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A Short Time Asymptotic Behavior of The Brownian

Motion on Scale Irregular Sierpinsk: Gaskets

By Hideaki Nobpa

Abstract. We study short time asymptotic estimates for the
transition probability density of the Brownian motion on scale irreg-
ular Sierpinski gaskets which are spatially homogeneous but do not
have any exact self-similarity.

1. Introduction

Fractals are ideal examples of disordered media. We cannot define dif-
ferential calculus on fractals because of the lack of smoothness. This makes
difficult to analyze diffusion phenomena in a rigorous way. Several proba-
bilists have tried to solve such problem by constructing diffusion processes
on fractals. The first work was the construction of Brownian motion on the
Sierpinski gasket done by Goldstein [G] and Kusuoka [Kus]. Then Barlow-
Perkins [BP] showed the existence of the transition probability density of
Brownian motion and the estimate for them on the Sierpinski gasket. Once
a diffusion process is constructed on a metric space, it is of interest to know
relations between properties of the diffusion process and that of the metric
space. Short time asymptotic behavior of a heat kernel is one of them. The
first step in this direction was made by Varadahan [V1]. He showed

2
x
(1.1) lim t log pM (z, y) = Py
t—0 2
for a heat kernel p)’ on a Riemannian manifold M, where 2,y € M and
p is the Riemannian metric on M. Let F be the Sierpinski gasket on R?
with an intrinsic geodesic metric da, called a shortest path metric. Kumagai
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[Kum] gave Varadhan type short time asymptotic estimates for the transi-
tion probability density p?(x,%) of the Brownian motion on the Sierpinski
gasket: for z,y € F and z € [2/5,1],

(1.2) nan;o ((%)nz) e logp(z%)nz(x,y)
= dalr.y) VG S).

where d? = log5/log2 = 2.321928... and G is a periodic non-constant
positive continuous function with G(5s/2) = G(s). This G is defined as a
Legendre transform of some limiting function of a Laplace transform of a
certain hitting time of Brownian motion.

Barlow-Hambly [BH] introduced scale irregular Sierpinski gaskets and
showed the existence of Brownian motion on them and that of the transition
probability density. They also gave the estimate for transition probability
density functions as we will state below. In the present paper, we will study
their short time asymptotic behaviors.

Let us give some definitions and prepare some notations to state our
results. In the present paper we consider the simplest scale irregular Sier-
pinski gaskets. (See Section 2 for the detail of the scale irregular Sierpinski
gaskets and Brownian motion on them.) We call € {2,3} an environ-
ment. We denote the element in {2, 3}N whose all components are 2 (resp.
3) by 2 (resp. 3).

Define the projection 7[';K2 {2,3}% = {2,3) by 77]]1{77 = n;,n € {2,3}% for
each j € K and the left shift operator 0 : {2,3}€ — {2,3}K by 7T;K9]K7] =
71'}5_17’], n € {2, S}K,j € K, where K is equal to N or Z. We will write them
simply ¢ and 7; when there is no possibility of confusion.

We denote by 7j an element of {2,3}% such that 777 = n, if k € N and
Tl = 2 otherwise for € {2,3N. Let b(i), m(i) and t(3) : {2,3} — R for
each ¢ = 2,3 be given by

(b(2),m(2),t(2)) = (2,3,5) and (b(3),m(3),t(3)) = (3,6,90/7).

Here b(i), m(i) and (i) are the length, mass and time scaling factors on
SG(i) for ¢ = 1,2, see Figure 1. Refer to subsection 2.1 for details of
notations. Let B, : {2,3}N — [0,00), M, : {2,3}N — [0,00) and T}, :
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Fig. 1. The standard Sierpinski gasket SG(2) and a variant SG(3).

{2,3 = [0, 00) be given by By(n) = My(n) = To(n) = 1 and

n n n

(1.3)  Ba(n) = [[b(mm), Ma(n) =] m(xm), Tuln) =] tlmin)

i=1 =1 =1

for each n € N. Moreover let djy(n) and d?(n), n € {2,3 N, n € N be given
by

~ log T (n) _ log My (n)
w(n) = log By, (n)’ d3n) =2 log T (n)

Since it is clear that d2(n) = logt(2)/logb(2) = 2.321928... and d3(n) =
logt(3)/logb(3) = 2.324660. .. for each n € N, we can set d2 = d2(n) and
d3 = d3(n). Also note that d2 < di(n) < d3 for each n € {2,3}" and
n € N. Let k;,(n,m) be given by

(1.4) kn(m,n) = inf{j > 0: Ty j(n)/Bmj(n) = Tn(n)/Bm ()}

for n € {2, 3}N and m,n € N. Let F" be a scale irregular Sierpinski gasket
and d,, a metric on F" for 5 € {2,3}N. There is a natural ‘flat’ measure "
on F" which is characterized by the property that it assigns mass M,, (1)~}
to each triangle in F" of side length B, (n) .
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Fig. 2. The scale irregular Sierpinski gasket for n = {3,2,2,3,3,--- }.

On the above setting Barlow and Hambly [BH] have constructed a reg-
ular local Dirichlet form (€7, F7) on L?(F", u"). Let {P'};>0 be the semi-
group of Markov operators associated with the Dirichlet form. They proved
the following.

THEOREM 1.1 (Barlow-Hambly [BH]). Letn e {2,3}N.

(a)

(b)

P} has a continuous transition probability density p;] (x,y) with respect
to pu".

There exist positive constants c1, ¢z, c3, ¢4 (independent of n € {2,3}N)
such that if Bm(n)™' < dy(z,y) < Bm-1(n)™, Thin) ™! < t <
To-1(n)™", then

)d% (m+k)
t

cst~HM/2 oxp ( - 04(d’7(x’ Y )1/(d7u(m+k)—1)>

)

dn(wyy)dz“”**))lmd30n+k>n)
t

where k = ky(m,n). Also 3t~ 8 (M/2 < (g ) < et~ = M/2 for gl
x € F.

<pi(z,y) < crt~# /2 exp < — e

In the present paper we consider {2, B}Z and {2, 3}N as metric spaces in
a usual manner. Let G, (resp. Gp) be a graph as illustrated in Figure 3 (a)
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(resp. (b)) and Y2 (resp. Y3) a simple random walk on G, (resp. Gp),
starting at 0. We will denote by ¢(+,2) (resp. ¢(+,3)) the probability gen-
erating function of the first hitting time to {z1, 2o} by Y2 (resp. Y3). For
details see Section 3. Let Ds = {z € C : Re(z) > —¢} for 6 > 0 and fix
some € > 0. Then we have the following theorem.

THEOREM 1.2. There exists a unique function g : D, x {2,3}N — C
satisfying the following properties:

(a) g(z’n) = SO(Q(Z/Tl(W)’@n)aWW)a 9(0,77) =1, 9/(0777) = -1,
(b) g(z,n) is holomorphic in D, for each n € {2, 3}V,
(¢) g: De x {2,3}N = C is continuous.
Let U : [0,00) x {2,3}% — [0, 00) be a function constructed from g given

by the theorem above and we will denote by U* a Legendre transform of W
(see Section 4 for details). Our main theorem is the following.

THEOREM 1.3.  For any compact set K C (0,00),

(1) /(@ (n)—1)
(?n((z)))l d 1

lim sup sup

7]
logp Bn(n) (z,y)
"0 ne{2,3 Nz, yeF N
zeK

Tn(n)

y4
dp(z,y)’

where the second term in the left hand side is 0 when x = y.

o) () <0

This theorem corresponds to Varadhan type estimates for usual heat ker-
nel on R%, (1.1) and is the extension of the result on Sierpinski gaskets, (1.2).
The part 0™7 expresses the feature of scale irregular Sierpinski gaskets. Also
the uniformity with respect to n € {2, 3}N of the convergence is remarkable
point in this theorem. The speed of convergence is independent of not only
z,y € F" but also n € {2,3}N. Theorem 1.3 is one form of asymptotic
estimates with respect to the heat kernel p/. Note that the exponent of
the distance d,, equals 1, which is different from (1.1) or (1.2). Now, let us
rewrite this result into another form. To this end we need some notations.
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Similarly to (1.3) let B_,, : {2,3}% — [0,00), and T, : {2,3}% — [0,00) be
given by

for each n > 0 and
B, (&) = Bp(P¢) and T,(§) = T, (PE) for each n > 1,

where P : {2,3}%2 — {2,3 N is the projection defined by 7, P(£) = mi€, € €
{2,3V2, k € N. Let d(n), £ € {2,3}%, n € Z be given by

_ logT ,(8)
log B—n(f)

Then we obtain two corollaries as another expression of Theorem 1.3. The

d,(n) =dl%(n) if n > 1 and d5(—n) if n>0.

first has a similar form to (1.2).

COROLLARY 1.4. Let K C (0,00) be a compact set. There exist a
non-constant function G : (0,00) x {2,3}% — (0,00) for each z € K and
constants ¢ = ¢(K),d = (K) > 0 such that ¢ < G.(s,§) < ¢ for all
s€(0,00), £ € {2,3}2, z€ K and

() /(@ (n)—1)
<?n((:77))>1 d 1

lim sup sup

7
logpp, () (z,y)
" nef2,3 N yeFn ?
zeK

Tn(n)

z

0" 7 0" 7
b dy () )N g
77( y) (dn(ﬁ,y)

n = _
.0 n)‘ =0,
where m = My p 2 2y 5 an integer with

B (0"7)/Tm(0"7) < 2/dy(2,y) < Bin—1(0"17)/Tm—1(6"7).

The second has a similar form to (1.1).

COROLLARY 1.5. There exist a non-constant function G : (0,00) X
{2,3}% — (0,00) and constants ¢, > 0 such that ¢ < G(s,€) < ¢ for all
s € (0,00), € € {2,3} and

lim sup sup #1/(d% (m)=1) log p} (z,y)
t=0e(2,3)Na,ycFn



Short Time Behavior of BM on SISG 7

7 7 t
1. d. (. ) A m) /(@ (m)=1) 7)| =
( 5) + ﬁ(x7y) G(dn(x,y)jn)‘ 07

where m = My ¢ 54 95 an integer with

B (1)/Tim(0) < t/dy(z,y) < Bim-1(0)/Tin-1(7).

A short time asymptotic estimate is an interesting topic by itself. Also
there are some applications. For example this is a powerful tool to show
Schilder type large deviation principle, see for instance [V] and [BK]. In fact
our initial motivation of this paper is to study large deviation for Brownian
motion on scale irregular Sierpinski gaskets. The result will be presented in
a separate paper [N]. The uniformity with respect ton € {2, 3}N in Theorem
1.3 plays an important role in that paper.

2. Dirichlet Form and Brownian Motion on Scale Irregular
Sierpinski Gaskets

2.1. Scale irregular Sierpinski gaskets

We describe the construction of the simplest scale irregular Sierpinski
gaskets. In this paper we restrict our attention to this case for simplic-
ity. However our results in this paper can be extended to the general case
after the obvious changes. See [BH] for a more detailed account of the
general setting. Our notation is slightly different from that of [BH]. We
set (b(2),m(2)) = (2,3) and (b(3),m(3)) = (3,6). Let Fy = {a1,a2,a3}
be the set of vertices of a unit equilateral triangle 7" in R%2. We define
wi(z) :R? - R? by

(2) 1 :
;7 (x) = —(x — a;) + a; foreach 1 <7< m(2).

b(2)

Let a4, as, ag be the midpoints of the 3 sides of Fy and define wi(g) :R? —» R?

¢§3) (x) = %(az —a;) +a; foreach 1<i<m(3).
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For j = 1,2, maps {%Z)i(j)}lgz‘gm(j) carry the triangle T into each one of the
m(i) upward facing smaller triangles obtained by decomposing T into b(i)>
congruent equilateral triangles of side b(i)~!. For B C R? set

m(a)

3@ (B) = U w](a)(B) for each @ =2,3 and
j=1

®"M(B) = d™MM o ... 0 o™ (B),

Then the scale irregular Sierpinski gasket " associated with the environ-
ment sequence 7 is defined by the closure of

U e (r).
n=1

Note that F?2 is the standard Sierpinski gasket SG(2) and F3 is a variant
SG(3), see Figure 1 . We write Wy = {(w1,...,wy) : 1 <w; <m(mn),1 <
i < n} for the set of words of length n. For w € W, we define

(2.1) iy = P 0 -0 T,

We define Fy] = U, eyt (Fo), and call sets of the form 1)y, (Fp) n-cells for
w € W,;]. We define natural graph structure on F,/ by letting {x,y} be
an edge if and only if x,y both belong to the small n-cell. This graph is
connected. Write p,(z,y) for the graph distance in F). In [BH], Barlow-
Hambly have defined a metric d,, on /"7 which have the following properties:

(2.2) dy(2,y) = Bn(n) *pu(x,y) forall z,y € F? and n > 0.
(2.3) There exists a constant ¢ > 0 such that
|z —y| < dy(z,y) < clz —y| forany z,y € F".

The time scaling factor ¢(2) associated SG(2) is defined by the expectation
of the first hitting time to {21, 22} by Y2 The time scaling factors ¢(3)
associated SG(3) is defined similarly. An easy computation shows that
t(2) =5 and £(3) = 90/7.

2.2. Dirichlet form and Brownian motion

We can construct a regular local Dirichlet form &7 on L2(F", ). See
[BH] for details. Let {P'}¢>0 be the semigroup of Markov operators associ-
ated with the Dirichlet form (€7, F7) on L2(F", u"). As (€7, F") is regular
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21 21
bs be
by b3
by bi by
0 by Z9 0 bo bs 22
(a) mn =2 (b) mn =3
Fig. 3. FY.

and local, there exists a Feller diffusion (X, ¢t > 0, P), z € F") with
semigroup {P}'}+>0, which is called Brownian motion on F" in [BH]. Be-
sides they remark that GY = [ e *P/dt has a bounded symmetric density
ul(x,y) with respect to p" and u}(z,-) is continuous for each x.

3. Properties of Moment Generating Function of W

For Brownian motion X. on F", define the stopping times S* and Sf by
Sk =8k =inf{t >0: X, € F}'} and

St =inf{t > S Xy € F)\ {Xg }} for i €N

These are the times of the successive visits to F,? by X.. Also for X., let
W =inf{t > 0: X; € Fj\ {Xo}}. Let ;" = Xgm, then Y™ is a simple
random walk on Fy,. Similarly define stopping times S*(Y™), S¥(y™),
i € Nand W(Y™) by S*(Y™) = S§(Y™) = inf{n € Z; : V" € F},
SF(Y™) = inf{n > SE,(Y™) : V" € F!\ {Yg (ym}} for i € N and
W(Y™) =inf{n € Z; : ;™ € F] \ {Y{"}}. We have the following theorem
in [BH] .

THEOREM 3.1. (i) EJ[W] =1 for alln € {2,3}N. (ii) W(Y™)/Tn(n) —
W PJ-a.s. for eachn € {2,3}Y and SUPpe 2,538 Eg [[W(Y™)/Ta(n) — W2

0 asn — 0.

!
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Note that a probability generating function of W (Y.!) with respect to
P] depends only on m7. So let us define ¢ : [0,1] x {2,3} — R by

o(u,mn) = Eg[u’ ).

Also let f,,(u,n) be a probability generating function of W (Y") with respect
to P(? :

(3.1) Fau,m) = Egu™ ).

Since Eg[us;(y,n)_sé_l(y,n)] = Eg"[usg(ynil)_s’g—l(ynil)] = fa—1(u,6n)
and W(v") = WO (gl (ym) — §1 (™)) for each k € N, we have
(3.2) fa(u,n) = o(fn—1(u,0n), m1n).

In addition we define moment-generating functions g(z,7n), gn(z,n) : {2z €
C:Re(z) >0} x{2,38N - C,n=0,1,2,... to be

W(Y™)
T (n)

We check at once that for all n € {2,3}, s >0 and n > 1

gn(z,n) = E] [exp < —z )] and  g(z,n) = E]lexp(—zW)].

(3.3) In+1(T1(n)s,m) = w(gn(s, 0n), m1n),

which is clear from (3.2).

Let Gn(s,n) = —loggn(s,n) for s > 0 and n € {2,3}N. Noting that
o(u, mn) = g1(=T1(n) logu,n) for all u € (0,1] and 1 € {2, 3}, by (3.3) we
have

(3.4) Gn+1(s,n) = Gi (Tl (n)Gn(ﬁ, 9?7>,77)

for all n € {2,3}, s > 0 and n > 1. By the way the function G4(-,7) is
extensible to a holomorphic function in a neighborhood of the origin. This
follows from the exponential decay of the tail probability of W (Y!).

LEMMA 3.2. For anyn € {2, 3}N,

1
lim sup — log PJ[W(Y!) > n] < 0.
n

n—oo
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PrOOF. We only consider the case (b) in Figure 3. Let v, =
an]_[W(Y,l) n] for j = 1....7 and v) = PJ[W(Y!) = n]. Note that

L= 22 v3 = v3 and v8 = v by the symmetry of the figure. Set
— (0 1 23 .4 .6
Un = (Unvvnvvrmvn?vn

v
). Then the markov property shows that there exists
a matrix such that v, = Av,_1. We can solve this difference equation by
considering the Jordan canonical form of A. Noting that v) — 0 as n — oo,
it is easy to complete the proof. [

Let B(0,6) = {z € C : |z| < ¢} for 6 > 0. It is easy to check that
G1(0,7)=0, G}(0,n) = 1. Therefore there are ey > 0 and M > 0 such that

|G1(2z,n)] < M|z| for any z € B(0,¢p) and 7€ {2,3}.

Constants ¢y and M are not depending on 7 € {2, S}N, because GG1 depends
only on mn = € {2,3}. Let D5 = {z € C: Re(z) > —d} for § > 0. We
can show the following in the same way as Proposition 3.7 in [Kus].

ProPOSITION 3.3. Let €1 = (e9/2) A (1/(2M)). Then for each n € N,
there are holomorphic functions Hy(z,m) defined in B(0,¢€1) such that

Gulzm) = 21+ H(zm)),  |Ha(z,m)| < 2M]]
for any n € {2, B}N. In particular for ea = €1 /4,

sup  [gn(—e€2,m)| V |g(—e€2,m)| < 0.
ne{2,3N neN

Proor. We only give the proof of the latter part. It follows immedi-
ately that sup,,enyef2,338 gn(—2€2,1) < 0o from the former part, which im-
plies that the sequence {exp(e2W (Y.")/T,(n))}52; is uniformly integrable.
Also we have already known that W (Y")/T,,(n) — W as n — oo from The-
orem 3.1. These imply sup, ¢ 538 E[exp(e2W)] < oo. This completes our

assertion. [
Let € = €3/4. Then we have the following lemma.

LEMMA 3.4.

(1) Functions gn(-,n) : D — C is holomorphic for eachn € N, n € {2, 3N
and gn : De x {2,3N — C is continuous for each n € N.
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(2) For each compact set K C D,

sup |g(2777)_9n(z777)| —0 as n — oo.
zeKne{2,3}N

In particular from (1) and (2), g(-,n) : D — C is holomorphic for each
ne{2,3Wand g: D, x {2,3}N = C is continuous.

Proor. (1) It is easy to see that g,(-,n) : D — C is holomorphic for
each n € N, € {2,3}N from Proposition 3.3. Also noting that g,(z,n)
depends only on first n components of 1, the continuity of g, is obvious.
(2) Since there is a constant ¢ = ¢(e) > 0 such that

< |2|E! [ee(w+w<w>/Tn<n>>‘W N Vg(z.;) } < c\z\EgHW - V;(ZS) 2} 1/2

for all z € D, by Schwarz inequality and Proposition 3.3, Theorem 3.1 (ii)
implies our assertion. [J

The moment-generating function ¢ is characterized by Theorem 1.2.
Now let us prove this theorem.

PROOF OF THEOREM 1.2. It is easy to check that the moment-gen-
erating function g satisfies (a), (b) and (c). Let us prove the uniqueness.
Though we follow the proof of Theorem 8.2 in [H], we need some improve-
ments. Let Uy(z,7n) and Usz(z,7n) be functions satisfying (a), (b) and (c).
We choose €; > 0 such that e; < e. By assumption for any 1 € {2, 31N there
are ai(n),bk(n) € C,k > 2 such that

Ui(z,m) =1—z+ Zak(n)zk and Us(z,m)=1-2z+ Zbk(n)zk
k=2 k=2

for any z € B(0,€1). Setting M;(r) = sup{|Ui(z,n)| : |2| = r,n € {2,3}1}
for ¢ =1,2 and r > 0, we have

(35) o] < TEE o)) < 222
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Note that M; and M exist by the continuity of U; and Us. Define the
function 7 : D, x {2,3} — C by

oo

v(zm) =2 (ar(n) — br(n)z""2.
k=2

Then we have lim, .o sup,c(2,33¥|v(2, 1) = 0 from (3.5). By the way there
are constants so = sg(e1) > 0 and ¢ = ¢(e1) such that

c
2 <1

sup |Ui(s,m)| <1—s+
ne{2,3}N,i=1,2 €1 —S§

for any s > 0 with s < sg. Also we have |¢/(z,m1n)| < T1(n) for z € B(0,1).
Therefore since

|T1(n)sy(T1(n)s,m)|
= lo(U1(s,0n),m1(n)) — @(Ua(s,0n), 71 (n))| < T1(n)|sy(s,0n)|

for any s < so and € {2,3} from (a), we get |y(s,n)| < [7(s/T1(n), ).
Hence we obtain

|v(s,m)] < nll)rgo ]7(%(77),9”77)] =0 forall s<sp and ne {23}

Uniqueness theorem implies our assertion. [
At the end of this section, we give another important property of g.
LEMMA 3.5. There exist constants c,c’ > 0 such that
exp(—csl/dm”)) <g(s,n) < exp(—c’sl/dg“("))
for anyn € {2,31N, n >0, s € [T(n), Tni1(n))-

Proor. We follow the argument of Proposition 3.2 in [Kuml].
(i) Proof of the lower bounds: By Jensen inequality g(s,n) = Ejle "] >
e~ for all n € {2,3}N and s € [0, 00). We can choose ¢ > 0 such that

e > et > 4exp(—csl/di) for any s € [1,¢(3)].
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Hence we obtain
g9(s,h) = e = 4eXP(_051/d%) > 4exp(—csl/d2(n))

for all n > 1, 7,79 € {2,3}Y, s € [1,£(3)]. Therefore by the definition (3.1)
of fn(s,m) and Theorem 1.2 (a) we get

n g(s,0™n)\ Bn(n)

o(Tun)san) = fula(s. 0"n).m) > 4( L2070

> dexp(—cBa(n)s/ ™) = dexp(—c(Ty (m)s) /5 ")
for any s € [1,£(3)], n € {2,3}\. Thus we see that

g(s,m) > 4exp(—cs'/H()

for any 1 € {27 3}N and s € [Tn(n)7Tn+l(n)]
(ii) Proof of the upper bounds: It is easy to see that sup, o 53nvg(1,m) <1
by Theorem 1.2 (c). So there exists ¢/ > 0 such that

9(5,1) < exp(—c't(3)1/%%) < exp(—'s!/%)
for any s € [1,£(3)] and 1 € {2,3}N. So we have

g(5,7) < exp(—/sM/ ) < exp(—sM/ )

for any 7,7 € {2,3}N,s € [1,#(3)]. Therefore by the definition (3.1) of
fn(s,n) and Theorem 1.2 (a),

9(Tu(m)s:m) = falg(s,0™n),n) < g(s,0™n) "
< exp(_c/Bn(n)Sl/dz;(n)) _ exp(_C/(Tn(n)S)l/dﬂ,(n))

for any s € [1,%(3)]. As a result we deduce that
g(s,m) < exp(—cs/db )

for any € {2,3N and s € [T},(n), Th41(n)]. This completes the proof of
the lemma. [
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4. Properties of ¥(s,¢)

From the definition of ¢(u,m1n), we have p(u,mn) = PJ[W(Y!) =
b(myn)ubmn) 4 D e b(min)+1 PJ[W (YY) = jlu/. Let us define h : [0,1] x
{2,3} — [0,00) by

o(u, k)
WE

h(u, k) = —log

Note that h(-, k) : [0,1] — [0, 00) is continuous for each k € {2,3} and there
exist constants ¢, ¢ > 0 such that

(4.1) 0<h(u,k)<c and —c<h(u k)<

for any w € [0,1] and k € {2,3} by the definition. Here we define L,, :
0,00) x {2,3}" — [0,00) by

~log g(T(n)s, n)
Bn(n)

Note that Ly, (s,n) is a concave function with respect to s for each n € {2, 3}
and n € N. In the case n = 2 ( i.e. usual Sierpinski gasket) lim,, o Ly (s, 2)
exists for all s > 0 (see Lemma 3.3 in [Kum]). But lim,,_,~ Ly (s, ) does not
necessarily exist for all € {2,3}Y. By using Theorem 1.2 (a) repeatedly,

Ln(s,n) =

we have

T (n)
Ty (n)

9(Tu(m)s,n) = g(s,0"n) P [T exp (= Beo1(mh(g(5s,0"n), mn))

k=1

for all n € {2,3}N, 5 € [0,00) and n € N. Therefore an easy computation
shows that

1
b(mo(6717))

S

Ly(s,n) = —log g(s,0"n) + h(g(s,0™n), 70 (0"7))

n—1

+ B_(y_1(0"0)h —
; SIS o

< —logg(s,0™n) + h(g(s,0™n), mo(0™7))

070 w1y (07)))

b(mo(6"7))

+ > B (0" h(g(——
=1 -

et P(O70™7)), m—;(6"7))).
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This motivates us to consider the following functions. Let Fj : [0,00) x
{2,3}% — [0,00) for k > 0 be given by

Fi(s,€) = B_i()n(g(s/T- (k1) (&), P(075E)), m_€), k=1

and

Fols.€) = 7~ hg(s, P(), mot).

(m0&)

By (4.1) we see that sup,c(o o) cc2,3}% 2o Fk(5,§) < 00. So we can define
the function ¥ : [0, 00) x {2,3}% — [0, 00) to be

o0

(4.2) U(s,) = —log g(s, P(£) + > Fi(s, ).
k=0
Also we have
/ _ B—k(f)
Fyls:6) = T_(1-1)(§)
/ s —ke)) POE) (117 ey (— W
X h (g(T,(k,l)(f)’P(e 5))’ —ké)E() [We p( Tf(kfl)(f) )]
for each £ >1 and
Fi(s,€) = —b(ﬁlof)h’ (9(s, P(£)), m0) By ") [W exp(—sW)].

By Lemma 3.5 and Schwarz inequality there are constants ¢,¢ > 0 such
that

sW
T_—1y(§)

(4.3) Eéa(g_k@ [W exp(—

)] < cexp(~c/(£(2)"s) /)

for any s > 0 and k > K, where K = K(s) is a non-negative integer with
t(2)Ks > 1. For each sy € (0,00), let (a,b) C (0,00) be an open interval
containing the sg. Then from (4.1) and (4.3), we see that

o0

2 Vs ol =" 3 (%)’“exp<—c'<t<2)ka)1/da) < o0
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for any s € (a,b). Hence U(s,¢) is differentiable with respect to s for each
¢ € {2,3}% and we obtain

oo _IEPE) SN
(4'4) v (875) - g(s,P(E)) +kZOFk( 75)

U(s,€) has the following properties and approximates L,(s,n) in the
following sense.

LEMMA 4.1.
(1) ¥ : [0,00) x {2,3}~ — [0,00) is continuous.
(2) SUP,e(p o) cef2,3y2 [ Ln(s, P(§)) — ¥(s,0"E)] — 0 as n — oo.

(3) The function ¥ satisfies ¥(0,&) = 0 and the following functional equa-
tion W(Ty(€)s, &) = B1(€)W(s, 0E) for all s € [0,00) and £ € {2,3}2.

ProOOF. (1) From Theorem 1.2 (c) it suffices to show the continuity
the second term of the right hand side of (4.2). It is easy to see that Fj, :
[0,00) x {2,3N — [0, 00) is continuous by Theorem 1.2 (c) and continuity
of h(-,m_;§) for each k > 0. Since there is some constant ¢ > 0 such that

oo m oo 1 c
sup ‘ZFk(Svg)_ZFk(‘Sv&)‘ <c Z b(2)k+1 = b(2)m
k=1

;ee{[ggi)z k=1 k=m+1
for any m € N by (4.1), the partial sum > ;" | Fj(s,§) converges uniformly
with respect to s € [0,00) and £ € {2,3}Z as m — oo. This implies our
assertion.

(2) Tt is casily seen that B_,_)(6"€) = By_1(€)/ Ba(€), T n_y1)(67€) =
T (§)/T0(&); T—(n—i)0"& = mP§ and P(0"€) = 0" (P¢). These imply that

By T,
Fotls,89) = St (g (s, 04P) mu )
forall ke Nwith1 <k <n-—1and
Fo(s,07€) = —_h(g(s, 0" P€), m, P).

b(mn PS)
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Therefore it follows that

log g(T(§)s, P¢)
Bn(8)

b(2)"

_ \11(8,9”5)’ _ ‘iFk(S,9n£)‘ <
k=n

for some constant ¢ > 0 by (4.1).
(3) It is easy check that By (&) Fy(s,08) = Fr_1(T1(€)s,§) for all k € N and

Bi(§)(—logg(s, P(0€)) + Fo(s, 0¢)) = —logg(T1(£)s, P(£)), where we use
Theorem 1.2 (a) in the second equation. These imply our assertion. [J

Next we state some properties of ¥'.

LEMMA 4.2.
(1) ¥ : (0,00) x {2,3}2 — (0,00) is continuous.

(2) W'(s,&) is strictly decreasing with respect to s € (0,00) for each & €
{2,3}Z2.

(3) mingcpo52V'(s,€) — 00 as s | 0 and maxecrr 512 ¥'(s,€) — 0 as
s — 00.

PrROOF. (1) This is the same as that of Lemma 4.1 except for obvious
modifications.
(2) Let 1 be a element of {2,3}N whose the first component 717 is 7_z&.
Then note that by Holder’s inequality

h(g(s/T— -1y (&), P(07°€)), 1)
= —log EJ[Eg " [exp (- W DRG]

T_1-1)(&)

is a concave function with respect to s > 0 for each k > 1, £ € {2,3}Z.
Hence the second term in the right hand of (4.4) is monotone decreasing with
respect to s for each € € {2,3}%. Since it is easy to check that 2-th derivative
of —logg(s,n) is strictly negative for all s € (0,00) and 1 € {2,3}, the
first term in the right hand of (4.4) is strictly monotone decreasing. This
implies our assertion.

(3) Fix ¢ € {2,3}%. As we stated above, the first term in the right hand of
(4.4) is strictly monotone decreasing. We assume that this term converges to
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c> 0 as s — co. Then an easy computation shows that there is a constant
¢ such that —logg(s, P(§)) > s for large enough s, which contradicts
Lemma 3.5. So the first term in the right hand of (4.4) converges to 0 as
s — 00. Also by (4.1) and the monotone convergence theorem, we see that

o0

=, —k sW
ZFk(S Z ( 5){Wexp(—m)}—>oo

k=1 T—(k-1)

as s | 0. Similarly we have > 22 F/(s,§) — 0 as s — oo by (4.1) and
Lebesgue convergence theorem. As a result we have W/(s,£) — oo as s | 0
and W'(s,£) — 0 as s — oo for each ¢ € {2,3}%. Since W(-, &) is strictly
monotone decreasing from (2), Dini’s theorem implies our assertion. (]

From Lemma 4.2 (2), (-, ) is strictly decreasing for each ¢ € {2,3}%.
Therefore W'(-, £) has the inverse function (¥/)~1(-,€) for each £ € {2,3}%.

LEMMA 4.3.

(1) For each compact set K C (0, 00) there exists compact set K1 C (0, 00)
such that

(4.5) U )5 c K.

£e{2,3}2

(2) (U1 1 (0,00) x {2,3} = (0,00) is continuous.

PROOF. (1) Let us denote by K3 the left hand side of (4.5). Assume

that inf Ko = 0. Then there is a,, € K3 such that 0 < a,, < 1/n for each
n € N. Further for each a,, there exist £" € {2,3}% and z, € K such that
U (an,&") = 2z, € K. This contradicts Lemma 4.2 (3). Next assume that
sup Ko = co. Then there exist b, € Ky and £" € {2,3}Z such that b, > n
and ¥’ (b, &™) € K for each n € N. This contradicts Lemma 4.2 (3).
(2) It is easily seen that (U/)~1(-, &) : (0,00) — (0, 00) is continuous for each
¢ € {2,3}2. By Lemma 4.2 (1), ¥/(s,&’) converges to ¥'(s,£) pointwise as
¢ — ¢ for each s € (0,00). So does inverse function. Since (¥/)71(-,¢) is
monotone decreasing, this convergence is compact uniform on (0, c0). This
completes the proof. [J
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Define the Legendre transform U*(z,&) by U*(z,£) = sup,-o{¥(s,§) —
zs} for z > 0 and € € {2,3}%. Since we have

T1()
B1(§)

by Lemma 4.1 (3), the function ¥* satisfies the following functional equa-
tion:

W (2,6) = sup{ (T (§)s,€) — 2Ta(€)s} = Br()w"

s>0

2, eg)

V(g ) = BIOT (. 60).

From T, (&) = T 1 (0~ and B_,,(€) = By 1 (0~ D)1 we ob-

tain

Bn ()W (Tn(£)z/Bn(£),07¢)  if n>1,

(4:6) Wz’f):{Bn@)\p*(n(é)z/m(s),en15) if n<0

for all ¢ € {2,3}% and z > 0. At the end of this section, we give some
properties of U*.

LEMMA 4.4.
(1) * : (0,00) x {2,3}2 — (0,00) is continuous.
(2) There exist constants ¢,c’ > 0 such that

ez V@™ < g (5 €) < ¢~V (@ m)-D)

for any z > 0 and ¢ € {2,3}%, where n is an integer with By, (€)/
Tn(g) S z < anl(g)/Tnfl(g)'

(3) Let K be a compact set on (0,00). There exists a compact set I' =
['(K) C (0,00) such that ¥*(2,§) = supy,cp{¥(s,&) — zs} for any
ze K and £ € {2,3}2.

PROOF. (1), (3) Since W'(-, €) is strictly decreasing for each € € {2, 3}%,
(U)~Y(z,€) is a unique point such that U*(z,&) = (V)7 1(z,¢€),&) —
2(0) 1 (z,€) for each z € (0,00), € € {2,3}2. By Lemma 4.1 (1) and Lemma
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4.3 (2), ¥ : [0,00) x {2,332 = [0,00) and (')~ : (0,00) x {2,3}2 — (0, 0)
are continuous. These imply our assertion.

(2) Since supgeqo 532 ¥ (1,§) < oo, from (4.6) there is a constant ¢’ > 0
such that

Bn(§)
Tn(€)

U*(z,6) < q;( ,g) _Bo(€) sup WH(LE) < /@0

ge{2,3}Z

for any n € Z, ¢ € {2,3}2 and z € [B,(€)/Tn(€), Buo1(€)/Tp_1(€)). The
lower bound is proved in exactly the same way. [J

5. Hitting Time and Distance

In this section, our goal is to prove the next proposition. This shows the
relation between hitting times and distances.

PROPOSITION 5.1.  For any 69 > 0 and compact set K C (0, 00),
log E;} =T,
lim  sup sup og Ez [exp(—Ty(n)sT,)]

N0 e 19 31N d, (2,y) >0 log g(T(n)s,n)
seK

—dy(z,y)| =0,

where 7, = inf{t > 0: X; = y}.

In the case n = 2, this proposition corresponds Lemma 3.4 in [Kum].
We make some preparations to show this proposition. First, we consider
the estimates of probability generating functions of stopping times S°(Y.?)
and W (Y™). Let ¢; = max,c (o 3)8 max,¢cpn EJ[SO(Yh).

LEMMA 5.2. Foranyne {23}, neN, z € F}l and u € [0,1],

(5.1) ENu® ] > Bl e

PROOF. Let 21,22 € F and by € F]' be as in Figure 3. Then by
Jensen’s inequality we have

(5:2) B 1o v B S e <y < Bt 0)]

= = Mz
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for all n € {2, 3}N, z € F' and u € [0,1]. Thus by strong Markov property
we see that
O(ym)ie 1(ymy, g0y 1Vie
B [w e = B By S e
(5.3) < E" [Eg[uS%(Ym)]SO(Yl)] — EN[uS" 0]

for all n € {2,3}N, z € F', m € N and u € [0,1]. Now we will prove (5.1)
by induction on n. Assume that our assertion is true for n — 1. Then we
have

(5.4) ENuStOMe < gyt 0]

for any n € {2,3}N and = € F. Note that S!(Y™) is the first hitting time
of b1, by under PJ. Hence by (5.3) and (5.4) we obtain

O(yn 1 n 0ron
Eg[us (V. )] - Z Eg[l{Xsuyn):y}us (Y. )]Eg[us (. )]
y€C1(I)
> En[usl(Y,n)]Egl [USO(Y")]Q > Eg[us%(w)]clEg [uso(y.")]q
= by ! > :

for all x € F)] \ F}', where Ci(z) is the 1-cell which contains z. Note that
this is true for all z € F}' from (5.3). On the other hand by strong Markov

property
Egu™ ™) = BB [wn 0] < B[t [u 0

where 71 2(Y") = inf{i € N: Y, € {21, 22}}. This implies (5.1) is true for
n. U

Next we prove the continuous version of Lemma 5.2.

LEMMA 5.3. It holds that

Eg[uso] > EJ[uV] for alln € {2,3WN 2 € F" and u € [0,1].

PrOOF. Firstly from strong Markov property and Lemma (5.2) we see
that

(5.5) EJu™]e = BJ[EIuST VO] < BI[EuST)00) = B1u)
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for all n € {2,3}N, n € N, 2 € F} and u € [0,1]. Next we consider in case
x € F\ FZ. We have by strong Markov property

2
(5.6)  ENu™) =" Bl [ BN L x g mupy] > Bl ] EX ")

X t
1
=0

for all n € N, where {wg,w],wy} is the boundary of n-complex which
contains z. Since P)[lim, o S™ = 0] = 1, the dominated convergence
theorem implies our assertion. [

Let us state some properties of resolvent densities. Let n € {2,3}Y and
remind the function

[o¢]
wiew) = [l dt (s.2.0) € (0,00) x FTx .
0

LEMMA 5.4.
(1) Letn € {2,3}N. It follows that
ud(z,y)
ud(z, )

where 7, = inf{t > 0: X; = y}.

ENe™] =

x

for all z,y € F" and s> 0,

(2) There exist constants ¢,¢’ > 0 such that

Ma(n) , My (n)
Tn(n) Tn(n)

for any n € {2,3¥N, 2 € F" and s > 1, where n is a positive integer
with Ty (n) < s < Tht1(n).

<wug(z,z) <c

PROOF. (1) We can deduce this lemma in a similar fashion of Lemma
5.6 in [BP].
(2) Firstly we shall prove the lower bounds. The function p} (x, z) is decreas-
ing in ¢ for each x € F" from a general fact about symmetric processes. So

1—e!

1/s
Ug($,$) > / efstpg(x‘,l')dt > Tp?{/s(x’x)
0
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By Theorem (1.1) we have the lower bounds.

Next we shall prove the upper bounds. From Theorem (1.1) and the
monotonicity of pj (x, z) with respect to ¢ again, we have pj (x, ) < ¢1 M, (n)
if 1/T,41(n) <t < 1/T,(n) and p(z,z) < ¢ if 1 < t. We divide ul(x, )
into three parts:

n 1/T;(n)
W) =3 [ e, a)e
=01/ Tj+1(n)

0 1/Tj(n) oo
+ Z / e Stp] (w, :r)dt+/ e 'p (z, x)dt.
j=n+17 1/ Tj+1(n) 1

Clearly the third term is smaller than ¢;/7,(n). Also it follows easily
that there is some constant ¢ > 0 such that the first term is bounded
oM, (n)/Tn(n) for any n € {2,3}N, z € F7, s > 1 and n € N with
Tn(n) < s < Tpt1(n). Finally we estimate the second term. However,
noting that e=%/*3) — =% < (1 — 1/t(3))x for all £ > 0, this is straightfor-
ward too. Then we have our assertion. [J

From above Lemma 5.4 there is a constant C' > 0 such that

67 Bllew(-sn)] = G0 < COD gl

for any n € {2,3N, 2,y € F” and s > 1. We can now prove Proposition
5.1.

PROOF OF PROPOSITION 5.1. Let n € {2,3}, m € N and a shortest
Fy-path be m = {wg,--- ,x;} connecting x(= x¢) and y(= z;) for each
z,y € Fy\. As in the proof of Lemma 3.4 in [Kum], Theorem 1.2 (1) and
strong Markov property give

(mii%))lg (Tms(n) ’ 9m7’>l < Elexp(—s7y)] < g(TmS(n) ’ emn)l

for all n € {2,3}, m > 1 and s > 0. Substituting T},(n)s for s, we get

‘ log E[exp(—Tn(n)sTy)]

Byn(n) log (712, 0m)

—clogm(3)

log g( %, )’

(5.8) = dn(fv,y)‘ <
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where ¢ is the constant in (2.3). Note that d,)(z,y) = /B (n). In particular
considering in the case z,y € F/, we have

log g(T(n)s,
(5.9) lim sup sup 08 9(Tn(1n)s, 1)

- 1’ —0
N0 ne{2,3NseK ‘ B, (77) log g(Tn(n)S/Tm (77): an)
for each m € N. By adding (5.8) and (5.9) we see that

log EXl[exp(—Tn(n)s7y)]
log g(Tn(n)s,n)

(5.10) lim sup sup
" ne(23 N e ye
seK

- dﬁ($’y)‘ =0

for each m € N. Next we consider the case x,y € F"\ F}}. Let A,,(x) be a
m-complex which contains x. For any dp > 0 there exists M = M (§y) € N
such that if m > M then A,,(z) N A, (y) = ¢ for any z,y € F"\ F, with
dy(x,y) > 0. By (5.7) and strong Markov property we have

2
Efexp(~s7,)] = Y _ Ellexp(—s5§")Lix gy} Elm exp(—s7,)]

exp(—sSy")] By [exp(—sSy")] min By m [exp(—s.m)]
i, J v

for all n € {2,3}, 2 € F" and s > 1, where dA,,(z) = {2, 2", 25},

0An (y) = {wi’, wi*, wy'}. In the same way we have

E;Z [eXp(—STy)] < C max Ez,m [exp(—STzlm)]

1,5 J
for all n € {2,3N, 2 € F7 and s > 1. By the way we have

log Ellexp(—sSg")]  log Ejl[exp(—sSg")]
log g(s/Tm(n),0™n)  log Egexp(—sST")

for all n € {2,3}, 2 € F",m € N and s > 0 from Lemma 5.3. Since

SUPy e 2,3} SUPg e fn SUD; |dy(x,y) — dn(zlm,wgnﬂ — 0 as m — oo, (5.9)

and (5.10) imply the proof. OJ

<c

—

Define the function ki (s,n) : [0,00) x {2,3}N — R by

_log Elexp(=T;(n)7ys)]

kﬁ’y(& 77) = Bn(n)
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for each z,y € F" and n € N. Set cx = sup,c nef2,33NneN | Ln(s;n)| for a
compact set K C (0,00). Then Theorem 1.2 (c¢) implies 0 < cx < oo. For
any € > 0 there exists N = N(e¢, K) € N such that if n > N then

kn™ (s,m) €

sup sup | ———— —dy(z,y)| < —

ne{23N  sek | Lu(s,n) CK
d"’](m7y)260

from Lemma 5.1. Therefore we deduce that

(5.11) lim sup  sup |k7Y(s,§) — dy(@,y)Ln(s,§)| =0
T nef2,3)N - seK
d"](x7y)260

for any compact set K C (0,00). By using Lemma 4.1 (2) and (5.11), we
have

(512)  lim sup  sup  [kpY(s,n) — dy(a,y)¥(s,0"7)] = 0
TOne{2,31N | seK
dn () >80

6. Proof of Theorem 1.3

For the uniformity with respect to n € {2, 3} in Theorem 1.3, we divide
the proof into two parts. First, we consider the case where the distance
between x and y is larger than some constant dg > 0, which is the main
part of this section. It is comparatively easy to check the second case where
x is near enough to y from Theorem 1.1.

PROPOSITION 6.1.  For any compact set K C (0,00) and dy > 0,

By,
lim  sup sup logP)[r, < (n) 2]
n=00 o (N d, (2,y) >80 | Bn (1) T (n)
z€EK
z
+d x,y@*( ,9"17)‘:0
17( ) d’f? (III, y)

Proor. We follow the proof of Theorem I1.6.1 in [E].
(i) From Chebyshev’s inequality we have

Pl < Bult) 1 o pnpes(Butns=Tu(nn)] Z oBun)(s2-k3" s0)

Tu(n)
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for all n € {2,3}N, $>0,2>0,z,y € F" and n € N. We can choose a
compact set I'(K, ) C (0,00) such that

z z
6.1 e ,0"7) = sup U(s,0"n) — ———s
60 (G ) = e T g
for any n € {2,3}N, 2,y € F" with dy(z,y) > 6o, n € Nand z € K
from Lemma 4.4 (3). By (5.12) and (6.1) for any € > 0 there exists N =
N(e, K, o) such that if n > N then

1 B,(n) z _

—— o P"[T < BV < —dy(x, \II*(i,G" )—i—e
EROTRE i e P

for any n € {2,3}N, z€ K, xz,y € F" with d,(z,y) > do.

(ii) Without loss of generality, we can assume that K is a closed interval

[p, q] for p,q € (0,00) with p < q. Let Q" be the distribution function of

T,(n)7y/Bn(n) under P;. Define probability measures

—B,(n)t
dQyyY (v) = exp( (n)tv) dQ*¥Y(v) for each t > 0.

exp (=B (n)kn™ (t, 1))

To simplify the notation, we will drop the subscript z, y, n and refer to Q"""

(resp. ny ) as Qn, (resp. Qnt). By virtue of the continuity of ¥*, for any

€ > 0 we can choose 7, > 0 such that p > 27, and

xf #— e n—= * z n =
(6.2) sup sup |U ( ,0 77> -V (—79 77)) <e
nel23 W dy(@g)2sy | “dn(2,Y) dn(, )
zeK,neN

Let us abbreviate z — 7. by z,.. Then we have

log @n[(0, 2]} = — Bn(n)ky (¢, n)
+ Bn(n) (tz’ye - tlg) + log Qn,t[(z% -8, Zrye T B)]

for any n € {2,3N, 2,y € F", 2 € K and § > 0 with 3 < 7. Set K, =
[0 — Ye;q — V). Note that 2z, € [p — ve,q¢ — 7] and K. C [p/2,¢] for small
enough € > 0. Then we can choose a compact set I' = I'(¢, dg, K') C (0, 00)
such that

(e ) T e D - e
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for any n € {2,3}N, z,y € F" with dy(z,y) > dp, n € N and z € K from
Lemma 4.4 (3). Let t = t(n, z,y, 24, n) = (V)" (2, /dy(2,y),0™7) > 0 for
each n € {2,3N, 2,y € F" with dy(z,y) > do, n € N and z, € K.. Note
that z,, = dy(z,y)¥'(t,0"7) and t € T'. From (6.2) and (5.12), for any € > 0
there exists N1 = Ni(do, €, K) such that if n > Nj then

IOg Qn[(o’ Z]] _ IOg Qn,t[('z’Ye B ﬁa 2y, =+ ﬂ)]
Bn(n) Bn(n)
(6.3 > =yl )V (G

for any n € {2,3}N, 2,y € F" with dy(x,y) > b0, z € K and § > 0 with § <
Ve, where ¢ is the constant in (2.3). Now we consider Q, [(zy, — 5, 2. + 5)]-
Let us fix € > 0. First, we have

> —(kp¥(t,m) — 2yt) — Bt

9”77) — Bt — (c+1)e

Qntl{v € [0,00) : [v = 2y > B}] exp(8 By (n)s)
< /OO e BrM=220) 4@, 1 (v) + /Oo e*BrmM==) g, (v).

0 0
For s > 0 we have

1 o
TR / exp(— B (1)s(v — 2,))dQu 4 (v)

(6.4) = — (k' (t+ s,m) — k¥ (t,n) — dy(, ) V' (t,0"7)s).

Also it is easy to check that there are sy = so(I') > 0 and a closed interval
C =C(T) C (0,00) such that

|U(t+s,0"7) — U(t,0"n) — W' (t,0")s|

<s sup |¥(y,§) - ¥'(v,9)]
u,veC,|lu—v|<s
¢e{2,3)%

for any t € I', s < sg. Let r(s),s < sp denote the right hand side of above
inequality. Then from (5.12) for any €’ > 0 there exists No = Na(e, do, €, K)
such that if n > Ny then

[k (E+ 5,m) = ki (8,m) = diy (2, y) U (8, 0"7)s| < 2€' + er(s)
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forany t €T, s < sg,m € {2,3}N and z,y € F" with d,(x,y) > do. Hence
by adding (6.4) we obtain

1
sup
ne{2,3}Nter B (n)
dy(z,y)>80,2€K

o0
log/ e_B"(”)S(”_Z%)det(v) < 2¢ + cr(s)
0

for any s < sgp and n > N,. By replacing s with —s (s > 0), we deduce
the following in exactly the same way. For any € > 0 there exists N3 =
N3(€,80,€', K) > 0 such that if n > N3 then

1
sup
ne{2,3 N teT By, (n)
dy(z,y)>60,2€ K

10g/ eB”(”)S(”_z%)dQn,t(v) < 2¢ +cr(s)
0

for any s < sgp and n > N3. Therefore it follows that for any ¢ > 0 there is
Ny = Ny V N3 such that if n > Ny then

sup sup
nef2,3}N dy (z,y)>50 Bn(1)
zeKtel’

log Qn¢[{v € [0,00) : [v = 2| > F}]

log 2
Bn(n)

for any 5 > 0 with # < 7. and s < s9p. From Lemma 4.2 (1) it is easy to
check that for any € > 0 there is a N = N(e, dp, K) such that if n > N then

log Q1 [(0, 2]] z
By (n) d(z,y)

for any n € {2,3}, 2 € K, x,y € F" with d, (z,y) > d. (i) and (ii) imply
our assertion. [

< —Bs+2€ +cr(s) +

> —d(az,y)@*( ,9"77) —€

By using Theorem 1.1, Lemma 4.4 (1) and Proposition 6.1, we can prove
the following in the same way as the proof of Theorem 1.2 in [Kum]. For
any compact set K C (0,00) and 69 > 0 we have

1
(6.5) lim  sup sup logp'%, .y (%,9)
" e (28) )z | Ball) iy
ze

+dn(a:,y)\11*(m,9"n)‘ =0



30 Hideaki Nobpa

Let us complete the proof of Theorem 1.3.

PrRoOOF OF THEOREM 1.3. Recall that the upper bound of the heat ker-
nel of Theorem (1.1) (b) is written in the following form (4.21) in [BH]. There
exist constants c¢y,ca > 0 such that if 1/By,(n) < dy(z,y) < 1/Bm-1(n),
1/Tn(n) <t <1/T,-1(n) then

. < n —o— M )
(6.6) ) < 1Mo () exp (= eI )
Therefore we have
1 log(c1 + M;) ca Btk (mi) (M)
—lngnn (xay) S - T )
By(n) s B (n) Bu(n)  Bm(n)

where m € N with 1/B,,,(n) < dy(z,y) < 1/Bp—1(n), l =l(n, z,1) € N with
1/Ti(n) < Bn(n)z/Tn(n) < 1/T;—1(n). There exists a constant ¢ = ¢(K) €
Zy such that Byic(n)/Thte(n) < Bn(n)z/Tn(n) for any z € K C (0,00).
Then we have Tj_1(n) < Tpte(n)/Bnte(n). Since t(3) < By, (n) for m > 4,
we see that

Tz(ﬁ) < Tl—l(n)t(B) < Tn+c(n)
Bn(m) = Bm(n) T Bnie(n)

for any n € {2,3N, n € N, z € K and m > 4. Recalling the definition (1.4)
of ky, we deduce ky,(m,l) +m < n+ c. Then we obtain

b(3)°
b(2)M

Bm—|—kn(m,l) (77)
sup sup

<
23N Bu(n) m>Mzex Bm(n) -

for any M > 4, n > 1. Therefore Theorem 1.3 is valid if we replace
SUP, yepn ek DY SUDg, (a,y)<d0,2€ K from Lemma 4.4 (2). By adding (6.5)
this completes the proof. [J

Finally let us prove Corollary 1.4 and 1.5. Let G : (0,00) x {2,3}% —
(0,00) be given by

G(s,6) = s/ @Rtm=Dg* (5 ¢),

where By, (§)/Tm(§) < s < Bpn—1(§)/Tm—-1(§). Then there exist constants
¢, > 0such that ¢ < G(s,€) < ¢ for any s € (0,00), € € {2,3}~ by Lemma
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4.4 (2). We know that G(s,2) is a non-constant function (See [Kum]), so is
G. Letting G,(s,§) = z‘lﬂdi(m)_l)G(s,ﬁ) for each z > 0, it is obvious that
Corollary 1.4 immediately follows.

PrRoOOF OF COROLLARY 1.5. We see at once that for any dg > 0
1 1

sup  sup ) — — log 'ty (%) + dy(z,y)| — 0
nea) sek V(G 0m) Baln) - EGs !

as n — oo by (6.5), where K = [1,¢(3)/b(3)]. Let n = n(n,t) be an integer
satisfying By, (n)/Tn(n) < t < Bn_1(n)/Tn_1(n) for each n € {2,3}N and
t > 0. Note that setting z = z(n,t) = tT),, 1)(1)/ Bpn,)(n), we have z € K.
Since inf, ¢ o synn(n, t) is large if ¢ > 0 is small enough, it follows that

1
W*(t/d (z,9),7

for any dp > 0 from (4.6). By the definition of G, (1.5) is valid if we replace
SUPg yepn BY SUDg, (2,y)>5,- Next we consider the case where x is near enough

lim sup sup

log pi (z,y) + dp(z,y)| =0
=0 (2,3} dy (2,)>d0 )

to y. By (6.6) it is enough to show that for some dy > 0 we have

(6.7) lim sup sup tl/(di]u(n)—l)w =0,
=0 ne(2,3)N dy (2,9)<do Bn(n)

where m, n and [ are integers with 1/B,,(n) < dy(z,y) < 1/Bm-1(n),
Ba@)/Ta(l) < t/dyf@,y) < Buor(@)/Ta-a(@), and UTin) < ¢ <
1/Ti—1(n). Now there are the following three cases : (i) d,(z,y) > t and
m < 1, (ii) dy(z,y) > t and m > [, (iii) dy(z,y) < t and m > [. Since
ky(m,l) = 0 in cases (ii) and (iii), it is obvious that (6.7) holds. So we
consider the case (i). For any € > 0 there are ¢ € N and §p = Jp(¢,¢) > 0
such that (b(2)/t(2))¢ < 1/t(3) and
t(3) \1/(d2-1) <1/(d3 —1)+1

b(3)° (= W .

( ) (b(g)) 0 <€
In this case we have B,(7) = By(n) and T,(7) = T,(n) since n € N.

From the definition of ¢, we see that m + k,(m,l) < n + c. Since
(Bp(n)/Tn(n)Y @) =1) = 1/B, () we obtain

t(3) Bn(n) >1/<d¥u<n>—1> Bty (m) (1)

tl/(dZ (n)—1) Bm+kn(m,l) (77) < 0
Bi(n)

B (n) N <b(3) Tn(n)
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- — Bm m
Sb(?))c(t(3>>1/(di 1) s/ @1 +1 B 0

A . <e
By (1)

S

3

~—

for any n € {2, B}N, t < do, and dy(z,y) < dp. This completes the proof. O]

Acknowledgment. This work is part of the author’s Ph.D. thesis under
the supervision of Professor S. Kusuoka. The author would like to thank
him for his valuable suggestions, helpful comments and encouragements.
The author also thanks M. Fukasawa, K. Kamatani and T. Otobe for their
helpful comments and encouragements and is grateful to a referee for his/her

useful comments for making the final version of this paper.

References

Ben Arous, G. and T. Kumagai, Large deviations for Brownian motion
on the Sierpinski gasket, Stochastic Process. Appl. 85 (2000), 225-235.
Barlow, M. T. and B. M. Hambly, Transition density estimates for Brow-
nian motion on scale irregular Sierpinski gaskets, Ann. IHP. 33 (1997),
531-557.

Barlow, M. T. and E. A. Perkins, Brownian Motion on Sierpinski Gasket,
Probab. Theory Rel. Fields 79 (1988), 543-623.

Ellis, R. S., Entropy, Large Deviations, and Statistical Mechanics,
Springer-Verlag New York Berlin Heidelberg Tokyo.

Goldstein, S., Random walks and diffusion on fractals. In: Kesten, H
(ed.) Percolation theory and ergodic theory of infinite particle systems
(IMA Math. Appl. 8) Springer, New York, 1987, 121-129.

Harris, T. E., The theory of branching processes, Berlin Heidelberg
Springer, 1963.

Kumagai, T., Estimates of the transition densities for Brownian motion
on nested fractals, Probab. Theory Relat. Fields 96 (1993), 205-224.
Kumagai, T., Short time asymptotic behaviour and large deviation for
Brownian motion on some affine nested fractals, Publ. R.I.M.S Kyoto
Univ. 33, Kyoto Univ (1997), 26-55.

Kusuoka, S., A diffusion process on a fractal. In: Ito, K., Ikeda, N. (ed.)
Symposium on Probabilistic Methods in Mathematical Physics, Taniguchi,
Katata, Academic Press, Amsterdam, 1987, 251-274.

Noda, H., Large deviations for Brownian motion on scale irregular Sier-
pinski gaskets, Preprint.

Varadhan, S., Diffusion processes in a small time interval, Commu. Pure
Appl. Math. 20 (1967), 659—-685.



Short Time Behavior of BM on SISG 33

[V1] Varadhan, S., On the behavior of the fundamental solution of the heat
equation with variable coefficients, Commu. Pure Appl. Math. 20 (1967),
431-455.

(Received September 3, 2008)
(Revised May 25, 2011)

Graduate School of Mathematical Sciences
The University of Tokyo

Meguro-ku, Komaba 3-8-1

Tokyo 153-8914, Japan

E-mail: kumn146.40@gmail.com



