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On a Semilinear Strongly Degenerate Parabolic

Equation in an Unbounded Domain

By Cung The ANH and Le Thi TUYET

Abstract. We study the existence and long-time behavior of so-
lutions to a semilinear strongly degenerate parabolic equation on RV
under an arbitrary polynomial growth order of the nonlinearity. To
overcome some significant difficulty caused by the lack of compactness
of the embeddings, the existence of global attractors is proved by com-
bining the tail estimates method and the asymptotic a prior: estimate
method.

1. Introduction

The understanding of asymptotic behavior of dynamical systems is one
of the most important problems of modern mathematical physics. One way
to attack the problem for a dissipative dynamical system is to consider its
global attractor. The existence of global attractors has been proved for a
large class of nondegenerate partial differential equations [8, 21]. In the
last few years, a number of papers are devoted to the study of asymptotic
behavior of solutions to degenerate equations.

One of the classes of degenerate equations that has been studied widely
in recent years is the class of equations involving an operator of Grushin
type

Gou = Agu + |2[**Ayu, o > 0.

This operator was first introduced by Grushin in [9]. Noting that Gy = A,
the Laplacian operator, and G, when o > 0, is not elliptic in domains
intersecting with the surface x = 0. The long-time behavior of solutions
to semilinear parabolic equations involving this operator has been studied
recently in both autonomous and non-autonomous cases [2, 3, 4, 5, 7]. We
also refer the reader to some recent results about the generalized Grushin
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operators [10, 11, 14, 15, 16, 24]. Very recently, Thuy and Tri [22] considered
a strongly degenerate operator

Popu = Agu+ Ayu+ |z**|y[*P A, o, 8 >0,

which is degenerate on two intersecting surfaces x = 0 and y = 0, and
established some compact embedding theorems for weighted Sobolev spaces
associated to the operator in bounded domains. Then using the theory of
critical values of nonlinear functionals in Banach spaces [1], they also proved
the existence of nontrivial solutions to Dirichlet problem for the associated
elliptic equations.
In this paper we consider the following semilinear strongly degenerate

parabolic equation

ou

5 P, pu+Au+ f(X,u) = g(X),
(1.1) X = (2,y,2) € RM x RV x RNs = RV ¢ > 0,

u(X,0) = up(X), X € RV,

where A > 0, ug € L*(RY), the nonlinearity f and the external force g
satisfy the following conditions:

(F) f:RY xR — R is a continuous function satisfying

f( X, u)u = ar|ul’ — C1(X),
|F(X,u)| < anfulP ™ + Ca(X),

of

(1.4) o

(Xa u) > —Qs,

for some p > 2, where ay,as,a3 are positive constants, Ci(-) €
LYRN)N L2(RY) and Cy(-) € Lpl(]RN) with 1/p+ 1/p’ = 1, are non-
negative functions. Denote F'(X, s) fo f(X,7)dr. Then we assume
that F' satisfies

(1.5) —C4(X) + a4\u\p < F()(7 u) < a5|u|p + C3(X),

where a4, as are positive constants, and Cs(-),Cy(-) € LY(RY) are
nonnegative functions;
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(G) g € L*(RY).

In order to study problem (1.1), we use the weighted Sobolev space in-
troduced in [22]. Assume that Q C RY, we define the space S'(£) consisting
of all functions u such that

3oy 2= | (1ol + Vol + 19, + P9 )X < 4o
Then the space S'(Q) is a Hilbert space with the inner product

(u,v)s1(0) = / (uv + V,uVev 4+ VyuVyv + |x!2"‘]y\2ﬁvzuvzv) dX.
RN

It is noticed that if Q is a bounded domain, then the embedding S'(Q) —
L?(9) is compact (see [22]). However, this property is no longer true for
unbounded domains. Here the natural energy space for problem (1.1) in-
volves the space S'(R™) and its dual space S™H(RY). We also use the
space S?(RY), which was used before in more general situations in [11, 19],
consisting of all functions w such that

H“H?sz(RN) D= / (\U\Q + \Pa,gu\Q)dX < +o0.
Q

One can check that the embedding S?(RY) < S'(R¥Y) is continuous.

The main aim of this paper is to prove the existence of a global attractor
in the space S'(RY) N LP(RY) for the semigroup generated by problem
(1.1). First, we use the Galerkin method to prove the global existence of
a weak solution and then construct the continuous semigroup associated to
problem (1.1). Next, we use a priori estimates to show the existence of a
bounded absorbing set in S'(RY) N LP(RY) for the semigroup. In the case
of bounded domains, since the embedding S'(€2) «— L?(£2) is compact, this
immediately implies the asymptotic compactness of the semigroup in L?(€),
and therefore the existence of a global attractor in L?(€2) (see [23] for more
details). Here because the embedding is no longer compact, the proof of
the asymptotic compactness in L?(R%) is much more involved. To do this,
we exploit the tail estimates method introduced in [25], and as a result,
we obtain the existence of a global attractor in L?(RY). When proving
the existence of global attractors in LP(RY) and in SY(R™) N LP(RY), to
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overcome the difficulty arising due to the lack of embedding results, we use
the asymptotic a priori estimate method initiated in [13, 26]. The main
new feature of the paper is that we are able to prove the existence of global
attractors for a class of semilinear strongly degenerate parabolic equations
in unbounded domains.

It is noticed that the results obtained in the paper are also true for
problem (1.1) in an arbitrary (bounded or unbounded) domain € in RY, not
necessary the whole space RY, with the homogeneous Dirichlet boundary
condition. Then, instead of S'(RY) and S?(RY), we use the spaces Sg(Q2)
and S3(Q), defined as the completions of C§°(2) in the corresponding norms.
For the existence, continuity and long-time behavior of strong solutions to
this problem in bounded domains, we refer the reader to a very recent
work [6]. These results can be also extended to the non-autonomous case,
i.e. when the external force ¢ may depend on time ¢, by using the theory
of uniform/pullback attractors (see e.g. [2, 4, 7] for the case of Grushin
operator). In particular, when o = 3 = 0, our results recover/extend some
existing ones for semilinear nondegenerate parabolic equations.

The paper is organized as follows. In Section 2, we prove the existence
and uniqueness of a weak solution to problem (1.1) by using the Galerkin
method. In Section 3, we show the existence of global attractors in various
function spaces for the semigroup generated by problem (1.1) by exploit-
ing and combining the tail estimates method and the asymptotic a prior:
estimate method.

2. Existence and Uniqueness of Weak Solutions

We first give the definition of a weak solution.

DEFINITION 2.1. A function u : (0, +00) — SY(RN) N LP(RY) is said
to be a weak solution of (1.1) if u € L2(0,T; SY(R)) N LP(0, T; LP(RY)) N
L>(0,T; L2(RY)) for all T > 0, and

t
(u(t),v)L2@yy + / / (VouV v + VyuVyw + |22y vV, uV v)d X ds
0 JRN
t t
+ )\/ (u, V) 2y dt +/ f(X,u)vdXds
0 0o JRN

t
= (UQ,U)LQ(RN) +/0 (g,v)LQ(RN)dS
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for all v € SYRY) N LP(RY) and all ¢ > 0.
We now prove the following theorem.

THEOREM 2.1. Let (F) —(G) hold. Then, for any ug € L*(RY) given,
problem (1.1) has a unique weak solution u. Moreover, the mapping ug —
u(t) is continuous on L*(RY).

PROOF. i) Existence. For each m > 1, we denote
Q= {X eRY : | X|pv < m},

where |.|gpnv denotes the Euclidean norm in RY. For each integer n > 1, we
denote by

un(t) = 3 gty

a solution of

& un(8),105) — (Pagin(£),07) + Mun(0), 25) + (X, un0)) 5)

(un(0),wj) = (uo,wj), J=12,...,n,
where {w; : j > 1} € SYRY) N LP(RY) is a Hilbert basis of L2(RY) such
that span{w; : 7 > 1} is dense in SY(RY) N LP(RY).
Multiplying the first equation in (2.1) by 75;(t), taking the sum from 1
to n, and integrating over RY, we obtain

1d

2 2 2 2 2 2
3By + [ (ol + V0l + a2l )X

+ A||un||%2(RN) +/ f(X, up)udX = qundX.
RN RN
Using (1.4) and the Cauchy inequality, we get

d 2 2 2 201,12 2
Gl +2 [ (T 1900+ Pl V0, )X

1
2 2
+)\||Un||L2(RN) + 201 /]RN lun |PdX < C + X||g||L2(RN)-
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Integrating from 0 to ¢, 0 < ¢t < T, we obtain
t
gy 2 [ (Tl 19y o211, )Xl
0

t t
A 2 ds + 2 PdXds < 2
+ /0 HunHL2(RN) s+ 061/0 /]RN ‘Un| S S HUOHLQ(RN)
1
+CT + XTHgH%?(RN)'
Hence it deduces that

(2.2) {u,} is bounded in L?(0,T; SY(RY)) N LP(0, T; LP(RY))
NL>(0,T; L*(RM)).

Using (1.3), one can check that
{f(X,uy)} is bounded in L¥ (0, T; L' (RN))
for all ' > 0. Then, there exists a subsequence {u,} such that

u,, —* u weakly-star in L°°(0,T; L*(RY)),
u,, — w in LP(0,T; LP(RY)),
(2.3) Uy — uin L*(0, T;SI(RN)),
(24) F(X ) = x in P (0, T; IP (RY)),
for all T' > 0. Hence, (2.3) implies that
— Py gty + My — =Py gu+ du in L2(0,T; STHRY)).
Now, to prove that x(¢) = f(.,u(t)), we argue similarly to [18]. Arguing in

a similar way as in [18, p. 75], we get

T—a
(2.5) lim Sup/o it + @) = 1 (8) |22 ey = 0.

a—0 4
Let ¢ € C*(]0,+00)) be a function such that

0<o(s) <1,
o(s) =1 Vse|0,1],
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o(s) =0 Vs>2.

For each p and m > 1, we define

| X &
(2.6) vm (X, t) = qﬁ(w)uﬂ(t), VX € Qapm, Vi, ¥Ym > 1.

We obtain from (2.2) that, for all m > 1, the sequence {v, »,},>1 is bounded
in L%°(0,T; L?(Q2m)) N LP(0, T'; LP(Q9,,,)) N L2(0, T; S (Q2m)), for all T > 0.
In particular, it follows that

a T
tim s / 2 (X D132 /T o (X, 1) 22,0t ) = 0.
On the other hand, from (2.5) we deduce that for all m > 1,
T—a 9
timsup ([ 10X+ ) = 0 (X, 0 ) = O

Moreover, since o, is a bounded set, then S'(Qa,,) is included in L?(Qa,,)
with compact injection [22]. Then, by Theorem 13.3 and Remark 13.1 in
[20], we obtain that

{vum}u>1 is relatively compact in L*(0,T; L*(Qam)),

and thus, taking into account that v, (X, t) = u,(X,t) for all X € €,,, we
deduce that, in particular, for all m > 1,

(2.7) {uul0,, } is pre-compact in L(0,T; L*(Q,)).

Hence, by a diagonal proceduce, one can conclude from (2.7) and (2.3) that
there exists a subsequence {ul},>1 C {u,},>1 such that

uly, — u in Qyp, x (0,400) as n — 00, ¥m > 1.
Then, as f(-,-) is continuous,

f(X ul) — f(X,u) ae. in Qp x (0, +00),

and as {f(X,ul)} is bounded in L¥ (Q,, x (0,7)), by Lemma 1.3 in [12,
Chapter 1], we obtain

F(X,utty — f(X,u) in L (0,T; L ().
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By the uniqueness of the weak limit, we have

x = f(X,u) ae. in Q,, x (0,7) VT >0,Ym > 1,
and thus, taking into account that US°_;Q,, = RY | we obtain
(2.8) x = f(X,u) a.e. in RY x (0, +00).
Then, (2.8) and (2.4) yield that
(2.9) F(X,u,) — f(X,u) in LP (0, T; LP (RN)) VT > 0.

Hence, it is standard matter to show that u is a weak solution to problem
(1.1).

(i) Uniqueness and continuous dependence. Let ug,vg € L?(RN). De-
note by wu,v two corresponding solutions of problem (1.1) with initial data
ug, Vo. Then w = u — v satisfies

wt_Pa,ﬁw+)\w+f(Xau)_f(Xav) =0,
w(0) = up — vo.

Hence
1d
2dt

for a.e. t € [0,T]. Using the condition (1.4), we have

H@UH%%RN) + CHwH?S‘l(RN) —i—/ (u—v)(f(X,u) — f(X,v))dzr =0,
RN

d
%HwH%Q(RN) + C||w||?91(RN) < 2a3||w||%2(RN), for a.e. t €10,T].
Applying the Gronwall inequality, we obtain

lw(®)l|72@yy < w(0)][Z2@yye

This implies the uniqueness (if up = vg) and the continuous dependence of
solutions. [

3. Existence of Global Attractors
Thanks to Theorem 2.1, we can define a continuous semigroup
S(t) : L2 (RY) — SYRN) N LP(RY),

where S(t)up := u(t) is the unique weak solution of (1.1) subject to ug as
initial datum.
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3.1. Existence of bounded absorbing sets

For the sake of brevity, in the following lemmas, we give some formal
caculations, the rigorous proof is done by use of Galerkin approximations
and Lemma 11.2 in [17].

We first prove the existence of an absorbing set for S(t) in S'(RV) N
LP(RM).

LeMMA 3.1.  Suppose (F) — (G) hold. Then the semigroup S(t) gen-
erated by (1.1) has a bounded absorbing set in S'(R™Y) N LP(RY), that is,
there exists a positive constant p, such that for every bounded subset B in
L2(RN), there is a number T = T(B) > 0, such that for all t > T, uy € B,
we have

Ol gy + [ gy < o

PROOF. Taking the inner product of (1.1) with u in L?(RY) we get

1d 2 2 2 201, 128 2
ey + [ (9aul? + (9, + a1y 9-u) X

(3.1)
Al g, + /R (X upudX = (g,u) 2y

Using (1.2), we have

(3.2) FX, upudX > ay / uPdx — / 1 (X)dX.
RN RN RN

By the Cauchy inequality, the right-hand side of (3.1) is estimated as follows
A2 1 2

(33) 10w < gl el sy < 5 Nl + o5 o132y

It follows from (3.1) - (3.3) that

d o

ey +2 [ (9ol + 9,0+ faf2ly 9 )X

(3.4) X
+ )\H’LLH%;(RN) + 20&1 /RN |u|de < C+ XHgH%Q(RN)

Hence, in particular, we have

d 1
(3.5) () 22 gy < —Mu®I +C + Sllgla gy
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Using the Gronwall inequality, we obtain

_ c 1 _
(3:6)  [u®lFamyy < e uolFager) + (5 + 551932y ) 1 =€),

From (3.6) we deduce the existence of a bounded absorbing set in L?(R™):
There are a constant R and a time to(||uol[ ,2(rv)) such that for the solution
u(t) = S(t)uo,

||U(t)HL2(]RN) <R forall t> tO(HUOHL2(RN))-

Integrating (3.4) on (¢, +1),t > to(||luollL2(ryy), and using (1.5), we find
that

t+1
[ (L OVl 4 19,0 + a9 (o) )
o T A () 2 g + 2 /R F(X,u(s))dX ) ds
< O () 22y + 1+ lglE2n))
< (R + 1+ lgl2am) ).
Multiplying (1.1) by u(s) and integrating over RV, we obtain
1d
e By + 535 ([ (7l + 90l + a2y 2| 9-f?)ax
2
(3.9 + Au(s) oy +2 [ P, u()dxX)
1 1
= [ o)X < ol + (o) e

= /R V0l + [Vl + 22y 2 02)dX + ()] v
(3.9)

2
+2/RN F(X,u(s))dX) < ||9HL2(]RN)‘

Combining (3.7), (3.9), and using the uniform Gronwall inequality, we have

[ Va0 93l 4 ol 9 )X + M) e
(3.10)

2 2
2 [ POCu(®)X < O(R + 1+ ol
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Using (1.5) once again, we finish the proof. OJ
We now derive uniform estimates of the derivative of solutions in time.

LEMMA 3.2. Suppose (F) — (G) hold. Then for every bounded subset
B in L2(RY), there exists a constant T = T(B) > 0 such that

Hut(s)||%2(RN) <p1 forallug e B, and s > T,

where w(s) = %(S(t)uo)h:s and p1 is a positive constant independent of
B.

ProoOF. By differentiating (1.1) in time and denoting v = uy, we get

ov

5 P, v+ v+ g(w,u)v =0.

ou
Taking the inner product of the above equality with v in L?(R"), we obtain

1d .

ey + [ (120 + 9,02 + ooy V.0l X

(3.11) R of
2 2 _

Aol + [ G wlPax o

By (1.4), it follows from (3.11) that

d
(3.12) %HUH%Q(RN) < 2“3””“%2@@1\’)‘

On the other hand, integrating (3.8) from ¢ to ¢ 4+ 1 and using (3.10), we
obtain

t+1
(3.13) [ e (8)|132gzyds < Clp, 112 ny)

as t large enough. Combining (3.12) with (3.13), and using the uniform
Gronwall inequality, we have

lue($)Bagny < Co.llglan))-

The proof is complete. [
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We now show the existence of a bounded absorbing set in S?(R%).

LEMMA 3.3.  The semigroup {S(t)}+>0 has a bounded absorbing set in
S2(RN), i.e., there exists a constant py > 0 such that for any bounded subset
B C L*(RN), there is a T > 0 such that

| Pasu(8) 22 ey + 1u(8) 22wy < p2. for any ¢ > T, uq € B,

PrOOF. Taking the L%inner product of (1.1) with —P, gu + Au, we
have

IPasul gy + MlEaguy + A [ F(Xw)udX
< 2>\/ ubP, gudX — / ut( — P, pu+ )\u) dX
RN RN

+/ f(X,u)Pa”gudXﬂ—/ g(—Paﬁu—l—)\u>dX.
RN RN

Using (1.2) and integrating by parts the third term on the right-hand side,
we have

2 2 2
||Pa,ﬁuHL2(RN) + )\ ||uHL2(RN) + /\Ckl /RN |U|de

< 2)\/ uP, gudX — / ut< — P, gu + /\u>dX
RN RN

- /RN 74X ) (190u? + [Fguf? + 2P|y Vo) dx

+ / 9( = Pagu+ Au)dx + )\/ O (X)dX.
RN RN
By the Cauchy inequality and assumption (1.4), in particular, we have
HPa,ﬂUH%z(RN) + ||U||%2(RN)
< OO+ lunlBaqgey + Il 2 sy + 0l oy + gl 2y
Hence, from Lemmas 3.1 and 3.2 there exists ps > 0 such that
||Pa,5u(t)||%2(RN) + Hu(t)||%2(RN) < p2

for all ¢ large enough. This completes the proof. [
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3.2. Existence of a global attractor in L?(RY)

LEMMA 3.4. Suppose (F) — (G) hold. Then for any n > 0 and any
bounded subset B C L?*(RY), there exist T = T(n,B) > 0 and K =
K(n,B) > 0 such that for allt > T and k > K,

/ (X, £) 24X <,
IX|>k

where u is the weak solution of (1.1) subject to the initial condition u(0) =
ug € B.

PROOF. Let 6 be a smooth function satisfying 0 < 6(s) <1 for s € RT,
and

0(s) =0, for0<s<1; 6(s)=1"fors>2.

Then there exists a constant C' such that |§'(s)| < C for all s € RT. Taking
the inner product of (1.1) with 0(‘ ’ Yu in L2(RY), we get

1d |X| !XI2
2 2
(3.14) —1—)\/ (| | )|ul dX+/ 9(%)f(X,u)udX

2
_ /RN 9(%)9(X)U(X, 1)dX.

For the right-hand side of (3.14) we find that

2
/RN 9(%)g(X)u(X, t)dX

(3.15)

)\/ 2 [ X2 e 1 / 2
<Z 0 dX + — g(X)|2dX
2 Jixion ( 2 )|ul o |XleI (X)]

A | X|? 1

- 0% (=) |ul?dX —/ X)|2dXx
<5 L P max s g [t
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We estimate the last term of the left-hand side of (3.14) as follows

2
/ 9(‘;(2’ V(X w)udX

(3.16) Zal/ (’ dex/ ’X’2 X)dx

> / Oy (X)dX.
IX|>k

For the second term on the left-hand side of (3.14), we have

17 |X|2 2 2
a1 |- [ o uPasuax| <5 [ (o) ax
It follows from (3.14)-(3.17) that

G pax oo [ ol L) ufax

dt

1
(3.18) gz/ |Cl(X)|dX+—/ lg(X)|?dX
X[k A J|X |2k

+ [ (| Poguf?)ax
RN

Multiplying (3.18) by e* and then integrating over (Tp,t), we obtain

2 2
[ o Empax < [ o3 mpax

+ 2¢7 M / / MOy (X)|dX de
To J|1X|>k
)\t/ )\f/ | dde
Ty X|>k

(3.19) —|—e_>‘t/ e&(/ (ul? + | P gul2)dX de
1 \r<ixicva

_ 2
<e )\t||u(T0)”%2(RN) + X/X>k |Cy(X)|dX

1
+ lg(X)|?dX
A2 Jix =k

t
—i—e_)‘t/ e”f(/ (lu]? + | Pa,gul?)dX d€.
Ty k<|X|<V2k
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Noting that for given n > 0, there is T1 = T1(n) > 0 such that for all ¢t > T7,

(3.20) M u(To) ey <

>3

Since C1(-) € L'(RYN), there exists K1 = K;(n) > K such that for all
k > K17

(3.21) ;AQJ&MWXS

=3

On the other hand, since g € L?(R¥Y), there is Ko = Ka(n) > K such that
for all k > Ko,

1/ 2 n
— g(X)|7dX < —.
3 Jyxgo 7 4

For the last term on the right-hand side of (3.19), it follows from Lemma
3.3 that there is T5 > 0 such that for all £ > T5,

(3.22)

/RN(IU(S)P + |Pa,ﬂu<f)|2)dX < pa.

Therefore, there is K3 = K3(n) > K» such that for all £ > K3 and t > T,
t
(3.23) e_’\t/ e*i(/ (Juf? + |Papul)dX) ) < .
TO RN 4

Let T'= max{Tp, T1,T>}. Then by (3.19) - (3.23) we find that for all £ > K3
and t > T,
X 2
[ oS lutPax <o
RN
and hence for all k> Kz andt > T,

X 2
/ rmmwx</‘mléwmmwx<m
IX|>V/2k Ry K

which completes the proof. [J

Now, we show the asymptotic compactness of S(t) in L?(RY).
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LEMMA 3.5. Suppose (F) - (G) hold. Then S(t) is asymptotically
compact in L*(RN), that is, for any bounded sequence {r,}>, C L*(RY)
and any sequence t, > 0,t, — oo, {S(tn)zn}i>, has a convergent subse-
quence with respect to the topology of L*(RY).

PROOF. We use the uniform estimates on the tails of solutions to es-
tablish the precompactness of {u,(t,) := S(tn)zy}, that is, we prove that
for every n > 0, the sequence {u,(t,)} has a finite covering of balls of radii
less than 0. Given K > 0, denote

O ={X :|X| <K} and Q% ={X:|X|> K}.

Then by Lemma 3.4, for the given n > 0, there exist K = K(n) > 0 and
T =T(n) > 0 such that for t > T,

[un(®)ll L2 (g < -

Since t, — oo, there is N1 = Ni(n) > 0 such that ¢, > T for all n > Ny,
and hence we obtain that, for all n > Ny,

(3.24) [un (tn)ll L2025) < 7-
By Lemma 3.1, there exist C > 0 and Ns > 0 such that for all n > N,
(3.25) [un(tn)ll 52 (0x) < C-

Since the compactness of the embedding S!(Q) — L?(Qk) (see [22]), the
sequence {uy,(t,)} is precompact in L?(Q2g ). Therefore, for the given n > 0,
{un(t,)} has a finite covering in L?(Q2k) of balls of radii less than 7, which
along with (3.24) shows that {u,(t,)} has a finite covering in L?(R") of
balls of radii less than 7, and thus {u,(t,)} is precompact in L2(RY). O

We are now ready to prove the existence of a global attractor for S(t)
in L2(RN).

THEOREM 3.1.  Suppose (F) - (G) hold. Then the semigroup S(t) gen-
erated by problem (1.1) has a global attractor A2 in L*(RY).

PROOF. Denote

B = {u:ull 2@~ < R},
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where R is the positive constant in the proof of Lemma 3.1. Then B is a
bounded absorbing set for S(¢) in L?(RY). In addition, S(t) is asymptoti-
cally compact in L?(R") since Lemma 3.5. Thus, we get the conclusion. [J

3.3. Existence of a global attractor in LP(RY)

First, from Lemma 3.1, one can see that S(¢) maps compact subsets
of SYRY) N LP(RY) to bounded subsets of S'(RY) N LP(RY). Hence,
by Theorem 3.2 in [26], we see that S(¢) is norm-to-weak continuous on
SYRN) N LP(RY).

To obtain the existence of a global attractor in LP(RY), we need the
following lemma, whose proof is very similar to the proof of Corollary 5.7
in [26], so we omit it here.

LEMMA 3.6. Let {S(t)}+>0 be a norm-to-weak continuous semigroup
on LP(RN), and be continuous or weak continuous on L*(RY), and have a
global attractor in L>(RYN). Then {S(t)}+>0 has a global attractor in LP(R™)
if and only if

(i) {S(t)}i>0 has a bounded absorbing set in LP(RYN);

(ii) for any e > 0 and any bounded subset B of LP(R™N), there exist positive
constants M = M (e, B) and T = T(e, B) such that

(3.26) 1S (t)uoPdX < e,

/RN(S(t)UOZM)

foranyug € B andt>T.

THEOREM 3.2. Assume (F) - (G) hold. Then the semigroup S(t) gen-
erated by problem (1.1) has a global attractor Arp in LP(RY).

PrROOF. We only need to show that {S(t)} satisfies the condition (ii)
in Lemma 3.6. Taking M large enough such that a;|u[P~! < f(X,u) in

RY(u> M) :={X ¢ RN : u(X,t) > M},

and denote
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First, for any fixed € > 0, there exists § > 0 such that for any e ¢ RY with
m(e) < 6, we have

(3.27) /|g|2dX <e
In RY(u > M) we see that

-1 _ o 2p—2 1
glu—ME™ < —(u— M)+ —|g|?

IN

(3.28) jl B _21a1 .
< 5 (w= MRl o+ o gl
and
X = MY 2 ™ - M
(3.29) > %(u M+ %”2(” My

Multiplying equation (1.1) by |(u — M)4 [P~ and using (3.28), (3.29), we
deduce that

2d
RN (u>M)
a2y 2PV (u = M) )] — M) P2)X

+ )\/ |(u— M) |PdX + alMp_Q/ |(u— M) |PdX
RN (u>M) RN (u>M)

1
< — lg]?dX.
a1 JRN (u>M)

Therefore,

d _
= M) 1 o M2 = M) v ary

< Cligl @y wsan)-
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By the Gronwall inequality, we have for all M > M; and t > 17,
(3.30) / (u— M), PdX <.
RN (u>M)

Repeating the same step above, just taking (u + M)_ instead of (u — M),
where
u—+ M, u < —M,

(u+M)_ =
0, u > —M,

we deduce that there exist Ms > 0 and T5 > 0 such that for any ¢ > T5 and
any M > M,, we have

(3.31) / (u+ M)_PdX <.
RN (u<—M)
Let My = max{M;, My} and T' = max{7T1,T»}, we obtain
/ (Ju| = M)PdX < e for t > T and M > M.
RN (Jul>M)
Using (3.30) and (3.31), we have
/ uPdX
RN (Jul>2MM)
:/ (jul — M) + M)Pdx
RN (Ju[>2M)
(3:32) <o </ (Ju| — M)PdX + / Mde>
RN (Ju[>2M) RN (|u[>2M)

<o (/ (Ju| — M)PdX +/ (| - M)de>
RN (ju]>21) RN (juf>201)

< ot

This completes the proof. [

3.4. Existence of a global attractor in S'(RY)n LP(RY)
LEmMMA 3.7. Suppose (F) — (G) hold. Then the semigroup S(t) is
asymptotically compact in SY(RY) N LP(RY).
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PROOF. Let B be a bounded subset in L2(RY), we will show that for
any {upn} C B and t, — oo, {un(t,)} = {S(tn)uon} is precompact in
SYRN) N LP(RYN). Thanks to Theorem 3.2, we only need to show that the
sequence {uy(t,)} is precompact in S'(RY). By Lemma 3.5, we can assume
that {u,(t,)} is a Cauchy sequence in L?(RY). For any n,m > 1, it follows
from (1.1) that

=P p(un(tn) = um(tm))) + Mun(tn) — um(tm))
(3.33) d d
+ f(X un(tn)) — F(X, um(tn)) = _aun(tn) + i

Multiplying (3.33) by w,(t,) — um(tm) and using (1.4) we get

U (tm)-

/RN(|VJJ(un(tn) - um(tm))|2 + [Vy(un(ts) — um<tm))‘2

22y PP |V (tn (tn) — o (£))[2)dX

(3.34) + Mt (tn) = i (tm) |22 o)
<ttt (tn) = timt ()| 2 (e 1t () =t ()| 2 vy
+ asllup(ty) — um(tm)H%Q(RN),

By Lemma 3.2, for any bounded subset B in L2(RY), there exists T' = T(B)
such that for all ¢, > T,

Jtnt (bl 2 ) < €

which along with (3.34) shows that, for all n,m > N,

/RN(|Vm(un(tn) - “m(tm))|2 + |vy(un(tn) - u?ﬂ(tm)”2

(3.35) + 2Py PV (n (8n) — () [P)dX
+ Mlwn (tn) — um(tm)H%z(RN)
< 20“””@”) - um(tm)HLQ(RN) + 043Hun(tn) - um(tm)H?y(RN)-

Hence, it implies that {u,(t,)} is a Cauchy sequence in S*(RY). O

THEOREM 3.3.  Suppose (F)—(G) hold. Then the semigroup S(t) gen-
erated by problem (1.1) has a global attractor Agiqre in SHRY) N LP(RY).
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PrROOF. By Lemma 3.1, there exists a bounded absorbing set for S() in
SYRM)NLP(RY). In addition, S(t) is asymptotically compact in ST(R™V)N
LP(RY) since Lemma 3.7. Thus, there exists a global attractor for S(¢) in
SYRN) N LP(RYN). O

REMARK 3.1. The global attractors A2, Arr and Agi4» obtained in
Theorems 3.1, 3.2 and 3.3 are of course the same object and will be denoted
by A. In particular, A is a compact connected set in S*(RY) N LP(RY).
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