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Long-Time Solvability of the Navier-Stokes-Boussinesq

Equations with Almost Periodic Initial Large Data

By Slim IBRAHIM and Tsuyoshi YONEDA

Abstract. We investigate long time existence of solutions of the
Navier-Stokes-Boussinesq equations with spatially almost periodic
large data when the density stratification parameter is sufficiently
large. In 1996, Kimura and Herring [16] examined numerical simula-
tions to show a stabilizing effect due to the large stratification. They
observed scattered two-dimensional pancake-shaped vortex patches ly-
ing almost in the horizontal plane. Our result gives a mathematical
foundation of the presence of such two-dimensional pancakes.

1. Introduction

Large-scale fluids such as atmosphere and ocean are parts of geophysi-
cal fluids, and the Coriolis force caused by the rotation of the earth plays
a significant role in the large scale flows considered in meteorology and
geophysics.

Mathematically, such significant role was first investigated by Poincaré
[20]. Later on, the problem of strong Coriolis force was extensively studied.
Babin, Mahalov and Nicolaenko (BMN) [1, 2] studied the incompressible ro-
tating Navier-Stokes and Euler equations in the periodic case while Chemin,
Desjardins, Gallagher and Grenier [8] analyzed the case of data decaying at
space infinity. Recently, the second author of the present paper considered
the almost periodic case [21]. Gallagher in [10] studied a more abstract
parabolic system. We also refer to Paicu [19] for anisotropic viscous fluids,
Benameur, Ibrahim and Majdoub [5] for rotating Magneto-Hydro-Dynamic
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system, and Gallagher and Saint-Raymond [11] for inhomogeheous rotating
fluid equations.

Moreover the case when fluids are governed by both strong Coriolis force
and vertical stratification effects was investigated by BMN in [3] in the peri-
odic setting and by Charve in [6] for decaying data, respectively. However,
their studies do not cover the case when fluid equations are governed by
the only effect of stratification. It is now well known that a strong Coriolis
force has a stabilizing effect (see [1]). However, in BMN [4, Section 9.2]
they observed that for ideal fluids (i.e., with zero viscosity), the only effect
of stratification leads to unbalanced dynamics. On the other hand, Kimura
and Herring [16] examined numerical simulations to show a stabilizing effect
due to the effect of stratification for viscous fluid. They observed scattered
two-dimensional pancake-shaped vortex patches lying almost in the hori-
zontal plane. Our result gives a mathematical foundation of the presence of
such two-dimensional pancakes.

More precisely, we study long-time solvability for Navier-Stokes-
Boussinesq equation with stratification effects:

Ou — vAu+ (u-V)u+Vp=gpes, z€R3 t>0

(11) Oip — kAp + (u-V)p = —N?usg, reR3, t>0
‘ V-u=0, TR t>0
u|t:0 = up, P‘t:O = P0; WS Rga

where the unknown functions u = u(z,t) = (u1,u9,us), p = p(x,t) and
p = p(z,t) are the fluid velocity, the thermal disturbances and the pressure,
respectively. The parameters v > 0, k > 0 and g > 0 represent the viscosity,
the thermal diffusivity and the gravity force, respectively. The parameter
N > 0 is Brunt-Viisild frequency (stratification-parameter). We use the
notations: A := (07 + 93+ 93), V := (01,02, 03) and e3 := (0,0, 1). For the
physical background of (1.1), see [16].

Our method follows the ideas based on BMN. We show that the limit
equations (formally obtained by letting N tend to infinity in equation (1.1))
is almost equivalent to the 2D-Navier-Stokes equations', which is known to
have a unique global solution (see for example [15]). A straightforward

'In the sense that there is a one to one correspondence between solutions of the two
equations.



Long-Time Solvability of the NSB Equations 3

application of the energy method is impossible if the initial data is almost
periodic. To overcome this difficulty, we use ¢!-norm of amplitudes with
sum closed frequency set and Fujita-Kato’s method. We use the analytic
functional setting (see [21]) as follows:

DEFINITION 1.1 (Countable sum closed frequency set). A countable
set A in R? is called a sum closed frequency set if it satisfies the following
properties:

A={a+b:a,be A} and —A=A.

REMARK 1.2. If {ej}gzl is the standard orthogonal basis in R3, then
the sets Z3, {(m1 +v2ma)er + (m3 + v3ma)ea + (ms + Vbme)ez : my, -+ -,
me € Z} and {mye; +ma(e; + eav/2) + mz(ea + e3v/3) : my,ma, m3 € Z}
are examples of such countable sum closed frequency sets. Clearly, the case
73 corresponds to the periodic. Each of the other two cases is dense in R?
and therefore they correspond to “purely” almost periodic setting.

DEFINITION 1.3 (An /'-type function space). Let BUC be the space
of all bounded uniformly continuous functions defined in R? equipped with
the L>®-norm. For a countable sum closed frequency set A C R3, let

XMR?) = {u =) ine™* € BUC(R?) for {im}nen CC:
neA
on =15 for neA, |ull =) || < oo},
neA

where 4 is the complex conjugate coefficient of ,,.
The condition @_,, = 4 guarantees that functions in X are real-valued.

REMARK 1.4. Note that functions in ¢! do not necessarily decay as
x — 00. Also, this almost periodic setting is in general, different from the
periodic case since the frequency set may have accumulation points. The
almost periodic setting is between the periodic and the fully non-decaying
cases.
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Before defining our solutions, we first recall the notion of (usual) mild
solution. Note that our definition of the solution is rather unusual in geo-
physical field. Applying the extended Leray projection P to equations (1.1)
we annihilate the gradient term Vp and therefore deduce the integral equa-
tion of (1.1):

t

o(t) = etA=NS) gy, — / U= PA=NS) p(y(s) - V)u(s) ds,
0

where v = (u, %p), v = (v,v,v,k) and S = PJP (for the detail, see Section

2). The pressure p can be recovered by

p= Z RiRjujuj — g(=A) "y,

1<i,j<3

where R; is the Riesz transform (see Section 2). As this was pointed out
in [17], it is difficult to handle mild solutions in the case when x # v.
Indeed, the main difficulty is that NS and ?A do not commute, namely
NS(wA) # (PA)NS. Thus we cannot use this type of mild solution directly.
We define a solution of (1.1) as follows

DEFINITION 1.5. Let X be a Banach space given by Definition 1.3.
We call v(t) a solution to (1.1) in X2 if v has a form

v=uv(t,z) = Z O (t)e™®

neA

with 9, € C([0,T],C*) solving the following ODE:
(1.2)  0yn(t) = — 5|n|?0p(t) — Snbn(t)
—iPy Y (Ok(t) - )om(t)  with (i D, (t) =0

k,meA,
n=k+m

for n € A, where mi := (m,0) = (mq1, m2, m3,0) (we define , P, and S, in
the next section), and the above sum converges uniformly in C([0, 7], X*).

To construct the family (v, (t))nea, we apply Craya-Herring decomposi-
tion and use a filtering procedure enabling us to obtain this “different type”
of mild solutions. See (2.8),(3.2) and (3.3) for details.
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Now, we define anisotropic dilation of the frequency set as follows.

DEFINITION 1.6. Let A be a countable sum closed frequency set. For
Y= (’71772) € (O7OO)Q> let

(1.3) A(Y) == {(11n1,72n2,n3) € R3 : (nq,np,n3) € A}.

Now, we introduce the following Quasi-Geostrophic equation which is a
part of the limiting system (formally obtained from equation (1.1) when A
tends to infinity):

0O — A+ (—=Ap)"V2 [(v- V) ((—AR)Y20))] =0,
(1.4) v = (=0, (—An) 7120, 0,, (—Ap)"1/20)
O()|1=0 = O = — 0y (—AR)"Y?ug 1 + 0y (—AR) " Y?ug 9,

where 0 = 0(t) = 0(t, 1, 22, x3), Ap =02, + 02, and A =92 + 02, + 02,
We see that (—Ap)~"Y2u = 37, 4 nl;, Hine™? for u = 3, ) Upe™®. We
give an explicit one-to-one correspondence between the QG and a 2D type
Navier-Stokes equations:

(15) {(%v —Av+ (v-Vo)v+ Vap =0,

Vg U= 0, v|t:0 = 9.

In this case we set 0 = (—Ah)fl/Q

global solution to 2D-Navier-Stokes equation with almost periodic initial
data, see [15].
Before stating the main result, and in order to avoid resonances, we

rotov. For the existence of the unique

need the following setting: for any sum closed frequency set A, we choose
a set of frequencies dilation factors I'(A) C (0,00)? as (2.14). Note that its
complement set I'® is at most countable. Let us take A(v) (see Definition
1.6) and fix it. Now we choose an arbitrary large initial datum (ug, po) €
XAM % XA and set 6 = —am(—Ah)_l/Quo,l + 8m1(—Ah)_1/2u0,2. We
know that for this initial data, (1.4) has a global-in-time unique solution.
We also take v > 0, k > 0 and fix them. The main result is the following;:

THEOREM 1.7. Set N = N/g and take arbitrarily T > 0. If zero-
mean value divergence free initial vector field ug € X and initial ther-
mal disturbance pg € XA are chosen as above, then there exists Ng > g
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depending only on v, K, uy, po such that if [N| > Ny, then there exists
a unique smooth solution to the equation (1.1) (in the sense of Definition
1.5), u(t) € C([0,T) : X ) with zero-mean value and divergence free, and
p(t) € C([0,T] : X2 .

REMARK 1.8. In order to see the functional space of the pressure, it
is convenient to divide it into low and high frequency parts, since we have
the explicit representation of the pressure p and it has g(—A)"0,,p. We
see that the low frequency part of Vp (or equivalently (—A)~'/2p) is in XA
and its high frequency part is also in X* for ¢ € [0, T].

REMARK 1.9. For the periodic case, we do not need to restrict the fre-
quency set to I' i.e. we can take I'(A) = (0, 00)2. However, the computation
in this case is more complicated and needs a‘“restricted convolution” type
result in the spirit of [2].

2. Preliminaries

Before going any further, we first recall the following facts about the
space X

e (XA||-]) is a Banach space, and any almost periodic function u € X
can be decomposed u(z) = X,ecptne™®, where each “Fourier coeffi-
cient” 4, is uniquely determined by

1 :
G, = lim E/Bu(x)e”'" dx,

|B|—o0
where B stands for a ball in R? (see for example [7]).

e X" is a closed subspace of FM; the Fourier preimage of the space
of all finite Radon measures proposed by Giga, Inui, Mahalov and
Matsui in [12, 13, 14].

e Leray projection on almost periodic functions P = {ij}j,k=L2,3 is
defined by
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where ;5 is Kronecker’s delta and R; is the Riesz transform defined

by
)

= a—a:j
The symbol o(R;) of R; is in;/|n| and o((—A)~Y2) is |n|~!, where
i = +/—1 (see [7]). Let P denote the extended Leray projection with

Fourier-multiplier P, = { Py, }i j=1,2,3,4 (the symbol o(P) is P,) given
by

R; (—A)"2 for j=1,2,3.

6ij — g (1<i,5<3),
Pn,ij::{z e (1Sh5<3)

6ij (otherwise).

e Helmholtz-Leray decomposition is defined on almost periodic func-
tions in the same way as in the periodic case. Namely, any u € X is
uniquely decomposed as

u=w+ Vm,
where 7 = —(=A)"div u € X and w = Pu € X",

Now we rewrite the system (1.1) in a more abstract way. Let N := N\/g
V9

and v = (v, v, v3,v4) = (U1, uz, us, ng). Then (v, p) solves

O —vAv+ NJv+ Vsp=—(v- V3)v,
(2.1) vli=0 = vo,
Vz-v=0

with 7 = diag(v, v, v, k), the initial data vy = (uo,1, uo 2, %0 3, #po), Vs =
(817 827 83) O>7

o O O O

o O O O

— o O O
)

and (1) . V3) = (1)161 + v90y + 1)383).

Observe that under the condition N > g we have N > /g and therefore
llvo.al] = Hﬁpg” < |lpo]|. We will assume this condition throughout the
paper.
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Applying the extended Leray projection P to (2.1) yields the following
system of equations that we will solve

(2.2) {dv/dt + (=vA+ NS)v=—P(v- Vs)v,

v|t=0 = Pvy = o,

with S := PJP. Recall that for |n|, # 0, the matrix S, := P,JP, (the
symbol o(S) is S,,) has the following Craya-Herring orthonormal eigenvec-
tors (for fixed n) {q},q7 1, %, %} (see [3, 9]) associated to the eigenvalues
{iwp, —iwn, 0,0}, respectively. Here,

_ Infn _ /.2 2
Wnp = |n| ) |n|h - ni +n2

1 . . .
ay = (q%,m q%,nv qé,n? qi,n) ::W(annln?n WWnn2an3g, _’L|n‘l21wn7 ’n|]2’L)7
nl;

1 -1 -1 — 1 . . .
q, = (Q1,7117QQ,7117613,711>Q4,711) 1:\/§|n\2 (—Wnnm&—Wnn2”371|n‘iwm ‘"’%)’
h
1
qg = (qg,m qg,nv qg,n7 qg,n) ::m(_n27 ni, 0, 0)’

div ::( div _div div div) -

1
an Nnr92n>93n: 94,0 _(nla na, ng, 0)

n]

Note that ¢} = ¢, ' and ¢¥ = ¢%*, where the * notation stands for the
complex conjugate. We have S,,q} = iw,q}, Snq, ' = —iwng, !, and S,¢° =
Spqd® = 0. In the case when |n|, = 0 and n3 # 0, we define

b :=(1/2,1/2,0,1/v2)
4 =(~1/2,-1/2,0,1//2)
Q0 :=(-1/v2,1/v/2,0,0)

¢%" :=(0,0,1,0).

In fact, for |n|, = 0 and n3g # 0, we have S,, = P,JP,, = 0. We point out
that, the above choice of the basis is uniquely determined by the conditions

gy - an’) = (73%), (7g, ' - ¢, ") = (3%) and (¥qy - ") = v. Moreover,
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the divergence-free condition requires that (9, (t) - ¢%¥) = 0, giving ¢%* :=
(0,0,1,0).

Now we explain our strategy in solving (2.2). Recall that S and A do
not necessarily commute i.e. S(7A) # (7A)S. Hence, we see that

MPA=NS) 4 (7D INS

In [17], the authors considered the case k = v and therefore were able to
use the semigroup e/"A=N9)
case. It is not clear how to effectively use the semigroup e!2=NS) under
the assumption x # v. Our idea is to “filter out” solutions of (2.2) using
the semigroup eV, After doing so, we prove a key observation showing
that the operator eV (—A)e NS keeps diffusivity and is independent of
time ¢. To be more precise, first recall that the standard basis of [L?(T3)]*
is given by

that enjoys the commutation property in this

[(ein-m, 0,0, O)]n€Z3 [(0, ein-x’ 0, 0)]n€Z3’ [(O) 0, ein-m, O)]n€Z3 and
[(0,0,0, ™) |ez.

Clearly, these functions are not eigenfunctions of the operator NS =
N(PJP). However, introducing the functions [®,(z)],cz defined, using
Craya-Herring eigenvectors, by
[@5(2)]nezs = [ane™ ]
- [(qinezn~r7 q%,ne ’ qé’nemm’ qi,nem.x)]nEZ%
721 neZd - — ;1 e neZ?
[©7(2)]nezs = lan €™

-1 _inx ,—1 _inxz ,—1 _inxz _—1 _inx
= [(‘h,ne 1don€ 143 C 5 dq € Nnez

(@5 (2)Inezs = lane™ *Inezs
= [(qgme ) qg’ne’m-x’ quneln-x’ qg,neln.x)]nez“,
(@7 (2)Inezs = a7 €™ “]nez

_ div in-x div_in-x _div_inx div_in-x
- [(ql,ne y 42 n€ »43.n€ »d4.n€ )]n€Z3v

neZ3

in-T

in-x

we easily see that [®](z)],czs are eigenfunctions of NS and constitue a
complete orthogonal basis in [L?(T?)]%. The eigenvalues are

{iwntnezs, {—iwn}nezs, {O}nezz and {0}z
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respectively. Second, set V() := VSu(t) and Vo = V(0) = v(0). From
(2.2), we see that the function V satisfies the following equation (we say
“filtering procedure”):

(2 3) dV/dt 4 etNS(—ﬁA)e_tNSV —_ _etNSP(e—tNSV . V3>€_tNS‘/,
V=0 = PVp = Vo.

Finally, we show that the operator eV (—A)e V9 is diffusive and time
independent. Indeed, a direct calculation enables us to see that

~ - ~ * V+ K
NS (ZpA)e NSl (a) = <uq;'q;>|n\2¢>;<x>=( )rn|2<1>;<x>,
~ _ ~ s V+ K
NS (CpA)e NI (z) = <uqn1-qn1>\n|2¢>i<w>=( )|n|2<1>%<x>,
NS (L5AYNSD (@) = (5] - ) |20 (2) = vin] R (a),
NS (_pA)e NS (z) = (g . g |20 () = |20 ()

which can be rewritten as
(24)  NS(—pA) NP () = [nf2(og) - 1)PL(x), = 1,2,3,4.

Thus, eV9(—A)e V9 acts like a diffusion operator. In this way we can
therefore handle even the case k # v. However, the price to pay is to
consider the three wave interaction in the almost periodic case. Up to now,
the analysis of such interactions is difficult and not known how one can
handle it. To avoid this problem, we use anisotropic dilation of the frequency
set (see Definition 2.7) so that these interactions cancel (see Lemma 2.7).

Since we look for an almost periodic solution to (2.2), we formally write
the solution v as

v(t,z) =Y dn(t)e™”,

neA

where for n € A, 0, = (0n,1,0n,2,0n,3,0n4), Op -7 = 0 and 7 := (n,0) =
(n1,n2,n3,0). Then we decompose ¥,, using Craya-Herring eigenvectors,

~ 00 .0 . o0 . (A~ oo *
Op = E ag®q?®  with a® := (0, - ¢2°").
ooe{—1,0,1}
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Hence the filtered solution V (t) := e!N9u(t) can be written as

V)=, > ermer.

n€A ope{-1,0,1}

Using the important property of diffusivity of e!N* (—0A)e N S equation
(2.3) yields

(2.5) Qe (t) = = (O)|nl*(7a7” - 47)

. § : eiNtwakm
n=k+m, o1,020€{—1,0,1}

x cpteni(ant -m)(an? - a7,

where we set
(2.6) Woem = (—0own + 01wk + Towm,).

Now we split the nonlinear part into the resonant (independent of N)
and non-resonant two parts defined by

Bl(g™ A= 3 (G m e ) he

n=k+m, w7, =0

and
BI°(Nt, g°', h7?)

== > (g7" -m)(an; - 47" )gg hiy exp(iwpy,, N1),
n=k+m, w?, #0

* nkm

respectively. In addition, thanks to the standard smoothing estimates of
the heat kernal we have the following estimates:

[{e "I"PtBIo (N't, g7t ho?) Ynenll < S llg”t |12

1/
(2.7)
2t B
I{e "B (971, ho*) hneall < Shllg 1A
(for o9 = —1,0,1) obtained by estimating the first derivative of the heat
kernel as follows
Cy
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The constant C,, > 0 is independent of V.
Then we have the following equations:

Quey (t) = —vin|?cy(t)
+ Z:(01,02)6{*1,0,1}2 (Bg(cﬁ ) 002) + B?L(Nt’ c”t caz))

(2.8) QO (t) = — (457 Inf*e (t)
+Z(al,az)e{—1,o,1}2 (Bgo (¢?1, ¢72) 4+ B9 (N, c"l,c”?)> ,

A ®)li=0 = c3(0), 70 (t)li=o = c7°(0)

\

for o9 = £1. From the condition w?, =~ = 0, we easily see that the

terms By(ct,c'), By(che™h), Bu(c ™), Bp(eth, ), Brl(ct, ),
BFY(c, cTl) and BF'(?, ") disappear. Now, we define the “limit equa-
tions” by

uby (1) = —v|n|*by(t) + B (0%, %) + BR(b',071) + By(b~1, b1,

a7 (1) = — (45%) Inf*670 (1)
+ 2 (o1,00)ef—1,0132\0 Bt (071, 072),  0g = £1,

(D0 (B)le=0 = 5 (0), 070 (1) ]i=0 = ¢7°(0),

where D := {(0,0),(—1,0),(0,—1)} for o9 = 1 and D := {(0,0),(1,0),
(0,1)} for g = —1. Formally, we can get (2.9) from (2.8) when N — oo.
We will justify this convergence in Lemma 3.2. Now we show that there is
more non trivial cancellation in the limit equations. More precisely,

LEMMA 2.1. We have

Bg(cl, cil) + Bg(cfl, cl) =0.

PrRoOOF. To prove the lemma, it suffices to show
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(2.10) (g5 -m)(gm' - an") + (g - F)(gi-4p) =0
forany n=k+m with wp = wp,.
First we show that wi = w,, if and only if
k,m e {n€Z:|n|2 = \n3} for some > 0.

(«): This direction is clear. Thus we omit it.

(=): Rewrite the identity wy = wp, as F(X) = F(Y), where X :=
k|2/k2, Y := |m|?/m3 and F(X) := X/(X 4 1). Since the function F is
monotone increasing, we see X = Y. This means that

|k ln Im|n
ks=+— and m3zg=+——-+
N5y N
We only consider the case k3 = ln 4nd mg = %, since the other cases

are similar. A direct calculation sﬁ:)ws that

(g - m) (g - ay)

VaAmllklinla \ A VIR R
(4’ - %) gk - 40")
1 kp, - mp k3|m| >
= — —komq + k1ms).
N (5~ i) (o b
From k3 = |\]€/‘Xh and mg = l"\#, we have (2.10) as desired. [

Now we show that the function ¢? in the limit equations satisfies a quasi
geostrophic (QG) equation type and that this QG equation is equivalent to
the 2D type Navier-Stokes equation. By the following lemma, we can see
that the function ¢V satisfies the QG equation (1.4).

LEMMA 2.2. Let |n|, = \/n? +n2. The resonant part BY(c®,%) can
be expressed as follows:

i(k x m)|m|p,
BO(D DO . Z i 0.0
a5 €)= Elalnln ™
n=k+m



14 Slim IBRAHIM and Tsuyoshi YONEDA

PROOF. Since ¢ = ﬁ

(—n2,n1,0,0) and g = e (|klngg + Imlnap,)
for n = k 4+ m, we have

h

By ") = = > Ad(a)-im) (g, - 42)
n=k+m
7
= - Z ———— (kamy — k1ma)
n=k+m |k|h|n’h

% (am - ([Klngk™ + Imlngp)) cicp,

Z — Z|m|h (k:gml—k‘lmg)cgc?n
|kln|n[n
n=k+m

(3
> m(’fzml — k1ma)(qp, - a2*) o,
n=k+m

Since k x m = —(m X k), we see that
i *
> W(kzml — kima)(dp, - @)y, = 0,
n=k+m h
which leads to the desired formula. O

Now we show that there is a one-to-one correspondence between the QG
and a 2D type Navier-Stokes equations.

LEMMA 2.3. Recall A, = 82 + 02, and let

w = (’U)l(l'l,x2,m3,t),’lﬂ2($17x2,$3,t))

= (Z (£ ,) wz,n(t)em'w> .

neA neA

Define 0 = 0(t, x1, xa, 23) := (—Ap) ™Y 2rotyw, with roty is the 2 dimensional
curl given by
rotgw = 811&)2 - 8211)1.

Then, w solves the following 2D type Navier-Stokes equation:

(2.11) {8tw—Aw+(w-V2)w+V2p:0,

VQ‘”LU:O, w|t:0 = wo
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if and only if 0 solves (1.4), where Vo = (Oy,, 0z,) and p is the pressure (a
scalar function).

PRroOOF. First, we point the following claim:

0= (—Ah)*%rotgw,
Vao-w=0

if and only if w = 82(—Ah)_%9, —81(—Ah)_%(9). The indirect implication
(<) is clear by a straightforward computation of rotew given Vy-w = 0. To
prove (=), set 6 := (—Ah)%H. Then we want to solve for a divergence free
w satisfying rotow = 0. Applying 9 to both sides, and using the divergence
free condition, we get —Apw; = &6, which as a consequence gives wy. The
component ws can be derived in a similar way.

Second, observe that for 6 = (—Ap)~Y2rotow = 37, 4 0, (t)e™ ™ we
have by Va - w =0,

n2 ) ol z 0 eine
W = G O i b0
= (82(—Ah)*50,—81(—Ah)*§9).
Then, applying rots to (2.11), we get
(2.12) Orotow — Arotow + (w - Va)rotaw = 0.
Here, we used the fact that
(2.13) (w - Va)rotow = rota[(w - Va)w].

Finally, applying (—A)~1/2 to both sides of (2.12), we see that § =
(—Ap)~Y2rotyw satisfies the desired QG equation (1.4). Conversely, apply-
ing L := (—(=Ap) 0y, (—Ax)"10;,) (which commutes with A) to (2.12),
and by (2.13) we can see that Lrote is nothing but the two dimensional
Leray projection. Therefore, this implies (2.11) as desired. O

REMARK 2.4. We refer to [15] for the existence of a unique global so-
lution to 2D type Navier-Stokes equation (2.11) with almost periodic initial
data.
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In what follows and in order to show the main theorem, we need the
following lemma (which is needed only for the almost periodic case) on the
dilation of the frequency set (1.3). This kind of restrictions is technical.
However we do not know whether or not such constraints are removable.
This means that the general almost periodic setting seems to remain open.
Let

(2.14) I':= F(A) = m {7 € (O’ 00)2 : nkm( ) # 0}
n,k,meA\{0}
[nlhs | Kl | n 70

where ~
Parm(7) := [Pkl ] w2
UE{_171}3
with 7 = (,-ylnljfmn%n?)) ]~§ = (")/1]€1,")/2k2,/€3) and m = (’Ylm177~2m27m3)7
and o = (09,01,02) and w~k~ is given by (2.6). (We put |7[*|k[*|m[® in
front of HUE{_l 13 wﬁfcm’ since we can have a polynomial Pz, (7)).

LEMMA 2.5. T is not empty and |I'| =

REMARK 2.6. To extract 7 from I', we need to admit “Axiom of
choice”. In other words, “Every set includes a countable set”. This seems
to be a crucial point in order to consider the almost periodic setting. Once
we extract v from I' (it seems difficult to figure out the concrete value
of 7), then we can see that w?; = # 0 for any n,k,m € A(y) \ {0} with

|n|h7 |k|h7 |m|h 7& 0.

PrROOF. We show that I' cannot be empty. By a direct calculation, we
have

Pum(y) = [fl* 5% "
(Wi + wi + win) (—wi + wj, + W)
(wi — w + W) (wWa + W, — wi))”
= [APRPIRL (02 — (g +win)?) (@2 - (@ — wm)?)®
= PSRRI (0~ oF — w3)? — 4wl )’

- 2
= 1817181518 (4 4 A 2 2 2 2 2 2
= |n|°|k|®|m| (wﬁ + Wi + Wy, — 2wiwy, — 2wWEWy — Qwﬁwiﬂ)
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<!7’6|ﬁ\’5\4\m\4 + (7 kIl + |7l R[],
—2[7)?|7[} |k [ K[ 7] * —22\ﬁ!2\ﬁ!i|/5|4!m!2\m\%
2l PRl Pl
= (- sk} - udigmisg

—3nikiminiys — 3nikiminiyi — 3nikiminiva

“andigmiytad — ankimiyiod — anikminid + Lot)
where [.0.t stands for lower order terms. Since |n|p,|k|n, |m|n # 0, then
the highest order terms never disappear. This means that Pk, (7) is a

polynomial and coefficients of highest order terms in both ~; and 2 are not
zero. Thus

(2.15) H{y €T : Puyem(y) =0} =0 for fixed n,k and m.

Since

(0,00)* = {7 € (0,00)% : Prgm(7) # 0} U {7 € (0,00)* : Pag () = 0},

then we see

(0, 00)2 = <ﬂ n,k,meA\{0} {7 Puem () # O}>

7|, Kkl |m |70

U <U n,k,meA\{0} {’7 . Pnk‘m('}/) = 0}) .

2|, Kkl s|m |70

By (2.15) we have

\m R {vem,oo)?:Pnkm(v)#(J}]=|<o,oo>2|=oo-D
|7 p,) K| by M| 20

Now we show that the limit equations have a global solution. In the

almost periodic case, the non-resonant part Bil(cil,cil)

by restricting the frequencies set to A(7).

disappears just
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LEMMA 2.7. Let A be a sum closed frequency set. We extract v from
I'(A) and fix it. Then for oy = %1 there exists a global-in-time unique
solution c°(t) to equations (2.9) such that c°°(t) € C([0,00) : £*(A(%)))
with (¢5°(t) -n) =0 for all n € A(y) and ¢i°(t) = 0.

PROOF. Recall that 72 = (y111,v2n2,n3), k = (y1k1, y2ks, k3) and m =
(y1m1,y2me, mg). By restricting v € ', we can eliminate the worst non-
linear term. More precisely, for all n € A and ¢ = (01,02,03) € {—1,1}3,
the term

BZo(c7,c¢7?) = Z (7! - im)(qy; - 5°")c7 ey disappears.
A=k+m
“ im0
Then we have two coupled linear equations for {c; '}, and {c.},. In this
case, the global existence will immediately follow from estimates (2.7). OJ

3. Proof of the Main Theorem

Before proving the main theorem, we first mention the local existence
result. Using estimate (2.7), we obtain a local-in-time unique solution to
(2.8) in C([0,T) : £1(A)) as stated in the following lemma.

LEMMA 3.1.  Assume that ¢(0) := {¢5°(0)}nenvoef-1,013 € £'(A) and
5" (0) =0 for og € {—1,0,1}. Then there is a local-in-time unique solution
c(t) € C([0,Tr] : €*(A)) and c§°(t) =0 (o0 € {—1,0,1}) to (2.8) satisfying

C
—_— su c(t)|| < 10]||c(0)]|,
EOIE=A [le()]] le(0)]

where C' is a positive constant independent of N.

(3.1) Ty >

ProOOF. First we consider a mild formulation of (2.8):
(32) 1) =" (0)

LY

(01702)6{_17071}2

t
X / e~v(t=9)ln? (Bg(c‘”,c‘”) + BY(Nt, c‘”,c”?)) ds
0
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—V;K”|n|2

(3.3) °(t)=e tc20(0)

LY

(01702)6{_17071}2

t
X / e~ SEE (t=s)lnl? (BZO(C‘”, %) + B°(Nt, 0017602)) ds.
0

By (2.7), we have the estimates

& & 1/2 sup ||c?t(s)|| sup ||c?%(s
R0l <o+ S (s [l sw o)

(01702)6{_17071}2 0<s<t st

and
e @l < [lex*(0)]

gt X (s [ s (]

(01,02)€{—1,0,1}2 0<s<t 0<s<t

These a-priori estimates of sup, ||c°(¢)|| and sup, |[|c°(¢)|| give us through a
standard fixed point argument the existence of a local-in-time unique solu-
tion (for the detailed computation, see [12] for example). We can obtain
inequalities (3.1) from the above inequalities (in this case, we take suffi-
ciently small T, depending on C),, and C( viny, and then use an absorbing

argument). [J

Let 79(t) be the solution of the limit equations (2.9) and ¢?°(t) be the
solution to the original equation (2.8). The main point is to control the
¢*-norm of the remainder term r9°(t) := ¢2°(t) — b2°(¢) (09 = —1,0,1) by
the large parameter N. Note that the initial data 79 (0) and 79°(0) are zeros.
More precisely, v and r7° satisfy

urn(t) = — vInf*ry(t)

CS (B o v o)
(Ul 702)6{717091}2
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and

V+ K

()=~ (U5 ) InPrvee)

Y (BReT e + B )
(01,02)€{—1,0,1}2

—i—BfLO (Nt,ct, c”z)) ,

respectively. Once we control the remainder term in the ¢'-norm, we eas-
ily have the main result by a standard bootstrapping argument (see [21]
for example). Now we show the following lemma concerning the small-
ness of the reminder term. Let b(t) := {b°(t)}nen,o0e{—1,0,1} and r(t) :=
{r2°(t) tnen,ooef-1,0,1}-

LEMMA 3.2. For all € > 0, there is Ng > 0 such that ||r(t)|| < e for
IN| > Ny and 0 < t < T, with Ty, is the local existence time (see Lemma
3.1).

ProOF. To simplify the remainder equation, we introduce the following
notation. Let

R2°(r,c,b): = Z (B;;O (r°,c72) 4+ B° (bal,r”)) ,
(o1,02)€{—1,0,1}2
R%°(Nt,c): = > BI9(Nt, 1, ¢%?).

(0170—2)6{_17071}2
Rewrite the remainder equations as follows:
Byrp (t) = —v|n[*r})(t) + R (r, c,b) + R (Nt ¢)

(3.4) Orgo(t) = — (“55) [n|?rgo (t) + R (r, ¢, b) + R (Nt, c)
for o9 =-1,1.

In order to control 7, the key is to estimate RO (Nt,¢) and R7°(Nt,c) in
(3.4). To do so, we need to analyze the following oscillatory integral of the
non-resonant part as follows:

(3.5) B2°(Nt,¢°', ho?)
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1 NI . *
=D e e (gl am) (g - ) o b
n=k+m,w?,  #0 nkm
and
(3.6) R (Nt,c) == > BI0(c71, ¢72).

(01,02)€{—1,0,1}2

First, note that we have the following relation between B and B, and R
and R, respectively:

a, (l?;‘lo(Nt,g”l,h”?)) —  BOO(Nt, g%, h??) + B2 (Nt, 0,97, ho?)
+B35°(Nt, g%, 9;h7?)
and
) (ﬁgv(zvt,c)) = RO(Nt,c) + R (Nt, dyc).

To control r, we split (3.4) into two parts: finitely many terms and
small (in ¢!(A)) remainder terms, respectively (cf. [1, Theorem 6.3]). For
r € (*(A)and n=1,2,---, we choose {53521 CN (s1 < s2 <---) in order
to satisfy ||(I — Py)r| — 0, as (n — o0), where

Pyr = {rm,rnw STy,
ni, - ,ns, €Ning Fny (k#L),[n;| <n forall j=1,-- ,sn}.
The choice of ny --- ng, is not uniquely determined, however this does

not matter. Then we can divide r into two parts: finitely many terms
Tnys® " T, and small remainder terms {(1 — Py)rn}tnea.

REMARK 3.3. By (2.7) and (3.5), we have the following estimates (we
omit the time variable t):

30 Bn
P8 Py Pac)ll < 22 (1) 2Pyl

1Py R (Pyy, e, b)II < (1+12) 2 Pyyl (el + [1B1])
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for 0 <t < Ty, (T, is a local existence time, see (3.1)), where
B(n) :=max{|w,, |7tk =k, ks,, n=mn1, - ,ng, m=n—k}.
Let y € /1(A). Since Py only have finitely many terms, we see
InPPoyll < (1 + 1)1 Pyyll-

Note that ((n) is always finite, since it only have finite combinations
for the choice of n, k and m. We can also have the same type estimate for
|0¢Pyc|| by using (2.9).

Second, we use a change of variables to control R? and R°°. Let us set
y as

YO (t) == 10(t) — RAUNt, Pye) and  y20(t) == r20(t) — RSO (N, Pyc).

From (3.4), we see that

o (s +RY) = —vinP(h+RY) + R + R, c.b)
+RY(Nt, Pyc) + RY(Nt, (I —Py)e),
o (i 4 RE) = (V) I R+ B+ R e

+RI°(Nt, Pyc) + R (Nt, (I —Pp)c).

Next, we control Pnyo and P,y°° for fixed n. If ¥ is one of the element of
Py, then yY satisfies the following equation. By (3.6),

3.7 dwp(t) = —vinlPyy + Ro(Pyy,c,b) + By,

() = () P+ R (Pycit) + T
where

EY: = —RY(Nt,P,0ic) + R2(P,RA(Nt, Pyc),c,b)

—v[n|*RY(Nt, Pyc) + RO(Nt, (I — Py)c)
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and

ES0: = —RI(Nt, P,dsc) + R (P, R (Nt, Pyc), c,b)

vtk >3 O
(5" ) PR (N Py + RN (1 P

Note that (3.7) are linear heat type equations with external force E° and
E°0. Thus the point is to control E® and E?°. By Remark 3.3, we can
see that for any e > 0, there is g and Ny (depending on 1) such that if
N > Ny and n > np, then [|[E?°|| < € and ||E?°|| < e. Thus we have from
(3.7),

PRl < [ (G5l POl + ) + <) ds

and

Pl < [ (G P @I + i) + <) ds.

Finally, the rest of the proof is rather standard manner, thus we only give
an outline of the proof. By Gronwall’s inequality, we conclude that for any
€ > 0, there is ng (independent of Ny) and Ny (depending on 7y) such that if
n > no and N > Ny, then ||P,y°|| < e and |P,y°°| < e for 0 < ¢ < Ty, (T is
dependeng only on ¢'-norm of the initial datum, independent of 19 and Np).
Clearly, we can also control (I —P,)y with sufficiently large n (independent
of Np), and P,R3°(Nt,P,c) with sufficiently large N (depending on 7).
Thus we can control r for sufficiently large n and N. [J

Acknowledgments. The authors would like to thank the anonymous
referee for his thorough review in order to clarify earlier issues. Also many
thanks go to Professor Shinya Matsui and Doctor Satoshi Sasayama for their
useful comments. The second author thanks the Pacific Institute for the
Mathematical Sciences for support of his presence there during the academic
year 2010/2011. This paper developed during a stay of the second author
as a PostDoc at the Department of Mathematics and Statistics, University
of Victoria.



24

Slim IBRAHIM and Tsuyoshi YONEDA

References

Babin, A., Mahalov, A. and B. Nicolaenko, Regularity and integrability of
3D Euler and Navier-Stokes equations for rotating fluids, Asymptot. Anal.
15 (1997), 103-150.

Babin, A., Mahalov, A. and B. Nicolaenko, Global regularity of the 3D
Rotating Navier-Stokes Equations for resonant domains, Indiana University
Mathematics Journal 48 (1999), 1133-1176.

Babin, A., Mahalov, A. and B. Nicolaenko, On the regularity of three-
dimensional rotating Euler-Boussinesq equations, Mathematical Models and
Methods in Applied Sciences 9 (1999), 1089-1121.

Babin, A., Mahalov, A. and B. Nicolaenko, Fast singular oscillating limits
of stably-stratified 3D Euler and Navier-Stokes equations and ageostrophic
wave fronts, Large-scale atmosphere-ocean dynamics, Cambridge Univ. Press
1 (2002), 126-201.

Benameur, J., Ibrahim, S. and M. Majdoub, Asymptotic study of a magneto-
hydrodynamic system, Differential Integral Equations 18 (2005), 299-324.
Charve, F., Global well-posedness and asymptotics for a geophysial fluid
system, Comm. Partial Differential Equations 29 (2004), 1919-1940.
Corduneanu, C., Almost Periodic Functions, Interscience Publishers, New
York, (1968).

Chemin, J. Y., Desjardins, B., Gallagher, I. and E. Grenier, Mathematical
geophysics. An introduction to rotating fluids and the Navier-Stokes equa-
tions, Oxford Lecture Series in Mathematics and its Applications, 32. The
Clarendon Press, Oxford University Press, Oxford, (2006).

Embid, P. F. and A. J. Majda, Low froude number limiting dynamics for sta-
bly stratified flow with small or finite Rossby numbers, Geophys. Astrophys.
Fluid Dynamics 87 (1998), 1-30.

Gallagher, 1., Applications of Schochet’s methods to parabolic equations, J.
Math. Pures Appl. 77 (1998), 989-1054.

Gallagher, I. and L. Saint-Raymond, Weak convergence results for inhomo-
geneous rotating fluid equations, J. Anal. Math. 99 (2006), 134.

Giga, Y., Inui, K., Mahalov, A. and S. Matsui, Uniform local solvability for
the Navier-Stokes equations with the Coriolis force, Methods Appl. Anal. 12
(2005), 381-393.

Giga, Y., Inui, K., Mahalov, A. and J. Saal, Uniform global solvability of
the rotating Navier-Stokes equations for nondecaying initial data, Indiana
University Mathematics Journal 57 (2008), 2775-2791.

Giga, Y., Jo, H., Mahalov, A. and T. Yoneda, On time analyticity of the
Navier-Stokes equations in a rotating frame with spatially almost periodic
data, Physica D 237 (2008), 1422-1428.



Long-Time Solvability of the NSB Equations 25

Giga, Y., Mahalov, A. and T. Yoneda, On a bound for amplitudes of Navier-
Stokes flow with almost periodic initial data, to appear in J. Math. Fluid
Mech.

Kimura, Y. and J. R. Herring, Diffusion in stably stratified turbulence, J.
Fluid Mech. 328 (1996), 253-269.

Koba, H., Mahalov, A. and T. Yoneda, Global well-posedness for the rotating
Navier-Stokes-Boussinesq equations with stratification effects, to appear in
Advances in Mathematical Sciences and Applications.

Lemarié-Rieusset, P. G., Recent developments in the Navier-Stokes problem,
Research Notes in Mathematics, Chapman and Hall/CRC, Boca Raton, FL,
(2002).

Paicu, M., Etude asymptotique pour les fluides anisotropes en rotation rapide
dans le cas périodique, J. Math. Pures Appl. 83 (2004), 163—-242.

Poincaré, H., Sur la précession des corps déformables, Bull. Astronomique
27 (1910), 321.

Yoneda, T., Long-time solvability of the Navier-Stokes equations in a rotating
frame with spatially almost periodic large data, Arch. Ration. Mech. Anal.
200 (2011), 225-237.

(Received May 7, 2012)
(Revised March 4, 2013)

Slim IBRAHIM

Department of Mathematics and Statistics
University of Victoria

PO Box 3060 STN CSC

Victoria, BC, Canada, VW 3R4

E-mail: ibrahim@math.uvic.ca

URL: http://www.math.uvic.ca/ ibrahim/

Tsuyoshi YONEDA

Department of Mathematics

Hokkaido University

Sapporo 060-0810, Japan

E-mail: yoneda@math.sci.hokudai.ac.jp



