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Holomorphic Curves into the Product Space of the

Riemann Spheres

By Yusaku TiBA

Abstract. We prove the second main theorem for the product
space of the Riemann spheres by using the meromorphic connection.
We deal with the divisors which are totally geodesic with respect to
this meromorphic connection.

1. Introduction

The purpose of this paper is to prove the second main theorem for a
holomorphic map from the complex plane C to the product space of the one-
dimensional projective spaces P1(C) x P1(C). Let [Xo : X1] and [Yp : Y3] be
the homogeneous coordinates in the first and second factors of the product
space of the PY(C) x P(C). Let m/,n’,m” n"” be positive integers. We
define the effective divisors D', D” on P!(C) x P!(C) by the polynomials
X6”'YO"/ -X {”/Y"I, X(’)”'"‘”Ylnﬁ -X {””YO”H. We prove the second main theorem
for divisors D’ and D".

We state our main theorem precisely. Let Hy o, Hy1, Hao and Hyp be
the hyperplanes in P'(C) x P!(C) which are defined by the monomials Xy,
X1, Yp and Y7. Put Zy = P(C) x P}(C). Then there exists the sequence of
the blowing-up

m0: Z1 — Zo,
o1t Lo — 41,
Thk—1: Lk — Lgp—1-
which satisfies the following condition (x):

Put Tji = Ti41,4 0+ OTj45-1 for 7 < j Let 13,, 5// and ﬁi,ja 1 < 1 <
2,0 < j <1 be the proper transform of D', D", and H;; under mj . Let
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E;, 1 <1 <k be the exceptional divisor of the blowing-up ;;_1, and let Ez
be the proper transform of E; under 7 ;. Then

(x) D' +D"+ Z?:l Z}:O f[zj + Zle E; is simple normal
crossing in Z.

Our goal is the following theorem.

THEOREM 1 (Main Theorem). Let f : C — PY(C) x PY(C) be a non-

constant holomorphic map. Let f : C — Z;, be the lift of f. Assume that

f(C) ¢ {([Xo : X1],[Yo : Y1])
ePHC)xPHC) | CoX(§'Yy? — C1X['Y? =0},

for all (r1,r2) € Z x Z\ {(0,0)} and all (Cp,C1) € Cx C\ {(0,0)}, and
assume that there exist no holomorphic functions g1, g2 on C and no (a,b) €
C x C\{(0,0)} such that

[ = (exp g1, exp g2),

agy + bga = (constant),
on C. Then it follows that

Ty(r,[D' + D"]) < No(r, f*D') + No(r, f*D")

2 1 k

+QZZN1(T7f*ﬁi,j) +QZN1(7“>f*Ei) + Sy(r),

i=1 j=0 i=1

where S¢(r) = O(log™ T¢(r) +log™ r)||. Here “||” means that the inequality
holds for all v € (0,+00) possibly except for subset with finite Lebesgue
measure.

In Section 4, we prove that D’ + D" is a big divisor on Z;. Hence we
can compute defects for holomorphic curves f : C — P!(C) x P*(C).

The second main theorem for hypersurfaces in P(C) x P!(C) is first ob-
tained in Noguchi [3]. In Section 5 of Noguchi [3], there are some additional
conditions for maps from C to P!(C) x P}(C). In our paper, we do not
assume these conditions.
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In Siu [7], a meromorphic connection is used to prove the second main
theorem. Because C* x C* is a Lie group, there exists the canonical connec-
tion on C* x C*. We extend this connection to the meromorphic connection
V on P(C) x P}(C). This meromorphic connection V is used in Section 5
of Noguchi [3]. We also use V to prove our main theorem. This connection
does not “vary” under the blowing-up, and plays an important role in our
arguments.

Let i : C*xC* — P!(C)xP!(C) be the inclusion map where C* = C\{0}.
Then Zj is the compactification of semi-Abelian variety C* x C*. If holo-
morphic map f : C — P}(C) xP!(C) does not intersect Hy o, H1 1, Ha 0, Ha 1,
then f is a holomorphic map from C to semi-Abelian variety C* x C*. In
Noguchi, Winkelmann and Yamanoi [5], [6], the second main theorem for
holomorphic map f from C to a semi-Abelian variety A with D is proved,
where D is an effective reduced divisor on A.

THEOREM 2 ([6]). Let f:C — A be a holomorphic map such that the
image of f is Zariski dense in A. There is the compactification of A such
that A is smooth, equivalent with respect to the A-action, independent of f,
and it follows that

Ty(r,[D]) < Ni(r, f*D) + Ty (r, [D])[c,
for all € > 0, where D is the closure of D in A.

If A=C*xC* and D = D'+ D" in Theorem 2, our main theorem
deals with the holomorphic curves into A.

Acknowledgements. 1 would like to express my sincere gratitude to
Professor Junjiro Noguchi. He gave me a lot of fruitful ideas and sug-
gestions, and he inspired me a lot. I am also grateful to Professor Yoshihiro
Aihara for his helpful comments. I am grateful as well to the referee, whose
suggestions helped improve the exposition.

2. Notation and Preliminaries

We introduce some functions which play an important role in the Nevan-
linna theory. Let E be an effective divisor on C. We write E = ) m;PFP;j,
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where {P;} is a set of discrete points in C and m; are positive integers. Put
ng(r, E) = Z|Pj|<r min{k, m;}. We define the counting function of E by

T nk(t, E)

Ni(r, E) = / dt.

1

Let X be a complex projective algebraic manifold, and let D be a divisor
on X. Let [D] be the holomorphic line bundle on X which is defined by
the divisor D, and let supp D be the support of D. Let ¢ be a holomorphic
section of [D] such that the zero divisor of o is D. Let f : C — X be a
non-constant holomorphic map. We define the proximity function of D by

2
1 db
m¢(r, D) = / log ————,
! o llo(ftre?)]2m
where || - || is a Hermitian metric in L. Let R(L, | - ||) be the curvature form

of the metrized line bundle (L, || -||) representing the first Chern class. Then
we define the characteristic function of L by

) = [CF [ 7R Do)

where A(t) = {z € C||z| < t}. We set Ty(r) = Ty(r,L) if L is an ample
line bundle on X. The equation

T¢(r,L) = N(r, f*D) +my(r,D) + O(1)

is called the First Main Theorem (cf. Noguchi and Ochiai [4], Chapter V,

§2). If X = P!(C), f is a meromorphic function on C. Then we have the

lemma on logarithmic derivative (cf. Noguchi and Ochiai [4], Chapter VI,
F(re)

1)
27 N
/o 087 | F ey

where log™ r = max{0,logr}, and Sf(r) = O(log® T¢(r) + log™ r)||. Here
“]|” means that the inequality holds for all r € (0, 4+00) possibly except for
a subset with finite Lebesgue measure.

df < S¢(r),

The following lemma, is also fundamental in Nevanlinna theory.
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LEMMA 1. Let h(r) > 0 be a monotone increasing function in r > 1.
Then, for arbitrary 6 > 0, we have
dh(r)

=< (B

PROOF. See Noguchi-Ochiai [4], Chapter V, §5. O

Let X be a complex projective algebraic manifold, and let Y be a smooth
hypersurface of X. Let s be the holomorphic function on an open subset
U C X such that Y NU = {x € U|s(x) = 0}. Let V be a holomorphic
connection on U. We write

m—times

vim —Vo...o0V.

Then the following lemma holds (see the proof of Lemma 11.13. of J.-P.
Demailly [1]).

LEMMA 2. Let X and U be as above. Let f: C — X be a holomorphic
function. Assume that'Y is totally geodesic with respect to V on U. Then
there exist holomorphic functions hg, hi,--- , hy on U such that

ds - Vgﬂq)f’(z) = ho(f(2))so f(2)

= ‘ §0 m+1 CXel
+ 3 omtenTCely Lol
=1

for z € f~YU).

Let X and X be n-dimensional complex projective algebraic manifolds.
Let7: X — X bea surjective holomorphic map. Then there exists a proper
subvariety S of X such that X \7~1(S) and X\ S are locally biholomorphic.
Let V be a meromorphic connection on X. Let V be a small neighborhood
of p € X , and let u, v be holomorphic vector fields on a small neighborhood
V of p. Then V' \ 771(S) is locally biholomorphic with (V) \ S. We define
the meromorphic connection 7V on X \ 7~1(S) by

(W*V)uvlv\ﬂfl(s) = (71'*"/\71.715')_1 Vmuﬂ*v.
Then the meromorphic vector field (7*V),v on V \ 771S is uniquely ex-

tended to the meromorphic vector field (7*Vyv) on V. In this way, we
define the meromorphic connection 7*V on X.



330 Yusaku TiBA

3. Meromorphic Connection and Blowing-Up

Let D', D" be divisors on P!(C) x P}(C) defined by the polynomials
XYy - Xy, XUy - X7V Let i C* x CF — PY(C) x PY(C)
be the inclusion map. Then suppi*D’ is a subgroup of C* x C*. Therefore
there exists the canonical connection V on C* x C* such that suppi*D’
is totally geodesic with respect to V. This connection is extended to the
meromorphic connection on P*(C) x P!(C). We also denote this extended
connection by V. Let U; ; = {([Xo : Xi], [Yo : Y1]) € P(C) x P}(C)|X; #
0,Y; # 0}, 0 <4,5 < 1. Take the canonical local coordinate system (z,w)
on U; ;j ~ C x C. Then, the meromorphic connection V is written by

dz
—d
d*( 0 —)

on U; ;. It is easy to see that suppi*D” is also totally geodesic with respect
to V.

The universal covering space of C* xC* is CxC. The connection on CxC
which is induced by V is the flat connection d on CxC. Let f : C — C* xC*
be a non-constant holomorphic map, and let F' : C — C x C be the lift of
f. Then f' AV f' =0 if and only if F' is a translation of a linear map.

LEMMA 3. Let f: C — PYC) x PY(C) be a non-constant holomorphic
map such that f(C) is not contained in the support of H; j,i=1,2, j =0, 1.
Then f satisfies

f/ A Vf/f, =0,

if and only if f satisfies the following condition (i) or (ii):

(i)

F(C) c {([Xo : X1],[¥0 : Y1]) € PH(C) x PH(C) | X' Yy” — OX7'Y{? = 0},
for some (r1,r2) € Z x Z\ {(0,0)} and some C € C\ {0}.
(ii)

There exist holomorphic functions g1,g2 on C and (a,b) € C x C\ {(0,0)}
such that

f = (expgi,expga) : C — PY(C) x P(C),
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agi + bga = (constant),
on C.

ProOF. Without loss of generality, we may assume that f(0) € C*xC*.
The holomorphic map

(exp(2mv/—1-),exp(2ry/—1-)) : C x C — C* x C*,

is the universal covering of C* x C*. The induced connection on the covering
space C x C by V is the flat connection d. We put f = (f1, f2) where f;
and fo are meromorphic functions on C. Let

1
= 1 iy
S eyt BT

i=1,2.

Assume that f’ AV f" = 0. Then there exists a meromorphic function h

on C such that
hi(z) ) ( h1(2) )
—h 7
( we) ) =" )
on C.
This means that

Rj(z) = hij(0)expH(z), i=1,2,

in a simple connected neighborhood U of 0 € C. Here

If h}(0) = 0, it follows that h; is a constant function. Hence (R} (0), h5(0)) €
C xC\{(0,0)}. It holds that

hi(z) = h(0) /Ozepo(t)dt+hi(O), i=1,2.

It follows that

h5(0)h(z) — By (0)ha(2) = h5(0)ha(0) — hy(0)h2(0).
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Conversely, assume that there exists (a,b) € C x C\ {(0,0)} such that
ahi(z) 4+ bha(z) = (constant),

on C. Then ah)(z) + bhy(z) = 0,ah{(z) + bhi(z) = 0. Hence it follows that
f'AVuf =0.

Therefore f'AV f' = 0 if and only if there exists (a,b) € CxC\{(0,0)}
such that

alog f1(z) + blog f2(z) = (constant),

on C.
Assume that

(1) alog fi(z) + blog fa(2) = c,

for some (a,b) € Cx C\ {(0,0)}, c € C. Without loss of generality, we may
assume that a = 1. For z € C, we put

fi(z) =(z—x)"hi(z), i=1,2,

where r; € Z, h;(z) is a holomorphic function on an open neighborhood of
x such that h;(z) # 0. Then, by (1), we have r1 + brog = 0. When 7o # 0
for some x € C, it follows that

log(f1(2))"™ +log(fa(2))™"" = rac.

Then it holds that the meromorphic function (fi(z))"2(f2(z))~" is a con-
stant function on C. This means that

£(€) € {([Xo: X11,[Yp : Ya)) € B(C) x B (C) | XPYg" — XY = 0},

forry € Z, ro € Z\ {0}, C € C. When r, =0 for all z € C, we have r; =0
for all x € C. This means that there exist holomorphic functions g, g2 on
C such that f; = expg;, ¢t = 1,2. Then g1 + bgs = c.

Conversely, if f satisfies the condition (i) or (i7). It is easy to see that
there exists (a,b) € C x C\ {(0,0)} such that

alog f1(z) + blog f2(z) = (constant),

on C. O
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REMARK 1. The condition of (b) in Lemma 3 does not mean the alge-
braical degeneracy of f(C). For example, take

f(2) = (exp z,expyv/—12) : C — PL(C) x P}(C).

The divisor

2 1
D'+D"+) > Hy,

i=1 j=0
is not simple normal crossing at {([0 : 1],[0 : 1]), ([0 : 1],[1 : 0]), ([1 : 0], [0 :
1]),([1 : 0},[1 : 0])} < PYC) x P}(C). Put Zy = P}C) x P}(C). Let
m,0 1 Z1 — Zy be the blowing-up of Zj at the center {([0 : 1],[0 : 1]), ([0 :
1],[1:0]),([1:0],[0:1]),([1:0],[1:0))}. Let D}, D}, H;j1 be the strict
transform of D', D", H; ; under m o, and let E; be the exceptional divisor
of 71,0-

If the divisor

2 1
Dy +D{+Y > Hij1+E,
i=1 j=0
is not simple normal crossing in Z;, we blow up Z; at the points where this
divisor is not simple normal crossing. We repeat this process for several
times. We put the [-th blowing-up m;—1 : Z; — Z;—1. Let E; be the
exceptional divisor of m;;_1. We define

i = Tit1,5 O Mit2,i41 © - O Ty 51,

for ¢ < j ( we define m;; = 1d). Let Dj, D/, H, j; be the strict transform of
D', D", H; j under 7, and let E;;, 1 <14 <, be the strict transform of E;
under 7 ;.

Then there exists a positive integer k such that

2 1 k
D+ DL+ 3> Hijo+ D Bk
i=1 j=0 i=1

is simple normal crossing. We put D = Dy, D" = Dy, ﬁ” = H; i, and
E; = Ei.
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Ezample 1. Let D', D" be the divisor which are defined by the poly-
nomials

X2y — X1, XJYP - X3vE

Let mo : Z1 — Zp be the blowing-up as above. Then D} + Df +
Z?:l Z}:o H; j1+ Ep is not simple normal crossing at four points in Z;.
Then mo1 : Zy — Z; is the blowing-up at these four points. We see that
Dhy+DY+32 Z;:O H;ij2+ 3.7 | Ei is not simple normal crossing at two
points in Z3. Then w32 : Z3 — Z3 is the blowing-up at these two points.
Then D} + DY + Z?:l Zjl':o H; o+ Z?Zl E; 9 is normal crossing.

Let E! and E! be unions of irreducible components of E; such that
mi0(supp E;) C supp D' and m; o(supp £;’) C supp D”. Then Ey = Ej + EY,
Ey = E} + EY and E3 = EY. Let E! and E! be the proper transform of E/
and E!. Then it follows that

m3oD = D'+ E}| + 2E),
and

D" = D" + 2B} + 3B} + 6EY.

LEMMA 4. There exist affine open coverings {U}1<s<n, of Z;, for 0 <
1 <k, such that every Ul satisfies the following five conditions:

(i)
Ul~CxC.

Let (z,w) be the canonical local coordinate system of Ué.
(ii)
1

2
=17

Hijilon + Y Bulp = (2) + (w),
0 1<i<l

on UL.
(iii)

/ / !

Dilyr = (" —w®)  (or (1-— #w?)  respectively),



Curves in the Product Space of the Riemann Spheres 335

on UL, where p' and ¢’ are non-negative integers (v',q" may depend on | and
s).
(iv)

/1

Df|pn = (1 - A w?)  (or (27 —w?)  respectively),

on UL, where p" and q" are non-negative integers (p",q" may depend on |
and s).
(v)

on UL.

PrOOF. We take affine open coverings {U!}1<s<n, by induction over
I. For I = 0, we put {Ud}ti<s<a = {Uijlo<ij<i. Here Uy; = {[Xo :
Xl],[Yb : Yl] S Pl((C) X Pl((C)‘Xi 7& O,Y} 7& 0} Then {USO}1§S§4 satis-
fies above five conditions. Assume that we take the affine open covering
{Ué_l}lgsgNl,l of Z;_1 for | < k which satisfies the above five conditions.

Let U € {U" <4<, ,. Take the canonical local coordinate system
(z,w) of U1 ~C x C.
If D;_lyUtl—l = (2 —w?") for some positive integers p',¢’. Then

17i 1/ 11
Di_ilyi=r = (1 =22 w?),
for some non-negative integers p”, ¢”. The divisor
2 1
/ "
D +D/ +Y Y Hijia+ Y, By,
i=1 j=0 1<i<i—1

in Z,_1, is not normal crossing at (0,0) € U/~!. Then (0,0) is contained in
the center of the blowing-up m;;_;. We have

T U = {((zw), [Wo : Wh)) € U x PHC) [ 2W7 = wWWo}.

Let V; = {((z,w),[Wo : Wi]) € 7,5 (U;7") | Wi # 0}, i = 0,1. Then
{Vo, V1} is an affine open covering of lell_l(Utl*l). We show that affine open
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sets Vp and V; satisfy the five conditions of lemma. Let u = W /Wy be the
holomorphic function on V. Then (z,u) is the local coordinate system of
Vo. It is easy to verify that Vp satisfies (i), (ii), (iii) and (iv). Since

* *
ﬂ'l,l—lz =z, 7Tl7l—1w = zZUu,

(2 Y (2 a1
W\ 0z ou) — \ 0z ow u z )
Let I' be the connection form of 7}, ; V|y;, with respect to the frame 9/0z,
0/0u. Then it follows that

-1
F:<1 0> d<1 0)
u z u z
(1o ’17T* —d= 10
Uz hi-1 0 —%" u z )

we have

Since
(1 0)‘1_(1 0>
_ 0,
u z -z
we have
0 0 0 —dz 0 10
r = p
(o e)e (L 0)(T ete)(u?)
dz
B <0 0>+ - 0 (1 0)
- d d d 1( d d
d
0 0 % 0
= | du dz | T zd__2<@_|_d_u) _dz _du
z V4 z Z 4 z u z u
d
_ (—72 0 )
_ ;o)

Hence Vj satisfies (v). In the same way, we can show that V) satisfies the
conditions of the lemma.
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If

/1

D;—1|Utl*1 =(1- zp’wq’)’ Dfl_ﬂUtz—l =(F — wq”)7

for some non-negative integers p’, ¢’ and some positive integers p”, ¢”. In the

same way as above, we can take the affine open sets in 7rl_l1_1(Utl_1) which

satisfy the five conditions of the lemma.
If

D2—1|Utl—1 = (1—2"w?), Dfl—1|Utl—1 =1 -2 w"),
for some non-negative integers p’,¢’,p",¢". Then Ul™' ~ ﬂl_ll_l(Utl_l) be-
cause Utl_1 does not contain the center of the blowing-up m;;—1. By the

assumption of induction, the affine open subset Wlfllil(Utlfl) satisfies the
five conditions of the lemma. This completes the proof. O

4. Proof of the Bigness of D’ + D"

In this section, we show that D’ + D” is big in Zj,. We note that there
exists the proof of the bigness for more general cases in Proposition 3.9. of

o To prove the bigness of the line bundle D’ 4+ D”, it is sufficient to show
the following lemma (cf. Theorem 2.2.16. of R. Lazarsfeld [2]).
LEMMA 5. The divisor D' + D" is nef and (D' + D)% > 0.
PRrROOF. DBecause
(D'+D")? = (D' +2D'- D"+ (D")?,

it is enough to show that (D')2 = (D”)2 = 0 and D’ and D" are nef.
Without loss of generality, we may assume that m’ < n’. Let E{ be the
reduced divisor on Z; such that

T oD = Dy +m'Ey.
Let F' be the divisor on Z;, such that

T Dy =D+ F.
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It follows that
(D')? = (gD = F' — m'm} Y )?
= (7T19§,0D/)2 + (F')* + m/2(7T75,1E1)2 - 2WZ,OD/ - F
+2m'F" - mp | By — 2m'm} By -7y oD
—om/n’ + (F))? —2m”> —2(D' + F' + m'ny By - F
+2m'F’- 7r7;1E1 — 2m/7TZ:71E1 . (’7[';;71D/1 + m'ﬂ';;’lEi)
=om/n’ —2m? — (F)? —2D' - F' —2m'D’, - B} — 2m"*(E})>.
Because D] - E{ = 2m/, we have
(2) (D)2 = 2m'n —2m/> — (F")> —2D' - F.

If m’ = n/, then D' = D}, F' = 0 and we have (D)% = 0.
Now we prove (D)2 = 0 by the induction over the positive integer
m' +n'. Let El, i =2,---k be reduced effective divisors on Z; such that

supp (7;;_1D;_; — D;) = supp E;.

Let E{ be the strict transform of E] under 7y ;. There exist non-negative
integers as, as, - - - ,ax such that

F = agE) + azEBy + - - - + a Ej.

Now we take another divisor A’ on P(C) x P!(C) which is defined by the
polynomial

Xén/}/bn/_m/ _ X{fllyln/—m/'
There is, as in Section 3, the sequence of the blowing-up

g1,0 - W1 HPI(C)XPI(C),

Op-1k—2 + Wio1— Wi o,

such that the following condition (k) satisfies:
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Let S be the reduced divisor such that
2 1
supp | of_10 | A"+ Z Z H; = supp S,
i=1 j=0

where 03,11 = 0100 00k_1 k2. Then
() S is normal crossing in Wj_;.

339

Let B be the exceptional divisor of o;;_1, and let él’ be the strict
transform of B] under ¢;41;0---00j_1 2. Let A" be the strict transform

of A" under o190 ---00j_1,_2. It follows that
(0170 O--+0 Uk,l’k,g)*A, = AV/ + agﬁi + agﬁé + -+ aké;c_l,
and
Ez/ ) E; = E;—l ) E;’—l’ D' E{ =A" Ez{—lﬂ
forall 2 <i,j <k. Put G' = agéi + a3§§ + -+ akéli;_l- We have
(3) (F')’=(G), D-F=A4.G
It follows that
(A) = (01 04 — G
=2m/(n' —m') — 20}, yA"- G’ + (G")?
=2m/(n —m') —2(A + G -G + (G')?
=2m/(n —m) — (G)> = 24" . &.
By the assumption of the induction, we have
(4) (G2 424" -G —2m/(n/ —m/) = 0.
By (2), (3) and (4), it follows that
(5/)2 —om'n — 2m/2 o (F/)2 - 25/ . F
=2m/(n —m') — (G')? = 24" .G’ = 0.

Then we complete the induction. By the same way, we can show that

(5//)2 =0.
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Now we show that D’ is nef. Let m/ = dp, n’ = dq, where d is the
greatest common divisor of m’ and n/. Then it follows that

d—1
Xev = Xy = [ (X5 — (e)' XTYY)
=0

where ¢4 = exp((2mv/—1)/d). Let C; be the irreducible divisor on P!(C) x
P!(C) which is defined by the polynomial X2Y{ — (g4)'X*YV,?, and let C;
be the strict transform of C; under 7, . By the above arguments, we have
(60)2 = 0. Because Cp and C;, 1 <i < d — 1, are linearly equivalent, we
have

Ci-D' = (C)? = (Cy)> =0.
Therefore D’ is nef. By the same way, we can show that D" is nef. OJ

5. Proof of the Main Theorem

Let f : C — PL(C) x P}(C) be the holomorphic map, let f : C — Z be

the lift of f, and let V = ThoV-

1,0 2,1 3,2 Th,k—1

Zy Zy Zy

fT //j///
-7 f

c--

Let &' € T'(Zy, [D'), 3 € D(Zy, [D")), hij € T(Zy, [Hij)), & € T(Zy, E;) be
the holomorphic section such that

(5/) — ]5/’ (5//) — B//’ (ﬁi’j) = Hi,ja (’éi) =F;.

LEMMA 6. Assume that

2 1
f(C) ¢supp (D' +D"+> > Hyj |,

i=1 j=0
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and assume that

fl A Vf/f/ Z 0.
Then it follows that
”J?,/\§flfl(z)”/\2TZk de

/ log™ —— ~ 2 T 5. (5 E =7
|z|=r Hgl(f)H[D/] ||J/I(f)||[qu Il Hj:o ||hi7j(f)H[Hi,j] [Tie Hez(f)H[E] 2m
S Sp(r)-

PrROOF. For the convenience of the notation, we assume that D’ and
D" are irreducible. Put

2 1 k
A=D1 D S i+
i=1

i=1 j=0

Hf//\%f/ffl('z)“/\ZTzk
16 (P13 (P g LT T i (P, T 12 (P,

Note that A is simple normal crossing in Zj.
Let

2 1 k
WS U U supp ITIM N U supp El.
i=1;j=0 i=1

By Lemma 4, there exists an affine open neighborhood U, of z and local
coordinate system z,, w, on U, which satisfy the five conditions of Lemma 4.
We put

Vz = U:E \ supp (5/ + B//)a
and put

ﬁ:zxo}: fgzwxo.}:
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on f~1(V,). It follows that

oS (7w 7 /f1 wfa\ 0 9
f/\vf/f—<f12 f2+f1 f f1 f)a A .

1 ) owy

on f~1(V4). Then it follows that

~ N2~ o~ N2
fifs f2 Y 5 A5

5 - ~ T~ ~ ~ T = ~ ®IE 9

R Afr hh (fl) fo fi <f2> (7)

on f~1(V,), where @, is a smooth function on Vj.
Let

x€suppl~)'ﬂ UUsuppH”UUSuppE
i=17=0

2

or x€suppD’nN U U supp H; j U U supp E; | , respectively
1=175=0 =1

By Lemma 4, there exists an affine open neighborhood U, of xz and local
coordinate system z,, w, on U, which satisfy the five condition of Lemma 4.
Because D’ and D" are irreducible, it follows that

D'y, = (2. —1) (or D"|y, = (22 — 1), respectively),

and zz(x) = 1,wgy(z) = 0. We take 2z, = z, — 1. Let V, be an affine open
subset of U, such that

Alv, = (2) + (wa),

and

A VIS I
Vi =d+ < 0 —(dw,) /w, ) '

Wenotethatz()—!—l#Oonf (V). We put

fi=zof, fa=wsof,
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on f~1(V,). It follows that

J1 /5 f2 f1 /2
6 z — — = d.(f(z
) )= (fl fo f1 fo h (fz) ) (72))

lfl fQ\II

fifo

+ 1% =V (f(2),

on f~1(V,), where ®, and ¥, are smooth functions on V.
Let z € supp D' Nsupp D”. There exists an affine open neighborhood
V; of x and holomorphic functions z,,w, on V, such that

D'y, = (),  D'lv, = (wa),

Aly, = (22) + (wa),

on V,. It follows that dz, and dw, are linearly independent on V. We put
fi=zof, fo=wsof.

By Lemma 2, there exist holomorphic functions gg, g1, ho, h1 on V, such that
dze -V ' () = 90 (FON L) + 9 (DA () + (),

for all v € f~1(V,), and
dws -V 1, F(3) = ho(FOD Fo(3) + W (FONRO) + B (),

for all v € f~ (V). It follows that
Favad =7 (h(Df+ D+ 1)

B (wDNA+ 0D+ B)] 5 A

ow,

Then it follows that

zZ) = 1 ~f7{ 2 Té
(7) §(2) = @, (f)f1 + @, (f)f2

1J2 1.J2 1.J2



344 Yusaku TiBA

on f Y(V,), where ®,1,...,P,5 are smooth functions on V.

Let R = {z € Z| x is contained in two irreducible components of A }.
Note that R is a finite subset of Z;. For z € R, we take an affine open subset
V. and holomorphic functions z,,w, as above arguments. Then {V, }.cp is
an open covering of Z;. We take an open covering {V,},cr of Zj such that
V] C V, and V] is relatively compact in V,. We take a partition of unity
{#z}zer which is subordinate to the covering {V;},er. Fix » € R. Let
fi = 2z © f, f2 = wy o f be a holomorphic function on f~ (V). Then fi
and f, are extended to meromorphic functions on C. By (5), (6) and (7),
we have

() log* s(@%

|z[=r

' )|
|z|—r Z |—r Z ‘ 27‘(’
dé

+\f” 2)| df | . i
+Z/| |flz|27'r+ |z\:T¢Z(f( ))log ’fl()Qﬂ.

where I' is a bounded smooth function on Z;. By using the lemma on
logarithmic derivative, it follows that

It holds that

ofetos" 1fCg =5 [ odfenios” )
df

1 ~
<5 [ e WGl g, +00)

22

Jzf=r

where || - ||z, is a hermitian metric of T'Z). By Lemma 1 and the concavity
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of log, we have that

1 db
3 [ et IF Gl

1 = do
S - 1 f/ 2 . + 1 7
5 [ sl Gz, + 1)

< Liog (1+/ e >||Tzk;”) o)

< g (14 g [ 17l Ytz niz) +00)

< yion (1 50 ([ 1PN e nas) ) ot

= %1og <1+;_<dr/ dt /|z|<er NF 2, ‘/2__1dz/\dz>1+6> + O(1)]
I
< S¢(

where 4 is any positive number.
Because ), p ¢2(f) =1 on C, it follows that

/,_ log™ £(» Z 2))log™ £(= )@ < Sp(r). O

I= zER

The following lemma is useful.

LEMMA 7. 1t follows that

Proor. Let the divisor H;;; on Z; be the strict transform of H; ;
under 7o, and let E;;, i <[, be the strict transform of E; under m; ;, where
El,l = El.
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We show
ZZwloH,J—ZZH,Jz+ZmE +ZEw
i=1 j=0 i=1 j=0

by induction over [. If [ = 1, we have
2 1 2 1
Z mioHig =YY Hiji+2E;.
i=1 j=0 i=1 j=0

Therefore the statement of the induction holds for [ = 1. Assume that the
statement holds for I — 1, 1 < < k. Let C; 1 = 1,2,... ,r be irreducible
divisor on Z;_; such that

2 1 T
supp ZZWZ**LOHM :UsuppC'i.

i=1 j=0 i=1
There exist positive integers a1, as, ... ,a, such that
E E L IOHJ_E:GZ
=1 7=0

By the assumption of the induction, we have

l r
*
§ m ki = E (a; —
i=1 =1

Let x € Z;_1 be one of the points of the center of m;;_1, and let F; be the
irreducible component of E; such that m;;_q(supp ;) = z. Assume that
T € suppC' NsuppCy for 1 < p < g < r. Then the coefﬁcients of Fj
in ZZ n Zj o M oHij 18 ap + aq, and the coefficient of F in Z 7rllE is
ap + ag — 2. Therefore we have

2 1
ZZ T oHi; — ZWME ZZH,M"'ZEM
i=1 j=0

i=1 i=1 j=0

This complete the induction, and the lemma follows. [
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PROOF OF THE MAIN THEOREM. We put Wv(f) = f’ A ﬁf,}’v’. We
denote by ord, g the order of zero of g at z, where g is a holomorphic section
of a line bundle on a neighborhood of z. By (5), (6) and (7) in Lemma 6, it
follows that

ord. | (15" () [T [T hes (D TT@(0) | - ord. (Wo ()
< min{ord, & (f), 2} + min{ord, 5" (f), 2}

2 1 k
+2 Z Z min{ordz ﬁi,j(f)v 1} +2 Z min{ordz gz(f)? 1}
=1

i=1 j=0

Therefore it follows that

2 1 k
(8)  Ty(r,Kz,)+Ty(r,[D' + D")) +212Tf ;Tf(r, E)
1
No(r, f*D') + No(r, fD") + 2> > " Ni(r, f
=1 7=0
+2 ) Ni(r [UE) + Sj(r),

1<i<k

where Kz, is the canonical line bundle of Zj. The canonical line bundle of
Zy, is equal to

WZ,OKPI((C)X[PH((C) + 7TZ71E1 + WZ,QEQ + .o+ B

By Lemma 7, it follows that

2 1
9) —Ty(r, Kp(oyxprC) = Tf(ﬁO(?v?)):zsz(aWZ,oHi,j)
i=1 j=0
2 1 _ k
= Z ZTJ?(T7 H; ;) + ZTf(T’ 7y Ei)
i=1 j=0 =1
k ~
+ZTf(TaEZ)
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By (8), (9), it follows that

Ty(r,[D' + D)) < No(r, J*D') + No(r, f* D)
k

2 1
+2ZZN1 v f*Hig) +2)  Ni(r, fEi) + 5¢(r).

=1 j= =1

By Lemma 3 and Lemma 5, our main theorem follows. [

COROLLARY 1. Let f:C — C*xC* C PY(C)xP!(C) be a non-constant
map. Assume that

F(C) Z{([Xo: X1, [Yo : V1))
€ P1(C) x P}(C) | Co X Yy? — C1X{'Y]? = 0},

for all (r1,r2) € Z x Z\ {(0,0)} and all (Cp,Cy) € C x C\ {(0,0)}, and
assume that there ezists no (a,b) € C x C\ {(0,0)} such that

alog f1 + blog fo = (constant),
on C. Then it follows that

Ty(r,[D]) < Na(r, f*D') + Na(r, f*D") + S;(r).

PROOF. Because Ny(r, f*ﬁ”) = 0 and Ny(r, f*E;) = 0, we have the
corollary. OJ

Ezample 2. Let D', D" be the divisor which are defined by the poly-
nomials

XoYo — X1Y1,  XoY1 — XiYo.

Then
2 1

Di+D{+> > Hij1+E,
i=1 j=0

is normal crossing in Z;. Therefore D' = Di, D" = DY. Let E( ), E0,00)»
E(s0,0)s E(s0,00) be irreducible components of E such that

m10(supp Eg0)) = ([0: 1],[0:1]),  m10(5upp E(g,00y) = ([0 : 1],[1 : 0]),
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7r170(supp E(oo,O)) = ([1 . 0], [0 . 1]), 71'170(Sllpp E(oo,oo)) = ([1 . 0], [1 . 0])

Let f = (f1,f2) : C — Zy be a non-constant holomorphic map, and let
f:C — Z; be the lift of f. It follows that

Ty, (D) = Ty, [} o D)) = T, [Eo.0))) — T, [Eoor)):
and

T;(T, [WT,OD/]) = Tf(rv O(lv 1)) = T(T, fl) + T(Tv f2)7

where
4o, d0
T(r, fi) = y log™ |fil5— + N(r, (fi)eo),
for ¢ = 1,2. By the first main theorem, we have

Tf(ra E(O,oo)) = N(Ta f*E(O,m)) + mf(ra E(O,oo))7

T4(r, E(oo,0) = N(r, f* Eo0)) + m5(7, Eco.0))-

It holds that

m(r, E ) = log —
bi (0,00) / — o’
= AR+ T

and
do

1
m(r, E ) = log™ —.
7\ £(00,0) / —
|2|=r L2 + | fal? 27

By these equations, we have

Ty(r, D) = N(r, (f1)oo) + N(r, (f2)oo) = N(r, f* Eg0c)) = N(r, [*E(oe,0))

do
log™ log™ —
w [ Gom Al g ) 5

0
—/ log + log™ o
_ - — ™

== [l + 1 f 2+ [ fof?
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Let f1 = P(2), fo = exp z, where P(z) is a polynomial of degree p on C.
Then T'(r, f1) = plogr + O(1), and T'(r, f2) = |r| + O(1). Because

1

VIAR+ £

1
<log" —

|f1]’

+

log

it follows that
mf(r, E(0,00)) < T(r, fl_l) =T(r,f1)+O(1) = plog|r| + O(1).
Therefore we have
mf(r, E(Om)) = o(r).
By the same arguments, we have
mf(r, Es,0)) = o(r).
Then it holds that

Let D' and D" be divisors on P}(C) x P!(C) which are defined by the
polynomials

XPY - XPYP, XPYP - XD
(i,e,, m =m/ =n" and n =n’ = m”. ) We have the following theorem.

THEOREM 3. Let f : C — PY(C) x P'(C) be a non-constant holomor-
phic map. Let f : C — Zj, be the lift of f. Assume that

F(C) Z {([Xo : X1, [Yo : V1))
€ PY(C) x PY(C) | Co X' Yy? — C1X]'Y{? = 0},

for all (r1,r2) € Z x Z\ {(0,0)} and all (Cy,Cy) € C x C\ {(0,0)}, and
assume that there exist no holomorphic functions g1, g2 on C and no (a,b) €
CxC\{(0,0)} such that

f = (expgi,expga) : C — PY(C) x P(C),
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agi + bga = (constant),

on C. Then it follows that

<1 - %—1—’0) Tf(rv [5/ + ﬁ”]) < NQ(Tv fN*ﬁl) + NQ(ra ]?*5”) + Sf(r)'

PROOF. Let a; = min{m,n}. It follows that
T o(D' + D") = D} + DY 4+ a1 Ey,

on Zi, where D} and DY are proper transforms of D' and D" under m .
Let ag = min{max{m,n} — ay,a;} < ay. It follows that

m5o(D' + D") = Dy + Dy + azEy + a1y By,

on Zy, where Dj and DY are proper transforms of D’ and D" under ma .
Repeating this process, there exist positive integers as --- , a; such that

k
mho(D'+D") =D+ D"+ aim},E;.
=1

Without loss of generality, we may assume that m < n. Then it holds
that m > a1 > as > -+ > ag. It follows that

k
Ty(r,[D" + D"]) = Ty(r,m; gO(m + n,m +n)) —m Zl Ty (r, my, i ).
By Lemma 7, we have
2 1 _ k k _
Ty (r, m;00(2,2)) = 2} 2; T:(r, Hy j) + 2} Ty (r, i i) + 2; T;(r, Ei)
=1 7= 1= 1=

Then we have

Ty(r,[D' + D"))
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m-+n k
+ < 5 m> Tf(r, 7T;;J~Ei)
i=1

2 1 k
>

> m ; n Z Z Tf(r7 ﬁm) + Z Tf(r, E;)

i=1 j=0 i=1

By Theorem 1, it follows that
Ty(r,[D' + D"]) < Ny(r, f*D') 4 Ny(r, f*D"))

4 -~
—T.(r,[D' + D" .
Ty (D' + D))+ S4(r)

Then the theorem follows. [J

COROLLARY 2. Assume the hypothesis of Theorem 3, and assume that
f(C) c P(C) x P(C) \ supp (D’ + D").

If m+n > 5, then it follows that f(C) C suppH,; fori=1,2 and j =0,1.

PROOF. Assume that f(C) is not contained in the support of

Z?:l Z}:o H; ;. By Theorem 3, f satisfies the following condition (i) or
condition (i1):

() J(©)c{(Xo: Xi],[Yo: i)
€ PI(C) x P1(C) | X3 — 1 XY/ = 0},

for some (ry,79) € Z x Z\ {(0,0)} and some C; € C\ {(0)}.

(ii) There exist holomorphic functions g1,g2 on C and (a,b) € C x C\
{(0,0)} such that

f = (expgi,expgo) : C — PYC) x P}(C),

agi + bga = (constant),

on C.

If f satisfies condition (i), without loss of generality, we may assume that
ry > 0,79 > 0. Assume that 79 > 0. Let R be an irreducible component
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of {Xj'Yy? — CX'Y{? = 0}. Then ([0 : 1],{1 : 0]),([1 : 0,[0 : 1]) €
supp RNsuppD’, and supp RNsupp D” contains at least one point which is
not ([0:1],[1:0]) nor ([1:0],[0: 1]). Therefore the holomorphic map

f:C — supp R\ supp (D' + D)

is a constant map.
Assume that 79 = 0. We have

£(C) € {([Xo : X1, [Yo : V1)) € P(C) x P(C) | X5 — CXT* = 0}.

Let S be an irreducible component of { X)' —CX7|* = 0}. Because m+n > 5,
m or n is more than 2, it follows that supp S Nsupp D’ or supp S Nsupp D"
contains at least three points. Then f is a constant map.

If f satisfies condition (ii), it is easy to see that f is a constant map. O

REMARK 2. Let r10 = ([0 : 1],[1 : 1]),{[)171 = ([1 : 0],[1 : 1]),]}270 =
([1:1],[0:1]),221 = ([1:1],[1:0]) € Zg = P}C) x PY(C). Let W = Zp \
supp D' Usupp D", and let W* = W\ {210, 21,1, 22,0, 22,1} By Corollary 2,
there exist no non-constant holomorphic maps from C to W*.

Let ¢ : W* — W be the inclusion map, and let dyy«, dy be the Kobayashi
pseudo distance of W*, W (see Noguchi-Ochiai [4]). By Proposition 1.3.14.
of [4], we have i*dy = dw.. Therefore W* is Brody hyperbolic but not
Kobayashi hyperbolic.
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