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Invariant Differential Operators on the Schrodinger
Model for the Minimal Representation
of the Conformal Group

By Atsutaka KowATA and Masayasu MORIWAKI

Abstract. We consider the Schrédinger model of the minimal
representation for the conformal group O(2n,2)(n > 1) which was
constructed by Kobayashi-Orsted [Adv. Math. 2003], and enriched
by a series of papers by Kobayashi-Mano [Memoirs of AMS 2011, etc].
We get the joint spectra of the differential operators on the model
for generators of the center of the Lie algebra of U(k) x U(n — k) x
U(1) for k = 1,...,n — 1. Further, we obtain the generators of the
algebra consisting of all invariant differential operators for two compact
subgroups I; X SO(2n — 1) x SO(2) and SO(2n) x SO(2) of O(2n,2).

1. Introduction and Statement of Main Results

1.1. Differential operators on L*(R?"~! |z|~ldx)
We consider three differential operators on R?"~1:

0 n—1 0

1.1 = —Fp— _
( ) Dl <$1 + A 2E8x1 2 8$1>

=, 0 0
1.2 Dy :=+/—1 (:B i — X2 —>7
(1.2) 2 ; 27 02511 2]Ha?@j

1
(1.3) D3 := |x| (ZA - 1) ,
where |z| denotes the norm (2321112)1/2 for any x = (1,...,T2n-1) €

R2"~1 A the Laplace operator 22” 192 /83: and E the Euler operator
2%1 1 2;0/0x;.
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The following theorem implies that Di, Do and Ds are natural differ-
ential operators not on the Hilbert space L?(R?>"~!) with respect to the
ordinary Lebesgue measure but on the Hilbert space L?(R**~! |z|~!dz) of
square integrable functions on R?"~! with respect to the weighted measure
|z|~tde = |z|"tdxy . .. dron_1.

THEOREM 1.1. (1) The differential operators Dy, Dy and D3 extend to
self-adjoint operators on L*(R**~1 |z|~tdz).

(2) D1, Dy and Ds mutually commute.

(3) D1,Ds and Ds have only discrete spectra on L?(R*"~1,|z|~tdx),
respectively.

(4) The set of the joint eigenvalues of (D1, Dy, D3) is given as follows:

(1.4) {(xyz)ezgzx—l-y—kz—n%—lzo mon}'

)+ |y < —z—n+1
(5) D1, Dy and D3 are algebraically independent.

The properties of D3 were studied by Kobayashi-Mano [9, Introduction
and Section 3.4]. This operator corresponds to the Schrédinger operator on
the Schrodinger model of the Weil representation (see Introduction in [9]).
Since Ds is the vector field generated by one-parameter subgroups of a
compact group, it is not hard to get the properties of Dy. D; is one of the
operators which are called fundamental differential operators by Kobayashi—
Mano [11].

We shall show the more general theorem than Theorem 1.1 in Section 4.
The idea of proving this theorem is to use representation theory. For the in-
definite orthogonal group O(2n,2) and its identity component SOq(2n,2), it
is known in [9, Section 3.1] that a unitary highest weight representation 7
of SOy(2n,2) can be realized on L?(R?"~! |z|~!dx) through the Schrédinger
model of O(2n,2) given by Kobayashi—Orsted [12, Part III]. Then we con-
sider a compact subgroup U := U(n1) xU(n2) xU(1) (n1,n2 > 1, ny+ng =
n) of SOy(2n,2). Here U is minimal among the subgroups of the direct prod-
uct form U(ny) x -+ x U(ng) x U(1) (n1,...,ng > L,ng + -+ np =n)
to which the restriction of 7 is still multiplicity-free (see Introduction and
statement of main results in [13] and (2.3) in Section 2.2). Under the re-
striction SOy(2n,2) | U if n; = 1, one can see that D, Dy and Ds3 are
given as the infinitesimal action of the center of the Lie algebra u of U



Invariant Differential Operators for the Conformal Group 357

(see Section 2.3). In addition, we use the explicit branching formula of the
restriction 7|y (see (2.3) and Proposition 3.3) to show the theorem.

1.2. Invariant differential operators on R?"~!\ {0}

By (1) of Theorem 1.1, they extend to self-adjoint operators on H, where
we set H := L?(R*"~! |z|~1dx). Let H> denote the space of all C°°-vectors
for (my, H) of SOy(2n,2). Here, we recall that if v € H is such that the
function 74 (g)v is of class C*° from SOg(2n,2) to H, then v is called a C*°-
vector. We consider the universal enveloping algebra U(so(2n,2)c) of the
complexification of the Lie algebra so(2n,2) of SOy(2n,2) and the algebra
D(R?"~1\ {0}) consisting of all differential operators on R?"~1\ {0}. Then,
for the infinitesimal action dm, we have

(1.5) dr (U(s0(2n,2)c)) € D(R*™1\ {0}) N End(H™).

Here, we note that the origin is the singular point of the measure |z|~'dz
on R?n—1,

Now, we briefly review the following algebras of invariant differential
operators on representation theory:

(1) (Harmonic analysis) Let (G, K) be a Riemannian symmetric pair. We
consider the algebra D(G/K)Y consisting of all G-invariant differen-
tial operators on a Riemannian symmetric space G/K. The spherical
functions on G/K are obtained as the joint eigenfunctions for all dif-
ferential operators in D(G/K)%. Then D(G/K)¢ is generated by I
algebraically independent differential operators, where [ is the rank of
G/K (see [4, Chapter II, §4] for example).

(2) (Characters) Let G be a connected semisimple Lie group and D(G)%
the algebra consisting of all left G-invariant differential operators on
G. The character of each irreducible representation of G is a joint
eigenfunction or eigendistribution of the differential equations defined
by all right-invariant differential operators in D(G)G. This is given
by Harish-Chandra (see [5, Chapter X, §4] for example). The right
invariants of D(G)% is isomorphic to the center of U(gc).

We will consider the invariant differential operators for (w1, H) of
SOp(2n,2). In the above cases (1) and (2), the actions of G on the func-
tion spaces of the left-regular representations are induced by the actions on
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the base manifolds respectively. In our case, it is remarkable that not all
elements in SOg(2n,2) act on R?"~1\ {0} (see [9]), however, they act on
the function space H. For this, the infinitesimal action dmy of so(2n,2) on
‘H contains not only vector fields but also differential operators of second
order, such as Dy and Ds.

For any subgroup H of SOy (2n, 2), we define an algebra D(R?*~1\ {0})#
consisting of all invariant differential operators under the action w4 (H) by

(1.6) DR\ {oh =

{DeD®R* '\ {0}): Domy(h)=my(h)oD, forany h € H}.
When H = SOy(2n,2), the algebra D(R?*~1\ {0})59("2) is C because 7
is an irreducible representation of SOy(2n,2). When H = U, by Proposi-
tion 3.3 in Section 3.4 one can see that each D € D(R?"~1\ {0})V can be
diagonalized with respect to the same fixed basis. Indeed, by the multiplic-

ity freeness, Schur’s lemma implies that D acts as a scalar multiplication
on any irreducible summand. Hence, we have

LEMMA 1.2.  The algebra D(R**~1\ {0}V is commutative.
Then we ask:

QUESTION 1.3. Determine the structure of the commutative algebra
D(R?"=1\ {0})Y. Namely, find the generators of D(R?"~1\ {0})V.

We recall an immediate consequence of (2.3) in Section 2.2 and Propo-
sition 3.3.

COROLLARY 1.4. For any subgroup H of SOgy(2n,2) which contains U,
the restriction 7y |g is multiplicity-free.

In the same way as that to show Lemma 1.2, we have

LEMMA 1.5.  For any subgroup H of SOgy(2n,2) which contains U, the
algebra D(R*=1\ {0} is commutative.

We note that the larger subgroups H tend to be, the smaller the algebras
DR?=1\ {0} become.
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Hereafter we set G := SOy(2n,2) and compact subgroups K :=
SO(2n) x SO(2), H =11 x SO(2n — 1) x SO(2), and R :=I; x SO(2n —
1) x Iy >~ SO(2n — 1) of G. Then we have

(1.7) GDOKDHDR.

The restriction of 7y to H is multiplicity-free (see (2.3) and Proposition 3.1).
That of 74 to R is not multiplicity-free (see Remark 3.2), however, the ex-
plicit branching formula of 74 | is given by Kobayashi-Mano (see Fact 3.5).
By this formula, we get the following result:

THEOREM 1.6. We have the following:
(1.8) DR\ {0})" = C[Ds, D],
where Dy is the differential operator on R?"~1\ {0} defined by
(1.9) Di= 3 AR
' 4 L= ’8%- ]al‘i '
1<i<j<2n—1

Here, Dy is nothing but the Casimir operator with respect to SO(2n—1) ~ R,
up to a scalar constant.

Theorem 1.6 means that D(R?*~1\ {0}) = D(R?*~1\ {0})5°C»—1) n
(ker adD3) since the action of SO(2n—1) is given by rotation and the action
of SO(2) is infinitesimally given by Ds3. Theorem 1.6 leads to the following
corollary:

COROLLARY 1.7. We have the following:

(1.10) D(R*"™1\ {0})" = C[Dj].

By Corollary 1.7, D3 is nothing but the generator of the K-invariant
differential operators. The joint eigenfunctions with respect to D(R*?~1\
{0})X are given in [9].
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1.3. The background of our theorems and question

Theorem 1.1, Question 1.3, Theorem 1.6 and Corollary 1.7 are based on
the philosophy posed by Kobayashi [6] of applying multiplicity-free proper-
ties to problems in analysis. The advantage of the irreducible decomposition
for a multiplicity-free representation is that such a decomposition diagonal-
izes any operator commuting with the group action.

This article is organized as follows. In Section 2, we introduce the rep-
resentation theoretic setting and describe D1, Do, D3 through the action of
certain elements in s0(2n,2). In Section 3, we review various branching
laws for the minimal representation of O(2n,2) and introduce the action of
D, (Proposition 3.6). The proof of Proposition 3.6 is given in Appendix
because of a lot of technical computation of special functions. The more
general theorem than Theorem 1.1 is shown in Section 4. Theorem 1.6 and
Corollary 1.7 are shown in Section 5. Theorem 1.6 is the immediate conse-
quence of Proposition 5.1. The proof of this proposition is given in Section 6
since this involves a lot of technical computation.

Acknowledgment. The authors express their deepest gratitude to Pro-
fessor Toshiyuki Kobayashi and Doctor Gen Mano for many discussions and
suggestions, and warm encouragement in this study.

2. The Descriptions of D, Dy, D3

In this section, we review the background of our theorems and state the
source of differential operators Dy, Do, D3, owing to notation of Kobayashi,
(Orsted and Mano [8, 9, 12].

2.1. L?-model of the minimal representation

We set N := {0,1,2,...}. Let (7¢,L?(C)) be the L?-model of the
minimal representation of O(2n,2) for n € N with n > 1 considered by
Kobayashi-Orsted (see [12, IIT]). Here, O(2n,2) is the indefinite orthogonal
group defined by

O(2n,2):={g€ GL(2n+2,R) : thQn’Qg = Iop 2},
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where Iy, = diag(1,...,1,—1,—-1) € GL(2n + 2,R). Further, C is the
closed cone:

C={¢eR™\{0}:Q(¢) =0},

where Q(¢) == 2 + -+ +(3,_1 — (3,. Let Cy be the forward and the
backward light cone respectively:

Cr = {(Cly v Con) ERP (o >0, (-4 oy = G}

Then one can see that C' is the disjoint union Cy U C_. The direct sum
decomposition

(2.1) L*(C) = L*(Cy) @ L*(C-)

yields a branching law 7¢ = 7 ®7¢ with respect to the restriction O(2n,2) |
G = SOy(2n,2). The irreducible representations 7¢ and 7¢ of G are con-
tragradient to each other, one is a highest weight module, and the other is
a lowest weight module.

2.2. Schroédinger model on the flat space R?"!

The representation (5, L*(C4)) of G = SOy(2n,2) can be realized on
the space of L2-functions with a weighted measure on R?*~!. In this sub-
section, we review this fact.

We have used the variables ¢ = ({1, ..., (a,) for Cy C R?" and will use
x = (x1,...,22,_1) for the coordinate of R?"~!. The projection

(22) p: RQ” - RQn_la (Ch ey CQn—la CQTL) — (Cla CI 7C2n—1)

induces a diffeomorphism from C onto R?"~1\ {0}, and the measure du on
C, is given by 6(Q) (see [3]), and therefore is pushed forward to (2|x|)~'dz,
where dx = dx1 ...dx9,—1. Thus, we have a unitary isomorphism:

(2.3) V2p* s LA(R*L 2|7 Ndx) 5 L2(CY).

Through this isomorphism, the representation of G is realized on L?(R?"~1,
|z|~1dx). This model is given by Kobayashi-Mano [9, Section 3.1] and called
the Schrédinger model. This representation is w1 in Introduction.
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2.3. The center of the Lie algebra of U

Let us denote by u the Lie algebra of U = U(n1) xU(n2) xU (1) (ny,ng >
1,n1 + n2 = n). In this subsection, we get the infinitesimal action of the
center 3(u) of u C s0(2n,2). Here we use the embedding u(k) C so(2k)
corresponding to z; = (oj-1 + V=125 (25 € C, (9j-1,(2j € R) for j =
1,... k.

Under our inclusion u C s0(2n, 2), we can identify the Lie algebra u with
u(n1) ® u(ng) @ u(l). Then one can see that generators of 3(u) C so(2n,2)
are the following:

- ny—1
n Ni+N <
(2.4) Jl( V= — + Zl (—E2j2j+1 + E2j412j),
]:
n—1
(2.5) T = > (=Byjoji1 + Bajirg),
Jj=n1
N n - N—n
(2.6) Js = %

Here, E;; (0 <4,j < 2n+ 1) is the matrix with entry 1 in the i-th row and
the j-column and 0 else. Further we set

1 (1<j<2n-1),
Ei =
Tl =20

and

Nj = Ejo+ Ejont1 —€jEo; +€jEamt1, (1<j<2n),
2.7 Nj=Ejo— Ejont1 —¢jEo; — €jEant1 (1<j<2n).

We note that N ;, N; are elements of Lie algebra so(2n, 2) and Jl(m), 2(n2), J3
are the following block diagonal matrices:

(2.8) J™M) = diag(J,...,J,0,...,0,0,0),
——— ———
ni 2n9
(2.9) J$") = diag(0,...,0,J,...,.J,0,0),
~—— ——
2n1 na
(2.10) J3 = diag(0,...,0,J),
——

2n
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where we set

(2.11) J = <(1) _01> :

When n; = 1, we set
(2.12) Jyi=JY and gy = g0,

Namely, we have

~ n—1
N1+ N
(2.13) J1 = % and Jy = Z(_E2j72j+1 + E2j+1,2j)~
j=1
It is easily seen that
(2.14) g g = g4,
forny =1,...,n— 1 and hence
(2.15) dre(J{"™)) + drl(J5") = dmc(Jy) + dri(Ja)

form; =1,...,n—1and € € {+,—} (see Section 2.4).

2.4. Infinitesimal action of the minimal representation

In order to describe D1, Do, D3, we use the following linear transforma-
tions on the space S’(R?") of tempered distributions given in [12, Part III,
Lemma 3.2] and [9, Section 2.4]:

(216)  d@(N)) =2V=1¢;,
0

0
(2.17) des(N;) :== V-1 (—(n + 1)6ja—€j - Ecgja—cj + %ijc>

for Nj, N; (1 < j < 2n) € s0(2n,2), where we set

5?2 5?2 52 9
Oci= =5+ +—5———— and Ec:=Y (=—ro.
S 0G, 1 03, ‘ ; 1o¢;

We denote by L?(C) the space of K-finite functions in L?(C), where
K is the maximal compact subgroup SO(2n) x SO(2) of G = SOy(2n,2).
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The map 2 : L*(C) g — S'(R?") defined by u(¢) — u(¢)§(Q) is well-defined
and injective (see [12, Part III, Section 3.4]). Then we have the following
commutative diagram for any X € so(2n,2):

LQ(C)K . S’ RQn)
(2.18) dn®(X) l l dés(X

(2

LQ(C)K LN S/ RQn
This gives the infinitesimal action dn°¢ of so(2n, 2).

2.5. The descriptions of Dy, Do, D3

We give the differential operators Dy, Ds, D3 in Section 1.1 through the
explicit descriptions of the infinitesimal actions dm(J1), dry(J2), dry(J3)
on L?(R?"~1 |z|~tdx).

Let A be the Laplace operator 22" Lo2/ (93:?. We recall from [9, Section
3.4] the following fact:

Fact 2.1. dmry(J3) is described as the following differential operator:

(2.19) dry(J3) = v/ —1|z| GA - 1> :

Obviously, exp tJy is an element in Iy xU(n—1)x Iy C R = I} x SO(2n—
1) x I. Hence, by the explicit action of the representation (¢, L%(C)) in [9,
(2.2.3)], through (2.2) 74 (exptJ2) acts on L?(R?"~1 |z|~1dz) by the pull-
back of the action as the rotation on R?"~!. Thus we get

PROPOSITION 2.2. dmi(J2) is described as the following differential
operator:

n—1

0
(220) d7T+ JQ Z < ax2 o + $2j+1%> .
J+ J

Jj=1

Let E be the Euler operator Z] 1 x](?/(?acj For J; = (E—i— Nl) /2,
one can describe dry (J;) as a differential operator on L?(R?"~1 |z|~ldz)
by equations (2.3.15), (2.3.18) and (2.3.19) in [11].
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PROPOSITION 2.3. dmy(Jy) is described as the following differential
operator:

= x1 10 n—1 0

Therefore, by Fact 2.1 and Propositions 2.2 and 2.3, (D1, D2, D3) in
Theorem 1.1 is nothing but (dny(J1),dry(J2),dns(J3))/v/—1.

REMARK 2.4. By (2.14) and (2.15), we have

(m)y _ /7 B, 1,0 n-10
(2.22) dmy(J;V) = 1<x1+ 12380, 2 Ox

np—1 o

;( 2j8$2j+1 SAN) j)
and

(n2) n—1 B 0

2.23 dmy(Jy") = (—x' ™ —>
(2.23) +(J2) ]Zn:l T Owgin T Oy

3. Branching Laws of 7§ and 7

In this section, we consider the K-type formula of L?(C..), the restriction
of L?(C1) to U and the explicit irreducible decomposition of L?(R?"~1,
|z|~1dx) ¢ with respect to the restriction K | R in order to get the joint
eigenvalues of (Dy, Dy, D3).

3.1. K-type decomposition

In order to recall the K-type formula of L?(Cy), we review the basic
facts of spherical harmonics.

For m € N with m > 2, the space of spherical harmonics of degree a € N
is defined to be

(3.1) HYR™) = {f € C°(S"™ V) : Agm-1f = —a(a+m — 2)f},

where Agm-1 is the Laplace-Beltrami operator on the unit sphere S™!
endowed with the standard Riemannian metric. Each H*(R™) is irreducible
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as an O(m)-module, and still irreducible as an SO(m)-module (m > 2);
however,

(3.2) HO(R?) = CeV1 @ Ce V1 for q>1

as SO(2)-modules. In addition, we have an irreducible decomposition of
O(m — 1)-modules:

(3:3) H*R™)|om-1) ~ € H®R™).

0<b<a

This is also an irreducible decomposition of SO(m — 1)-modules (m > 3).
The K-type formula of (75, L?(C+)) is given as follows (see [9, Section
2.3] for example):

(3.4) L(Co)k~ P HR™RCeHV,

a,beN
a+n=b+1

where each H%(R?") X Ce*V =10 is an outer tensor product representation
of K.

Likewise, the representation (7¢, L?(C)) of O(2n,2) decomposes when
it is restricted to its maximal compact subgroup as follows (see [12, Part I,
Theorem 3.6.1)):

(3.5) L*(C)o@nyxo@) = @ HYR®™) B H(R?).
a,beN
a+n=b+1

By (3.2), each H°(R?) in the right-hand side of (3.4) decomposes into
CeV=1% g Ce=V=1_ This decomposition corresponds to (2.1):

L(C) = L*(Cy) & L*(C-),
for which the K-type formula is given by (3.4).
3.2. Branching formulas of the restriction of 7§ to H = I; x
SO(2n —1) x SO(2)

By the K-type formula (3.4), we get the branching formula of the re-
striction of 7§ to H.
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PROPOSITION 3.1.  When (7%, L?(Cy)) is restricted to H, its irre-
ducible decomposition is multiplicity-free. Then we have an isomorphism
as H-modules:

(3.6) L} Cs)x ~ @D H(R> 1) R Cetletn-Dv1o,

l,aeN
<a

PrROOF. Applying (3.3) with respect to the restriction SO(2n) |
SO(2n — 1) (n > 1) to the right-hand side of the K-type formula (3.4),
we have

(3.7) L(Cy)g ~ @ HU(R21) ) CetbVTo
a,b,leN

a+n=b+1
0<i<a

(3.8) ~ (P H'(R* )R Cetlern-DV10,

l,aeN
I<a

Since H'(R¥) (k > 3) and ™V~ (m € 7Z) are irreducible and mutually
inequivalent as SO(k)-modules and SO(2)-modules respectively, it is clear
that the decomposition (3.6) is multiplicity-free. OJ

REMARK 3.2. When (7%, L?(Cy)) is restricted to R = I; x SO(2n —
1) x I, its irreducible decomposition is not multiplicity-free and the multi-
plicity of each irreducible summand is infinite. However, the explicit branch-
ing formula of 7 | is given by Kobayashi-Mano [9] (see Fact 3.5).

3.3. Spherical harmonics on C"

First, we identify C™ with R2n by zZj = ngfl + \/__1<2j (] = 1, cee ,TL).
In order to get the branching formulas of the restrictions 7$ |y, we review
the facts about the U(n)-modules HP4(C") by fixing the inclusion U(n) C
SO(2n) corresponding to the coordinate change z; = (2j—1 + v—1¢2j (j =
1,...,n).

Considering C™ as a real vector space, we denote by P(C") the algebra
over C of polynomials in z1, ..., z, and Z1, ..., Z,. Then we see that P(C") ~
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P(R?"). The Laplace operator is written as

(3.9) Z a<2 0207
Thus we set
(3.10) H(C") :={peP(C"): A¢p =0},

and each element in H(C"™) is called a harmonic polynomial on C".

For I,I' € N, let P-'(C™) be the subspace of P(C") consisting of ho-
mogeneous polynomials p(z) = p(z,z) of degree I in z; and of degree I’ in
Zj:

(3.11) p(cz) = dd'p(z), for ce C\{0}.
Then we set
(3.12) HYY(C") .= H(C™) n P (C™).

Polynomials in pLY (C™) are uniquely determined by their values on the unit
sphere

(3.13) Sl e C |+ + |2 = 1)

Hence a space H'' (C") is defined by restricting functions from H“'(C")
onto $2"~1. In particular, H"" (C™) is regarded as a subspace of the space
of spherical harmonics H/* (R27).

Each space H4' (C") is invariant under the action of U (n) on H!*¥ (R?"),
because U(n) C SO(2n) commutes with J = diag(/J,...,J) € GL(2n,R)
(J is given in (2.11)). Hence each H“'(C™) defines a representation of
U(n). We denote by H“'(C™) this representation. It is known that the
HYY(C™) are irreducible and mutually inequivalent U(n) modules (see [15,
Section 11.2.2] for example). Further, the group C*NU(n) of scalar unitary
matrices acts on H4 (C™) as

(3.14) L
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for any ¢ = ¢V~ 11, € C* N U(n). We note that H-"(C") is nonzero for
any [,I’ > 0 if n > 2 and only

(3.15) HO(C) =Cz' and HOV(C) = C3"
are nonzero when n = 1, that is,
(3.16) HY(C) = {0} for 1,I' > 1.

3.4. Multiplicity-free decompositions of 7§ under the restriction
to U
For U =U(n1) xU(n2) xU(1) C O(2n,2) (n1,n2 > 1, n1 +n2 = n), by
[13, Theorem A’] one can get the following proposition:

PROPOSITION 3.3.  The restriction of (7%, L?(Cy)) to U is discretely
decomposable and multiplicity-free. Then we have an isomorphism as U-
modules:

(3.17) L2(Oi)K ~ @ ’Hml,mll (Cn1) X meQ,m’2 (Cng) %4 Ceimﬁe’
MeS,
where we set

M = (mq,my, ma,mb,m)
(3.18) S1: =< M € N°: f(my,m},ma,mh) +m—n-+1=0 mod 2
g(mlvmllva,m/Q) <m-n+1

and
(3.19) f(my,my, ma,mb) :==mq —m) + mo —mj,
(3.20) g(m1, my,ma, my) :=mq +mj +ma +ms.

In particular, Proposition 3.3 when n; = 1 and n; = ne = 1 is expressed
as the following corollary:

COROLLARY 34. ForU =U(l) xU(n—1) x U(1l) when ny = 1, the
branching formula of the restriction of (75, L>(C4)) to U is given as follows:

(321) L*Ci)k~ P Cem V=T ® mamh (Cn1) ) CetmV 10,
MEeSs
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where we set

M = (mq, ma,mb,m)
(3.22) Sy:=d{ McZxN:mi+mog—mh+m-n+1=0 mod 2
|mi| +ma+mh <m-—n+1

In particular, for U = U(1)xU(1)xU(1) whenn = 2, the branching formula
of the restriction of (7%, L?(Cy)) to U is given as follows:

(3.23) LQ(C:E)K ~ @ Ce™ V=1 g Cem2vV—1e x Ce:l:m\/—_le’
MeSs

where we set

(3.24)
53::{M:(m1 mo m)€Z2xN:m1+m2+m—1EO mod2}‘

|m1|—|—|m2| <m-—1

3.5. Branching formula of the restriction of L?(R*"~! |z|~™ldz)x
to R and the action of dry(Jy)

We shall recall the explicit irreducible decomposition of L?(R?"~!,
|z|~1dx) g with respect to the restriction K | R in order to get the ex-
plicit action of dmy(Jy).

We use the polar coordinate

rcos

(3.25) Ry x (0,7) x S35 (r,0,n) — < ) e R x (RZ"2\{0}).

rsinf n
Obviously, R x (R?"=2\{0}) is a open set of R?"~1. We write n of the polar
coordinates (3.25) as:

cos 01
sin 61 cos 05
(3.26) n= e € §%n=3,
sin @7 sin 6y . . . sin 0y,,_4 cos b9, _3
sin 91 sin 92 ...sin 9271,4 sin 021173

We recall from Section 2.2 that L?(C,) ~ L?(R?*"~!, |z|~'dz). Here, we
use the following explicit decomposition of the K-type formula (3.4) when
it is restricted further to the subgroup R = I; x SO(2n — 1) x I.
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Fact 3.5 ([9, Section 3.2]). Let LY(x) be a Laguerre polynomial of
degree n. Then we have the explicit irreducible decomposition with respect
to the restriction K | R:

(3.27) 2R, o da) = @D W
a,leN
I<a

where we set
(3.28) Wau = faq - H'(R*T),
and fq; are defined by fo(r) := Liﬁf’“l(llr) rle=?" on RT.
By Fact 7.1, H!(R?"~!) is spanned over C by the following basis:

(3.29) {Cl”l’k (cos H)CZQ’kl (cosfy) -

. CV2n737k2n74
kon—s

koki,... kon—3 € ZwWithl >k >ki > > kops > |kon—a|},

(COS 92n_4)€_\/_71k2n7492n73 :

where v; := (2n — 2 —j)/2 and C;"™(x) are associated Gegenbauer polyno-
mials (see Section 7.1). Then, we have

(3.30) H (R ) = P O (cos ) HE(R™2).
0<k<l

As is well-known, (3.30) corresponds to the irreducible decomposition under
the restriction SO(2n — 1) | SO(2n — 2). Hence we have

(3.31) Wai = @ faulr) C;*(cos ) HF (R 2).
0<k<I

For any a,l,k € N with a > [ > k, we define an element ugl by
(3.32) U];,l = fau(r) Cll’l’k(cos 6).

Here, we set “];z = 0 unless a > | > k. We note that each u € W, ; can

be expressed as a linear combination by ulgﬂl ok, where o, € HF(R?"2).
By (2.21), one can get the action of dmy(Jy).



372 Atsutaka KOWATA and Masayasu MORIWAKI

PropPOSITION 3.6. For any a,l,k € N with a > 1 > k, we have
(3.33) dw+(J1)(ugl¢k)

A1 +1—Fk) i
Sl SOV |
m—3g+4ol Y ekl Pk

2n—4+1+k)(2n—-3+a+)(a—1+1) &
— v—1 .
4(2n — 3+ 21) a1 ¥k

We shall show this proposition in Appendix.
4. Proof of Theorem 1.1

In this section, we shall show the more general theorem than Theo-
rem 1.1. Then we have Theorem 1.1 by this theorem, (2.3) and the explicit
descriptions of dmy(J1),dny(J2) and dmy(J3) as the differential operators
on L2(R?"~L |x|~1dz) (see Section 2.5).

THEOREM 4.1.  Suppose that € € {+,—}, and n1,ns € N with ny,ng >
1 and n1 +ny = n.

(1) The infinitesimal actions dwg(Jl(nl)),dwg(JQ(M)) and drt(Js) extend
to self-adjoint operators on L?(C.).

(2) dwg(Jl(nl)),dﬂg(JQ(m)) and dr¢(J3) mutually commute on L?(C¢).

(3) dwg(Jl(m)),dwg(JQ(m)) and drn(Js) have only discrete spectra on
L?(C.) respectively.

(4) The set of the joint eigenvalues of (dwg(Jl(nl)),dwg(JQ(m)),
(J3))/v/—1 is given as follows:

. 3 T+y+z-—n+1=0 mod?2
(4.1) o= {(x,y,z) €z 2]+ [y < —ez —n+1 .
(5) dﬂg(Jl(m)),dwg(JQ(M)) and dr¢(J3) are algebraically independent.

We note that the properties of dn§ (J3/v/—1) are given in [9, Sections

3.4] and dr¢ (J3/v/—1) = —dn$.(J3/v/—1).

PrOOF. (1) Since (n¢,L?(C.)) is a unitary representation of G =
SOp(2n,2), the infinitesimal action +/—1dn$(X) for any X € so0(2n,2) ex-
tends to a self-adjoint operator on L?(C;). Hence, (1) holds.
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(2) This assertion follows from the fact that Jl(nl), JQ(nQ) and J3 are the
generators of the center 3(u).
(3) and (4) Hereafter, we identify each U-module

(4.2) H™IT(CM) BH™2™(C2) B CeEmY
appearing in the summation of the right-hand side of (3.17) with the cor-
responding subspace of L?(C:)k.

By the definitions, we see that exp tJl(nl) € U(ny1), exp tJQ(nQ) € U(ng)
and exptJs € U(1). Hence, by (3.14) and (3.17) we see that each infinites-

imal action dﬁg(Jl(nl)), dwg(JQ(n2)) and dr(J3) acts on the space (4.2) as a
scalar multiplication as follows:

(4.3)  (dr(J™), dr (I, dml(T3))
= (—mq +m}, —mao + mj, —em)v—1.

Thus, (3) follows from (4.3).
Further, by the commutativity (2), the infinitesimal actions (4.3) and
S (see (3.18)), we see that the map S; — o defined by

(m1,m}, ma, mby,m) — (—mq +m}, —ms + mb, —em)

is surjective. Hence, we have shown the assertion (4).

When U =U(1) xU(n—1) x U(1) and U(1) x U(1) x U(1), we also get
the same o.

(5) Suppose that there exists a non-zero polynomial P € C[X, X2, X3]
such that

(4.4) P(dre(J"™)), drc(J5™)), dnc(J5)) = 0

on L?(C.) . For any (z,y, z) € o, there exists a non-zero joint eigenfunction
h € L*(C.)x with respect to an eigenvalue (z,vy,z)v/—1 of (dwg(Jl(m)),
dwg(JQ(”z)), dr&(J3)). Then we have

(4.5)  Pldre(J™)), dnc (IS, dnt(Js))h = Plav/—1,yv/—1, 2v/—1)h
and by assumption

(4.6) P(:U\/—_l, y\/—_l,Z\/—_l)h =0.
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Hence, we see that P(zv/—1,yv/—1,2v/=1) =0 for any (z,y,2) € o

We fix z9,y0 € Z. Let P be a polynomial of one variable defined by
JS(Z) = P(xov/—1,y0v—1,7Z) and Vp the set of the roots of P. Tt is well
known that §V; < deg P, where §V; is the cardinality of Vj and deg P is
the degree of P. On the other hand, let 04, 4, be the subset of o for (x¢, yo)
defined by

3 mo—i-yo—i-z—n—i-l_o mon}

4. = Z
(47) Taom {(wo,yo, ?) € |zo| + |yol < —ez —n+1

Then f0,,4, is infinite and P(zov/—1,y0v/—1,2v/—1) = 0 for any
(20, Y0, 2) € Tagy, because oy, C 0. However, those contradict the fact
that §Vp < degP Hence, we see that P = 0. Moreover, we get the equa-
tions Pj| /72 =0 for 0 < j < deg P, where P; are the polynomials of two
variables defined by

(4.8) P(X1, X2, X3) = Y Pi(X1,X2)X].
0<j<deg P

Since P]|\/__1ZQ = 0, one can see that P; = 0. Thus, we have P = 0.
Hence, for any non-zero polynomial P € C[X, Xy, X3], the differen-

tial operator P(dwg(Jlm)), dﬂg(JQ(n2)), dr&(J3)) must be non-zero. Namely,
dng(Jl(”l)), d7r§(J2(n2)), dr&(J3) are algebraically independent. [J

REMARK 4.2. Through (2.3), Theorem 1.1 is given by the results of
Fact 2.1, Propositions 2.2, 2.3 and Theorem 4.1 if e = +

5. The Commutative Algebras of Invariant Differential Opera-
tors

In this section, we prove Theorem 1.6 and Corollary 1.7. However,
Proposition 5.4 used in the proof is shown in next section.

5.1. Proofs of Theorem 1.6 and Corollary 1.7

In order to show Theorem 1.6, we consider the algebra D(R?*~1\ {0})F
(see the definition in Section 1.2), where R = I x SO(2n — 1) x I5. Then
we have the inclusive relation:

(5.1) DR> 1\ {0} > DR\ {oh)
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where H = I} x SO(2n —1) x SO(2). Since Dj is given by the infinitesimal
action of Io, X U(1) =~ Iz, X SO(2) (see Section 2.5), D3 commutes with the
action of H. Hence, we get

(5.2) DR "\ {oh)” ={D e DR* '\ {0})*: [D, D3] =0} .

Since Dy is the Casimir operator with respect to R (see Section 1.2), it
also commutes with the action of H. In particular, Dy commutes with Ds.
The following proposition leads to Theorem 1.6.

PROPOSITION 5.1.  If a differential operator D € D(R?"~1\ {0})® sat-
isfies [D, D3| = 0, then D belongs to C[Ds, Dy].

We show this proposition in the next subsection after proving Theo-
rem 1.6.

PROOF OF THEOREM 1.6. By the equation (5.2) and Proposition 5.1,
we have

(5.3) DR* 1\ {0})# ¢ C[D3, Dy].

The reverse inclusive relation of the above clearly holds. Therefore, we have
shown Theorem 1.6. [

Next, we shall show Corollary 1.7.

PROOF OF COROLLARY 1.7. Let D be an element in D(R**~1\ {0})¥.
By Theorem 1.6 (or Proposition 5.1), there exists a polynomial @ € Cl[z, y]
such that D = Q(Ds, D4). On the other hand, by Proposition 3.6 we have

(5.4) Di(vay) = (vV=1)"rdry (J1)(vay) = c1(Dva1 + cala, )va 1

for a > 1 > 0, where we set

(5:5) Va = Ug 90,
AU+
(5.6) all) = —5 o
(5.7) es(a, 1) _ @n-4+)0Pn—=3+a+l(e—-1+1)

42n — 3 +21)
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The restrictions of the differential operators D3 and D4 to W, ; are scalar
operators since D3 and Dy commute with the action of R (see Fact 3.5). In
fact, they act by x3(a) :== —a —n + 1 and x4(1) := —I(Il + 2v) respectively,
where we set 2v = 211 = 2n — 3 (see Section 7.3).
Since [D, D1] =0, for a > [ > 0, we have

(58)  0=[D,Di)(vy)

=DD1(vq) — D1D(vq,)

=a1(l) (Q(xs(a), xa(l + 1)) = Q(xs(a), xa(1))) Va4

+ ca(a, 1) (Q(xs(a), xall — 1)) = Q(x3(a), xa(l))) va-1-

Here, (5.8) if a =1 =1 equals

(5.9) 0 =c2(1,1) (Q(x3(1), x4(0)) — Q(x3(1), x4(1))) v1,0
because v,;+1 = 0. Since ¢3(1,1) # 0 and vig # 0, we have
> 2

Q(x3(1),x4(0)) = Q(x3(1),xa(1)). If a and 1 <[ < a— 1, then
one can see that

(5.10)  Q(xs(a), xa(l + 1)) = Q(x3(a), xa(l)) = Q(x3(a), xa(l — 1))

because {vg14+1,Vq, -1} is linearly independent and ¢ (1) # 0, ca(a,l) # 0.
Hence, we obtain

(5.11) Qxs(a), xa(1)) = Q(xz(a), x4(0)) = Q(x3(a),0)
for @ > 1 > 0. Here we note that (5.11) if @ = 0 clearly holds.

We set F(z,y) := Q(z,y) —Q(z,0) and I := {(—a—n+1,—1(l+2v)) €
Z? : a,l €N, a>1}. Then (5.11) means that F|r = 0.

We fix an [ > 0. The polynomial F(x,—I(l + 2v)) of one variable x
vanishes on the countable set {m € Z : m < —n—1+1}. Hence, F(x,—I(l+
2v)) is zero.

We represent F'(z,y) as
(5.12) Flz,y)= Y Fily)a!

0<j<k
by polynomials Fj(y) of one variable y. Then each Fj(y) vanishes on the
countable set {—I(l +2v) : [ € N} and Fj(y) is zero.

Thus F(z,y) is zero. Therefore we see that

and have proved Corollary 1.7. [J
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5.2. Proof of Proposition 5.1
We identify R?"~1\ {0} with RT x $?"~2 by polar coordinates:

(5.14) RT x §2"72 5 (r,w) — rw € R*71\ {0}.

We remark that $?"~2 = SO(2n — 1)/SO(2n — 2) is a rank 1 Riemannian
symmetric space and hence the invariant differential operators on it are
generated by the Laplacian. Since my (R) acts on L?(R?"~1 |z|~ldz) as the
action induced by the natural action of SO(2n — 1) on R?"~!, we have the
following lemma.

LEMMA 5.2.  Under the polar coordinate, we have
(5.15) DR* 1\ {0})® ~ D(RT) ® C[Ag],

where D(R™) is the algebra of the differential operators on Rt and Ag is
the abbreviated notation instead of Agzn—2.

Thus we can regard each element in D(RT) ® C[Ag] as a differential
operator in D(R?"~1\ {0})# under the identification (5.15). In particular,
1 ® Ag is identified with D4. For the sake of simplicity, we will omit ® for
each element in D(R") ® C[Ag].

By the polar coordinates (5.14), the Euler operator F is described as
rd/0r. We set ¥ := rd/dr in D(RT). Then ¥ is regarded as E under the
identification (5.15). Simple computation shows that

(5.16) <di>] =799 —1)--- (9 —j+1), for j€N\{0}.

r

Hence we have the following lemma:

LEMMA 5.3. D(RT) is generated by 9 and 1 over C®°(R™). Namely,

(5.17) DRY) =Y f¥) :meN, f; € C°(RT)
7=0
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For any a, b € R, we set A :=r~192 + ar~'9 4+ br and B := r~'. When
a=2n—3 and b = —4, we have

(5.18) D3 = A+ BAg
=r 192+ ar Y+ br+rtAg.

Let ad A be the linear mapping ad A : D(R") — D(R") defined by
ad A(D) :=[A,D] = AD — DA. 1t is clear that Kerad A D C[A].

PROPOSITION 5.4. Ifb# 0, then we have Kerad A = C[A].
Proposition 5.4 is shown in Section 6.

REMARK 5.5. Suppose that b = 0 and a = £1/2. Simple computation
shows that Kerad A = C[Dy] 2 C[A], where

1 1
[ bt o=
(5.19) Dy = {T_%ﬁ o= 1)

Further, we see that (D4)? = A.

Let C[Ag]™ be the set of all differential operators Q(Ag), where Q(x)
is a polynomial and its degree is less than or equal to m for m € N. Let
O(P) be the order of the differential operator P. The following lemma
immediately shows Proposition 5.1.

LEMMA 5.6. If P is an element of D(RT)®@C[Ag] satisfying [Ds, P] =
0, then there exists a polynomial Q such that P = Q(Ds,Ag).

For the proof of Lemma 5.6, we show an inequality (5.24) for any element
of D(R?"~1\ {0})®. By Lemma 5.2, each P € D(R?"~1\ {0})# is described
as

(5.20) P= i P;i(Ag)’
=0
for some m € N and some P; € D(RT). If [Ds, P] = 0, then we have
(5.21) [A, Py] =0,
(5.22) [A, Pj] = [Pj-1,B], (1<j<m)

(5.23) 0 =[Py, B].
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Since B(= r~1) is not a constant function, we can easily see by induction
that O(P;) < 2(m — j) for 0 < j < m. In particular, we have

(5.24) O(Py) < 2m.

PrROOF OF LEMMA 5.6. We write deg(Q) for the degree of a one-
variable polynomial (). We prove this lemma by induction on m. When
m = 0, we take a differential operator P € D(R™) satisfying [Ds, P] = 0.
By (5.24), we have O(P) = 0. Moreover, by [4, P] = 0 and Proposition 5.4,
there exists a polynomial Q such that P = Q(A). Thus P is a constant.
Hence we have shown the lemma when m = 0.

Assume that the lemma holds for [ € N with 0 <[ < m. Let P be an
element in D(RT) ® C[Ag]™ satisfying [D3, P] = 0. Then P is described as
(5.20) and (5.21) holds. Hence, by Proposition 5.4 there exists a polynomial
@ such that Py = Q(A). By (5.24), we have O(Py) < 2m. Further, we see
that deg(Q) < m because O(A) = 2 and O(Fy) = O(Q(A)) = 2deg(Q).
Next we consider the differential operator Q(Ds3). Since D3 = A + BAg,
there exist differential operators v; (1 < j < ¢) on R such that

Q(D3) = Q(A) + 1 Ag + -+ + AL,
where ¢ = deg(Q). Now we set
q
P Z — I/] AS J—1 —+ Z
7j=1 =q+1

Then we can easily see that P — Q(Ds) = AgP and [Ds, P] = 0. By the
assumption, there exists a polynomial Q such that P = Q(Dg, Ag). Hence
we have P = Q(D3) + AgQ(D3,Ag) and proved the lemma. O

Proposition 5.1 immediately follows from Lemma 5.6.
6. Proof of Proposition 5.4

For any a,b € R with b # 0, we consider A = 192 4+ ar—'9 4 br. Each
D € kerad A such that O(D) = m is described as

(6.1) D= Z fj19j

0<j<m
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by fj € C®°(RT). Since the coefficient of each ¥/ in [D, A] = 0 must be
zero, one can get the following equations:

LEMMA 6.1. We have

(6.2) (20 +m)(fm) = 0,
(20 +v = 1)(fo-1)

= —{192+a19+a<y.zl> - <V:2>}(fy)
_y+§gm{a (Vil) - <vj—2>}(_1)jyfj

+b7"2 Z <i> fj:

v+1<j<m

where v € N with 1 < v <m, and

(6.4) 90 +a)(fo) =br® > f;.

1<j<m
Here, <§> is the binomial coefficient for p,q € N with p > q.

Then the following proposition holds.

PROPOSITION 6.2. Let D be an element in Kerad A. Then O(D) is
even.

Namely, there is no operator D € D(R™) such that [D, A] = 0 and O(D)
is odd. We shall show Proposition 6.2 after the proof of Proposition 5.4.

PROOF OF PROPOSITION 5.4. It is sufficient to prove that Kerad A C
C[A]. By Proposition 6.2, the order O(D) = m of each D € Ker ad A is even.
D is described as (6.1). By (6.2), there is ¢,,, € C such that f,,, = cp,r—™/2.

We use induction on m. If m = 0, then (6.2) leads to the equation D = ¢y
for some ¢p € C. Thus, D € C[A]. We assume that for any @) € Kerad A
with O(Q) < m, Q belongs to C[A]. Here, we consider D—¢,, A"/2. Then we
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see that O(D — ¢, A™?) < m and [A, D — ¢, A™/?] = 0. By the assumption,
D — ¢,, A™/? belongs to C[A]. Hence we have shown the proposition. [

It is difficult to get the explicit solutions f; of the system of the linear
differential equations (6.2), (6.3) and (6.4). However, we can prove Propo-
sition 6.2 by using differential operators which annihilate f;. We use the
following notation.

DEFINITION 6.3. For o, € Z with a < (3, we define the following
differential operators in D(R™):

(6.5) [~ 0] =204+ a)20+a+1)--- (20 + ),
[ :=[a~ a] = (20 + o),

where we set [a ~ ] := id when a > §.
Simple computation shows the following equation:
LEMMA 6.4. For \ € Z, we have

(6.7) N or? =r20[\+4].

By the assumption of Proposition 6.2, in this subsection we put m =
20 + 1 for some [ € N. For any p € N with 0 < pu <1, we set

(68) T2#+1 =
IT  [4n+4k — 20+ 1][4p + 4k — 20 + 3 ~ 21 — 4k + 1],
0<ks[5]
(6.9) Toui= ] [Mp+4k—20~20—4k+1],

where [(I — p1)/2] is the greatest integer not greater than (I — u)/2.
Then, by the definitions we have

(610) Tgl = T2l+1 9} [2”
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and
(6.11) Tou=Tougro ] [4p+ 4k —20][4p+ 4k — 20 + 2],
0<k<[5H]
(612) T2,U«+1 - TQ,LH—Q ¢}
IT [4p+4k =20+ 1)[4p+4k =204 3], (I—p:odd)
0<ks[5]

2u+1] [ [4p+ 4k — 20+ 1][4p + 4k — 21 + 3],
osk<[54]-1

(I — p : even)

for any p with 0 < pu <1 —1.

The right-hand sides of (6.10), (6.11) and (6.12) are the products of
pairwise commuting differential operators. By (6.10), (6.11) and (6.12), we
get the following lemma:

LEMMA 6.5. For p,v € N with0 <v < p <2041, if T,(f) =0 for
some f € C*®°(R"), then T,(f) = 0.

Let f; be the solutions of the system of the differential equations in
Lemma 6.1. By Lemma 6.5 we have the following lemma:

LEMMA 6.6. For any p € N with 0 < p <2+ 1, we have

(6.13) Tu(fu) =0.

Proor. We show this lemma by induction on p decreasing. When
uw=2l+1, we see that

(6.14) Tor1(fa1) = [20+ 1 (far41) = 0
by (6.2). Further, by (6.2) and (6.3) we have
(6.15)  To(fa) = [20 + 1][20](far)
_ {192 tad+a <2l2‘; 1) - @; - D } 120 + 1] (forsn)

=0.
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Assume that T,(f,) = 0 for any v € N with 2u < v <2l + 1. We shall
show that T5,_1(f2u—1) = Top—2(fou—2) = 0. By (6.12), we have

(6.16) Toy 1 = Thp 0
([  [p+4k—20-3][4u+4k—20—1], (I—p:even)
0<h<[=5H]

[2p — 1] 1T [y + 4k — 21 — 3][4p + 4k — 20 — 1]

osk<[=54] 1

(I — p:odd)
== UQu—l (¢] Tgﬂ o [2/,L — 1],

where we set

(6.17) Ugy1 =

2u—3 [ [+ 4k — 20— 3)[4p + 4k — 21 - 1],
0<k<[5H]-1
(I — p : even)
[Au+ 4k — 21 = 3][4p + 4k — 20 —1]. (I — p : odd)
0<k<[5]

Hence, by the assumption 7,,(f,) =0 (v > 2u) and Lemma 6.5, 75, in the
right-hand side of (6.16) annihilates the above terms in the right-hand side
of the following equation:

(6.18) 2u — 1](f2pu—1) = Coulfou) + Copr1foprr + -+ Coyrfors
+12(Copir fouss + -+ Chyyy farg1),

where each Cj (resp. C7) is a differential operator (resp. a constant) given

by (6.3) and commutes with all [a].
Next, by the definition we can get

(6.19) Usp—1 0 Toy = Va1 0 (r*Tops1r™2),
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where V3,1 is the following differential operator:

(] [2-4k-2~20—4k+1], (I— p: odd)
0<k<[5#]

(6.20) < [2u — 2][20 ~ 2p + 1]

X H 20l —4k —2 ~ 2] — 4k +1]. (I — p: even)
0<k<[5H]-1

Then we have
(6.21) Toy1 = Vap—1 0 (r*Tops1r2) o [2p — 1].
Hence, by (6.16), (6.18) and Lemma 6.4 we have
(6.22)  Toum1(fou—1) = Vouo1 0 7 Topui1 (Copua o + -+ Coppt farg)-

By the assumption and Lemma 6.5, it holds that T5,+1(f,) =0 (v > 2u+1).
Hence we see that Ty, _1(fou—1) = 0.
Next, by (6.11) we can get

(6.23) Toy—2 = Uéu*Q 0Toyu—10 2 — 2],
where we set
(6.24) Uy =
[y + 4k — 21 — 4]
0<k<[5]
x ] [@p+4ak-20-2, (I—p:odd)
osk<[=5H]
T [“p+4k—20-4
0<k<[=5H]
X H [Aup+ 4k — 21 —2]. (I — p: even)
0<k<[5#]-1

Hence, by the assumption 7,(f,) = 0 (v > 2u), Lemma 6.5 and
To;—1(fou—1) = 0 shown above, T5,_; in the right-hand side of (6.23) anni-
hilates the above terms in the right-hand side of the following equation:
(6.25) 200 — 2](fop—2) = Cop—1(fou—1) + Copfou + -+ + Copg1 forpa

+ T2(C§uf2,u + Cél+1f2l+1)7
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where each Cj (resp. C7) is a differential operator (resp. a constant) given
by (6.3) and commutes with all [a].

Next, by the definition we can get
(626) UéN*Q o TQu—l = ‘/'2/111172 o (TQTQNT_2)7

where we set

(20 — 1] 20 — 4k — 2~ 2] — 4k +1], (I —p:odd)
0<k<[5H]
20— 1 ~2u+1]
X 20l —4k —2 ~ 2] — 4k +1]. (I — p: even)
0<k<[5#]-1

Then we have
(6.28) Top—z = Vi, g0 (r*Tour™2) o [2u —2].
Hence, by (6.25), (6.28) and Lemma 6.4 we have
(6.29) Top—2(fou—2) = r*Tou 0 C'(Chy fo + -+ + Coy 1 fausn),

where C' is a differential operator given by the below term in the right-hand
side of (6.28) and commutes with T5,. By the assumption, Lemma 6.5 and
Tou—1(fou—1) = 0, it holds that T5,(f,) = 0 (v > 2u). Hence we see that
To;—2(fou—2) = 0. Therefore we have shown the lemma. [J

Let us prove Proposition 6.2.

PROOF OF PROPOSITION 6.2. We consider the differential operator

(6.30) I 2k —21-3]om,
1<k<l

where [[;<;[2k — 20 — 3] := id when [ = 0. Applying (6.30) to the both
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sides of (6.4), by Lemma 6.6 when = 0 we have

(6.31) 0= [ [2k — 21— 3] o Ty 0 9(¥ + a)(fo)
1<k<I
= [ 2k—2-3]oTo [0r* > f
1<k<I 1<j<m

=br? J] 2k—20+1oWa| > £ ],

1<k<l 1<j<m
where we set
(6.32) Wo:= ] [Mk—20+4~20—4k+5|
osk<[4]

and the last equation is given by Lemma 6.4. Since there exists a differential
operator So such that

(633) SQ e} T2 = Wg,

by Lemmas 6.5 and 6.6 the equation (6.31) equals

(6.34) 0=>br" J] [2k— 20+ 1] o Wa(f1)
1<k<I
=bor? [ [2k-20+1]0Wyo [1)(f1).
1<k<l—1

Applying (6.3) when v = 2, Lemmas 6.5 and 6.6, and the condition (6.33)
to (6.34), we get

0=0br" J[ Rk-20+1oWy|br® > @)fj
1<k<i—1 3<j<2l+1
and by Lemma 6.4

J
(6.35) 0 = b2yt | | [2k — 21 + 5] o Wy g <2> il
3<j<2l41

1<k<i—1
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where we set

(6.36) Wyi= [ [4k—20+8~20—4k+9).
0<k<(35]

Since there exists a differential operator S4 such that
(6.37) S4 e} T4 = W4,

by Lemmas 6.5 and 6.6 the equation (6.35) equals

(6.38) 0= <3> ot [ 12k 204 5] 0 Wi (f3)

2
1<k<l—1
3
= (2) Pt T [2k—20+5] 0 Wao[3](f3).
1<k<l—2

By iteration we get

(3 2041\ 41 242
(6.39) 0= <2> ( o >b r

< [T [k + 20+ 4 ~ 61 — 4k + 5] (farr1) -
0<k<(3]

Since fo;11 is an eigenfunction of the differential operator 24 with its eigen-
value —(20 + 1) by (6.2), the equation (6.39) equals

_ (3N (21N i 2
oo o ()t

x ] (4k+3)--- (41— 4k +4) for 1.
0<k<(35]

Since b # 0, by (6.40) we have fy 17 = 0. Hence we have shown the
proposition. [

7. Appendix

In this section, we shall show Proposition 3.6 by using the results of
spherical harmonics and special functions.
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7.1. A basis of the space of spherical harmonics
We use the polar coordinate:

(7.1) R, x ™1 = R™\ {0}, (r,w)— rw,
where

cos 64
sin 01 cos 0,
(7.2) w=
sin#q sinfy . ..sinb,,—o cos 6,,—1
sinfq sinfy...sinb,,—2sin6,,_1

In [14], for any I,m,2v € Z with [ > m > 0, associated Gegenbauer
polynomials Cl” "™ are defined by

(7.3 O™ ) 1= (1= 2™ Ot (@) on la] <1,

where C}(x) is the classical Gegenbauer polynomial. It is obvious that
Ccy(z) = C¥(x) and Cll/Q’m(x) = P/™(x), where P/"(x) is the associated
Legendre polynomial. Then we have a basis of the space H!(R™) of spherical
harmonics on S™~! of degree [ as follows:

Fact 7.1 ([14]). Forly € N, H1(R™) is spanned over C by the follow-
ing basis:

{C’l’l’l2 cos )C'V2’ (cosBy) - - C’Z;”’z’lm’l(cos Qm,g)e*‘/*_”mflemfl :

-2

la, .. b2, lm—1 € Z with 1y 21y > -+ > lyy—2 > [lm—1]},

where v; == (m —1—j)/2.

7.2. Laguerre polynomials and Gegenbauer polynomials

We use the equations of Laguerre polynomials and associated Gegen-
bauer polynomials in Lemmas 7.2 and 7.3 to prove Proposition 3.6.
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LEMMA 7.2.  Laguerre polynomials satisfy the following equations:

2
@9 (g i) B = 1570,
2
(7.6) <x % + 2 x)x% —ax + a(a — 1)) LY (z)

= (n+1)(n+a)Li ().

Here, we note that the equation (7.5) if n = 0 is the following:
d? d
. L Y ree) =
(7.7 CRAILCE.
because L (x) = 1.

Proor or LEMMA 7.2. With respect to Laguerre polynomials, we re-
call from [2, II, pp. 188-190 (24)(8)(23)(15)(12)(10)] that

(7.8) Ly~ () = Lyy(x) — Ly (z),
(790 (n+1Ly(z)+ (. —a—2n—1)Ly(z) + (n + ) Ly_4(z) =0,
(7.10) a:La+1(x):(n+a+1)Lg( ) = (n+ 1)L, (v)
(7.11) Ly(z) = =Lyt (a),
(712) %Lm = 0L (@) — (n+ )Ly (a),
2
(7.13) x%ij(m) +lat1- @%Lg(:p) +nLo(z) = 0,

where o € C and n € N.
It is easily seen that (7.5) follows from (7.8) and (7.11).
In order to show (7.6), we apply (7.8) to the right-hand side of (7.12)
and have
d (0% o— (0%
(7.14) x@Ln(m) =nL2 N z) — ol (z).
By (7.8), (7.10) and (7.14), we obtain

(7.15) <(a -1) x% —(a+n)zr+ala— 1)) Lo (x)

= (n+1)(n+ )Ly (2).
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Multiplying both sides of (7.13) by a variable x, one can get (7.6) by
(7.15). O

LEMMA 7.3. Associated Gegenbauer polynomials satisfy the following
equations:

(7.16) (1+1=m) () = 20 +v)2 O (@)
—(=142v+m)C/ T (),
d

(7.17) (1 — a:?)dx

C/"Mx)= -1l O (x) + (Il —14+2v4+m)C" ().

ProOOF. With respect to Gegenbauer polynomials, we recall from [2,
IT, pp.175 f. (13)(15)(23)] that

(7.18) (I+1)CY(x) =2(l +v)2Cf (x) — (I + 2v — 1)C_ (),
(7.19) (1-— x%%Cﬁ(m) = —1zC{(z)+ (I +2v - 1)C/_ (),
(7.20) @) = " () O (2,

where v € C, I € N and (v), ='(v +m)/T'(v).
It follows from (7.20) that

(7.21) CV™M(z) = (1 — 22)™2 2™ (1), CV T ().

First, we show (7.16). Replacing v and [ with v+m and [—m respectively
in (7.18), one can see that

(7.22) (l—m+1)C/H", (x) = 2(1 +v)zC/H 7 (x)
—(—14+2v+m)C/T™ ().

l—m—1

We multiply the both sides by (1 — 22)"™/2 2™(v),,, and then get (7.16)
by (7.21).
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Next, we show (7.17). By the definition, we have

(7.23) %C;j’m(x) = (1 -2 Y (—max)(1 - $2)m/2$—mm0l”(x)
m d dm v
- (o)
= (1= 2*) 7 (=ma)C)" (x)
+(1- :1:2)7”/2% <sz—m0z”($>> :
Here, by (7.20) we get
d
dx <d1:m >
= d—{ JmCy M () }
(724) = (1- 12m< o
S <Z— m)aCy ) + (L= m — 1+ 20 + 2m)CP A (2))
(7.25) 1— ) 1-m/2
x {=(l =m)zC;"™ () + (I = 1+ 2v + m)C;"](z)},

where (7.24) is given by (7.19) and (7.25) by (7.21). Substituting the above
equation into (7.23), we obtain

(7.26) L orm(p) = (1 - &) (—ma)CV™ (z)

dx
+ (1= 2% (m — DaC) ™" (x)
+(1 =) M= 1420 4+m)C T (2).
Hence we have shown (7.17). O

7.3. Proof of Proposition 3.6

PrROOF OF PROPOSITION 3.6. Under the polar coordinate (3.25),
dmy(Jp) of (2.21) takes the form:

9?2 1 cos@

ﬁ—i_ll As2n2

1
(7.27) dri(Jp) = \/—1(7“ cos 6 — 1" cos

1
+ = smH

9?2 +n—2sm¢9£
orof 2 r 060)
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Hereafter, we write v as v = (2n — 3)/2. Since C’ly’k(cos 0) o1 € H{(R?"—1),
it is obvious (see Section 7.1) that

(7.28) Agon—2 (C’ly’k(cos 0) cpk> = —I(l+ 2v) C’ly’k(cos 0) oK

By (7.10) and (7.28), we have

1 |
(7.29) V- 1(7‘0080— —rcosf— 0 + - CO:HAszn 2) (Ulgl @k)

8 2
— 2
= (2 o) (a

I—k+1 % I+k+2v-1
{72(l+y) C)(cos ) + 20+ 1)

Next, by (7.11) and (7.10), we have

Clykl(cos 9)} Ok

0? n—2 _

1. 0 i
(7.30) V-1 (5 Sln98r80 + — 7 81110%) (ual gok>

/1 (5 (-2 ) ()

I(l—k+1)
X {ﬁqﬂ( os )

(2 +k+2w 1)
20+ 7) C;” (cos0) ¢ vy

Thus, we get
(7.31) dri (1) (uk 1)

Cl-k+1

= 8( ) V=1A1(fau)(r) l+1(cose)
I+ k+2v—
—WV 1 Bi(fay)(r) €% (cos 0) gy,
where we set
02 0 _1

(7.32) A =ras QZE—i—l(l—l—l)T —4r

o o .
(7.33) B := TW—FQ(I—FQV)a—I—(l—FZV)(l—i—ZV— Lr—" —4r.
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Here, direct computation shows the following:
0 0
Efa’l(r) = (E + (- 21“)7“_1) (Lz’jm(élr)) rle=2r
82
Tﬁfa,l(r) =
92 0 1 2 20421 1 —2r
15,2 +2(1 — 27“)5 +r7 ((1=2r)? =) <La_l (4r)) re” .

By these equations, we get

(7.34)  Ai(fa)(r) = <7’§—:2 —47’%) (L2V+2l(4r))re 2r

2
(7.35)  Bi(fas)(r) = <T% +4(l+v— r)ag —8(l+v)

r

+2(l+v)(20+2v — 1)7‘_1> (Li'jm(élr)) rle™?,

With respect to (7.34), by (7.15) we obtain

9 r 2u+21+2 r a
(7.36) < 8‘92 47’§> (Lz’jm(@n)) :{16 La_é—l (4r) Ea:g

Hence, we have

16 fai4+1(r) (a>1)

(7.37) Ai(far)(r) = { 0 (a=1).

On the other hand, one can see that by (7. ) the right-hand side of (7.35)

equals (a + 1+ 2v)(a — 1+ )Lz"ﬁll 2(4r)r~1. Hence, we have

(7.38) Bi(far)(r) =(a+1+2v)(a—1+1)fai-1(r).

Therefore we have shown Proposition 3.6. [J
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