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A Note on Semistable Barsotti-Tate Groups

By Fabien TRIHAN

Abstract. We show that the Dieudonné crystal associated to
a Barsotti-Tate group with potentially semistable reduction over a
smooth curve is overconvergent. As a corollary, we obtain the ratio-
nality of the L-function associated to this group.

1. Introduction

Let U/F, be a smooth curve and G /U a Barsotti-Tate group. Assume
G /U has potentially semistable reduction (see 4.2 for a precise definition).
We show that the Dieudonné crystal as defined in [1] is overconvergent in the
sense of Berthelot. As a corollary we get the rationality of the L-function
associated to G/U. In the third section we study the local situation, that
is, semitable Barsotti-Tate groups over a complete discrete valuation field of
equal characteristic p. Using Extension groups in the category of Dieudonné
crystals and their interpretation in terms of syntomic cohomology (as de-
fined in [13]) we prove that the Dieudonné crystal associated to such group
extends to a log Dieudonné crystal over the ring of integers. Using the glue-
ing properties of overconvergent F-isocrystals over smooth curves proved in
[14], we deduce from section three the overconvergence of the Dieudonné
crystal associated to G/U and the rationality of its L-function in the last
section. We end both sections three and four by some open questions.
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3. Semistable Barsotti-Tate Groups and Extensions

In this section, we extend the Dieudonné crystal of a semistable Barsotti-
Tate group over a complete discrete valuation field of equal characteristic
p > 0 to a log Dieudonné crystal.

3.1. Let k be a perfect field of characteristic p endowed with its Frobe-
nius o, W := W (k) the ring of Witt vectors and K = Frac(W). We denote
n := Spec(k((t))). Let G/n a Barsotti-Tate group. Following [5]:

3.2 DEFINITION. The Barsotti-Tate group G, /7 is called semistable if
there exists a filtration:

f
0C Gl CG;CGy
by Barsotti-Tate groups such that the following conditions hold:

1. Gf; and G, /Gl extend to Barsotti-Tate groups G1 and Gy over k[[t]].
In this case, the composed map

Gl — G, — G, /Gl
extends to a map G1 — Go.

2. GY == Ker (G; — G3) and th := coker(G1 — G2) are Barsotti-Tate
groups over k[[t]].

3. GY is of multiplicative type and G is étale.

3.3 REMARK. It has been shown in [5], 2.5, that an abelian variety A
over n has semistable reduction if and only if its associated Barsotti-Tate
group Gy, :=lim A[p"] is semistable.

—n

3.4. Let S be a fine log-scheme over Spec(k) endowed with the trivial
log-structure. We denote the absolute Frobenius of S by og, lying above
o. We work on the log crystalline site with the étale topology, denoted
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Crys(S/W)([7]). An object of Crys(S/W) is a pair (S, P), where S’ is
an étale scheme over S, P is a p.d.-thickening of S’ over W with respect
to the p.d.-structure of (p), and we are given an isomorphism between the
inverse image of the log structure of P on S’ and the inverse image of the log
structure of S on S’. Morphisms of Crys(S/W) are defined in the evident
way. The topology of Crys(S/W) is given by the étale topology of each P.
In the applications of this paper, S is mainly one of the followings :

1. S/k is a proper smooth curve with the log structure on S associated
to the divisor S\ U, for some open subset U.

2. S = U with the trivial log structure.
3. S = Spec(k[[t]]) with the log structure associated to the closed point.

4. S = n with the trivial log structure.

3.5. A crystal E on Crys(S/W) is called a Dieudonné crystal if it
is a finite locally free crystal endowed with linear operators F': ogFE — E
and V : £ — ogFE called respectively Frobenius and Verschiebung such that
FV =pand VF =p. If (D, Fp,Vp) is a Dieudonné crystal on Crys(S/W),
its Og/y-dual DV is endowed with a structure of Dieudonné crystal such
that Fpv = (VD)V and Vpv = (FD)V.

3.6. Let G be a Barsotti-Tate group over S. By the crystalline
Dieudonné theory (see for example [1], [2], [4]), the Dieudonné crystal D(G)
on Crys(S/W) is defined by forgetting the log structures of objects of
Crys(S/W) (D is a contravariant functor). More precisely, let m denote
the canonical morphism from S to Sy, the scheme S endowed with the
trivial log-structure. Then 7*D(G) is a Dieudonné crystal on Crys(S/W)
that we still denote D(G). The Ogp-dual of D(G) will be denoted by
D(G), so that D(.) becomes a covariant functor. We will furthermore, de-
note by 1:= D(Qp/Zp) the Dieudonné crystal (Og/y, F' = p,V = id) and
by 1(1) := D(up=) the Dieudonné crystal (Og/w, F' = id,V = p). The
Dieudonné crystals 1 and 1(1) are dual to each other.

3.7. We recall the construction of the syntomic cohomology as defined
in [13] in the case S = Spec(k[[t]]) with the log structure associated to
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the closed point. Let D be a Dieudonné crystal over S/W. The syntomic
complex Sp is the total complex associated to the bicomplex

p° ¥ Dl

1-F ! 1—Fp
D Y D®Ql,

We explain the notations: Y = Spf(W][t]]) is endowed with the log-
structure associated to N — W][t]] sending n to t". It is a log smooth
formal lifting of S and we denote oy a lifting of the Frobenius of S sending
the variable t to t?. By abuse of notation, we still denote (D,V, Fp,Vp)
the realization of the Dieudonné crystal D at the p.d. thickening (S C )
endowed with its connection, Frobenius and Verschiebung. Consider the

composed map
D4 oyD — 03D /Vp(D)

where ¢ is the map sending x — 1 ® z. Set Lie(D) to be the image of the
above map. Then Lie(D) is a locally free Og-module (see [13], 5.3) and
we denote DY, the kernel of the surjective map D — Lie(D). Finally, we
explain the Frobenius operators. The map F; : DY — D is constructed as
follows: the composed map

F:D°LDLoyp B D,

is in p.D (see [13], 5.8.1) and we set F} := p~'F}. On the other side, remark
that Jy(Q%,) C p.Qj, so that we can define a map

Fy . =Fpo L®p_10'y.

3.8 PROPOSITION. Assume k is algebraically closed and let S =
Spec(k[[t]]) endowed with the log structure associated to the closed point.
Then, we have:

K(6)*, i=1

0, otherwise,

Hz(Sasl(l)) = HZ("%Sl(l)) = {

where M = lim M/Mpn for any multiplicative group M.
“n
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PRrOOF. First, we prove the claim for Hi(n,Sl(l)). By [13], 5.10, we
have

Hi(na51(1)) = H}z(n,Tme)-
Since k((t)) is a C1-field, we have

k((t)* ,i=1

Hi(n,Gp) =
fi (n ) { 0, otherwise.

By using the short exact sequence
0—>Mpn—>Gmp—>Gm—>0
on the flat site, we see that

~ RO i=1
Hiy(n, T,Gm) =

fi (1, T;Gm) { 0, otherwise.
So the claim for H*(n, S1(1)) is proved.

Next we prove the claim for Hi(S,Sl(l)). In the case of the crystal
D = 1(1) the short exact sequence

0 — D° — D — Lie(D) — 0
is induced by the canonical short exact sequence in the crystalline site:
0—Zgw — Ogyw — Gg — 0
which induces on the pd-thichening S C ) the short exact sequence:
0 = p.WItl] — WI[t]] — K[[t] — 0.

Hence, the syntomic complex of 1(1) over S is the total complex associ-
ated to the bicomplex

pWIH] S Wil
1-F 1 l 1—Fy
d
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where d @ W([t]] — W[[t]]% is the map sending an element Y, a;t" to
(3;ia;t) %, Fy is the map sending an element p. 3, a;t’ to > o(a)tP
and F the map sending an element (3, a;t")% to (3, o(a;)t"")%. Hence,

S1(1) is the complex concentrated in degree 0, 1, 2:

Vi) S WS e wi) T W)
Remark that this complex is isomorphic to the complex
W) P WS e wi) T wi S,

We compute the HY: By definition H° = Ker (d) N Ker (1 — Fy). Since
Ker (d) = pW, H is equal to the set of element p.a € pW such that
pa — o(a) = 0. Since the p-adic valuation v(o(a)) is equal to v(a), the
previous equality gives a = 0.

We compute the H?: to show that this is zero, we just need to show that
the map 7 := (1 — F», —d) is surjective. But for any ), citi% € W[[t]]%,
the element (3, biti%, 0), with b; = ¢; + O'(bi/p) if p divide ¢ and b; = ¢; else
is an antecedent of ), citl% by .

We now turn to the computation of H' := Ker (7)/Im(d,1 — Fy). The
group Ker () is the set of elements (3", a;t'%, 3~ b;t') such that ag € Z, and
for n, any positive integer with p-adic valuation r, a,, = nb,+(n/p)o (b, )+
ot (n/p")o" (bypr). We get this way an isomorphism

Ker (7) ~ Zp% © W[t]]

by sending (>, aiti%,zi bit") to (ag, ., bit"), which induces an isomor-
phism
I?’I’L(d, 1- Fl) ~0& Im(l - F1>,

since the elements in Im(d) have no constant terms.

We get
dt
H' = Zp— & W([t]]/Im(1 — F1).

On the other hand, k((£))* ~ t% x kX x (1 + tk[[t]]) and (k((t))*)P
k(7)) ~ t7"% x k= x (1 + t*"k[[t*"]]). So, we are reduced to identify
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WI[t]]/Im(1 — Fy) and lim (1+tk[[t]])/(1 + 7" E[[t?"]]). We first prove that

the lefthand side is p-adically complete. By, [15], chapter 8, it is enough
to prove that I = Im(1 — F}) is closed and in particular complete. Let

(fm(t) = >, bgm)ti)meN a sequence of elements in I converging to f(t) =
> bitt € W([t]]. We want to show that f(t) is in fact in I. Since f,,(t) € I,

for any m, there exists some sequence (agm))i e WN such that bgm) =

pagm) — a(a(l-m)) if p divides ¢ and bz('m) = paz(m)

p
induction on the p-adic valuation of i, a sequence (a;); € WN such that
(1 — F1)(3; pait’) = f(t). For v,(i) = 0, that is when p does not divide 4,
(m)
i
element a; € W such that b; = p.a;. Assume now that for any ¢ such that
vp(i) <, (az(m)) converges to an element a; € W. Then, if v,(i) = r+1, we
Z(m) - J(a(l-m)), with (bgm))m converging to an element b; and

P
by induction hypothesis, (U(a(l-m
we deduce that (agm

else. We construct by

p.agm) converges when m goes to infinity to b; so that (a; ') converges to an

have bgm) = pa

)))m converging to an element o(a ;) and so
p

P
)) converges to an element a; € W.

Let D = 1(1). We compute now H'(S,Sp)/p™: we have a short exact
sequence

xXp™
0—-S8p = Sp—Spn—0,
which induces an exact sequence

xXp™

HY(S,Sp) = H'(S,Sp) — H*(S,Sp.,) — H*(S,Sp).

Since we already have proved that H?(S,Sp) = 0, we deduce for any n the
isomorphisms

Hl(S,SD)/p" ~ Hl(S,SDm).
By [13], 5.14.6, we also have

HY(n,Sp)/p" ~ H' (n,Sp ).

Again, by using the short exact sequence:

Xp
0—S8p1—8pnt1 = Spn—0
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and the 5-lemma, we are reduced by induction to prove that
HY(S,Sp1) ~ H'(1,5p1)

Using the second description of the syntomic complex, we have the quasi-
isomorphisms:

S1(1s ©Z/p = [W{1] ° K] @ K] ™S K D),

0,—c dt dt
—

S10 ®Z/p = k(1)) =7 k(1)) @ K((1) = k(1) ]

and the map H'(S,S1(1))/p — H'(n,81(1))/p is induced by the natural
inclusion

HIA)S @ M) — K(0) S & k()

Now, we compute H'(n,Sy1(1))/p. For any element (3, aiti%,zi bit') €
Ker () we find the same conditions that ag € F,, and for n, any positive in-
teger with p-adic valuation r, a,, = nb,+(n/p)o (b, /p)+-..+(n/p")a" (by pr)-
For negative integers and working modulo I'm(o) = k((t?)), we claim that
only the b;’s with b_; = 0 for any j prime to p, gives a solution. Namely,
for such j we have a_; = —jb_; but then a_j,» = o(—jb—;) for any positive
integer k. But since ), a;t' € k((t)), we must have a_;» = 0 for k big
enough. Therefore, the canonical inclusion

KNS @ M) — k(1) % @ k()

induces the identity map
H'(S,8p)/p = Fp% @ K[[t]]/K[[t*] — Fp% @ K[[t]]/K([[t*)) = H' (1, SDp)/p-

Hence, we proved the canonical isomorphism H'(S,Sp) ~ H'(n,Sp) and
so the proof of the proposition is finished. [

3.9. Let Dy, Dy some Dieudonné crystals over S/WW. We will denote
Extgyw (D1, Da) (or Ext(D1, D2) if there is no ambiguity) the isomorphism
classes of extensions

0— Dy —?7— Dy —0



Semistable Barsotti-Tate Group 419

in the category of Dieudonné crystals over S/W. Any commutative diagram

s L s
! !
Spec(W) 2 Spec(W)

induces in the crystalline topos a functor f* : (S'/W)erys — (S/W)erys al-
lowing to define for any Dieudonné crystals D and D5 over S/W a canonical
map

f*: Ext'(Dy, D) — Ext'(f*Dy, f*Dy),

sending the isomorphism class of an extension:
0— Dy —?7— D1 —0
to the isomorphism class of the extension
0— f*Dy — f*?7 — f*Dy — 0.
(The exactness of this sequence follows from the local freeness of D;.)

3.10. Let G, /n a semistable Barsotti-Tate group and denote as in 3.2

G%, Gh, G1, G, Gy and th its associated Barsotti-Tate groups. We denote
S := Spec(k[[t]]) endowed with the log-structure induced by its closed point.
We also denote j : 7 — Spec(k[[t]]) the open immersion. Then there is a
commutative diagram of exact sequences:

Ext(D(GS), D(G)) frog Ext(D(GS),D(G1)) ™  Ext(D(GS'), D(G1/G"))
hi | ho | hs |

Ext(D(G,/G), D(GY)) & Eat(D(G,/G)),D(G]) £ Ext(D(G,/GY), D(G]/GY)

where the horizontal maps are defined by applying the functor
RHom(D(GS),.) and RHom(D(Gn/Gf;), .) to the short exact sequences:

0 — D(GY) — D(G1) — D(G1/GY) — 0,

and
0— D(G¥) — D(G}) — D(G}/G") — 0

of Dieudonné crystals over (S/W)erys and (1n/W)erys respectively. The ver-
tical maps are induced by the functor j* : (S/W)erys — (1/W)erys-
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3.11 LEMMA. Assume k is algebraically closed. Then the map gioq 18
surjective.

PROOF. Since k is algebraically closed, G§' ~ (Q,/Z,)* and we can
reduce to the the case a = 1, that is to the case D(GS!) = 1. By [13], 5.9,
Eaxt(1,D(Gy)) ~ H(K[[t]], Sp(g,))- Similarly, we have

Ext(1, D(G1/GY)) =~ H'([[]], Sp(c, jc))

so that the cokernel of g, is H2(k:[[t]],SD(GT)). Again, since k is alge-
braically closed, we can reduce to the case D(GY) = 1(1) and the assertion
results from 3.8. [

3.12 LEMMA. Assume that k is algebraically closed, then hy is an iso-
morphism.

PROOF. We are reduced to prove that
Extgw(1,1(1)) = Ext,w(1,1(1)).
Using [13], 5.9 and 5.10, it is enough to prove that the map
Hl(Sasl(l)) - H1(77751(1))
is an isomorphism but this has already been proved in 3.8. [J

3.13 THEOREM. Assume k is algebraically closed.
Let o € Ext(D(Gn/Gf;),D(Gg)) be the isomorphism class of the exten-
sion:

0 — D(G}) — D(Gy) — D(G,/G}) — 0.
There ezists a short exact sequence of Dieudonné crystals over S/W :
0 — D(G1) = Dipg — D(th) — 0,
such that its isomorphism class (8 is sent by hs to a.

As a corollary, we get:

3.14 COROLLARY. Let Gp/n = k((t)) be a semistable Barsotti-Tate
group. Then its Dieudonné crystal D(Gy) extends to a Dieudonné crystal
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Dyoq over S, the scheme Spec(k[[t]]) endowed with the log-structure induced
by its closed point.

We now prove the theorem:

PROOF. Let v € Ext(D(G'), D(G1/GY)) be the isomorphism class of
the extension:

0 — D(G1/GY) — D(G2) — D(GY') — 0

such that we have g(a) = h3(vy). Since go4 is surjective, there exists 7 €
Ext(D(GS), D(G1)) such that gi,y(7) = 7. Since g(a — ha(&)) = 0, there
exists some 6 € E:rt(D(Gn/G,];), D(GY)), corresponding by 3.12 to a unique
6 € Ext((D(GY), D(GY)), such that f(8) = a—ha(&). Then B := fi,0(0)+7
is sent by hs to a. I

3.15 DEFINITION. Let G /n be a Barsotti-Tate group. We say that it
is overconvergent if its associated Dieudonné isocrystal, corresponding to a
(p, V) over
+o0 A
E={a= Zaimz\ a; € K, sup|a;| < oo, |a;j| =0 (i = —o0)}
i
—0o0

(see [14]) admits a lattice as (p, V)-module over

ET = {a € &|a;]r* — 0 (i — —o0) for a certain r,0 < r < 1}.

As a corollary of 3.14, we have:

3.16 COROLLARY. Any semistable Barsotti-Tate group Gy/n is over-
convergent.

3.17 REMARK.

1. Any Barsotti-Tate group coming from an abelian variety is overcon-
vergent: the abelian variety has potentially semistable reduction and
in consequence it has been shown in [13] that the Dieudonné crystal of
the abelian variety (which coincides with the Dieudonné crystal of the
associated Barsotti-Tate group) comes from a log Dieudonné crystal
after taking some finite étale base change.
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2. Barsotti-Tate groups associated to p-adic representations of the abso-
lute Galois group of n with infinite monodromy are not overconvergent

([18]).

3. We have shown that if G,/n is semistable then it is overconvergent.
Reciprocally, if G, /1 is overconvergent, can we conclude that it is
potentially semistable? Since G, /n is overconvergent its associated
isocrystal will be quasi-unipotent by the local p-adic monodromy the-
orem of André-Kedlaya-Mebkhout. So we know that it will come from
some log-Dieudonné crystal after considering some finite étale base
change. The previous question can thus be rephrased as: Is there a
log Dieudonné functor from the category (still to be defined) of log
p-divisible groups to the category of log Dieudonné modules over k[¢]]
and if yes, is this functor an equivalence of categories (as this is the
case without log-structure by [4])?

4. Recall (see [19]) that G, /n is endowed with a unique Frobenius slope
filtration, whose quotients are isoclinic Barsotti-Tate groups. Assume
each quotients to be overconvergent. Does it imply that G, /7 is over-
convergent?

4. Semistable Barsotti-Tate Groups over Smooth Curves

4.1. In this section, we consider a dense open subset U of a proper
smooth connected curve C/F,. For any closed point x € C, we denote
ny := Spec(k(x)((t))) and K, := Frac(W (k(z))). For any Fj-scheme T', we
will denote T :=T XF, IF

4.2 DEFINITION. A Barsotti-Tate group G/U is called semistable if at
any closed point x € Z := C\ U, G, := G Xy 1z/n, is semistable. We
say that a Barsotti-Tate group G/U is potentially semistable if and only if
there exists some finite Galois covering U’ — U such that G’ := G xy U’ /U’
is semistable.

4.3. Let G/U a potentially semistable Barsotti-Tate group. We asso-
ciate to G/U the following L-function:

L(U,G,t) = [] det(1 -t F,, D(G,)) ™,
zeU
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where (D(Gy), Fy) is the F-isocrystal over k(x) deduced from D(G) by
restriction and deg(z) := [k(x) : Fp).

We are going to show that the Dieudonné crystal associated to a po-
tentially semistable Barsotti-Tate group is overconvergent and that its as-
sociated L function is a rational function. We will need the following lemma:

4.4 LEMMA. ([6])

Let E be a convergent F-isocrystal over U. Let w: U — U the canonical
étale covering. Assume that m*FE is overconvergent, then E is overconver-
gent.

4.5 THEOREM. Let G/U a potentially semistable Barsotti-Tate group.
Then its associated Dieudonné crystal D(G) over U has a structure of over-
convergent F-isocrystal D(G)' over U.

PROOF. By the previous lemma we can assume U = U and by finite
étale descent we can assume that G/U is semistable. For any closed point
x € Z, we denote 7, := Spec(Frac(Oc¢,)) and S, := Spec(O¢.) endowed
with the log-structure induced by its closed point. By 3.14, the Dieudonné
crystal D(G xy 1,) extends to a Dieudonné crystal Dy, over S,. Hence,
the assertion follows from [14], proposition 4. [J

4.6 COROLLARY. Let G/U a potentially semistable Barsotti-Tate
group. Then its L-function L(G,U,t) is a rational function in t. More
precisely, we have:

(U, D(G)1) =D

71g,C

2
L(G,U,t) = [ [ det(1 — tF, H;
=0

ProOF. By 4.5 D(G) has a structure of overconvergent F-isocrystal
and the formula results from [17], theorem 1.2. Finally, the rationaly re-
sults from the finiteness of the cohomological groups H, 0.cU,s D(G)T) which

follows from [14], corollary 8 and the Poincaré duality of rigid cohomology. O

4.7 REMARK. Let Gp/F be a Barsotti-Tate group, where F' is the
function field of C.
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1. Tt is a priori not always possible to extend Gr/F to some Barsotti-

Tate group G over some dense open subset U of C' (but this is the
case when G/F is the Barsotti-Tate group associated to an abelian
variety). For example, consider the étale case. Then, we can re-
place Barsotti-Tate groups by p-adic representations. We can find an
example of a p-adic representation of Gal(F/F) that ramifies at in-
finitely many places and thus don’t factorize through any fundamental
group of some dense open subset U of C. To construct such repre-
sentation, it is enough to construct a Z,-extension K of F' that ram-
ifies at infinitely many places (it exists: see for example [11]). Take
any extension L/F with Galois group (Z/p)*. Then the extension
K.L/F has a Galois group isomorphic to Z, and the natural projec-
tion Gal(F/F) — Gal(K.L/F) gives an example of one-dimensional
p-adic representation of Gal(F/F) that ramifies at infinitely many
places.

. If G1,G4/U are two Barsotti-Tate groups with G/ F as generic fiber,

are G and G2 isomorphic (or at least isogenous)? See [5] for some
evidences on this question. If the answer to this question is yes and
Gr/F extends to some Barsotti-Tate group G/U, then we can define
the Hasse-Weil L-function of Gp/F as L(Gp,t) := L(U,G,t).

References

Berthelot, P., Breen, L. and W. Messing, Théorie de Dieudonné cristalline.
II, Lecture Notes in Math., vol. 930, Springer-Verlag, New-york and Berlin,
1982.

Berthelot, P. and W. Messing, Théorie de Dieudonné cristalline. III, The
Grothendieck Festschrift, Vol. I, Progr. Math., 86, Birkhauser Boston,
Boston, MA, 1990.

Cartier, P., Groupes formels associés aux anneaux de Witt généralisés, C. R.
Acac. Sci. Paris, Sér. AB (1967), 265.

de Jong, A. J., Crystalline Dieudonné module theory via formal and rigid
geometry, Inst. Hautes études Sci. Publ. Math. 82 (1995), 5-96.

de Jong, A. J., Homomorphisms of Barsotti-Tate groups and crystals in
positive characteristic, Invent. Math. 134 No. 2, (1998), 301-333; erratum
ibid. 138 No. 1, (1999), 225.



Semistable Barsotti-Tate Group 425

Etesse, J.-Y., Descente étale des F-isocristaux surconvergents et rationalité
des fonctions L de schmas abliens, Ann. Sci. cole Norm. Sup. (4) 35 (2002),
no. 4, 575-603.

Kato, K., Logarithmic structures of Fontaine-Illusie, Algebraic analysis, ge-
ometry and number theory, the Johns Hopkins Univ. Press (1989), 191-224.
Kato, K., Logarithmic Dieudonné theory, preprint, 1992.

Etesse, J.-Y. and B. Le Stum, Fonctions L associées aux F-isocristaux sur-
convergents II: Zéros et poles unités, Invent. math. 127 (1997), 1-31.
Grothendieck, A., Revétements étales et groupe fondamental (SGA 1), Doc-
uments Mathématiques (Paris), 3. Société Mathématique de France, Paris,
2003. xviii4+327 pp.

Gold, R. and H. Kisilevsky, On geometric Z,-extensions of function fields,
Manuscripta Math. 62 (1988), no. 2, 145-161.

Hesselholt, L., Lecture notes on Witt vectors, preprint 2005, http://www-
math.mit.edu/larsh/papers/s03 /wittsurvey.pdf.

Kato, K. and F. Trihan, On the conjectures of Birch and Swinnerton-Dyer
in characteristic p > 0, Invent. Math. 153 (2003), no. 3, 537-592.

Matsuda, S. and F. Trihan, Image directe supérieure et unipotence. (French)
[Higher direct image and unipotency], J. Reine Angew. Math. 569 (2004),
47-54.

Matsumura, H., Commutative algebra, Mathematics Lecture Note Series.
New York: W. A. Benjamin, Inc. xii, 262 p. (1970).

Mumford, D., Lectures on curves on an algebraic surface, Annals of Mathe-
matics Studies, vol. 59, Princeton University Press, Princeton, N.J., 1966.
Trihan, F., Fonction L unité d’un groupe de Barsotti-Tate, Manuscripta
Math. 96 (1998), no. 4, 397-419.

Tsuzuki, N., Finite local monodromy of overconvergent unit-root F-isocrys-
tals on a curve, Amer. J. Math. 120 (1998), no. 6, 1165-1190.

Zink, T., On the slope filtration, Duke Math. J. 109 (2001), no. 1, 79-95.

(Received September 16, 2008)
(Revised October 1, 2008)

School of Mathematics
University of Nottingham
University Park

NGT7 2RD, Nottingham



