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Remarks on Boundary Values
for Temperate Distribution Solutions

to Regular-Specializable Systems

By Susumu YAMAZAKI

Dedicated to Professor Kiyoomi Kataoka on his siztieth birthday

Abstract. For temperate distribution solutions to regular-spe-
cializable systems of analytic linear differential equations, boundary
value problems are formulated in the framework of algebraic analy-
sis. Moreover, under a certain hyperbolicity condition, the solvability
theorems are discussed for some classes.

Introduction

In this paper, we consider boundary value problems for temperate dis-
tribution solutions to regular-specializable systems of analytic linear differ-
ential equations in the framework of Algebraic Analysis.

Regular-specializable system is first defined by Kashiwara [10], and con-
stitutes a special class of Fuchsian systems in the sense of Laurent-Monteiro
Fernandes [19]. In a single equation case, under the assumption that all
the characteristic exponents are constants, this corresponds to a Fuchsian
operator in the sense of Baouendi-Goulaouic [4] or equivalently, a regular-
singular operator with weak sense due to Kashiwara-Oshima [14] (cf. Os-
hima [28]). For any regular-specializable system, its vanishing cycle and
nearby cycle in the @-Module theory are defined (see Dimca [9], Kashi-
wara [10], Laurent [18], Maisonobe-Mebkhout [22]). After the results by
Kashiwara-Oshima [14] and Oshima [28], for any hyperfunction solutions
to a regular-specializable system, Monteiro Fernandes ([23], [24]) defined
an injective boundary value morphism which takes values in hyperfunc-
tion solutions to the nearby cycle of the system. This morphism extends
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268 Susumu YAMAZAKI

the non-characteristic boundary value morphism due to Komatsu-Kawai
and Schapira. Moreover Laurent-Monteiro Fernandes [20] reformulated this
morphism and discussed the solvability under a kind of hyperbolicity con-
dition (see Yamazaki [34] for a microlocal version).

Next, we replace hyperfunctions by distributions. Then, the functor of
moderate cohomology due to Kashiwara [11] and its microlocalization due
to Andronikof [2] enable us to apply the algebraic and geometrical tools in
Kashiwara-Schapira [15] to treat (temperate) distributions. As an applica-
tion of the theory of these functors, we shall consider boundary value prob-
lem for temperate distribution solutions to regular-specializable systems,
and prove that the boundary value morphism due to Monteiro Fernandes in-
duces the boundary value morphism for temperate distribution solutions to
these systems. Further as examples, we shall show that the boundary value
morphism is surjective if the system satisfies regular-singular and hyperbol-
icity conditions or if the equation under consideration is regular-specializable
and Fuchsian strictly hyperbolic operator in the sense of Bove-Lewis-Parenti
[6].

We remark that Tahara [32] investigated the structure of hyperfunc-
tion solutions to a general Fuchsian hyperbolic operator in depth, and
the uniqueness of boundary values was obtained by Oaku [25] without
hyperbolicity condition by using F-mild hyperfunctions. Further Oaku-
Yamazaki [27] extended the uniqueness results to Fuchsian systems. For
the Cauchy problem for hyperfunction and microfunction solutions to a
Fuchsian hyperbolic system, we refer to Yamazaki [35].

1. Preliminaries

In this section, we shall recall the notation and several facts needed in
later sections.

We denote by Z, R and C the sets of integers, of real numbers and of
complex numbers respectively. Moreover we set N := {n € Z;n > 1} C
Nyg:=NU{0}, R g:={reR;r >0} CR, :={r e R;r >0}

In this paper, we shall mainly follow the notation of Andronikof [2] and
Kashiwara-Schapira [15], [16].

Let A be a Ring on a topological space Z. We denote by 9Mod(.A)
the category of (left) A-Modules, and by o0, (A) the full subcategory of
Mod(A) consisting of coherent A-Modules. Further we denote by D”(A) the
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bounded derived category of complexes of A-Modules, and by DE,, (A) the
full subcategory of Db(.A) consisting of objects with coherent cohomologies.
We set 9Mod(Z) := Mod(C,), DP(Z) := DP(C,) etc. for short.

Let C be any of Mod(A), Moo, (A), DP(A) or DL, (A). Then by the
abuse of the notation, we write simply F € C if F is an object of C on an
open subset.

In this paper, all the manifolds are assumed to be paracompact. For a
vector bundle 7: E — Z over a manifold Z, we set 7: E := ENZ — Z (the
zero-section removed). Let Dﬁ’%o (E) c DP(E) be the subcategory of the
bounded derived category of sheaves such that each cohomology is conic.

Throughout this paper, M denotes an (n + 1)-dimensional real ana-
lytic manifold, N a one-codimensional real analytic closed submanifold of
M, and fy: N < M the canonical embedding. Let 7 : T\M — N and
mn: InM — N be the normal and the conormal bundles to N in M re-
spectively. Let X and Y be complexifications of M and N respectively such
that Y is a closed submanifold of X and that YN M = N, and f: YV — X
the complexification of fy. We denote by oz M the relative orientation

sheaf attached to N — M, by w,, M the relative dualizing complex, and by
®—1

YN/M

1: M — X be the canonical embedding.

its dual. Explicitly, wy,, = mN/M[—l] and w%/_]\}[ = %N/M[l]. Let

Let Oy and 9y denote the sheaves on X of holomorphic functions and

of holomorphic linear differential operators respectively (see Kashiwara [12]

for @-Module theory). Let 9y _.x = Oy ® Dy and Dy, y be transfer
0

X

bi-Modules. We set %, := i '@y ete. (we add the superscript A in or-
der to avoid the confusion with holomorphic cases). Let B, and %94,
be the sheaves on M of Sato hyperfunctions and of Schwartz distributions
respectively. Let Dﬁ’@,c(M ) denote the bounded derived category of R-
constructible sheaves. We denote by

Thorn(x, 94 y;) = THy,(x): D% (M)° — DP(@4)),

the Schwartz functor due to Kashiwara [11] (see also Kashiwara-Schapira
[16]). This functor is characterized by the following properties:

(i) If Z is a closed subanalytic subset of M, then Ts(C,,94,,) =
Iy (D4));



270 Susumu YAMAZAKI

(ii) If U is an open subanalytic subset of M, then T#zs(Cy, 94 ),) =
D/ Ty (97)). In particular, we have

(1.1) Iy ) @7)) — DLy, — Thom(Cpy, B ) ——

—
! H L
RI'y (97y) — D4 —— RI,; (D7) ——

Further, the functor of moderate cohomology due to Kashiwara [11] (see also
[16]) is defined by

Thorn(%,0x) = R:omeg_(Ox , Thzrm(+,94x)): DR o(X)° — D"(Dy).

Note that for any F € DR (M), we have

Thormn(F, D) =i Torn(Ri,F,0x) @S, /)1( :
Let vy(x): D*(M) — DR_ (TyM) and puy(+): D*(M) — DR_ (T} M) be

the specialization and microlocalization functors respectively. Further, we
denote by

T-vyThzor(x,9¢ ) = T-vy THy(¥): DR o(M)° — Dg_ (Ty M),
T-piyThorre (%, B4 ) = T-py THy (%) : DR o(M)° — DR_ (TAM),

the temperate Schwartz specialization and temperate Schwartz microlocal-

ization functors along N respectively due to Andronikof [2]. In particular,
we set:

T-vn (D)
T-pn (D yy) -

T—VNTM((CM7 @/M)’

Then we recall:

1.1. THEOREM ([2]). (1) T-vn(D7y,), vn(Ds)y,) and vy (By,) are

concentrated in degree zero, and there exist the following natural monomor-
phisms of sheaves:

T-vn (D) — vn(D4y) — vy (Bag)-
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(2) T-pun(D7,,) and pup (Byy) are concentrated in degree zero, and there
exist the following natural morphisms of sheaves:

T-pun (D) % HOpn (D) — iy (Bay)-
(3) There exists the following isomorphisms:
Rry T-vy(94)) = Ray, T-pn (94)y) = Tn(D0) ~ Diy_y 9?2 DEN,S
N
Rry, T-vn (D7) = Ry T-py (D4 ) ®%N/M[1] = f]\?lQD/M :
Here B4y = @XHY‘N R oty -

1.2. REMARK. By Sato’s fundamental distinguished triangle and The-
orem 1.1, there exist the following morphisms of distinguished triangles:

(1.2)  Iy(@Fy) — Rivg, T-y (D4 y) —— [ ' Dy @02 —

! ! [

RI'y (D) — Ritg, un (D) — ' Dy Ry P

l l L o

In(Byy) —— Rity, iy (Bpy) ——— [ ' B QO —
Here we remark that Iy (B,,) = R\ (B,,) while I'y(D7,) # R\ (D2,).

Next, set

Pt i={(v,€) e TNM]>\<[T]*{,M; (v,€) > 0}

and denote by pf: Pt — T, M and p3 : P* — T} M the canonical projec-
tions. Then:

1.3. ProprOSITION ([33, Corollary A.2], cf [30, Chapter I]). For any
Fe Dﬁw (TyM), there exists the following distinguished triangle:

— — — — 1
F — 1y Ry F@wy  — Rpl.py ~ Fhowyy S

Here F" denotes the Fourier-Sato transform of F.
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Let ¢ € Ox be a local defining function of Y that is, Y is locally
given by ¢ ~1(0) and dp(z) # 0 for any z € Y. Further, we can assume
that ¢|,, is a local defining function of N. Then, mappings s: N 2 =
(z;dp(x)) € TyM and %s: N 3 z — (x;'dp(x)) € T5M are well defined.
Set TyM™ :=R_ys(N) C TyM and T5M™T :=R_ o 's(N) C T5M. Then,
we have

s Rp{, p3 1FA®WN/M _1RFT+MRP1*172 1FA®WN/M
= Ry, Rpf, p3 'Ry i (FY) @y
-1
~ Ry, Ry e (FY) @wiyyy = s T A @wy

Taking F' = vy (Byy) L NYe v (D4 ) Q2 OF T-vn (D7) RN 0
in Proposition 1.3, we obtain by Theorem 1.1:

1.4. PROPOSITION. For any M € Mod_.;, (D), there exist the follow-
ing morphisms of distinguished triangles:

Ty (@) — s T Ty (94)) — 57 Ty (36)) @ o2y —

! ! i

RI (D7) — s T un (D4 )) —— s oy (974),) @ oz

| | |

_ _ +1
Ly (Bar) — s Ly Bag) — s oy (Bag) D2y p —

+1
N/M ’

2. Boundary Value Morphism and Regular-Specializable
Systems

In this section, we define boundary values of temperate distribution so-
lutions to a regular-specializable systems as a main result. For the notation
and related topics, see Appendix A. In particular, Modr (@ x) denotes the
category of regular-specializable 9 x|y ~Modules. For a % y-Module J, let

L
Df*JM = @Y—AX ® M,
@X

DM := R¥torre g (R¥erme g (M, Dy _y), Dy)[-1],
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be the inverse image and the extraordinary inverse image of M in the -
Module theory respectively. We take the following local coordinates:

(2.1) N =R"? x {o}@M:Rg x R,
A

vy=crx {0} x=crxc,

2.1. PROPOSITION. If Al € Modp (D), then the exists the following
commutative diagram:

(22)  R¥emeg (M Iy(D4y)) @wy = R g (DfM B4 y)

! !
Rtorre g (M, Iy(Byp)) @wiy g == R¥orreg, (DAL By).

PROOF. Let & be a @y-Module. Since Dy, y is flat as a right Dy--
Module, by Theorem A.15 (1) and (A.3) we see

L
R¥orng, (D f'M,F)[~1] = R¥orr g (D[ M, Dy) & F[—1]

Y

L L
(2.3) ~ R%mgbx (MvngeY)gg@ F ~ R%m@X MA@X*Y? F)
v v

Y

Then, applying the functor RI'y(*) ® 2z, to (A.4), we obtain
(24)  R¥tereg (M, Diy 53 By) = R¥orre g (Df'M,By) @wyps
N

We can write a section (or a germ) of 4.y as > a;(x,0,) 8} @ |dt|®1,
J
where |dt|®~! is a generator of N M Then the morphism defined by

Dir—n 3 0] ®|dt| — 97 6(t)
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induces
Dy © Dy = Iy (B4))
@N
A f f
@MHNgg?4 By — In(By)-
N

Thus by (2.3) and (2.4), we have

R%m@y (Df!J(/L, QD/N) ®wN/M — R%m@y (Df!J‘/L, %N) ®WN/M

Ritorrs g, (M, By & BLy) — Ritormg, (.91 y © By)
N N

I I
Rtosre g (M, Iy (D 5p)) —— Rerre g (M, Iy (B )

thus we obtain (2.2). O

We recall a result on the boundary value morphism. For any M €

Mod ., (D y), we denote by ChJl the characteristic variety.

2.2. REMARK. N € Mod ,, (Dx|y) is said to be near-hyperbolic at
xy € N in tdt-codirection in the sense of Laurent-Monteiro Fernandes [20,
Definition 1.3.1] if there exist positive constants C' and e such that the

following condition holds:

ChN'N {(Z7T;C777) € T*Xa |Z —IL‘0|, |T| <ég, Rer 7é O}
c{(z,7;¢,n) €T*X; |Ren| < C(|Im§](\1mz[ + [Im7|) + |Re§|)}.

Let %f\‘” a denote the subsheaf of B,,|y of hyperfunctions with a real
analytic parameter t (see [30], [35]). If N is near-hyperbolic and Fuchsian

in the sense of [19], then there exists an isomorphism (see [35]):

R g (N, Bar) % RHosre g (DN, By).
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2.3. THEOREM ([24], cf. [34]). For any M € Modr (D), there exists
the following morphism of distinguished triangles:

R%m@X (J‘/L, tS_lluN(%M)) ®%N/M N R%méby (Q)Y(J‘/t), %N)

l |

_ B
Ritorre g, (M5 vy (B ) —— Rtorn g, (Wy (M), By)

l l

Rorreg (M, Iy (Byp)) @y === Rterrg (Df M, By)

|+1 |+
such that a, B induce monomorphisms:

H%(a): Heorre g (M, “un(Ba)) Qo — Herreg (Py (M), By),
HO(9): Heormeg (M, s "ty (Bag)) — Herre g (Py (M), By ).

In addition, if M is near-hyperbolic at any x, € N in %dt-codirection, then
both o and B are isomorphisms.

2.4. REMARK. (1) If Y is non-characteristic for Jl, then by (A.2) and
Theorem 2.3, we have

_ B
R%m@X (J‘/L, S 1VN(%M)) —_— R%amgby (WY(J(/L), %N)

L H
Rtorre g (M, Iy (Byp)) @iy, = R¥eore g (Df*M, By ),

and H°(f3) coincides with the boundary value morphism due to Komatsu-
Kawai and Schapira.

(2) A microlocal counterpart of 3 is defined in Yamazaki [34] along the
line of [27].

The main result in this paper is the following:

2.5. THEOREM. For any M € DJTUDRY (D), there exists the following
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morphism of distinguished triangles:

R%mgbx(./‘/t,ts_l T'“N(@/M»@%N/MHR%WED ( (M) 9% )

! ) |

R%ﬂmgx (J‘/L, s—1 T—I/N(QD/M)) —_— R%m@ ( (J‘/L) G )
R%m@X (A, FN(@/M)) ®w§\3}/_]\2 _ R%mgby (Df!J‘/t, @/N)
l"rl l+1

which is compatible with Proposition 1.4 and Theorem 2.3. In particular, ot

and 3! induce monomorphisms:

Ho(a): Horre gy (M, s T Tpup (D7) Qo2 N/
— Homeg (Dy (M), DA),
HO(8"): Horreg (M, s~ T-uy (D4 ) = Homeg, (Fy (M), D ).

PrOOF. First we define 3!. The problem is local, so we take coor-
dinates as in (2.1). We follow the method in [23] (for the notation, see
Appendix A). Recall the set G in (A.1). For o € G, set for short:

S o= RHorn g (Y (0x),0x).

Then, the inductive system {wz(,a) (¢ X)}pENO defines a projective system
{E/’I(f‘)}peNo. Set £2, := {(x,t) € M;t > 0}, and let 29 C X be a con-
nected open neighborhood of 2, such that Y N 29 = 0 and that we can
take a branch L(7) of log 7 in £29. Let j: 29 — X be the embedding. Note

that j _197}()0‘) is concentrated in degree zero since j —1¢,§a) (0y) is a coherent
J _l@X—Module. We define

Sz()a)/ €J 715?;&) ~ Hore ; 1g (J 711/’;(96“) (0x),7'0x)
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by the following:

1 (@) Z (@) ()
J Y (0x) = Z@(ﬁe 2 kae
—aL(T)L k
= Z ka(T) €j 0y
Then applying the functor j,, we obtain a (@), -linear morphism

51(7a) = jlsz(Ja)/: %(;a)(@x)mr — (Ox) o+

Since 1[11(,0‘) (Ox) is D x-coherent, (locally) we can take a resolution

P() Pkl

0<—¢g(; (Oy) Do 2o LGy T 0,

Then, both (SPI(JQ))QEF and R%M%(@X)Qc (gb](oa)(@X)Qi,(@X)Qi) are repre-
+

(Po)ﬂi' (Pk_1)9i' .
sented by (@)}’O)Qi e (@){k)gi , that is,

sg’) € Heorre (@x)gg (%(;a) (GX)Qj_ ; (@X)Qi)

~ B o) (0 (Ox)ar, (Ox)ar) = (95

<

For p < ¢, the morphism (Efga)) 2 2 sf]a) — sﬁ,a) IS (Ef’](f)) 2 is compatible

with the projective system structure of {yz(aa)}peNo' Let 6: X — X x X
be the diagonal embedding. We denote by *Xx* and *%* the external

tensor products of sheaves and of @-Modules respectively. We remark that
L
* Q) * = Dé*(*g*). Let Z € N be a compact subset, and set
X
A= {(z;t) € TNM; x € Z, t > 0},
A := {U C M; open subanalytic neighborhood of Z}.

Since the image of A in TNM/R>0 is compact, by [2, Proposition 2.1.4] we
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have for any k € Z:

H*(Z;s ™ Ty (94)y)) = HY(A; Ty (94)))
= lim H*(M;T#om2(Cyg, , 97 )).
Uei i

In particular, H*(Z; s ~1 T-v, (94,,)) = 0 holds if k # 0. On the other hand,
if U, V €U with V € U, then the restriction F(U;TM(CQ+,@/M)) —

F(V;TM(CQ+,@/M)) factorizes through

L(U; Thern(Cyqy D yy)) ———— D(ViThomn (Cy D7)

N A
F(M;TM(CVHQJrv@/M))

that is, s~ T-vy (974 ) is identified with the soft sheaf TM(CQL, D) -
Thus by Proposition 1.4, there is a triangle

B 141
t IT-MN(@/M)®%N/M HTM(CQ#@/MMN - FN(@/M)®W%/A14+—>‘

We define a morphism -s](ga): Cy3Cw C’s,(ga) € (Sf’g’))gi,
Since 1/)1(9(1) (M) e EUIODRY (D) for any o € G and p € Ny, by Proposition

2.1 we obtain

R¥torr g (M, s~ T-uy(D4y) = R¥omeg (M, Thorm(Cq D4 y)) N

1® -sl(oa)
_

L
(Rtom gy (M, Thorn(Co, D4131)) @ (F5) 02 )|

L
— (R¥orme g (M, Thom(Cq D) &) |y
— (6" R¥ome g ma (MR (Ox), Tiorm(Cq ,94)) KOx))|y
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= (67 Ritorng, (MBI (O), Timn(Cy 9 0) BOx)) |y
— R¥orrg, (D&*(M§¢§)a) (0x)), D8" (I (34) K Ox)) ® WiTar

~ Riosre g, (U (M), Ty (D43)) © iy
~ R¥orre g, (D50 (M), DAy).

By (A.5), for any o € G we define a morphism 3% by the following way:

Bl R¥torreg (M, s T-vn (D7) — R (Dl (M), D)
— Rtorr g (gFy (M), D7),

Thus by Theorem A.18 we can define:

p= @Gﬁ(tx: R¥orrg, (M, s ™ T-vy (D7)

aE
— Rlorrng (Py (M), D4 ).

By (1.1) we have natural morphisms

Thrn(Cq D) — Lo (D) — T (Byy)-
Hence by the construction, we have a commutative diagram:

R%W@X(M,TM(CQ+@/M))IN

R%”mgx (M, FQ+(%M))|N

p

(Ritorn gy (M, T Co D)6 (IS o)l |

N (R, (M Ty @) () 00l

p

(R%mgbx(ﬂvTM(CQ+7@/M))ég);(;a)NN ‘
L
| Bt (07 @) S5
Ritorre gy (DY (M), D) l

T Rieey, (DY), B)
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Therefore, comparing this construction of 8¢ with that of [23], [24], and [20,
Proposition 2.3.1], we see that 8¢ is compatible with 3, and we obtain o'
by Proposition 1.4 and Theorem A.15. Next, by Theorem A.15 we have the

following morphism of distinguished triangles:

Ritorre o) (By (M), D) — RHorrg, (Dy (M), By)

| l

R%mgy (![/Y(J‘/L), @/N) — R%mgy (WY(./I/L), %N)

! |

R%mgy (Df!J‘/L, @/N) — R¥H sz 9, (Df!J‘/L, %N)

1+t [+

Taking cohomologies, we obtain the following commutative diagram by
Proposition 2.1, Theorem 2.3, and the standard construction of distin-
guished triangles:

j _ I(at)
%MEDJX(J(/L,% lT—uN(QD/M))®mN/M—>%M@ (By (M), DY)

! | i

. _ Hj(a)
Cat ] (s iy (Br)) € ooy g — s Bt ] (B (M), By).

t

Therefore o' is compatible with «. The proof is complete. [

2.6. REMARK. Under the regular-singular condition and additional as-
sumptions, boundary values are defined by Oshima [28] and Parenti-Tahara
[29] for temperate distribution solutions. These boundary values coincide
with those obtained in Theorem 2.5 (see Example 2.7 below).

2.7. Example. Let b(a) € C[a] be a monic polynomial of degree m, and
I
P € F"Vy (@ y). Assume that b(a) = [] (a—a;)" (a; —a; ¢ Z for i # j)
j=1
n
with > v; = m. We set M := Dy /Dy (b(J) — P). By Example A.14, we
j=1
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see that Uy, (M) ~ Dy". We take the following local coordinates:
N=RIx{0}—=M =R xR,
Y=C!x{0}*—-L=CxR—=X=C}xC,,
and set (see [26], [27], [34]):
973N|M = H%]t}\/[(VY(RFL(@X))) Qe -

Then there exists a natural monomorphism vy (B y ) — % nim- Let us

d
take any v* = (z4;1 E) € TyM* and u(z,t) € e g (M, vy (Br))ye -
Then it is known (see [34], cf. [26]) that u(x,t) can be written as

J

Vi
>
k=11

M::

(2.5) u(e,t) = 3 Fl(x 4+ V=1T},0,)t% (logt)* ",

7
Jj=1

1

as a section of Hore g (M, 975N\M)m~ Here each F;k(z, 7')' is holomorphic on
a neighborhood of {(z,0) € X; |zy — 2| < e, Imz € I}, } with a positive
constant € and an open convex cone I’ jlk C R™. Hence

Ty .
ujp () = ;F;k(x +V=117,0,0) € By,

are well defined, and H°(3)(f) is equivalent to
{ujn(z,0; 1<) <p, 1 <k<vy} CBY,, -
In particular, if
w(@,t) € Homeg (M, T-vyn (D)) e oF w(@,t) € Homeg (M, vy (DE)ys))ye

then the expression (2.5) can be compared with that of Parenti-Tahara [29,
Theorem 2].

3. Non-Characteristic and Regular System Case

In this section, we consider a non-characteristic boundary value problems
under a regular singular condition.
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Let €x be the Ring of microdifferential operators on T*X. We de-
note by {€x(m)}, . the usual order filtration on €y (see Sato-Kawai-
Kashiwara [30] and Schapira [31]). Let A be a C*-conic involutory closed
subset of T*X, and set T, := {P € €y (1); o (P)|, = 0}. Let €, C €x
be a sheaf of subring generated by Z,; that is, €, := |J Z}* with con-

meN,
vention ZQ := €, (0). By the definition, we have €y (0) C €,. Further
Kashiwara-Oshima [14] proved that € , is a Noetherian Ring in the sense of
[15, Definition 11.1.1] (hence coherent), and that every coherent € y-Module
is pseudocoherent as an € ;-Module.

3.1. DEFINITION (see [14]). Let A be a C*-conic involutory closed sub-
set of T*X and M € Mod,;,(€y) defined on an open set of T*X. Then
we say that 9 has regular singularities along A if there exists locally an
€, sub-Module £ C 9 such that £ € Moo}, (€x(0) and that €y £ = M
holds. Note that If 9t has regular singularities along A, then supp 9t C A
([13, Lemma 1.13]).

3.2. DEFINITION. Let A be a C*-conic involutory closed subset of T* X
and A € Mod,(Dy). We set A := A~ TEX. Then we say that Jl
has reqular singularities along A if the corresponding coherent € yx-Module
.= X % 7 LA has regular singularities along A.

T Dy

The notion of regular singularities is closely related to Levi conditions
(see for example [8] and references cited therein).

For a subset A C T*X, we denote by C ?CIX(A) the normal cone of
A along Ti;X. Then C JCIX(A) is a closed cone of TT;(/,XT*X‘ Take a
local coordinate system (z;¢) = (x + v—1y;& + v—1n) in T*X, where
T3 X is defined by {y = 0, ¢ = 0}. We may identify T, &XT*X with
T*X by the coordinates above, hence the corresponding coordinate sys-
tem of TT;;IXT*X is (z,v—=1y;&,v—1n). By [15, Proposition 4.1.2], we see
that (zy, v=1Yy; &y, vV-11) € C &X(A) if and only if there exist sequences
{(zi G2 € Aand {c,}72; C Ry such that

n=1
(Zn; Cn) 7 (x()?\/jnO)? Cn(yn75n) 7 (y07’50)'

There exists a canonical inclusion T*M TT;\} xI* X which is described
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by (z;€) — (x,0;¢,0) in local coordinates above (see [15]). Then (z(;&,) €
T*M N CTX/[X(A) if and only if there exists a sequence {(z,;(,)}5>, C A
such that

(@ + V=13 6n) > (20, 0:80)s |yl 1] -2 0.

Let V be a C*-conic closed subset of T*X. Recall that fy: N — M
(or simply N) is said to be hyperbolic for V' if

3.3. THEOREM ([36]). Let A C T*X be a closed C*-conic subset, and
M € Mod,;, (D). Suppose that A C T*X is a regular involutory com-

plex submanifold, M has regular singularities along A, and fn: N —= M s
hyperbolic for A. Then

For the proof, see [36]. Using this theorem, we can prove:

3.4. THEOREM. Under the same assumption as Theorem 3.3, there ex-
ist the following isomorphisms:

I RHoorrng (M, D7) ~ R g, (Df*M, D7)
\ /
! fN—lR%m@X (M, D7) )
R%m@x’ (J‘/L,S_ll/N(gb/M)) l R%m@y (WY(J‘/L),@/N)
! R%m@X (J‘/L,S_IT—I/N(@/M)) l

Rt g (M, Ry (D7) ® w;%;ﬂg Riteor g (D f'M, D7)
N /

Rtorr g (M, I (D7) ®w%,/_]\14

~
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PrOOF. By (A.2), we have

~ Ritore g (Df'M, D y).

In view of (1.2), Propositions 1.4 and 2.1, we have by Theorem 3.3:

ot Rt g (M, D4 ;) =5 RHeore g (M, Ty (D4)) @ w;%/—]\;

) )

R%mgy (Df*M, D7 ) == R%mébx (M, R[y(94,)) © w%/_z\b ’

R¥errn g (M, T-vn (D7) —— 75 Rt (DM, DA y)

[ )

R g (M, vy (D7) = T Ry RHorre g (M, D) @ w;%/—ﬂg .
Therefore we can obtain the theorem. [J

3.5. REMARK. (1) Under the same assumption as Theorem 3.3, there
exist the following commutative diagrams:

I R¥ome g (M, D5 ;) — [ RHorre g (M, By)

! !

R%m Gy (Df*./l/‘,, @/N) — R%W@ By (Df*‘/‘/t, %N)a

R g (M, T-vy(D4y)) 2 73 Roorreg (D f*M, D7 y)

L H

R¥orre g (M,vy (D4 ) = 73 RHomreg, (D f* M, D4 )

| !

R¥orreg (M, vy (Byp)) —= 73 RHorre gy (D f* M, By).
(2) Each section of

Wore g (M, Tun(@D60) |3, g = Hermey (M vy (@30))] g oy
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is an extensible mild distribution in the sense of Kataoka [17].
(3) Theorems 3.3 and 3.4 can be proved in the higher-codimensional case
(see [36]).

4. Example of Regular-Singular Operator

In this section, we consider a hyperbolic regular-singular operator. Since
the problem is local, we use the coordinate system in (2.1). Set for short
(each double sign in same order):

d . ;
vy = (0;£1 a) eTyM, py:=(0;£1dt) e TNM,

qr = (0;£v=T dt) € T} X.
Set @/J\‘?'M = %ﬁ‘M ND |y (recall that %ﬁlM is the subsheaf of B,
of hyperfunctions with a real analytic parameter t). Let €,, be the sheaf of
Sato’s microfunctions on Ty, X as usual, and Cfé{/[ the subsheaf of temperate
microfunctions on Ty, X (see [2] for a functorial construction of this sheaf).
Then we have the following exact sequence ([35, Proposition 3.2], cf. [30,
Chapter I, Theorem 2.2.6]):

(4.1) 0— D0 — D prg— %{m ® %{Lq_ —0

U [

0—>973]‘4\‘,|M70—>%M70—><6M7q+ &6y, —0

We consider the following:

4.1. CONDITION. R%m@X(./l/L,QD/A ) = R¥orreg (Df*M, DA y).

N|M
m—1 .
Let b(a) = @™+ > a;a’ be a polynomial of degree m with coefficients
j=0

in C. Assume that P Eas the following form:

P(z,7,0,,9) =b0)+ > 7b,(z, 7))+ > Do (z,71)(10,) " € Dy (m).
v=0 <
\a]\:l»ulgl'rn
Then P has regular singularities along Y in the sense of Kashiwara-Oshima
[14] (see also Oshima [28]) and regular-specializable simultaneously. We
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denote by {a,}70; = b~1(0) C C the set of characteristic exponents of P.

For any a € C, we set:
P, (z,1,0,,9):=17*P(z,7,0,,9)1 % = P(2,71,0,,9 — a),

and consider M := Dy /D P and M, = Dy /Dx P, . In particular, M =
JMy. Then, each M, is regular-specializable, and the set of the characteristic
exponents of P, is {a; + a}7"; . Note that for any a € C we have (cf. [11,
Lemma 3.8])

(4.2) R¥tereg (M,s ™ T-vy(D4)y)) = Rorre g, (Mg, s ™" T-vy (D)),

and that ¥y (M,,) ~ D™ and Dy (M) ~ DE™ for any o (Example A.14).
We denote by 6’ the conic sheaf on T, X associated with the presheaf

Ty X DU I(my (U); D y) [{u € T'(mp (U); D )); WE(w) NU = 0}

Here m,,: T5;X — M is the canonical projection, and WF(u) C T*M ~
T/ X denotes the wave-front set of a distribution u. Let 97, NO‘OM be the
sheaf on M of distributions with a C'°° parameter t. Then we have:

(4.3) 0— DA

! !
N @/M,O — CGMM @ %M,q, —0

[ !

0= D0 — Do — <6’M’q+ 6, —0.

4.2. PROPOSITION (see [6]). For any o and € = =+, there exist the
following isomorphisms:

(4.4) Riftorrg (M, €, % Ritorreg (M, Chr), ~ DT
In particular,

(4.5) Rt g (Mo, D7 0 )o % RIHorre g (Mo, DL )

PRrROOF. If we prove (4.4), then we obtain (4.5) by (4.3).
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We denote by (6%4 the conic sheaf on T3, X associated with the presheaf
T3y X 5 U v Dy (U): €39)/{u € Dy (U): €55); SS(w) N U = 0},

Here €S is the sheaf of C*° functions on M, and SS(u) denotes the singu-
larity spectrum of u (see Bony [5]). We have an exact sequence (see [1]):

0— €%, — 0.

: . I
Ty X €y THX € T3, X

Let %H}(’f be the Ring of temperate holomorphic microlocal operators on T* X
due to Andronikof [2]. Since both ‘6& and @4, are %%f—Modules (12], [5],
[7]) and conically soft (even conically supple), so is 6};. Let €, be any of
(Gg/l, @4, or €, and ¢ either ¢4 or g_. By [3, Corollary 3.3] and the fact
that 0, is invertible in %I;Rg’];, we have

R, m
Rorre gy (M, €pp)y =~ R%m%]%f(%%f/%ifﬂ, ¢

R, m m

We set G?\?l’]‘a[ = %JI?HM N C37|x- Then we easily obtain
0 Do

0 —>§D/A‘?|M70 — D0 —><6§/I’q+ ® C@Lq, —0

t| tl t]

0— D 00— B0 — %@m &6, —0
Dl 0
1
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0 0

|

OO,A o0 d d
0_>6N|M,0_>CM,O_>(€M¢1+ ® €y, —0

tl tl tl

00,A
€N|M,0

[

0—

CRo o
’ ’
0 0

Hence by Snake Lemma, we have

Rtorr gy, (D) Dy, Cly)y =D ng,  R¥orng (Dx[Dx7,65), = 0.

By a distinguished triangle
R%m@x (@X/@XT7(€(]1\/I)q - R%mgbx (@X/@Xﬂ(‘gf\})q
— R¥or g (Dy|Dyr,Chr)y —,
we have
Rftomeg (Dx [DxT,Cl)), = RHorrg, (Dx [Dx7,Chr)y = DLy
Therefore we obtain (4.4). O
We consider the following condition on «:
4.3. CONDITION. a; + a & Z holds for any 1 < j < m.
4.4. REMARK. By [25] (see also [35]), there is a morphism
R¥orreg, (M, Biyjpg) — RHorreg (Df My, By),
such that this induces a monomorphism
%WQDX (‘/M“ou 9B§|M) - %méby (Df*‘/m“om 97"’N)

Next, assume Condition 4.3. Then it is known that D f'M, = Df*M,
(see [21]). Since 97} is a subsheaf of %Jf\‘fl A it follows that

%WEDX (Ma7@/]<f4|M) = %mEZ)X (Ma7%ﬁ|M) = 07

0
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and by Proposition 2.1 we have:

(4.6) R¥orre g, (Mo, Iy (By)) ®w§3/_1\14 = R¥oreg (Df' My, By) =0,

Rtorre g (Mo I (D7) @ w3y = RHorregy (D fll,, D7) = 0.
Further we can write Condition 4.1 as

(4.7) Rtrre g, (M, DA ) = 0.

4.5. PROPOSITION. Under Condition 4.3 and assumption (4.7), there
exists the following isomorphisms:

Ritorrn oy (Mo, 's ™ Topuy (B6,)) @ ooy =5 DEE™

; @

Ritrorn (Mo, 57 Ty (D)) —— DEP™,

PROOF. Since problem is local, we may identify o2 M with Z,;, and
prove in the stalk at the origin. We have morphisms for ¢ = +:

R¥orrg (Mo, T-pn (D)), — DO

De N,O >
R%m@X (M, T—VN(@/M))US — @/N%m .
Therefore by Theorem 2.5, we have only to show

(4.8) R%amgbx (*/‘/Lou T‘UN (@/M))p+ = @/Né%m

Since 0 — Dy —=% Dy — M, — 0 is exact, for any j > 2 we have
%MQ?X (‘/‘/Lou T'H’N(@/M))p_,r = %Mggx (Mon T'MN(@/M))[)_ =0.
By Proposition 4.5, (4.1) and (4.7), we obtain:

(4.9) Rtorng, (Mo, D4 1) = DE 0" @ DA™
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Hence by (1.2), (4.6) and (4.9), we have
@/NE%m ® @/N%m o EBiR?Cm@X (M, T—Z/N(QZ)/M))p€
e=
— B O DA
Considering the correspondence of each morphism, we obtain (4.8). O

4.6. THEOREM. Assume that there exists an o € C which satisfies
Condition 4.3 and assumption (4.7). Then there exists the following iso-
morphism of distinguished triangles:

(4.10) Rtomreg (AL's ™ Toun (Dy,)) @ oy )y —5 D™

l l

Riorrn gy (M, 57 Ty (94)) ——=—— D\

l |

R¥orr g (M, Iy (D4y,)) ®w;€37;4 = R¥or g (DM, D7y)

I Lo

PrROOF. By (4.2) and Proposition 4.5, we have

BENG" = RHoreg (Mg, s~ T-uy(D4y))
— R¥orre g (Py (M), D) ~ @/N%m.

Hence we can prove
R%mgby (Py (M), D7 ) > @/N%m.
Then Theorem 2.5 completes the proof. [J

By definition we can write

O-m(P)(Z)T; ¢ )‘) = Tmpm(za 75, )‘)7
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where p,,(z,7;, \) is a polynomial of degree m with respect to (¢, \). Here
we remark that p,,(z,7;0,\) = A", and for any o € C,

Um(Pa)(z7T; G, )‘) = Um(P)(ZvT; ¢, )‘) = Tmpm(z77_; ¢ )‘)

4.7. CONDITION. p,,(z,7;C,A) is strictly hyperbolic with respect dt;
that s, for any (z,t,&) € M x (R™ ~ {0}), the polynomial (with respect
to A) C3 X pp,(x,4;€,A) has roots A;(z,t;€) (1< j < m) such that

(1) {Nj(@, )}, are real and distinct;
(i) each A;(z,t;€) homogeneous with respect to § of degree one;
(iil) of [§] = 1, then each A;(w,t;§) is bounded.

Note that Condition 4.7 entails the near-hyperbolicity of each ., . Then
we recall:

4.8. THEOREM ([6]). Under Conditions 4.3 and 4.7, it follows that
RHorre g (Mo, DEN )0 = 0.
In particular by (4.5),

R%m@){ (MM@ZNI?M)O ~ 0.

Hence if we assume Condition 4.7, then there exists an o € C which
satisfies Conditions 4.1 and 4.3. Therefore, we obtain

4.9. THEOREM. Under Condition 4.7, the isomorphism (4.10) holds.

4.10. REMARK. Under Conditions 4.3 and 4.7, Parenti-Tahara [29,
Theorem 1] proved:

Horre g (M, s T Ty (D7) ~ Heorreg (M, s " un (D)
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Appendix A. Specializable Systems and Nearby, Vanishing
Cycles

We recall the definitions of (regular-) specializable system and its van-
ishing and nearby cycle Modules. The contents in this Appendix are known
to specialists, but we cannot find suitable references for the purpose of this
paper. Therefore, we review the definitions and properties in some detail (cf.
[9], [19], [22], [31] for the proof of corresponding contents). Since the prob-
lem is local, we fix the coordinates of (2.1). Set ¥ := 70.. Let {@x(m)}

meN,
the usual order filtration.

A.1. DEFINITION. Let Zy- be the defining Ideal of ¥ in Oy with a
convention that 7. = O for j < 0. The V-filtration {V{ (D x)},cz (along
Y) is a filtration on D x|y defined by

j j—k
Vi(@x) = () (P € Dylys PT) C T,
je

This filtration is given by V& (@) ={ Y Pyi(z,7,0,) 0] € Dy |y }-
j—i<k
In what follows we omit the phrase “along Y” since Y is fixed.

A.2. DEFINITION. Let Jl € Mod_, (D).
(1) A V-filtration V(M) on M is a family {V¥(M)} .7 of sub-Groups
such that

(i) if v € Ny, then V# (M) C VAT (M);
(i) UVHM) = M;
m
(iii) If p, v € Z, then V(D) V¥ (M) C VA (M) holds.

(2) A V-iltration V(JL) is said to be good if (locally) there exist m € N,

{u; 3]:1 C M, {p; 3-]:1 € Z such that for any pu, the following holds:

VEL) = 32 VI (D )u,

Jj=1
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A.3. PROPOSITION. For any M € Mod_., (D x|y ), the following condi-
tions are equivalent:

(1) there exist (locally) a good V -filtration V| (M) and a non-zero polynomial
b(s) € C[s] such that for any k € Z

(0 4 k) VE(M) C VETL ().

(2) for any good V -filtration V (M), there exists (locally) a non-zero polyno-
mial V' (s) € C[s]| such that for any k € Z

V(9 + k) VEL) c VEL ().

(3) for any system of (local) generators {uj}‘j]:l of M, there exists (locally)
a non-zero polynomial b(s) € C[s] such that for any 1 < j < J
J
b(P)u; C V;,l(QDX) Uy -
=1

1=

A.4. DEFINITION. M € Moo, (D x|y ) is said to be specializable if
M satisfies equivalent conditions of Proposition A.3. We denote by
Modg (Dx) C Mod,,,(Dx|y) the subcategory consisting of specializable
D x |y-Modules.

Next, we set FPVY. (D y) := Dy () NV (D y), and call

FVy (9x) := {FPV;(@X)}IJENO,;LGZ
the bi-filtration. This enjoys the following properties:
(i) UFPVy(Dx) = Dx;

p,p
(i) if g, v € Ny, then FPVA (D ) C FPHVETY (G ),
(iii) if p, g, pt, v € Z, then FPVA.(D ) FIVY (D) C FPHIVET (@ ).
A.5. DEFINITION. Let Jl € Mod, ., (D x|y )-

(1) A bi-filtration FV({) on At is a family {FPV* (M)}, 7 of sub-Groups
such that
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(i) if ¢, v € Ny, then FPVA(AL) C FPHave+y(q);

(if) U FPVEM) =

P
(iii) if p, ¢, p, v € Z, then FPVE(D ) FIVY (M) C FPTIVET (M) holds.

(2) A bi-filtration FV(J/L) is said to be good if locally there exist J € N,
{uj}j:1 C M, {pj}}']:p {,uj}jzl C Z such that for any p, u, the following
holds:

J
FPVE(M) = 37 FPPiVEH (D y Ju; -
j=1

A.6. PROPOSITION. For any M € Mod_, (D x|y ), the following condi-
tions are equivalent:

(1) there exist (locally) a good bi-filtration FV (M) and non-zero polynomial
b(s) € C[s] of degree m such that for any k, | € Z

b(¥ + 1) FEVH ) < FREmvE=L o).

(2) for any good bi-filtration FV (M), there exist (locally) a non-zero poly-
nomial b(s) € C[s] of degree m such that for any k, | € Z

b(9 + 1) FFVIM) ¢ FRHmvI=to).

(3) for any system of (local) generators {uj}jzl of M, there exists (locally)
a non-zero polynomial b(s) € Cls] of degree m such that for any 1 <
j<J

J
b(9)u; C 3 F™V (D) u; -
i=1

A.7. REMARK. The author cannot find literature of the proof of Propo-
sition A.6, and Professor T. Oaku kindly informed the author of the proof.

A.8. DEFINITION. Jl € Moo, (D |y ) is said to be reqular-specializ-
able if M satisfies the equivalent conditions of Proposition A.6. We denote
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by Modp (Dx) C Mod.,,(Dx|y) the subcategory consisting of regular-
specializable 9 x|y-Modules. By definition, Modr (Dx) C Mody (D).

A.9. REMARK. (1) Let M € Mod_, (D), and assume that Y is non-
characteristic for .. Then M € Modr (D).

(2) It is known that every holonomic 9% x|y -Module is specializable, and
moreover every regular-holonomic 9 y|y-Module is regular-specializable.

A.10. PROPOSITION. Let 0 — M — M — M — 0 be an ezact se-

quence in Mod o, (D |y ). Then
(1) M e Modg (D) if and only if M', M" € Movg (D).
(2) M € Modr (D) if and only if M, M e Modr (D).

Let < be the lexicographical order on C = R 4 /=T R. We set

(A.1) G={aecC0xa=<1}

A.11. PROPOSITION.  For any . € Mody (D), there exist a unique
good V-filtration Vy (M) = {VE(M)},cz and a non-zero polynomial b(s) €
Cls] such that b=1(0) C G and for any k € Z

b(9 + k) V(M) € VETT ().
Moreover, for any k € N,
VEFL () = VE@ VR (), V() = 5 Ve ().
In particular, M = % VL (M) holds.

A.12. DEFINITION. For any Al € 9Modg (@x), we denote by
Gry (M) = P Gr{, (M) the associated graded Module with V- () in Propo-
JEL

sition A.11 (i.e. Gr{/(ﬂ/t) = V{,(JI/L)/V{,_I(J(/L)). Then the vanishing cycle
Py (M) and nearby cycle ¥y (M) are defined respectively by

Dy (M) := Gry (M), Py (M) := GrY (AM).
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It is known that Gry- (M) € Mod,, (Dy ) for any k € Z, and for any k € N,

G () = 8F dy (M),  Cry (M) = tF &y ().

A.13. REMARK. (1) There are several conventions about the defini-
tions of vanishing and nearby cycles, and this fact causes some confusion.
For the relation between our definition (the choice of G in (A.1), Definition
A.12 and Theorem A.18 below) and another definition, see [9, §5.3].

(2) Laurent [18] extended the definitions of nearby and vanishing cycles
by using the theory of second microlocalization.

A.14. Ezample. Let b(s) € Cls] be a polynomial of degree m € N,
and P € Mat, (V! (Dy)). Set M := D/DL(B(9) — P). Then M €
Mody (D), and as Dy-Modules

By (M)~ DT Wy (M) ~ DT

We shall give a sketch of proof.
(1) Set £ := D /D (¥ — «)”. Then a direct calculation gives

ml

(2) Set My = Dx/Dxb(F). We write b(s) = [[ (s — ;)" (q; # a; if
j=1

i # 7), and set M) := Dy /Dy (0 —a;)". Then by using Chinese remainder
theorem, we can show

M~ o M) VE () ~ i VvE (@)
0 — @1 ’ Y( 0) - @1 Y( )7
j= j=

and hence for any k € Z
m’ .
Gk (My) ~ @ Grk (W),
j=1
(3) By the proof of Proposition A.11, for any k € Z we can show

Gry (M) = Gry ((Mg)”) = Gry-(dy)”.
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A.15. THEOREM. For any Al € Movy (D), the following hold:
(1) There exist the following distinguished triangles:

By (M) 5 Wy (M) — DAL
DM — Wy (M) 2 By (A1) L

and Df*M, Df'M € D°, (%y).

= coh

(2) F[X\Y](JI/L), H[jy} (M) € Modg (D) for any j € Ny. In addition if

M€ Modr (D), then Iy 5 (M), H[JY] (M) € Mody (D) for any j € Ny

(here note that RIy (M) = Iy (J)).
(3) Wy (M) = Py (I y(M)) and Py (I3 (M)) = 0.

A.16. PROPOSITION. Let M € Mod., (D x|y ), and assume that Y is
non-characteristic for M. Set Df*M := H°D f*M. Then &y (M) =0 and

(A.2) Df' M ~ Wy (M) ~ Df*M ~ Df* M.

A.17. THEOREM. For any Al € Mody (D), there exist the following
isomorphisms:

(A.3) R g (M, Dy _y)[1] 2% RHorreg (DfM,Dy),
(A.4) RIy R¥or g (M,0y)[2] ~ R¥Home g (DM, 0y).

For any k € Z and o € G, we set

ko I+k—a)P
g (M) = U Ker(Grd ()

peN

Gr¥ ().

Here we remark that each 8 € C can be written uniquely as # = k — « with
ke€Zand a € G.

A.18. THEOREM. Let A € Modg (D).
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(1) There ezists a finite subset A C G such that if o € A, then there
exists locally p € N such that for any k € Z

gr (M) = Ker(Grly (at) 22

and if o € G\ A, thengr “¥(M) =0 for any k € Z.
(2) For any k € Z, there ezists the following finite direct decomposition:

Gry (M) = @ gry (M)

aeG

In particular,

Dy (M) = @ gry “(M), Py (M) = D gry ().

aclG aclG
Let M € Modg (D). For any v € G and p, j € Ny, we set

o t= (logt)’ o
65' V= %’ Y (0x) : Z Iy w)(Ox)e; ),

0 = 0 6O = 2 T

It is known that each Q/JZ(DQ) (M) e Mody (D) for any a and p, and if M €
Mod (D), so is each w},‘” (M). In particular, wj(ga) (0x) € Modp (Dx).

By a natural inclusion 1/J(a) (Ox) — @Z)éa) (Oy) for any p < g, {1#1(,&)( )}pENO
has a structure of an inductive system. Moreover for an a € G, the system

{w ( x)}p eN, induces an inductive system {Df' ¢p )}pEN We set
DIl () = /D [l (),

A.19. PROPOSITION. Let M € fmoDBy(QDX), and take any Z € Y.
Then there exists a py € N such that the following hold:

(1) I'(Z;gry *(M)) ~ F(Z;Dof!wl(,a)(Jl/L)) holds for any p > py,

(2) F(Z;lelwz(,a)(ﬂ/t)) — I'(Z;D'f! ¢p+p (M)) is the zero morphism for
any p € Ny.
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By Proposition A.19, for any Z € Y, there exists the following natural

morphism on Z if p is large enough:

(A.5)

gry (M) — D fHpled (),

which is compatible with the inductive system structure.
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