
‖ut(s)‖2

L2(RN )ds ≤ C(ρ, ‖g‖2
L2(RN ))(3.13)

as t large enough. Combining (3.12) with (3.13), and using the uniform

Gronwall inequality, we have

‖ut(s)‖2
L2(RN ) ≤ C(ρ, ‖g‖2

L2(RN )).

The proof is complete. �



102 Cung The Anh and Le Thi Tuyet

We now show the existence of a bounded absorbing set in S2(RN ).

Lemma 3.3. The semigroup {S(t)}t≥0 has a bounded absorbing set in

S2(RN ), i.e., there exists a constant ρ2 > 0 such that for any bounded subset

B ⊂ L2(RN ), there is a TB > 0 such that

‖Pα,βu(t))‖2
L2(RN ) + ‖u(t)‖2

L2(RN ) ≤ ρ2, for any t ≥ TB, u0 ∈ B.

Proof. Taking the L2-inner product of (1.1) with −Pα,βu + λu, we

have

‖Pα,βu‖2
L2(RN ) + λ2‖u‖2

L2(RN ) + λ

∫
RN

f(X,u)udX

≤ 2λ

∫
RN

uPα,βudX −
∫
RN

ut

(
− Pα,βu + λu

)
dX

+

∫
RN

f(X,u)Pα,βudX +

∫
RN

g
(
− Pα,βu + λu

)
dX.

Using (1.2) and integrating by parts the third term on the right-hand side,

we have

‖Pα,βu‖2
L2(RN ) + λ2‖u‖2

L2(RN ) + λα1

∫
RN

|u|pdX

≤ 2λ

∫
RN

uPα,βudX −
∫
RN

ut

(
− Pα,βu + λu

)
dX

−
∫
RN

f ′
u(X,u)

(
|∇xu|2 + |∇yu|2 + |x|2α|y|2β |∇zu|2

)
dX

+

∫
RN

g
(
− Pα,βu + λu

)
dX + λ

∫
RN

C1(X)dX.

By the Cauchy inequality and assumption (1.4), in particular, we have

‖Pα,βu‖2
L2(RN ) + ‖u‖2

L2(RN )

≤ C(1 + ‖ut‖2
L2(RN ) + ‖u‖2

S1(RN ) + ‖u‖p
Lp(RN )

+ ‖g‖2
L2(RN )).

Hence, from Lemmas 3.1 and 3.2 there exists ρ2 > 0 such that

‖Pα,βu(t)‖2
L2(RN ) + ‖u(t)‖2

L2(RN ) ≤ ρ2

for all t large enough. This completes the proof. �
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3.2. Existence of a global attractor in L2(RN )

Lemma 3.4. Suppose (F) − (G) hold. Then for any η > 0 and any

bounded subset B ⊂ L2(RN ), there exist T = T (η,B) > 0 and K =

K(η,B) > 0 such that for all t ≥ T and k ≥ K,

∫
|X|≥k

|u(X, t)|2dX ≤ η,

where u is the weak solution of (1.1) subject to the initial condition u(0) =

u0 ∈ B.

Proof. Let θ be a smooth function satisfying 0 ≤ θ(s) ≤ 1 for s ∈ R
+,

and

θ(s) = 0, for 0 ≤ s ≤ 1; θ(s) = 1 for s ≥ 2.

Then there exists a constant C such that |θ′(s)| ≤ C for all s ∈ R
+. Taking

the inner product of (1.1) with θ( |X|2
k2 )u in L2(RN ), we get

1

2

d

dt

∫
RN

θ(
|X|2
k2

)|u|2dX −
∫
RN

θ(
|X|2
k2

)uPα,βudX

+ λ

∫
RN

θ(
|X|2
k2

)|u|2dX +

∫
RN

θ(
|X|2
k2

)f(X,u)udX

=

∫
RN

θ(
|X|2
k2

)g(X)u(X, t)dX.

(3.14)

For the right-hand side of (3.14) we find that

∫
RN

θ(
|X|2
k2

)g(X)u(X, t)dX

=

∫
|X|≥k

θ(
|X|2
k2

)g(X)u(X, t)dX

≤ λ

2

∫
|X|≥k

θ2(
|X|2
k2

)|u|2dX +
1

2λ

∫
|X|≥k

|g(X)|2dX

≤ λ

2

∫
RN

θ2(
|X|2
k2

)|u|2dX +
1

2λ

∫
|X|≥k

|g(X)|2dX.

(3.15)
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We estimate the last term of the left-hand side of (3.14) as follows∫
RN

θ(
|X|2
k2

)f(X,u)udX

≥ α1

∫
RN

θ(
|X|2
k2

)|u|pdX −
∫
RN

θ(
|X|2
k2

)C1(X)dX

≥ −
∫
|X|≥k

C1(X)dX.

(3.16)

For the second term on the left-hand side of (3.14), we have∣∣∣− ∫
RN

θ(
|X|2
k2

)uPα,βudX
∣∣∣ ≤ 1

2

∫
RN

(
|u|2 + |Pα,βu|2

)
dX.(3.17)

It follows from (3.14)-(3.17) that

d

dt

∫
RN

θ(
|X|2
k2

)|u|2dX + λ

∫
RN

θ(
|X|2
k2

)|u|2dX

≤ 2

∫
|X|≥k

|C1(X)|dX +
1

λ

∫
|X|≥k

|g(X)|2dX

+

∫
RN

(|u|2 + |Pα,βu|2)dX.

(3.18)

Multiplying (3.18) by eλt and then integrating over (T0, t), we obtain∫
RN

θ(
|X|2
k2

)|u(t)|2dX ≤ e−λt

∫
RN

θ(
|X|2
k2

)|u(T0)|2dX

+ 2e−λt

∫ t

T0

∫
|X|≥k

eλξ|C1(X)|dXdξ

+
1

λ
e−λt

∫ t

T0

eλξ
∫
|X|≥k

|g(X)|2dXdξ

+ e−λt

∫ t

T0

eλξ
(∫

k≤|X|≤
√

2k
(|u|2 + |Pα,βu|2)dXdξ

≤ e−λt‖u(T0)‖2
L2(RN ) +

2

λ

∫
|X|≥k

|C1(X)|dX

+
1

λ2

∫
|X|≥k

|g(X)|2dX

+ e−λt

∫ t

T0

eλξ
(∫

k≤|X|≤
√

2k
(|u|2 + |Pα,βu|2)dXdξ.

(3.19)
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Noting that for given η > 0, there is T1 = T1(η) > 0 such that for all t ≥ T1,

e−λt‖u(T0)‖2
L2(RN ) ≤

η

4
.(3.20)

Since C1(·) ∈ L1(RN ), there exists K1 = K1(η) > K0 such that for all

k ≥ K1,

2

λ

∫
|X|≥k

|C1(X)|dX ≤ η

4
.(3.21)

On the other hand, since g ∈ L2(RN ), there is K2 = K2(η) > K1 such that

for all k ≥ K2,

1

λ2

∫
|X|≥k

|g(X)|2dX ≤ η

4
.(3.22)

For the last term on the right-hand side of (3.19), it follows from Lemma

3.3 that there is T2 > 0 such that for all ξ ≥ T2,∫
RN

(|u(ξ)|2 + |Pα,βu(ξ)|2)dX ≤ ρ2.

Therefore, there is K3 = K3(η) > K2 such that for all k ≥ K3 and t ≥ T2,

e−λt

∫ t

T0

eλξ
(∫

RN

(|u|2 + |Pα,βu|2)dX)
)
dξ ≤ η

4
.(3.23)

Let T = max{T0, T1, T2}. Then by (3.19) - (3.23) we find that for all k ≥ K3

and t ≥ T , ∫
RN

θ(
|X|2
k2

)|u(t)|2dX ≤ η,

and hence for all k ≥ K3 and t ≥ T ,

∫
|X|≥

√
2k

|u(t)|2dX ≤
∫
RN

θ(
|X|2
k2

)|u(t)|2dX ≤ η,

which completes the proof. �

Now, we show the asymptotic compactness of S(t) in L2(RN ).
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Lemma 3.5. Suppose (F) - (G) hold. Then S(t) is asymptotically

compact in L2(RN ), that is, for any bounded sequence {xn}∞n=1 ⊂ L2(RN )

and any sequence tn ≥ 0, tn → ∞, {S(tn)xn}∞n=1 has a convergent subse-

quence with respect to the topology of L2(RN ).

Proof. We use the uniform estimates on the tails of solutions to es-

tablish the precompactness of {un(tn) := S(tn)xn}, that is, we prove that

for every η > 0, the sequence {un(tn)} has a finite covering of balls of radii

less than η. Given K > 0, denote

ΩK = {X : |X| ≤ K} and Ωc
K = {X : |X| > K}.

Then by Lemma 3.4, for the given η > 0, there exist K = K(η) > 0 and

T = T (η) > 0 such that for t ≥ T ,

‖un(t)‖L2(Ωc
K) ≤ η.

Since tn → ∞, there is N1 = N1(η) > 0 such that tn ≥ T for all n ≥ N1,

and hence we obtain that, for all n ≥ N1,

‖un(tn)‖L2(Ωc
K) ≤ η.(3.24)

By Lemma 3.1, there exist C > 0 and N2 > 0 such that for all n ≥ N2,

‖un(tn)‖S1(ΩK) ≤ C.(3.25)

Since the compactness of the embedding S1(ΩK) ↪→ L2(ΩK) (see [22]), the

sequence {un(tn)} is precompact in L2(ΩK). Therefore, for the given η > 0,

{un(tn)} has a finite covering in L2(ΩK) of balls of radii less than η, which

along with (3.24) shows that {un(tn)} has a finite covering in L2(RN ) of

balls of radii less than η, and thus {un(tn)} is precompact in L2(RN ). �

We are now ready to prove the existence of a global attractor for S(t)

in L2(RN ).

Theorem 3.1. Suppose (F) - (G) hold. Then the semigroup S(t) gen-

erated by problem (1.1) has a global attractor AL2 in L2(RN ).

Proof. Denote

B =
{
u : ‖u‖L2(RN ) ≤ R

}
,
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where R is the positive constant in the proof of Lemma 3.1. Then B is a

bounded absorbing set for S(t) in L2(RN ). In addition, S(t) is asymptoti-

cally compact in L2(RN ) since Lemma 3.5. Thus, we get the conclusion. �

3.3. Existence of a global attractor in Lp(RN )

First, from Lemma 3.1, one can see that S(t) maps compact subsets

of S1(RN ) ∩ Lp(RN ) to bounded subsets of S1(RN ) ∩ Lp(RN ). Hence,

by Theorem 3.2 in [26], we see that S(t) is norm-to-weak continuous on

S1(RN ) ∩ Lp(RN ).

To obtain the existence of a global attractor in Lp(RN ), we need the

following lemma, whose proof is very similar to the proof of Corollary 5.7

in [26], so we omit it here.

Lemma 3.6. Let {S(t)}t≥0 be a norm-to-weak continuous semigroup

on Lp(RN ), and be continuous or weak continuous on L2(RN ), and have a

global attractor in L2(RN ). Then {S(t)}t≥0 has a global attractor in Lp(RN )

if and only if

(i) {S(t)}t≥0 has a bounded absorbing set in Lp(RN );

(ii) for any ε > 0 and any bounded subset B of Lp(RN ), there exist positive

constants M = M(ε, B) and T = T (ε, B) such that

∫
RN (|S(t)u0|≥M)

|S(t)u0|pdX < ε,(3.26)

for any u0 ∈ B and t ≥ T .

Theorem 3.2. Assume (F) - (G) hold. Then the semigroup S(t) gen-

erated by problem (1.1) has a global attractor ALp in Lp(RN ).

Proof. We only need to show that {S(t)} satisfies the condition (ii)

in Lemma 3.6. Taking M large enough such that α1|u|p−1 ≤ f(X,u) in

R
N (u ≥ M) := {X ∈ R

N : u(X, t) ≥ M},

and denote

(u−M)+ =

{
u−M, u ≥ M

0, u ≤ M.
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First, for any fixed ε > 0, there exists δ > 0 such that for any e ⊂ R
N with

m(e) ≤ δ, we have ∫
e
|g|2dX < ε.(3.27)

In R
N (u ≥ M) we see that

g(u−M)p−1
+ ≤ α1

2
(u−M)2p−2

+ +
1

2α1
|g|2

≤ α1

2
(u−M)p−1

+ |u|p−1 +
1

2α1
|g|2,

(3.28)

and

f(X,u)(u−M)p−1
+ ≥ α1|u|p−1(u−M)p−1

+

≥ α1

2
(u−M)p−1

+ |u|p−1 +
α1M

p−2

2
(u−M)p+.

(3.29)

Multiplying equation (1.1) by |(u − M)+|p−1 and using (3.28), (3.29), we

deduce that

2

p

d

dt
‖(u−M)+‖pLp(RN (u≥M))

+ 2(p− 1)

∫
RN (u≥M)

(|∇x(u−M)+|2 + |∇y(u−M)+|2

+ |x|2α|y|2β|∇z(u−M)+|2)||(u−M)+|p−2)dX

+ λ

∫
RN (u≥M)

|(u−M)+|pdX + α1M
p−2

∫
RN (u≥M)

|(u−M)+|pdX

≤ 1

α1

∫
RN (u≥M)

|g|2dX.

Therefore,

d

dt
‖(u−M)+‖pLp(RN (u≥M))

+ CMp−2‖(u−M)+‖pLp(RN (u≥M))

≤ C‖g‖2
L2(RN (u≥M)).
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By the Gronwall inequality, we have for all M ≥ M1 and t ≥ T1,∫
RN (u≥M)

|(u−M)+|pdX ≤ ε.(3.30)

Repeating the same step above, just taking (u+M)− instead of (u−M)+,

where

(u + M)− =

{
u + M, u ≤ −M,

0, u ≥ −M,

we deduce that there exist M2 > 0 and T2 > 0 such that for any t > T2 and

any M ≥ M2, we have∫
RN (u≤−M)

|(u + M)−|pdX ≤ ε.(3.31)

Let M0 = max{M1,M2} and T = max{T1, T2}, we obtain∫
RN (|u|≥M)

(|u| −M)pdX ≤ ε for t ≥ T and M ≥ M0.

Using (3.30) and (3.31), we have∫
RN (|u|≥2M)

|u|pdX

=

∫
RN (|u|≥2M)

((|u| −M) + M)pdX

≤ 2p
(∫

RN (|u|≥2M)
(|u| −M)pdX +

∫
RN (|u|≥2M)

MpdX

)

≤ 2p
(∫

RN (|u|≥2M)
(|u| −M)pdX +

∫
RN (|u|≥2M)

(|u| −M)pdX

)

≤ 2p+1ε.

(3.32)

This completes the proof. �

3.4. Existence of a global attractor in S1(RN ) ∩ Lp(RN )

Lemma 3.7. Suppose (F) − (G) hold. Then the semigroup S(t) is

asymptotically compact in S1(RN ) ∩ Lp(RN ).
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Proof. Let B be a bounded subset in L2(RN ), we will show that for

any {u0n} ⊂ B and tn → ∞, {un(tn)} := {S(tn)u0n} is precompact in

S1(RN ) ∩ Lp(RN ). Thanks to Theorem 3.2, we only need to show that the

sequence {un(tn)} is precompact in S1(RN ). By Lemma 3.5, we can assume

that {un(tn)} is a Cauchy sequence in L2(RN ). For any n,m ≥ 1, it follows

from (1.1) that

−Pα,β(un(tn) − um(tm))) + λ(un(tn) − um(tm))

+ f(X,un(tn)) − f(X,um(tm)) = − d

dt
un(tn) +

d

dt
um(tm).

(3.33)

Multiplying (3.33) by un(tn) − um(tm) and using (1.4) we get∫
RN

(|∇x(un(tn) − um(tm))|2 + |∇y(un(tn) − um(tm))|2

+ |x|2α|y|2β|∇z(un(tn) − um(tm))|2)dX
+ λ‖un(tn) − um(tm)‖2

L2(RN )

≤ ‖unt(tn) − umt(tm)‖L2(RN )‖un(tn) − um(tm)‖L2(RN )

+ α3‖un(tn) − um(tm)‖2
L2(RN ).

(3.34)

By Lemma 3.2, for any bounded subset B in L2(RN ), there exists T = T (B)

such that for all tn ≥ T ,

‖unt(tn)‖L2(RN ) ≤ C,

which along with (3.34) shows that, for all n,m ≥ N ,∫
RN

(|∇x(un(tn) − um(tm))|2 + |∇y(un(tn) − um(tm))|2

+ |x|2α|y|2β|∇z(un(tn) − um(tm))|2)dX
+ λ‖un(tn) − um(tm)‖2

L2(RN )

≤ 2C‖un(tn) − um(tm)‖L2(RN ) + α3‖un(tn) − um(tm)‖2
L2(RN ).

(3.35)

Hence, it implies that {un(tn)} is a Cauchy sequence in S1(RN ). �

Theorem 3.3. Suppose (F)− (G) hold. Then the semigroup S(t) gen-

erated by problem (1.1) has a global attractor AS1∩Lp in S1(RN )∩Lp(RN ).
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Proof. By Lemma 3.1, there exists a bounded absorbing set for S(t) in

S1(RN )∩Lp(RN ). In addition, S(t) is asymptotically compact in S1(RN )∩
Lp(RN ) since Lemma 3.7. Thus, there exists a global attractor for S(t) in

S1(RN ) ∩ Lp(RN ). �

Remark 3.1. The global attractors AL2 , ALp and AS1∩Lp obtained in

Theorems 3.1, 3.2 and 3.3 are of course the same object and will be denoted

by A. In particular, A is a compact connected set in S1(RN ) ∩ Lp(RN ).
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