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Cohomotopy Invariants and the Universal

Cohomotopy Invariant Jump Formula

By Christian OKONEK and Andrei TELEMAN

Abstract. Starting from ideas of Furuta, we develop a general
formalism for the construction of cohomotopy invariants associated
with a certain class of S'-equivariant non-linear maps between Hilbert
bundles. Applied to the Seiberg-Witten map, this formalism yields a
new class of cohomotopy Seiberg-Witten invariants which have clear
functorial properties with respect to diffeomorphisms of 4-manifolds.
Our invariants and the Bauer-Furuta classes are directly comparable
for 4-manifolds with by = 0; they are equivalent when b; = 0 and
by > 1, but are finer in the case by = 0, by = 1 (they detect the
wall-crossing phenomena).

We study fundamental properties of the new invariants in a very
general framework. In particular we prove a universal cohomotopy
invariant jump formula and a multiplicative property. The formalism
applies to other gauge theoretical problems, e.g. to the theory of gauge
theoretical (Hamiltonian) Gromov-Witten invariants.
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1. Introduction

1.1. Motivation

The goal of this article is to develop a general formalism for the construc-
tion of cohomotopy invariants associated with a certain class of non-linear
maps between Hilbert bundles. The main example we have in mind is the
Seiberg-Witten map, but the formalism applies to other interesting classes
of maps related to gauge theoretical problems as well.

The first stable-homotopy Seiberg-Witten invariants have been intro-
duced independently by M. Furuta and S. Bauer. Furuta first used “fi-
nite dimensional approximations” of the monopole map in his work on the
11/8 conjecture [Ful], and then introduced a class of refined Seiberg-Witten
invariants (called “stable homotopy version of the Seiberg-Witten invari-
ants”) in a geometric, non-formalized way in [Fu2]. In this preprint Fu-
ruta acknowledges independent work by Bauer [B3]. According to Furuta,
the new invariants belong to a certain inductive limit of sets of homotopy
classes of maps associated with “finite dimensional approximations” of the
Seiberg-Witten map. The structure and the functorial properties of this
inductive limit (with respect to diffeomorphisms between 4-manifolds) have
not been worked out in this article. A precise version of the new invari-
ants has been introduced later by Bauer-Furuta in [BF]: the Bauer-Furuta
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classes belong to certain stable cohomotopy groups associated with a pre-
sentation (E, F') of the K-theory element ind(/)) defined by a fixed Spin®-
structure. This element ind(]?) belongs to the K-theory group K(B), where
B = HYX;R)/H'(X;Z) is the Picard group of the base manifold X.

In this article we propose a different construction of cohomotopy invari-
ants which has the following advantages: Our construction yields a larger
class of invariants, which are well defined in all cases, are always finer than
the classical invariants, and have clear functorial properties. In order to
explain the advantages of the new formalism in a non-technical way, we
consider again the Seiberg-Witten case.

It is well known that the Seiberg-Witten map p can be regarded as
an S'-equivariant bundle map between Hilbert bundles over the torus B
(see [BF] and section 3.4 of this article). We first choose the perturbing
form in the second Seiberg-Witten equation in the “bad way”, i.e. such
that the equations have reducible solutions (solutions with trivial spinor
component); we make this “bad choice” even in the case b (X) > 1! In
“classical” Seiberg-Witten theory one perturbs the second Seiberg-Witten
equation using a nontrivial self-dual harmonic form x € iH™\ {0}, and gets a
new map p,, which defines a moduli space which does not contain reductions.
Instead of a constant perturbation k, we consider a map  : B — iH™ \ {0},
and perturb the Seiberg-Witten map p (regarded as bundle map over B)
using this map. The associated invariant will depend on the homotopy class
[k] € [B, S(iH™)]. This leads to the following questions:

(1) Does one obtain new invariants in this way?

(2) If so, does one have a universal cohomotopy invariant jump formula,
i.e. a formula which describes the jump of the cohomotopy invariant
when one passes from one homotopy class to another?

(3) Use again constant perturbation forms «, but let x vary in the sphere
S(iH™*) and regard the obtained map fi as an S'-equivariant bundle
map over the larger basis BxS(iH™). Does this universal perturbation
it yield more differential topological information than the individual
perturbations u,? If not, express the cohomotopy invariant associated
with [ in terms of the invariant associated with u, and topological
invariants of X.
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These questions are interesting as soon as by > by — 1 (even for by > 1)
and they are also interesting for the classical invariant, because for non-
constant perturbations s one gets new Seiberg-Witten type moduli spaces.
The universal wall-crossing formula [LL], [OO], [OT] for the full Seiberg-
Witten invariant® should be a formal consequence of a universal cohomotopy
invariant jump formula. These questions will be completely answered in this
article.

Another motivation for proposing a new formalism was the need to
have well defined invariants, with clear functorial properties. Recall that
the classical full Seiberg-Witten invariant can be regarded as an element
of [NHY(X,7)]%"(X) | where Spin®(X) denotes the torsor of equivalence
classes of Spin®(4)-structures. Therefore this invariant belongs to a group
which is obviously functorial with respect to pairs (h,f) consisting of an
orientation preserving homotopy equivalence h : X — X’, and a bijec-
tion 0 : Spin®(X’) — Spin®(X) which is compatible with the Chern class
maps Spin®(X) — H?*(X,Z), Spin(X') — H*(X',Z) and the H?(X,7Z),
H?(X',Z)-actions on the two sets. Such a pair will be called a Spin®-
homotopy equivalence. We will say that an assignement X — G(X) € Ab
is topologically functorial on the category of smooth 4-manifolds if it is func-
torial with respect to Spin‘-homotopy equivalences. It is natural to require
that the refined Seiberg-Witten invariant belongs to a group G(-) which is
topologically functorial, as it is the case for the classical invariant. In other
words, we want the group to which the invariant belongs to have much
stronger functorial properties than the invariant itself. This is important for
practical reasons; for instance, if one wants to classify the Spin°-homotopy
equivalences X — X which are realized by diffeomorphisms, one will essen-
tially need the topological functoriality of the group to which the invariant
belongs.

The definition of the stable cohomotopy group used in [BF| depends on
the choice of a presentation (E, B x C") of ind(I)) € K(B) (see [BF] p. 8-9).
Since in general such a presentation has homotopically non-trivial automor-
phisms, the obtained cohomotopy groups cannot be regarded as invariants
of the K-theory element ind(}?) € K(B). This makes it difficult to control

'The full Seiberg-Witten invariant [OT] defines elements in A*(H'(X;Z)). The nu-
merical Seiberg-Witten invariant (the original invariant introduced by Witten) is the
degree 0 term of the full invariant.
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the functorial properties of the Bauer-Furuta stable cohomotopy groups as
defined in [BF] with respect to homeomorphisms (or even diffeomorphisms)
of 4-manifolds, and to understand in which sense the constructed class is
well defined.

Using Segal cocycles instead of finite rank presentations ([BF] p. 7-8)
does not remove the problem, because of monodromy phenomena in the
space of Segal cocycles?. A similar difficulty concerns the concept “Thom
spectrum of a virtual bundle”, used by Bauer-Furuta (see [BF] p. 8) and
other authors in order to give a geometric interpretation of the Bauer-Furuta
classes. One can indeed associate a Thom spectrum to a fized presentation
(E, B x C") of a K-theory element € K(B), but unfortunately not to
itself. For 4-manifolds with b; = 0, the Bauer-Furuta class gives a well de-
fined invariant, which can easily be identified with the image of our invariant
under a boundary morphism of cohomotopy groups. The two invariants are
equivalent when b; =0, by > 1.

Note that an elegant construction described by Furuta [Fu3] leads to
a well-defined invariant belonging to a group which is C*°-functorial for
arbitrary b; and by > 1. Furuta uses the universal family of Dirac operators
associated with a metric and a class of Spin®structures ¢ € Spin®(X) in
order to remove the ambiguity in the choice of a Spin¢-structure 7 € ¢ and
get a well-defined Segal cocyle. We will explain this formalism in section
3.4.

Our new point of view has the following advantages:

(1) The new cohomotopy Seiberg-Witten invariants are finer than the full
classical Seiberg-Witten invariants in all cases, including the case of
manifolds with b; > b, —1 and including the invariants associated with
non-constant perturbations x : B — iH2 \ {0}. In the case by > by —1
we prove a universal cohomotopy invariant jump formula; the universal
wall-crossing formula for the classical invariant is a formal consequence
of this result.

(2) Our invariant belongs to a cohomotopy group which is intrinsically

2Contrary to what is often stated in the literature, the space of possible Dirac op-
erators associated with a fixed equivalence class of Spin®-structures is not contractible
(see section 3.4). So even if one considers only Spin°-Dirac operators, one does not get a
contractible space of Segal cocycles.
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associated with the base 4-manifold, and is topologically functorial in
the sense explained above.

REMARK. An interesting development in cohomotopy Seiberg-Witten
theory concerns invariants defined for families of 4-manifolds parameterized
by a compact space [Fu2]. Most parts of our construction generalize imme-
diately to this situation; note however that in the family case the map &
above has to be replaced by a section of a certain sphere bundle.

1.2. Summary of results

In the first section we construct a graded cohomotopy group associated
with a K-theory element = € K(B). To every representative (E, F) € x
we associate the graded group gia}(S(E)+p, Fi), where giay(-, ) stands
for an S'-equivariant stable cohomotopy group functor on the category of
pointed S'-spaces over B; it is obtained by stabilizing with spaces of the
form (n@go)g, where 7 is a complex, and &y a real vector bundle. Note that
we do not use all characters of S! in the stabilizing process; for this reason we
do not use the standard notation gi1w¥; found in the literature [CJ]. We define
o*(z) to be the inductive limit of the graded groups g1 (S(E)+5, Fg ) with
respect to the category 7 (z) of representatives (E, F) of x. Since 7 (z) is
not a small filtering category (see [AM], and section 5.1 below), this limit
cannot be obtained using the classical construction. It will be constructed
in two steps: First we stabilize the graded group g1y (S(E)+p, Fpy) with
respect to standard representative enlargements (E,F) — (E® U, F & U),
and we obtain a new graded group &*(E, F'), which still depends on the fixed
pair (E, F). The groups &*(E, F), &*(E’, F") defined by two representatives
(E,F), (E', F") of x are non-canonically isomorphic. The group a*(z) will
be the quotient of &*(E, F') by the equivalence relation generated by the
inductive limit of the automorphism groups Aut(E @ U) x Aut(F @ U). We
give an explicit description of o*(z) as a quotient of the group &*(E, F)
associated with any representative (F,F') by the action of the image of
the J-homomorphism ¢i1J : K~1(B) — ¢1a®(B)* in the group of units
g1a%(B)* of the ground ring g1a%(B) := ¢1a%(B+p, B+p). In other words,
we are able to control the effect of bundle automorphisms in our inductive
limit and we obtain a graded group which is intrinsically associated with
the K-theory element x. We believe that this construction is of independent
interest from the point of view of homotopy theory.
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A way to understand the role of the graded group a*(x) is the following:
Because of the presence of homotopically non-trivial bundle automorphisms,
one cannot define the projectivization P(z) of a K-theory element z € K(B)
(neither in the category of topological spaces nor in the category of spectra).
The graded group o*(x) plays the role of what should be the cohomotopy
group of a formal projectivization of the K-theory element x.

In the second section we first introduce a distinguished class of non-linear
maps u between Hilbert bundles over a compact base B. The C-linear part
of the linearization of such a map u at the zero section is a linear Fredholm
operator, so it defines a K-theory element x € K(B). The goal of the section
is the construction of an invariant {u} € a*(z). This invariant is constructed
using finite dimensional approzimations of the map p. In order to get these
approximations we make use of the retractions py : AT\ S(AL) — AT
associated with finite dimensional subspaces A of a Hilbert space A, as in
[BF]. This method to construct finite dimensional approximations applies
to a very large class of non-linear maps, whereas Furuta’s original method
based on L?-orthogonal projections on direct sums of eigenspaces (see [Fu2])
is limited to maps whose linearizations are elliptic differential operators.

The main difference between our definition and the construction of the
Bauer-Furuta classes given in [BF], is that

(1) our construction uses only spaces fibered over the base B. In particular
we avoid using Thom spaces,

(2) we treat the real and the complex summands in our finite dimensional
approximations separately.

Therefore, from this point of view, our construction is closer to the orig-
inal ideas of Furuta [Fu2]. Having the finite dimensional approximation,
a representative of the invariant is an element in a group of the form
s105(S(E)1p, Fi) obtained by a simple geometric construction, which we
call the cylinder construction®. The class obtained in this way carries more
information than the one defined in [BF]. In 3.4 we show that the Seiberg-
Witten map associated with a Spin®-structure 7 on a Riemannian 4-manifold

3 After completing the first version of this article we found out about the results [C]
on Leray-Schauder index theory. Under the assumption that the group-action is free on
a neighborhood of the zero-set of the vector field, one can define a refinement of the
usual Poincaré-Hopf vector field index, which is probably related to our refinement of the
Bauer-Furuta class.
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M with by (M) > 0 yields a non-linear Fredholm map sw,, (depending on a
twisting map x : B = H'(X;R)/H'(X;Z) — iH?% \ {0}) which belongs to
our distinguished class of maps. Hence the general theory applies and yields
a cohomotopy Seiberg-Witten invariant {sw,} € a®+(M)=1(ind(])), which
only depends of the homotopy class of k. Our construction of the bundle
map swy, is different from and somewhat simpler than the one given in [BF].
In this section we also explain why the space of Dirac operators associated
with a fixed equivalence class of Spin®-structures is not contractible, so there
is no way to distinguish a contractible class of Segal cocycles defining the
K-theory element ind(/J). This makes clear why the cohomotopy groups
defined in [BF] (which depend essentially on the choice of a Segal cocycle)
cannot be regarded as intrinsic (functorial) invariants of the base manifold.

In the third section we prove several fundamental properties of the in-
variant {u} € a*(x) in our general, abstract framework:

(1) We study the image of our invariant under the Hurewicz morphism,
and we prove that the Poincaré dual of this image can be identified
with the virtual fundamental class of the vanishing locus. In other
words, the full homology invariant associated with the virtual fun-
damental class of the “moduli space” (i.e. the S'-quotient of the
vanishing locus of u) can be identified with the Hurewicz image of
the cohomotopy invariant. Moreover, the Hurewicz morphism is an
isomorphism when the “expected dimension” vanishes.

(2) We prove a formal universal cohomotopy invariant jump formula for
our refined cohomotopy invariants.

(3) We prove a general product formula for the invariant {p; x pa} as-
sociated with a product of maps; in this formula we allow one of the
factors to have zeros on the S'-fixed point locus. When both factors
are nowhere vanishing on their fixed point loci, we prove a vanishing
result for the Hurewicz image of the invariant.

Specialized to the Seiberg-Witten map, these properties automatically
yield important results for the new cohomotopy Seiberg-Witten invariants.
The first result shows that the cohomotopy Seiberg-Witten invariant
is a refinement of the classical full Seiberg-Witten invariants in all cases.
Combined with the second property, this also yields a universal invari-
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ant jump formula for the full classical Seiberg-Witten invariant in the case
b1(X) = b4 (X) — 1.

The vanishing result in (3) reproves the classical vanishing theorem for
the Seiberg-Witten invariant of a direct sum in the case where both sum-
mands X; have b4 (X;) > 0.

The third result provides the topological formalism for proving a formula
for the cohomotopy invariant of a connected sum of two 4-manifolds, even
in the case when one term of the sum has b, = 0. The analytic techniques
required for this general gluing formula are not discussed in this article.

Acknowledgment. The first author would like to thank Tammo tom
Dieck for useful and interesting discussions at the beginning of this project.
The second author is indebted to Mikio Furuta for useful discussions and for
explaining the construction of the “universal Seiberg-Witten map” described
in section 3.4.

2. Cohomotopy Groups Associated with Elements in K(B)

2.1. Definition of gia}(X,Y)

Let B be a compact topological space endowed with the trivial S'-action.
Let Cp be the category defined in the following way: the objects of Cp are
vector bundles over B of the form

E=ndéo,

where 7 is a complex vector bundle endowed with the standard S!-action
and & is a real vector bundle endowed with the trivial S'-action; for two
objects £ = n®&p, £ = n' B a morphism v : £ — ¢ is a pair (4, () consisting
of an S'-equivariant bundle embedding i = t®ig : £ — & and a complement
C=v @ of i(§) in &. Composition of morphisms is defined in a natural
way. A morphism u = (i,() : £ — & defines a push-forward morphism
A(u) : A(§) — A(E), where A(E) := A(n) x A(&) is the automorphism group
of £&. We obtain in this way a functor A : Cg — Gr. In the terminology of
section 5.1, the pair (Cp, A) is a category with automorphism push-forward.

Let X — B, Y — B be two pointed S'-spaces over B. The assignment

& SlTFOB(X AB SE,YAB fg)
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(where g17%(X,Y) stands for the set of homotopy classes of S!-equivariant
base point preserving maps over B) is functorial with respect to morphisms
in Cp: for a morphism u = (4,¢) : £ — &, the push-forward class u.([f]) is
defined using io foi~! on i(¢) and id¢ on its complement (. Therefore this
assignment defines a functor S17TOB(X AB Y Ap-) :Cp — Sets. It is not
clear at all that an inductive limit of this functor exists, because Ob(Cp) is
neither a filtering nor a small category (see section 5.1).

PROPOSITION 2.1. Let £ =n® & € Ob(Cp), a= (o, a0) € A(E), and
u = (1,() the standard morphism n® & =& — & := (n@n) & (§o ® &)
defined by (y,) — ((4,0), (x,0)). For every [f] € si7%(X Ap &5, Y Ap &)
one has

(s ([f]) = ux([f]) -

PRrROOF. Identifying £ with & & ¢ one can write u, (a.[f]) = [g] where g
is the composition

(idX AB [a@idg]g) o (f AB id&g) o (idX AB [a_l @idﬁ]g) : X Ap [5@5]5
— Y AB [5@5];

Let R, be the automorphism of £ @ £ defined by the matrix

- ( cos(ty) —sin(t5) ) ‘

sin(t3)  cos(t%)

For an automorphism b of £ note that ;0 (b@id¢)or, ! defines a homotopy
between b @ id¢ and id¢ @ b. This shows that g is homotopic to the map

¢ = (idx Ap [ide & a]g) o(fAp idég) o (idx Ap [ide ® a_l]g) = fAgB idgg
which is a representative of the class u.([f]). O

We define the stable cohomotopy group g1a%(X,Y) by

s10p(X,Y) := lim amp(X Ap[C" & R™E, Y Ap[C" & R™E)
(n,m)eN?

In this formula and in the rest of the paper we use the notation V for the

trivial bundle B x V over the base B. This inductive limit has a natural

Abelian group structure (see [CJ] p. 168 for the non-equivariant case).
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PROPOSITION 2.2. The functor ¢in%(X Ag Y Ap ) : Cg — Sets
admits an inductive limit, which can be identified with g1a%(X,Y).

PROOF. Let N? be the small category associated with the ordered
set (N x N, <) and consider the functor © : N? — Cp which assigns to
a pair (n,m) the trivial bundle C" @ R™ over B, and to an inequality
(n,m) < (n’,m') the standard morphism between the corresponding trivial
bundles. Using the terminology of section 5.1, N is a small filtering category,
and O is a cofinal functor from N to the category (Cg, A), which is a category
with automorphism push-forward. By definition g1a%(X,Y) is just the
limit of the composed functor g17%(X Ap-, Y Ap-)o©. On the other hand,
Proposition 2.1 shows that the functor ¢17%(X Ap -, Y Ap -) satisfies the
“trivial stable actions” axioms TSA, ©SA. The result follows therefore from
Proposition 5.11 in section 5.1. [

Note that Proposition 2.2 implicitly yields a canonical map

ce: q1mB(X Ap &L, Y Ap&h) — s1a%(X,Y)

for every § € O(Cp), such that the system (c¢)eco(c,) satisfies the universal
property of the inductive limit.

As in the non-equivariant case we put
aB(X,Y) 1= g10% (X Ap (RY)5,Y A RY7)E) (N, N+p20)
Each g1a/5(X,Y) is a bimodule over the ring
s10°(B) = g1a°(B4.,8°) = g1a(Bip, Bip) |

and g105(X,Y) 1= Dpez s105(X,Y) is a graded bimodule over the graded
ring g1 (B) = @g1aP(B), where

107(B) i= g10?(By, 5°) = g1a%(By, 57) .

Right and left multiplication with elements in g1a®(B) coincide (see [CJ] p.
172).
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REMARK 2.3. In the special case when Y is of the form Y = (g with
¢ € Cp, one has a canonical identification

s105(X, () = g1a° (X A5 [C/}E/oo ; V+> ;

where ¢ ® ¢’ =V, and V has the form C*¥ @ R'. In the terminology of [BF]
the latter group is a stable cohomotopy group formed with respect to the
universum generated by the S'-representations C and R.

2.2. The computation of gia*(B, V1)

Let S — O(V) be an orthogonal representation of S'. Our next goal
is the computation of the group SlOék(B+,V+) for k > 0. In particu-
lar, we obtain explicit descriptions of the positive summands g1a®(B) =
s10%(By, [R¥]T) of the graded ring ¢1a*(B).

Replacing V by V @ R*, we can reduce the problem to the case k = 0.
One has

1
§10%(By, V) =lim  [By A[C"@R™T,VEACT @RS
(n,m)eN?
where [-, -]gl stands for the set of homotopy classes of S'-equivariant maps

between two pointed S'-spaces.

According to Hauschild’s splitting theorem (Satz 3.4 in [H]) there is a
natural identification

(1)  [BiA[Cr@R™N[VeCToR™])

= |By +, A
B ARV A R

X [B+ A [[Cn ® Rmrr/[Rm

0
Sl
]—|-:| ,V+/\ [Cn®Rm]+ )
0
where the projection on the first factor is given by restriction to the fixed
point set. There exists a homeomorphism of S'-spaces

[cn @Rm]+/[Rm]+ ~ S(CY) 4 A S
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Indeed, one has
C"oR™*T ~ S(C"oR™!
ORI gy~ sy

~ S(C") x DR™)UD(C") x S(R™)
( ( /D C") x S(R™*)

~ S(C"), AS™TL
Using the natural identification

By A[S(CM), AS™H) = S(C™), A By A S™H

SE) X (B AS™

and denoting by V;, the associated bundle S(C™) x g1 V over P(C") we find

~
~

|:B+ A |:[(Cn @Rm]+/[Rm]+:| 7‘/—i— A [(Cn @Rm]—k]j o~
n m St
~ [S((C )X [BxAS +1]/S o x {*},V+ AlCh @Rm]ﬂo ~
= g mgcny (S(C) x [By A S™H], S(CM) x [V o C" o R™F) =
P(C

") x [B A S, Vi @ Openy (1) @ Km]fg(@)> =~
~ WI%(@") ([]P’((C”) x [By A SY] Apcm ™,
Ve @ Oreny (1) oy AR(C) §m>-
The limit over m of this set is
o <]P’(C”) x [By A SY, Ve & OP(@)Q)@“];(@)) .
Now note that
V& C @ Tcny = Vi ® Opony (1)

Therefore, applying the duality isomorphism given in Proposition 12.41 [CJ]
to the map 7 : P(C") — {x}, one gets

wycry (PC) % [By A S, [V @ Oy (1) oy
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(B ASYT(Va @ C)) =w(By NS, T(Va) AS?)
WO(B-H T(Vn) N Sl) )

1

1%

where T'(+) stands for the Thom space functor. This shows that

Sl
n mi1+
lim [B+A[[@ SR L VTA[C @R
e T e o

>~ By, T(ES' xg1 V) A SY)

where ES! xg1 V is the vector bundle associated with the universal S*-
bundle ES* — BS! = P> and the fiber V. Using formula (1) we obtain
the following

PROPOSITION 2.4. One has a natural group isomorphism
(2)  510%(By, V) 2By, V) x (B}, T(ES' x51 V) A ST,

where the projection on the first factor is given by restriction to the fixzed
point set. In particular

s10¥(B) 2wk (B) x w*(B4,PY A SY) |

REMARK 2.5. The second summand in the decomposition
g1’ (B) 2 W(B) x W’ (B4, PY A SY)

is called “the free summand” in [CK]. The projection g1a’(B) — w®(B) is
given by restriction to the fixed point set, hence it is a ring homomorphism.
Therefore the free summand w(By,P° A S1) is an ideal of g1a°(B), and
one has a natural ring isomorphism

WO(B) = SlaO(B)/wO(B-i-,PiO A Sl) '



Cohomotopy Invariants 339

COROLLARY 2.6. Suppose that B is a finite CW complex. Restriction
to the fized point set defines an isomorphism

lim gi0¥(By, [CV]F) = WH(B) .
NeN

PrROOF. Indeed, taking V = CV @ R¥, the second summand in (2) is:

W By, T(ES' xg [CN @ RFFL)))
=lim 7°(B4 A [RI]7, T(ES* x g1 [CV & RFFH))
leN
Recall that the Thom space of a real vector bundle of rank r over a CW
complex X admits a CW decomposition consisting of a single 0-dimensional

cell and cells of dimension > r. Therefore, for N sufficiently large any map
By AR — T(ES' x g1 [CN @ RFFH]) is homotopically trivial. O

2.3. The groups o*(z) associated with an element x € K(B)

Fix an element z € K(B). We define a category 7 (z) in the follow-
ing way: the objects of 7 (z) are the presentations of x. For two such
presentations (FE, F'), (E’, F'), a morphism 7 : (E,F) — (E', F') is a sys-
tem 7 = (i,4, F1, F1, k) consisting of bundle monomorphisms j : £ — F’,
i: F— F' complements Fy and F; of i(E) and j(F) in E' and F’ respec-
tively, and an isomorphism k : By — F7.

With every (E,F) € x we associate the graded group gial;(S(E)4B,
F}). In this formula the sphere bundle S(E) is defined by the formula
S(E) := (E \ 0g)/Rso; alternatively one can use an arbitrary Hermitian
metric on E. We claim that a morphism 7 : (E,F) — (E’, F’) induces a
morphism

7ot 5105(S(E) 15, F) — s105(S(E) 15, [F']}) -

Note first that, for Euclidean or Hermitian vector spaces V', W, one has
a contraction

SVaeW)—S\V) AWt
induced by the map

c: S(VaeW)=[S(V)x DIW)]Uswyxsw) [D(V) x S(W)]
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SV) x D(W)/S(V) X S(W)

- S(V)+ /\W+ .

—

~ /S(V) x comw

It is useful to have explicit analytic formulae for the contraction map ¢. One
can define W in two equivalent ways: as the one-point compactification of
W, and as the quotient D(W)/S(W). Accordingly, the contraction maps c,
d:S(VeW)— S(V)y ANWT are given by the formulae:

c(v,w) = <%”U’ 11||1v||2w> v#0 5
(3) * v=0

¢ (v,w) = {(ﬁW) v#0

* v =0.

To save on notations we will still write ¢ instead of ¢ when the second
definition of W is used.

In the presence of a morphism 7 = (i,J, By, F1,k) : (E,F) — (E',F')
we choose Hermitian metrics on E' and F’ which make the isomorphisms
i, j, k isometries and the decompositions E' = i(E) ® Ey, F' = j(F)® F,
orthogonal. We get a map

S(E")+p = SG(E)® E1)+p -5 SG(E))+8 A (E1)} ,

which is well defined up to homotopy (the section +p on the left is mapped
fiberwise to the distinguished section on the right). One obtains morphisms

$105(S(E) 18, F) "2 6 g (SG(E)) 45,5 (F)})

= s105(S(i(E))+5 Ap (F1) 5,4 (F) As (F1)F)
= 5105(S(i(E))+5 Ap (F1) 5, (F)f)
)

I
5105(S(i(E))+B Ap (B, (F)f

=

= g (S(E)1m, (F)F) -

The composition of these maps will be denoted by 7. One checks that
T« is a morphism of g1a*(B)-modules and that, for any two composable
morphisms 7, 7/, one has

(7' oT)x =TLoTy .
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In other words, the assignment (E, F) — g1a(S(E)+p, Fg) is functorial,
so it defines a functor af : 7 (x) — Ab*, where Ab* is the category of graded
Abelian groups.

Ezample. Suppose that the stable class ¢ € g1a%(S(E)4p, Fjy) is rep-
resented by an Sl-equivariant map f : S(E) — F}; over B (or, equivalently,
by an S'-equivariant map S(E).p — Fj of pointed spaces over B). Let
U be a complex vector bundle over B and let 7 be the obvious morphism
(E,F)— (E®U,FaU). Then f defines a map

+ +
—>FB ><BZ’]B

S(B) x5 UZ))

S(E)XBOOU /FEXBOOU

which, composed from the right with the contraction

sEev) - B <8 sl b

and from on left with the contraction

FY xpUg _)ngBUg/

/FE X B OOy
=(FoU)L

[FE Xp ooy Uoop XBUE]

gives an S'-equivariant map S(E @ U) — (F @ U)f over B. This map
represents 7i(¢) € s1aG(S(E@ U)1p, (F@U)L).

Let a € Aut(E) be a unitary gauge transformation of the bundle E.
Composing with the induced automorphisms S(a) of the sphere bundles
S(FE)4+p defines a morphism

5(a)"
s103(S(E)+p, F) —— s105(S(E)1p, Fy) -
On the other hand, a defines an element [af] € g% (EL, Ef;), whose stable
class {a}} is a unit in the ground ring g1a’(B) and defines multiplication
automorphisms

m(a)

Sla*B(S(E)+BaF§)—> SIO[*B(S(E)+B,F§) .

Clearly these automorphisms depend only on the homotopy class of a.
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PROPOSITION 2.7. Let ¢ € gia*(S(E)+p, F) and a € Aut(E). Let
T be the obvious morphism T : (E,F) — (E® E,F & E). In the group
s1a*(S(E® E)1p, [F ® E]f) is holds

7 (5(a)"(#)) = 7 (m(a)(p)) -

Proor. For simplicity we prove the statement only in degree 0. We
may assume that a is a unitary automorphism with respect to a Hermitian
structure on E. Suppose that ¢ is represented by

[l € s1mB(S(E)+p AB &5, Fff AB E) -
We will prove that the natural representatives
p, ¢ € 1Mapp(S(E @ E)1p A &f A EL, (F & EYE Ap &L NES)

of 7.(S(a)*([f])), 7«(m(a)([f])) are homotopic, so they define the same ele-
ment in

s1m5(S(E @ E)yp A & A Ef, (F @ E); A&, Ap Ef) .

We suppose for simplicity that £ is trivial, to save on notations. Consider
the contraction map ¢: S(E® E)1p — S(E)+p Ap Ef, defined by the first
formula in (3), and introduce the maps

U, x:S(E)+p A Ef A Ef — Fi Ag E4 Ap Ef,
defined by
U:=[foS(a)] AB idEE AB idEg , X =fAB idE]Jg Apaf .
Using our definitions it is easy to see that it holds p = W o (¢ Ap idEg),
qg=xo(cAp idEg). Use the same method as in the proof of Proposition

2.1 (conjugation with the rotations of F' @ E defined by the matrices ) to
construct a homotopy

x=1[fNAB (idE@a)Jjgﬁf/\B(a@idE)EZf/\Bag/\BidEg =y .

It suffices to construct a homotopy between ¥ o (¢ Ap id Eg>’ and x' o (cAp
id EE)’ and for this it suffices to construct a homotopy between the maps

Uy ocand xj o ¢, where

Wo:=[foS(a)] Apidps = (f Apidgs) o (S(a) Apidyy)
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X6 = f A ag =(fAB idEg) o (idEg AB ag) .
Note that (S(a) Ap idEg) oc=coS(a®idg), and (idgg) AB af) o c =
co S(idg @ a). In these formulae we use the fact that a is unitary. On
the other hand, using again conjugation with the rotations defined be the
matrices r¢, we see that S(a ®id) ~ S(idg @ a). Therefore
Vooc=(fAp idEg) ocoS(a®did) ~ (f/\BidEg) ocoS(idg ®a) =
= (f AB idEg) o (idS(E) AB (IE) oc= X6 ,

which completes the proof. [J

A similar statement holds for the action of an automorphism b € Aut(F').
Denote by [b}]« the automorphism of g1a*(S(E)+p, F) defined by com-
position with bg.

PROPOSITION 2.8. The automorphisms [b}]., m(b) coincide on
510*(S(E) 5, F).

The proof uses similar arguments as the proof of Proposition 2.7 but is
substantially easier. [J

An automorphism ¢ € Aut(U) defines a automorphism o(c) of
the graded group oa*(S(E @ U)ip,[F @ Ulf) defined by the formula
frlidrp®chofoS(dp®c)t.

COROLLARY 2.9. Lett: (E®U,FoU) — (EeUGEaU, FOUGES®U)
be the natural morphism. Then for any ¢ € o*(S(E®U)4p, [F @ Ul}) one
has

(0 (c)(¥)) = Tu(ep) -

PrOOF. Indeed, one has
reo{lidr ® L} =T om(c) , o {S(idr®c) '} =70 (m(c)h) .

On the other hand the morphism 7, is g1a®(B)-linear. OJ
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Consider now the category Up of all finite rank complex vector bundles
over B. A morphism v : U — U’ in the category Up is a pair (i,U)
consisting of a bundle embedding ¢ : U — U’ and a complement U; of
i(U) in U'. This category can be regarded in an obvious way as a category
with automorphism push-forward (see section 5.1). The assignment U —
s105(S(E®U) 4, (F®U)E) is functorial with respect to morphisms in Up,
so it defines a functor ay,  : Up — Ab*. Since Up is not a small category,
it is not clear whether this functor has an inductive limit (see sections 2.1,
5.1). We put

(4) &* (B, F) = % g5 (S(E@C)yp, (FOCYY) .

PROPOSITION 2.10.  The functor af; p admits an inductive limit which
can be identified with &*(E, F').

PROOF. Let N be the category associated with the ordered set (N, <)
and let © : N — Up be the cofinal functor n — C" (see section 5.1). By
Corollary 2.9, the functor a7, ; satisfies the trivial stable action axiom ©SA.
The result follows now from 7Proposition 5.11 in section 5.1. OJ

In particular one has canonical morphisms
cv: s1a(S(E@U)4p, (FOU)p) — & (B, F)

for any complex bundle U, and the system (cy)y is a}; p-compatible and
satisfies the universal property of the inductive limit. Note that &*(E,F)
has a natural structure of a graded ¢1a*(B) bimodule. By Propositions 2.7
and 2.8 we get:

REMARK 2.11. The action of the gauge groups Aut(E®U), Aut(FaU)
on &*(E, F) is induced by the canonical g1a’(B)*-action defined by its
module structure via the morphisms

At(EaU) — ¢1a°(B)* , Aut(F @ U) — ¢1a°(B)*

defined by a — aE.
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A morphism 7 = (4,4, Eq, F1,k) : (E,F) — (FE’, F') between two pre-
sentations (E, F), (E', F') of x induces a sequence a morphisms

(EeC" FaC") — (FFeC" FeCh),

so it induces a morphism 7, : &*(E, F) = &*(E’, F'). It is easy to see that
T, 18 an isomorphism: it suffices to note that there exists an isomorphism
0: (E,F)— (E®@UF ®U) (with U := Ej) such that 6 o 7 is the
standard morphism (E,F) — (E @ U, F & U), and to apply Proposition
2.10. Therefore we obtain a functor a} : 7(x) — Ab* whose associated
morphisms a’(7) = 7, are all isomorphisms. According to Proposition 5.8
an inductive limit of this functor exists and can be identified with a quotient
of &*(E, F), for any fixed presentation (E, F') of x. Therefore we can make

DEFINITION 2.12. Define

of(x):=lim &*(E,F).
(E,TSG%

REMARK 2.13. This inductive limit is also an inductive limit of the
functor a}, introduced at the beginning of this section. The existence of the
inductive limit of this functor is a non-trivial statement.

We introduce now the notations

A(E) :=lim Aut(E®CY), A(F) := lim Aut(F & CV) .
NeN Ne

The two groups A(E), A(F) act on the graded group &*(FE, F') via the group
morphisms [ : A(E) — g1a®(B)*, r: A(F) — g1a%(B)* (see Remark 2.11),
so the two actions commute. Let Z[A(E)], Z[A(F)] be the group rings of
A(E), A(F), I[A(E)], I[A(F)] the augmentation ideals, and A : Z[A(E)] —
g1a®(B), p : Z[A(F)] — g1a°(B) the ring morphisms associated with the
group morphisms [, r. Using Proposition 5.8 we get

REMARK 2.14. For every presentation (E, F') € x there is a canonical
isomorphism

o (@)= Y EEN) 1 (56t (B, F) + pI[AFE))6* (. F) -
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In the next section we will see that A(F), A(F') are both isomorphic
to K~Y(B) and we will identify the images A(I[A(E)]), p(I[A(F)]) of the
two ideals in g1a’(B) with the image of the ideal I[K~!(B)] under the
ring morphism Z[K ~1(B)] — ¢1a’(B) induced by the J-map K~ }(B) —
SlOéO(B)X.

2.4. The S'-equivariant J-map and the description of o*(z)
Let m: E — B be a Hermitian vector bundle over a compact basis, and
let a, b € Aut(FE) be two unitary automorphisms. We define a map

Ap(a,b): S(E)yp A S' — Ef
in the following way: We use the models
1~ S(F)x]0,1 ~ D(FE
S(E).p np 8* 2= SE) x| ]/S(E) « (0,1} B = ( >/BS(E)
for the two spaces, and define

. [(1—2t)a(e)] for 0<t<i
Ap(a;b)(le.1]) = { [(2t — 1)b(e)] for <t 321 .

Consider the contraction map
CE @ Eg — S(E)+B AB §1

induced by e +— [(”—}iHe, lle]])]. One has

() {Ap(a,b)} = {bp} — {a} -

DEFINITION 2.15. The J-homomorphism associated with a Hermitian
bundle E is the morphism Jg : mo(Aut(E)) — ga%(B)* defined by

Je(la)) = {ap}.
We introduce the map
@E : Wo(Aut(E)) I Slaél(S(E)_i_B,EE) s @E([a]) = {AE(ldE,a)} .

Let Op : S1a§1(S(E)+B, E}) — s1a%(EL, Ef) be the connecting morphism
in the long exact cohomotopy sequence:

_ B
(6) = 105 (S(E) B, Ef) B q1a% (B, EL)
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— g1a%(Byp, Ef) — ...
associated with EE and the cofiber sequence
S(E)+p — D(E)1p — Ef .

Since dp acts by composition with the contraction c¢p, we see that the
diagram

© _
mo(Aut(E)) 2 siop (S(E) 5, Ef)
OE
(7) JE
g1a’(B)* 510%(B) = s1a} (B, E)

1s commutative.

REMARK 2.16. Let w®(B4,P° A S') C s1a%(B) be the free summand
of the ring g1a"(B) (see Proposition 2.4). For any [a] € mo(Aut(E)) it holds

Je([a]) — 1 € (B4, PP ASY) .

Indeed, w(B4, PP A S1) is the kernel of the morphism p : g1a®(B) —
w?(B) given by restriction to the fixed point set. Therefore

p(Je(la))) = p({af}) = {(af)%'} = {idp, ,} -

ProrosITION 2.17. One has

(1)
lim 7o(Aut(E @ CV)) = K~'(B)
N

(2) The system of morphisms (0N )NeN defines an isomorphism

—

0:lim grap (S(E@CY)yp, [E@CNE) — (By, PP ASY .
N
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PrROOF. Let ® be a complex bundle on B. For any automorphism
a € Aut(®) we construct a bundle ®, over B x S! in the following way: we
consider the bundle ® x [0, 1] over B x [0, 1] and we identify ® x {0} with
® x {1} via a. This bundle comes with an obvious identification ®, | (o} =~
P5(®P)|Bx {0}, so the difference [®,] — [p5(P)] defines an element kg(a) €
K(B x S, B x{0}). It is easy to see that the obtained map kg : Aut(®) —
K(B x S, B x{0}) = K~1(B) is a group morphism. Taking the limit over
N of the system of morphisms kpgcny we obtain a morphism

kg« lim mo(Aut(E @ CV)) — K~'(B) .
N

Let E' be a complement of E and fix an isomorphism E'& E = C". The
assignment a +— idg @ a defines an injective morphism

ip : lim mo(Aut(E eCV)) - lim mo(Aut(C"TY)) .
N N

Similarly, we obtain an obvious injective morphism

o hW mo(Aut(CY)) — h%l mo(Aut(E @ CN)) .

Hence we have morphisms

lim mo(Aut(CN)) 25 lim mo(Aut(E @ CV))

(2

Z lim mo(Aut(C™TY))

=
N

KCn

K YB).

The composition igs o jg is clearly an isomorphism. Moreover, it is well-
known that k¢~ is an isomorphism, for every n € N. Since i is injective, we
see that kg = kcrotgy is injective. On the other hand, kgrnoip/ojg = KEojE
is an isomorphism, so kg is also surjective.

For the second isomorphism, we take the direct limit over N in the
cohomotopy exact sequence (6) associated with F & CV. We have

11_]1\}1 siap([E @ CNE, [E @ CVTE) = 10"(B) .
On the other hand, the system of morphisms defined by restriction to the

fixed point set (see section 2.2) defines a morphism

i lim 1o (Byg, [F® CV]E) — w*(By, S°) = wF(B) .

S
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Using again a complement E’ of E as above, we obtain morphisms
lim gia®(By, [CN]7) =lim giaf(Byp, B x [CV])
Ne Ne
~lim g0 (Bep. B0 CV)
. k AN ek
—lim gialy(Be, [CV]) 2 WH(B) .

—
N

The morphism lim gia/(Byp, B x [CN]1) — lim g1af(Byp, [CN]E)
Ne N
is an isomorphism, and lim s1a®(Byp, [E ® CNE) — lim sk (Byg,
N N
[N |5) is injective. Moreover, by Corollary 2.6, the map ¢ is an isomor-

phism. Now the same arguments as above show that r% is an isomorphism.
The limit of (6) becomes

—1

sia ' (B) "= w(B) — liy 10" (S(B ® CY)5, [E & CVp)
2 51a%(B) 5> W (B)
But the map
ptiga (B) = g1a®(By A ST = W(BL A S =wTH(B)

is also induced by restriction to the fixed point set, so it is surjective by Re-
mark 2.5 applied to the basis B, A S'. Therefore 0 induces an isomorphism
lim giaz! (S(E@CY)yp, [EoCNE) = ker(p) = (B, PP ASY . O

—
N

Taking the inductive limit with respect to N of the diagram (7) written
for £ @ CV, we obtain the commutative diagram

K'(B) —2+ lm si05 (S(E@CY) 5, [E® CV]E) = 4~} (E, E)
N
~ |0
8) 4
s1a0(B)* -1 WO(BL PR ASY) & g109(B) |
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REMARK 2.18. The map tod0© : K 1(B) — ¢1a’(B) satisfies the
identity

[todo®](a+b)=[todoB](a)[todoB](b)+[todoB](a)+[LodoB]b) .

It is the “free J-map” in the terminology of Crabb-Knapp ([CK], p. 88,
p.93).

COROLLARY 2.19. The map J : K~1(B) — ¢1a®(B)* is injective.

Proor. It suffices to note that 0 o © is injective by Corollary 2.5 in
[CK]. O

The group morphism .J extends to a ring morphism J : Z[K~!(B)] —
0
Sl (B)

QUESTION. Does the subgroup
JUEY(B))) = ({J(w)~1|u e K (B)}) = (im(900)) C o° (B4, PYAS")
coincide with the free summand w®(By, PP A S1)?

We come back to the description of a*(z): Using Remarks 2.11 and 2.14
one gets the following descriptions of o*(x).

PROPOSITION 2.20. For every presentation (E,F) € x there exist
canonical isomorphisms

o @) = I e mpar (e, F)

Since J(I[K~Y(B)]) is contained in w*(By, P A SY), which is an ideal of
g1a?(B), we get epimorphisms

a*(x)_)éé <E’F)/WO(B+,P3_O/\81)d*(E,F) .
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2.5. Stabilization
In this section we will show that the morphism

(9) 7ot 105(S(E)1 B, Ff) — 10 (S(E) 5, [F']5)

associated with a morphism 7 : (E, F) — (E’, F') in the category 7 () is an
isomorphism as soon as the rank f of F' is sufficiently large. In other words,
for fixed k, the groups o*(z) can be computed using only presentations
(E, F) with a priori bounded ranks.

PROPOSITION 2.21. Suppose that B is a finite CW complex. The sta-
bilization morphism (9) is an isomorphism for 2f > dim(B) — k.

~

PROOF. A morphism 7 defines a bundle U and isomorphisms E’ =
E® U, F' =2 F®U. The long exact sequence associated with the cofiber
sequence over B

SWU)yp — SE = S(E)spAp UL ,
and the target space [F’]} contains the segment
s SO [F15) 2 5105(S(E) 45 A U, IFTS)
< q1af(SEL g, [F'T}).

The morphism 7 is defined by ¢* via the identification g1y (S(E)+5, Fg) =
s1a%(S(E)+p A Ug, [F']5), so it is an isomorphism as soon as

510 (SU) 45, [FTh) = 51a(SU) 4, [F]h) = 0.
Suppose for simplicity k > 0. A class u € g1a/(S(U)4p, [F']5) is repre-
sented by an S'-equivariant pointed map over B

©:S(U)+pABES = S(U) xs £+/

k
B SU) xpoce PR o&f

where & = 1 @ & is the sum of a complex and a real vector bundle. We
may suppose that & is an oriented bundle, so that all our bundles become
oriented bundles. We will prove that any such map is homotopic to the map
¢oo which maps the left hand space fiberwise onto the section 00z pk
Denote by ¢ : P(U) — B the bundle projection and put

Fli=g"(F)(1) , €:=q" (1) ® " (&) -

®g
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A map ¢ as above induces a pointed bundle map

¢: &y — [ oR @ E]E(U)
over P(U), and the assignment ¢ — ¢ is a bijection. But by Corollary 5.15
in section 5.2, any such pointed bundle map is hopnotopic to the ﬁberwi§e
constant bundle map as soon as dimg(P(U)) 4+ rk(§) < rkr(F’) + k + rk(§).

This condition is equivalent to 2f > dim(B) — k — 2. Similarly, we will have
105N (S(U) 4 g, [F']}) = 0 as soon as 2f > dim(B) —k — 1. O

2.6. The cohomotopy Euler class of an element in K(DB)

Let x € K(B) and consider a presentation (F,F) € x. The map
og,r) : S(E)yp — Fj which sends the section +p of S(E);p to the
infinity section of Fzg and maps any point e, € S(Ep) to 0p is an Sl-
equivariant map of pointed spaces over B, hence it defines an element
{O(E,F)} S SIOZ%(S(E)+B,FE).

One has a canonical isomorphism (see [CJ] Proposition 12.40)

5105 (S(B)p, F) = 51035 (S(B) 1508 7 (F) §1z)) -

where m : S(E) — B is the obvious projection. Under this isomorphism
the class {o(g )]} maps to the equivariant Euler class of the bundle 7*(F’)
over S(FE). This class is the pull-back of the equivariant Euler class v(F') €
s10"(Byp, Ff;) of the bundle F under the projection S(E) gp) — Byp-

For any morphism 7 = (i, j, E1, F1, k) : (E, F) — (E', F') in the category
T (z) one has 7.({o(g,r)}) = {0z, )} Therefore the assignment (£, F') —
—{o(p,r)} defines a tautological element y(x) € a*(z). This element will be
called the equivariant cohomotopy Euler class of z.

3. Cohomotopy Invariants Associated with Certain Non-linear
Maps between Hilbert Bundles

3.1. The cylinder construction

Let (E, F) be a pair of Hermitian vector bundles over a compact basis B.
Let V, W be Euclidean vector spaces, and let : E XV — [F X W]J]g be an
Sl-equivariant map over B. We suppose that p is fiberwise differentiable
and its fiberwise differential is continuous on F x V. The equivariance
property implies that

(10) u(0F x V) c [oF x w]}.
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We assume that p has the following properties:

P1: (properness) There exist positive constants ¢, C such that ||u(e,v)|| > ¢
for all pairs (e,v) € E x V with ||(e,v)|| > C.

P2: (restriction to the S!-fixed point set)
(1) There exists a direct sum decomposition W = H & Wy such that
p(0),v) = h(y) +1(v) , Vy€ B, Yo eV,

where [ : V =5 Wy C W is a linear isomorphism, which does not
depend on y, and h : B — H is a continuous map.

(2) There exists €9 > 0 such that
1) r@)I = Ipa(p(0y,0)[l = s Y(y,v) € BxV .

We fix an orientation © of H, and set b := dim(H). Choose numbers
R > C and € < min(c,ep). The restriction pug of u to Dr(E) x Dgr(V)
satisfies

(e, v)|| > e V(e,v) € I[Dr(E) x Dr(V))]U [0F x Dr(V)] .
Therefore, pip defines an S'-equivariant morphism of pairs over B
pire : (DR(E) x DR(V),0[DRr(E) x D(V)] U [0¥ x Dg(V)]) —
. ([F X W5, [F x W5\ Do(F x W)) .

The first space Dr(E) x Dgr(V) of the pair on which pug. is defined can
be regarded as a “cylinder bundle” over B, whose base is the complex disk
bundle D(E); the second space of this pair is the union of the boundary of
this cylinder bundle with the core 0¥ x Dg(V). Using polar coordinates in
Dpg(E) we obtain a map S(E) x [0, R] — Dr(FE), hence a map

p:S(E)x[0,R] x Dr(V)=S(E)x Dr(R® V) — Dr(E) x Dr(V) ,
which maps

[S(E) x {0,R} x Dr(V)]U[S(E) x [0,R] x Sg(V)] = S(E) x SRR V)
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onto the the second component of the pair on which pgr, is defined. Here
we used suitable models D(R@® V'), S(R& V) for the disc and the sphere in
R @ V. Therefore, composing g with p we get an S L_equivariant map of
pairs over B

(S(E) x [0,R] x Dr(V),S(E) x ({0, R} x Dr(V) U [0, R] x Sr(V)))
= (S(E) x Dr(R®V),S(E) x SRR V))
HOFXMEWXWE\QWXWD

which we denote by the same symbol pgr .. Collapsing fiberwise over B the
second terms of the two pairs, and composing with the natural isomorphism

me@ﬂ ~[Fx W5,

F X W]\ De(F x W)
one gets an S'-equivariant map of pointed spaces over B

S(E)x Re V]

5 S(E) x {oc} = S(E)+n A5 [Bx RSV

— [F x W]} .

HRe *

Using the isomorphism [ : V = Wp and an orientation preserving isomor-
phism R? ~ H, we obtain an element

{n} € 5105 (S(E) 1, Ff)

which is obviously independent of the choice of the pair (R,¢). This element
will be called the cohomotopy invariant of p.

3.2. General properties of the invariant {u}
3.2.1 A vanishing property
Let pn: Ex V — [F x W]}, be a map satisfying P1, P2.

PROPOSITION 3.1.  If t|p. (B)x Dy (v) S nowhere vanishing, then {u} =
0.

ProoOF. We take ¢ < inf{|lu(e,v)|| | |lel| < C, |lv|| < C}, and we
note that the {[F x W5} /p{ [F x W]|§\D.(F x W) }-valued pointed map
induced by pg . is fiberwise constant. [
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3.2.2 Homotopy invariance
Let i/, p” : Ex V — [F x W]} two maps satisfying properties P1, P2
with constants C’, ¢/, €, and C”, ¢, ej. We suppose that the property P2
of the two maps holds for the same decomposition W = H & W, of W and
for the same isomorphism [ : V' — Wjy. We introduce the notations

B:=Bx[0,1], E:=Ex[0,1]=pk(E), F:=Fx[0,1] =pi(E) .

PROPOSITION 3.2.  Suppose there exists C' > max(C’',C") and a con-
tinuous S'-equivariant map i : Do(E) x Do(V) — [F x W]E, over B whose
restriction to i

) [DC(E) X DC(V)} U [OE x Do(V)

is nowhere vanishing, and such that fil,_y = p', filj—qy = 1. Then {y/'} =
(") in ol (S(E) 45, )

PrROOF. The stable classes {y}, {1/} can be computed using the the
cylinder Do (E) x Do (V) and taking

e < min(ag, 56’, d,d,
inf {|iy)l| y € A[Dc(E) x Do(V)]U0F x Da(V)]})

Applying the cylinder construction with parameters C, € to the map fi we
obtain a homotopy between the corresponding representatives of the classes

{w'}, {w"}. O

3.2.3 A product formula
Let V;, W; be Euclidean spaces , E;, F; Hermitian bundles over a compact
base B (i =1, 2) and pu; : E; x V; — [F; X Wz]g Sl-equivariant maps over
B satisfying the properties P1, P2 (1) of section 3.1 with constants C, c.
Let W; = H; ® Wy; be the corresponding direct sum decompositions, and
LV S Woi, hi © B — H; the maps given by P2 (1). Fix orientations on
the H;, put

V= Vi@eVy, W= W1&Ws, H := Hi®Hy, Wy := Wy 16Woa, 1 :=11®ls,
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and consider the bundles F := E| & Es, F := F; & F5. We have a product
map

p:ExV =[E xVi|®[By x Vo] — [Fx W} = [Fi x Wi]5 A [Fa x Wal},
over B. This map satisfies properties P1, P2 (1) with the map
h = (hi,he): B— H .

Note that p will also satisfy P2 (2) as soon as one of the two maps uj,
w2 has this property. Suppose that p; also satisfies property P2 (2) with
constant €9 and denote by

{11} € 5107 (S(EY) 45, [F1]])

the corresponding stable class. The map ug defines a map [E2 & Vg}g —
[F @ Wa]h hence a class {ug} € Sl&%([EQ]E, [F2]5). One can then form
the product

{m} Ap{u3} € iy (S(E)1n A [Ealf, FE) -

Consider now the contraction map 1c: S(E1 @ E2)+p — S(E1)+5 A [E2)}
introduced in section 2.3 (see formula (3)). Using the identifications

[Eo)f; = DR(EQ)/B Sp(Es) = E2/B Eo\ Dr(Es)

we can use as model for the contraction ;¢ any map of the form 1(%‘ given
by
1
16%{(61762) = |:—61,5R62:| s (9[{ Z R) .

lexl]

PROPOSITION 3.3. Under the above assumptions it holds {u} =
1 ({m} Ap {nz })-

PROOF. The class {u} is represented by the map of pairs

pr: (S(E) x [0, Rl x Dr(V), S(E)
x ([0, R] x Sr(V) U {0, R} x Dr(V))) —
— ([F x W1E , [F x W5\ De(F x W))
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which is defined by

MR(€1,€27P7 U1,U2) = [M1(P€1701)7M2(P€2,U2)] .

The class 1¢* ({1} A {u;}) is represented by the map u}? between the
same pairs defined by

1
vi(er, ea, p,v1,va) = Ml(ﬂmel,m)vuz(fﬁez,w)

Composing up, VI%? with the projection

p:[FxW]E%[FXW]E/B [Fx W5\ De(F x W)

we obtain two maps

mo , ma: S(B) x 0, R) x Dr(v) — F>* Wiy [F x W]\ Do(F x W)
~ [F X W]E

which map S(E) x ([0, R] x Sr(V) U {0, R} x Dr(V)) onto the infinity sec-
tion in the right hand bundle. The natural homotopy between these maps
is the map

m: [0,1] x S(E) x [0, R] x Dp(V) — F' % W]E/B [F x W5\ Do(F x W)

given by
m(tv €1, €2, P, V1, 1)2)

— [Ml (p [1 - t+tHe%”] 61,v1> 2 ([(1—=t)p + tR]ea, vo)

CrAM. For any R > v/2C and sufficiently large /& > R it holds

(1) the map m is well defined and continuous at the points of the form
(t,e1,e2,p,v1,v2) with e; = 0.

(2) the map m maps [0,1] x S(E) x ([0, R] x Sr(V)U{0, R} x Dr(V)) to
the infinity section in the right hand bundle.
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In fact we show that for ey € [Es],, one has

lim m(u) = ooy ,
By
uﬂ(tvobl :62:[’7”1,7)2)

so m maps the locus e; = 0 to the infinity section. Let nr > 0 be sufficiently
small, such that ||p1(e1,v1)|| > e for every (e1,v1) € Dy, (E1) x Dr(V1).
One has

lim
e1—0

=pt.

1
p [1 —1 —i—t—] el
lexl]

When pt < ng, the first component of m(t, e1, ea, p, v1, v2) will already have
a norm larger that £9. When pt > ng, we obtain (using ||e1]|? + [|ea]|? = 1):

1
limO I[(1=t)p+ tReal| = (L —t)p+tR > nR(E —1)+tR >2v/nrR—nr ,
e]—

which will be larger than R when ‘R is sufficiently large. The second part
of the claim is obvious for the spaces [0,1] x S(E) x [0, R] x Sr(V), [0,1] x
S(E) x {0} x Dr(V). For p = R we obtain

1
Hp [1 —t+t—:| €1
[[ex]]

2
+ (1 =)o+ tReal* > R¥(lleal|* + fle2]]*)

= R?*> 207,
so at least one of the two norms is > C.

Using the claim, it follows that m descend to an homotopy between two
representatives of the classes {u} and 1¢* ({p1} Ap {3 }). O

An interesting case is the one when also p9 satisfies property P2 (2). In
this case the cylinder construction applies to puo and one can write

{3} = 02({n2}) .

where {u2} € 51 a%_l(S(E2)+B, [Fb] L) is the invariant associated with o,
and Js is the connecting morphism in the long exact sequence associated
with the cofiber sequence

S(E2)yp — D(E2)1p — [Ea]}; -
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Let oc : S(E1 @ E2)+p — [E1]} A S(E2)+p be the standard contraction.
In this case, our multiplication formula becomes

COROLLARY 3.4. Suppose that both maps p1, po satisfy properties P1,
P2. Then

{n} = 1" ({m} AB 2({p2})) = 2¢" (1({pa }) A {p2}) -

Another corollary is obtained when ps is defined by a pair of linear
isomorphisms Fy — Fb, Vo — Ws. The corresponding formula will play
an important role in the proof of the coherence Lemma 3.13 comparing
the invariants associated to two finite dimensional approximations of an
admissible bundle map between Hilbert bundles.

ProproOSITION 3.5. Let p: E XV — F x W be a map satisfying the
properties P1, P2 with constants C, ¢, €y and maps | : V. — Wy, h :
B — H. Leta: E — F' be an isomorphism of complex vector bundles

over B, and let b : V' — W' be an isomorphism of real vector spaces. Put
E=FE®oFE ,F:=FoF,V=VaV 6 W:=WaW, and define

fi(e,¢',v,0") = t[u(e, v) A (a(e’), b(V))]
where ¢ is the obvious identification
Li[EXWIEAB(F'x WE = [(FeF)x (WaeW)j .
Then

(1) @ satisfies P1 with constants C, ~ (for sufficiently small 0 < v < ¢),
and P2 with constant g and maps | :=1& b, h := h.

(2) {i} = m({n}), where T denotes the obvious morphism (E,F) —
(B F).

The second statement follows directly from Proposition 3.3. The first
statement (which is specific to the case when the second factor is a linear iso-
morphism) is proved as follows: Since the closed set p =1 (D.(F x W)) is con-
tained in the open disk D¢ (E x V), there exists r > 0 such that ||u(e, v)| > ¢
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as soon as ||(e,v)|| > C — r. For a point (e, e’,v,v") with ||(e,e,v,2")|| > C
one has either |(e,v)|| > C —r, or ||(¢/,7')]| > r. In the first case one
obtains [|u(e,v)|| > ¢, whereas in the second we get [|(a(€’),b(v")| > ¢'r for
a constant ¢’.

3.3. A class of non-linear maps between Hilbert bundles

Suppose now that V), W are real Hilbert spaces, and that £, F are
complex Hilbert bundles over the compact basis B, and let u : € x V —
F x W be a continuous S'-equivariant map over B which is fiberwise C*,
and whose fiberwise derivatives are continuous on £ x V. We assume that
the fiberwise differentials

dy :=do,piy =E XV —FyxW, yeB

at the origins of the fibers £, x V are Fredholm. The linear operator d, has
the form d, = (éy,l,), where 6, : & — F, and [, : V — W are defined
by the derivatives of the restrictions Fle,x {0V} HI{0E}x V- Note that the
continuous family ¢ := (6,),ep of complex Fredholm operators defines an
element ind(6) € K(B). Let d: £ x V — F x W the fiberwise linear map
defined by the family of Fredholm operators (dy),ep. We suppose that
also has the properties

P1: (properness) There exist positive constants ¢, C' such that ||u(e,v)|| > ¢
for all pairs (e,v) € € x V with ||(e,v)|| > C.

P2: (behavior near the S!-fixed point set)

(1) W splits orthogonally as W = H @& W)y, where H is a finite
dimensional subspace, and for every y € B one has

E
(0, ,v) = h(y) +1(v) Yye B, VveV,

where [ : V=5 Wy C W is a linear isometry, and h is a map
from B to H.
In particular the operator [, coincides with [, so is independent
of y.

(2) There exists g9 > 0 such that for every y € B one has

1h()Il = lIpa ((05, )| = &0 -
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P3: (linear+compactness) The difference k := p — d is globally compact,
in the sense that for every R > 0 the image k(Dg(E x V)) of the disk
bundle Dr(€ x V) is relatively compact in the total space F x W.

Note that one has the identity
(12) k(Og,v) =h(y)€eH ,VyeB.

In the next section we will see that the left hand of the Seiberg-Witten
equations on a 4-manifold M defines a map satisfying properties P; — Ps.
A different construction of such a map can be found in [BF].

3.4. The Seiberg-Witten map in dimension 4
Let M be closed oriented 4-manifold, and let L be a Hermitian line
bundle on M. We fix the following data:

(1) A closed complement S of the closed subspace i Bl (M) = d(iA°(M))
of iAY(M).

(2) A closed complement V of the finite dimensional space
iHY := S Nker(d : iAY (M) — iA2(M)) ~ iH'(M,R)
inS

(3) A complement iH? of d(iA'(M)) in ker(d : iA%2(M) — iA3(M)). This
complement will come with an isomorphism iH? ~ i H?(M, R).

(4) An affine subspace A of the space of connections A(L) modeled after
S.

Therefore, A is a slice to the orbits of the right action of the gauge group
G on the space of connections:

a-g:=a+2¢9 tdg

The quotient A := A/V is an affine space modeled after iH'(M,R).
Consider the finite dimensional Lie group

G:={uecC®M,S") uvtducS}.
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One has an obvious short exact sequence
{1} — §' — G2 2miHY(M;Z) — {1},

where ) is defined by u ~— [u~'du]pr. The choice of a point xg € M defines
a left splitting ev,, : G — S! whose kernel is isomorphic to 2miH'(M;7Z)
and which will be denoted by G,. In the affine space A we have a natural
iH!-invariant (hence Gy,-invariant) subset Ag defined by

Ay :={a € Al F, € iH?} .

The curvature F,, of a connection ag € Ap is independent of ag, because it
coincides with the representative in iH? of the de Rham class —2mic?®(L);
this 2-form will be denoted by Fy. Note that Ag is a G,-invariant complete
system of representatives for the quotient A = A/V. The space A/G,, can
be regarded as an affine bundle over the torus

Pic(L) =Yg, .

which is naturally a i H'(X;R)/4mi H'(X;Z)-torsor. The fibers of the affine
bundle
7w A/Gyy — Pic(L)

are affine V-spaces. Since the quotient Ag/G,, is a section of this affine
bundle, we can regard it as a V-vector bundle over Pic(L) with Ag/Gg,
as zero section. This vector bundle is actually trivial: indeed, the map
(ap,v) — ag +v € Ais Gy, -equivariant, and it descends to a trivialization
Pic(L) x V — A/Gy,.

REMARK 3.6. Choosing a Riemannian metric g on M gives canonical
choices for the three objects S, T, iH? above, namely

S =ker(d* : iA' (M) — iA°(M)) , V = d*(iA*(M)) , iH® = iH?

where the subscript 4 on the right denotes the respective g-harmonic space.
With these choices, Ay is just the the set of g-Yang-Mills connections in the
slice A.

Let g be a Riemannian metric on M, ¢ € Spin®(M) an equivalence
class of Spin‘-structures, and let 7 : Q@ — P, be a Spin®structure on M
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representing the class ¢ . Denote by ¥F, ¥ := ¥+ @ £~ the spinor bundles
of 7, L = det(X%) the determinant line bundle, and v : A — Endg(X)
the Clifford map [OT]. Note that the gauge group Aut(Q) of @ acts on the
space of Spin®-structures 7 : () — P, representing ¢ (or, equivalently, on
the space of Clifford maps 7 : A1 — Endg(X) which are compatible with c).
Therefore, the space of Spin®-Dirac operators which are compatible with the
pair (g, c) has a very complicated topology. Note that, for the construction
of a Dirac operator one needs a concrete Spin®-structure 7 (or, equivalently,
a concrete Clifford map ), not only an equivalence class .

The gauge group G and its subgroup G, act from the left on the vector
spaces of sections A%(X%) by the formula

(9,9) g 10 .

Since Gy, acts freely on the affine quotient space A we get two flat vector
bundles A X Gy A%(X*) over Pic(L) with standard fibers A%(X*). In order
to use our general formalism we make the following definitions:

B:=Pic(L), £ := Axg, A (S"), F = Axq, A'(X7), W:=iAL(M).

Let k: B — z']I-]I;r be a smooth map. The k-twisted Seiberg-Witten map
is the map from A%(3T) x A to A°(X7) x 42 given by

(U, a) = (Pa¥, (Fo = Fo + k(m(a))t =47 ((TD)o) -

Via the identification BxV = A/G,, this map descends to an S!-equivariant
map
Swe: EXY — FxW.

The restriction of swy to the fiber over y = [ag] € B is given by the formula

sw (W, v) = <lDaO\I/ + %’y(v)\ll , dTv+k(y) — fy_l((\I/\P)o) :

The linearization of this map at the zero section in the bundle & x V
over B is a fiberwise linear bundle map given by

d(V,v) = (D, ¥, d ) .
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over the fiber [ag] € B. Hence sw, decomposes as
sw =d+ ¢y

where ¢, is the sum of a quadratic map ¢ and the fiberwise constant map
defined by k. Denote by w, the expected dimension of the Seiberg-Witten
moduli space corresponding to 7:
1 2
Wy = Z(CI(L) —30(M) —2e(M))

We define Sobolev L%—completions of the spaces V, W in the usual way.
The construction of Sobolev norms on the bundles £, F is more delicate,
because these bundles are quotients with respect to the group G,,, which
does not operate by L2-isometries. For a point y = [ag] € B (with ag € Ap)
one identifies the fibers &,, F, with {ag} x AY(X*) and uses the covariant
derivatives associated with V,, to define the L%—norm on &. A gauge
transformation g € G, defines an isometry {ag} x A%(ZF) — {ap - g} x
A%(X#), so in this way one obtains a well defined Sobolev norm on the fiber
Ey.

LEMMA 3.7.  With respect to suitable Sobolev completions, the following
holds:

(1) swy is smooth.

(2) The fiberwise linear map d is fiberwise Fredholm of index w; — by + 1,
and cg is a compact map.

(3) There exists positive constants ¢, C' such that
(¥, 0)[| = C = [[swe (¥, v)[| > c.
(4) The map ¢, = sw,, — d is compact.
Therefore the Seiberg-Witten map sw, satisfies always the properties

P1, P2 (1) and P3 in section 3.3. It also satisfies P2 (2) for all maps
% B — dHI\ {0}.

“We are grateful to Markus Bader for pointing out this subtility to us.
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The first and the third statements in the lemma are easy to see. The
crucial properness assertion (2) is stated in [Ful], [Fu2]. A proof of the
analogue statement for another version of the Seiberg-Witten map can be
found in [BF]. A detailed proof for our version in a different gauge theoretic
context can be found in [B]. Similar methods can be also used to treat the
3-dimensional Casson-Seiberg-Witten theory.

The universal Seiberg-Witten map: With the notations introduced
above we fix the parameters (g, x,c,Q) on M. As we explained above,
the family of Dirac operators 6 := (Dag)[4o)ep (and implicitly the Seiberg-
Witten map sw,) still depends on the choice of a Spin®-structure 7 : Q — P,
in the class ¢. This parameter varies in the space I' := Homp(Q, Py) of
equivariant bundle morphisms ¢ — F; covering idy;. Since this space
has a complicated topology, and our purpose is to construct an invariant
which is intrinsically and canonically associated with the base manifold, it
is important to understand how the objects (€, F, 0, swy) associated with
different bundle morphisms 7 should be identified. A construction which has
been presented by Furuta in his talk at the Postnikov Memorial Conference
[Fu3] solves this problem in an elegant way®:

One has a universal family (EZ)(T,Q)E]_"X A(r) of Dirac operators, which
is intrinsically associated with the system (g, k,¢,@). An automorphism
f € Aut(Q) defines automorphisms f of £* and an automorphism det(f) €
Aut(L); the relation between the Dirac operators associated with 7 and

=710 fis

Eg;t(f)*(a) = f:l oPyofy .

The group Aut(Q) acts transitively with constant stabilizer G C Aut(Q)
on I', and acts with constant stabilizer S* on the product I' x A(L). Now
fix a Spin®(4)-equivariant map 6 : Qz, — Py z,, and put

Lo:={r el =, =0}, Aut(Q)g :={f € Aut(Q)[ 00 fo, = 0} ,

Aut(Q)o == {f € Aut(Q)| fz, =idq,, } -
The quotient Aut(Q)g/Aut(Q)o can be identified with S*.

5Furuta explained the details of this construction in an e-mail to the second author,
and informed us that similar ideas have been used before.
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The universal family (IDZ)(T’Q)GFX A(r) of Dirac operators descends to a
a family J) : E — FF on the free quotient

B:= 0 ALY, @)

By choosing an element 7 € 'y one obtains an identification B ~ A(L)/G,,,
where G, acts by the formula (a - g) = a + 2¢g~'dg, but the identification
is not canonical. The free action of V := d*(iA%(M)) on the second factor
A(L) by translations induces a free action on B, and the quotient B with
respect to this action is a bj-dimensional torus. The space of pairs (7, a)
with a Yang-Mills defines a section By of the V-bundle B — B, which
therefore becomes a trivial vector bundle with fiber V. One can construct a
“universal” Seiberg-Witten map sw, over B using the space I'g x A%(%F) x
A(L) as space of configurations, and Aut(Q)o as gauge group; this map is
intrinsically associated with the system (g, k, ¢, @, 6). The important point
in this construction is that restricting the universal family JJ to the torus
Bg ~ B one obtains a “universal Segal cocycle” JJ : £ — F representing
the K-theory element x = ind(}J). Furuta showed that the corresponding
spectrum is independent of the choice of 8, up to homotopy. On can apply
the construction in [BF] and get — for manifolds with b4 > 2 and arbitrary
b1 — a well defined Bauer-Furuta invariant belonging to a homotopy group
which is functorial with respect to diffeomorphisms.

As we explained in the introduction (see section 1.1), we believe that for
some applications it is useful to have invariants belonging to groups which
are topologically functorial, as it is the case in classical Seiberg-Witten and
Donaldson theories.

3.5. Finite dimensional approximation

We will need the following simple geometric construction. Let A be a
(real or complex) Hilbert space, and A C A a finite dimensional subspace.
Following [BF| we introduce, for every ¢ > 0 the retraction

pent AT\ S.(AT) — AT
in the following way. For every a € A\ {0} put

_ llal* =€ _ llall* + €

g,a W 9 CE,(I = 887(10’ ) TE,G/ L ZHCLH



Cohomotopy Invariants 367

Let Sc ¢ C Ra+ A" be the hypersphere of Ra + At defined by the equation

Ib = ceal® + lla/||* =72, -

The hypersphere S; , has the properties
a€Seq, Se(AT)C S
Consider also the spherical calotte:
Coo={ta+d €S.4/t >0} C Sy .

Denote by C: o C [A1]T the exterior of the sphere S. (A1) C At (including
00), and by C. g its interior. Now note that

Fer ={Ccolac AT}

is a foliation of A+ \ S.(A*) with closed leaves; the leaves are all diffeo-
morphic to the standard disk of A+. The retraction Pe,A assigns the point
a € AT to any point of the leaf C., C AT. Note that for any z € A one
has the implication

(13) (2 € AT\ S(AD), N2l 2 2) = llpea(2)] = |12

(equality is obtained when ||z|| = € or z € A). A second important property
of the retraction p. 4 is

(14) z€ A\ At = (poa(z) = A spalz) with A, > 1) .

Any R-linear isometry u of A which leaves the subspace A invariant will
also leave invariant the foliation F. 4. Therefore

REMARK 3.8. pg 4 is equivariant with respect to any R-linear isometry
of A which leaves the subspace A invariant.

These retractions play a fundamental role in the following construction
of finite dimensional approximations. This construction is a refinement of
the one developed in [BF]. The main difference is that we have to work over
a base B, and that we treat the real and complex summands separately.
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Consider again an S'-equivariant map p : € x V — F x W over B
satisfying the properties P1, P2, P3 of section 3.3. Recall from section 3.3
that we denoted by d the linearization of y at the O-section and by 6 and
[ the complex and the real components of d. We have assumed that the
R-linear operator [ induces an isometry V — Wy. A finite rank subbundle
F C F will be called admissible if it is mapped surjectively onto the linear
space defined by the family of cokernels (coker(éy))yep. A finite dimensional
subspace W C W will be called admissible if it contains H. A pair (F, W)
will be called admissible if F' and W are both admissible; in this case, for
every y € B the product F,, x W is mapped surjectively onto coker(d,).

For every admissible pair m = (F, W) the preimage d~}(F x W) is a
finite rank subbundle of £ x V which splits as

dHExW)=6YF)xI7Y (W) .

We denote by Wy the orthogonal complement of H in W, and put V :=
=Y W) =17Y(Wy), E := 6 1(F) C £. The pair (E, F) represents ind(6) €
K(B). We get topological orthogonal direct sum decompositions

F=F@Ft E=EQEt  W=WaoW+=HoWoaW',V=VaoV’.

The product F x W is a finite dimensional Hilbert subbundle of F x W
whose orthogonal complement is F- x W+. The retraction

perxw : [F X WE\ Se(Ft x W) — [F x W1},

is defined fiberwise. We will see that, for sufficiently small ¢ > 0 and
sufficiently large admissible pairs 7 = (F, W), the image of the restriction
[t pxy does not intersect Se(F+ x W+). Therefore we can define a map

Hem = {pe,Fxw © M}|E><V tEXV — [F X W]E )

which belongs to the class studied in section 3.1. Such a map will be called
a finite dimensional approximation of p. The result we need is very sim-
ilar to the first part of Lemma 2.3 in [BF]. We know that the preimage
pH(D.(F x W)) is contained in the disk bundle Dc(€ x V) C Dco(€) x
D¢ (V). The image k(Do (E) x Do(V)) is relatively compact in the total
space F X W, because k is compact by property P3. Now fix n > 0.
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DEFINITION 3.9. A pair 7 := (F, W) is called n-admissible if it is ad-
missible, and any element of the compact set k(Dc(E) x Dc(V)) is n-close
to an element in F' x W belonging to the same fiber.

LEMMA 3.10. Let K C FxXW a compact set, F' a finite rank subbundle
of F, and W a finite dimensional subspace of W. The following conditions
are equivalent:

(1) Any point k € K is n-close to a point of F' x W belonging to the same

fiber.
(2) There exists a finite system (¢1,...,¢r) of sections of F' and a finite
system (w1, ...,wy) of vectors of W such that
yeB, 1<i<k

PrOOF. The implication (2) = (1) is obvious. For the second it is
convenient to introduce the notation

B((¢,w),n) == (] B(((y),w),n) ,

yeB

for a section ¢ € I'(F) and a vector w € W. If K satisfies (1) then it is
contained in the union of open sets Uger(r) wew B((¢, w),n). It suffices now
to use the compactness of K. [

COROLLARY 3.11. The set of pairs (F,W) satisfying the n-admissibil-
ity condition is non-empty, open and cofinal.

PrRoOOF. Since K := k(Dc(€) x Dc(V)) is compact in F x W there
exists finite systems ¢ = (¢1,...,¢) € I(F)¥, w = (wr, ... wy) € WF such
that

(15) K c UB((qzsi,wi),n).

Now fix an admissible pair (Fy, Wy). Since F has infinite rank, it is easy
to see that any neighborhood of ¢ contains a system Q’ which is in general
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position with respect to Fy in the following sense: for every point y € B the
system ¢'(y) is linearly independent in Fy, and (¢'(y)) N Fo,, = {0,}. Since
the condition (15) is obviously open with respect_to the pair (¢, w), we can
choose such a system ¢’ which still satisfies (15) and is in gen_eral position
with respect to Fp. We denote by F’ the rank k-subbundle generated by Q’ )
and we put F := Fy @ F' and W := Wy + (wq, ... wg).

To prove that n-admissibility is open, note that admissibility is open,
and use Lemma 3.10 to prove that the second condition in the definition of
n-admissibility is also open. Finally, to see that the set of n-admissible pairs
is cofinal, we fix an n-admissible pair (Fy, Wp). For an arbitary pair (F, W)
consider a small deformation F{} of Fyy for which (Fpj, W) is still n-admissible
and such that F is fiberwise transversal to F. Then (F & Fj, W + W) will
be an n-admissible pair which contains (£, W). O

c

LEMMA 3.12.  (Finite dimensional approzimations) Let 0 < n < {.
Then

(1) For any n-admissible pair m = (F, W) one has
im (pgyy) N S((FtxwhH) =9,
so the finite dimensional approximation

prem = {(pe,pxw) o pitpxy : E XV — (F x W)_g
1s defined.
(2) The restriction ficq|p.(B)xDo(v) takes values in F'x W.

(3) For any n-admissible pair m = (F, W) the finite dimensional approzi-
mation . satisfies the conditions P1, P2 (see section 3.1) with the
same constants C, ¢, gg, isometryl : V — Wy C W and the same map
h:B— H as .

PROOF. 1. If the intersection im (p|gyy) N Se(F- @& W) was not
empty, there would exist a point (e,v) € E x V such that u(e,v) € S.(F* x
W), Since S.(FXx W) € D(FxW), it follows (e,v) € Do (E) x De(V).
Therefore

wle,v) =d(e,v) + k(e,v) € F x Wy + k(Dc(E) x Da(V)) .
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But any element in the second set k(D¢ (E) x Do (V)) is n-close to an element
in F' x W by assumption, so u(e,v) is n-close to ' x W. Since < §, this
contradicts (e, v) € S.(F*+ @ W).

2. The same argument shows that u(D¢c(E) x Do (V) does not intersect
the complement of D.(F+ @ W) in F+ o W,

3. We have to check that, for an n-admissible pair = = (F, W), the finite
dimensional approximation y. . has the two properties P1, P2 in section
3.1. For a point (e,v) € E x V with ||(e,v)|| > C it holds ||u(e,v)|| > ¢ so,
by (13), we have

(16) lpe,pxw (e, )| = [lule, v)| > ¢

On the other hand, for any y € B, v € V one has ,u(O?;E,v) =h(y) +1l(y) €
{05} x W, hence

Nc,w(oyEa U) = pc,FxW(ﬂ(Ofv U)) = M(05>v) = h(y) + l(v) .0

3.6. Compatibility properties
LEMMA 3.13.  (Coherence Lemma) Let 0 < n < §, let 7 = (F,W),
7 = (F,W) be two n-admissible pairs with = C 7, and let F', W' be the

orthogonal complements of F', W in F, W respectively. The map
e = o {[tter © (0B, V)] AB (P, PW) © (8,D]E} : Ex V — [F x W

satisfies properties P1, P2 with constants C, v (for a sufficiently small
with 0 < vy < ¢), €g, and one has {picz} = {ftex7}-

PrROOF. The first statement follows from Proposition 3.5. We use the
same method as in the proof of Lemma 2.3 in [BF] to construct a homotopy
between the restriction of the two maps to the product Do (E) x Do (V)
and we will apply the homotopy invariance property of our invariant (see
Proposition 3.2). The main difference compared to [BF] is that we have
to control the restriction to the S'-fixed point set, but we do not need an
extension of the homotopy to the whole E x V. For completeness we include

detailed arguments adapted to our situation.

PROOF. Denote by E’, V' the orthogonal complements of E, V in E,
V. We define the map

(17) H : [0,4] x [De(B) x De(V)
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L Fx W]\ [FE x W\ Do(FL x Vvﬂ]

by the formula®

d+[(1—t) ideW"'thXW]Ok
for 0<t<1,
d+pFXW oko [(2 —t) ldE~'><1~/ + (t— 1) pEXV]
for 1<t<2,
pPrxw 0 kopexy + [d— (t —2) ppxw o dopp/xy/]
for 2<t<3,
Prxw od+[(4 —t) prxw + (t = 3) pe,pxw] o o pExy
for 3<t<4.

H,

CLAIM. H is a well defined, continuous, S'-equivariant map over B.

This follows from:

a) For a point (t,&,9) € [0,4] x Dg(E) x Dc(V), the term
pe,pxw ((PExV(€,0))) is finite, so the convex combination in the fourth
branch is defined and finite.

Indeed, recall that the retraction p. pxw is finite on the complement of
the leaf [FX x W]\ D.( F+ x W). Therefore it suffices to note that
E(Dc(€) x Da(V)) is n-close to F'x W and d(E x V) C F x W, so the point

u(pExv(€,0)) is n-close to F' x W for (é,0) € Do(E) x Dc(V). Therefore
1(Pexv(€,7)) ¢ {FL x WL] \ D FX x wty.

b) The formulae given for the four components of H agree on the inter-
sections of their domains.
c) H takes values in [F x W]\ [FJ- x WA\ D (FL x Wh)].

Indeed, for (¢,€,0) € [0,4] x Dc(FE) x De(V) we see as in the proof of
a) that the right hand term of H; must be n-close to F x W, so the set
H([0,4] x Do(E) x Do (V) avoids [FL x W]\ De( F£ x Wh).

The map H has the following properties:

(1) Hy coincides with the restriction | Do(Byx Do (V)"

5The third branch of the homotopy was omitted in [BF].
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H, coincides with the map p.r7 composed with the inclusion F x
W [Fx W5\ Se(F+ x Wh).

One has
(18)  Hy(0Z,5) = h(y) +1(5) , Vt € [0,4] Yy € B Vo € De(V) .

Formula (18) follows from (12) and the fact that [ is an isometry, so
it commutes with orthogonal projections.

H([0,4] x (Dc(E) x Do(V)) N[F+ x W] = 0.

Indeed, for (&,0) € A(Dc(E) x Do(V)) we get ||Ho(é,9)| =
|(é,0)|| > ¢, whereas ||u(€,0)|| is n-close to F' x W C F x W. More-
over, for t € [0, 1] it holds

| Hi(,0) — Ho(€,0)|| = t|(ppLws o k)(&D)]| <.
For ¢t > 2 we have

Prixwr © ht = ppixwrod
so Hy(é,7) can belong to F- x W only when pgryy o d(é,7) = 0,
i.e. when (é,0) € E x V. For such a pair we find
Hy(€,?) = (d+ prxw o k)(€,0)
= 1(é,0) — (ppLywr o k)(€,0) Vt € [1,3],
Hy(€,0) € [prxw (u(€,0)), pe,r(pn(é, v))] Vt € [3,4]

so Hy(é, ) is a non-vanishing vector of F'xW (more precisely a positive

multiple of prw (u(é9) = u(6,d) — (ppixwe o k)& ) for any
tel,4].

These properties have the following important consequence:

REMARK. The composition p. z o H is nowhere vanishing on the space

[0, 4] x {8 [DC(E) x Dc(f/)} U [OE X V” .
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This follovvs~ fr0m~the factNthat the vanishing locus of the retraction p.
is the leaf D.(F+ x W) C F+ x W'. On the other hand we have

Pei © Ho = e |po(5)x Do () » Pei © Ha = flem @ | po(5)x Do (V)

It suffices now to apply Proposition 3.2. [
Using Proposition 3.5 and Lemma 3.13 we obtain

COROLLARY 3.14. Let p: E xV — F x W be an S'-equivariant map
over a compact CW complex B satisfying P1, P2, P3, and let 0 <n < 7.
Fiz an orientation © of the finite dimensional summand H of W. The
elements

{ten} € 105 (S(E) 5, F)

associated with n-admissible pairs m = (F, W) define a unique class

{u} € a*H(ind(9))
which depends only on the map u and the orientation .

In particular, using finite dimensional approximations associated with
constants C’ > C and 0 < ¢ < ¢ (and parameter 0 < 7 < CZ,), one obtains
the same class.

PrROOF. Let m = (F,W), my = (F1,W;) two n-admissible pairs. By
Lemma 3.13 we can identify the images of the classes ficr, fer, in
a?~1(ind(6)) under the assumption = C m;. The problem is to reduce the
general case to this situation.

By Corollary 3.11 we know that n-admissibility of 7 is an open condi-
tion, i.e. it is stable under small deformations. On the other hand, by the
homotopy property Proposition 3.2, the image of the class p. » in the group
a’~1(ind(6)) is stable under small deormations of 7. Hence it suffices to
consider a generic small deformation F’ of the subbundle F' C F which is
fiberwise transversal to F, such that (F’, W) is still n-admissible. Then we
can put F := F' & Fy, W := W + W, and apply twice the compatibility
Lemma 3.13. UJ

PROPOSITION 3.15.  Suppose that the restriction p|p,(e)xpo(v) S
nowhere vanishing. Then {u} = 0.
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PROOF.  Since fi|p(g)x Do (v) I nowhere vanishing, it is easy to see that
there exists 7 > 0 such that ||u(e, v)|| > « for every (e,v) € Dc(€) x Da(V).
Indeed, if not there would exist a sequence (e,,v,) € Dc(E) X Da(V) such
that || u(en, vn)|| — 0. Let K C FxW be a compact subspace which contains
E(Dc(E) x Do(V)). Since d = (6,1) is a continuous family of Fredholm
operators, it follows that d~1(K) N [Dc(£) x De(V)] is compact. Therefore
(en,vn)n admits a subsequence which converges in this intersection. The
limit will be a vanishing point of u, which contradicts the assumption.

Use now the constant ¢ := min(+y,¢) (instead of ¢) in the construction
of the finite dimensional approximations of p. The obtained maps ji » are
nowhere vanishing on D¢ (FE) x De(V'), and our assertion follows from the
vanishing property Proposition 3.1 proved in the finite dimensional case. [J

4. Fundamental Properties of the Cohomotopy Invariants

4.1. The Hurewicz image of the cohomotopy invariant
4.1.1  The relative Hurewicz morphism
Let B be a compact space, and let E, F' be Hermitian bundles of ranks
e, f over B. Let k be an integer and u € g1a%(S(E) 15, F;;) a stable class.
Suppose for simplicity k& > 0. Consider a representative

¢:S(E)sp A& — Fi Ap RMEAES

of this stable class, where £ = n @ & is the direct sum of a complex vec-
tor bundle 1 and a real vector bundle &. We may suppose that the real
summand &y of £ is orientable. We choose an orientation of £y; in this way
all our bundles become oriented bundles. The space S(E)i+p Ap §J§ can
be identified with the fiberwise quotient {S(E) xp &5}/ p{S(E) x g oc¢}.
Composing ¢ with the canonical projection one obtains a map of pairs over
B

3 : (S(E) xp &, S(E) xp oog) — ([F @R @g]EaOOF@LR’@g) :

Consider now the projection 7 : P(E) — B and the following bundles
over P(E): ) )
Fi=r"(F)(1), &:=m"(n)1) & (%) -

The map ¢ descends to a morphism of pointed sphere bundles over P(E)

il — [FOR @ &f, .
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Denote by s the real rank of £. Let
F+ ) 2f +hts([f ko A+ )
tg € H*(§f ) 006 2) » tigmeas € HY T H(F @ RY @ € ), 0 pgprag 2)

be the Thom classes of the oriented bundles 5 ,FoRo 5 . The formula

& (tparras) = Ph)(he) U tg
defines a cohomology class h; € H2**(P(E);Z) which is independent of
the chosen orientation of £y and of the representative ¢ of the stable class
u. For k < 0 one has a similar construction, but uses a [R7*]} factor on
the left side.

The assignment u = [¢] — hg defines a morphism

h:gafy(S(B)yp, Ff) — H™HP(E); Z)

which we call the relative Hurewicz morphism over B.

Denote by ¢ : £ — P(E) the bundle projection, and by ¢ the section in
the pull-back [¢*(F @ R* @ é)]g over £ defined by . Since the vanishing
locus Z(¢) of this section is compact, one can define its localized Euler class
class [¢] € Hyt2e—2-2 f_k(é ; Z), which coincides with the fundamental class
[Z ()] of the compact oriented submanifold [Z(¢)] when ¢ is smooth and
transversal to the zero section [Br].

REMARK 4.1. (The geometric interpretation of the Hurewicz mor-
phism) Suppose that B is an oriented n-dimensional compact manifold.
Then

PDpgy(h(u)) = [t.]H([2])
where
bt Hyyoeo2p—1(P(E); Z) — Hptoe—a-27-1(6Z) .

is the isomorphism induced by the zero section of £&. If ¢ is smooth and
transversal to the zero section, then

PDp(g)(h(w)) = [t] " ([Z(2)]) -
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PROOF. The localized Euler class [¢] € Hn+26,2,2f,k(§~; Z) is defined

as the cap product ¢*(t,. (PaR* @5))0[5], where [{] stands for the fundamental
class of € in cohomology with compact supports [Br]. We get

[P] = ¢"(tg (perrag) N €] = @7 (tpgrres) N €] = Pp(g) (R(w)) U te N[E]
= Pp(g) (M(w)) N e([P(E)]) = tx(h(u) N [P(E)]) = tx(PDpgy(h(w)) . O

Y

Let v = (i, E1) : E — E’ be a morphism in the category Up of com-
plex vector bundles over B (see section 2.3). Such a morphism induces an
isomorphism E' = E @ E;. The complement P(E’) \ P(E;) can be identi-
fied with the total space of the complex vector bundle 7*(E;)(1) — P(E).
Multiplication with the Thom class t,«(g,)(1) defines a morphism

H*(P(E); Z) — H* "% (1" (E1) (1) fy gy 00 (1) (1); Z) =

~ [t (P(E),P(Ey); Z) — H* P (P(E'); Z) ,

which will be denoted by a,.

Now fix an element x € K(B). A morphism 7 = (i,7; E1, F1,1) :
(E,F) — (E', F’) in the category 7 (z) defines morphisms

agm)  HINP(E)Z) — B HHP(E)Z)
P(i). : Hy(P(E); Z) — Hy(P(E'); Z) .
For an integer k € Z we define

H*;2) :=lim H***P(E);Z), Hy(2;Z) :=lim H,(P(E);Z) .
(E,F)ex (E,F)ex

Using the same methods as in sections 2.1, 2.3 (stabilizing first with respect
to trivial bundle enlargements) we see that these inductive limits exist in

Ab.

REMARK 4.2.

(1) One has H.(z;Z) = H.(B;Z) ® Z[t].
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(2) For a compact n-dimensional CW complex B there exist isomorphisms

H*(2;7) ~ D H*(B;7Z) ,

s—ke27
max(0,k—2¢(x)+2)<s<n

where ((z) € Z is the index of x. In particular, putting n(z) :=
2u(z) — 2 + n, one has H™"\%)(x;Z) = H"(B; 7).

The integer n(x) := 2u(x) — 2 + n will be called the dimension of the
formal projectivization of x.

REMARK 4.3. Suppose that B is a compact connected oriented mani-
fold of dimension n. The system of Poincaré duality isomorphisms P Dpg)
defines isomorphisms

PD, : H*(x;72) = n(a)—k (T Z)

REMARK 4.4. The system of Hurewicz morphisms
h: g1y (S(E) p, Fy) — HYTH(P(E);2)

defines a morphisms of graded groups h, : a*(z) — H*(x;Z). If B is a
compact connected oriented manifold, one also gets a morphism PD, o h, :
a*(x) — H,(x;Z), which we call the homological Hurewicz morphism.

The result below has the following important consequence: for a moduli
problem with vanishing “expected dimension”, the cohomotopy invariant
yields the same information as the classical (co)homological invariant. Re-
call that our cohomotopy invariant {u} associated with a map satisfying
properties P1 — P3 belongs to a’~!(x), where z := ind(¢), b := dim(H)
(see section 3.3). The expected dimension w(u) := 2u(x) +dim(B) —b—1 of
the moduli problem associated with p vanishes if and only if b — 1 = n(x).

PRrOPOSITION 4.5. Suppose that B is a finite CW complezx of dimen-
ston n. Then the Hurewicz morphism

B s w) — H"(2;2) = H"(B; Z)
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is an isomorphism.

PROOF. Suppose n(x) > 0 for simplicity. Fix a stabilizing bundle &.
Using the same method and the same notations as in section 4.1.1 we see
that the set

517 (S(E)y Ap &5, Fi Ap RN A ¢
can be identified with the set of pointed bundle maps

over P(E). The latter set can be identified with HI™EPE)(p(E);7Z) =
H"(B;Z) by Proposition 5.15 via the map ¢ — hg. The obtained bijections

s (S(E) 4 A &5 Fiy Ap [RMD)E AL ~ HY(B; Z)

are compatible with morphisms £ — ¢’ in the category Cp and with mor-
phisms (E,F) — (E',F’) in the category 7 (z). Therefore we get a bi-
jection o™®)(z) — H™(B;Z), which coincides with the Hurewicz map by
definition. [

4.1.2 A comparison theorem
The main result of this section states: the virtual fundamental class of
the moduli space of solutions associated with a map u satisfying properties
P1, P2, P3 can be identified with the image of the cohomotopy invariant un-
der the homological Hurewicz map. Applied to Seiberg-Witten theory, this
implies that the full Seiberg-Witten invariant coincides with the Hurewicz
image of the cohomotopy Seiberg-Witten invariant.

We begin with the finite dimensional case. Let B be a compact oriented
manifold, p : £ — B, q : F — B Hermitian bundles over B, let V, W
be Euclidean spaces, and let p: E x V — [F X W]jg be an S'-equivariant
map over B satisfying properties P1, P2 of section 3.1. The invariant
{u} € g1a5 1 (S(E) 4B, Ff}) is defined by a map of pairs

(S(E) x Dr(R& V), S(E) x Sp(R& V))
—([F x Wh, [F x W\ De(F x W))
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induced by the restriction ur. : Dr(E) x Dr(V) — (F x W)} of u to
a sufficiently large cylinder Dr(E) x Dgr(V). The vanishing locus of
(regarded as section in the bundle (p*(F) x V) x W — E x V) is an S'-
invariant compact space contained in the open subspace Dr(E) x Dr(V) \
[0F x g Dr(V)] of the cylinder. Its S'-quotient can be identified with the
vanishing locus of the section i - induced by pg on the S*-quotient P(E) x
Dr(R& V) of S(E) x Dr(R& V). Using Remark 4.1 one obtains

COROLLARY 4.6. Suppose that B is a compact oriented manifold. Via
the isomorphism H,(P(E) x Dr(R & V);Z) ~ H,(P(E);Z) the Poincaré
dual PDpgy(h({p})) coincides with the virtual fundamental class associated
with the section fig.. If this section is smooth and transversal to the zero
section, then PDpgy(h({p})) can be identified with the fundamental class

of the vanishing locus Z(fir.) C P(E) x Dr(R@ V).

Note that p is nowhere vanishing outside the cylinder Dr(FE) x Dr(V),
so the vanishing loci of ;4 and pg . can be identified. The vanishing locus
M = Z(ir.) = Z(n)/S* will be called the “moduli space” associated with
the map p.

Let p: £ - B, q : F — B be complex Hilbert bundles over B, let V,
W be real Hilbert spaces, and let j: £ x V — F x W be an S'-equivariant
map over B satisfying properties P1, P2, P3 in section 3.3. Denote by
7 : P(€) — B the natural projection. The map ppr . descends to a smooth
section fir . in the bundle

T (F)(1) x Dr(R® V) x W — P(E) x Dr(R® V) |

and again one can identify the moduli space M := Z(u)/S* of p with the
vanishing locus Z(firc) of this section. Using the same argument as in
the proof of Proposition 3.15, we see that the moduli space M is compact.
Suppose now that

P4: B is a compact, connected, oriented, smooth manifold, y is smooth
and the fiberwise differential of k := u — d at any point is a compact
operator.

This condition is always satisfied in practical gauge theoretical situa-
tions; indeed, the map k is usually given by the composition of a smooth
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map € XV — F; x Wy with a map F; x Wy — F x W over B defined by a
smooth family of compact operators. The condition P, implies that fig . is
a smooth Fredholm section on the Banach manifold P(€) x Dg(R & V). In
order to give sense to the virtual fundamental class of the moduli space M
we have to trivialize the determinant line bundle det(index(D/fip.)) over
M. Equivalently, it suffices to trivialize the line bundle det(index(Dpu))
over Z(u). In these formulae the symbol D stands for the family of intrinsic
derivatives of a section at its zero locus, and p is regarded as a section of the
bundle [p*(F) x V] x W — £ x V. For a point (e,v) € Z(u) with p(e) =y
one has a natural identification

det(index(De,v)p)) = A™(T,(B)) @ det(index(d(e )t [e, xv)) »

where n := dim(B) and p|g, vy : & X V — Fy x W is the restriction of u
to the fiber over y. By the condition P4, the differential of this restriction
is congruent with the operator d, = (éy,l) modulo a compact operator.
Therefore (since the family 6 = (6,)yep has a canonical complex orientation,
and B is oriented) one obtains a trivialization of det(index(Du)) for every
orientation 0 of coker(l) = H. This is precisely the orientation parameter
involved in the definition of the cohomotopy invariant {x}. Fix such an
orientation ©. Using the results in [Br], we obtain a virtual fundamental
class in Céch homology [M]"I* € H,,(M;Z), where

w=w(p) :=n+2(ind(6)) —b—1 = n(ind(6)) — (b—1)

is the expected dimension of our moduli problem (the index of the section
,&R,E)-

Put x := ind(¢), and note that the group

= P HouBZ)at
0<2i<w

can be identified with H,(P(E) x Dr(R & V); Z) = H,(P(€); Z).

DEFINITION 4.7. The full homological invariant of x is the image {u}g
of the class [M]'" in the group H,,(ind();Z).

THEOREM 4.8. Suppose that conditions P1 — P4 hold. Then

{utu = PDy o hy({1}) .
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PROOF. As in section 3.5 choose a finite dimensional approximation
per of m, associated with an n-admissible pair (F,W). Define pier oo :
Dc(E) x Do(V) — F x W by

Mc,ﬂ',oo(ev U) = NCJr(pE(e)7 pV(U)) +PrLixwt© do PELxv+ -

This map takes finite values by Lemma 3.12. We claim that there exists a
smooth homotopy

H :[0,4] x Dc(E) x Da(V) — F x W

between 1| p.()x Do (v) and fer,co in the space of S L_equivariant Fredholm
maps over B, such that for 0 < ¢ < 4 the map H; has no zeroes in 9[D¢(E) x
D¢ (V)] U0 x De(V). To obtain such a homotopy it suffices to replace E,
V., F, W in the definition of the homotopy H used in the proof of Lemma
3.13 by £, V, F, W, and to compose the resulting map from the right with
a smooth homeomorphisms 6 : [0,4] — [0,4] having the properties

0(i) =i, 0 (i) =0forie{0,1,2,3,4} , k>1

(to assure differentiability). Using the homotopy invariance of the virtual
class [Br], we can identify {4}y with the image of the virtual class [tz o]
in Hy,(P(€);Z). On the other hand, by the “associativity property” of the
virtual class (see Proposition 14 (4) in [Br]) and Corollary 4.6, the latter is
just the image of PDpg)(h({ttc,r}) via the embedding P(E) — P(£). But

PDpgy(h({ex}) is a representative of PD, o hy({p}). O

4.2. Cohomotopy invariant jump formulae
4.2.1 General results
Let
M—N—P

be a cofiber sequence of pointed S'-spaces over a compact basis B. For
every pointed S'-space Y over B there is an associated long exact sequence
of cohomotopy groups

(19) = gadb(PY) = giah(N,Y) = qraf(M,Y)

9, SIOC%+1(P, Y)— ...
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The connecting morphism
d: g (M)Y) = oY (M A S1Y) — g1 (PY)

is given by composition with the contraction map ¢: P — M Ap St induced
by a fixed homotopy equivalence between P and the mapping cone of the
map M — N. For the cofiber sequence

S+ — D)4 — &

associated with a vector bundle £ over a compact basis B, the morphism 0
can be described in the following way. The obvious isomorphisms

$(€)ep np 5" 2= SO Mgy 0.1y 652 5O DL

(where ~ is the equivalence relation generated by (v,0) ~ (v/,0), (v,1) ~
(v, 1)) allow us to use S(§) x [0,1]/S(¢) x {0,1}, S(&) x [0,1]/~ as models
for S(¢),p Ap St and §‘§. Using these models, the morphism 0 is given by
composition with the contraction map

e e SOXOL L S@ X0y

induced by the identity of S(§) x [0, 1].

Consider now an oriented b-dimensional real vector space H and the
cofiber sequence over B associated with the trivial bundle H = B x H over
B:

S(H)ip — D(H)1p — Hf; .

Let FE be a Hermitian vector bundle over B. Taking smash product with
S(E)+p over B yields the following cofiber sequence over B

S(E)yp A S(H)1p — S(E)sp — S(E)+n Ap Hj

Since S(E)+p Ap S(H)+p = [S(E) x S(H)]+p, the associated long exact
cohomotopy sequence is

21) - — qia5 (S(E)4p A HE, [F @ HIY)
— siap (S(E)4p, [F® H]f) —
— s1a5 (IS(E) x S(H)]y 5, [F & H)f) 2>
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— 5105(S(E)+5, [FIf) — s105(S(E) 4, [F © HIf) — ...

Note that one has canonical base change isomorphisms
(22)  s105([S(B) x S(H))y 5, [F © HIf) =~ s105(S(E) 5, [F ® H]Y) .
associated with the projection
p:B=BxS(H)— B

(see [CJ] Proposition 5.37, Proposition 12.40 for the non-equivariant case)

A map k : B — S(H) defines a section jZ : S(E),p — [S(E)xS(H)]+n

over B of the projection [S(E)xS(H)]+p — S(E)+B, so it defines a splitting
of the exact sequence (21).

LEMMA 4.9. Let m € giagz ([S(E) x S(H))+5,[F @ H]E), and let
Ko, K1 : B — S(H) be two maps. One has the identity

()" (m) = (i) "(m) = d(r0, K1) - D(m) ,

where where d(ro, k1) € grag (Byp, H) = graly (Byp, Bip) is the dif-
ference class of the maps kg, k1 regarded as sections in the sphere bundle
S(H).

PrROOF. The difference class d(ko, k1) is defined by the map

, 1_Bx|[0,1 D.(H - Ht
A:Bip/ApS = [ ]/BB x {0,1} — ( )/Se(ﬂ) =45
induced by

[(1—2t)ko(b)] for
00~ {or Do) o

The connecting morphism Jf in the long exact sequence

A
IA IA
-

t
t

o= O

_ P
siap' (Byp, HE) & s10%(Byp, S(H)+B)

— sia(Byp, Byp) — s10%(Bip, HY)
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is defined via the identifications
siag (Bip, HE) = g10%(Byp Ap S*, HE)

s10%(Byp, S(H)4p) = s10%(Bip A S', S(H) 15 A S') ,

by left composition with the contraction cg : ﬂg — S(H),p Ag S'. The
image of d(ko, k1) under dy is just the difference {r1} — {ko} € s1a% (B4 5,
S(H)+B)-

One has obviously

(Gy)(m) = (G )*(m) = mo ({K1} — {k0}) = m 0 O (d(ko. k1)) -

We know that Jp(d(ko, k1)) is represented by ¢y o A and the connecting
operator 0 in the exact sequence (21) acts by right composition with the
same contraction c¢gy. Therefore

(Gxy)*(m) = (Giy)*(m) = meo (czr 0 A) = (m) o d(ro, K1)
= 9(m) o (d(ro, 1) - {idp, s })
= (d(lﬁo, Hl) . 8(m)) (¢] {idB+B} = d(l@o, /11) . 6(m) .

Here we have used the fact that the composition multiplication o is g1a*(B)-
bilinear. [

This lemma has an important analogue for the groups a*(x) associated
with a K-theory element x. For a compact space P over B we put

o (Piz)=lim gial(S(E)+p A Pip, Fi) .
(E,F)ex

where the inductive limit is taken with respect to the category 7 (z). Using
the methods used in section 2.3 for the definition of the groups a*(x), and
the results in section 5.1, we see that this inductive limit exists; it can be
constructed by taking first the limit of grap(S(E @ C")1p Ap Pyp, [F' &
C™)}) over n, and factorizing the result by the action of J(I[K~1(B)]) C
g1a?(B). The graded group a*(P; x) comes with an obvious homomorphism
a*(P;x) — o(pp(x)), where pp : B x P — B is the projection on the first
summand.
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Taking the inductive limit of the connection morphisms 0 = 0 r in (21)
with respect to the category 7 (z), one gets a morphism

(23) Oy :=1lim Opr:a® Y S(H);2)—a (z) .
(E,TSGI

which is intrinsically associated with x.
Let k: B — S(H) be a fixed map. The system of morphisms

()" s s1a([S(B) x S(H)| 1, Ff) — s103(S(E) 15, Fj)
induces a morphism j% : o*(S(H);z) — o (z).

COROLLARY 4.10. Letm € a®~Y(S(H);z), and let ko, r1: B — S(H)
be two maps. One has the identity

(Js1)"(m) = (o)™ (M) = d(0, K1) - Du(m) -

4.2.2  The universal perturbation and the invariant jump formulae
Let E, F be Hermitian vector bundles over a compact basis B, let V,
W be Euclidean vector spaces, and let p: E x V — [F x W]§ be an S'-
equivariant map over B satisfying the properties P1 and P2 (1) with A = 0.
In other words,
u(OyE,U) =l(v), Yye BYveV,

where [ : V= Wy C W is a linear embedding. The cylinder construction
cannot be applied to such a map, because p has vanishing points on the
core 0% x Dg(V) of any cylinder Dg(E) x Dr(V'). We orient the orthogonal
complement H of Wy in W, and we denote by b its dimension. Let € > 0.
For every map k : B — S¢(H) we define the perturbation

s ExV — [Fx W]}

by putting jux(e,v) 1= Ty (u(e,v)) for e € E,. Here Ty, denotes the
automorphism of [F x (H & Wj)|} which extends the translation

(fyw) = (f,w+K(y)) -
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REMARK 4.11. If € > 0 is sufficiently small, the map pu, satisfies the
properties P1, P2 of section 3.1, so the cylinder construction applies and
yields a stable class {11} € gra’y (S(E); B, Fj).

PROOF. Suppose that p satisfies the property P1 with constants C, c.
Choose € < §. The map p, satisfies P1 with constants C, ¢/ := §, and P2
with constant eg = €. J

Another way to construct a map satisfying properties P1 , P2 is to let
k vary in the sphere S¢(H) and consider the universal perturbation

f:EXV —FxW

over the basis B := B x S.(H) (where E := p%(E), F := p%(F)) which
acts as p,, over B x {k}. This map also satisfies properties P1, P2 with
the same constants as any pu,, so that the cylinder construction applies
and yields a class {i} € 51a%_1(S(EN’)B,Fg). Our next goal is to un-
derstand this class {fi}. The essential point is to identify the image of
{ii} € s a%ﬁl(S(E)_S_B, Fg)} under the connecting morphism 0.

Recall from section 2.6 that {o(g m} € s10%(S(E)1p, Fy) is the class
of the obvious pointed map S(E);p — Fj over B which maps +p to the

infinity section, and S(F) to the trivial section.

PROPOSITION 4.12. (The 0-image of the invariant of the universal per-
turbation) Via the identification

s10B(S(E) 15 A HE, [F @ H|j;) = s103(S(E) 45, Fi})

one has

o({ji}) = —{O(E,F)} .

PROOF. As in section 3.1 fix R > C and ¢ < min(ep,c’) = min(e, §).

Let 79 < R be sufficiently small such that p(e,v) remains finite for every
(e,v) € D, (E) x Dr(V).

Step 1. We replace /]| Da(B)xDr(V) by a map i which represents the
same class {u} and coincides with the x-independent map p outside the
smaller cylinder D (E) x Dr(V).
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Define fi, : Dr(E) x Dr(V) — [F x W]L by the formula

(1= Zllell) (5 + () + fllellule,v) for 0< e <7
wie,v) for  Jle|| > 7.

o -

The maps fi; and fi coincide on the core 0 x Dgr(V) of the cylinder

Dpr(E) x Dr(V) and they differ by the translation 7}, outside the cylinder

D.(E) x Dg(V). We define a homotopy between i, and [‘|DR(E)xDR(V) by
putting

1—1t)u [ f <
) = { (1 Olomn) etienn) for el <7

Ty o p(e,v) for |le|| > .

CrAamM. If 7 is sufficiently small, then ||it] > ¢ on 9|Dgr(E) x

DR(V)] for every ¢ € [0, 1].

The claim is not obvious only for points (e,v) € D.(E) x Sg(V). One
has the identity

ittesmo) = (0= 0§ (1= 2hell) w160+ el o) = 101}
+tu(e,v) +tx

=10+ (1= el ) e e el uteno) - 1]

-
The first two terms belong to orthogonal complements, so for e € D, (E)

one has
1725 (es 5, 0) | = [[1(0)]| = [lu(e, v) = U(v)]| -

Since (07, v) = I(v), and p is fiberwise differentiable with globally contin-
uous derivatives on E x V', it holds

lim {sup {(p(e,v) =1(v)) | 0 < [le] <7, [lo]| <R} } =0

On the other hand, for [|v]| = R one has [I(v)|| = [|x(0F,v)|| > ¢. This
proves the claim.
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Using the Claim and [|iL (e, &, v)|| = [|&]| = € > 0 we see that (L), 1]
defines a homotopy between (i, and /Z| Dr(E)xDr(V) in the space of maps for
which the cylinder construction applies. Therefore

(24)  {A} = {fir} € 510l ([S(E) x S(H))15, Fj)
for all sufficiently small 7 > 0.

Step 2. We compute the class —0({fir}).

Regard {i;} as an element in the group

srag ([S(E) x S(H)|ys, [F @ H]f)
= 510%([S(E) 4B A S(H)+p A S',[F ® H]f) .

As explained at the beginning of this section the morphism 0 is given by
composition with the contraction map

e Bt =SH) X0, Rl/ gy, A st

= SeH) 0 Blyg iy 0. my

induced by the identity of Sc(H) x [0, R]. The morphism —0 is defined by
composition with ¢/, where ¢ is induced by the map (k, p) — (k, R — p).

The class {fi+} is represented by the map

i :S(E) x S.(H) x [0, R] x Dp(V)

x +
— IF W]B/B [F x W]E\ De(F x W)

given by
mT(ea K, P, U) = [[LT(PQ Ry U)] :

As we have seen in section 3.1, this map induces a map

Fx W
S(E) 155 S(H)snAs S Ap Vg — F X Wls/ W%\ Do(F x W)

because it has the following properties
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(1) mr(e, k,0,v) and m.(e, K, R,v) belong always to the infinity section
of the right hand space,

(2) mr(e, K, p,v) belongs to the infinity section of the right hand space
when ||v|| = R.

The class —0({fi+}) is defined by the map

T

@l S(E)x S.(H)x [0, R] x Dp(V) — E W]E/B [F x W]\ De(F x W)

given by
ﬁ’l/;(e, K, P, U) = mT (67’€aR - p,U) :

This map descends to a map

+ + _, [FxWIg
S(E)yp Ap Hp ApVE — By [F x W]\ D(F x W)

because it has the following properties:
(1) ml (e, k,0,v) and m’ (e, k, R,v) are independent of k,

(2) m.(e, k, R,v) belongs always to the infinity section of the right hand
space,

(3) ml (e, k,p,v) belongs to the infinity section of the right hand space
when ||v|| = R.

These three conditions characterize the maps of pointed spaces over B de-
fined on S(E) x Se(H) x [0, R] x Dr(V') which descend to S(E)1pAgHEAp
VE.

Step 2 (a). We deform the map 7/ in the space of maps satisfying
the three properties above, by composing it with a 1-parameter family of
contractions in the p-direction.

For ¢ € [0,1] define the map
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by

[l (e, &, p, ) = iy (e, Ky (1—t+ t%)(R . p),v) .

The family ([m;}t)te[oﬂ defines a homotopy in the space of maps satisfying
properties (1), (2), (3) above. The main point in checking (1) is the fact

that the map m, is constant with respect to k for p € [r, R]. Therefore it
holds

~0({ar}) = {[m7]°} = {[m7]'} .

L one has

Putting m/ := [m/]

mg(ev K, P, U) = mr(e, K, %(R - p),v)
R—p  R-—p
R R

R}; P <M(TR}; Pev)— z@)) .

_ [1— ?} (5 + 1(v)) +

%ﬁ—i-l(v) +

Step 2 (b). We remark that the family of maps m/ has a uniform limit
as 7 — 0 and we compute this limit explicitly.

Using arguments as in the proof of the claim above, we see that
R—
lii% = (,u(T 7 pe,v) - l(v)) =0

uniformly. Therefore m” := lim,_om! operates by the formula
m" (e, k, p,v) = &+ I(v). It is now easy to see that the map

+ + }’—‘XI/I/Jr
S(E)+B /\BEB /\BKBH[ ]B/B [FXW]E\DS(FXW)

= Fjy Ap Hpy Ap [Wol

induced by m” is homotopic to the smash product over B of the obvious
map S(E)+p — Fj (which represents o(E, F)) with I}, : V5 — [W,]5, and
id: H Jjg — H E ]

For a map x : B — S.(H) one has
(25) {ue} = G ({Ad) -
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This formula shows that the individual invariant {u,} associated with a
map k : B — Sc(H) is determined by the invariant associated with the
universal perturbation ji and the homotopy class of x. Using Corollary 4.10
we obtain

COROLLARY 4.13.  (Cohomotopy invariant jump formula) One has

{tmo = {ttws } = O(E,F) -d(ko, K1)

where d(ko, k1) € SIO[EI(B+B,EE) is the difference class of the maps ko,
k1 regarded as sections in the sphere bundle S¢(H).

Suppose now that b = 1. In this case Sc(H) has two elements kg, k1, and
the difference class d(ko, £1) is just the unit element of g1a%(Byp, B1p).
Therefore, in this case, our result gives

COROLLARY 4.14. (Cohomotopy wall crossing) Suppose b = 1. Then
the two classes {jiw, }, {pix, } associated with the two perturbations fi.,, fix,
of u are related by the formula

{'ulio} - {:ulﬂ} = {O(Ea F)} :

We can now extend our results to the infinite dimensional case. Let
B be an oriented compact manifold, £, F complex Hilbert bundles over
B, V, W real Hilbert spaces, and p: € x V — F x W an S'-equivariant,
fiberwise differentiable map over B satisfying properties P1, P3 and P2 (1)
with A = 0. Then we have an orthogonal decomposition W = H & W), and
,u(OZ, v) = l(v) for every v € V, where [ : V — W) is a linear isometry. We
fix an orientation of the finite dimensional summand H. Defining in the
same way as in the finite dimensional framework the universal perturbation
i1, one gets a stable class

{ia} € a™(Sc(H); ) |

where x € K(B) is the index of the complex part of the fiberwise lineariza-
tion of u at the zero section. Recall that the Euler class v(z) € a%(x)
is defined by the system of stable classes —{o(g )} € s1a%(S(E) 4B, F)
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defined by the obvious maps S(E)4+p — Fj (see section 2.6). Using the
results obtained above and taking inductive limit over 7 (x), we obtain

COROLLARY 4.15.

(1) The image of {ii} under the morphism
Dy : " L(S.(H); ) — ()

s given by

({a}) =(z) .

(2) Let ko, k1 : B — S(H) two maps. Then
{1} — {tno } = d(ko, K1) - ()
(3) Suppose b =1 and write S¢(H) = {ko,k1}. Then

{tuy b — ko } = (@) -

4.3. A product formula and a vanishing theorem

In this section we give the infinite dimensional analogue of the product
formula proven in section 3.2.3.

Let V;, W; be real Hilbert spaces , &;, F; complex Hilbert bundles over
a compact base B (i = 1, 2), and let y; : E; x V; — [F; X WZ}E be S1-
equivariant maps over B, satisfying the properties P1, P2 (1) and P3 of
section 3.3 with constants C, c. Let W; = H; © Wp; be the corresponding
orthogonal sum decompositions, [; : V; = Wo,i isometries, z; € K(B) the
K-theory elements defined by the corresponding families ¢; of Fredholm
operators, and h; : B — H; the maps given by P2 (1). We introduce the
notations:

V:=VidVo, W =W Wy, H .= HiDHy, Wy := Wo,l@WO’Q , =1Ll

and consider the Hilbert bundles £ := & & &, F := F; & F». The product

map

,u:SxV:[Elel]@[szVQ]—>[]—‘><W]j§:[]-“1><W1]}J§/\B[}“2><W2]j§
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also satisfies properties P1 P2 (1) (with associated map h = (hj, ha) : B —
H) and P3; it satisfies P2 (2) as soon as one of the two maps p1, p2 does.

Suppose that p; satisfies property P2 (2). In this case the construction
of section 3.3 applies and yields an invariant

{p1} € o Han) .

The finite dimensional approximations of the map us define classes

{(n2)is,} € s ([Bal s, [F2]f) -

It can be shown that a compatibility result similar to Proposition 3.13 holds,
so that one obtains an invariant

{u3} € a(2F) :=lim sia B (B}, [F)f) -
(EQ,FQ)EIQ

Here the inductive limit on the right is taken over the category 7 (z2) and is
constructed using the same methods as in the definition of the groups o*(x)
(see section 2.3). The direct limit of the obvious products

s1ap T (S(B) 1, [F1]5) x s103 ([Ba)f, [Fo] )
— 1032 (S(B) v AB (B, [F1 @ Folf)

1c”

Y 510y TS (B @ Ba)yp, [ @ B

gives a well defined product

+

- Slablfl(azl) X ab2(x2) — Slabﬁbrl(

x1 + x2) .

Using finite dimensional approximations of y of the form
femxms = (1) X (H2)ems

and applying Proposition 3.3 we obtain

REMARK 4.16. Under the assumptions and with the notations above,
the invariant of the product map p = 1 X ue is given by the formula

{pn x po} = {m}-{pg} .
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Note that in this formula the map pus is allowed to have S'-invariant
zeroes. In the case when both maps p; satisfy P2 (2) (so they are nowhere
zero on their S'-fixed point loci) one has the following important vanishing
result for the Hurewicz image of the invariant associated with a product
map:

PROPOSITION 4.17. Put x := x1 + x2 € K(B) and let hy : o*(x) —
H*(x;7Z) be the Hurewicz morphism associated with x. Suppose that both
maps p; satisfy properties P1, P2 (1), P2 (2) and P3, and that B is a finite
CW complex. Then

he ({1 x p2}) =0 .

PROOF. Let m; := (fti)c,r, be finite dimensional approximations of y;
and put m := my X mo. Applying the cylinder construction to this maps
we get a representative

mp: S(E1 © Ea)yp Ap RO VIO Valf — [F1© Fo ©@ W1 © Waly

of the class {1 X po}. Put E := Ey @ By, F := F1 ® Fy, V := V] & Vs,
W :=W; & Ws, and b = by + by. Let

be the associated sphere bundle map, constructed as in section 4.1.1. We
denote by

p: [R@K]E(E) —P(E), q: [F@E]EQ(E) — P(E)

the two bundle projections, and by h := hy,,, € H?/t01+b2=1(P(E); Z) the
corresponding Hurewicz class, which is defined by the equality

(26) (MR)* (tpgu) = P (h) Utray

in H*([R @ K]I—Pt(E)’ ooRav; Z). Since both maps p; satisfy property P2, it
follows that, for a sufficiently small neighborhood P of P(E;) UP(E>) in
P(E), the map mp maps p~(P) to the infinity section of the right hand
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bundle. We can suppose that P is a standard compact neighborhood of this
union, i.e. it has the form

leP’(E)\{[el,ez}eP(E)l #01” 1” (s )}

for sufficiently large s > 0. The pull-back class (mg)*(tpgy,) can be re-
garded as an element in H*([R & K]I—Pt(EyOOR@K Up Y(P);Z), which can

be identified with H*~(dm(V)+1)(P(F), P; Z) via the relative Thom isomor-
phism over the pair (P(F),P). Therefore, the equality

(27) (MmR)* (tpew) = " (h) U tRay

in H*((R® V]]P’(E) ooRsy Up 1 (P); Z) defines a class ' € H*(P(E), P; Z),
and h is just the image of h’ via the morphism C* : H*(P(E),P;Z) —
H*(P(E);Z) associated with the map C : (P(E),0) — (P(E),P). Put now

Py :=P(E)\ (P(E1) UP(E)) , Po:=P\ (P(E1) UP(Ey))

and denote by h{, the image of A’ via the morphism I* : H*(P(E), P;Z) —
H*(Py, Po; Z) defined by the map I : (Py,Py) — (P(E),P). The main point
in the proof of our proposition is that the restriction

melp, P (Po) = a ' (Po) -

is equivariant with respect to the free St-action (¢, [e1, e2]) — [Ce1, e2] on Py
and the obvious lift of this action in the bundle F hpo. This is just because
p is the product of two S'-equivariant maps p;. Therefore, m R|p, descends
to a bundle map

(7R : p_l(PO)/Sl — q_l(PO)/51

over Qq := Py/S!. The two sphere bundles above coincide with the fibrewise
compactifications [R & K]@)’ [Fp @ E]@O, where Fj is the S-quotient of F,
regarded as a bundle over Qy. We denote by pg, qo the corresponding bundle
projections on Qp. Put Q :=P /Sy, Qp := QNQp. Using the relative Thom
isomorphism over the pair (Qq, Qp), it follows that the equality

(76 (t fyew) = Po(ko) U tRay
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defines a class kg € H*(Qo, Qo;Z). Taking the pull-back of this equality
via the projection Iy : (Po, Po) — (Qo, Qo), (and comparing the obtained
formula with a similar equality satisfied by h{), we see that II§(ko) = hy.
Therefore

(28) h=C*oI" ' olli(ky) = C* o IT* o [J*] "} (ko) ,
where
i (P(8), P) — (FE)/61,Q) . 71 (@, 20) — (FF)/1, Q)

denote the obvious maps. In this formula we used the identity Jolly = o1,
and that the maps I, J induce isomorphisms in cohomology, by the excision
theorem. The result follows now directly from Lemma 4.18 below. [J

LEMMA 4.18. The morphism

U H (P(E)/Sl, Q;Z) . HY(P(E): )

induced by the map U .= o C : (P(E),0) — (P(E)/Sl, Q), vanishes.

PrOOF. By the excision and homotopy invariance theorem one has

(M), 0z) = 1 (FE))\ 8,0\ &:2) |

where Q is the interior of Q. One has a natural homeomorphism

P(E) ) o X X |=s,s], |ex,e2] — | e1]; e nHeIH
Jg1\ 0% [P(ED) i P(E)] x [-5.5] erveal = ([en) ol )

and this homeomorphism identifies Q \ Q with [P(E;) x P(Ey)] x {—s, s}.
Multiplication with the Thom class of the trivial bundle

P(E1) xp P(E2) x (—s,s) = P(E1) xp P(E>)
defines an isomorphism

HYB(EY) x5 P(E2):Z) 5 HY (FIE)/61\ 0,0\ 0:2)
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_ gitl (P(E)/Sl’ Q;Z) .

Step 1. When B is a point, the statement of the Lemma is obvious
because in this case both spaces P(E;) xp P(E;) and P(E) have trivial
cohomology in odd dimensions.

Step 2. For a general basis, note that U induces a morphism of the
Leray spectral sequences associated with the projections

P(E) — B, (P(E)/Sl, Q> . B.

But the Leray spectral sequence for the relative cohomology of the pair
(P(E )/ gl Q) can be identified with the spectral sequence for the coho-
mology with compact supports of P(E )/ gl \ Q. It suffices to note that the

induced spectral sequence morphism vanishes at the E}"%-level, by Step 1. [J

5. Appendix

5.1. Inductive limits of functors
We recall the following important

DEeFINITION 5.1. ([AM] p. 148) A filtering category is category C with
the properties

F1. For every pair (O, 0’) of objects, there exists an object O” and mor-
phisms O — O”, 0" — O".

F2. For every two morphisms u, v : O — O’ there exists an object O” and
a morphism w : O — O” such that wou = wowv.

For small filtering categories one has the following basic fact:

PROPOSITION 5.2.  ([AM], p. 149-150) Let A be one of the categories
Sets, Ab or Gr, and let C be a filtering small category. Then any functor
F : C — A has an inductive limit, which can constructed in the classical
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way: one factorizes the disjoint union HOGOb(C) F(O) by the equivalence
relation

(29) (O,2) ~ (0,2 if Fu:0—-0", ' : 0" - 0O"
with F(u)(z) = F(u')(2') .

When A = Ab or Gr, one endows the obtained set of equivalence classes
with the operation induced by the group operations on the summands F(O)
of the disjoint union.

We will say that C is weakly filtering if it satisfies F1 and the following
weak form of the axiom F2.

F2. For every two morphisms u, v : O — O’ there exists an object O” and
morphisms w,z : O’ — O” such that wou = zowv.

LEMMA 5.3. Suppose that C is weakly filtering and small. Then the
relation ~ defined in (29) is still an equivalence relation, and the conclusion

of Proposition 5.2 holds for A = Sets.

ProOOF. It suffices to check that ~ is transitive. Let x € F(0), 2/ €
F(O), 2" € F(O") with x ~ 2/, 2/ ~ 2. Therefore there exists morphisms
w:0—0,u:0 —0,v:0 — 0,0 :0" — O such that F(u)(z) =
F(u')(2') and F(v')(2') = F(v")(2”). By F1 there exists morphisms  :
O — Oy, W : O — Oy. We apply F2 to the morphisms wu', v’ : O — Oy.
We obtain morphisms 2, z : Og — O such that zwu' = Zwv'. Therefore

hence z ~ z”. O

For A = Ab or G one cannot endow the quotient of the disjoint union
by this equivalence relation with a coherent group structure using only the
weakly filtering condition.

Unfortunately, we will need inductive limits of functors defined on index
categories which are not small. In this case the disjoint union considered
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in Remark 5.2 might not be a set. However, there exists a simple situation
when the existence of an inductive limit is guaranteed:

LEMMA 5.4. Let C be a weakly filtering category, @ € Ob(C) a fized
object and F : C — A a functor such that F(u) is surjective for every
morphism u : Q — O.

(1) Suppose A = Sets.
(a) The relation on F(Q) defined by
(30) y~1v if Ju, v:Q — O such that F(u)(y) = F(v)(y)

is an equivalence relation. Put L := F(Q)/ =~.

(b) For any O € Ob(C) there exists a unique map fo : F(O) —
L defined by fo(x) = [y]| for any pair (z,y) € F(O) x F(Q)
for which there exist morphisms u : O — O, v:Q — O with
F(u)(w) = F(v)(y). The system (fo)ocowpc) is F-compatible
(i.e. it holds for o F(w) = fo for any morphism w : O — O').

(c) The system (fo)ocow(c) satisfies the universal property of the in-

ductive limit, so the inductive limit of I' exists and can be iden-
tified with L.

(2) Suppose A= Ab or Gr.

(a) Let H be a smallest normal subgroup of F(Q) which contains the
elements x’'x~! with x ~ 2'. Put L .= F(Q)/H.

(b) The system of morphism (fo : F(O) — L)ocosc) defined in a
similar way as in (1) is F-compatible and satisfies the universal

property of the inductive limit. Therefore the inductive limit of
F' exists and can be identified with L.

Proor. (1) (a) is clear. For (b) we have to prove that the map fo is
well defined. Let y € FI(Q), ' € F(Q), u: 0—-0,v:Q—0,u:0—0,
and v’ : Q—»O’suchthatF( )(z) = F(v )( )andF( )( )=F(v "(y). We
can find an object O and morphisms w: O — O, w' O’ — O. Since C is
weakly filtering, there exist morphisms z : O — Op, 2/ : O = Og such that
zwu = Z'w'v’. This implies

F(zwv)(y) = F(z2w)(F(u)(z)) = F('w)(F()(2) = Fzwv)(y') ,
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/
soy =~y
The F-compatibility of the system (fo)ocosc) and the fact that this
system satisfies the universal property of the inductive limit are easily ver-
ified.

(2) Follows easily from (1). O

DEFINITION 5.5. ([AM] p. 149) Let N, C be categories. A functor
©: N — Cis called

(1) cofinal, if

C1. For any O € Ob(C) there exists n € Ob(N) and u : O — O(n).

C2. For every n € Ob(N), O € Ob(C), and u : O(n) — O, there exists
m e Ob(N), v:n— mand v:O — O(m) such that vu = O(v).

(2) cofinal in the sense of Artin-Mazur ([AM] p. 149) , if

C1. holds,

C2. For every O € Ob(C), n € Ob(N) and u, v : O — O(n), there
exists a morphism p : n — m in N such that ©(u)u = O(u)v.

LEMMA 5.6.

(1) If N is filtering and © is cofinal in the sense of Artin-Mazur, then ©
is cofinal and C is filtering.

(2) If C is filtering and © is cofinal, then © is cofinal in the sense of
Artin-Mazur.

(3) Suppose © : N'— C is cofinal, and N, C are both small and filtering.
For any functor F : C — A (with A = Sets, Ab or Gr) the canonical

morphism
lim  F(O(n)) —lim F(O)
neObN) O€e0b(C)

s an isomorphism.

PrOOF. 1. Let u : ©(n) — O be a morphism. Using Cl, we can
find a morphism w : O — O(m); since N is filtering, we can find mor-
phisms n : n — k, kK : m — k. Therefore, we get two morphisms O(n),



402 Christian OKONEK and Andrei TELEMAN

O(k)wu : O(n) — O(k). By C2, there exists u : k — [ such that ©(u)0(n) =
O(1)O(k)wu. This shows [O(ur)wlu = O(un), so C2 holds with v =
O(puk)w and v = pn. The fact that C is filtering is stated in [AM] p.
149.

2. Let u, v : O — O(n) be two morphisms. Since C is filtering, there
exists w : ©(n) — O’ with wu = wv. By C2, we can find m € Ob(N),
vin — mand v : O — O(n), such that v'w = O(v). We will have
O(v)u = v'wu = v'wv = O(v)v, which proves C2.

3. See Proposition 1.8 in [AM] p. 150. O

Example 1. Let B be a compact space and let Up be the category of
complex vector bundles over B. A morphism U — U’ is a pair u = (i,U)
consisting of a bundle embedding i : U — U’ and a complement U; of i(U)
in U’ (see section 2.3). The category Up satisfies F1 but not F2, so it is not
filtering. Let A be category associated with the ordered set (N, <). Then
the functor © : NN — Up which associates to n the trivial bundle C" and
to an inequality n < m the standard morphism C" — C™ is cofinal. This
follows from the fact that any vector bundle on B possesses a complement.
Note however that © is not cofinal in the sense of Artin-Mazur.

Ezample 2. For a category C and an object @ € Ob(C) we will denote
by Cg the category whose objects are morphism u : () — O and whose
morphisms are

Hom(Q % 0,Q % 0):={w:0 - O'|wou=10}.

A morphism u : Q — @’ induces in an obvious way a pull-back functor
u* : Cq — Cq. If C is filtering then Cg is filtering and the target functor
functor T': Cy — C is both cofinal and cofinal in the sense of Artin-Mazur.

DEFINITION 5.7. A category with automorphism push-forward is a
pair (U, A), where U is a category and A : U — Gr a functor, such that

F1. holds in U.
S1. A(O) = Aut(O) for every O € Ob(C).

S2. For any u: O — O’ and a € Aut(O) one has A(u)(a) ou=wuoa
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S3. For every two morphisms u, v : O — O’ in U there exists an object
O”, a morphism w : O" — O” and an automorphism a € A(O") such
that aowou = wow.

Note that when (U, A) is a category with automorphism push-forward,
then U is weakly filtering (use S3).

Ezxample 3. Defining the automorphism push-forward functors in the
obvious way, the categories Up, Cp, 7 (x) introduced in this article become
categories with automorphism push-forward.

Let (U, A) be a category with automorphism push-forward, @ € Ob(U)
a fixed object, and F : Y — Ab a functor such that F(u) is a isomorphism
for any morphism u : Q — O. We know by Lemma 5.4 that the inductive
limit of F' exists and is a quotient of F'(Q)). We need an explicit description
of this quotient. For every object v : @ — O in the category Uy the group
A(T(u)) acts on F(Q) via the isomorphism F(u) : F(Q) — F(T(u)). A
morphism w : T'(u) — T'(v) can be regarded as an element in Homyy, (u,v)
and defines a group morphism A(w) : A(T'(u)) — A(T(v)) which intertwines
the actions of these groups on G(Q).

PROPOSITION 5.8. Let (U, A) be a category with automorphism push-
forward, Q € Ob(U) a fized object, and F : U — Ab a functor such that
F(u) is a isomorphism for any u : Q — O. Let N be a small filtering
category and © : N — Ug a functor satisfying the cofinality axiom C1. Put

A:=1lim  A(T(O(n))) .
neOb(N)

Then A acts on F(Q) in a natural way, the inductive limit lim  F(O)
0eob(U)
exists and can be identified with the quotient F(Q)/I[A]F(Q).

ProOOF. By Lemma 5.4 the inductive limit of F' exists and can be
identified with a quotient F'(Q)/H. Here H is the group generated by the
elements of the form x — 2’/ where z, 2’ € F(Q) are such that there exists u,
' Q — O with F(u)(x) = F(u')(2"). We claim that the set of such pairs
(x,2") coincides with the set of pairs of the form (az’,2’) with 2’ € F(Q),
acA.
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Indeed, if F(u)(z) = F(u)(2'), choose v : O — O and a € A(O) such
that vu/ = avu. The morphism vu can be regarded as an object in the
category Ug. Since O satisfies the axiom C1, there exists n € Ob(N) and a
morphism vu — ©O(n) in Ug, i.e. a morphism w : O — T(O(n)) such that
wvu = O(n). We obtain

which shows that x = axz’, where a is the class of A(w)(a) € A(T(©(n))
in A. Conversely let a = [a] € 2 be represented by a € A(T(0(n)) and
suppose that z = az’. This means F(O(n))(x) = a(F(0(n))(2")) so, putting
u:=0(n), u' := aB(n) one has F(u)(z) = F(u)(2). O

Let (U, A) be a category with automorphism push-forward, and let G :
C — A be a functor, where A is one of the categories Sets, Gr or Ab.

DEFINITION 5.9. We say that the stabilized automorphisms act triv-
ially on G if

TSA. For every O € Ob(C), x € G(O) and a € A(O) there exists a mor-
phism u : O — O’ such that G(u)(G(a)(z)) = G(u)(z).

In the presence of functor © : N' — U, we say that the ©-stabilized auto-
morphisms act trivially on G if

O©SA. For every n € Ob(N), x € G(O(n)) and a € A(O(n)) there exists a
morphism v : n — m such that G(O(v))(G(a)(x)) = G(O(v))(x).

REMARK 5.10. If © is cofinal and G satisfies ©SA, then it also satisfies
TSA. If C is filtering, then any functor G : C — A satisfies TSA. If, moreover,
© is cofinal, then G also satisfies ©SA.

Let (U, A) be a category with automorphism push-forward, and let G :

U — A be a functor. Let N be a small filtering category and © : N' — U

a cofinal functor such that ©SA holds. Consider the classical inductive

limit Lg := lim G(O(n)). For every O € Ob(U) we define a morphism
neOb(N)
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fo : G(O) — Le by fo(x) := [G(v)(z)] where v: O — ©(n) is a morphism
(whose existence is guaranteed by C1).

ProPOSITION 5.11. Under the assumptions and with the notations
above it holds

(1) For any O € Ob(U) the map fo is well defined. The system of maps
(fo)oecovwy is G-compatible i.e. for any u : O — O’ one has for o
G(u) = fo. When A= Ab or Gr, the map fo is a group morphism.

(2) The system (fo)ocowu) satisfies the universal property of the inductive
limit, therefore the functor G admits an inductive limit in A which can
be identified with Lo.

We agree to write u(x), v(x) ..., instead of G(u)(x), G(v)(x) ..., to
save on notations.

PrROOF. 1. Letv:O — ©(n),v' : O — O(n’) be two morphisms. Since
N is filtering, there exist morphisms v : n — m, v/ : n’ — m. Applying
axiom S3 to the morphisms O (v)v, ©(v')v', we get a morphism w : ©(m) —
O and an automorphism a € A(O) such that wO ()" = aw®(v)v. Now we
apply the axiom C2 to w and we get morphisms v : O — Ok), p:m—k
such that uw = ©(u). We have

O(u" )W = uwO (V)W = uawd(v)v = A(u)(a)uwd(v)v = A(u)(a)O(uv)v .
Using the axiom ©SA we obtain a morphism 7 : k& — [ such that

() [A(u)(a)O(pur)v(x)] = O(n) [O(ur)v(z)] -

Therefore ©(nuv')(v'(z)) = O(nuv)(v(x)), which shows that v(z) and
v'(2") define the same element in Lg. The second and the third claim
are obvious.

2. Let A € Ob(A) and (g9o)ocobu), 9o : G(O) — A a system of G-
compatible morphisms. Using the system (gg(n))neobnr) (Which is G o ©-
compatible) we get a unique morphism g : Lg — A such that goc, = gg(,)
for every n € Ob(N), where ¢,, : G(©(n)) — Lg is the canonical morphism.
It remains to prove that g o fo = go for every O € Ob(U). Let x € G(O)
and choose v : G(O) — O(n). One has

go fo(x) = glen(v(r))) = gom)(v(z)) = go(z) . U
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5.2. Bundle maps between pointed sphere bundles

Let X be a CW complex and Y C X a subcomplex. For two sections
s, s in a an oriented r-sphere bundle over X which coincide over Y, we
denote by oy (s',s") € H"(X,Y;Z) the primary obstruction to the existence
of a homotopy between s’ and s” in the space of sections which coincide
with §'|y = §"|y on Y [S].

Let m¢ : ¢ — B be an oriented real bundle of rank r over a CW complex
B. Denote by 7rzr : CE =: B — B the bundle projection of the associated

sphere bundle, and consider the pull-back bundle ( := [WZ_]*(C ) on B. The
sphere bundle é;’ = [Wz]*((g ) comes with a tautological section 6 and an

“infinite” section sgo. These sections coincide on the subspace oco; C B. We

endow the space B with a CW structure in the following way: First, on the
subspace co¢ we copy the CW structure from the base B via 520. Second, for
every k-cell e C B we put é := T 1(e). The attaching map corresponding
to é is defined in the following way: let v : D*¥ — & C B the attaching
map of e. The pullback bundle u*(¢) is trivial, so it can be identified with
D* x R" = D* x D", The induced map D¥ x D" — Wc_l(é) C ¢ can be
extended to map 4 : D¥ x D" — [Wé]_l(é) C ¢ in an obvious way. Let t,
be the Thom class of the bundle . We claim

LEMMA 5.12.  With respect to such a cellular structure on B one has
0004(3230,94) =tc in H"(B,oo¢; Z).

PrROOF. Let P:E — B := BSO(r) be the universal vector bundle with
structure group SO(r) and a fixed CW structure on the classifying space
B. Since HT(E,OOE; 7) ~ H°(B;Z) ~ 7Z, there exists an integer N such
that OOOE(S]%’ ,0g) = Ntg. Let f : B — B be a cellular map which induces
the bundle (. This map is covered by a bundle map f B — I@%, which is
obVious¥y cellular and maps the subcomplex oo¢ of B into the subcomplex
oo of B. Using the functorial properties of the relative obstruction class
and of the Thom class, we obtain o0n, (sgo, ;) = Nt;. The integer N can

be computed using any bundle ¢, so we will choose the bundle R" — {x}.
The tautological section is just the identity of [R"]*. It’s easy to see that
both classes can be identified with the generator of H" ([R"]", 00;Z). O

COROLLARY 5.13. Let { be an oriented r-bundle over a CW complex
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B, and let s be a section in Cg which coincides with s‘c’o on a subcomplex
A C B. Then oa(si®,s) = s*(t¢) in H" (B, A;Z).

ProOF. Note that, with respect to the cellular decomposition of B
considered above, the section s : B — B is a cellular map and maps the
subcomplex A into the subcomplex oo¢. It suffices to apply the functorial
property of the relative obstruction classes with respect to cellular maps. [

COROLLARY 5.14. Let ¢ be an oriented r-bundle over a finite CW com-
plex B of dimension n < r, and let A C B be a subcomplex. Then the map
o4t s — s*(t¢) defines a bijection between the set T 4(Ct) of homotopy
classes of sections in Cg which coincide with sg° on A, and H" (B, A;Z).

PROOF. Injectivity: Since dim(B) < r, for a section s € FA(CE) the
only obstruction to the existence of a homotopy between sgo and s is the
primary obstruction o A(sg", s). To prove surjectivity, consider, for any -
cell e C B\ A, a section s, which coincides with 520 on €\ e and has a
single vanishing point, which is non-degenerate. The pull-back s}(t¢) is a
generator of H"(B,B\ e;Z) = Z. O

COROLLARY 5.15.  Let (y, (1 be two oriented bundles of ranks rg, 1
over an n-dimensional complex B.

(1) If n+ro < r1, any pointed bundle map f : [Col§ — [G]f over B is
homotopic (in the space of pointed bundle maps over B) to the fiberwise
constant map f°° which maps [(o]" into cog,.

(2) If n+ 19 = 71, then a pointed bundle map f : [Col — [G] over B
is homotopic to f* if and only if the class hy € H"(B;Z), defined
by the condition f*(t¢) = [ﬂzg]*(hf) U t¢,, vanishes. Moreover, the
assignment f +— hy defines a bijection between the set of homotopy
classes of pointed bundle maps [Co]z; — [Cl]"B' and H"(B;Z).

PRrROOF. It suffices to apply Corollary 5.14 to the pull-back bundle ¢; :=
[nzg]*((l) over B := [¢o]; and to identify the space of pointed bundle maps
[Col 5 — [¢1]} with the space of those sections in [fl]g which coincide with
ng on oo, C B. Then use the Thom isomorphism - U t¢, : H"(B;Z) —
H™ (B, 00¢,;Z). O
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