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Exact Power Series in the Asymptotic Expansion of
the Matrixz Coefficients with the Corner K-type of
P;-Principal Series Representations of Sp(2,R)

By Masatoshi I1bA and Takayuki ODA

Abstract. Let G be a symplectic Lie group of rank 2, Sp(2,R)
and Pj be its maximal parabolic subgroup called the Jacobi parabolic
subgroup with non-abelian unipotent radical. The radial parts of ma-
trix coefficients of the Pj-principal series representations of G were
studied in relation to the Appell’s hypergeometric function. The lead-
ing terms of the expansion of the functions around the infinity were
well investigated in general cases (semisimple Lie groups and repre-
sentations). In this paper, we determine the power series expansion
other than leading terms for the above special case.

1. Introduction

In a previous paper [5], one of the authors gave a new explicit integral
formula for the radial part of the spherical function with the corner K type
of a Pj-principal series, in terms of the Appell’s hypergeometric function
F5. This integral expression seems to be much easier to handle than the
Eisenstein integral of matrix coefficients, because we can utilize the classical
library of special functions for further analysis.

In this paper, we consider the power series expression of this integral
at the infinity in the double coset decomposition G = KAK. For the
matrix element with the trivial K-type of the class one principal series rep-
resentations of a general semisimple group G, Harish-Chandra obtained an
expression as the sum over the Weyl group of certain hypergeometric se-
ries (Harish-Chandra’s hypergeometric series)([2]). This kind of result of
Harish-Chandra was generalized for more general representations, say, by
Casselman-Mili¢i¢ ([1]), as the theory of ‘asymptotic expansion’. From the
viewpoint of algebraic analysis, Oshima investigated asymptotic behavior
of spherical functions and their boundary values ([9]). Among others the
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leading terms of ‘functions’ appearing in the ‘expansion’ were precisely in-
vestigated.

However the whole functions with these leading terms seem to be very
difficult to grasp in general. For example the higher degree terms of the
power series expansions of these ‘functions’ depend on the choice of the
local coordinates at the infinity of A, contrary to the fact that the leading
terms are independent of choice of the local coordinates at the infinity.

The main result of this paper is the following.

We consider the matrix coefficient with the corner K-type of the Pj-
principal series representation of G = Sp(2,R).

Since its radial part satisfies the holonomic system of two variables of
rank 4, which is called a modified F; system in the sense of Takayama [10],
we have the other integral expression different from the Eisenstein integral,
which is valid on a neighborhood of GG in G¢, the complexification of G.

Then we can apply the monodromy argument of the hypergeometric
function to have a decomposition formula(Theorem 6.1). And this is found
to be the sum of the asymptotic expansions(Theorem 7.1).

Among others we have precise formula for coefficients of the expansion
in terms of Pochhammer symbols, which should be a special case of an
analogous formula of the coefficients in terms of the values at 1 of generalized
hypergeometric series of one variable(see, another example in [4]).

In this paper, we treat the matrix coefficient corresponding to 1-dimen-
sional K-types, which we called “even case” in [5]. The system of differen-
tial operators which annihilate the matrix coefficient is understood in the
framework of Heckman and Opdam. Almost same result will be obtained for
2-dimensional K-types(or “odd case” in [5]) just changing parameters of hy-
pergeometric functions, despite that corresponding (difference-)differential
operators are beyond the framework of Heckman and Opdam.

Our method of the proof is done by a very down-to-earth or ‘elemen-
tary’ manner. We take the advantage to start from an (Eulerian) integral
expression of our matrix coefficient in terms of the Gaussian hypergeometric
function, obtained in a previous paper [5]. What we need is the classical
connection formula of Kummer and some general framework of the asymp-
totic behavior of the ideally analytic solution of holonomic systems in our
setting (§4 and §5). We can find the theory of differential equations with
regular singularities and ideally analytic solutions of them in [9] and its
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references.

2. Pj-Principal Series Representations

In this section, we recall some facts about representations of Sp(2,R)
and their K-type. Notations are same as those of [5].

Let G = Sp(2,R) be a split real semisimple Lie group of real rank 2 with
a maximal compact subgroup K which is isomorphic to the unitary group
U(2). The group G has two standard maximal parabolic subgroups. One is
associated with the short simple root e; — eo and called the Siegel parabolic
subgroup. The other is associated with the long simple root 2es and called
the Jacobi parabolic subgroup Pj.

We set the Langlands decomposition of Py as Py = MjA;Ny, then M;
is isomorphic to SL(2,R) x {£1}.

Let D;" is the anti-holomorphic discrete series representation of SL(2,R)
with the Blattner parameter [ (I € N,I > 2) and D, its contragredient
representation.

We denote the character of {41} by € and the complex valued linear form
on ay = Lie(A;)®C by v. The generalized principal series representation of
Sp(2,R) which we call the Pj-principal series representation is the induced
representation T p ., = Ind®, (DjF,e) Kel ™’ Ridy, ).

Here, idy, is the trivial representation of Ny and p; is the half sum of
positive roots corresponding to N ;.

The Pj-principal series representation has a special K-type of multiplic-
ity free. We call the K-type as “the corner K-type”.

If the character ¢ of {41} satisfies e(—1) = (—1)!, then the corner K-
type of T(D* &) is the one dimensional representation 7(;;) whose highest

weight is (I,1) and if e = (—1)"*! holds, then the corner K-type is the two
dimensional representation 7 ;1) whose highest weight is (1,1-1).

Let (n,Vy), (7, V+) be in K. We denote the contragredient representation
of 7 by 7*. We define the space of spherical functions

C (K\G/K) = {f: G — V, @ V-

flkighka) = n(ky) @ 7 (k2) ™" f(9),
Vg € G,Vky, ks € K.

f is a C*° function,
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In this paper, we consider the matrix coefficient ¢ € C7 - (K\G/K) of
(D &) for k > 1, k =1 mod 2 and (—1) = (—1)" (It goes almost same
way for the case of e(—1) = (—1)!*1.). If k <l or k # 1 mod 2 holds, then
¢ = 0 (Proposition 3.4 and Lemma 4.2 in [5]). That is why we call 7(;;) the
corner K-type.

We denote the standard split Cartan subgroup of G by

A= {diag(al,ag,al_l,agl) | a1,a9 € Roo}.

The system of partial differential equations satisfied by the A-radial part
of ¢ is the holonomic system. We choose the coordinates of A as (z1,z2)
determined by a1 = exp x1, as = exp x2.

We recall the system of differential equations satisfied by ¢ (Theorem
7.5 in [5]).

THEOREM 2.1. ¢ satisfies the following system of differential equa-
tions :

2

0? : )
(2.1) Z_Zl a—mggb + Z_21{2 coth 2z; + coth(x1 + $2)}8331~

¢

0 0
+ coth(z1 — x2)8—:131¢ — coth(xzy — @)8—352¢

— (K> +1®)(sh 2z +sh ™2 z3)¢
+ 2kl(ch 21 - sh™2 2z + ch 2z - sh™2 229) ¢
= {1’ +(1-1)" -5},

0o 0
22) 2———¢+ {2lcoth2zy — 2ksh™'2
(2.2) By 8x2¢+{ coth 2z sh™" 2z
+ coth(zy + x2) — coth(z; — xg)}iqﬁ
81'1
+ {2l coth 221 — 2ksh™! 2z
0
+ coth(x1 + x2) + coth(z; — z2)} =—¢
8:1;2

+ 2(lcoth 221 — ksh™! 2z1)(I coth 229 — ksh™! 229)¢
+ (I coth 229 — ksh™! 2a)
X (coth(xl + 1‘2) + COth(ﬂ?l + IL‘Q))¢
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+ (Icoth2zy — ksh™! 2z;)
x (coth(zy + x2) — coth(z1 + x2))¢ = 0.

In the following section, we will determine characteristic roots of the
system around the infinity, ai/as = 0,a2 = 0 (Note that ai/az and a3
correspond simple roots e; — e2 and 2es respectively). There are 4 charac-
teristic roots, so the system has 4 independent solutions. A solution ¢ is
a linear combination of these solutions and its coefficients are analogues of
c-functions.

3. The Holonomic System
We put 8(z1, x2) = (chzy cha)HH)/2(shzy shao)(=%)/2 and
Y(z1,22) = 6(21, T2)P(21, T2).

PrOPOSITION 3.1. ) satisfies the following system of partial differen-
tial equations:

2 2
0 0
1 — 2ksh™ 2x; — 2(1 — 1) coth 2z;
(3.1) ;ax3¢+;{ ksh™! 22, = 2(1 = 1) coth 2} 54
sh 2z, 5] sh 2x9 0

sh? z; — sh? 29 8—:51  sh2 z1 — sh? x4 3—332
= {¥ = (-2},
9?2 1 sh 2z9 0 1 sh 2x1 0

32) i oL T
(3:2) 011019 2 sh? 21 — sh? 9 01 2sh? 21 — sh? 9 Ox2

=0.

PRrROOF. This system is easily obtained from Theorem 2.1. [J
We will transform this system into the system with variables
= (al/a2)2 =exp2(r; —x2), Yo = a% = exp 2x9.
Since y1y2 = exp 2x1, we have

-1, -1 2,2 -1 2
= —1 - —1
Sh 2./,U1 — Yy1y2 yl yQ — yl y2 , Sh 2332 _ Y2 y2 _ yQ

2 2y1y2
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iy Ty Yy ety
1 4

1
sh?z; —sh? 2y = §(Ch 2x1 — ch2xy) =

_ (= D(nys — 1)

4y1y2
coth2x, = _ Y2ty y2 _ yiyg +17 coth 22y = Yo +ygj _ yé + 1,
Yiy2 — Yqp y2 yiy; — 1 Yo — U5 21
and
izzyli i:_ yli+2ygi,
Iz Oy’ Oxo o1 dys

We regard ¢ and 1 as functions in variables y1,y2. Then, we have the
system of differential equations in y1,y2 as follows.

PROPOSITION 3.2. 1) satisfies the system differential equations:

(3:3) 4{2(%@%)2 2(“82)( af/)*(yza%j}‘”

+{ dkyrya  Akys (- 1)9%934— 1
yiys =1 y3—1 yiys — 1

y2+1}< 0 >
+2(1 -1 21 ——
( )y2 ] yl@yl (0
dkys . Y3t 0
+{y§—1 20 1)115—1 2y28yz v
1

2,2 2
yiys — 1+ yi(ys — )< o) >
4 g
D -1 \Yon )?

_ yi(y3 — 1) ﬂ
NOE R (y ayz) v

— (- (-2,
(3.4) <y18iyl> < Y1 328/ + 2 8?/2) P

Ly -+ Wi -0 (9
2 (= 1(ys — 1) <133/1>w

1 yiys — 1 ( 8) —0
- D -1 \Pay )Y
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4. Characteristic Indices

Let £(y1,y2) be a solution of the system of differential equations (3.3)
and (3.4) which has the expansion around (y1,y2) = (0,0) as

i) = vfvs D> oyl oo =1,
p,g>0

that is, (o, () is the leading exponent of £ at (y1,y2) = (0,0).

PROPOSITION 4.1.  The leading exponent («, 3) of £ is one of the fol-
lowings :

(gra) (s )

v 1—-2
H =4 - —.
ere, 4 > >

ProOF. If we substitute above £(y1,y2) for ¢ (y1,y2) in the equation
(3.4), then we obtain the indicial equation
1 (=1

1(-1)
a(—a+f) — 5(_1)2044— 2 (-1)2

8 =0.
The solutions of this equation is

1
04—5 or a=[.

We obtain the other indicial equation from the equation (3.3) :

(41) 4(202 — 208+ ) + {—2(1 - 1)% Lol - 1)%} (20)
! (—1)

+{—2(l— 1)(_—1)}( 3) +4Wa: V2 —(1-2)%

In both cases a = 1/2 and o = 3, the equation (4.1) is equivalent to
462 +4(1—2)8 =12 — (1—2)2

Hence = +v/2— (1 —2)/2. 0
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We denote £ with the leading term yf‘yg by a3
Since the multiplier 6(x1,z2)~! is expanded as

Sy, ma)™ = (chzich 1‘2>_%(Sh x1sh x2)_%

_ a1+a1_1.a2+a2_1 2 al—al_l'ag—az_l K
N 2 2 2 2

= 2%atab (1 + higher order)

I
= 22[(913/2)%%2 (1 + higher order)

1
= 22ly12 y5(1 + higher order),
we have

1
8(x1,72) " Wa(y1, y2) = 22'y7 yh(1 + higher order) - (y'y5 + higher order).

So we set

(4.2) Gar1y2.501(Y1,Y2) = 27 28(21, 22) " Pa s (Y1, y2).
The leading term of this function ¢q;/2 54 is

HTI p+1 . 1
%l_aﬂ_ Y1~ Yo 1fa:§,ﬁ:,ui
Y1Y2 - Y1Ys = petl uaqi

Y1 Y ifa=p0=ps.

These exponents are same as the Siegel-Whittaker function and the Whit-
taker function([3]).

5. The Singular Boundary Value Problem

We would like to represent 1) as the linear combination of 1), g.

To do that, we will obtain analytic continuation of ¢ from (yi,y2) =
(1,1) , which corresponds to the identity of G, to (y1,y2) = (1,0) at first,
then (y1,y2) = (1,0) to (y1,y2) = (0,0). The first part was almost done in
§9 of [5]. So we discuss the latter part in this section. A general reference
for the singular boundary value problem is [10].
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5.1. Justification of the singular boundary problem
We obtain the following equation by 1/4 x the equation (3.3) + 2 x
the equation (3.4).

A% 2k(1 — y)ya(1+ 193) — 2(1 = 1)(1 — y})y3 K2
<y2 392) v { (y3 — D) (yivs — 1) } (yl 8y1> v

2kys — (L= 1)(y5 +1) y1y§+1}< ] > 1, , )
+ + L)y = 2 - (- 2%
{ ys —1 y1ys — 1 y29y2 v 4{V ( )y

This differential equation has regular singularities along y» = 0 and its
indicial equation is

D () B U DA U
B+ { S o A - -2

(1)
Hence, we have § = +v/2 — (I — 2)/2 = p4, which is independent from y;.
Therefore, when the difference py — p— = v is not an integer, the above

differential equation has a solution

V(y1,y2) = ay (Y1, y2)vh " +a_(y1,y2)vh .

Functions a4 (y1,y2) are real analytic function around 0 < y; < 1,32 = 0.
This solution is called the ideally analytic solution.
So we assume that v is not an integer hereafter.

5.2. The equation of the singular boundary value
In the beginning, we will find the equation which is satisfied by fi(y1) =

ai(ylv 0)

LEMMA 5.1. The function fi(y1) satisfies the following ordinary dif-
ferential equation.

d\? d Ty +1 d 1 s
{(y@) “e () am () 2 e =0

PROOF. Inserting v (y1,v2) = ax(y1, y2)y5™ into the equation (3.4), we
have

0 \2 )
M+ _ - 7
Yo ( <y1 ay1> a+(y1,y2) + pt <y1 8y1> a+(y1,y2)




530 Masatoshi I1DA and Takayuki ODA

0\ dax(y1,92)
+ Y2 <y1 8y1> —ay2
1y - D)+ (vl — 1) ( i)

1 oy -1 ( dax (y1, y2)>)
= ax(y1,y) + yp— 22 ) ) = 0.

Dividing both sides of this equation by y’; * and taking limit yo — 0, then
we obtain

- <yld;zl>2fi(yl) + pt <y1diy1> f+(y1)
ol )
(=1)p+

RNV
2(y1 —1(=1)

fe(y1)=0.0

Now changing variables as y; = 1/, the equation in the previous lemma
changes into the Gaussian hypergeometric equation of fi(¢) = f1(y1) with
parameters a = 1/2,b=pr,c=puy +1/2=a+b:

€= 0+ { e+ ) o+ 5 + 1 22— G| Fat0) =0

The solution of this equation is

0 00 9] 1
0 : 3 0 :1-¢

Ut 5 — Bt

) 1 0
f+(¢) = cxP 0 :(p=ctPg O
0 0

T—hr pe

Here, c4 are some constants. Therefore, the regular solution around ( =
1(this means y; = 1) is

1 1 1
oF 1 | mopes 51 —=C ) =oF (| oop 151 — —
2 2 y1

up to a constant multiple.
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Using the connection formula of 9 F ([8] equation (9.5.8)):
)

o B JE(b—a 1
QFI(CL,b,C,Z) = (1—2) WQF (CL C—b 1+a b 1_Z>
I'(c)I'(a —b) ' 1
+ (1—2) bil“(c b)I‘(a) 2F1< —a,b;1—a+b; —1_2),

and 1/{1 — (1 —1/y1)} = y1, we obtain

fe(y) = ci2F1 <%,Mi;1;1_yil>
B Ci{(i) 1%;:(_%;2}71(%71_#1;%_#591)
(i)‘#i % oI <%,Mi;%+ui;y1>}

5)
D(pr—3) L 1 3
Cﬁ:{ 2oyt o Fy 31—t 5~ hEi

+
D=
\
=
H

Vil (ne) ?

F(% — pt) JTas 1 1
—_— Fi
+ ﬁr(l_ﬂi)yl 2 M:‘:a +M:‘:ay1

Note that our hypothesis v € Z guarantees that the Gamma functions in
numerators have no poles.

The function a (y1,y2)yh™ = fi(y1)vh= (14 O(y2)) is a linear combina-
tion of ¥, g. Comparing the leading term, we have

1 3 .
U1y (W1 y2) = yfygi 2 F1 <§, L= pigs 5 = /H:%?Jl> + (higher order term),

1 1 .
(. (y1,92) = yi& b oFy (57 U3 2 + s yl) + (higher order term)

and

at (y1,y2) 5™
1

Tl = 3) TG —pe)
{ VL (ps) wi,ui (y1,y2) + /AT (1 — Mi)¢ui,ui (yl,yQ)} .
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6. The Exact Asymptotic Expansion

In this section, we determine the value of constants c.
The matrix coefficient ¢ corresponding to the corner K-type of T(D* &)
was proved to be represented as

1 1
d(1,10) = 6(m1,x2)_1F10 ( ,u1+ /g 2 2. _gh?yq,—sh? x2> ,

where Fg is the hypergeometric function

F10<3 bra e ;$1,962>
(&

_ Z (a)m1+m2(b)m1+m2(Cl)ml(CQ)mz 2 2

x
my>0 ml!m2!(d)m1+m2 (e)m1+m2 b
(A
and (\), = % (Theorem 8.1 in [5]).
E—1 1
THEOREM 6.1. Assume v & Z. We set C = 3+T € §Z —7Z and

u+ as above. The A-radial part of the matrix coefficient of the Pj-principal
series representation with respect to the corner K-type 7

[T 3
6(1:1,902)_1F10< 1+ 6 2 2 ;—sh2:r1,—sh2x2>

has the following expansion around y; = yo = 0 :

4+ (—)(C) | Tpg — %)¢
VAT(UAT(C = jug) || Tuy) D2

+ ((_ — MI; ¢u++l/2,u++l}

4H=HT()T(0) T(p — %)¢
TURTGIT(C — ) | () /e

INCETE
* %%‘—‘H/?,mﬂ} .
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Proor. By setting By = By = %,B =B1+By=1and ugr = :l:%—l_%,
we have
pe H- 3 3
(6.1) Fm( A ,m,m)
__ I(=r(0)
" To)T(C — s
xﬁﬂmﬂ{u+—C+LLV+11—andﬂm

(=m2)7H*

2
I'(v)I'(C) i
Tt @ — )™
XFQ(,L_,;,M —C+ L1, —v+1;1—n/n2,1/n)

from the equation (9.8) in [5]. Though we required the condition B ¢ Z in
Theorem 9.2 in [5], that condition should be corrected as B ¢ {0, —1, -2, ...}
(see [6]). So we can apply the theorem in the current problem.

We would like to know the asymptotic behavior of the matrix coefficient
as y1,y2 — 0. Since we put y1 = (a1/a2)?,y2 = (a2)? and a; = expuz;
(¢ =1,2) in §3, the limit y;,y2 — 0 corresponds to 1, xy — —00.

As z; — —oo (that is, a; — 0),

mo=—sh?a, = - SPCE 44 Ofexp(ary)))
=~ (1+0(@}) (i=12).
Then we have Z
1- Lo _£<+0@»u+m@»:1—i@+0@wma+0@m,

% = —da3(1 + O(a3)) = —4yz(1 + O(y2)).

Using results of §5, the equation (6.1) is asymptotically written as
11
i < ,u1+ MCT 2 2 ;—sh2x1,—sh2x2>
I'(=»)I'(C)
CGIT(C — pr)

1 _
(dy2)H* Fo(puys 3 Ht — C+ 11+ 11—yt —4dys)
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o —C+ L1, —v+ 11—y, —4y)

4+ (—)D(C) 1
P(M_)F(C—M )y2 2F1(M+727171_y1 )
ATWN(C)

LT (C = po) ™
- rll(rF)(r_((V;)E(fj)yS . if-k(yl)

et et o)
- Fél(r_r)(r_(?i(ij) : iw (y1,y2)u5™

T e

TN (Tl - b)
- D(u-)T(C — py) < VDl (ps) Vi, W1 92)

1
R

(Ll —yy )

r
f(l" o) 1) Vg oy (Y1, yQ))

45T (v)T(C) (rw_ ~3)

L(p)T(C = p-) \ VAT (p-) Vi (01:92)

r(i—
\/—(13( = ))%L e (3/14/2))-

+

Since yo = a2 > 0, the blanch of the complex power y4* is determined.

Multiplying é(x1,22)~! on both sides of the above equation, we have
the result by the equation (4.2). O

From the above theorem, we find that analogues of c-functions are
() DO (s — 3)
VL (p)I(C — p )T (pg)
242D ()P (LD (f)
\/El“( —V—2l+2 )F( —V—EIH—l )F( V—é+2 ) ’

Cl(k‘, l, l/)
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(7.1) Uy =
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4D ()L (O (4 — 3)
VAL (3 )T(C — p)D()
T
ﬁr(u—é+2)l—w(u+/§+l)r( v— l+2)
44 HT (DO — )
VL (p)IT(C = p)T(1 — py)
2”+l+21“(—u)1“(’€—§+3)1“(—”gl—l)
ﬁr( —u—2l+2)F( —V—Ek—&-l )F( —V2+l) ’
4= #D)D(C)L (S — o)
VAL (p)D(C = p)T(1 = p)
2T (o) DAL T (A
VAT (RN (SR ()

CQ(kf, l, l/) e

l+1
) = Cl(kvlv _l/)a

=c3(k,l,—v).

Power Series Expansion of the Fundamental System of Solu-
tions

In this section, we have explicit power series expression of ¢, g.

THEOREM 7.1. Let ui,us be

Then, Ya,5(y1.y2) = (—4) 7V g(u1, uz), where

(7.2) Wy, (ur,ug)

= Uy U

(= =n +3),m!

o=

m,n>0
(2;& +1—1),n! 12
1 (bt — Dnlpr — 1+ 55),
— 2, ME 2
it Z Iy

n=0



536 Masatoshi I1DA and Takayuki ODA

1 3
X oF <_7_Mi_n+1§_ﬂi_n+§§ul> uy

2

(pt)n(pr =1+ 55)0 i

TR Z (%)j(ui—i_n)j
Nua +n+3);

o0

I—k
_ Ulfiugi Z (F”i)n(ﬂi -1+ T)n

_ !
ot 2us +1—1),n!

1 1
X oFy (—,ui+n;ui+n+—;m

2 2
Here

(a)p=ala+1)---(a+n—1)

(2us +1—1),n!

Uq Ugy

(a)o = 1.

As is seen in the proof of Theorem 6.1, we have u; ~ y1 and ug ~ —4yo

as y1,y2 — 0.

At first, we will express differential operators in Proposition 3.2 with

new variables wuq, uo.

PROPOSITION 7.2.

Differential operators in equations (3.3) and (3.4)

are written as following operators P and Q (up to function multiple) respec-

tively.

(7.4) P = 4(2 — Uy — u1u2)19% + 4(1 — 'LLQ)ﬁ% — 8(1 — UQ)191192

4 l—k -k
1 B o _ 2
+u1 1 { + uq 5 U2 + (I — k= 2)ugueg ujug
4 l—k—-2
_ 1= (] —2ur —
U — {l (l )Ul 5 U1u2} o

b
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Indicial equations of P and @) are

8a% +43% —8afB —da+4(l— 1B+ (1—-2)? —v? =0,

1 1
2
— —_ — — :0
a” —af 2a+2ﬁ

respectively and the solutions of these equations are

1

(O‘76) = (ia :ui)v (Minui),

where g = +v/2 — (1 —2)/2.
This is a kind of the modified Appell’s F5 system.
Now we put the analytic kernel of P, (Q as

—_— (6% ﬁ m, n
U, p(ut, uz) = ufuy g A UT U
m,n>0

We normalize this solution as ago = 1.
Comparing the leading term of ¥, g with that of ¢, g as y1,y2 — 0, we
can see that

Vo p(ur,uz) = (—4) 10 s(y1, y2).

1
Note that pus & §Z, since we assume that v ¢ Z in §5.

It is easy to prove the following lemma.

LEMMA 7.3. IfQV, g(u1,u2) = 0 holds, then ay,  satisfy the following
recurrence equations.

ﬂ@(a+m—Dm—ﬁ+m—n—;%%m
+(—a+5—m+n)(a+m—%)am,n=0 (m #0)

(T7) (~a+ B+ n)a— )aon =0
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7.1. Casel: a:%

In this subsection we determine a,, y for the case (o, 5) = (1/2, p+).
In this case, any ag,y, satisfies (7.7). On the other hand, we have

(7.8) Am.n
(B-—m+n)(B-m+n+1)---(B+n-1)-(m—3)(m—-3)---3
(B=—m+n—5)B-—m+n+g)--(B+n—3) -mm—1)--1
(—ﬁ—n+1)m(§)ma
(— —-n—+ )mm
(—pr —n+1)m ()
(—pt —n+3),, m

from (7.6).
Therefore we have only to determine ag, (n > 0) from PV, g(ui,us) =
0.

Setting ¢, (u2) = Y 07§ amnuh, we have

o0

o
U, p(ut, uz) = u1u2 g A U] Uy = u1u2 g ¢m u2)u
m,n>0

So we have only to determine ¢g(uz).

LEMMA 7.4. ¢o(u2) is a solution of the Gaussian hypergeometric equa-
tion :

ug(1 — ug) g (uz) + {r — (p + ¢ + Vua} ¢p(u2) — pgoo(uz) = 0.
In particular, we have ¢o(u2) = 2F1(p, q;r;u2) and

_ (@)@
(7.9)  (r)an!

with parameters

1 1—k

1
= —_ = = —_ = _— :2 l—]_
P=pe =g 4= pr b =20t
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PrROOF. We obtain the Gaussian hypergeometric equation from

1 _ 5
Zul au2ﬂ 1P‘11a75(u1,u2)|ul:o =0
using
(@)
h¥aps = u?ugZ(a+m)¢>m(uQ)u’1“,
m=0
(o)
RWap = ufug Y (a+m) om(uuf’,
m=0
o0
9o¥ap = BUap+ufuy™ D o, (uo)uf’
m=0

= ufuy > {Bbm(uz) + uad, (uz) } ul',
m=0

BWap = ufuy > {B0m(us) + (28 + Duag), (ua) + udely, (uz) } ul’,
m=0

[e.e]

D1920ap = ufuy Y (o+m) {Bom(us) + uag), (ua) } ul"

m=0

and indicial equations above.
The latter part is obvious from the assumption that ago = 1. O

Now, we have
A Do (5) (= $nlps — 5+ 500
(—ui—n—i—%)mm! (2M:t+l_1)nn!

Umn =

from equations (7.8), (7.9) and we have shown the former half of Theorem
7.1.

7.2. Case2: a# %

In this subsection we assume that o # 1/2, that is, « = § = py. From
this condition and the equation (7.7), we have ag, = 0 (n > 1). At the
same time we have

1 1
(@+m—1)(m—n— §)am71,n + (=m+n)(a+m— ?am,n =0
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from (7.6).
Note that factors except (—m + n) are not zero by the assumption o =
1
Pt & §Z-
If m = n, then we have a,,—1,m = 0.
If m < n, then we have a, , = Cag, = 0 (C is a constant which depends

on m and n).
If m > n, then we have

(7.10)  ampn
(m—n—%)(m—n—%)-'-%'(a—l—m—l)(a—i—m—Q)'-'(oz—{—n)a
(m—n)(m—n—l)---l-(a+m—%)(oe—i—m—%)---(oz—l—n—i—%) o

(%)m—n(a + n)m—n
= 1 Qn,n
(m—n)l(a+n+35)mn
(%)m—n(/ﬁi + n)m—n
= 1 Gn,n
from (7.6).
Therefore it remains to determine a,, (n > 0) from P¥, g(u1, uz) = 0.
Since
o0 oo .
Wy s (ur,u2) = wy uy™ Z Z Anjnuy Ul
n=0 j=0
e.¢] ) o
= (mu)" Y u] Y anyjn(urug)”
j=0  n=0

holds, we have
w .
Ui e (U1, ug) = th* Z p;(t)s’
j=0
where s = uy,t = uiug, ¢;j(t) = > .2 antjnt". We have only to determine
eo(t).

LEMMA 7.5. o(t) is a solution of the Gaussian hypergeometric equa-
tion :

HL = (1) + {c — (a+ b+ 1)t} ¢h(t) — abo(t) = 0.
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Hence we have po(t) = 2 F1(a,b;c;t) and

.11) (@)u (D)

n.n (€)pn! '

with parameters

l—k
a = [+, b:,ui—l—i—T, c=2pus +1—1.

ProoF. We denote ¥4 = s%, Y = t%. Then we have

19 — ﬁg+ﬁg — Q—F 2 —19 _|_19
L= U\ 9w 0s " omor)  “\as T ™) T

(D50 0t
2T Ous 0s | Oug 0t ) ©

Using above equations, we obtain the Gaussian hypergeometric equation
from

PU,u . (s,1) =0
in the similar way as Proposition 7.4. [

Now, we have

{ 0 m < mn)
am,n = (l)m—n(l"i+n)m—n (Ni)n(#i*l‘i’d)n
(ma”)!(uﬁn%)mw S sy (m >n)

from equations (7.10), (7.11) and we have shown the latter half of Theorem
7.1.

REMARK 7.6. It is an interesting problem to compare our power series
solutions with the confluenced ones which were discussed in [3].
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