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On the Fusion Algebras of Bimodules Arising

from Goodman-de la Harpe-Jones Subfactors

By Satoshi GOTO

Abstract. By using Ocneanu’s result on the classification of all
irreducible connections on the Dynkin diagrams, we show that the
dual principal graphs as well as the fusion rules of bimodules arising
from any Goodman-de la Harpe-Jones subfactors are obtained by a
purely combinatorial method. In particular we obtain the dual princi-
pal graph and the fusion rule of bimodules arising from the Goodman-
de la Harpe-Jones subfactor corresponding to the Dynkin diagram Fsg.
As an application, we also show some subequivalence among A-D-FE
paragroups.

1. Introduction

Since V. F. R. Jones initiated the index theory for subfactors in [15],
intensive studies on the classification of subfactors have been made by many
people. The classification of subfactors of the AFD type II; factor with index
less than 4 has been completed by many people’s contribution ([2, 13, 14,
15, 16, 21], see also [9]) after A. Ocneanu’s announcement [18].

Goodman-de la Harpe-Jones subfactors (abbreviated as GHJ subfactors)
[11] are known as a series of interesting non-trivial examples of irreducible
subfactors with indices greater than 4, though some of them have indices
less than 4. The indices of all GHJ subfactors are given in [11]. They are
constructed from the commuting squares arising from the embeddings of
type A string algebras into other string algebras of type ADE. (See |9,
Chapter 11] for the construction of GHJ subfactors from a viewpoint of
string algebra embedding.) The principal graphs of these subfactors are
easily obtained by a simple method but the dual principal graphs as well
as their fusion rules are much more difficult to compute. (Okamoto first
computed their principal graphs in [20].)

One of the most important examples of GHJ subfactor has index 3+ /3
and it is constructed from the embedding of the string algebra of Ay into
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that of Fg. In this particular case it happens that it is not very difficult
to compute the dual principal graph (see [17], [9, Section 11.6]). But it is
more difficult to determine its fusion rules. Actually D. Bisch has tried to
compute the fusion rule just from the graph but there were five possibilities
and it turned out that the fusion rule cannot be determined from the graph
only [3]. Some more information is needed and Y. Kawahigashi obtained
the fusion rule as an application of paragroup actions in [17].

In his lectures at The Fields Institute A. Ocneanu introduced a new
algebra called double triangle algebra by using the notion of essential paths
and extension of Temperley-Lieb recoupling theory of Kauffman-Lins [19].
He also announced a solution to the problem of determining the dual prin-
cipal graphs and their fusion rules of the GHJ subfactors as one of some
applications of his theory. But the details have not been published.

After A. Ocneanu’s works, F. Xu and J. Béckenhauer-D. E. Evans have
revealed a relation between the GHJ subfactors and conformal inclusions
([22], [5], [6], [7]) and J. Bockenhauer, D. E. Evans and Y. Kawahigashi
([8]) obtained essentially the same fusion algebras of GHJ subfactors of
type Doy, Eg, Eg by using conformal field theory and the Cappelli-Itzykson-
Zuber’s classification of modular invariant [10].

In this paper we give detailed computations of the dual principal graphs
and the fusion rules for any GHJ subfactors by a purely combinatorial
method. For this purpose we will make the most use of Ocneanu’s result on
the classification of all irreducible connections on the Dynkin diagrams (See
[19]. Our method here is based on the observation in [12]). Especially we
will make use of Figures 21~36, which were first found by A. Ocneanu [19].
Our result does not rely on either conformal field theory or the classification
of modular invariant.

2. Correspondence between System of Connections and System
of Bimodules

Let K and L be two connected finite bipartite graphs. A bi-unitary
connection on four graphs is called a K-L bi-unitary connection if it has the
graph K as an upper horizontal graph and the graph L as a lower horizontal
graph as in Figure 1.

If we have a K-L connection, we can construct a subfactor N C M
by choosing a distinguished vertex xx of the upper graph K and applying
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string algebra construction to the connection. (See [9, Section 11].) This
construction seems to depend on the choice of the vertex xg. But it is
well-known that the subfactors constructed from this connection does not
depend on the choice of the vertex *g, that is, they become all isomorphic
because of the relative McDuff property [4].

K
*K — N
w N
P —> M

L

Figure 1.

On the one hand as a paragroup of the subfactor N C M obtained from
the connection w as above, we obtain the system of 4-kinds of bimodules, i.e.
N-N, N-M, M-N, M-M bimodules, by taking irreducible decomposition
of alternating relative tensor products of yMp; and its conjugate bimodule
MMy as usual. (See [9] for details.)

On the other hand we also get the system of 4-kinds of connections, i.e.
K-K, K-L, L-K, L-L bi-unitary connections, by taking irreducible decom-
position of alternating compositions of the connection w and its conjugate
L-K connection w.

Now the problem is the relation between the system of bimodules and
the system of connections obtained as above. We can easily see that those
two systems become the same paragroup for N C M if the subfactor N C M
has finite depth.

To see this it is enough to see the relation among a usual paragroup
based on bimodules, a system of generalized open string bimodules and a
system of bi-unitary connections. The details of these relations are found in
[1]. Note that when we consider a system of bi-unitary connections forms a
paragroup, we need the notion of intertwiners between two connections. For
this purpose, we need to fix distinguished vertices *x and *p of both even
and odd part of the graphs K and L, then we identify all the bi-unitary
connections of the system as the generalized open string bimodules con-
structed from those connections. Then we define the intertwiners between
two connections by those between the corresponding two generalized open
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string bimodules. Now from the argument in [1], the intertwiners between
two connections can naturally be identified with the intertwiners between
the correponding 4 kinds of bimodules, i.e. N-N, N-M, M-N, M-M bi-
modules arising from the usual paragroup. See Theorem 4 in [1] for more
details.

Hence we obtain the following theorem.

THEOREM 2.1. If the subfactor N C M constructed from o K-L con-
nection gwy, has finite depth, the system of 4-kinds of connections obtained
from gwy, and the system of 4-kinds of bimodules obtained from the subfac-
tor N C M have the same fusion rules. Moreover these two systems defines
the same paragroup for N C M wvia the correspondence between connections
and generalized open string bimodules.

REMARK 2.2. As we mentioned above, the subfactor constructed from
a connection g wy, does not depend on the choice of the distinguished vertex
xr. In the same way we need to fix two vertices *x and *7 in order to
construct a generalized open string bimodule from a connection. But the
above theorem holds true for arbitrary choice of two distinguished vertices
i and xp, of the graphs K and L respectively.

The above theorem provide us a purely combinatorial method to com-
pute fusion rules for the subfactor obtained from a connection gwr. Actu-
ally we can compute the fusion rules of a system of connections by looking
at the composition and decomposition of their vertical graphs.

3. The (Dual) Principal Graphs and Their Fusion Rules of the
Goodman-de la Harpe-Jones Subfactor

Let A be the Dynkin diagram A, and K one of the ADE Dynkin dia-
grams with the same Coxeter number. The subfactors constructed from the
commuting square as in Figure 2 are called the Goodman-de la Harpe-Jones
subfactors (abbreviated as GHJ subfactors). Here the construction depends
only on the graph K and the vertex xx = x. (See [11] for details.) We
denote this subfactor GHJ(K, xx = x). We remark that the vertical graphs
G and G’ as in Figure 2 are easily obtained from the dimension of essential
paths on the graph K (Figures 21~30). Here we note that the graphs G
and G’ may be disconnected.
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A
* A — N
G w €4 N
*K — M
K

Figure 2.

We use the next two propositions to compute the fusion rule of the
Goodman-de la Harpe-Jones subfactors.

PROPOSITION 3.1 ([12, Proposition 5.6]). Let A, K,G and G’ be the
four graphs connected as in Figure 3. Suppose there is a bi-unitary connec-
tion on the four graphs. Then the connecting vertical graphs G and G’ are
uniquely determined by the initial condition, i.e., the condition of edges con-
nected to the distinguished vertex of the graph A (see Figure 4). Moreover
such a connection is unique up to vertical gauge choice.

A
G G’
K
Figure 3.
A
*A
w
z
K

Figure 4.
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ProOPOSITION 3.2 (Frobenius reciprocity) ([12, Proposition 3.21]).
Let K, L and M be three connected finite bipartite graphs with the same
Perron-Frobenius eigenvalue. Let gay, By and gy be three irreducible
bi-unitary connections which are K-L, L-M and K-M respectively. If
appears n times in the composite connection a3, then o appears n times in
B and 3 appears n times in ary.

3.1. The fusion rules of four kinds of connections arising from
GH.J subfactors
The system of connections arising from a GHJ subfactor consists of four
kinds of connections, i.e. A-A, A-K, K-A and K-K connections. So the
fusion rules consist of the following 8 kinds of multiplication table.

(1) AA x A-A— A-A

(2) A-A x AK — AK

2) K-Ax AA— KA (2 AK x K-A— A-A
(3) AK x K-K — A-K

(3) K-K x K-A— K-A (3 K-Ax AK — K-K
(4) K-K x K-K — K-K

Among these multiplication tables, (2)" and (3)" are obtained by taking
conjugation of (2) and (3) respectively. The tables (2)” and (3)” are also
obtained from (2) and (3) respectively by Frobenius reciprocity. So it is
enough to determine four multiplication table (1), (2), (3) and (4).

3.1.1  The fusion rules of (1) A-A x A-A — A-A and (2) A-A x
A-K — A-K and the principal graphs

We put the labels 0,1,2,--- ;m — 1 of vertices of the Dynkin diagram
Ay, as in Figure 5. We denote the unique irreducible A-A connection with
the “initial edge” connected to the vertex n in the lower graph A,, by ana
(Figure 6). We also denote the unique irreducible A-K connection with

0 2 4 m—-—3 m-—1
*A
Dynkin diagram A,, \/\/ . '\/.
1 3 m — 2

Figure 5. The label of vertices of the Dynkin diagram A,,.
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A A
*A *A
ATlA ATK
n x
A K
Figure 6.

the “initial edge” connected to the vertex x in the lower graph K by axx
(Figure 6).

Then the fusion rules of (1) A-A x A-A — A-A and (2) A-A x A-K
— A-K can be obtained by composition and decomposition of the (left)
vertical edges of the two connections an4 and sxx as in Figure 7. So we
have only to count the vertical edges of the connection szx in order to
determine the fusion tables of (1) and (2).

A A a4 A

12
7~

[AYK] ® I [42K]

¥y K 2 K

Figure 7. The fusion rule of A-A x A-K — A-K.

Because we need the notion of essential paths on graphs in order to
describe these fusion rules, we review the definition here for readers conve-
nience. Please see [19, section 32.2, page 254-256] for more details and the
proof of the moderated Pascal rule.

DEFINITION 3.3. A space of essential paths of a graph G with length n
is defined by EssPath(™ G = Dn HPath™G. Here pp=1—e1VeaV---Ve,_1
is the Wenzl projector and ey is the k-th Jones projection. We denote the
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space of essential paths of a graph G with length n, with starting point z
and end point y by EssPatthG.

The dimensions of spaces of essential paths of length n is easily obtained
by using the following moderated Pascal rule.

. (n+1) ~ _ . (n)
dim EssPath;,"/G = Z dim EssPath © G
£€Edge G,r(&)=x

— dim ESSPathéZj a

Now we continue the description of the fusion rules (1) and (2). Be-
cause the connection gxx comes from the inclusion of the string algebras
String, A C String, K, the number of vertical edges of this inclusion coin-
cides with the dimension of essential paths from the vertex x to y of K with
length n. (See Figures 21~30 for the dimension of essential paths.) Hence
we get the fusion tables of (1) and (2) as follows.

ANA - ATK = @ (dim ESSPathxqu) AYK
yEVert K

KTA  ANA = @ (dim ESSPatthK) KYA
yEVert K

AYK - KTA S @ (dim EssPathm’?y)K) ATA
neVertA

Since the principal graph is obtained from the fusion rule of A-A x A-
K — A-K, we can easily see that the principal graph of GHJ(K, xx =
x) coincides with the connected component of the vertical edges of the
connection 4z including the distinguished vertex *4. This principal graph
can be obtained easily by counting the dimension of essential path. It
follows from this fact that the even vertices of the the principal graph of
GHIJ(K, xg = z) coincides with (possibly a subset of) the even vertices of
the Dynkin diagram A,,.
3.1.2  The fusion rules of (3) A-K x K-K — A-K and the dual
principal graphs
We denote the unique irreducible A-K connection with the “initial edge”
connected to the vertex z in the lower graph K by sz as before and an
irreducible K-K connection by gw;x (Figure 8). Here gw;k is one of the
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connections of all K-K connection system (Figures 31~36). (See [12, section
5.3, pages 244-252] for details.) In this case the fusion rule of (3) A-K x
K-K — A-K is also obtained by composition and decomposition of the
(left) vertical edges of the two connections gxx and gw;x as in Figure 9.
We can get the fusion table of (3) by counting the vertical edges of the
connection gw;k in the same way as subsection 3.1.1.

A K
*A4
AT A KWK
T
K K
Figure 8.
A ¥4 A ¥4 A
(a2 K]
K
>~ k| [ayk] @ 1| [azk]
Z[KwiK]
K Yy K z K

Figure 9. The fusion rule of A-K x K-K — A-K.

This time the method of counting dimensions of essential paths does
not work in order to get the vertical edges of the connection gw;x. But we
can compute them by using Ocneanu’s classification of all irreducible K-K
connections and their fusion rules ([12, section 5.3, pages 244-252]).

For example, the vertical edges of all K-K connections are given in
Figures 37~47 in the case of K = As, Ay, As, Ag, D4, D5, D¢, Fg, 7, Eg.
Here in the case of Eg, Er, Fg, we give list of incidence matrices of vertical
graphs instead of graphs themselves because it is complicated to draw them
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all.
Now we get the fusion rule of A-K x K-K — A-K as follows.

ATK - KWK = EB n(W;)zy AYK
yEVert K

KWiK - KTA = @ n(Wi)zy KYA
yeVert K

KTA-AYK = @ (W) ey KWiK
WiEK LK

Here i Zk represents the system of all K-K connections which is isomor-
phic to the fusion algebras of the center of K-K double triangle algebra ([12,
Theorem 4.1, Corollary 4.5]). And n(w;),,, means the number of vertical
edges of the K-K connection gw;x connecting the vertices x and y.

Now we can get the dual principal graph from the fusion rule of (3) A-K
x K-K — A-K. It is the connected component of the fusion graph of (3)
which contains the connection gx.

3.1.3 The fusion rules of (4) K-K x K-K — K-K

This is the fusion rule of the system of all K-K connections obtained by
Ocneanu (Figures 31~36, [12, section 5.3, pages 244-252]). It is isomorphic
to the fusion algebras of the center of K-K double triangle algebra (x Zk, )
with dot product (vertical product) “”. We know that this fusion algebra
(kZK,-) is generated by chiral left part and chiral right part which are
isomorphic to the fusion algebra of connections arising from corresponding
ADE subfactor and that the chiral left and right part are relatively com-
mutative [12, Theorem 5.16]. So we can compute the fusion rule of (x Zx,-)
from the above facts.

We remark that the commutativity of the chiral left and right part is
proved at the same time when we draw the diagrams of all K-K connections
(Figures 31~36). The proof is based on coset decomposition, fusion rules
of chiral left (right) part and indices of irreducible connections. We refer
readers to [12, section 5.3, pages 244-252] for details.

The fusion tables of (xZk,-), i.e. the system of all K-K connections
for K = Fg, E7 and (a part of) Eg is given in Figures 48~50. We note
that these fusion tables is expressed in product form. For example in the
table 49, we can read (3) - 4=(1)%(3)(5), which means the fusion rule wjs) -
w4:2w(1) + 3w(3) + w(s) holds.
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3.2. The fusion rules of even vertices of the (dual) principal
graphs of GHJ(K, xx = x)
Let N C M be the Goodman-de la Harpe-Jones subfactor GHJ (K, *x =
x). Here we will compute the fusion rules of even vertices of the (dual) prin-
cipal graphs of GHJ(K, xx = x), that is, the fusion rules of N-N bimodules
and M-M bimodules of the subfactor N C M.

The system of N-N bimodules are isomorphic to the system of A-A
connections generated by sxx and this is the same as 4Z%", ie. the
fusion algebra of even part of 4Z4. So the fusion algebra of N-N bimodules
are isomorphic to the fusion algebra AV, i.e. the fusion algebra of even
vertices of the Jones’ type A subfactor. Hence it turns out that the fusion
algebra of N-N bimodules are always commutative for any GHJ subfactors.

The system of M-M bimodules are similarly isomorphic to the system
of K-K connections generated by 4xx and this is the same as (a part of)
KZ7, ie. the fusion algebra of even part of xZx. So we have only to
compute the fusion rule of Z7*".

even

Here the fusion rule of xZ37*" and the vertical edges of irreducible K-K
connections can be summarized as in the Table 1. As we mentioned above,
we can compute the fusion rule of Z7*" in detail from the fusion graph of
all K-K connections as in Figures 31~36 and 48~50.

In the following table, € represents the index 1 Dsy,-Ds, connection
which corresponds to the flip of two tails of Ds,. Because p,, 6 Zp,, has
coset decomposition Ds,, U Do, - ¢ and €2 = id as shown in Figures 32, 41
and 43, we can easily compute the fusion rule for p,, Zp,, .

Table 1. The fusion rule of x Z°® and vertical edges of K-K connections.

Graph K | fusion rule of xZ" vertical edges of K-K connections
A, commutative EssPathA,, (Figures 37~40)
Do, non-commutative EssPathDs,, + ¢ (Figures 41 and 43)

Doyt commutative EssPathDs, 1 (Figure 42)
FEg commutative Figure 44
Er commutative Figure 45
Es commutative Figures 46, 47
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4. The Structure of Goodman-de la Harpe-Jones Subfactors

4.1. Goodman-de la Harpe-Jones subfactors of type A,

Let N C M be the Jones’ subfactor of type A, and N C M C My C
My C --- C Mg C be the Jones tower. We label the vertices of the Dynkin
diagram A, by ag, a1, - ,an_1 as in Figure 10. Then the Goodman-de la
Harpe-Jones subfactor GHJ(A,,, * = a,,) is isomorphic to pN C pM,,_1p,
where p is a minimal projection in Proj(N’ N M,,—1) corresponding to the
vertex a,,. Hence in this case the principal graph and the dual principal
graph coincide and fusion rule of even vertices of both graphs becomes A",

*4 =0o p) Qy Ap—-3  Ap—1
3] as Ap—2

Figure 10. The label of vertices of the Dynkin diagram A,,.

4.2. Goodman-de la Harpe-Jones subfactors of type Dy,

We label the vertices of the Dynkin diagram Dsy,y1 by do,dy,do, -,
don—2,dan—1,d,, , as in Figure 11.

The Goodman-de la Harpe-Jones subfactor GHJ(Day,11,%x = dp) is
isomorphic to the unique index 2 subfactor N C N x Zo.

If the vertex xx # do,don—1,d5, 1, GHI(Dayy1, %k ) has nontrivial in-
termediate subfactor as in Figure 12 because we have the decomposition of
connections adxp = adop - p[k]p for k = 1,2,...,2n — 2. Here plk|p is
the Day1-Daypy1 connection corresponding to the vertex [k] as in Figures
33 and 42.

The (dual) principal graphs of GHJ(Day41,*k) are given in Figures
51~73 for n = 2,3,4,5.

The incidence matrices of the (dual) principal graphs of GHJ(Doyqq, * k)
are also given in Figure 102.

4.3. Goodman-de la Harpe-Jones subfactors of type D,,
We label the vertices of the Dynkin diagram Do, by dg, d1,ds, - - , don—3,
don—2,db, o as in Figure 13.
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dO d2 d4 d2nf4 d2n72

NN

dl dS d2n—3 d2n— 1 d/2n—1

Figure 11. The label of vertices of the Dynkin diagram Dap1.

Ay
* an—l — N
(N CP)=(NCN xZ)
N .
Dot index = 2
dO e — 3 P
N P#+M
g Dapiq
The principal graph = The dual principal graph
The fUSiOD rule even _ even
of even vertices AT - AL

Figure 12.

The Goodman-de la Harpe-Jones subfactor GHJ(Day,*x = do),
GHJ(Dy4,*i = d2) and GHJ(Dy,xx = di) are isomorphic to the unique
index 2 subfactor N C N x Zs.

If n > 2 and the vertex xx # dy, GHJ(Day, *x) has nontrivial inter-
mediate subfactor as in Figure 12 because we have the decomposition of
connections adgp = adop - plk]p for k # 0. Here p[k|p is the Day-Day,
connection corresponding to the vertex [k] as in Figures 32 and 43.

The (dual) principal graphs of GHJ(Day,,*x) are given in Figures
74~101 for n = 3,4,5,6.

The incidence matrices of the (dual) principal graphs of GHJ(Deyen, *x)
are also given in Figures 103 and 104.
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dy ds dy don—6  don_adon_o ds, 5

NN

dr ds don—5 don—3

Figure 13. The label of vertices of the Dynkin diagram Da,,.

Ay
* n—3 — N
(NCP)=(NCN x1Z)
N .
D, index = 2
dO e — 3 P
N P#M
» D2n
The principal graph 2 The dual principal graph
The number om— 1 = M + 2
of even vertices
The fusion rule A’ 7 DanZ Dy
of even vertices commutative non-commutative
Figure 14.

FEzample 4.1. From these computations for GHJ(D,, *x) as above, the
(dual) principal graphs of GHJ(D,,, * = triple point) can be obtained for
general n as in Figure 105.

4.4. Goodman-de la Harpe-Jones subfactors of type FEg

We label the vertices of the Dynkin diagram Fg by eg, e1, e, ,e5 as
in Figure 15.

The Goodman-de la Harpe-Jones subfactor GHJ(Es, *x = €p), has index
3++/3 and it has the same principal and dual principal graph. But the fusion
rules of the two graphs are different. This subfactor is known as the example
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which has the smallest index among such subfactors. The (dual) principal
graphs of GHJ(FEg, k) are given in Figures 106~1009.

If the vertex xx # eq, eq, GHI(Eg, *x) has nontrivial intermediate sub-

factor as in Figure 16 because we have the decomposition of connections
Aexp = Aeop - glwk|p for k =1,2,3,5. Here plwg]g is the Eg-Eg connec-
tion corresponding to the vertex [k] as in Figures 34 and 44.

€0 €2 €4
€1 €3 €3

Figure 15. The label of vertices of the Dynkin diagram Fg.

4.5.

Ay
_> N
N (NCP)gGHJ<E6,*K:60)
B index = 3+ V3
€o cee — 3p
N P#M
e e — M
k e
The principal graph = The dual principal graph
The fusion rule Aeven Zeven
of even vertices e a EeBs
commutative commutative
Figure 16.

Goodman-de la Harpe-Jones subfactors of type E~
We label the vertices of the Dynkin diagram Er by eg,e1,es, - ,eg as

in Figure 17.

The Goodman-de la Harpe-Jones subfactor GHJ(E7, xx = eg), has index
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which is approximately 7.759. Here |A;7| and |E7| represents the

“total mass” of the graph A;7 and FE7 respectively, i.e. the sum of squares
of normalized Perron-Frobenius eigenvalues over all the vertices of the graph.
The (dual) principal graphs of GHJ(E7, xk ) are given in Figures 110~116.

If the vertex *x # e, eq,e5, GHJ(E7, xx) has nontrivial intermediate
subfactor as in Figure 18 because we have the decomposition of connections
A€LE — A€QE - E[wk}E for k = 1,2,3 and ACGE — A€QE - E[U)(g,)]]; Here
plwk] g is the E7-E7 connection corresponding to the vertex [k] (k= 1,2,3)
and (5) as in Figures 35 and 45.

€p €y €4 €g
€1 €3 €5

Figure 17. The label of vertices of the Dynkin diagram E7.

A
17 N
N (NCP)%GHJ(E7,*K:60)
E index = 7.759
€0 7 Ce — 3 P
N P+#M
€L “o — M
E
The principal graph 2 The dual principal graph
The number —
: 9 9
of even vertices
The fusion rule Ap a Er 2 Er
of even vertices commutative commutative

Figure 18.
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4.6. Goodman-de la Harpe-Jones subfactors of type FEjg

We label the vertices of the Dynkin diagram FEg by eg,eq,ea,--- ,e7 as
in Figure 19.

The Goodman-de la Harpe-Jones subfactor GHJ(Es, *x = €p), has index
| Az
| Es|
“total mass” of the graph Asg and FEg respectively. The (dual) principal
graphs of GHJ(FEs, xx ) are given in Figures 117~124.

which is approximately 19.48. Here |Ag9| and |Eg| represents the

If the vertex xx # eg, GHJ(E7, *x) has nontrivial intermediate sub-
factor as in Figure 20 because we have the decomposition of connections

€o €9 €4 €g
€1 €3 €5 €7

Figure 19. The label of vertices of the Dynkin diagram Es.

A
29 N
N (NCP)%’GHJ(E&*K:(BO)
E index = 19.48
60 8 e —_ EP
N P#M
(& P —_—
k . M
The principal graph % The dual principal graph
The number
of even vertices 15 @ 16
The fusion rule Asg™ # Es ZEs
of even vertices commutative commutative

Figure 20.
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Aexp = aeop - glwg|p for k # 0. Here glwi|p is the Fg-Fg connection
corresponding to the vertex [k] as in Figures 36, 46 and 47.

5. An Application to Subequivalence on Paragroups

Let K be one of the Dynkin diagrams Da,(n > 3), Eg, Es and A; the
Dynkin diagram of type A with the same Perron-Frobenius eigenvalue as
K. We can choose the vertex xx so that the GHJ subfactor GHJ (K, *x)
does not have index 2. Let N C M be the GHJ subfactor GHJ(K, *x)
chosen as above, then the fusion algebra of N-N bimodules is isomorphic
to A7¥°" and the fusion algebra of M-M bimodules is isomorphic to x Z77".
Because g 277" contains K" as its strict fusion subalgebra, the paragroup
of type K becomes a strictly subequivalent to that of type A;. Here we use
the terminology strictly subequivalent in the sense that a fusion algerba A
is subequivalent but not equivalent to . And in such a case, we denote
A~ B.

In the case of D4, we can choose the direct sum of 3 connections for
GHIJ(Dy, *k) (xx = do,ds2,d}) as a connection for subequivalence between
As and Dy paragroups.

Hence we get the following subequivalence of paragroups.

THEOREM 5.1.  The paragroups of Jones’ type A subfactors have the
following strictly subequivalent paragroups.

Ayp—g > Doy, (n>2), Ay > Eg, A9 > Eg.

Figure 21. Essential paths on the Coxeter graph As.
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Figure 24. Essential paths on the Coxeter graph Ds.
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Figure 32. Chiral symmetry for the Coxeter graph Deyen.
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Figure 34. Chiral symmetry for the Coxeter graph Eg.
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(0]

Figure 36. Chiral symmetry for the Coxeter graph Es.
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ap Az ag a2 ay ap a2 ay
s\ e e N A

[0] ay Qs ay

(1] (2] >< I

2] > ag Qs aq

Figure 37. Vertical graphs for connections on the Coxeter graph As.

agp as ay as agp az ay as
Qg az ay ag ay as Qg a2
agp as ay as agp as ay as
a2 X X s X X
Qg a2 ay ag ay as Qg a2

Figure 38. Vertical graphs for connections on the Coxeter graph Aj.

Ao Qa2 a4 ay as Ao a2 a4 ay as
ap Gz ag

T 1] w W AA
l Qo Gz Q4 ay as ay as Qg Gz Q4

ap Q2 Q4 a; ag Qo Q2 Q4 ay as

X e

Qo Gz Q4 ay as ay as Qg Gz Q4

Qg Q2 Q4 a; ag

K X

ap Qg Q4 ay ag

Figure 39. Vertical graphs for connections on the Coxeter graph As.
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Figure 40. Vertical graphs for connections on the Coxeter graph Ag.

dy dy d)

Figure 41.
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Vertical graphs for connections on the Coxeter graph Dy.
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dy ds

do dy
0] ]

do dsy

do ds

5 d0><dﬂ2
do dsy

1 <]

do dy

do dsy

o] |

do ds
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dy dy dy
4 ds d
dy ds dj
dl d3 dg
4 ds d

dy dy d,
dy dy d

| X

dy dg dy

dy ds
1 L7

di dy dy

dy do
8 XA\

di dy dj

dy do
9

dy ds dy

dg d2
dy dy dy

dy ds

Figure 42. Vertical graphs for connections on the Coxeter graph Ds.

dy dy dy d

do do dy d,

doy dy dy d
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dy ds
dy ds
4 d
dy d3
dy ds
di d3
dy ds

h

dl d3
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a4 ] X
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Figure 43. Vertical graphs for connections on the Coxeter graph Ds.
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Figure 44. The incidence matrices of the vertical edges of Eg¢-Fs connections.
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Figure 45. The incidence matrices of the vertical edges of E7-FE7 connections.
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Figure 46. The incidence matrices of the vertical edges of Fg-Fs even connections.
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A part of the fusion table of Es-FEs connections.

Figure 50.
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d, d; d, d, d; dy
. a1 0 0 The adjacency matrix Wo 1 0 0
The adjacency matrix g, 1 1 1 of the dual principal W> 1 1 1
of the principal graph 4~ 1 1 1 graph w, 1 1 1
% 1 0 O ws 1 0 O
a a, a, as Wy w; wy We
d d, dy d d dy

The principal graph of GHJ (D5, * =d|) The dual principal graph of GHJ (D5, x =d,)

Figure 51. The (dual) principal graph of GHJ(Ds, * = dy).

d, d, d, d,
. a0 1 The adjacency matrix Wo 0 1
The adjacency matrix g, 1 2 of the dual principal W. 1 2
of the principal graph a, 1 2 graph w, 1 2
616 0 1 w6 0 1

dy d, dy d,

The principal graph of GHJ (D5, * =d,) The dual principal graph of GHJ (Ds, * =d,)

Figure 52. The (dual) principal graph of GHJ(Ds, * = d2).
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d, dy d; d, d; dy
. ) 0 1 0 The adjacency matrix Wo 0 1 0
The ad]a.c ency matrix g, 1 0 1 of the dual principal W> 1 0 1
of the principal graph a, 1 1 0 graph w, 1 1 0
aG 0 0 1 ws 0 0 1
a, a, a, a, w, w, w, Wy
d[ d3 d3 b d[ d3 d3 ’

The principal graph of GHJ (Ds, « =d;) The dual principal graph of GHJ (D5, * = d;)

Figure 53. The (dual) principal graph of GHJ(Ds, * = d3).

d dy d; d d dy d; d
a 1 0 0 0 w, 1 0 0 0
The adjacency matrix a 1 1 0 O The adjacency matrix W> 1 1 0 O
g aqQ 0 1 1 1 of the dual principal W, 0 1 1 1
of the principal graph a, 0 1 1 1 graph W, 0 1 1 1
a4 1 1 0 O Ws 1 1 0 O
9% 1 0 0 O Wo 10 0 O
a a, a, as s Ay Wy w, Wy We Wy Wi
d d, d; d d d; d; d
The principal graph of GHJ (D, x =d,) The dual principal graph of GHJ (D7, * =d,)

Figure 54. The (dual) principal graph of GHJ(D7, * = dy).
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do d2 d4 d2 d4
g 0 1 O Wo 1 0
a i i w
Meataonoyman @ 5 11 Testnomars 3 1011
.. 4 U 4
of the principal graph a; 0 1 2 araph 1 2
a 1 1 1 1 1
A 0 1 O 1 0
a g ) Wig
o e ° e
d, d, d,
The principal graph of GHJ (D7, *x =d,) The dual principal graph of GHJ (D7, * =d,)
Figure 55. The (dual) principal graph of GHJ(D7, * = d2).
d, d, d, d, d, d, d d,
a9 0 1 0 O w, 0 1 0 O
. .41 1 1 1 The adjacency matrix W> 1 1 1 1
Z?fhzdgﬁzglrgigﬁ a 1 2 1 1 of the dual principal W, 1 2 1 1
aG 1 2 1 1 graph we 1 2 1 1
a1 1 1 1 We 1 1 1 1
g 0 1 0 O Wo 0 1 0 O
a ) w, W, W Wy Wio
. . °
d d, d do d d, d ds
The principal graph of GHJ (D7, * = dj) The dual principal graph of GHJ (D7, * = dj)

Figure 56. The (dual) principal graph of GHJ(D7, * = d3).
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d) d, d,
a 0 0 1
The adjacency matrix Zz g ;‘ g
of the principal graph a" 1 2 2
6
a0 1 2
a4 0 0 1
a a, a, as as g
o

d, d,

The principal graph of GHJ (D7, x =d,)

449

d,

0
The adjacency matrix W2 0
of the dual principal W; 1
graph Ws 1
0

0

OFNNHO
RNNMDNMDNDBR &

d, d, d,

The dual principal graph of GHJ (D7, * =d,)

Figure 57. The (dual) principal graph of GHJ(D7, * = d4).

d/ d3 dj d5 ’
a 0 0 1 0
The adjacency matrix ZZ 2 i 2 %
of the principal graph a; 1 1 0 1
as 0 1 1 0
ap 0 0 0 1
a, a, a, ag ag a,

d d, d. d

The principal graph of GHJ (D7, * = d)

d d; ds d
w, 0 0 1 O
The adjacency matrix W2 0 1 0 1
of the dual principal W+ 1 1 1 O
graph ws 1 1 0 1
ws 0 1 1 O
Wo 0 0 0 1
Wo w, W, Ws  Ws Wi

d d, d dy

The dual principal graph of GHJ (D7, * = ds)

Figure 58. The (dual) principal graph of GHJ(D7, * = ds).
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dl d3 d5 d7 d7’ dl dJ d5 d7 d7’

0 1 0 0 0 O wy, 1.0 0 0 O
a 1 1 0 0 0 w1 1 0 0 O
a4 0 1 1 O0 O w, 0 1 1 0 O
% 0 0 1 1 1 s 0 0 1 1 1
9% 0 0 1 1 1 s 0 0 1 1 1
90 1 1 0 O Wo 0O 1 1 0 O
91 1 0 0 O We 'l 1 0 0 O
a, 1. 0 0 0 O we 1.0 0 0 O

The adjacency matrix The adjacency matrix

of the principal graph of the dual principal

graph
a a 4, 4 4y 4y d; dy Wo W W, W Wy Wy, W, Wy
d d d d d. d d, d d d»

The principal graph of GHJ (D, * =d,) The dual principal graph of GHJ (Dy, * =d,)

Figure 59. The (dual) principal graph of GHJ(Dg, * = dy).

d, d, d, d, d, d, d, d

9 0 1 o0 O wy 0 1 0 O

a 1 1 1 O w, 1 1 1 O

The adjacency matrix 9« 0 1 1 1 The adjacency matrix W+ 0 1 1 1
of the principalgraph % Q0 0 1 2 of the dual principal s 0 0 1 2
9 0 0 1 2 graph s 0 0 1 2

900 1 1 1 Wo O 1 1 1

ap 1 1 1 0 W 1 1 1 0

a9, 0 1 0 O wy 0 1 0 O

The principal graph of GHJ (D, * =d,) The dual principal graph of GHJ (Dy, * = d,)

Figure 60. The (dual) principal graph of GHJ(Dg, * = d2).
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d d, d; d, d. d dy di d, d,
ag 0 1 0 O0 O ww 0 1 0 0 O
a 1 1 1 0 o0 w 1 1 1 0 O
g 1 1 1 1 1 w, 1 1 1 1 1
a0 1 2 1 1 Ws 0 1 2 1 1
4 0 1 2 1 1 Ws 0 1 2 1 1
ap 1 1 1 1 1 Wi 1 1 1 1 1
a; 1 1 1 0 0 Wi 1 1 1 0 0
a, 0 1 0 O O s 0 1 0 0 O
The adjacency matrix The adjacency matrix
of the principal graph of the dual principal
graph
a a, a as as 4, 4ap dy Wy W, W, W Wy W, W, Wy
N NN
R DR
PPN /PPN

d d, d d dn» d d, d d dn»

The principal graph of GHJ (Dy, * = d;) The dual principal graph of GHJ (Dy, * = d;)

Figure 61. The (dual) principal graph of GHJ(Dg, * = d3).

d, d, d, d, d, d, d, d

ag 0 0 1 O w, 0 0 1 O

a 0 1 1 1 w0 1 1 1

The adjacency matrix 4+ 1 1 1 2 The adjacency matrix W« 1 1 1 2
of the principal graph % 0 1 2 2 ofthe dual principal s 0 1 2 2
g 0 1 2 2 graph s 0 1 2 2

991 1 1 2 Wo 1. 1 1 2

a: 0 1 1 1 Wi 0 1 1 1

a, 0 0 1 O wy 0 0 1 O

a a 4a; d; dg dy dp dy Wo W Wy Weg Wg Wy W, Wy

d, d, d, d; d, d, d, d;

The principal graph of GHJ (Dy, * =d,) The dual principal graph of GHJ (Do, * = d,)

Figure 62. The (dual) principal graph of GHJ(Dg, * = da).
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dl d3 d5 d7 d7’ d] d3 d5 d7 d7,

@ 0 0 1 0 O w, 0 0 1 0 O
a 0 1 1 1 1 w, 0 1 1 1 1
aq 1 1 2 1 1 w, 1 1 2 1 1
% 1 2 2 1 1 w2 1 2 2 1 1
9 1 2 2 1 1 Ws 1 2 2 1 1
91 1 2 1 1 Wo 1 1 2 1 1
90 1 1 1 1 We O 1 1 1 1
a, 0 0 1 0 0 we 0O 0 1 0 0

The adjacency matrix The adjacency matrix

of the principal graph of the dual principal

graph

d d d d d.

The principal graph of GHJ (D, * = ds) The dual principal graph of GHJ (Dy, * = ds)

Figure 63. The (dual) principal graph of GHJ(Dg, * = ds).

d, d, d, d d, d, d, d

g 0 0 0 1 wy, 0 0 0 1

a 0 0 1 2 w, 0 0 1 2

The adjacency matrix 4 0 1 2 2 The adjacency matrix W+ 0 1 2 2
ofthe principal graph 4 1 2 2 2 of the dual principal s 1 2 2 2
4 1 2 2 2 graph Ws 1 2 2 2

9 0 1 2 2 Wo 0 1 2 2

9. 0 0 1 2 wp 0 0 1 2

a, 0 0 0 1 wy 0 0 0 1

a a, 4, a4 as dp d4p dy

d d, d,  d dy d, d,  d

The principal graph of GHJ (Do, * = dj) The dual principal graph of GHJ (Do, * = dy)

Figure 64. The (dual) principal graph of GHJ(Dg, * = dg).
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d, d, d, d d, d d, d, d d»

g 0 0 O 1 O wy, 0 0 0 1 O
a 0 0 1 0 1 w0 0 1 0 1
a, 0 1 1 1 0 Wi 0 1 1 1 0
as 1 1 1 0 1 Ws 1 1 1 0 1
as 1 1 1 1 0 Ws 1 1 1 1 0
9 0 1 1 0 1 Wo 0 1 1 0 1
a; 0 0 1 1 0 Wi 0 0 1 1 0
a, 0 0 0 0 1 Wi 0 0 0 0 1

The adjacency matrix The adjacency rqatrix

of the principal graph of the dual principal

graph
a as ag 4, d4p dy Wy W, W, W, Wg W, W, Wy

NoA
APREEA

d d, d d d» d d d d d»

The principal graph of GHJ (Dy, * = d) The dual principal graph of GHJ (D, * = d)

Figure 65. The (dual) principal graph of GHJ(Dg, * = d7).

d d, di d, d, d, d d; ds d, d, d,
a 1 0 0 0 0 0 w, 1 0 0 0 0 0
a 1 1 0 0 0 0 w, 1 1 0 0 0 0
a 0 1 1 0 0 0 w, 0 1 1 0 0 0
a0 0 1 1 0 0 Ws 0 0 1 1 0 0
a0 0 0 1 1 1 Ws 0 0 0 1 1 1
a, 0 0 0 1 1 1 Wi 0 0 0 1 1 1
a, 0 0 1 1 0 0 Wi 0 0 1 1 0 0
a0 1 1 0 0 0 Wie 0 1 1 0 0 0
as 1 1 0 0 0 0 Wi 1 1 0 0 0 0
a1 0 0 0 0 0 Wi 1 0 0 0 0 0

The adjacency matrix

The adjacency matrix y m
of the dual principal graph

of the principal graph

a, a, a; 4s ag 4y d; dy dg dg Wy W, Wy Wg Wg Wy W, Wy Wi Wi

d, d, di d, d, d,

The principal graph of GHJ (D, * =d,) The dual principal graph of GHI (D, * = d})

Figure 66. The (dual) principal graph of GHJ(D11,* = dy).
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a
a
a,
A
ag
)
a;
ay
7
ds

The principal graph of GHJ (D, * = d,)

a
a,
a,
as
ag

a
(7]

ORHOOOOKRKFO

a

The principal graph of GHJ (D, * = d;)

Satoshi GoTO

w,
w4
We
Wg
Wi
Wiz
Wiy
Wis
Wi

oroococoocoro &
HRHROOOORKK X
ORHHOORKHHKHO o
OCORHKHRHHOO Q
CcoorNMNKrROOCO &

The adjacency matrix
of the principal graph

as as 4, dp; dy dg dg Wy W, W,

d

The dual principal graph of GHJ (D, * =d,)

OHrOOOOOOKO X
HHEHHROOOORKRKH X
OrRrRrRRrROOKRRKRIFHO X
OCORKRRRKHRROO &
oco0ooOorNMNNHOOO X

The adjacency matrix
of the dual principal graph

Ws  Wg Wi Wi Wy

d, d, d; dy

Figure 67. The (dual) principal graph of GHJ (D11, * = da).

&

Wy
w;
Wy
We
Ws

Wiz
Wiy

RFRRROORRRRL X
ORKHHEKEREREREFO Q
OCOHKENMNNMNHHEOO X
cOoOoOrKRRrRKHOOO X
cocorHHrKrRHROOO X

=

3
OrHrOOOORKRO

Wis

The adjacency matrix
of the principal graph

as ds dy Ap dy dg o dg Wy W, Wy

d, d; d d, d,
1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 1
0 1 2 1 1
0 1 2 1 1
1 1 1 1 1
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

The adjacency matrix
of the dual principal graph

Ws  Ws Wy Wi Wy

d, di d, d, d,
The dual principal graph of GHI (D, * =d;)

Figure 68. The (dual) principal graph of GHJ(D11, * = d3).

Wig

Wis

Wis

Wis
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d, d d, d, d d, d d, d, d,
g 0 0 1 0 O w 0 0 1 0 O
a 0 1 1 1 o w0 1 1 1 O
g 1 1 1 1 1 w1l 1 1 1 1
a0 1 1 1 2 Ws 0 1 1 1 2
% 0 0 1 2 2 Ws 0 0 1 2 2
a, 0 0 1 2 2 Wi 0 0 1 2 2
a, 0 1 1 1 2 Wi 0 1 1 1 2
9,1 1 1 1 1 wy 1 1 1 1 1
as 0 1 1 1 O wsg O 1 1 1 0
ag 0 0 1 0 0 wg O 0O 1 O O

The adjacency matrix The adjacency matrix

of the principal graph of the dual principal graph

a a, a, 4; dg 4, d;p dy dg dg Wo W, Wy Wg Wg Wi Wi Wiy Wi Wi

The principal graph of GHJ (D, * =d,) The dual principal graph of GHJ (D, * =d,)

Figure 69. The (dual) principal graph of GHJ (D11, * = da4).

d d; di d, d, d, d d; di d, d, d,
a 0 0 1 0 0 0 w, 0 0 1 0 0 0
a 0 1 1 1 0 0 w; 0 1 1 1 0 0
a 1 1 1 1 1 1 w, 1 1 1 1 1 1
as 1 1 1 2 1 1 Ws 1 1 1 2 1 1
a0 1 2 2 1 1 Ws 0 1 2 2 1 1
a, 0 1 2 2 1 1 Wi 0 1 2 2 1 1
a, 1 1 1 2 1 1 Wi 1 1 1 2 1 1
a1 1 1 1 1 1 Wi 1 1 1 1 1 1
a,; 0 1 1 1 0 0 Wi 0 1 1 1 0 0
a;s 0 0 1 0 0 0 Wis 0 0 1 0 0 0

The adjacency matrix

The adjacency matrix s
of the dual principal graph

of the principal graph

a a, a, d; dg 4 d; dy 4 dg Wy W, W, Ws Wg W,y Wi Wy Wi Wi

The principal graph of GHJ (D, * = ds) The dual principal graph of GHJ (D;;, * = ds)

Figure 70. The (dual) principal graph of GHJ(D11, * = ds).
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d, d d, d, d, d, d d, d, d,
g 0 0 O 1 O w 0 0 O 1 O
a 0 0 1 1 1 w0 0 1 1 1
g 0 1 1 1 2 w, 0 1 1 1 2
a1 1 1 2 2 Ws 1 1 1 2 2
a4 0 1 2 2 2 Ws 0 1 2 2 2
a, 0 1 2 2 2 Wi 0 1 2 2 2
a, 1 1 1 2 2 wp 1 1 1 2 2
4.0 1 1 1 2 wy 0O 1 1 1 2
as 0 0 1 1 1 wi 0 0 1 1 1
ag 0 0 0 1 0 wsg O 0O O 1 O
The adjacency matrix The adjacency matrix
of the principal graph of the dual principal graph

a a, a, 4; dg 4, dp dy dg dg Wo W Wy Wg Wg Wy Wi Wiy Wi Wi

The principal graph of GHJ (D, * = dj) The dual principal graph of GHJ (D, * = dy)

Figure 71. The (dual) principal graph of GHJ(D11,* = ds).

dl dj di d7 dq dy’ dI d3 d5 d7 dg dy’
a 0 0 0 1 0 o wy 0O 0 0 1 0 O
a 0 0 1 1 1 1 w0 0 1 1 1 1
a0 1 1 2 1 1 w0 1 1 2 1 1
% 1 1 2 2 1 1 ws 1 1 2 2 1 1
4 1 2 2 2 1 1 s 1 2 2 2 1 1
a, 1 2 2 2 1 1 Wy 1 2 2 2 1 1
a1 1 2 2 1 1 wpl 1 2 2 1 1
9,0 1 1 2 1 1 ey 1 1 2 1 1
a, 0 0 1 1 1 1 wg O 0 1 1 1 1
a0 0 O 1 O0 O wsg O 0O O 1 0 O

The adjacency matrix

The adjacency matrix y
of the dual principal graph

of the principal graph

a a, a, 4; dg d dp dy dg dg Wo W, Wy Ws Wg W, Wi Wy Wi Wi

The principal graph of GHJ (D, * =d,) The dual principal graph of GHJ (D, * = d)

Figure 72. The (dual) principal graph of GHJ(D11, * = dy).
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d, d d, d, d, d, d d, d, d,
g 0 0 O 0 1 wy, 0 0 O 0 1
a 0 0 0 1 2 w0 0 0 1 2
ag 0 0 1 2 2 w, 0 0 1 2 2
a0 1 2 2 2 Ws 0 1 2 2 2
a1 2 2 2 2 ws 1 2 2 2 2
a, 1 2 2 2 2 wy 1l 2 2 2 2
a, 0 1 2 2 2 w, 0 1 2 2 2
49,0 0 1 2 2 Wy O 0 1 2 2
as 0 0 0 1 2 w, 0 0 0 1 2
a;, 0 0 0 0 1 wg 0 0 0 0 1
The adjacency matrix The adjacency matrix
of the principal graph of the dual principal graph

a a, a4, 4; dg 4, dp dy dg dg Wo W, Wy Wg Wg Wy Wi Wiy Wi Wi

The principal graph of GHJ (D, * = dy) The dual principal graph of GHJ (D, * = dy)

Figure 73. The (dual) principal graph of GHJ(D11,* = ds).

d, d;
d d w, 1 0
b w, 1 0
The adjacency matrix % 1 0 The adjacency matrix w2 1 1
Jaeney a 1 1 of the dual principal Wy 1 1
of the principal graph a, 0 2 oraph princCip w, 0 1
aﬁ 1 1 w41: 0 1
9 1 0 we 001
Wy 0 1
a a a, as as Wy W, W, Wy W, W, Wp Wy
d, d, d, d;

The principal graph of GHJ (Dg, * =d;)  The dual principal graph of GHJ (Dg, * =d,)

Figure 74. The (dual) principal graph of GHJ(Ds, * = dy).
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d, d, d, d,
w,
c;o ci 21 f,l NI S
a . .
The adjacency matrix az 1 1 1 1 T?fhad(liaci’nc}’ matr;x xj i i i i
P of the dual principa g
of the principal graph ¢, o o 1 1 araph princip w, 0 1 0 1
g% 1 1 1 1 w, 0 1 1 O
% 0 1 0 O we 01 10
w01 0 1
ay a; a, as as Wo We Wy Wy W, Wy Wy W
d, d, d, dp d, d, d, d,
The principal graph of GHJ (Dg, * =d,) The dual principal graph of GHJ (Dg, * =d,)
Figure 75. The (dual) principal graph of GHJ(Dg, * = da).
d, d;
w, 0 1
d, d; w0 1
a 0 1 : : w
The adjacency matrix az 1 2 The adjacency matrix wz i g
of the principal graph a, 2 > of thg dual principal Wje 1 1
a 1 2 srp we 1 1
a 0 1 Wy 1 1
Wy 1 1

a a a, as as Wo We Wy Wy Wy Wy We Wy
d, d; d, d;
The principal graph of GHJ (D, * =d;)  The dual principal graph of GHJ (D, * = d;)

Figure 76. The (dual) principal graph of GHJ(Dg, * = d3).
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d, d, d, d,
d, d, d, d, o 8 8 é 2
. 4 0 0 1 0 ; x W 0 1 0 1
Mespmosnans & 9 3 g 1 Dodwens 8 2§
of theprincipal graph ¢, 1 1 1 ot princip: w, 1. 0 1 0
a0 1 0 1 =% we 1 0 0 1
a4 0 0 1 O we2 0 1 0 O
w0 1 0 O
a a a, as n Wo We Wy Wy W, Wy, Wy We
d, d, d, dp d, d, d, d,
The principal graph of GHJ (Dg, * =d,) The dual principal graph of GHJ (Dg, * =d,)

Figure 77. The (dual) principal graph of GHJ(Ds, * = d4).
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Satoshi GoTO

d d; d; d, d; dj
a, 1 0 0 wo 1 0 O
a, 1 1 0 w., 1 0 O
a 0 1 1 : w1 1 0
a, 0 0 2 The gdj acency y, 1 1 0
as 0 1 1 matrix of the . 0 1 1
a, 1 1 0 dual principal W, 0 1 1
d: 1 0 O graph Ws 0 0 1
The adjacency matrix W 0 0 1
of the principal graph Wse 0 0 1

a a, a, s Ay A a;
d ] d 3 d5

The principal graph of GHJ (Ds, * =d,)

Wo We Wy Wy Wy Wy We We Wer Werp
o

d, d; ds
The dual principal graph of GHJ (Ds, * =d,)

Figure 78. The (dual) principal graph of GHJ(Ds, * = dy).
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do dz d4 d6 d6’ dO dZ d4 d6 d6’
a 0 1 0 0 o ww 0 1 0 0 O
a 1 1 1 0 O w0 1 0 0 O
a 0 1 1 1 1 w1 1 1 0 0
a4 0 0 2 1 1 w1 1 1 0 O
a 0 1 1 1 1 w0 1 1 1 1
a9 1 1 1 0 O e 01 1 1 1
a4 0 1 0 0 O w, 0 0 1 0 1
we 0 0 1 1 0
The adjacency matrix Ws 0 0 1 1 0
of the principal graph Wee O 0 1 0 1
a, The adjacency matrix
e of the dual principal
B graph

The principal graph of GHJ (Dgs, * =d,)

Wy W W, W, W, W, Ws Wsg Wsg Wep

d d d, d  d,
The dual principal graph of GHJ (Ds, * =d,)

Figure 79. The (dual) principal graph of GHJ(Ds, * = d2).
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d d, d, d, d; d
a 0 1 O w2 0 1 O
a 1 1 1 w, 0 1 O
a 1 1 2 : w, 1 1 1
a, 0 2 2 The adjacency e 1 1 1
a; 1 1 2 matrix of the w, 1 1 2
a, 1 1 1 dual principal W, 1 1 2
a, o 1 o &oh we 0 1 1
Wee. 0 1 1
The adjacency matrix Weo 0 1 1
of the principal graph Wse 0 1 1
a, a;
o e

d, d; ds

d, d, d;
The dual principal graph of GHJ (Dg, * = dj;)

Figure 80. The (dual) principal graph of GHJ(Ds, * = d3).
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d, d, d, d, d d d, d, d; dp

a 0 O 1 O0 O wp 0 0 1 0 O
a 0 1 1 1 1 w0 0 1 0 O
a 1 1 2 1 1 w, 0 1 1 1 1
a 0 2 2 1 1 W, 0 1 1 1 1
a 1 1 2 1 1 w, 1 1 2 1 1
ag 0 1 1 1 1 we 11 2 1 1
a 0 0 1 o0 O ws 0 1 1 1 O
Wee 0 1 1 0O 1

The adjacency matrix W 0 1 1 0 1

of the principal graph We 0 1 1 1 0

The adjacency matrix
of the dual principal
graph

d d d, d d,

d d d,d  d
The dual principal graph of GHJ (Dg, * =d,)

Figure 81. The (dual) principal graph of GHJ(Ds, * = d4).
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d d, d. d, d,
a 0 0 1 wWo 0 O
a 0 1 2 w., 0 0
a 1 2 2 . w: 0 1
a, 2 2 2 The gdjacency Wy, 0 1
ag 1 2 2 matrix of the w, 1 2
a, 0 1 2 dual principal w, 1 2
a, 0 0 1 graph Ws 1 1
W6e 1 1
The adjacency matrix we 1 1
of the principal graph We 1 1
a
.\ ~
d, d, d;
Wy

The dual principal graph of GHJ (Dg, * = ds)

Figure 82. The (dual) principal graph of GHJ(Ds, * = ds).

FREENNNNRR Q
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do d2 d4 d6 d6’ dO dZ d4 d6 d6’

a 0 0 0 1 O w 0 0 0 1 O

aa 0 0 1 o0 1 w. 0 0 0 0 1

a 0 1 1 1 O w0 0 1 0 1

a 1 1 1 0 1 w20 0 1 1 O

a 0 1 1 1 O w2 0 1 1 1 O

ag 0 0 1 0 1 We 0 1 1 0 1

a4 0 0 0 1 O ws 0 1 0 0 1

Wee. 0 1 0 1 O

The adjacency matrix we 1 0 1 0 0

of the principal graph Wer 1 0 1 0 0

The adjacency matrix

Y I Y " N v v of the (Jiual pr?ncipal

graph

The principal graph of GHJ (Dg, * = dj)

Wy W W, W, W, W, Ws Wsg Wsg W

N7

L7 X2
=N
d d d,d  d
The dual principal graph of GHJ (Ds, * = dj)

Figure 83. The (dual) principal graph of GHJ(Ds, * = ds).
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d d; d; d, d dy d; d,

9 1 0 0 O w, 10 0 O
a 1 1 0 O w1 0 0 O
a, 0 1 1 O w, 1.1 0 O
a 0 0 1 1 we1 1 0 O
ag 0 0 0 2 w, 0 1 1 O
ap 0 0 1 1 We 0 1 1 O
a, 0 1 1 O s 0 0 1 1
a, 1 1 0 O we. 0 0 1 1
a5 1 0 0 O ws 0 0 0 1
Wse O 0 0 1

The adjacency matrix wge O 0 0 1

of the principal graph Wse 0 0 0 1

The adjacency matrix
a, a, a, as ay a, a, a; a; ofthe dual principal
graph

d, d; ds d,
The principal graph of GHJ (D, * =d,)

Wog We W, Wy W, Wy, Wg Ws Wg Wg Wg Wg

d, d; ds d,

The dual principal graph of GHJ (D, *x =d,)

Figure 84. The (dual) principal graph of GHJ(D1g,* = d1).
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d d, d, d, d; dy d, d, d, d;, d; dy

9 0 1 0 0O o0 o w 0 1 0 0 0 O
a1 1 1 0 o0 o w0 1 0 0 0 ©O
a, 0 1 1 1 0 O wy 1.1 1 0 0 O
a 0 O0 1 1 1 1 w1 1 1 0 0 O
aga 0 O O 2 1 1 w0 1 1 1 0 O
ay 0 0 1 1 1 1 . 0 1 1 1 0 O
a, 0 1 1 1 0 O s 0 0 1 1 1 1
a, 1 1 1 0 0 0 Ws: 0 0 1 1 1 1
a5 0 1 0 0 o0 O ws 0 0 O 1 0 1

The adjacency matrix wge 0O 0 O 1 1 O

of the principal graph Ws O 0 0 1 0 1

The adjacency matrix
of the dual principal
graph

d d dd d  dy
The dual principal graph of GHJ (D;g, * =d,)

Figure 85. The (dual) principal graph of GHJ(D1o, * = d2).
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d d; d; d, d dy d; d,

a0 0 1 0 O w, 0 1 0 O
a1 1 1 0 w.0 1 0 O
a, 11 1 1 w, 1 1 1 O
a 0 1 1 2 w,, 1. 1 1 O
a 0 0 2 2 w, 1 1 1 1
ap, 0 1 1 2 Wee 01 1 1
a, 1 1 1 1 Wws 0 1 1 2
a, 1 1 1 O wee. 0 1 1 2
a 0 1 0 O ws 0 0 1 1
W&s‘ 0 0 1 1

The adjacency matrix we 0 0 1 1

of the principal graph wse O 0 1 1

The adjacency matrix
a, a, a, as ay a, a, a; a; ofthe dual principal
graph

The principal graph of GHJ (D, * =d;)

RO SRR
VA W\

The dual principal graph of GHJ (D, * =dj;)

Figure 86. The (dual) principal graph of GHJ(D1o, * = d3).
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dy d, d, d, dy dy d, d, d, d;, d; dy

9 0 0 1 0 o0 o wy 0 0 1 0 0 O
a 0 1 1 1 0 ©O w0 O0 1 0 0 O
a1 1 1 1 1 1 wy 0 1 1 1 0 O
a 0 1 1 2 1 1 w, 0 1 1 1 0 O
aa 0 0 2 2 1 1 w1 1 1 1 1 1
ap 0 1 1 2 1 1 e 11 1 1 1 1
a, 1 1 1 1 1 1 ws 0 1 1 2 1 1
a, 0 1 1 1 0 0 Ws. 0 1 1 2 1 1
a5 0 0 1 0 o0 O ws 0 0 1 1 1 O
s 0 0 1 1 0 1

The adjacency matrix we O 0 1 1 0 1

of the principal graph Wse 0 0 1 1 1 0

The adjacency matrix
of the dual principal
graph

do d2 d4 d6 d8 dg’
The principal graph of GHJ (D, * =d,)

Wo W, W, Wy W, Wy, Wg W Wy Wg Wg Wy

NN
WA
O EERES

d d, d, d_d, dy
The dual principal graph of GHJ (D, * =d,)

Figure 87. The (dual) principal graph of GHJ(D1o, * = da4).
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W OOHHNNNNH

N HAAAAANN A

=N OO0 v

TOHANNNNNHO
S HAANNN A
N OHHHNHHHO

N ooHHOHH

0
0

o~

< e o = I XX
SIS ST IJIJIT T

The adjacency matrix

of the principal graph

The adjacency matrix
of the dual principal

graph

s

The principal graph of GHJ (D, * =d)

The dual principal graph of GHJ (D, * = ds)

Figure 88. The (dual) principal graph of GHJ(D1o, * = ds).
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Figure 89. The (dual) principal graph of GHJ(D1o, * = ds).

The dual principal graph of GHJ (D;g, * = d)
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Figure 90. The (dual) principal graph of GHJ(D1o, * = d7).

The dual principal graph of GHJ (D, *x =d,)
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The adjacency matrix
of the principal graph
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NS ooodHHOOO

The principal graph of GHJ (D, * = dy)
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The (dual) principal graph of GHJ (D1, * = ds).

The dual principal graph of GHJ (D, * = dy)
Figure 91.
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d1 d3 d5 d7 d9 d1 d3 d5 d7 d9
a1 0 0 0 O wp, 1 0 0 0 O
aa 1 1 0 0 O w, 1 0 0 0 0
a, 0 1 1 0 O w, 1 1 0 0 0
a 0 0 1 1 O w,, 1.1 0 0 O
s 0 0 0 1 1 w, 0 1 1 0 0
a, 0 0 0 0 2 We 0 1 1 0 O
a, 0 0 0 1 1 s 0 0 1 1 O
a,;, 0 0 1 1 O wee 0 O 1 1 O
a; 0 1 1 0 0 Ws 0 0 0 1 1
[T 1 1 0 0 0 w&; 0 0 0 1 1
a, 1 0 0 0 0 Wi 0 0 0 0 1
| , 0 0 0 0 1

The adjacency matrix Wi 0 0 0 0 1

of the principal graph Wi 0 0 0 0 1

The adjacency matrix
of the dual principal
graph

The principal graph of GHJ (D, * =d,)

We W, Wy Wy Wy, Wg We Wg Wge Wi Wige Wipr Wigre

d,

d; ds d, dy
The dual principal graph of GHJ (D, * =d,)

Figure 92. The (dual) principal graph of GHJ (D12, * = dy).
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S
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a 4, 4 4ag 4, d; 4y dg
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A
d, d, d, d, dy dy, dy
The dual principal graph of GHJ (D5, * =d,)
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Figure 93. The (dual) principal graph of GHJ (D12, * = d2).
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d] d3 d5 d7 d9 d] d3 d5 d7 dg
%0 1 0 00 w 0 1 0 0 0
a1 1 1 0 0 v, 5 1 0 0 0
a 1.1 1 10 w, 1 1 1 0 0
%0 1 1 1 1 w1 1 1 0 0
ag 0 0 1 1 2 wy 1 1 1 1 0
a, 0 0 0 2 2 We 1 1 1 1 0
a, 0 0 1 1 2 Ws 0 1 1 1 1
ay, 0 1 1 1 1 Wee O 1 1 1 1
1 1 1 1 O ws 0 0 1 1 2
ags1 1 1 0 O Ws 0 0 1 1 2
a, 0 1 0 0 0 Wi 0 0 0 1 1

. . Wee 00 0 1 1

The adjacency matrix Wi 0 0 0 1 1

of the principal graph Wigs 0 0 0 1 1

a a, a, a; a; a, a, a, Qs dg Gay The adjacency matrix

of the dual principal
graph

Wb

\
XX

SRR

L

XS

The principal graph of GHJ (D2, * = d;)

Wo We Wy Wy Wy Wy We We We Wg Wip Wige Wigr Wigre

;}%5&&?&\\\4 \
/0 N

> \%&‘
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The dual principal graph of GHJ (D2, * =d;)

Figure 94. The (dual) principal graph of GHJ(D12,* = d3).
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d, d, d; dj dy, dy dy d, d, di dy d, dy
0 1 0 0 0 0 w, 0 0 1 0 0 0 0
1 1 1 0 0 6 WO 0O 1 0 0 00
1 1 1 1 o0 o wy 01 1 1 0 0 O
1 1 1 1 1 1 w,, 0 1 1 1 0 0 O
o 1 1 2 1 1 wy 11 1 1 1 0 O
0 0 2 2 1 1 w, 1 1 1 1 1 0 O
0 1 1 2 1 1 w 0 1 1 1 1 1 1
1 1 1 0 o0 o0 we 0 O 1 1 2 1 1
Yoo 0O 0 0 1 1 1 O
610 0 0 0 w,9 0 0 1 1 0 1
The adjacency matrix Wi 0 0 0 1 1 0 1
of the principal graph W0 0 0 1 1 1 O
a, a, a, a, a, a, a; a;s dy The adjacency matrix

of the dual principal
graph

The principal graph of GHJ (D, * =d,)

We Wy Wy Wy Wy W Wg W W Wi Wige Wigr Wigre
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g,,5 A
P

<

NN
Dt
Its
Shgsolololiels
A

d, d, d, dj dy dp dpr
The dual principal graph of GHJ (D, * = d,)

Figure 95. The (dual) principal graph of GHJ (D12, * = da4).
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Figure 96. The (dual) principal graph of GHJ (D12, * = ds).
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The adjacency matrix
of the principal graph Wioe

S
OO0OO0OO0OOOHHOOOOOO Q,
OOCOOKHKHKHRKRKHHOOOO &
HRHEHERHERPRHEPRHERPROO o
HERERENMDNDRRREREREREEE Q
HFRERHEENNMMDNDHERERREROO &
ORHOKRKHKRKRKHRHOOOO X

The adjacency matrix
of the dual principal
graph

a 4s 4y 4, d;, dy dg dg

N
2

d, d, d, d; dy dp dypr
The dual principal graph of GHJ (D5, * = dj)

Figure 97. The (dual) principal graph of GHJ (D12, * = ds).
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Figure 98. The (dual) principal graph of GHJ(D12,* = dr).

The dual principal graph of GHJ (D, * =d)
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d, d, d, dy d, dy dy dy d, di dy d
0 0 0 1 0 0 w, 0 0 0 0 1 0
o 0 1 1 1 1 w., 0 0 O O 1 O
o 1 1 2 1 1 wy 0 0 O 1 1 1
1 1 2 2 1 1 w,, 0O 0O O 1 1 1
w, 0 0 1 1 2 1
12 2 2 1 1 o9 0 1 1 2 1
2 2 2 2 1 1 ywg 1 1 2 2 1
1 2 2 2 1 1 , o 1 1 2 2 1
11 2 2 1 1 '3 1 2 2 2 1
6 1 1 2 1 1 w1 1 2 2 2 1
0 0111l w0 1 1 1 1 1
0 0 © 0 0 wwo 1 1 1 1 o0
The adjacency matrix wer 01 1 1 1 0
of the principal graph Wioe O 1 1 1 1 1
a, a, a, a, a, a, a; da;s dy The adjacency matrix

of the dual principal
graph

dn dz d4 d6 d8 dlo dl()’
The dual principal graph of GHJ (D5, * = dy)

Figure 99. The (dual) principal graph of GHJ (D12, * = ds).
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Figure 100. The (dual) principal graph of GHJ (D12, * = do).

The dual principal graph of GHJ (D, * =d,)
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d d, d, dy dy dp ;’0 zf ;"4 3’6 ‘é& ‘iw
0
9329 % wo 00 0 0 0
0 0 1 1 1 o0 wy 0 0 O O0 1 O
w, 0 0 O 1 1 1
111110 w0 0 0 1 1 0
1 1 1 1 0 1 ws 000 1 1 1 0
111110 0 0011 11
o1 1 1. 0 1 wo 1 1 1 1 1
60 1 1 1 0 w 45 71 1 1 1 o0
0O 0 0O 1 o0 1 wo 0O 1. 0 1 0 0
0O 0 0O O 1 o wee' o 1 0 1 0 1
The adjacency matrix Wi 1 0 1 0 1 0
of the principal graph Wo:l 0 1 0 1 O
a, a, a, a, a, a, a, Qs dy The adjacency matrix

of the dual principal
graph

The principal graph of GHJ (D, * =d,,)

We Wy Wy Wy W, Wg We Wg Wg Wi Wi Wipo Wi

d, d, d, ds ds dy dypr
The dual principal graph of GHJ (D, * =d,,)

Figure 101. The (dual) principal graph of GHJ (D12, * = d1o).
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GHY (D8, do) GHJ (D11, d0) GHJ (D13, d0) GHJ (D5, d1) GHJ (D7, d1) GHJ (D3, d1) QHY (D11, d1) GHJ (D13, d1)
dod; d, d, do d; do dy ds dy dy do do dydy d, di d, d, d, didg d, dyds do dy di di ds dy dy dy d) dy do dy dydudy
a af1 0 0 0] afi 000 0] aft 00000 a1 0 0] @[t 00 0] a[i 0000 afi 00000 afi 000000
a a{o 1 0 of afo 1 o0 o afloi o000 afr v ] et v ool wft i o0 0| w1000 0| aft 100000
a ao o 1 of afo o 1 o o|l afloo 1000 aof v v 0] wfo v | wfov i 00| wo 1100 of afoi o000
as acfo 0 0 1| alo oo 1 o aloo o100 a0 of wfo t v | wloo 11| wfoo 1100 aloo 1 1000
afo 0 0 1| afo oo o 1| aloooo o0 acft 1o o wfoo 1| woo o it 1| awlooo 1100
awlo 0 1 of ayfo 0 0 0 1| wo 00 001 a1 0 0 of w0 1 1 0 0| wo oo 1 1 1| anfo 000 1 11
apfo 1 0 of axfo 0 0 1 o w0 00 0 01 an{t 1 0 0 0| asfo 0 1 1 0 0 apfo 0 0 0 1 11
anlt 0 0 of aufo 0 1 00| wooo o 1o anl1 0 0 0 0] wufo 1 1 0 0 o axo 00 1 100
a0 1 0 0 of agfo 00100 a1 1 0 0 0 0| ago o1 1000
awlt 0 0 0 of ayfo 0 1000 anl1t 0 0 0 0 of aso 1 10000
ay[0 1 0 0 00 ay[1 100000
ax[1 0 0 000 ax[1 0 00000

GHJ D11, d2) GHJ (D13, d2) GHJ (DS, d3) GHJ (D7, 43) GHJ (D9, d3) GHJ D11, d3) GHJ (D13, d3)
a4 do d; do do do dod; d, do didy d, dyd, d, di d, dy d, ddy do dy d, d dy d: dody dy di d d, dydydy
0] afo 1 0 0 0] afo t o000 a0 1 0] afo 1 00| «f[o1 000] «fo1 000 0] afo i 00000
ol a1 11 00| @t 11000 wft o ] @t vl wlt 00| w111 00 0 aft 110000
tf ottt ol wforiioo0 aof v v o w2 vl wvva| w|i oo awfi i1 1000
2| afo o 1 1 1| afo oo 1110 afo o i) wfr 2z | wlov 2z | wfo | wlor 1100
2| ao o 0 1 2| afo oo 1 11 aft | afo 2 | aoo 2 1 1| afo oot 111
1 ap|/0 0 0 1 2 ap/0 0 0 0 1 2 GHI54d3) a0 1 0 0 apf1 1 1 11 apf0 0 1 2 1 1 aplo 0 0 1 2 1 1
o wslo 0 1 1 1| axfo 0o 00 12 d, di d, anft v v 0 0| anlo 1 1 1| apfo 0 0 1oz 1
o awfo 1t 1 1 0| auo oo 1 1 a0 0 1 awl0 1 0 0 o] auft 1t 1 0 of auo oo 1111
aw[1 1 1 0 0of ayo o 1110 wlt 1o auf1 1 1 0 0 0| ayo 111100
awlo 1 0 0 of ayfo 11100 a1 0 aslo 1 0 0 0 0] a1t 111000
aw[1 1 1 0 00 a0 1 o aw[1 1 1 0 0 00
ax0 1 0 0 0 0 ax{0 1 0 0 0 00

GHJ (D7, d4) GHJ (D8, d4) GHJ (D11, 46 GHJ (D13, d4) GHJ (D7, d5) GHJ (D8, d5) GHJ (D11, d5) GHJ (D13, d5)
dy d; d, dy d; d d, dy d; do dy d dy d; do dy dydy 4 do dody 4, do ds ds dy dy dy dy ds dydy 4y dy dedy dydydy
afo 0 1 0] afo o 1 00| «fo o0 1000 a0 0 1 0] @f0 0 1 0 0] afo 0 1 00 0] «f0 010000
afo 11t wlo ottt o wlot 1100 a:fo v o v wfo ot v 1| wfo ot 110 o afot 11000
P Y B R R B R I aeft v o et 2 | w10
acfo 12 2| oottt 2] wgfo 11 acft v o r| a2 2 | w2 | e
acfo 1 2 2| o o 1t 2 2] wfoo 1112 acfo v v o w22 | wfo oz 2 0 a| awfo ot 20
a1 1 1 2| aufo 0 1 2 2| w0 001 22 awlo 0 o t] auft 1 2 1 1| wufo 1t 22 1 1| wo o122 1
aplo 1 1 1| apfo 1t 11 2| aplo 0 012 2 apfo vt | aplto 2 11| gl 0 1oz 2 1
a0 0 1 0 a1 ot o1 o1 a0 0 1 1 12 ‘GHJ (D7, d5) ayl{0 0 1 0 0 a1 oot a0 11 12 11
aglo 11 1o aglo 1111 d, did, dy awlo 1 1 1 0 of a1
anlo 0 1 0 of ayft 11110 a0 0 0 1 awl0 0 1 0 0 of a1 111100
ay[o 1 1 1 00 afo 1 10 ayfo 1 1 1 000
ax{0 0 1 0 00 a1t 10 ax{0 0 1 0000

aft 110

8. GHJ (D11, 06) GHJ (D13, d8) agfo 1 0 1 GHJ (D9, d7) GHY (D11, d7) GHJ (D13, d7)
dy d; di ds dy dy dy dy dy dy dy dy dy dydy aplf0 0 1 0 d, d;, ds d; dy d; dy ds d; dy dy d, dy ds d; dydydy
afo 0 0 1] afo oo 1 0] afo 00100 a0 0 0 1 0] afo o0 10 w[o 0 0 1 000
a|o o i 2| wlo o 1 1 1| aloo 1110 a:fo ot o i wloo | wloo 100
afo 1oz 2| awfo o112 wlo ot o1 afo vt o afo v vz | w|on 0
at 2z 2 2| altoro1 o2 2| w2 aclt ot v o r| aftor 22 0| a2 1
at 2 2 2| afo 12 2 2| alor1122 aft ol a2z 2 0| w22 00
aw[0 1 2 2| anfo 1 2 2 2| ao 01222 anf0 1 1 0 1| anlto2 2 2 1 1| awfo 1oz 2z 2 11
apfo 0 1 2| apft 11 2 2| aplo 0 12 2 2 anfo 0 1t 1 0| anlt 12z 2 0 1| aplo 1oz o2 2 10
anlo 0 o 1| aufo v v 2| wo 11122 anlo 0 0 0 1| wuo vtz 0 | a1tz 2 0
a0 0 1t 4 a2 a0 0 1t | a2 1
ay[0 0 0 1 0 a0 1 1 11 GHJ (D9, d7) a0 0 0 1 0 0 a0 1 1 1111
aylo 0 1 1 10 d, dy dy do ds aw{o 0 1 1 1 00
ax{0 0 0 1 00 000 0 1 ax{0 0 0 1 000

00 110

aHy D11, an) Q) 013, dB) o110 a1, ) Q) 13, dB)
dy d; d, dy ds dy d: dy do dydy o d, dy dy d: dv ds dy dy did dodydy,
a0 0 0 0 1] af0o 000 10 1110 1| wfo o000 1 0] o000 1 0o
afo 0 0 1 2 afo o0 1 11 0 1 1 1 0| afoo ot 0 1| aloo o 1 111
ao o 1 2 2] wfoo 1112 00 1 0 1| afoo 1 1 1t o aloo 1 1211
a0 1 2 2 2] afo 1t 1122 000 1 o afo t 1t o t| alot o122 11
at 2 2 2 2] alt 11222 at 1o aft ot 22 2 10
au[1 2 2 2 2| anfo 1 2 2 22 auf1 1 1 1 0 1| a1 2 2 2 2 11
apfo 1 2 2 2| aplo 1 2 2 2 2 apfo 1 1 1 1 of w12 222 0
aufo 0 1z 2| aui o112 2 2 aufo 0 1 1 0 | au1 o122z 2 0
aulo 0 0 1 2| auo 11122 aufo 0 0 1 1 0| ago 1122 0
awlo 0 0 0 1| aufo o 1112 anl0 0 0 0 0 1| ano o112 1
aw[0 0 0 1 1 aw[0 0 0 1 111
ap|0 0 0 0 1 0 GHJ (D11, d9) ap[0 0 0 0 1 0 O

d, dy d dy dy do

GHJ (D13, d10) a{0 0 0 0 0 1 GHJ D13, d11)
dody dody didy afo 00 1 10 d) dy ds dy dydydy
afo 0 0 0 0 1 afo o 1 1 0 1| wfo oo o000
a0 00 01 2 acfo 1 1 1 1 o afoo o0 1 o0
ao 001 22 aft 11t 0 1| wlooo 110
alo 0 1 2 2 2 auft 1ttt o woo 1110
ao 12 2 2 2 apfo 1t 1t 0 | afo 110
an[t 2 2 2 22 anfo 0 1t o w10
aplt 2 2 2 2 2 a0 0 0 1 0 1| wnlt 111110
a0 1 2 2 2 2 anl0 0 0 0 1 of wuo 11110
aufo 0 1 2 2 2 aglo 0 1 1 110
aplo 0 0 1 2 2 anlo 0 0 1 1 01
ay[0 0 0 0 1 2 ay[0 0 0 0 1 10
ax{0 0 0 0 0 1 ax{0 0 0 0 0 01

QHJ D13, 4117
d) dydid dydydy
a[o 0 0 00 01
a{o 000 1 10
afo 00 1 101
a0 0 1 1110
aJo 11110
ap[1 1 1110
ap[1 11110
ao T 10
aelo 0 1 11 0t
awlo 0 0 1 1 10
ay[0 0 0 0 1 0 1
ax{0 0 0 0 0 1 0

Figure 102. The incidence matrices of the (dual) principal graphs of GHJ(Doaq)
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GHJ (D6, d0) GHJ (D8, d0) GHJ (D10, d0) GHJ (D12, d0)
dy d; di dy dy d; dy dy dy dy dy dy dy dy dy dy dy dy ds dydipdy
1.0 0 0 a1 0 0 0 O ag|1 0 0 0 0 O ag{1 0 0 0 0 0 0O
0 1 0 0| afo 1 00 0 afo 1 00 00|l afl0o1 00000
o0 1 1 a0 0 1 0 O a0 0 1 0 0 O a0 0 1 0 0 0 0
0 1 0 0| a0 00 1t 1| af0 00 1t 00| a0 00 1 000
1 0 0 of agfo o 1 00| a0 000 1t 1| a0 000 1 00
agf0O 1 0 0 0 ap({0 0 0 1 0 0 ap(f0 0 0 0 0 1 1
apl1 0 0 0 of a0 0 1 0 0 0| apf0o 00 0 1 00
ayf0 1 0 0 0 O auyf0O 0 0 1 0 0 O
a1 _0 0 0 0 0 a0 0 1 0 0 0 O
a0 1 0 00 00
apy[1 0 0 0 0 0 O
GHJ (D, d2) GHJ (D8, d2) GHJ (D10, d2) QHJ (D12, d2)
d, d, d, d, dy dy d, dy dy dy dy dy dg dg dy dy dy d, dy dy dydy
0o 1 0 0 a0 1 0 0 O a0 1 0 0 0 O ag{0 1 0 0 0 0 0O
1T 1 a1 1 1.0 0 a1 1 1 0 0 0 a1 1 1 0 0 0 0
0 2 1 1| ajo 1 1 1 1| afo 1 1 1 00| a0 111000
L R R | agl0 0 2 1 1 a0 0 1 1 1 1 ag{0 0 1 1 1 0 0
0 1 0 0 agfOo 1 1 1 1 as|0 0 0 2 1 1 ag{0 0 0 1 1 1 1
agf1 1 1 0 0 aplf0 0 1 1 1 1 a0 0 0 0 2 1 1
ap[0 1 0 0 0 apf0 1 1 1 0 0 apfo0 0 0 1 1 1 1
a1 1 1 0 0 0] ayo o1 1100
a0 1 0 0 0 0 agf0O 1 1 1 0 0 0
agf1 1 1 0 0 0 0
a0 1 0 0 0 0 O
GHJ (DG, d4) GHJ (D8, d4) GHJ (D10, d44) GHJ (D12, d4)
dy ds dy dy dy d; di dy dy dy dy dy dy ds dy dy dy dy dy ds dydyy
001 0] af0 o0 1 00| afoo 1 o0o0o0| afoo0 10000
0 1 0 1| afo 1 1 1 1| afo 1 1 1 00|l alo1 11000
L B a1t 1 2 1 1 agl 11 11 11 a1 1 1 1 1 0 0
o 1 0 1 aglo 2 2 1 1 ag|0 1 1 2 1 1 aglo0 1 1 1 1 1 1
0 0 1 0 ag1 1 2 1 1 ag|0 0 2 2 1 1 aglo0 0 1 1 2 1 1
apl0 1 1 1 1| ap|o 1 1 2 1 1| awlo 0 0 2 2 1 1
@HJ (D8, d4) aplo 0 1 0 of ap|t 1 1t 1 1| apfo 0 1 12 1 1
do d, dy dy a0 1 1 1 0 0 a0 1 1 1 1 1 1
00 0 1 a0 0 1 0 0 0 agf1 1 1 1 1 0 0
o1 1 0 agf0O 1 1 1 0 0 0
1o aul0 0 1 0 0 0 0
01 1 0
0.0 0 1 QHJ (D8, d8) GHJ (D10, d8) QHJ (D12, d6)
dy dy d, dy dy dy dy d, dg dg dy dy d; d, d, dy dydy
a0 0 0 1 0 a0 0 0 1 0 O ag{0 0 0 1 0 0 0
a0 0 1 0 1 a0 0 1 1 1 1 a0 0 1t 1 1 0 0
afJo 11 1 0| afo 112 11 afo 1111
agf1 1. 1.0 1 ag| 1 1 2 2 1 1 ag{1 1 1 1 2 1 1
agf0 1 1 1 0 as|0 2 2 2 1 1 ag{o0 1 1 2 2 1 1
a0 0 1 0 1 a1 1 2 2 1 1 a0 0 2 2 2 1 1
ap[0 0 0 1 0 aplfo 1 1 2 1 1 apfo 1 1 2 2 1 1
a0 0 1 1 1 1 agf1t 1 1 1 2 1 1
GHJ (D8, d8) a0 0 0 1 0 0 a0 1 1 1 1 1 1
do dy dy dg dy agf0O 0 1 1 1 0 0
a0 0 0 0 1 a0 0 0 1 0 0 0
a0 0 1 1 0
a;fo 1 1 0 1 GHJ (D10, d8) GHJ D12, d8)
a1 11 1 0 dy dy dy dy ds dy dy dy dy ds dydidy
agf0 1 1 0 1 a0 0 0 0 1 O ag|0 0 0 0 1 o
a0 0 1 1 0 a0 0 0 1 0 1 a0 0 0 1 1 1 1
ap[0 0 0 0 1 agl0 0 1 1 1 0 a0 0 1 1 2 1 1
a0 1 1 1 0 1 aglo 1 1 2 2 1 1
ag|1 1 1 1 1 0 ag{1 1 2 2 2 1 1
apl0 1 1 1 0 1 apl0 2 2 2 2 1 1
apf0 0 1 1 1 0 apf1 1 2 2 2 1 1
aylf0 0 0 1 0 1 afO0O 1 1 2 2 1 1
a0 0 0 0 1 0 a0 0 1 1 2 1 1
aglf0 0 0 1 1 1 1
GHJ (D10, d8) ax[0 0 0 0 1 0 0
dy dy dy dy dy dy
a0 0 0 0 0 1 QHJ (D12, d10)
a0 0 0 1 1 0 dy d; d, dy dy dydy
a0 0 1 1 0 1 ag{0 0 0 0 0 1 0
aglo 1 1 1 1 0of afo 00 01 01
agf1 1 1 1 0 1 a0 0 0 1 1 1 0
a0 1 1 1 1 0 ag{0 0 1 1 1 0 1
apf0 0 1 1 0 1 ag{0 1 1 1 1 1 0
a0 0 0 1 1 0 a1 1 1 1 1 0 1
a0 0 0 0 0 1 apfo 1 1 1 1 1 0
auf0 0 1 11 0 1
a0 0 0 1 1 1 0
a0 0 0 0 1 0 1
a0 0 0 0 0 1 O
GHJ (D12, d10)
dy dy dy ds dydidy
af0 000 0 0 1
a0 0 0 0 1 1 0
a0 0 0 1 1 0 1
ag{0 0 1 1 1 1 0
ag{0 1 1 1 1 0 1
a1t 1 1 1 1 10
apfO0 1 1 1 1 0 1
ayfO0O 0 1 1 1 1 0
a0 0 0 1 1 0 1
agf0 0 0 0 1 1 0
ax[0 0 0 0 0 0 1

Figure 103. The incidence matrices of the principal graphs of GHJ(Decyen)

GHJ (D, d1)

ds

QHJ (D6, d3)

d,

>

ay
a;
ay

ap)
ap)

485

GHJ (D8, d1) GHJ (D10, d1) GHJ (D12, d1)
d, d, d, d, d, d, d, d; dy ds d; dy
1.0 0 a1 0 0 0 a1 0 0 0 O
1 oof a1 10 0of a1 1 000
0o 11 a0 1 1 0 a0 1 1 0 0
0 0 2| a0 0 1 1| a0 0o 1t 1 0
0 1 1| a0 0 0 2] afo 0 o0 1 1
110 agf0 0 1 1 ag(0 0 0 0 2
1.0 0 ap[f0 1 1 0 apf0 0 0 1 1
a1 1.0 0 a0 0 1 1 0
a1 0 0 0 a0 1 1 0 0
a1 1 0 0 0
apy[1 0 0 0 O

QHJ (D8, d3) GHJ (D10, d2) GHJ (D12, d2)
d, d; ds d, d; ds d; d, d; ds d; d,
0o 1 0 ag|0 1 0 0 a0 1 0 0 O
1T a;|1 1 o a1 1 1.0 0
112 agl1t 1 11 a1 1 1 1 0
0 2 2 ag|0 1 1 2 aglo 1 1 1 1
12| agfo 0 2 2| afo 0 1 1 2
T a0 1 1 2 a0 0 0 2 2
0 1 0 ap[f1 1 1 1 apf0 0 1 1 2
a1 1 1 o aufo 111t
a0 1 0 0 agf1 1. 1 1 0
agf1 1 1.0 0
ay[0 1 0 0 0

GHJ (D8, d5) GHJ (D10, d5) GHJ (D12, d5)
d; dy ds d, d; ds d; d, d; ds d; dy
00 1| afo o 1 0] af0 0 1 00
o 1 2| afo 1 1 1| afo 1110
12 2 a1t 1 1 2 % I R R R |
2 2 2| agft o1 2 2| a1 o111 2
12 2 ag|0 2 2 2 aglo 1 1 2 2
0 1 2| auft 1 2 2| auyo 0o 2 2 2
0 0 1| apft 1 1 2| ap|o 1 1 2 2
a0 1 1 1 agf1 1 1 1 2
a0 0 1. 0 agf1 1 1 1 1
agfO 1 1 1 0
a0 0 1 0 0

GHJ (D10, d7) GHJ (D12, d7)
d, d; ds d; dy, d; ds d; dy
a0 0 0 1 a0 0 0 1 0
a0 0 1 2 a0 0 1 1 1
alo 12 2 afo 11 1 2
ag|1 2 2 2 agl1 1 1 2 2
a2 2 2 2| a1 12 2 2
ag|1 2 2 2 a0 2 2 2 2
apl0 1 2 2 apf1 1 2 2 2
a0 0 1 2| ault 11 2 2
a0 0 0 1 a0 1 1 1 2
a0 0 1 1 1
ay[0 0 0 1 0

GHJ (D12, dB)
d, d, ds d; dy
a0 0 0 0 1
a0 0 0 1 2
a0 0 1 2 2
aglo 1 2 2 2
as|1 2 2 2 2
apl2 2 2 2 2
apf1 2 2 2 2
a0 1 2 2 2
a0 0 1 2 2
agf0 0 0 1 2
awl0 0 0 0 1




QY D12, d1)

QHJ (D10, d1)
dy d di dy

QHJ (D8, d1)

d; d do

QHJ (6, d1)

dy dy

dy dy dy digdu

GHJ (D12, d0)

dy d
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dy dy dy ds dody

QH D10, d0)

dy dy di dy dy

GHJ (D8, d0)

QH (D6, 4
L d, do

dy d
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ices of the dual principal graphs of GHJ(Decyen).

The incidence matr

Figure 104.
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GHJ(D5,d2)  GHJ (D7, d4) GHJ (D9, d6) GHJ (D11, d8) GHJ (D13, d10)
d, d, dy dy d, dy dy dy dg dy dy dy dg dy dy d, dy dy dy diy
ap, |0 1 a, |0 0 1 ag|0 0 0 1 a, |0 0 0 0 1 a, |0 0 0 O O 1
a, |1 2 a, |0 1 2 a, |0 0 1 2 a, |0 0 0 1 2 a, |0 0 0 0 1 2
as |12 as |11 2 2 a; 10 1 2 2 a;, |0 0 1 2 2 a, |0 0 0 1 2 2
ag |0 1 ag |1 2 2 ag |1 2 2 2 ag |0 1 2 2 2 ag |0 0 1 2 2 2
ag |0 1 2 ag |1 2 2 2 ag 1.2 2 2 2 ag |0 1 2 2 2 2
ap|0 0 1 apg|0 1 2 2 ap |1 2 2 2 2 ap |1 2 2 2 2 2
ap|0 0 1 2 ap, (0 1 2 2 2 ap |1 2 2 2 2 2
ay|0 0 0 1 ay, (0 0 1 2 2 ay |0 1 2 2 2 2
ag |0 0 0 1 2 as|0 0 1 2 2 2
ag {0 0 0 O 1 ag|0 0 0 1 2 2
a,|0 0 0 0 1 2
a, |0 0 0 0O O 1
GHJ(D6,d3)  GHJ (D8, d5) GHJ (D10, d7) GHJ (D12, d9) GHJ (D14, d11)
d/ dj d/ d} dﬁ d/ dj’ dﬁ d7 d/ dj’ d5 d7 d‘/ d/ d3 dﬁ d7 d9 d/l
ap [0 1 ay[0 0 1 a0 0 0 1 a[0 0 0 0 1 ay[0 0 0 0 0 1
a, |1 2 a o 1 2 a; o 0 1 2 a; o 0o 0 1 2 a;, |0 0 0 0 1 2
a2 2| a|1 2 2 aslo 1 2 2 a;|o 0 1 2 2 a; |0 0 0 1 2 2
ag |1 2| agl2 2 2 ag|1 2 2 2 ag|o 1 2 2 2 ag|o 0 1 2 2 2
ay |0 1 ag |1 2 2 as |2 2 2 2 ay |1 2 2 2 2 ay|o 1 2 2 2 2
an|o 1 2| an|1 2 2 2| an|2 2 2 2 2 ap|1 2 2 2 2 2
aplo o 1| ap|o 1 2 2| ap|1 2 2 2 2 apl|2 2 2 2 2 2
a0 0 1 2| au|o 1 2 2 2 ap |1 2 2 2 2 2
a|0 0 0 1 as|o 0 1 2 2 ag|o 1 2 2 2 2
ap|o 0 0 1 2 ag|o 0 1 2 2 2
aw|0 0 0 0 1 ay |0 0 0 1 2 2
an|0 0 0 0 1 2
ax |0 0 0 0 0 1
GHJ(D6,d3)  GHJ (D8, d5) GHJ (D10, d7) GHJ (D12, d9) GHJ (D14, d11)
d, d, d, d; ds d; d; ds d, d; d; ds d; dy d, d; ds d; dy dy,
wo |0 1 wop| O 0 1 wg|0 0 0 1 we O O 0 0 1 wog [O O O O O 1
w. |0 1 w., |0 0 1 w, [0 0 0 1 w, /0 0 0 0 1 w, |0 0 0 O O 1
wr |1 2 w0 1 2 w,|0 0 1 2 w, |0 0 0 1 2 w, [O 0 0O O 1 2
wal| 1 2 wyl|0 1 2 wyl[0 0 1 2 wy|0 0 0 1 2 wy |0 0 0 0 1 2
wyl 1 1 wyel 1 2 2 wy| 0 1 2 2 wy, O 0 1 2 2 wy [O 0O O 1 2 2
wel| 1 1 wel|l 1 202 we| 0 1 2 2 we| 0O 0O 1 2 2 wge|O O O 1T 2 2
wel 1 1 wgl 1 1 1 we |1 2 2 2 we |O 1 2 2 2 we [O O 1 2 2 2
Wwe | 101 we | 11 1 we |1 2 2 2 wge |0 1T 2 2 2 we O O 1 2 2 2
wel 1 11 wegl| 1T 1 1 1 wg 1 2 2 2 2 wg|O 1 2 2 2 2
wee |l 111 wg | 11T 1 1 we |12 2 2 2 wg O 1 2 2 2 2
wel 1 1 1 1 w1 1 1 1 1 wpl|l1l 2 2 2 2 2
weg |1 1 1 1 W |1 1 1 1 1 W |1 2 2 2 2 2
wp |1 1 1 1 1 wp|1 1 1 1 1 1
Wl 11 1 1 1 w1 1 1 1 1 1
w1 1 1 1 1 1
w11 1 1 1 1
Figure 105. The incidence matrices of the (dual) principal graphs of GHJ(D,

* = triple point).
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e() eg e4 e() eZ e4

(10 1 0 0 W0 1 0 0

) @ 0 1 0 The adjacency matrix w, 0 L 0
The adjacency matrix a, 0 1 1 of the dual principal ~ W5~ 0 1 1
of the principal graph a, 1 1 0 graph wy 1 1 0
a 0 1 0 Wi 0 1 0

a 0 0 1 w, 0 0 1

a a, a, as as ap Wy W, Ws Wym Wym Wy

e, e, e, e, e, e,

The principal graph of GHJ (E¢, * =¢,) The dual principal graph of GHJ (Eg, * =¢,)

Figure 106. The (dual) principal graph of GHJ(Eg, * = eg).

e e; e; e, € &;

a 1 0 0 Wy 1 0 0

. % 1 1 1 The adjacency matrix w, 1 L 1

The adjacency matrix a, 1 1 2 of the dual principal W3~ 1 1 2
of the principal graph a, 2 1 1 graph Wi~ 2 1 1

a 1 1 1 w1 1 1

a, 0 0 1 w, 0 0 1
a a, a, as as 7 ) w; Wsim Wym Wym o Wy

81 ej ej e] e3 e5
The principal graph of GHJ (Eg, *x =¢;) The dual principal graph of GHJ (Eg, * =¢,)

Figure 107. The (dual) principal graph of GHJ(Es, * = e1).
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e, e e e,

a O 1 0 0

he adi . @ 1 2 1 The adjacency matrix 1
The a _]alcet'{cy matrix a, 1 3 1 of the dual principal 1
of the principal graph a, 1 3 1 graph 1
a 1 2 1 1

a, 0 1 0 0
a A Wo Wy

o ° o .
The principal graph of GHJ (Eg, * =e,) The dual principal graph of GHJ (Eg, * =e,)

Figure 108. The (dual) principal graph of GHJ(Es, * = e2).

e, e; e e € &

ag 0 1 O w, 0 1 O

a, 1 0 1 The adi o w1 0 1

. . jacency matrix ~

The ad_]ageqcy matrix a, 1 1 1 of the dual principal "5/ 1 1 1
of the principal graph a, 1 1 1 graph w1 1 1
a 1 0 1 Wi 1 0 1

a, 0 1 O w, 0 1 O
a a, a, as as ay Wy W, Wsm Wym Wym o Wy

€ €; €s € €; €s
The principal graph of GHJ (Eg, * = ¢;3) The dual principal graph of GHJ (Eg, * = ¢3)

Figure 109. The (dual) principal graph of GHJ(Es, * = e3).
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€ € €& & e
aQ 1 0 0 O Wy 1
a 0 1 0 0 w, 0
a w
The adjacency matrix g 2 % i The adjacency matrix wg g
of the principal graph 1 1 1 o Ofthedualprincipal W 1
y graph '
a, 0 1 0 1 Wz 0
a 0 0 1 1 ws 0
a, 0 1 0 O w, 0
as 1 0 0 0 Ws 0
a, a; a, as ag A a; ay
€ e, ey ¥
The principal graph of GHJ (E7, x =¢,)
Wy w, Wy W) Wy W) W w,
€ e, ey €

The dual principal graph of GHJ (E7, * =¢,)

Figure 110. The (dual) principal graph of GHJ(E7, * = eo).
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€, € € e, e; e

aQ 1 0 O w, 1 0 O

a 1 1 o0 w, 1 1 0

The adjacency matrix % g g i The adjacency matrix xg % i 8
of the principal graph a6 2 2 0 of the dual principal w(“ 1 1 0

8 s’

a, 1 2 1 @b Wy 1 3 1

a, 0 2 1 wse 1 2 1

a, 1 1 0 w, 0 2 1

a 1 0 O wg 0 1 1

a a a, as as ap a ay s

The principal graph of GHJ (E7, x =¢;)

w, w, Wy W Wy W) Wy w, W)

€ €; €s

The dual principal graph of GHJ (E7, « =¢;)

Figure 111. The (dual) principal graph of the GHJ subfactor corresponding to
(E7, k = 61).
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The adjacency matrix
of the principal graph

a,

Wy

Figure 112.
(E7, k = 62).
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€ € € €& € € €
aQ 0 1 0 O w 0 1 O
a 1 1 1 1 w, 1 1 1
a 0 2 1 2 . oW 111
1 2 2 2 The adjacency matrix L1 2 1
a6 1 3 1 2 of the dual principal o 0 2 0
s s’
ay 1 2 2 2 ewh wy 1 3 2
a, 0 2 1 2 we 1 2 2
a14 1 1 1 1 w4 0 2 1
as 0 1 0 0 Ws 0 1 1
a, s
[ ] L
€
w, Wy W(U Wy W(3) Wy Wy W(5)
[ ] [ ] [ [ g ] ] ]
DA\ g AN
SNBSS 789 %8
/ = 5 > \\
7 A
o « ° ®
€ ) €y €s

The dual principal graph of GHJ (E7, x =¢,)

Q
X

HNNWHRKHREO

The (dual) principal graph of the GHJ subfactor corresponding to
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€ € € e, e; e

9 0 1 O W2 0 1 O

a 1 2 1 w, 1 2 1

The adjacency matrix % g 2 i The adjacency matrix We i g ]1-

of the principal graph a6 2 4 2 of the dual principal W( 1’) 1 2 1
a8 graph $

w2 4 1 Wy 3 5 2

a, 2 3 1 we 2 4 1

a, 1 2 1 w, 2 3 1

a, 0 1 0 wy 1 2 0

The dual principal graph of GHJ (E7, * = e;)

Figure 113. The (dual) principal graph of the GHJ subfactor corresponding to
(E7, * = 63).
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The adjacency matrix
of the principal graph

ay a,

Figure 114.
(E7, k = 64).

a
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A
dg
[47)
a;
ay
ass

Q
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Q
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The adjacency matrix

of the dual principal

graph

The dual principal graph of GHJ (E7, * =¢,)

Q
S
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Q
™
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S
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The (dual) principal graph of the GHJ subfactor corresponding to
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e 1 e 3 e 5 e] e3 ej

aQ 0 0 1 w2 0 0 1

a 0 1 O w, 0 1 O

The adjacency matrix % i i g The adjacency matrix x(g 8 i g
of the principal graph a: 0 2 0 of the dual principal w; 1‘) 0 1 0
a, 1 1 1 o we 1 2 0

a, 1 1 O ws 1 1 1

a, 0 1 0 Wy 1 1 0

a, 0 0 1 Wy 1 0 1

a, a, a, ag ag ap a a s
e] 63 e5

The principal graph of GHJ (E7, * =e5)

The dual principal graph of GHJ (E7, * = e5)

Figure 115. The (dual) principal graph of the GHJ subfactor corresponding to
(E7,%x =es).
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The adjacency matrix
of the principal graph

Satoshi GoTO

€ € €, €& e e, e,
a 0 0 0 1 Wo 0 0 0
a 0 1 1 1 w, 0 1 1
% i g i % The adjacency matrix xx 8 1 1
o of the dual principal & 1 1
a 0 2 2 2 ranh We 0 1 1
a1 2 1 2 &% wy 1 3 2
a, 1 2 1 1 ws 1 2 1
a, 0 1 1 1 w, 1 2 1
a; 0 0 0 1 W 1 1 0
a, a, ags dg dap a; ay s
[ ] [ ] [ ] [ ] ’:. : ] ] [ ]
./'//
2 // s \ ‘
. 3 I
e, e, €s
The principal graph of GHJ (E7, * = ¢;)
w, Wy Wy Wy W) W 7 W)
.\ [ ] ] ¥ J L ]
Ny § i
o« e
€ e, e, e

The dual principal graph of GHJ (E7, * = e;)

Q
BN

RFRERNONDRNRER

Figure 116. The (dual) principal graph of the GHJ subfactor corresponding to

(E7, k = 66).
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e, e e, e e, e e, e
9 1 0 0 O wy, 1 0 0 O

a 0 1 0 0 w1 1 0 0

aQ 0 0 1 O w1 1 1 0

a 0 0 1 1 Wssw 1 0 1 0

aGg 0 1 1 o0 w, 0 1 0 O

a, 1 1 1 0 w0 1 0 0

The adjacency matrix 92 0 1 1 1 The adjacency matrix W3~ 0 1 1 O
of the principal graph ¢+ 0 0 2 0 of the dual principal W7~ 0 1 1 0
as 0 1 1 1 graph wy 0 0 1 0

a1 1 1 O wsm 0 0 1 O

a 0 1 1 O W 0 0 1 O

a 0 0 1 1 wWs 0 0 1 0

a, 0 0 1 0 Wi 0 1 2 1

a 01 0 0 w0 1 1 1

ay 1 0 0 0 W 0 0 1 1

s 0 O 0 1

a, a, ayy Ay Ay
° . o o o
\
N\
€

The principal graph of GHJ (Eg, x =¢;)

Wy Wim Wy Wss Wy, Wy Wi Wi Wy Wsm Weyr Wi Wy Wi Wy W

@ L . d o . [

€ ) € €s

The dual principal graph of GHJ (Eg, * =¢,)

Figure 117. The (dual) principal graph of the GHJ subfactor corresponding to
(Es,* = eo).
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e e e ¢ e e e €
9 1 0 0 O Wy 1 0 0 O
a 1 1 0 O w2 1 0 0
a 0 1 1 1 wy 2 2 1 1
aQa 0 1 1 2 w11 1 1
a1 2 1 1 W, 1 1 0 O
a, 2 2 1 1 w; 1 1 0 O
The adjacency matrix 412 1 2 1 2 The adjacency matrix W3~ 1 2 1 1
of the principal graph ¢+ 0 2 2 2 of the dual principal W7s» 1 2 1 1
a1 2 1 2 graph wy 0 1 1 1
a;s 2 2 1 1 ws~ 0 1 1 1
a20 1 2 1 1 Wgz 0 1 1 1
ax 0 1 1 2 wis 0 0o 1 0
a24 0 1 1 1 W4z 1 3 2 3
a26 1 1 0 0 W3 5 1 2 1 2
a28 1 0 0 0 W71 0 1 1 2
We 0O 0 0 1
a a, 4a, 4 as dy 4 ay dg A Ay dy; Qy dy Ay

The principal graph of GHJ (Eg, * =¢;)

Wo Wim Wy~ Wsss W, Wy Wis Wi W, Wsp Wey Wi Wy Wi Wy W

The dual principal graph of GHJ (Eg, x =¢;)

Figure 118. The (dual) principal graph of the GHJ subfactor corresponding to
(Eg, * = 61).
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The adjacency matrix
of the principal graph ’4

Wy Wi Wy

Figure 119.
(Es, * = e2).

a, 4 ag dy 4ap d 4 dg dy dp 4y

e, e e e e, e e e

9 0 1 0 O w, 0 1 0 O
a 1 1 1 o0 w1 02 10
a0 1 2 1 wy- 1 3 3 1
G 0 1 3 1 w002 2 1
a1 2 3 1 w, 1 1 1 O
a 1 3 3 1 w1 1 1 0
a, 1 2 4 1 The adjacency matrix W3~ 1 2 3 1
a, 0 2 4 2 of the dual principal W7~ 1 2 3 1
as 1 2 4 1 graph w, 0 1 2 1
as 1 3 3 1 ws~ 01 2 1
a 1 2 3 1 w2 001 2 1
a 0 1 3 1 ws 0 0 1 O
a0 1 2 1 wy 1 3 6 2
a 1 1 1 0 w1 2 4 1
as 0 1 0 O w, 0 1 3 1
ws 0 0 1 O

Q
o
ES

Q
%
3

The principal graph of GHJ (Eg, * =¢,)

Wss™ Wy Wy Wim Wi Wy Wsm Werm Wi Wym Wi Wi Wy

The dual principal graph of GHJ (Eg, * =e,)

The (dual) principal graph of the GHJ subfactor corresponding to
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The principal graph of GHJ (Eg, * = e3)

The dual principal graph of GHJ (Es, * = e;)

The (dual) principal graph of the GHJ subfactor corresponding to

Figure 120.

(Eg,* = 63).
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e, e, e e e, e e e
a9 0 0 1 O wy, 0 0 1 O

a 0 1 2 1 w;~ 0 1 3 1

a 1 2 3 1 w1 3 6 2

a 1 3 4 1 wss 1 2 4 1

a 1 3 5 2 w, 0 1 2 1

a, 1 3 6 2 wr 0 1 2 1

The adjacency matrix 92 1 4 6 2 The adjacency matrix W3~ 1 3 5 2
of the principal graph ¢+ 2 4 6 2 of the dual principal W7~ 1 3 5 2
as 1 4 6 2 graph w, 1 2 3 1

as 1 3 6 2 wse 1 02 3 1

A 1 3 5 2 Wer~ 1 2 3 1

a, 1 3 4 1 wis~ 0 0 1 0

a; 1 2 3 1 Wy 2 6 9 3

a 0 1 2 1 w1 4 6 2

as 0 0 1 0 w1 3 4 1

ws 0 1 1 O

ay a 4, 4 as 4y 4, dy dgg dg dy dxp dy Gy dyg

The principal graph of GHJ (Eg, * =¢,)

Wo Wi Wy Wss W, Wy Wi~ Wi W, Wsim Wey Wisw Wym Wi Wy W

The dual principal graph of GHJ (Eg, * =¢,)

Figure 121. The (dual) principal graph of the GHJ subfactor corresponding to
(Es,* = e4).
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e e e ¢ e, e e e,
9 0 0 1 O wy 0 0 1 O
a 0 1 0 1 wer 001 101
a 1 1 1 1 w1 2 2 2
g 1 2 1 1 w1 1 2 1
a 1 2 1 2 w, 0 1 0 1
a, 1 2 2 2 wy 0 1 0 1
The adjacency matrix 42 1 3 1 2 The adjacency matrix W3~ 1 2 1 2
of the principal graph %1+ 2 2 2 2 of the dual principal W7~ 1 2 1 2
as 1 3 1 2 graph w, 1 1 1 1
as 1 2 2 2 wse 1 1 1 1
a 1 2 1 2 w1 1 1 1
a 1 2 1 1 ws 0 0 1 0
a1 1 1 1 W, 2 4 2 3
a 0 1 0 1 w1 3 1 2
a 0 0 1 O w,- 1 2 1 1
ws 0 1 0 O
a

=

The principal graph of GHJ (Eg, * =e5)

Wy Wim Wy Wss W, Wy Wi Wi W, Wsim Wey Wi Wy Wi Wrm W

The dual principal graph of GHJ (Es, * = e;)

Figure 122. The (dual) principal graph of the GHJ subfactor corresponding to
(Eg, * = 65).
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The adjacency matrix
of the principal graph ~ “'/4

Wy Wi~ Wy

L S S

Figure 123.
(Es,* = es).

e, e e, e e, e e, e
a 0 0 0 1 w, 0 0 0 1
a 0 0 1 0 w0 0 1 1
a 0 1 1 O w0 1 2 1
a; 1 1 1 1 Wss 0 1 1 1
a 0 1 2 O w, 0 0 1 O
a, 0 1 2 1 wy 0 0 1 0
a, 1 1 2 1 The adjacency matrix W3~ 0 1 2 0
a, 0 2 2 0 of the dual principal W7~ 0 1 2 O
as; 1 1 2 1 graph w, 0 1 1 O
as 0 1 2 1 Wsi~ 0 1 1 0
a 0 1 2 0 Wer™ 0 1 1 0
a, 1 1 1 1 ws0 0 1 0
a; 0 1 1 0 Wy 1 2 3 1
a 0 0 1 O W;s 1 1 2 1
as 0 0 0 1 w; 1 1 1 1

Ws 1 0 0 1

2

The principal graph of GHJ (Eg, * = ¢4)

Wss~ Wy Wy Wim Wi Wy Wsim W Wis™ Wy Wi Wim Wy

The dual principal graph of GHJ (Eg, = = ¢,)

The (dual) principal graph of the GHJ subfactor corresponding to
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e e e ¢ e, e e e,

a 0 0 0 1 w, 0 0 0 1

aa 0 1 1 1 w0 1 1 2

a 1 2 1 1 w1 3 2 3

a 2 2 1 2 w1 2 1 2

a 1 3 2 2 w, 0 1 1 1

a, 1 3 2 3 wy 0 1 1 1

The adjacency matrix %12 2 3 2 3 The adjacency matrix W3~ 1 3 2 2
of the principal graph 9+ 2 4 2 2 of the dual principal W75~ 1 3 2 2
as, 2 3 2 3 graph w, 1 2 1 1

as 1 3 2 3 w1 2 1 1

a 1 3 2 2 wer 1 2 1 1

a 2 2 1 2 ws 0 0 1 0

a1 2 1 1 W 3 5 3 4

a 0 1 1 1 Wi 2 3 2 3

as 0 0 0 1 Wim 2 2 1 2

Ws 1 0 0 1

Q
&

The principal graph of GHJ (Eg, * =e;)

Wy Wim Wiy Wss W, Wy Wi Wi W, Wsim Wey Wi Wy Wi Wrm Wy

The dual principal graph of GHJ (Es, * =e;)

Figure 124. The (dual) principal graph of the GHJ subfactor corresponding to
(Eg, * = 67).



Fusion Algebras of Bimodules Arising from GHJ Subfactors 505

References

Asaeda, M. and U. Haagerup, Exotic subfactors of finite depth with Jones
indices (5++/13)/2 and (5++/17)/2, Comm. Math. Phys. 202 (1999), 1-63.
Bion-Nadal, J., Subfactor of the hyperfinite II; factor with Coxeter graph
Eg as invariant, J. Operator Theory 28 (1992), 27-50.

Bisch, D., Principal graphs of subfactors with small Jones index, Math. Ann.
311 (1998), 223-231.

Bisch, D., On the existence of central sequences in subfactors, Trans. Amer.
Math. Soc. 321 (1990), 117-128.

Bockenhauer, J. and D. E. Evans, Modular Invariants, Graphs and o-
Induction for Nets of Subfactors I, Comm. Math. Phys. 197 (1998), 361-
386.

Bockenhauer, J. and D. E. Evans, Modular Invariants, Graphs and -
Induction for Nets of Subfactors II, Comm. Math. Phys. 200 (1999), 57—
103.

Bockenhauer, J. and D. E. Evans, Modular Invariants, Graphs and -
Induction for Nets of Subfactors III, Comm. Math. Phys. 205 (1999), 183
228.

Bockenhauer, J., Evans, D. E. and Y. Kawahigashi, Chiral structure of mod-
ular invariants for subfactors, Comm. Math. Phys. 210 (2000), 733-784.
Evans, D. E. and Y. Kawahigashi, Quantum symmetries on operator alge-
bras, Oxford University Press, Oxford, 1998.

Cappelli, A., Ttzykson C. and J.-B. Zuber, The A-D-F classification of min-
imal and Agl) conformal invariant theories, Comm. Math. Phys. 113 (1987),
1-26.

Goodman, F.; de la Harpe, P. and V. F. R.. Jones, Coxeter graphs and towers
of algebras, MSRI Publications, 14, Springer, Berlin, 1989.

Goto, S., On Ocneanu’s theory of double triangle algebras for subfactors
and classification of irreducible connections on the Dynkin diagrams, Expos.
Math. 28 (2010), 218-253.

Izumi, M., Application of fusion rules to classification of subfactors, Publ.
Res. Inst. Math. Sci. 27 (1991), 953-994.

Izumi, M., On flatness of the Coxeter graph Eg, Pacific J. Math. 166 (1994),
305-327.

Jones, V. F. R., Index for subfactors, Invent. Math. 72 (1983), 1-15.
Kawahigashi, Y., On flatness of Ocneanu’s connections on the Dynkin dia-
grams and classification of subfactors, J. Funct. Anal. 127 (1995), 63-107.
Kawahigashi, Y., Classification of paragroup actions on subfactors, Publ.
Res. Inst. Math. Sci. 31 (1995), 481-517.

Ocneanu, A., Quantized group string algebras and Galois theory for algebras,
in “Operator algebras and applications, Vol. 2 (Warwick, 1987),” London



506

[19]

Satoshi GoTO

Math. Soc. Lect. Note Series Vol. 136, Cambridge University Press, (1988),
119-172.

Ocneanu, A., Paths on Coxeter diagrams: from Platonic solids and singu-
larities to minimal models and subfactors, (Notes recorded by S. Goto), in
Lectures on operator theory, (ed. B. V. Rajarama Bhat et al.), The Fields In-
stitute Monographs, Providence, Rhode Island: AMS Publications. (2000),
243-323.

Okamoto, S., Invariants for subfactors arising from Coxeter graphs, Current
Topics in Operator Algebras, World Scientific Publishing, (1991), 84-103.
Sunder, V. S. and A. K. Vijayarajan, On the non-occurrence of the Coxeter
graphs Bo,4+1, F7, Da,11 as principal graphs of an inclusion of I1; factors,
Pacific J. Math. 161 (1993), 185-200.

Xu, F., New braided endomorphisms from conformal inclusions, Comm.
Math. Phys. 192 (1998), 349-403.

(Received March 4, 2009)
(Revised November 2, 2012)

Department of Information and
Communication Sciences
Sophia University

Kioicho, Chiyoda-ku

Tokyo 102-8554, Japan

E-mail: s-goto@sophia.ac.jp



