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On an Optimal Control Problem for the Wave

Equation with Input on an Unknown Surface

By Bur An Ton

Abstract. An optimal control problem for the wave equation
with Dirichlet boundary conditions, initial data in L2?(2) x H ()
and input g on an unknown interior surface,is studied.Using control
techniques and the generalized gradients, feedback laws for an approx-
imating system yielding the support of the Radon measure u from
observed values of the solution in a fixed subregion, are established.

1. Introduction

The purpose of this paper is to study an optimal control problem for the
wave equation with an input on an unknown interior surface,i.e. one wishes
to identify an obstacle from the observations of far away reflected waves.
The problems have applications in geophysical explorations, oceanography,
medical diagnosis and reconnaissance. For known point sources, the anti-
noise problem for the wave equation was treated by J.L.Lions in [7]. For
unknown point sources, the one dimensional initial boundary value problem
has been treated by G.Bruckner and M.Yamamoto in [3], estimations of the
point sources have been studied by V.Komornik and M.Yamamoto in [5,6]
and the general case has been considered by A.El.Badia and T.Ha Duong
[4].

For unknown surface source the exact controllability of an initial bound-
ary problem for a nonlinear wave equation has been studied by the author
in [10]. In this paper we shall consider the case when the surface-source is
the support of a Radon measure.

The controllability of the Laplace equation observed on an interior curve
has been treated by A.Osses and J.Puel in [9] .
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502 Bui An Ton

Let Q be a bounded open subset of R3, let u € K
K={u:u>0,|lullg2onme < M}

with M defined in Section 2. Consider the problem

(L.1) y'—Ay+p = finQx(0,T),
y=00n0Q x (0,7) and {y, y'} |t=0= a in Q.

Here p is a measure defined by
< pyip >= / gpda Yy € Co(2)
0Qq

and
090 ={£: & € Qu(§) = a}
where ¢ is a given function with
geC(€), 921,

with a € (0, maxgu). Since u is positive and in C*(2) the boundary 0, is
non empty and €}, is an interior subset of €2 as a is in the range of u.

Let x be given and y be a solution with u, a, g and let J(u,u,a) be the

T
J(u,u,a>=/ /|y—x!dazdt
0 Q

where Q is an interior subset of € having an empty intersection with

supp(ut)-
Given a in L?(Q) x H~Y(Q), one wishes to find

cost function

(G, u, i,a} € C(0, T3 LA(Q) x {H*(Q) N HY(Q)} x My(Q) x R

with

(1.2) /OT/Q]g—X]dxdt

= inf {J(u, u,a): Y{y,u, p,a}such that
supp N suppx = 0, Va € [ap, maxu], u € K}
Q
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The set of all bounded Radon measures in €2 is denoted by M(€2).

An approximating system for (1.1) is studied in Section 2. Feedback
laws for the approximating system are established in Section 4 and the main
result of the paper is proved in Section 5. Initial boundary value problems
for parabolic equations with given Radon measure sources have been studied
by H.Amman and P.Quinter [1], by L.Boccardo and T.Gallouet [2]. Elliptic
problems with a solution-dependent Radon measure were considered by the
author in [11].

Acknowledgment. The author is grateful to the referee for his insightful
comments and for calling his attention to references [5,6,9].

2. An Approximating System

In this section we shall
(i) construct functionals 1, , uniformly bounded in L'(Q) with

k= p in D'(Q), supp(u) = 0

(ii) construct the unique weak transpose solution of an initial boundary
problem for the wave equation with L!(Q)-source and show that it is the
sum of two functions, one being time-independent,

(iii) study the value function associated with the problem in (ii) and a
given cost functional.

Let F}, be a positive Lipschitz continuous function on R with

k ifs=a
Fk(s)_{ 0 ifs<a—kltorifs>a+k!

and

/ Fi(s,a)ds =1= / Fy(s,a)ds.

—00

The Fy(s,a) approximate the Dirac delta function with mass at a. Let
u € H2(Q) N HE(Q), u >0, then u is in C*(2) and

Qa:{f:569,0<u(§)<a,0<a<mﬁaxu}
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is an interior open subset of Q with 99, € C*.

We shall denote by E(f, @) the expression
(2.1) E(f,0) =1+ | Q|+ fllz2 Q) + el 2« m-1(0)
where @ = Q x (0,7).

Step 1. Let M be a constant with M > E(f, ) and let
(2.2) K={v: ||fU||H2(Q)mH3(Q) <M, v=v">0inQ}

then K is a compact convex subset of L2(€2).
Consider the initial boundary problem

(2.3) uj, — Auy + gFp((ug +0)",a) = 1inQ,
up =0on {0QUIN} x (0,T) , wuk(.,0)=0 in Q.

LEMMA 2.1.  Let {g,v} be in C(Q2) x K with infgg > 1, then there
exists a unique solution uy of (2.3) with

lukll L2010y + ”u;cHLl(O,T;(Hé(Q)ﬂHZ(Q))*) + [Jukl| Loo (0,7522(0))
+ lgF((ue +v)",a) |1 ) < 2¢llgllew)

where ¢, 1s the Poincare constant.
PrOOF. 1) First consider the problem

), — Aty + gF((ig +v)T,a) = 1 inQ, x (0,7),
U =0on {0QUIN} x (0,T) , ar(.,0)=01in Q.

Since for fixed k, F} is Lipschitz continuous there exists a unique solu-
tion of the problem and

{ag, u),} € L*(0,T; H} (Q4)) x L0, T; H1(Qy)).
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2) We now consider the initial boundary problem

a; — Aty + gFr((Ug + v)+,a) = 1in Q/ﬁa x (0,7,
ir =0 on (0Q/Q) x (0,T) , a(.,0)=0in Q/Q,.

As above there exists a unique solution g of the problem with
{ay, 1f} € L2(0,T; HY(/Qq)) x L2(0,T; H~1(Q/Q,)).
3) Set
up(&,t) = Uy in Qq x (0,T) , up =4y, in (2/Qq) x (0,7T).
Then wy is a solution of (2.3) and
{up,up} € L*(0,T; H3 () x L*(0,T; Hy H(Q)).

Since F}, is Lipschitz continuous the solution is unique.
We now establish the estimate of the lemma.

We have

Skt oy + 29+ 0)Faq) + 20 Fel(us + )" a), g +0)
< 2| QM ug + vl 20
< 209 2 |V (u + )l 2y
< IV (up+ ) By + 2 192

Thus,
luk + UH%OO(O,T;LQ(Q)) +  [IV(ur + U)H%%O,T;L?(Q))

T
+ / (9 F%((ug —i—v),a),uz +v)dt < ci | Q.
0

From the definition of the functional F; we obtain

T T
/0 (0Fi((ug + )", a), ug + v)dt = /0 (9F((ug + )" a), (ug +0)")dt.
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We have only to consider the set where
a—k' < (up+0)(&t) <a+ kL

Take k> a/2 > ap/2 >0 and we get

T
Do+ o), g < [ (oFellun+ o)t o) + o)
0

< TIQ|
and the lemma is proved [J
Set
T
(2.4) Ui ((u + )", a) = / 9Fe((ur + )", a)dt
0
then,
+ 2c
(2.5) 1n((ug +0)",5 a)ll 1) < QT | .

With vy as in (2.5) we now consider the elliptic boundary problem
(2.6) —Azp + P ((up +v)7, a) =14+ Av in Q, 2z, =0 on 9.

LEMMA 2.2. Let ug, v be as in Lemma 2.1 and let 1y, be as in (2.5).
There exists a unique solution zj, in HY(Q) of (2.6) with

2c2
lzr + UHW(},r(Q) <C(1+ | Q] —i—a—(‘)"T | Q2]) Vr e (6/5,3/2)
where C is a constant independent of ug,v, k, a.

PrOOF. The existence of a unique solution z; in H} () is known. We
now establish the estimate of the lemma. Since v is in L'(£2),we obtain
by applying a result due to L.Boccardo and T.Gallouet [2]

ot + ollyiry < C{IH Q| Hiw((ur + )", @)l )

2c2
< cfi+|el+—=T|Q|}
0
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for r € (6/5,3/2) and where C' is a constant independent of k, v, ug, a O

Step 2. We now construct a weak transpose solution of a wave equa-
tion. Consider the problem

(2.7) vl — Az = f—11inQ,
v, =0 on 0 x (0,7) , {xk, 1.} i=0= a — {2 +v,0} in Q.

With o — {2z, 0} in L?(Q) x H~1(Q) we are led to the notion of weak
transpose solution of the wave equation.

DEFINITION 2.1. Let {h,a} bein L*(Q) x L*(Q) x H1(Q), then
{u, v} € C(0,T;L*(Q)) x C(0,T; H ()
is said to be a weak transpose solution of
W' —Au=hin Q, u=0 on N x (0,T), {u, u'} |=o=

if

t
(u/( 5 t)v 90( ) t)) - (041, ()0( 5 O)) - /0 (u( 5 8)7 (pl( x 3))ds
t ¢
= / (u, Ap)ds +/ (h, ¢)ds
0 0

for all ¢ in C2(0,T; HE(Q) N H2(Q)).
LEMMA 2.3. Let z be as in Lemma 2.2 and let
{fia, v} € L*(Q) x {L*(Q) x H ()} x K.

Then there exists a unique transpose solution i of (2.7) with

2¢2
||9Ck||o(0,T;L2(Q)) + H*r?cHC(O,T;H*l(Q)) < C{g(fa a) + CL—()T | ] }
where C is a constant independent of k, v, ug, Tk.

PROOF. Since z is in W, (€2) and 6/5 < r < 3/2, it follows from the
Sobolev imbedding theorem that W17 () c L?(Q). Thus,

o — {z, +v,0} € L*(Q) x H Q).
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The existence of a unique weak transpose solution xj, of (2.7) has been shown
by J.L.Lions and E.Magenes [8].The estimate is an immediate consequence
of those of Lemmas 2.1, 2.2 [J

Step 3. The main result of the section is the following theorem.

THEOREM 2.1. Let {f, g, v, a} be in

L*(Q) x C(Q) x K x {L*(Q) x H}(Q)}, i%fg > 1.

Let uy, be as in Lemma 2.1 and let ¥y ((ugp +v)*, a) be as in (2.4), then
there exists a unique weak transpose solution of the initial boundary problem

(28) k= Ayp+Ve((ur +v)",a) = finQ,
yr =0 on 0Q x (0,T) {yk, yz} lt=o= ¢ in Q.

Moreover

2¢2,
lykllcors2) + 1kllcoru-1@) < C{E(f, a) + a—OT Q}

and

2¢2,
|tk ((ug +0)*, a)HLl(Q) < a_oT | Q]

where C' is a constant independent of k, ug, v, a.
PRrROOF. Let x, 2z, be as in Lemmas 2.1, 2.2 and set

yr = k(&) + 2k(€) +v(E).

It is trivial to check that y;, is indeed a weak transpose solution of (2.8). As
in [8] the transpose solution is unique and with the estimates on xy, z, v
we obtain the stated result [J

We associate with (2.8) the cost functional

T
(2.9) J(v, a,a) = / /~ | yr — x | dxdt
0 Q
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where y is a given function in L'(0,T; L'(2)), representing the observed
values of yi in Q x (0,T)with Q@ ={¢: £€Q,0<v() < ao}.
We consider the value function associated with (2.8)-(2.9).

THEOREM 2.2. Suppose all the hypotheses of Theorem 2.1 are satisfied.
There exists {Jk, J}, U, a} in

C(0,T;L*(R)) x C(0,T; H () x K x [ao, glellfc(mﬁaxv)]

such that
(2.10) Vi(e,,0) = J(0, o, @)

inf {J(v, a, a) : {yx, v} solution of (2.8)
Vv € K, Va € [ag, glellfc(mﬁax v)]}.

Moreover
| Vi(@,0) = Vi(B,0) |< Clle = Bl 2yxm-1() Ve, B € L2(Q) x HH(Q)
where C' is a constant independent of k.

PROOF. 1) Let {yk?n, Un, an} be a minimizing sequence of the optimal
problem (2.10) with

Vi(,0) < J(vn, @, an) < Vi(a,0) + 07"

For simplicity of notations we write y,, for y, . With v, € K, we get
by taking subsequences

v — 0 in Hy(Q) N (H*(Q))weak, 0 =107
From the estimates of Lemma 2.1 we obtain for fixed k
{whns W} = {un,up} —{@, @'}
in

{(L*(0, T H3 (2))wear N L*(0,T; L* ()} x (L2(0, T3 H (D)) weak-
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Since

2¢2
9F%((un +vn) ™5 an)ll L1 () < a—:T | 2|

and for fixed k the function F} is Lipschitz continuous, we get
9F((un +vn)*, an) — gF((@+0)*; @) in LN(Q).
We obtain
T
el(+ oy < [ IoFl(a+ 0@ oyt

22
Lorial.
ao

IN

It follows from the estimates of Theorem 2.1 and from Aubin’s theorem
that there exists a subsequence such that

{yn. un} — {97}
{C(0,T; H(Q)) N (L0, T3 L*(Q2)))weak+ } X (L>(0, T3 H () weak-

It is trivial to check that g5 is the unique transpose solution of (2.10)
and that

Vi(a,0) = J(0, ¢, @0).
2) Let a, B be in L2(Q) x H~1(2), then we have
Vk(/670) —Vk(a,O) < ']k(67187d) _Jk(ﬁaaaa‘)
<

lyk = Trllr(g)-
On the other hand we have
(k= 91)" = Alye — 9k) = r((r + o) ", @) — Yp((ar + o), a) = 0
yk_gkzoon 8QX(O7T) ) {yk_glm y;c_g;c} ’tioza_ﬂ-

It follows that

ke — Gklloorr2@) < Cllee = Bll 2 ()< m-1(0)-
Hence

Vi(B,0) — Vi(e,0) < Clla — Bl L2(yx 1)
Reversing the role played by « ,3 and we get the stated result [J
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3. A Nonlinear Approximating System

In this section we shall establish the existence of a solution of a nonlinear
initial boundary problem for the wave equation. The result will play a
critical role in the feedback laws for the system (2.10).

Let S be the linear continuous mapping of H () into C(0,T; L(£2))
given by

(3.1) Sh=¢
where ¢ is the unique solution of the initial boundary problem
o' —Ap=hinQ, p=0 on 9Q x (0,T), ¢(.,0)=0 in Q.
Let Vi, be as in Theorem 2.2. Since
| Vi(Saw, Sar, 0) = Vi(SPo, S, 0) |< Cl|Sao = SBollco.r:229)

for all {ag,Bo, a1} in L?(Q) x H~1(Q), the generalized subgradient
0500 Vi (S, 0) exists and is a set-valued mapping of L?(Q) into the closed
convex subsets of L?(Q). For simplicity of notations we shall write
Vi (Sa,0) for Osa,Vi(Sa,0) when there is no confusion possible.

We have
[p(a)]|z2(g) < C Vp(er) € GoVi(Sex,0)

Since the image of JyVi(Sax,0) is a closed bounded convex subset of
L?(Q), there exists a unique element of minimum L?(Q)-norm

[p«(e) 220y < lIP(@)ll22(q) YP(ex) € OoVi(Sex,0).
Let

(32) 7*(h) = sup {(ha CL)LQ(Q): ‘v’aE[ao,inf[vEIC(mﬁaX U)]}

Then ~* is a l.s.c. convex mapping of L?(Q) into R and its subgradient
Ov* exists and is a set valued mapping of L?(2) into the closed subsets of
lag, inf,cx(maxgv)]. Using a maximizing sequence we obtain

v (h) = (h, q«(h)) L2(q)
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where g.(h) is the unique element of minimum L?(Q)-norm of the closed

convex set O0v*(h). It is easy to check that 0v* is continuous from
(LQ(Q))weak to L2(Q)'

Let P be the projection of H~1(Q2) onto the compact convex subset K.
Then

v = Pu||g-1(0) = inf{||v — ul| g-1(q) : Yu €K}

and Puv is uniquely defined. Moreover P is a non expansive mapping. Let
w be in L2(Q) and set

T
(3.3) Puw = P / w(E, t)dt).
0
The main result of the section is the following theorem.

THEOREM 3.1. Suppose all the hypotheses of Theorem 2.1 are satis-
fied. Then there exists a weak transpose solution 4 of the initial boundary
problem

Gk — gk + (@ + Ppa@in 90) 7 au(Bi) = .
(34) {Uk, U} o= , Gr=0 on dQx (0,T)

with

@, — Aty + gF((@ + Ppa(i G) s a6 (Gr) = 1,
(35) ﬂk(,()) =0inQ , u,=0on {8QU89q*(gk)} X (O,T).

Moreover

Tk lleor;z2@)) + 10kl rma-10)
+ [[n (@ + Ppe(Grs T)F5 (@) L2 ) < M

with M as in Section 2.

Let

B={z: |lzllcomrrq) + 12’ llooma-1@) < M}
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with M as in Step 1 of Section 2. Consider the initial boundary problem

g, — Ny, + gFy (i, + Pps(2)) 7, ¢u(2)) = 1 in @,
(36) ﬂk =0 on {89 Uﬁﬁq*(x)} X (O,T), ﬂk( .,0) =01in Q

where for simplicity of notations we write p(z) for p(z,z’). From Lemma
2.1 we know that there exists a unique solution of (3.6) and that

i+ Ppe(@)ll20,75m300) + 1@ +Ppe(@) 10,713 @)nm200))
+  NgFr((ig + Ppu(@)) T, o)l 110) < M.

Consider the initial boundary problem

Gk — Agi, + b (( + Ppa(@)) ", ¢:(2)) = f in Q,
(3.7) Gr =0 on 9Q x (0,T), {f, y;}‘tzo =a.

From Theorem 2.1 we know that there exists a unique weak transpose
solution of (3.7) and that g € B. Let

(3.8) A(z) = .

The nonlinear mapping A of B, considered as a compact convex subset
of L2(0,T; H-Y(Q)) into L?(0,T; H~*(Q)) is well defined. To prove the
theorem it suffices to show that .4 has a fixed point.

LEMMA 3.1. Let x, € B and suppose that =, — =z in L?*(0,T;
H=1(Q)), then

{p*(xn)aQ*(l'n)} - {p*(x), q*(m)} m LQ(Q) X R.

PRrROOF. 1) Since z, € B and since p.(xy) is uniformly bounded in
L?(Q)-norm, we get by taking subsequences

{mn,x;, p*(xn)} — {ac, x',ﬁ}
{CO,T; HH () N (L0, T; L*())))weak=} % (L0, T5 H™(2)))weak
X (LQ(Q))weak
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with x € B. From the definition of subdifferentials we have
T
Vi(Sap, Sx!,,0) — Vi (Swzp, Sxl,,0) > / (pe(zp), Sag — Sxy,)dt.
0
Since

| Vk(SOéo,SLU/n,O) - Vk(SOzo,Sx/,O) |§ CHSJZ;L - Sx/HL?(O,T;L?(Q))

we deduce that
T
Vi(Sag, Sz’,0) — Vi (Sz, Sa’,0) > / (p, Sag — Sx)dt Yoo € L*(Q)
0

and hence p € 95,V (Sz, S2’,0).
2) We now show that p = p.(z,2’), i.e. is the unique element of mini-
mum L?(Q)-norm of 9,V (Sx,Sx’,0). Let

B. = {x. : |lze — zllcorr20)) + 122 — 2'llcorm-10)) < €}
Then

() Psa. Vie(Sze, Sz, 0) C D5, Vi(Sa, S, 0)

as x, € B:(x) for all n > ng. Thus we have
Ip(znllze @) < llp(@)llL2(q) VP(x) € Os2Vi(Sz, Sz, 0).
Therefore
1820y < llp(@)|l22(q) Vp(x) € 052 Vi(Sx, S2',0)
and thus, p.(z) = p. Similarly for g,.

LEMMA 3.2. Suppose all the hypotheses of Lemma 3.1 are satisfied.
Then

Vo) = [ ) Q@)
with

Qi (@) = {f 1§ €Q, Ppurn) < Q*(Q%)}
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PROOF. 1) Since P is a non expansive mapping of L?(0,T; H 1(Q))
into H~(Q) we get
[Ppe(n) = Ppu()lm-1(0) < IP«(2n) = p(@) ]| 200,151 (02))-
Since Ppy(xy,) € K it follows from Lemma 3.1 that
Pp. () — Ppe(x) in H(Q) N H*2(Q) N CANQ).
2) We have

Qpp. (2)<qu(@)—2¢} € UPp. (@) <ge(@sn)} C HPp.(2)<gu(2)+2¢}

The Qepy, (2)<q.(2)} are decreasing and we obtain

e@ = P @<a@—20) C[)%en) €[ ) %P 0)<an(@)422)
QO

q+(z)-

LEMMA 3.3. The mapping A of B, considered as a subset of L*(0,T;
H=1(Q)) into L*(0,T; H~1()) is continuous.

Proor. Let z, € B, y, = Az, with A be as in (3.8).
1) Let u, be the solution of (3.6) given by Lemma 2.1, then we have

up — u in (L(0,T; Hy () Jweak N (L0, T; L2 () wear
and for fixed k
{un, u;l} — {u, u’} inC(0, T} LQ(Q)) X (LQ(O,T; Hﬁl(Q)))weak.
Since Fj(s) has mass at ¢.(z) we have

Fio((un + Ppi@n)) ", g(wn))
= Fi((un + Pps(xn)) " + 4:(2) = qul@n), au(x)).
For fixed k, F} is Lipschitz continuous and thus

= Fi((u+Pp(2))*, au(z)) in L2(Q) N (L%(Q))wear--
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Hence

Yk ((un + Ppu(n))™, u(xn)) = Ur((u + Ppu(@))T, gu(2)) in L*(Q).

2) Since Qq*(z) = ﬂQq*(wn) we get

lim (unDj — pDjup)dr = 0=lim upVjpdo
QQn /QCI* aQQ*

= / uvjpdo Vo € Hy(Q).
aQ‘l*
Take ¢ = v;®/ 3%, v with ® € H}(Q) N H*(), then
/ ubdo =0 Y& € Hi(Q) N H*(Q).
89‘1*

We deduce that u =0 on 0%, and u is the solution of (3.6).

3) Let y,, be the solution of (3.7). From the estimate of Theorem 2.1
we obtain subsequences such that

{vn,un} = {y, v'}
{L>°(0,T; L*(2)))wear= N C(0,T; HH(2))} x (L(0, T3 H(2))) weak-

It is trivial to check that y is the unique transpose solution of (3.7) and
hence Ax =y [J

PrROOF OF THEOREM 3.1. Since A satisfies all the hypotheses of the
Schauder fixed point theorem there exists ¢ such that Ag, = ¢, O

4. Feedback Laws
We shall now give the feedback laws for (2.8).

THEOREM 4.1. Suppose all the hypotheses of Theorem 2.1 are satisfied
and let Vi.(a,0) be as in Theorem 2.2. Then

T
vk(a,m:/o /Qlﬁkxldfdt
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where Ji is a solution of (3.4) given by Theorem 3.1.

PROOF. Let i be a solution of the nonlinear problem (3.4) given by
Theorem 3.1.Let v € K and consider the initial boundary problem

(41) yp — Ayr+ Ve((ue +v)*0) = fin Qx(t,T),

yr =000 0 x (t,T) ,  {yeyi} ls=e= {I(,1), G( ., 1)}
with
up, — Aug + gFe((up +v)7,0) = 1in Qx (4,7),
(4.2) up=0o0n {0QU N} x (t,T) , ur(.,t)=0in

where a € [ag, inf{v € K(maxgv)].
Since {gk, 9} is in C(0,T;L*(Q)) x C(0,T; H(Q)) there exists a
unique solution {yz,ur} of (4.1)-(4.2). From Theorem 2.2 we get

Vk(g)kv Z);mt) = J(v*v {Qk» Q;g}7 a*7 / / ‘ y* | dde

with {y*,u*,v*,a*} being the solution of (4.1)-(4.2). The dynamic pro-
gramming principle gives

t+h
Vi iot) = inf (Vilo st 1)+ [ [ Ju=xcdsds
= Y{y,u} solution of (4.1) — (4.2), Vv € K,
Va € [ao, 7}g}f&(rnﬁaxv)]}

Thus,

J(U*, {?jkn :&I,g} ’s:t,t)
J( Uses {gka g;g} ’S:ta Ay t+ h)

t+h
/ﬁ [\m—xl%@
t Q

From the definition of the cost function we deduce that

Vk (@ka g;c: t)

IN

_l’_

T
/ / g = x | deds < Vi(ye (oot + 1), (st + )t + )
t+h JQ
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and hence

T
vk<y*<.,t+h>,y;<.,t+h>,t+h>=/ [y*—mdfds.
+h JQ

t

We have

Vk(y*('7t)a y:k("t)7t) = Vk(@k(,t),@llﬁ(.,t),t)
as {gkwg;g} ’s:t: {y*vyfk} ’s:t in Q.

Therefore

Vil (ot +h) gt h) b+ h) = Va(ya (1), 92 (1), 1)

t+h
=—/ /~|y*—xld5ds.
t Q

It follows that

SO0} = = [ —x ) de

An integration yields

T
V(0002 (00.0) = Vi(e0) = [ [ = x| dean
and the theorem is proved [J
5. Main Results

In this section we shall prove the existence of the input control p and
its support. First we have

THEOREM 5.1. Suppose all the hypotheses of Theorem 2.1 are satisfied
and let v € KC, then there exists a solution

{y, v/, n} € C(0,T; L*(2)) x C(0, T; H'(Q2)) x My(R)
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of the initial boundary problem
' —Ay+p=finQ , y=0 ondQ2x(0,T),

(5.1) Ay ¥} o=, <pp> = /a gpdo Y € Co(Q)
Qg

with 0Qq = {&: £ € Q, v(€) = a}. Furthermore

lylleorcz@) + 19 |cora-19) + @) < C

where C' is a constant independent of v, a.

REMARK. The key assertion of the theorem is that the estimate is
independent of both v and a. It is crucial as we wish to consider y as an
input control.

The main result of the paper is the following theorem.

THEOREM 5.2. Suppose all the hypotheses of Theorem 2.1 are satisfied
and let Vi (e, 0) be as in Theorem 4.1

Then
{0 9%, a8} — {3, 9D, 4}
{CO0, T; H 1 Q) N (L0, T5 LX()wear=} % (L2(0, T H(Q)))wean
X (LQ(Q))weak X LOO(R)

with § € [ag, infyex(maxgv)]. Moreover {9,4', i} is a solution of the
initial boundary problem

J At p=finQ , §=00ndx (0,T),

62 {53} o=, <ie> = [ gedsvpe @

Q4

with 00 = {&: £ € Q, (Pp))§) = §}. Furthermore

T
V(a,O):inf{Vk(a,O):szko}:/() /Q|Qx|dgdt.
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Thus the unknown surface is 0€2.

PrROOF OF THEOREM 5.1. 1) Let {yk, uk} be as in Theorem 2.1.
From the estimates of the theorem we obtain by taking subsequences

{ve: o Oe((u +0) " 0)} — {y, o, i}
in
{C(0,T; H™H(2)) N (L(0, T3 L*()) Jwear+ }
X (L220, T H™H () wear= x D'(2)
with u € Mp(Q). It is clear that
y'—Ay+p=finQ,y=00ndNx(0,T),{y,y'} [i=0o= c.
2) We now show that supp(u) = 0€,.
e We prove that
supp(u) C {{ 1€, Pu(é) < a}.

Let ¢ € Co(Q2) with supp(p) C {£: £ € Q,Pv(€) < a}. Since Pv € K,
it belongs to C*(2) and v, = maxg Pv exists. Let

n > {a— veup}/2 > 0.
From Lemma 2.1 we get
ug + Pv — u + Pv in C(0,T; L*(Q)).
Thus we have for all ¢ and almost all £
(u+Po)(&t) —n < (ugp + Po) (& t) < (u+Po)(E t) + 1.

Since u+ Pv = ut +Pv—u", we get (u+ Pv)"T = ut + Pv and we
have

{5: fesupp(w),0<u+730<a+k:_1}

c{¢: fEsupp(tp),O<uk+73vSa—i—k‘_l—{a—vsup}/Q}
c{¢: §EQ,0<uk+Pvgk_1+{a+vsup}/2}

C{f: e, uk—i—Pvga—k*l}
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with 0 < 4k~! < a — Usup-

We have used the fact that —n < —{a+wvsyp}/2 in the above calculations.
By construction

Fi(s,a) =0for s <a—k !

and hence

/ Y ((ug, + Po)t,a)pdé = / / Fi((ug + Pv)", a)pdédt =0
It follows that
<y >=0Vp € Cy(Q), supp(p) C {f :£en), Puv< a}
and we get
supp(u) C {f : £eQ,Pv> a}.
e Let ¢ € Cp(Q), supp(p) C {£:£€Q, Pv>a}. Set
Ving = min {Pv(€) : £ € supp(p)} > a—-ec.
We have for all t and almost all £

{5: & € supp(p), u+ Pv > vipg — *1}
C{f:ﬁésupp( ), Uk +Pv > (a+vipg)/2 — Kk~ }
c{é€:¢eu+Pv>a+k !}

for 2k~ < v, ¢ — a. From the definition of Fj, we obtain
/ Ve ((ug + Po) T, a)pdé = / / gFy((ug +Pv)*, a)gpdédt = 0.

Therefore supp(p) C {£ : € € Q,Pv < a}. Combining the two parts
and we obtain

supp(p) C {¢: £ €Q, Pv=a}.
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e Suppose that S = {§ e, Pv= a}/supp(,u) is non-empty. Let ¢
be in Cp(2) with supp(p) C S. Then

T
<p,p>=0 = li]gn/ /ng((uk +Pv)", a)pdédt
0o Ja

/ gpdo
{&:£eQu+Pv=a}

and we have a contradiction. It is clear that
<, >= / gpdo Vo € Co()
0Qq
and the theorem is proved [

PROOF OF THEOREM 5.2. 1) Let {g, @2,pf,q§} be as in Theorem
4.1. From the estimates of the theorem we obtain a subsequence such that

{0ks s 5,05} — {9, 0, pes 0}
in
{C(0, T3 HH()) N (L0, T; L2(2)))wear+} X (L2(0, T3 H™H()) Jwear-
X (L4(Q))wear X L=(R).
Furthermore
Ur((ux +Pph) T, qk) — i in D'(Q)

with i € My(€2) and ¢ € [ao, inf,cx(maxgv)]. A proof as done in Theorem
5.1 shows that
7' —Ajg+p=finQ |, =0on 00 x (0,7),

J
(5.3) (9,0 o=, <fi, >= /a _ gpdo
qx

for all ¢ € Cy(2) with 09, = {§ :E€eQ, Ppy = q*}.
2) From Theorem 4.1 we get

vk(a>=/0T/Q|@kx|dfdt
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and thus,

T
V() = inf {Vi(a) :, vk} > / / 5 — x| dedt.
0 Q
On the other hand
Vk(a) < J(ykavvava) Vv € K, Va € [CL(), 111]2(111_&)(’0)]
ve [9)

where {yk,v,a} is the solution of (2.8) given by Theorem 2.1. From the
estimate of Theorem 2.1 and as in Theorem 5.1 we have

{yk, Yoo Ve ((ur +0) L 0)} — {y, o/, 1}
n

{(L°°(0,T; L2(2)))wear+ N C(0,T; HH(Q))}
x (L=(0,T; H () weak= x D'(2)

and {y, p} is a solution of (5.1). We have
Vk(a) vk

<
< J(y,v,a,a) Yv € K, Ya € [ag, inf (max v)].
vek"

V() = inf{J(y,v,¢,a): {y, p} solution of (5.1),
Yv e K, Va € [ao,gglfc(mﬁax v)]}.
It follows that

V(O() = J(gvpp*aav(I*)
= inf{J(y,v,a,a): {y, p} solution of (5.1) Vv € K,
inf
Va € [ao,ggﬁ(mﬁax v)]}

and the theorem is proved [
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