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A Remark on the Geometric Jacquet Functor

By Noriyuki ABE and Yoichi MIEDA

Abstract. We give an action of N on the geometric Jacquet func-
tor defined by Emerton-Nadler-Vilonen.

Let GRr be a reductive linear algebraic group over R, Gr = KRARNR
an Iwasawa decomposition, and MR the centralizer of Agr in Kr. Then
Pr = MRARNR is a Langlands decomposition of a minimal parabolic sub-
group. We use lower-case fraktur letters to denote the corresponding Lie
algebras and omit the subscript “R” to denote complexifications. Fix a
Cartan involution 0 such that K = {g € G | 6(g) = g}. For a (g, K)-module
V', the Jacquet module J(V') of V is defined by the space of n-finite vectors
in lim .o V/0(n)*V [Cas80].

For simplicity, assume that V' has the same infinitesimal character as
the trivial representation. Denote the category of Harish-Chandra mod-
ules with the same infinitesimal characters as the trivial representation
by HC,. Let X be the flag variety of G, Pervg(X) the category of K-
equivariant perverse sheaves on X. By the Beilinson-Bernstein correspon-
dence and the Riemann-Hilbert correspondence, we have the localization
functor A: HC, — Pervg(X). Emerton-Nadler-Vilonen gave a geomet-
ric description of J(V') by the following way [ENV04]. Fix a cocharacter
v: G,, — A which is positive on the roots in n. Define a: G,, x X — X by
a(t,x) = v(t)x. Consider the following diagram,

X {0} xX -A'x X -G, x X3 X.

Let Rt be the nearby cycle functor with respect to A! x X — A!. Then
the geometric Jacquet functor ¥ is defined by

U(F) = Rp(a”(F)).
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THEOREM 1 (Emerton-Nadler-Vilonen [ENV04, Theorem 1.1]). We
have Ao J~WoA: HC, — Pervg(X).

It is easy to see that J(V) is a (g, N)-module for a (g, K)-module V.
Hence ¥ (%) is N-equivariant for F € Pervi(X). (See also [ENV04, Re-
mark 1.3].)

In this paper, we give the action of N on V(%) in a geometric way.
Roughly speaking, this action is given by the “limit” of the action of K.

We use the following lemma.

LEMMA 2. Let X be a scheme of finite type over A1, X0 (resp. Xy) the
inverse image of G, (resp. {0}), and G a smooth group scheme over Al.
Assume that the action of G on X over Al is given. If F° is a G°-equivariant
perverse sheaf on X0, then Ry(F°) is Go-equivariant.

PROOF. Define m: G xp0 X — X by m(g,z) = gx. Then m is a
smooth morphism. Let m": G° xg, X — X% and mg: Gy x Xy — A be
its restrictions. Since F° is GY-equivariant, we are given an isomorphism
(mO)*(F) ~ pr3(F"). Hence we have an isomorphism Ri)(m°)*(F°) ~
prrg(@o). By the smooth base change theorem, we get an isomorphism
mi Rip(F°) ~ prs Ry (F°) [SGAT 11, Exposé XII]. It is immediate that this
isomorphism gives a Go-equivariant structure on R (F). O

Set
Ko ={(t,k) € G,, x G | k € Ad(v(t) ) (K)} c Al x G.

Let K be the closure of K in A! x G. It is a closed sub-group scheme of
A x G. Then K is flat over Al. By [Oor66], a group scheme of finite type
over a field of characteristic zero is reduced. Hence each fiber of I — Al is
reduced. Therefore, K — A! is smooth. Hence K is smooth over Al

Let X be the restricted root system of (g,a), ©1 the positive system
corresponding to n, and g, the restricted root space for a € 3. Then ¢ is
spanned by m and {X + 6(X) | X € go,a € X7 }. Since

Ad(v(t) (X + (X)) =t~ (X + 2729(X))
for X € g,, the Lie algebra of Ad(v(t)~!)(K) is spanned by
m and {X + 290(X) | X € go,a € T},
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Hence the neutral component of Ky is M°N where M° is the neutral
component of M. Since MK° = K and Ad(v(t)"')(M) = M, we have
Ko=MM°N = MN.

Define a: K° xg,, (G, x X) — K x X (resp. m: K° xg,, (G x X) —
Gm x X, m: K xX — X) by a((t,k), (t,z)) = (Ad(v(t))k,v(t)x) (resp.
m((t, k), (t,z)) = (t,kz), m(k,z) = kz). Then we have the following com-
mutative diagrams

K:OXGm(GmXX)m—)GmXX ICOXGm(GmXX)&GmXX

. S R

KxX n X, KxX X.

Let & € Pervi(X). Then m*F ~ pri%. Hence we get a*m*F ~ a*priF.
By the above diagrams, m*a*% ~ pria*%. Therefore a*(¥) is K -equivari-

ant. By Lemma 2, ¥(%) = Ry(a*(F)) is K9 = M N-equivariant.

REMARK 3. Let I' be the quasi-inverse functor of A. Then N acts on
['(U(F)). Moreover, this becomes a (g, N)-module [Kas89, 9.1.1], namely,
the infinitesimal action of N coincides with the action of n C g. We also
have that J(I'(%)) is a (g, N)-module. Hence both N-actions have the same
infinitesimal actions. Since the action of N is determined by its infinitesi-
mal action, the N-action we defined above coincides with the N-action on

J(D(F)).
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