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The Generalized Gluskov-Iwasawa
Local Splitting Theorem

By A. A. GEORGE MICHAEL

Abstract. In this paper we obtain an extension of Gluskov-
Iwasawa local splitting theorem for locally compact groups as the prod-
uct of a compact group and a local Lie group, to inverse limits of finite
dimensional Lie groups.

For any topological group G let Gy be its identity component and call
G almost connected if G/Gy is compact. If G is a locally compact group
which is either connected in [8, Theorem 11] or almost connected in [4, The-
orem A] it is proved there that for every 1 € U open C G, there exists a
compact normal N < G, N C U such that G/N Lie group and N x G/N is
locally isomorphic to G. We call this result the Gluskov-Iwasawa local split-
ting theorem for locally compact groups . We wish to generalize this result
to almost connected projective Lie groups, i.e. inverse limits of finite di-
mensional Lie groups or equivalently complete Hausdorff topological groups
such that every neighborhood of the identity element of which contains a
closed normal subgroup that gives rise to a finite dimensional Lie quotient
group [9]. An almost connected locally compact group is a projective Lie
group [10, p.175], so our result generalizes the Gluskov-Iwasawa local split-
ting theorem for locally compact groups and we call this generalization the
generalized Gluskov-Iwasawa local splitting theorem. We obtain a sufficient
criterion for the validity of the generalized Gluskov-Iwasawa local splitting
theorem which extends the condition that is automatically satisfied in the
locally compact case. This generalization has also been considered in [7].
We show that our sufficient condition is equivalent to the one obtained in [7,
Theorem 3.2] but the proofs we give are different and provide a vast simplifi-
cation of the ones in [7]. We remark that the proof of [7, Theorem 3.2] gives
the stated assertion only for connected groups so our Theorem 2.2 actually
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extends the proof of [7, Theorem 3.2] to the almost connected case. Our
approach gives a new proof of the Gluskov-Iwasawa local splitting theorem
for locally compact groups. Note that, as observed in [6, p.600, Example
14.23], the Gluskov-Iwasawa local splitting theorem does not apply even to
connected projective Lie groups in general.

The paper is divided into three sections. In section 1, we state our
criterion and show that it is equivalent to the one in [7, Theorem 3.2]. In
section 2, we prove that our criterion yields the generalized Gluskov-Iwasawa
local splitting theorem in Theorem 2.2. In section 3, we derive the classical
Gluskov-Iwasawa local splitting theorem for locally compact groups from
our generalized version in Theorem 3.2.

1. The Sufficiency Criterion

We shall need the following Lemma.

LEMmMmA 1.1.

Let L1, Ly be two finite dimensional Lie algebras over K, a field of char-
acteristic 0, and let sy, sy (resp. di,dz) be the nilpotent radicals (resp. ide-
als) of Ly, Lo respectively such that s; C d; for i = 1,2. Then for any
surjective Lie homomorphism ¢ : Ly — Lo such that o(dy) = dgy the follow-
ing statements hold:

1) There exists a Lie homomorphism a : Ly — L1 /(dy Nker @) such that
a(Ls) is an ideal in L1 /(dyNker ) and ¢’'oa = 1 where ¢’ : L1 /(diNker ¢) —
Lo is the Lie homomorphism induced by .

2) Suppose further that there exists a group G < Aut(Li,p) = {m €
Aut(Ly) : pom = ¢} and H normal < G,G/H finite such that

i. 0(dy) =dy forall e G

ii. the homomorphism a of part 1) satisfies

a(Ls) C (L1/(dy Nker)) = {Z € Li/(di Nkery) : h(z) = = for all
h € H}, then the homomorphism a of part 1) can further be chosen such
that a(Ls) C (L1/(dy Nker )¢,
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PROOF.
We have the following commutative diagram of Lie homomorphisms

0 dy L —2— Li/dg —— 0
I &
0 dy Ly —2— Ly/dy —— 0

where the vertical maps are surjections, ci,co are the canonical maps and
@ is induced by .

Note that since L;/d; reductive for ¢ = 1,2, the homomorphism ¢ is
a projection onto a direct factor [3, p.57, Corollary], hence there exists
a : Ly/ds — Li/d; Lie homomorphism such that g o = 1, L1/dy =
a(La/da) @ ker ¢ and a(La/ds) ideal in Ly /d;.

1) The above commutative diagram gives c; ' o @(Z) = @ o ¢ *(Z) for
all & € Ly/dy. Tt follows that for all m € La, we have c; " o @(a 0 ca(m)) =
poc(aocy(m)) and m+dy = pocy(aoca(m)), hence p~'(m) Ny (ao
co(m)) = zp, + (ker p N dy) for some x,,, € L1. We get a function a : Ly —
Li/(kerp N dy) defined by a(m) = zp, + (kero Ndy) for all m € Lo, Tt
is immediate that a is a Lie homomorphism and that ¢’ o a = 1. Finally,
note that for m € Lo, k € kerp/(ker o Ndy) and if ¢} : L1/ (kerp Ndy) —
Ly /d; is the canonical map, then ¢, ([a(m), k]) = [avo ca(m), 1 (k)] = 0 since
c1(k) € ker ¢ so that [a(m), k] € (d1/d1 Nker ) N (ker p/d; Nker ¢) = 0 and
Li/(di Nker ) = a(L2) @ ker p/(dy Nker @), a(L2) ideal in Ly /(d1 Nker ¢).

2) Assumption i. and the fact that m(ker ) = ker ¢ all m € Aut(Lq, ¢)
shows that G acts by automorphisms on L;/(ker¢ N dy) and on Lp/d;.
Therefore p o g = ¢ for all g € G. Note that if g € G, x € Lo, then

0=@(g(c)oa(z)) « 0=gp(c)oa(x))
= cjoa(z) =aocy(z) € a(ly/dy) Nkerp =0

hence g(c} oa(L2)) Nker g = g(a(La/d2)) Nker = 0 for all g € G. Observe
that (Ll/dl,Ll/dl) = Oé(LQ/dQ) N (Ll/dl,Ll/dl) @ ker o N (Ll/dl,Ll/dl)
and since g(a(La2/d2)) Nkerg = 0 for all ¢ € G, the semi simplicity
of (L1/dy, L1/d1) shows that g(a(La/d2) N (L1/dr, L1/d1)) = a(L1/d2) N
(L1/dy, Ly/dy) for all g € G [3, p.53, Corollary 1].

Observe also that since a(La) C (L1/(d1 Nker ) we have a(Lg/ds) =
6/1 o a(Lg) - (Ll/dl)h, hence (Z(Ll/dl))HOé(Lg/dg) N Z(Ll/dl) @ ker p N



126 A. A. GEORGE MICHAEL

(Z(L1/dy))" where Z(Ly/dy) = Center of Ly /dy. Therefore the finite group
G/H acts linearly on (Z(Li/d1))" and kerg N (Z(L1/d1))" is a G/H-
stable subspace, hence (Z(Ly/d1))" = (Mz/dy)) @ ker @ N (Z(L1/d1))"
where My /d; is a G/H-stable subspace [5, p.22, Theorem 2.2]. We have
dimMz/dl = dima(Lg/dQ) N Z(Ll/dl) and I = (Mz/dl) D Od(LQ/dQ) N
(L1/dy1,L1/dy) is an ideal of Lq/d;. Note that dim I = dim «(Ly/d2) and
INnker g = 0, hence @ restricts to an isomorphism I — Lo /dy. Let o/ be the
inverse of this isomorphism, then o/(Ls/dy) is an ideal of L;/dy such that
g(d/(La/d2)) = o/ (Le/ds) for all g € G. Replacing the homomorphism « by
o/, the construction of part 1) shows that we can get the homomorphism a
to satisfy the further condition that a(Lg) C (Ly/(diNker ¢))€ as desired. O

In the following proposition we propose a criterion on a projective Lie
group and show that it is equivalent to the one in [7, Theorem 3.2]. For any
finite dimensional Lie group G, we denote by L(G) its Lie algebra.

PropoOSITION 1.2.

Let G be a projective Lie group, then the following two statements are
equivalent:

i. there exists a filter base {kerp; : i € I} of normal subgroups of G
such that G/kerp; Lie group for all i € I that converge to 1 € G and
sup; dim s; < oo, where s; = nilpotent radical of L(G/ker p;).

ii. there exists a filter base {kerp; : i € I} of normal subgroups of G
such that G/kerp; Lie group for all i € I that converge to 1 € G and
sup; dimn;/z; < oo, where n; = largest nilpotent ideal of L(G/kerp;) and
zi = center of L(G/kerp;).

PROOF.

CramMm. Let L;, i = 1,2 be finite dimensional Lie algebras over a field
K of characteristic 0 and let s; (resp. n;, resp. z;) for i = 1,2 be their
respective nilpotent radicals (resp. largest nilpotent ideals, resp. centers)
such that dim(s1/(s1 N z1)) = dim(s2/(s2 N 22)) and let ¢ : L1 — Lo be a
surjective Lie homomorphism, then ¢(n;) = no.

ProoOF OF CLAIM.
Let r;, ¢ = 1,2 be the radicals of L;, ¢ = 1,2 respectively. We have

ny = {p(x) € p(r1): (adye,) p(z))" = 0 for some n > 1}
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[3, p.47, Corollary 7] + [3, p.53, Corollary 2]
= ez er:(adx)"(r1) C kerp for some n > 1})

o({z e r :adz)" (r1) = 0 for some n > 1})

(
o{z er:(adx)"(r1) C sy Nkerp C 51Nz for some n > 1})
(
(n1),

N 1N
©

hence we have equality. [J

For i,j € I, j > i let ¢;; : G/kerp; — G/kerp; be the canonical
homomorphism, then ¢;; induces a surjective Lie homomorphism (¢;;)4 :
L(G/kerp;) — L(G/ ker p;).

i. = ii. Since dims;/s; N z; < dim s;, we may assume that dims; = K,
dims;/s; N z; =L foralli e I. Foralli,j € I, i< j, ker(p;;)% Ns; =0.

Therefore,

z € niN (i) (z)
= [z, L(G/kerp;)] C ker(pij)xNsj =0
= T Ezj,

hence z; = n; N ((¢ij)#) 1) (2i). By the above claim (;;)4(n;) = n;, hence
(¢ij)4# induces an isomorphism n;/z; — n;/z;.

ii. = i. Since dims;/s;Nz; < dimn;/z;, we may assume that dim s;/s;N
zj = L for all j € I. Choose i € I such that dimn;/z; = sup,e;dimn;/z; <
0.

For all i < j € I the above claim gives (¢;;)4(nj) = nj, hence z; = n; €
((#ij)) " (2i). Apply Lemma 1.1, part 1) with the substitution d; — n;/z;,
dy — ni/z, L1 — L(G/kerp;)/zj, Ly — L(G/ ker p;)/z;, we get an injective
Lie homomorphism

L(G/kerp;)/z; — L(G/kerpj)/n;N (cpij)#)*l(zi)
= L(G/kerp;)/z;

such that L(G/kerp;)/z; = M;/z; ® ((pij)x) *(2i)/z; hence
((pij)#) 1(2;)/2; has no nilpotent ideals and therefore is semi simple and
the radical of L(G/ kerp;) = r; € M;. We have the radical of M; = r(M;) =
r; and therefore the nilpotent radical of M; = s(M;) = [r;, M;] C s;.
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Observe that L(G/kerp;) = + ((¢ j) )" (z:) and if @ € rj, then
y € Mj = [z,y] € s(M;) and since (( )4) 1(2i)/2; is semi simple v, w €
((pij) )" H(zi) = [z, [v,w]] = 0since [rj, ((pij)#) " (2:)] C z; so that radical
of

L(G/kerp;)/s(M;) = r;/s(M;)

Z(L(G/ kerpj)/s(M;))
= center of L(G/ker p;)/s(M;)

and L(G/kerp;)/s(M;) is reductive, hence s; = s(Mj).

Let M; = z; ® P where P is a real vector space of dimension =
dim(M;/z;) = dim(L(G/ kerp;)/z;) and let {x1,%2,. .., Tdim L(G/ ker pi)/z |
be a basis of P. We get

dims; = dims(M;)
dim[M;, M;j]

dim; < <i<dim(L(G/ ker pi) /2 BlTks 1]

(dimL(G/lerpi)/ Z) O

IA A

IN

2. The Generalized Gluskov-Iwasawa Local Splitting Theorem

In this section we show that the criterion given in Proposition 1.2 is
sufficient to establish the generalized Gluskov-Iwasawa local splitting the-
orem in Theorem 2.2. We remark that the proof of [7, Theorem 3.2] gives
the stated assertion only for connected groups so our Theorem 2.2 actually
extends the proof of [7, Theorem 3.2] to the almost connected case

THEOREM 2.1.

Let G be an almost connected projective Lie group and let {kerp; : i € I}
be a filter base of normal subgroups of G such that G/ ker p; Lie group for all
i € I that converges to 1 € G and dims; = K < oo for all i € I, where s; =
nilpotent radical of L(G/kerp;). Fizi € I and let G; be the universal cover
of (G/kerp;)o, then there exists a continuous homomorphism a; : G, — G
such that the composition G; —= G N G/ kerp; is the canonical map
ci: Gi — (G/kerp;)g — G/ kerp; and (a;(G;), kerp;) = 1.
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PROOF.

Fix i € I, for i < j € I let ¢;; : G/ kerp; — G/ ker p; be the canonical
homomorphism, then ¢;; induces a surjective Lie homomorphism (¢;;)4 :
L(G/kerpj) — L(G/kerp;) and define A; = {o € Hom(L(G/kerp;),
L(G/kerp;)) : (pij)p 0o 0 = 1, o(L(G/kerp;)) ideal in L(G/kerp;),
o(L(G/kerp;)) < (L(G/ker pj))Adkerpi/kerpi) - Note that (Aj, (¢jr)4) is

an inverse system of sets.
Cram. A;#(Qforalli<jel.

ProOOF OF CramM. By lemma 1.1 part 1), there exists o €
Hom(L(G/ kerp;), L(G/ kerpj)), (¢ij)# o 0 = 1, o(L(G/kerp;)) ideal in
L(G/kerp;). Let mj : G — G/kerp; be the continuous homomorphism
such that (mj)y = o, pij om; = ¢; (where (¢;)x = 1) [3, p.305, Theorem

1], then m;(G;) normal < (G/ker p;)o [3, p.307, Proposition 1] + [3, p.316,
Proposition 14]. Therefore

1 (m(é ), (ker p;/ kerp;) N (G/ ker p;)o)

J %
(C:'z) N (ker p; / ker p;)
(ker ¢;)

N 1N m

m;
m;
and since ker ¢; discrete < Gy, we get kerc; < Z (éz) an~d ker ¢; is a finitely
generated abelian group [11, Theorem 3.1]. Hence m;(G;) N (ker p;/ ker p;)
is a countable Hatgsdorff topological group and therefore totally discon-
nected and (m;(G;), (kerp;/kerp;) N (G/kerp;)o) = 1. It follows
that o(L(G/kerp;)) < (L(G/kerp;))Ad(kerpi/kerp;)n(G/kerps)o) — Since
(ker p;/ ker p;) /(ker pi/ ker p;) N (G/kerpjlo < (G/kerp;)/(G/kerp;)o fi-
nite, Lemma 1.1 part 2) shows that A; # 0 as desired. O

We show that Lim A; 7# 0.

Let S; = {0,(c + M) N {a € Hom(L(G/kerp;), L(G/kerp;))
a(L(G/kerp;)) ideal in L(G/kerp;),a(L(G/kerp;)) < (L(G/
ker p;))Adkerpi/kerp)y . o € A;0 M < Hom(G/ kerp;), L(G/ kerp;))} for all
i < j € I, then these sets satisfy all the conditions of [1, p.198, Theorem 1].
Condition ii) is the only condition that needs to be verified, so suppose that
{(ya + My) N {a € Hom(L(G/kerp;), L(G/kerp;)) : a(L(G/kerp;)) ideal
in L(G/kerp;),a(L(G/ kerp;)) < (L(G/ ker p;))Adkerpi/kerpi)y . o € T} is
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a family of sets with the non-trivial finite intersection property. We may
assume that the M,’s are closed under finite intersections so if My is one
of them of minimum dimension, then (yo + Mp) N {a € Hom(L(G/ ker p;),
L(G/kerp;)) : a(L(G/kerp;)) ideal in L(G/kerp;),a(L(G/kerp;)) <
(L(G/ ker p;))Adkerpi/kerpi)y - C (y, + M,) N {a € Hom(L(G/kerp;),
L(G/kerp;)) : a(L(G/kerp;)) ideal in L(G/kerp;),a(L(G/kerp;)) <
(L(G/ kerpj))Ad(kerpi/kerpj)}.

Finally observe that since (¢;)4 = 1 and (L(G/ ker p;))Adkerpi/kerp;) —
L(Cg/xerp; (ker p;/ ker p;)) [3, p.346, Proposition 8], then by virtue of [3,
p.305, Theorem 1] + [3, p.316, Proposition 14] there exists a continuous
homomorphism a; : G; — I(filng/ kerp; (ker p; / ker p;) < I{ﬂnG/ kerp; = G

Jj>i >

such that p;oa; = ¢;. Now observe that the isomorphism G' — Lim G/ ker p;
J>i
restricts to an isomorphism Cg(kerp;) — Lim Cg/yerp, (ker p;/ ker p;) (the
Fj>i

surjectivity of the last arrow follows since if z € G and (p;(2), pj(kerp;)) = 1
for all i < j € I, then (2,kerp;) C (.o, kerp; = 1). Hence (a;(G;), kerp;) =
1 as desired. [J

i>i

THEOREM 2.2. Generalized Gluskov-Twasawa local splitting theorem.

Let G be an almost connected projective Lie group such that there exists
a filter base {kerp; : i € I} of normal subgroups of G such that G/ ker p;
Lie group for all ¢ € I that converges to 1 € G and dims; = K < oo for
all ¢ € I, where s; = nilpotent radical of L(G/ker p;), then for every 1 € U
open C G, there exists N almost connected normal < G, N C U, G/N Lie
group and 1 € W open C G/N, a map ¢ : W — G such that the map
N x W — G defined by (n,w) — ne(w) is a homeomorphism onto an open
neighborhood of 1 € G that defines a local isomorphism of N x G/N to G
[2, TG III. 6].

PRrROOF.

Let 1 € U open C . By hypothesis , there exists ¢ € I such that
kerp; C U. By [6, Theorem 4.28 (i)] G/(kerp;)o is a projective Lie group
and since all Lie quotients of it are of dimension < dim G/ ker p;, it fol-
lows from [6, Theorem 9.44] that Go/(ker p;)o is locally compact, hence
G/(ker p;)o is locally compact [2, TGIIL.75, EX 10e]. There exists (ker p;)o <
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ker p; < kerp; such that ker p;/(ker p;)o compact, G/kerp; Lie group. For
all j > i, kerp;/ kerp; Nkerp; < ker p;/ ker p discrete and L(G/ kerp;) =
L(G/kerpj Nkerp)). Therefore, considering the filter base {ker p; Nker p; :
j > i} we may assume that ker p; is almost connected.

Let G; be the universal covering group of G /(kerp;)o, ¢ : G, —
(G/kerp;)o — G/ kerp; the canonical projection and let a; : G; — G be
the homomorphism provided by Theorem 2.1. Let 1 € V open C G; such
that ¢; restricts to a homeomorphism ¢; : V' — ¢;(V') open C G/ ker p;. Let
1 € W open C W? C ¢;(V), then the map ker p; x W — G defined by
(n,w) — na; o ¢ '(w) defines a local isomorphism of ker p; x G/ ker p; to G
as desired [2, TGIIL.6, Proposition 3]. OJ

Finally we remark that the sufficiency criterion in Theorem 2.2 for the
validity of local splitting of almost connected projective Lie groups is not
necessary. In fact, a product of infinitely many copies of a connected fi-
nite dimensional Lie group with non-reductive Lie algebra is an example
of a connected projective Lie group that admits local splitting for every
neighborhood of the identity but for which the sufficiency condition of the
theorem obviously fails.

3. The Classical Gluskov-Iwasawa Local Splitting Theorem

In this section we show that our criterion stated in Proposition 1.2 for
projective Lie groups is automatically satisfied for almost connected locally
compact groups in Lemma 3.1 and hence we obtain a new proof of the clas-
sical Gluskov-Iwasawa Local Splitting Theorem for locally compact groups
in Theorem 3.2.

LEMMA 3.1

Let G be an almost connected locally compact group and let K be the
mazximal compact normal G [5, p.180, Theorem 3.1], then if kerp is a
compact normal < G such that G/kerp Lie group [10, p.175] we have
dimn,/z, < dim G/K < oo where n, = largest nilpotent ideal in L(G / ker p)
and z, = center of L(G/ ker p).

PROOF.
Note that L(Kokerp/kerp) is an ideal of L(G/kerp) and ad x is semi
simple linear transformation of (L(G/kerp)) for all x € L(Kker p/ ker p),
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hence n, N L(Kokerp/ ker p) < z,. It follows that

dimny,/ 2z, dimny,/n, N L(Kokerp/ ker p)
dim L(G/ kerp)/L(Koker p/ ker p)
dim G/ Kokerp

dim G/K < co. O

VARVAY

THEOREM 3.2. Classical Gluskov-Iwasawa Local Splitting Theorem.

Let G be locally compact group, then for any 1 € U open C G, there
exists N compact < G, N C U and a local Lie group L such that G is
locally isomorphic to N x L.

PROOF.

Let G* open < G, G*/Gy compact < G [2, TGIII, p.36, Corollary
1], hence we may assume that G is an almost connected projective Lie
group [10, p.175]. Our sufficiency criterion is satisfied by virtue of Lemma
3.1 4+ Proposition 1.2 hence our assertion follows from Theorem 2.2. [J
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