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A Rigidity Theorem and a Stability Theorem for
Two-step Nilpotent Lie Groups

By Ali BAKLOUTI, Nasreddine ELALOUTI and Imed KEDIM

Abstract. Let G be a Lie group and H a connected Lie subgroup
of G. Given any discontinuous subgroup I' for the homogeneous space
& = G/H and any deformation of ', the deformed discrete subgroup
may fail to be discontinuous for &. To understand this phenomenon
in the case when G is a two-step nilpotent Lie group, we provide a
stratification of the deformation space of the action of I' on ¥, which
depends upon the dimensions of G—adjoint orbits. As a direct conse-
quence, a rigidity Theorem is given and a certain sufficient condition
for the stability property is derived. We also discuss the Hausdorff
property of the associated deformation space.

1. Introduction

We focus attention in this paper on some geometric and topological
features of the deformation space of a discontinuous group acting on some
nilpotent homogeneous spaces for which, the underlying group in question
is two-step nilpotent. The problem of describing explicitly deformations for
Clifford-Klein forms for the general non-Riemannian setting was initiated
and formalized in [13], Problem C by T. Kobayashi, where he formalized
this problem from a theoretic point of view. See [9, 12, 13, 14] for further
perspectives and basic examples.

As an application of the general theory, T. Kobayashi and S. Nasrin
studied in [14] the setup of a properly discontinuous action of a discrete
subgroup I' ~ Z* which acts on RFt! ~ @ /H through a certain two-step
nilpotent affine transformation group G of dimension 2k 4+ 1 when the con-
nected subgroup H in question is R¥. In these circumstances, the authors
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gave a complete description of the parameter space

(1) R, G, H)
¢ is injective, ¢(I") is discrete and
:= ¢ ¢ € Hom(I',G) | acts properly and fixed point freely
on G/H

which is introduced in [9] for general contexts. On the basis of this de-
scription, they determine explicitly the deformation space I (Z*, G, H) by
building up an accurate cross-section of the adjoint orbits of the elements
of R(I",G, H).

In this paper, we generalize the above context and tackle the setting
where the underlying group G is two-step nilpotent. We will provide a
stratification of both the parameter and deformation spaces based on the
dimensions of the adjoint action of G on the homomorphisms set Hom(l, g),
where [ stands for the Lie algebra of the syndetic hull of I" (Theorems 3.3
and 3.6). The algebraic interpretation of these spaces given in Theorem 2.1
appears as a fundamental ingredient in this respect. We also show that the
rigidity property fails to hold (Theorem 4.2) and a stability theorem is es-
tablished (Theorem 5.6). In addition, we prove that whenever the G-orbits
in R(I,g,h) have a common dimension, the deformation space J (I, g,b) is
a Hausdorff space (Theorem 6.2). This is also the case where for instance
the syndetic hull of " is abelian and maximal as in Corollary 6.3. A context
where J ([, g,h) fails to be a Hausdorff space is considered as well (Propo-
sition 6.4). This leads to investigate about several kinds of questions of
geometric nature related to the structure of the deformation space.

In [3], the authors studied the situation when G stands for the Heisen-
berg group and showed that the Hausdorff property of the deformation
space is equivalent to the fact that R(I", G, H) is open in Hom(T', G) (which
means that the stability property holds). In this context they also provide
a description of the spaces R(T', G, H) and J(T', G, H). Heisenberg groups
appear therefore as a special setting, where also the Hausdorff property of
the deformation space is equivalent to the fact that the adjoint orbits of the
parameter space have a common dimension. We show in Example 5 that
this phenomenon fails to hold in general two-step contexts.

The outline of the paper is as follows. The next section is devoted
to record some basic properties of Clifford—Klein forms and introduce the
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parameter and deformation spaces of the action of a discontinuous group on
exponential homogeneous spaces for two-step nilpotent Lie groups. A result
about the structure of the parameter space is also proved in this section. In
section 3, we describe a layering of the parameter and deformation spaces.
Section 4 is devoted to prove the local rigidity conjecture 4.1 and section 5
to establish some stability results. We close the paper with a study of the
Hausdorff property of the deformation space. We do hope that our study
could go farther to encompass other more general nilpotent contexts.

2. Backgrounds and Notations

We begin this section with fixing some notations, terminologies and
recording some basic facts about deformations. The readers could consult
the references [8, 9, 11, 12, 13] and some references therein for broader
information about the subject. Concerning the entire subject, we strongly
recommend the papers [8] and [13].

2.1. Proper and fixed point actions
Let Jl be a locally compact space and K a locally compact topological
group. The continuous action of the group K on J is said to be:

(1) Proper if, for each compact subset S C Jl the set Kg = {k € K :
k-SNS +#0}is compact.

(2) Fixed point free (or merely free) if, for each m € Jl, the isotropy
group K,,, ={k € K: k-m =m} is trivial.

(3) (CI) if for any m € M, K, is compact. (cf. [8]).

(4) Properly discontinuous if, K is discrete and the action of K on Jl is
proper.

(5) The group K is said to be discontinuous, if it is discrete and it acts
on Jl properly and fixed point freely.

In the case where M = G/H is a homogeneous space and K is a closed
subgroup of G, then it is well known that the action of K on Jl is proper if
SHS™'N K is compact for any compact set S in G. Likewise the action of
K on M is free if for every g € G, K NgHg™ ! = {e}.
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2.2. Clifford-Klein forms

For any given discontinuous subgroup I' of a Lie group G for the homo-
geneous space G/ H, the quotient space I'\G/H is said to be a Clifford-Klein
form for the homogeneous space G/H. The following point was emphasized
by Kobayashi. Any Clifford-Klein form is endowed with a smooth manifold
structure for which the quotient canonical surjection 7 : G/H — I'\G/H
turns out to be an open covering and particularly a local diffeomorphism.
On the other hand, any Clifford-Klein form I'\G/H inherits any G-invariant
geometric structure (e.g. complex structure, pseudo-Riemanian structure,
conformal structure, symplectic structure,...) on the homogeneous space
G/H through the covering map .

2.3. Parameter and deformation spaces

The material dealt with in this subsection comes from [13]. The reader
could also consult the references [12] and [9] for precise definitions. As in
the first introductory section, we designate by Hom(I', G) the set of group
homomorphisms from I' to G endowed with the point wise convergence
topology. The same topology is obtained by taking generators ~1,... , v, of
I', then using the injective map

Hom(I',G) — G x --- x G, ¢ (p(71), -, (%))

to equip Hom(T", G) with the relative topology induced from the direct prod-
uct Gx---xG. For each p € R(T',G, H), the space o(I')\G/H is a Clifford-
Klein form which is a Hausdorff topological space and even equipped with a
structure of a smooth manifold for which, the quotient canonical map is an
open covering. Let now ¢ € R(I',G, H) and g € G, we consider the element
©9 of Hom(T', G) defined by ¢9(7) = go(v)g~ ', € T. It is then clear that
the element @9 € R(I", G, H) and that the map:

p(D\G/H — ¢(T\G/H, ¢(T)aH  ¢I(D)g~ xH

is a natural diffeomorphism. Following ([13], (5.3.1)), we consider then the
orbits space

JIr,G,H)=R(I',G,H)/G
instead of R(I', G, H) in order to avoid the unessential part of deformations
arising inner automorphisms and to be quite precise on parameters. The
quotient space I (I', G, H) is called the deformation space of the discontin-
uous action of I' on the homogeneous space G/H.
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2.4. Algebraic description of the parameter and deformation
spaces

Let g be a finite dimensional real exponential solvable Lie algebra and G
its associated Lie group. This means that the exponential map exp: g — G
is a global C'*°-diffeomorphism from g into G. That is, G is connected
and simply connected. Let log denote the inverse map of exp. The Lie
algebra g acts on g by the adjoint representation ad, that is adp(Y) =
[T,Y], T, Y € g. The group G acts on g by the adjoint representation Ad,
defined by Ad, = exp(adr), g = expT € G. Let H = exph be a closed
connected subgroup of G. Let " be an discrete subgroup of G of rank k
and define the parameter space R(I', G, H) as given in (1). Let L be the
syndetic hull of I' which is the smallest (and hence the unique) connected
Lie subgroup of G which contains I' co-compactly (see [2]). Recall that the
Lie subalgebra [ of L is the real span of the lattice log I', which is generated
by {logvi,...,logvi} where {v1,...,7%} is a set of generators of I'. The
group G also acts on Hom(l, g) by:

(2) g-Y =Adgov.

Let Hominj([, g) be the set of injective homomorphisms from [ to g. The
following useful result was originated in [14] and obtained in [2].

THEOREM 2.1. Let G =expg be a completely solvable Lie group, H =
exp ) a closed connected subgroup of G, I' a discontinuous subgroup for the
homogeneous space G/H and L = expl its syndetic hull. Then up to a
homeomorphism, the parameter space R(I', G, H) is given by:

R(l,g,h) ={v € Hommj([,g) :exp(¥(l)) acts properly on G/H}.

The deformation space T (I',G, H) is likewise homeomorphic to the space
T b)) = R(,g,h)/Ad, where the action Ad of G is given as in (2).
Furthermore, when G is completely solvable, the assumption on T' to be
abelian can be removed.

2.5. On the structure of the parameter space

DEFINITION 2.2. Let G be an exponential solvable Lie group and H
a connected and closed subgroup of G. A pair (G, H) is said to have the
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Lipsman property if for any connected subgroup L of G, there is equivalence
between proper and (CI) for the triple (L, G, H).

DEFINITION 2.3 (cf.[5]).
1. A subset V of R" is called semi-algebraic if it admits some represen-
tation of the form

V=] ﬁ{xeR";Pi,j(x) sij 0},

i=1j=1

where for each i = 1,...,s and j = 1,...,r;, P; j are some polynomials on R"
and s;; € {>,=,<}.

2. Let X C R" and Y C R™ be semi-algebraic sets. A map f: X —Y
is called semi-algebraic if its graph is a semi-algebraic set of R,

Any information concerning the spaces Hom(I', G) and R(I", G, H) may
help to understand the properties and the structure of the deformation space
J(T,G,H). The sets Hom(I', G) and R(I', G, H) may have some singulari-
ties and there is no clear raison, to say that the parameter space R(I', G, H)
is an analytic or algebraic or smooth manifold. For instance, when the pa-
rameter space is a semi-algebraic set, it has certainly a finite number of
connected components, which means in turn, that the deformation space
itself enjoys this feature. The following proposition, will be of use in the
sequel and shows that the parameter space is semi-algebraic whenever the
pair (G, H) has the Lipsman property with G a connected simply connected
nilpotent Lie group.

PROPOSITION 2.4. Let (G,H) be a pair having the Lipsman property
with G a connected simply connected nilpotent Lie group, I' a discontinuous

subgroup for G/H, and | the Lie algebra of the syndetic hull of T'. Then the
parameter space R(l,g,b) is semi-algebraic.

PrOOF. Note that the action of exp(¢(l)) on G/H is free if and only
if Adg () Nh = {0} for all g € G. Let L([, g) be the set of linear map of [
into g. Consider the maps
irgxL(lg) — L(lg)
(X, ‘70) — Adexp(X) ¥
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and define the semi-algebraic set

&=%Xw)

@€ Homin'([ )
Adeg) 2(0) N # {0} }ngm’g)'

The map Py, : g x L(I,g) — L([,9); (X,¢) — ¢ is semi-algebraic, then
the set

€ Hom°(I : there exists X € g such that
P(S) = {w (I, 9) g }

Adexp (X) 90( ) N b 7é {O}
is semi-algebraic and its complement
R(L,g,5) = P, (5)°
= {p € Hom™(1,9) : Adegyx) () N = {0}, VX € g}
is also semi-algebraic. [J

3. The Deformation Space for Two-step Nilpotent Lie Groups

We assume henceforth that g is a two-step nilpotent Lie algebra, [ a
subalgebra of g and 3 the (non-trivial) center of g. We consider the decom-
positions

(3) g=30¢ and (=[]

where g’ (respectively ') designates a subspace of g (of [ respectively). Any
¢ € L(I,g) can be written as

_( 4 By

where A, € L([1,1],3), B, € L(I',3), Cp € L([1,1],¢') and D, € L(I', ¢). Let
r (A, O

) (% o)

We first remark the following assertion.

LEMMA 3.1. Any element ¢ € L(I,g) is a Lie algebra homomorphism
if and only if Cp, =0 and ¢’ € Hom(l, g).
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PrOOF. We point out first that if ¢ € Hom(l,g), then ([l,I]) =

[o(0), ()] C 3, in particular C, = 0 and ¢ = ( 1%“0 g«: ) Let ¢ = x1+y1
¢

and 2’ = x9 + y2 € [ where x; € [[,[] and y; € I, then

¢ € Hom(l,g) & [p(x),p(2))] = p([z,2'])
A (21) + By(y1) + Dp(y1), Ap(x2)
By (y2) + Dy(12)]
e([z1 4+ y1, 22 + o))
& [Dy(y1), Dy (y2)] = @([y1,y2]) = Ap([y1, y2])
[Dw(yl)a Dw(y2)] = A«p([yhyz])
¢’ € Hom(l, g). O

+ =
RS

T ¢

For any g € G, let as earlier Ad, designate the adjoint representation
which can be written making use the decomposition (3) as

_( Iz o(9)
(6) Ady = ( 0 Iy
for some map o : G — L(g',3). Here I; and Iy denote the identity maps of
3 and g’ respectively.

LEMMA 3.2. The map o is a group homomorphism. In particular the
range of o is a linear subspace of L(g',3).

Proor. Clearly Ad : G — GL(g) is a group homomorphism. Then
for g and ¢’ € G

Adyy = AdgAdy & ( Isol9g) ) _ ( Iy o) ) ( I o(y) )

O .Ig/ 0 Ig/ 0 .Ig/
o (B ooed) N _ (1L olg)+ald)
O Ig/ O Ig/

& o(gg) =o(9) +alg).

In particular ¢ is continuous and G is connected which means therefore that
Im(o) is a connected (linear) subgroup of the linear space £(g,3). O
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Let h be a subalgebra of g and consider the decompositions
(7) g=GnhesoyaeVandl=[]al,

where 3 = (3Nh)®3’, h = (3Nh)dh’ and V is a linear subspace supplementary
to (3Nh)PE3' e in g. Then with respect to these decompositions, the adjoint
representation Ady, g € G' can once again written down as

Ii 0 oi1(g) 61(9)

_ | 0 I o2(9) 62(9)
Adg - 0 O I3 0 ’
0 O 0 Iy

where o(g) = ( Z;g; 28 . o1(g) € L(W,3N1), é1(g9) € L(V,3ND),

o2(g) € L(K,3') and b62(g9) € L(V,3')( here I, I, I3 and I, designate the
identity maps of 3N b, 3, " and V respectively). This leads to the fact that
any element of Hom([, g) can be written accordingly, as a matrix

Ay B
. Ay Bo
SD(A7 B) - O 33 )

0 By
B
Ay Bo

where A = and B = . Here 41 € L([L1],3Nh), Ay €

Ao Bs
By

L([1, [],3/), B, € ,C([/,Zj Nnbh), Bs € ﬁ([l,gl), B3 e ,C([/, []I) and By € ,C([/, V).
We can now state our first result.

THEOREM 3.3. Let G be a two-step nilpotent Lie group, H a connected
subgroup of G and T a discontinuous subgroup for G/H. Then the parameter
space R(1, g,h) splits into the disjoint union Ry | |Ra, where

B rk(By) = dim(l")
Ry = {@(Av B) € Hom(l, g) and Zltk(Az) = dim({L, ]) }
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and
rk(By) < dim(I') and for all g € G

s = {0, ) o )| (47 B2 B o
4

= dim([)

PROOF. As the pair (G, H) has the Lipsman property ([1] and [16]),
Theorem 2.1 enables us to state that
dim ¢(A, B)(I) = dim(I)
R(l,9,b) = § ¢(4, B) € Hom(l,g) | Ady (A, B)([)nbh = {0}

forallg e G
Now,
A1 Bi+01(9)Bs + 61(9) Ba
(8) Ady o(A, B) = Ay Ba + 02(9)Bs + 62(9) Ba 7
0 By
0 By

which means that the condition [Adgy p(A, B)](I) N h = {0} is equivalent

to the fact that rk ( 14(1)2 Ba + 02(9)53 +02(9) Ba > = dim([), which is in
4

turn equivalent to
tk(B4) = dim(lI') and rk(As) = dim([[,1])

or

rk(By) < dim(I) and rk ( %2 Bz + "2(9)153 +82(9)Ba ) — dim(1). O
4

3.1. Description of the deformation space J ([, g,h)
We fix in this section our objects and we keep the same notation. Let g
and [ be as above and

Hom; (I, g) := {¢': ¢ € Hom(l,g)},

where ¢’ is as in (5). The group G acts on Homy ([, g) x L([, g) through the
following law

g- (¢, B,) = (¢, B, +0(9)Dy).
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where B, and D, are as in formula (4) and ¢ is as in (6).
LEMMA 3.4. The map
¢ : Hom(l,g) — Homy(l,g) x L(l',3)
o — (¢ By)
is a G-equivariant homeomorphism.

Proor. The fact that ¢ is a well defined homeomorphism comes di-
rectly from Lemma 3.1. Let g € G and ¢ € Hom([, g), then

V(g-¢) = ¥(Adge)
= (¢, By +0(9)Dy)
= g-¢(p),

which proves the lemma. [J

3.2. Decomposition of Hom (I, g).
As in Lemma 3.2, the group o(G) is a linear space. For any ¢ €
Hom(l, g), let [, be the linear map defined by

The range of [, is a linear subspace of L(I,3) and the orbit G - (¢/, By) =
(¢',By + Im(l,)). Let m = dim(L(l',3)) and ¢ = dim(o(G)). For t =
0,1,...,q, we define the sets

Hom{ (I, g) := {¢' € Homy(l,g) : tk(l,) =t} .
Then clearly,

q
Hom; (I, g) = | | Hom( (1, g).
t=0

We fix a basis {ei,... ,en} of L(I',3) and let

I(m’m_t):{(lla 7Z'm7t);1gll:1 < <Zm7t§m}
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For 8 = (i1,... ,im—t) € I(m,m —t), we consider the subspace Vg :=
@?thReij.

PROPOSITION 3.5. For any ¢ € Hom{(l,g), let P, : L(I'3) —
L(',3)/Im(l,) and Homiﬁ([,g) = {¢© € Hom!(l,g) : det(Py(es), .-,
Py(€in_0)) # 0} Then

Hom{(,g)= |J  Homi 4(i )
Bel(m,m—t)

as a union of open subsets.
PROOF. We know that for all ¢ € Hom/ ([, g), the set Im(l,,) is a linear
subspace of L(I',3) of dimension ¢t. There exists therefore (i1,... ,im—t) €

I(m,m —t) such that the family {P,(e;,),..., Py(ei,,_,)} forms a basis of
L(',3)/Im(l,) and consequently

det(Py(ei,), ..., Py(ei,_,)) #0.0

We are now ready to prove our main result in this section.

THEOREM 3.6. Let G, H and | be as before. The deformation space

reads
T(l,g.b |_||_| U Fusi
i=1t=08eI(m,m—t)
where for B = (i1,... ,im—t), the set Ty g1 is homeomorphic to the semi-

algebraic set

Ti 81

(5)
.= { (A, B) € Hom(l, g) (

et( Py,
As
0

€ Vg, tk(ly(a,B)) =
( ) 7P¢(A,B)(eim_t)) 7é 0
}(3) > = dim([)
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and Ty g2 is homeomorphic to

7182

By
( By ) € Vs, rk(lw(Ajg)) =1

det(Pap(A,B)(eil)ﬂ <. 7P<p(A,B) (eimft)) 7é 0
=< ¢(A,B) € Hom(l,g) | rk(B4) < dim(l") ,
o[ A2 B2t 02(9)Bs +62(9)Ba
r
0 By
= dim(l) for all g € G

which is also semi-algebraic.

ProOOF. It is easy to see that D, = D,.,, which means that [, = [ .,
and P, = P,y for all ¢ € Hom(l, g) and g € G, then for all 5 € I(m,m—t)
and 0 <t < ¢, the set Hom"iﬁ([,g) x L(I',3) is G-stable. Let Homtﬁ([, g) =
¢~ (Homi 4(1,g) x L(I',3)), then

Hom(l, g) |_|Hom (Ig),

t=0

where

(9) Hom'(l,g):= | J  Homj(l,g).
BeI(m,m—t)

Since v is G-equivariant, it is clear that for all ¢ € {0,... ,q} and § €
I(m,m —t), the set Homtﬁ([,g) is G-stable and by (9), we get:

(10) Hom'(l,9)/G = | J Homj(lg)/G,

Bel(m,m—t)
and then
Hom(l,g)/G = |_| U Hom%([,g)/G.

t=0peI(m,m—t)
Whence

R(1,g,b) = |_||_| J  Homf(,g) Nk,

1=1t=0B8eI(m,m—t)
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We now consider the maps

I Hom/t@.([,g)/G — (Homiﬁ(l,g) x L(l3)) /G
G-o — G-P(y),

(Hom1 ﬂ([ g) x L(, )) /G — Hom1 ﬁ([ g) X V3
(¢ Bp 4 (ty) v (¢ P5L (B, Tmly) )

and 5%2@!)_1077%0@.
We now show that for all ¢ € {0,...,q}, the collection

(6%, Homtﬁ([, g9)/ G) is a family of local sections of the canonical
Bel(m,m—t)
surjection 7t : Hom!(l, g) — Hom'(l,g)/G. Indeed, we have to show that
ol = Idyomt (1gc- Let ¢ € Hom(l,g) such that the orbit
A, B, +1Im(ly,) .
< 0 D, € Homy(l, g)/G, then
A, B, +1Im(ly)
ol < e Do ® )
AN D,
- ( Ay Pl (B, +Tm(l)) )
Dy
< Ay Pl (B +1m(ly)) + Im(ly) )
D,
B ( A, By +Im(l ) >
In particular
/ t
t t _ ¢ € Homj (I,9)
) ebttonst0)/6) = {p e Homtg)| ¥ LoD
Now

J(Lgh) = {[p] € Hom(l,g)/G : exp(p(l)) acts properly on G/H}

= || U {l¢l €Homj(l,9)/G} N%(1,g,b). O

t=08€I(m,m—t)
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4. A Proof of the Local Rigidity Conjecture of Two-step Nilpo-
tent Lie Groups

4.1. Local geometrical proprieties of deformations

We keep the same notation and hypotheses. A. Weil [17] introduced the
notions of local rigidity of homomorphisms in the case where the subgroup
H is compact. T. Kobayashi [9] generalized it in the case where H is not
compact. For non-Riemannian setting G/H with H non-compact, the lo-
cal rigidity does not hold in general. In the reductive case, Kobayashi first
proved in [12] that local rigidity may fail even for irreducible symmetric
space of high dimensions. For non-compact setting, the local rigidity does
not hold in general in the non-Riemannian case and has been studied in
[9, 13, 14]. We briefly recall here some details. For a comprehensible in-
formation, we refer the readers to the references [7, 8, 9, 11, 12, 13, 14].
For ¢ € R(T", G, H), the discontinuous subgroup ¢(I") for the homogeneous
space G/ H is said to be locally rigid ([9]) as a discontinuous group of G/H
if the orbit of ¢ through the inner conjugation is open in R(I', G, H). This
means equivalently that any point sufficiently close to ¢ should be conjugate
to ¢ under an inner automorphism of G. So, the homomorphisms which are
locally rigid are those which correspond to those which are isolated points
in the deformation space J(I', G, H). When every point in R(I',G, H) is
locally rigid, the deformation space turns out to be discrete and then we say
that the Clifford-Klein form I'\G/H can not deform continuously through
the deformation of T' in G. If a given ¢ € R(T", G, H) is not locally rigid, we
say that it admits a continuous deformation and that the related Clifford-
Klein form is continuously deformable.

As a direct consequence from Theorem 3.6, we prove that the rigidity
property fails to hold. This gives therefore a positive answer to the following
conjecture substantiated in [4]:

CONJECTURE 4.1. Let G be a connected simply connected nilpotent Lie
group, H a connected subgroup of G and I' a non-trivial discontinuous sub-
group for G/H. Then, the local rigidity fails to hold.

We will prove the following;:

THEOREM 4.2. Let G be a connected and simply connected two-step
nilpotent Lie group. Then conjecture 4.1 holds.



296 Ali BAKLOUTI, Nasreddine ELALOUI and Imed KEDIM

PRrROOF. Note first that Ri actson 7y g, ¢ = 1,2, by left multiplication

RYxTipi — Tip
(N @(A,B)) — X-p=p(\A,\B).

Then this action is well defined. Indeed, we define an R’ -action p on [ =
(L] &l by
N2X for X € [1,1]

PNX) = { AX for X €.

Since [ is 2-step nilpotent, this action preserves the Lie algebra structure of [.
Therefore, this induces an R* -action on £([, g). Its restriction is nothing but
the R -action on 7; g;. Suppose that there is a local rigid homomorphism
w(A,B) € R(l,g,h), then its class [p(A, B)] is an open point in T (I, g,b)
and there exists § and ¢ such that [¢(A, B)] € T; g, for some i € {1,2}. It
follows that the image of [p(A, B)| denoted also by [¢(A, B)], in the semi-
algebraic set 7; g; is an isolated point. Therefore, any continuous action
of R on 7Ty 3, fixes [¢(A, B)]. This means that for any A\ € R}, there is
g(A) € G such that

for some g(\) € G where Ad(y) is defined as in (8). This is equivalent to

A1 Bi+o01(9(N)Bs + 61(g())) Ba
Ay By~ 02(g(\))Bs + 62(g9(N))Ba
0 Bs
0 By

A p(A,B) =

. B3 Aq
X .
for any A € RZ, and this implies that ( B, ) = 0, ( , ) = (0 and

< gl > = 0, which is a contradiction with the injectivity of ¢(A, B). O
2

5. A Stability Theorem

5.1. The notion of stability

Let (G,H,T') be as in the second section. The homomorphism ¢ is
said to be topologically stable or merely stable in the sense of Kobayashi-
Nasrin ([14]), if there is an open set in Hom(I",G) which contains ¢ and
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is contained in R(T', G, H). When the set R(I", G, H) is an open subset of
Hom(I', G), then obviously each of its elements is stable which is the case
for any irreducible Riemannian symmetric spaces with the assumption that
I is torsion free uniform lattice of G ([14] and [17]). Furthermore, we point
out in this setting that the concept of stability may be one fundamental
genesis to understand the local structure of the deformation space.

Coming back to our setting where G is nilpotent and two-step. From
the fact that the pair (G, H) have the Lipsman property, if [ is an ideal of
g then exp([l) acts properly on G/H if and only if [Nk = {0}.

DEFINITION 5.1. Let g be a Lie algebra. A maximal abelian subal-
gebra of g is an abelian subalgebra of g of maximal dimension. Maximal
subalgebras are not unique and contain obviously the center of g.

As a consequence of this observation, we get the following result con-
cerning the case where [ is a maximal subalgebra of g.

ProrosITION 5.2.  If [ is a maximal abelian subalgebra of g, then the
stability property holds.

PROOF. As [is maximal and abelian, then ¢([) is also maximal and
abelian for any ¢ € Hom™ (I, g). It follows that 3 C o(I) for all ¢ €
Hom™ (I, g) and therefore

R(Le,h) = {so € Hom™(1,9) : Ady (1) b = {0}}
= {peHom™(tg): (b= {0}},
which is an open set of Hom([, g). O
As a direct consequence of Theorem 3.3, we get the following corollary.

COROLLARY 5.3. Ifdimj’ = dim[[, 1], then the stability property holds.

Proor. Put s = dim([[,[]), then we have Ay € My(R). Thus the
inequation rk(By) < dim [’ implies

A2 * .
< .
rk( 0 B4)_s+rk(B4)<d1m[
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This means R, is empty and R([, g, ) = R, which is open in Hom(l, g). O

REMARK 5.4. Note that when [ is abelian, the hypothesis of Corollary
5.3 holds if and only if 3 C b, which means in particular that § is an ideal
of g. So the corollary is a consequence of a more general result: If b is an
ideal of g, then the parameter space is open in Hom(l, g).

5.2. A stability Theorem

In the rest of this section, we give a new sufficient criterion of stability,
which is useful when I' is abelian as we show in some examples.

DEerFINITION 5.5. Let [, g and § be as above, the subalgebra [ is said to
satisfy (x) for g/b if there is a decomposition of h = (3N h) & & " and
g=0GNh &y e eh @V =h®3 V. Here h” and V are some subspaces
of g such that:

(x1) (3Nb) @b is an ideal of g.

1

/
(x2) rk By ) _ rk(By) or By = 0, where Bs = B% .

Ezample 1. Let g = R-span{X,Yy,...,Y,,Z1,...,Z,} such that
[(X,Y;]] = Z;for 1 <i<n. Forallr >0andt >0, let h = b,y = R-
span{X,Y1,... .Yy 1,Z1,... , Zy—1} and [ = [,; 4, = R-span{Y¥,141q, ...,
Yo, Zp, ..., Zp} with 0 < g <n—r—t. Then b,, and [,;, are subalgebras
of g and the subalgebras (3nh) Db’ = R-span{Yy,... ,Yrie-1,21,... , Zr_1}
of b is an ideal of g and h” = R-span{X}.

!
Bl = (UiJ)lSiSr—l, BQ = (’U/w‘)rgign, B3 = (Ui7j)1§i§r+t—1,
1<j<k 1<j<k 1<j<k

Bg = (:El, e ,iL’k) and B4 = (Ui7j)r+t§i§n.
1<j<k
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Then,
Hom(l, g)
uz,g 1<i<n,1<5<k
_ (vi,j) 1<z<r+t 1,1<<k riv; —wv; =0, 1<1,i<n
(j)1<j<k and 1 <j <k
vl,j r+t<i<n,1<j<k
- (B € Mops14(R) : By :O}U

{gp(B) € Mopt1x(R) : rk< By ) < 1},
) B4
and [ satisfies (x) for g/b.

Example 2. Let g = R-span{Xy,...,X,,(Z;;)i<i<j<n} such that
[Xi,Xj] = Zi,j for ¢ 7é j Let h = R—span{Xl, cee ,Xq, (Zi,j)1§i<j§q}; f)”
R-span{X1,... , Xy}, b = {0}, 3N = R-span{(Z; ;)i<i<j<q} of dimension
r, =3 @RX, an abelian subalgebra of g with 3/ = R-span{(Z; j)q<i<j<n}
and V = R-span{X,11,...,X,}. Then we have

Hom([,g) = {‘P(B) € Mr+m/+n,k<R) : Tk ( g3 ) < 1}7
4
and [ satisfies (%) for g/b.

Ezxample 3. Let g be a two-step nilpotent Lie group, [ an subalgebra
of g and b an ideal of g, then we can write h = (3 N h) ® b’ and therefore
h” = {0}, so as in Definition 5.5, for all (A4, B) € Hom(l, g) we have BY is
a trivial matrix, then [ satisfies the property (x) for g/b.

FEzample 4. Let g = R-span{X,T,Y1,...,Yy, Z1,... ,Z4,Up,Us, Uy}
such that [X,Yj] = Z;, i =1,...,4, [X,T] = Uy, [T, Ys] = Us and [T,Yy] =
U4. Take f) = R—Span{X,Y4, Z4, U4} and [ = R—Span{Yl, YQ, YE),, Zl, Zg, Zg}.
Let B = {Z4, U(), Ug, U4, Zl, ZQ, Zg, Y4,X, T, Yl,YQ, Y3} be a basis of g and
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241 246
ugl v UuQ.6 S #1,6
with By = ug’l U3,6 , By = Z21 0 226 |, By =
u4’1 U4,6 S
t ... te
(y471, v 7y4,6); Bg = (.’El, ce ,xﬁ) and B4 = yl’l o y1’6
Y21 - Y26
Ysa1 - Y36
Then
(/ B
B; l‘jtk — $ktj =0
TiYik — kY ; =0, 0=1,...,4
Hom([, g) = BL | € Mi36(R 70 7 .
(Lo B% 136(R) tiYik — tryiy =0, 1= 3,4
B3 1<j,k<6
4
By
B2 Bl/
= Bg € Mlg,G(R) I‘k( 3 ) <1
B// B4
3
\ B4
By
B .
t-y'k—tkyi 1 :0, 123,4
B/ M R JJ, 5J
V|| Ml )' 1<)k <6
By

Therefore [ satisfies (x) for g/b.
We now state the main result of this section.

THEOREM 5.6. Let g be a two-step nilpotent Lie algebra, b and | some
subalgebras of g. Assume that | satisfies the property (%) for g/b and that
dim(3") < dim([). Then the stability property holds. More precisely:

R.0.0) = {4 5) € Bom(tg) s ik (7 7 ) =amo},

where p(A, B) is as in definition (5.5).
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ProoOF. For a n x k matrix X, we have
rk X =k <= ker X = {0}.

Thus, it is sufficient to show

ker< "(‘)2 gi > — {0} = (Vg € G) ker( f(‘f B +g;(9)3/ ) — {o}.

Thus, it is enough to show

Ao BQ+J/(g)B/ . Ay B
ker( 0 B, = ker 0 B

for any g € G. Here, fix g € G. Then this equation follows from
(12) ker By C kero’(g)B'.

Here, we decompose

By
o'(9) = (oh(g) o4(g) b29) ), B =| Bf
By

To show the inclusion (12), we use two claims.

/

CLAM 1. o5(g) =0.

PrROOF OF CLAIM 1. By the assumption that I := (3N h) ® b is an
ideal of g, we obtain

(13) g, 1] C3Nh
because we have
lg,1] C [g,0] C3, and [g,I] C T Cb.

The inclusion (13) means that ad(X)Y € 3Nh for any X € gand any Y € I.
Thus, o5(g) = 0.

CrLAIM 2. ker By C ker Bj.
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PROOF OF CLAIM 2. By the assumption dim(3’) < dim(l), the condi-
tion )
Ay By+o(g)B B
rk < 0 B, =k
implies By # 0. Thus, as [ satisfies the property (x) for g/h, we obtain

"
rk( gi ) = rk(By).
This means:

ker B4 C ker Bé’.
Thus, Claim 1 and Claim 2 imply the inclusion (12). O

6. On the Hausdorff Property

This section aims to study the Hausdorffness of the deformation space
T(l,g,h) in the setting where g is two-step nilpotent. We first prove the
following;:

LEMMA 6.1. For all ¢ € Hom(l,g), we have
dim(G - ¢) = dim(g) — dim(p()"),
where ()T ={X €g: [X,Y]=0, VY € ()}

PROOF. Recall that the map o : G — L(I',3) is a group homomor-
phism and it is clear that ker(c) = Z(G) where Z(G) is the center of G.
Then o factors via the projection map G — G/Z(G) to obtain an injective
homomorphism & : G/Z(G) — L(I',3) such that 6(G) = o(G).

Let now ¢ € Hom(l, g), then ker(l,) = {5(eX) : [X,Y] =0V Y € o(I)}.
Thus,

dim(G - ¢) = dim(o(G)) — dim(er(*)
dim(g) — dim(3) — (dim(¢(0)") — dim(3))
dim(g) — dim(p(0)1). O

We now prove the main result of this section.
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THEOREM 6.2. Let g be a two-step nilpotent Lie algebra, if all G-orbits
inR(l,9,h) have a common dimension, then the deformation space T (I, g,b)
is a Hausdorff space.

PrROOF. In such a situation, there is t € {0,...,q} such that
R(l,g,h) C Hom'(l,g), where Hom'(l,g) is as in equation (9) and ¢ =
dim (@) as in section 3. Indeed, let ¢ € Hom'(l, g) then rkl, = ¢ and so

dimG-p = dimy(G- @)
= dimG - Y(p)
= dim(¢', B, + o(G)D,)
dim(¢’, B, + Im1,)
= 1kl, =1

The deformation space J (I, g, h) is therefore contained in Hom'([, g) /G, and
it is sufficient to show that Hom!(l, g)/G is a Hausdorff space. Let [¢] # [¢]
be some points in Hom'([, g)/G. Suppose that [p] and [¢] are not separated,
then there exist (¢n), C Hom'(l,g) and g, € G such that ¢, converges
to ¢ and g, - ¢, converges to ¢ in Hom'([, g). Using the map 1 defined in
Lemma 3.4, we can see that the sequence (¢, By, )n converges to (¢, B,),
(@ By, + 0(gn) Dy ) converges to (', Bp) and (¢ly, B, + 0(9n) Dy
converges to (¢, Bg). This means that ¢’ = & and in particular D, = Dg
and P, = P;. Finally [¢] and [£] belong to the open set Homj(l, g)/G for
some [ € I(m,m—t). From (11), Hom%([, g)/G is homeomorphic to a semi-
algebraic set. Therefore Hom%([, g)/G is a Hausdorff space. This leads thus
to a contradiction. [

COROLLARY 6.3. Let g be a two-step nilpotent Lie algebra. If 1 is a
mazximal abelian subalgebra of g, then the deformation space I (1,g,H) is a
Hausdorff space.

Proor. If [ is a maximal abelian subalgebra then so is ¢(l) and we
have ¢(I)*+ = ¢(I). Hence from Lemma 6.1

dim(G - ¢) = dim(g) — dim(p(l)) = dim(g) — dim({),
which is constant. This achieves the proof. [J

PROPOSITION 6.4. Let [ and b be two subalgebras of g and suppose that
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(1) There is decomposztwn g =l
3= [] © 31D 52 6933-

@3 D3disdh &l @V, where
519U, 300 =3 b =0 @3 and

(2) There is a codimension one subalgebra I of | such that [I,1] £ [ @b
and 3(1) + L = L

Then the deformation space I (1, 9,h) fails to be a Hausdorff space.

PrROOF. Recall that dim([l,!]) = s and set dim(3;) = ¢, dim(32) =
p, dim(33) = r and dim(3) = m. The Lie bracket of g is given by

(X, Y] = ibz(xv Y)Z;

=1

where {Z1,...,Z,} is a basis of 3 passing through the decomposition
3 =[] ® 31 32 @33 There a basis {L1,...,Lg_q—s} of [ such that
{Z1,... , Zsyq, Lo, ... ,Lp_q—s} is a basis of the subalgebra [; satisfying as-
sumption (2). The vector L € 3(I) and there is X € [{ such that the
bracket [Xo, L1] ¢ @ h. In particular there is p+ ¢+ s < ig < m such that
bio (X0, L1) = o # 0. If we complete the vectors Z1,... , Zp, L1, ..., Liy_q—s
to a basis of g passing through the decomposition g = [[,[] ® 31 ® 32 P 33 D
[ ® b @V, then the matrix

R (1,9, b) with

=

Il
CcCo oo o o
cooocofto
cogQooco

0 0
D= My_,_s(R
(o 5.0 )M,

Cy = (u1 0) € M, j_g—s(R), where vy = %0,...,0,21,0,...,0) € R"
and x; is the iy coordinate. Let Cs = (us 0) € M, j—q—s(R) with ug =
t(ala s ,(ZS) € RS:

Cy = (uqg 0) € My g—q—s(R) with ug ="(ass1,... ,as44) € R
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and
Cp = (up 0) € My j—g—s(R) with up = "(agiss1,--- » Agrsip) € RP.

Let Cy = (UQ O) S Mm—q—s—p,k—q—s(R)a Uy = t(aq+5+p+1,... , Gjo—1, T2,
Qig41s- - »Am) € RMTI757P such that o # z1 and a; = #2774b;(Xo, L1).
Then

I, 0 Cs

0 I, C

0 0 G

My = 0 0 Cy | €eR(lgb)

0 0 D

0 0 O

0 0 O

andG-M1 #GMQ
Let V; be a neighborhood of M; for ¢ = 1,2. For € > 0 small enough,
the elements

I, 0 0 I, 0 (i
0 I, 0 0 I, Cq
0 0 0 0 0 G,
Ml,s 0 0 Cy € V; and M275 = 0 0 (9 € Vs,
0 0 D. 0 0 D.
0 0 0 0 0 O
0 0 0 0 0 O
€ 0 .
where D, = < 0 Tp g > and Adexp -y, M . = Ms,. This means

that ([, g,b) is not a Hausdorff space. OJ

REMARK 6.5. In the situation of the Heisenberg group, it is shown in
[3] that the Hausdorff property of the deformation space is equivalent to the
fact that the stability property holds. The following example shows that
such a phenomen may fail for general two-step nilpotent Lie groups.

Example 5. Let us resume Example 4 above. In this situation, we
have 3/ = R-span{Zi, Z2, Z3,Up,Us} and dim(3’) < dim([), so the hy-
pothesis of Theorem 5.6 is satisfied. This shows that R(l,g,h) is open
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in Hom([l, g). We now write g =31 ®32® 33D H & @V, where 3N [ =R-
span{Zi, Zs, Z3} = 31, I = R-span{Y1, Yo, Y3}, 3Nh = 30 = R-span{Uy, Z4 },
h = R-span{X,Yy}, 33 = R-span{Uy,Us} and V = R-span{T'}. If we
choose [; = R-span{Y1,Ys, Z1, Zs, Z3} as a subalgebra of [ of codimension
one, the we obtain [{ = R-span{T,Y1,Ys,Y3,Yy, Z1, Zo, Z3, Z4, Uy, Us, Uy},
then [I{,[] > Us ¢ h @ [ and 3(I) = [, which means that [; + 3([) = [. So by
Proposition 6.4, I ([, g, b) fails to be a Hausdorff space.
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