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Higher Direct Images of Local Systems
in Log Betti Cohomology

By Takeshi KAJIWARA and Chikara NAKAYAMA

Abstract. We prove that the higher direct images of a locally
constant sheaf by the associated continuous map of a proper separated
log smooth morphism of fs log analytic spaces are locally constant.
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Introduction

In this paper we prove the following theorem.

THEOREM 0.1. Let f: X — Y be a proper separated log smooth mor-
phism of fs log analytic spaces and F a locally constant sheaf of Zi-modules
on X'°8. Then quiogF is locally constant for any q > 0.

This is a generalization to log geometry in the sense of Fontaine-Illusie
of the following well-known, classical result:
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THEOREM 0.1.1. Let f: X — Y be a proper separated smooth mor-
phism of analytic spaces and F' a locally constant sheaf of Zi-modules on X.
Then RIf.F is locally constant for any q > 0.

Sampei Usui proved the above theorem 0.1 in the case where f is a
multi-generalized semistable family over a polydisk ([U1], [U2]).
As corollaries to 0.1, we also have the following.

COROLLARY 0.2. In0.1, if F is a local system on X'°8 that is, a locally
constant sheaf of finite dimensional C-vector spaces on X'°8, then quiogF
1s also a local system for any q > 0.

COROLLARY 0.3. In 0.1, quiogZ s a locally constant sheaf of finitely
generated abelian groups for any q > 0.

See [KN], [IKN] for basic concepts on log geometry in the analytic sit-
uation in detail, including the definition of the topological space X'°8 for
an fs log analytic space X. For readers’ convenience, we briefly review the
construction of X°8. As a set,

X'°¢ = {(2,h)|z € X,h € Hom (MEF,,S"),

h(f) = f(x)

|/ ()]
For example, if X = Spec (C[P])an for an fs monoid P, endowed with the
canonical log structure, we have X'°¢ = Hom (P, RZy!* x S!). Here RZU!t
is {r € R|r > 0} regarded as a monoid with multiplication, and S' = {z €
C||z| = 1}. In this case the topology of X!°8 is the one induced by RIy!
and S'. In general case, any fs log analytic space X is locally isomorphic to
a (locally) closed analytic subspace of such a space. The topology of X'°8
is the glued one.

These corollaries are important in the log Hodge theory ([IKN], [KMN]).
For instance, our 0.2 plays an essential role for showing the functoriality of
log Riemann-Hilbert correspondence with an arbitrary base, which is one of
the main results (6.2) of [IKN].

for any f € O . }.

REMARK 0.4. An [-adic analogue of 0.2 (proper log smooth base
change theorem) was already proved by Kazuya Kato (unpublished), which
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is: Let f: X — Y be a proper log smooth morphism of fs log schemes.
Let n > 1 be an integer invertible on Y, and F' a locally constant and con-
structible sheaf of Z/nZ-modules on Xéct’g (Kummer log étale site; see [N]).
Then RIf,F is also locally constant and constructible for any ¢ > 0.

This also suggested our main theorems.

In Section 1, we explain a key idea which will be used in Section 4.
Section 2 is a preliminary from algebraic topology. In Sections 35, we prove
main theorems. Section 3 treats the case where the base has a constant
log structure. This case is reduced to a theorem on the topological local
triviality. Section 4 treats the case where the base is ideally log smooth.
This case is reduced to the previous case by the key idea explained in Section
1 together with some facts on convex bodies which are proved in Appendix
A. In Section 5, we reduce the general case to the ideally log smooth base
case by resolutions of singularities. In Appendixes B and C, we discuss some
related problems.

We are very thankful to Prof. Takuo Fukuda, Prof. Kazuo Masuda,
Prof. Mitsutaka Murayama, Prof. Kazuya Kato, Prof. Sampei Usui, and
the referees for their advice. We owe to Prof. Luc Illusie for the current
formulation in Appendix B of C'*-spaces, and to one of the referees for
an improvement of the proof of the reduction of Claim 4.2 to Claim 4.5,
Remarks 1.5 and A.1.1, etc.

Convention: A topological manifold (resp. a topological manifold with
boundary) is a topological space which is locally isomorphic to an open
subspace of the Euclidean space (resp. the half Euclidean space). We do
not assume that it is Hausdorff. We do not assume that it is paracompact,
either.

A topological space is locally connected if each point admits a fundamen-
tal system of connected neighborhoods. A topological space is compact if
any open covering has a finite subcovering. Here we do not assume that it is
Hausdorff. A topological space is locally compact (resp. locally Hausdorff)
if each point has at least one compact (resp. Hausdorff) neighborhood.

A ring (resp. a monoid) means a commutative ring (resp. monoid) hav-
ing a unit element. A homomorphism of monoids (resp. rings) is required
to preserve the unit elements. For a monoid P, the monoid algebra over C
is denoted by CP, the set of all prime ideals of P (cf. [K2] (5.1)) is denoted
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by Spec P, and the tensor product P ®n R>¢ (cf. 3.3.2) by Pr.,. For a
polyhedral cone or a polyhedron P, 7 < P means that 7 is a face of P.

For readers’ convenience, we briefly review here some terms in log ge-
ometry: a homomorphism h: P — @ of integral monoids is said to be
ezact (resp. integral, resp. dominating) if P = (h#?)~1(Q) in P& (resp.
if for any homomorphism P — P’ of integral monoids, the push out of
P’ «— P — ( in the category of monoids is integral, resp. if for any
element g € @, there are elements p € P and ¢’ € @ such that q¢’ = h(p)).
For a morphism f: X — Y of fs log analytic spaces and a point x of
X, we say that f is strict (resp. eract, resp. integral, resp. vertical) at x
if (My/Oy)(z) — (Mx/O%), is an isomorphism (resp. exact, resp. inte-
gral, resp. dominating). For an fs log analytic space X, the open subspace
{z € X|Mx, = O%,} of X consisting of the points where the log structure
of X is trivial is denoted by Xiyiv.

1. A Test Case (Log Smooth Case)

To explain a key idea of the proof of 0.1, we prove the following test case
in this section. (This will not be used in the sequel.)

THEOREM IN CASE 1.1. Let f: X — Y be as in Theorem 0.1. As-

sume moreover that Y is log smooth over C and that f is vertical. Then the
conclusion of 0.1 holds for f.

LemMA 1.2. (Cf. [KN] Remark (1.5.1).) Let X be an fs log analytic
space which is log smooth over C. Then X'°8 is a topological manifold with
the boundary X — Xiiv-

ProOF. Taking a chart, we may assume that X = (Spec CP),, with
P a sharp fs monoid (“sharp” means it has no invertible element other than
the unit element). Then, by Proposition A.1, there is a homeomorphism
from X'°8 = Hom (P, RZ§!") x Hom (P, S') onto Pr., x Hom (P, S') which
maps Xy = Hom (P, Rsg) x Hom (P,S') onto Int (Pr.,) x Hom (P,S).
Since the polyhedral cone Pr., is a topological manifold with boundary
Pr., —Int (Pr.,), this implies the required fact. O

REMARK 1.3. As a corollary, we have that for a locally constant sheaf
F of Z-modules on X'°8, F — Rj,j ' F is an isomorphism. Here j is the
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canonical inclusion map Xy — X'°8. This was proved by Arthur Ogus
[Og] by a different method. See the paragraph next to Claim 4.2.

1.4. PRrOOF OF 1.1. By the verticality, X¢iv = f~'(Yiniv). Hence the
commutative diagram of topological spaces

1 J
X% —— Xy

flOg J{ J{ftriv

I
Y8 —— Yiiv
J

is cartesian and fiiy is proper. Since Y is log smooth over C, X is also
log smooth. Then, by Lemma 1.2, F' =, Rj.j 'F. Hence RfiogF =,
RfiogRj*j_lF = Rj«R firiv«j ' F by the commutativity of the diagram. By
Theorem 0.1.1, RY fiiy«j ' F is locally constant for any gq. Then, again by
Lemma 1.2, RY fiogF = 7+R? firivsj 1 F which is locally constant. [J

REMARK 1.5. (This is a remark due to one of the referees.) The proof
in 1.4 shows that the assumption in 1.1 that f is log smooth can be weakened
into the assumption that fiy is smooth and that X is log smooth over C.

2. Sheaves on Topological Spaces

In this section we review some basic facts on sheaves on topological
spaces.

First we review the proper base change theorem for topological spaces.
Recall that a map of topological spaces is called proper if it is universally
closed, and called separated if the associated diagonal map is closed ([Gr]
Remarque 2.8).

ProposiTION 2.1.  (Cf. [V]) Let

f/

X — Y

Jo s

X — Y
f
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be a cartesian diagram of topological spaces with f proper and separated.
Then, for any sheaf F of Z-modules on X and for any q € Z, the natural
homomorphism ¢ 'RIf, F — RIf.¢' F is an isomorphism.

This is well-known (cf. [SGA43] p. 39), and this proposition reduces
to the lemma 2.1.1 below as [Go] II, Théoreme 4.11.1 reduces to loc. cit.
Corollaire 1 to II, Théoreme 3.3.1. See [KU] Appendix for another, detailed
explanation of 2.1.

LEMMA 2.1.1. Let X be a topological space, K a compact subset of X,
and F a sheaf on X. Assume that any two points of K can be separated by
open sets of X. Then we have

(U, F) — D(K, F|x).
U

where U ranges over all open neighborhoods of K.

PrROOF. The injectivity is clear. To prove the surjectivity, let s be an
element of I'(K, F'|i). Take open subsets Uy, ... ,U, of X which cover K,
and sections s; € F(U;) (i = 1,...,n) such that s;|y,nx = S|lu,nx. It is
enough to show that we can take n = 1. We may assume n = 2. Let Ujo
be the open subset of U; N Uy where s1 and so coincide. Take open subsets
Ui, Ul such that U/ > K — Ujz (i = 1,2) and such that Uy N U) = @.
Shrinking them if necessary, we may assume that U; D U/ (i = 1,2). Then
silr (i =1,2) and s1]u,, = s2|v;, glue into the desired section. [

Note that this lemma also implies that, in the notation there, the pull-
back of any flasque sheaf ([Go] II, 3.1) on X to K is soft ([KS] p.132).

In the rest of section, we discuss local constantness of a sheaf.

LEMMA 2.2. Let X be a Hausdorff topological space, K1 and Ko com-
pact subsets of X, and F a sheaf on X. Then the sequence

F(Kl UKQ) —>F(K1) X F(KQ) = F(KlﬂKg)

18 exact.
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ProoOF. By Lemma 2.1.1, this lemma reduces to the following lemma
2.2.1. 0

LEMMA 2.2.1. Let X, K1, Ko be as in Lemma 2.2. For any open
subsets Uy, Ua, Uiy of X such that U; D K; (i = 1,2) and such that UyNU D
Uiy, D K1 N Ky, there exist open subsets Uy, Uy such that U; D U! D K;
(i =1,2) and such that U] N U5 C Uj,.

PROOF. Take open subsets Uy, U such that U/ D K; —Uj, (i = 1,2)
and such that Uy N UJ = @. Shrinking them if necessary, we may assume
that U; D U/ (i = 1,2). Then U} := U]’ UUj, (i = 1,2) satisfy the desired
condition. [J

PropPOSITION 2.3. Let f: X — Y be a proper separated surjective
map of topological spaces. Assume that X is locally compact and locally
connected, that Y is locally Hausdorff, and that each fiber of f is connected
and locally connected. Let F be a sheaf on'Y. If f~'F is locally constant,
then F 1is locally constant.

PROOF. Since F — f,f~'F is an isomorphism by a set-valued variant
of Proposition 2.1, it is enough to show the following: for each fiber K, the
sheaf G := f~'F is constant on a neighborhood of K. To prove this, fix
an isomorphism j: G|k =M k, where M is the local value of G. By
shrinking Y if necessary, we may and do assume that Y is Hausdorff. Then
X is Hausdorff. By the local connectedness of X and K, we can take a triple
(Ug, Ky, ji) for each z € K, where U, (resp. K ) is a compact neighborhood
of z in X (resp. in K) such that K, C Int (U,), and j, is an isomorphism
Glu, =, My, such that j, |k, coincides with j|k,. By the compactness of
K, a finite number of Int (K,) cover K. It is enough to show that we can
decrease this number. Let (U;, K, j;) (i = 1,2) be a pair of such triples as
above. We show that there is another triple of the form (U, K;UK?>, j). Since
J1 and jo coincide on K7 N K>, they coincide on a connected neighborhood
of each point of K7 N K5, and hence they coincide also near K1 N Ky. By
Lemma 2.2.1, shrinking U; (i = 1,2) if necessary, we may assume that j;
and jo coincide on Uy N Us. The two triples glue by Lemma 2.2. [J

ProrosiTiON 2.4. Let X be a Hausdorff space, X1 and Xo closed sub-
sets of X such that X = X1 U Xo. Assume that X1 is locally compact.
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Assume further that for each x € X1 N Xy and each neighborhood U of x in
Xy, there is a compact connected subneighborhood Ko C U such that X1NKs
is connected. Let F be a sheaf on X. If F|x, is locally constant for each
1=1,2, then F 1is locally constant.

PROOF. We show that F' is locally constant around z € X7 N Xs. Take
a compact neighborhood K; of = in X; such that F|g, is constant. Fix
an isomorphism F|g, = Mg,, where M is the local value of F. Since
(K1 N X2) U (X2 — X7) is a neighborhood of  in X9, by the assumption,
there is a compact connected neighborhood K5 of x in X5 such that X1 NK>5
is connected and contained in K; and such that F'|g, is also constant. Since
KiNKy; = XN Ky and Ky are connected, the canonical map F(K2) —
F(K; N K3y) is an isomorphism. Hence we have a homomorphism M —
F(K;) x F(K2) by composing M — F(K;) — F(K; N K3) and F(K; N
Ks) «— F(K,). By Lemma 2.2, this induces Mg, ux, — F|k,uk,. O

REMARK 2.5. When we are concerned only with locally constant
sheaves having local values with some finiteness structure, Propositions 2.3
and 2.4 could be combined. For instance, the following is easy to see: let
A be aring, f: X — Y a closed surjective map of topological spaces, F' a
sheaf of A-modules on Y. Assume that f~'F is locally constant and with
local values of finite presentation. Then F' is also locally constant. Note
that this does not hold without the assumption of finite presentedness be-
cause in general for a locally constant sheaf of modules, the constantness
on a compact set K does not necessarily implies that around K (for ex-
ample, consider the product space X := L x S!, where L is the subspace
{0} U{%|n > 1} of R, and the locally constant sheaf over X whose local
value is the free module with a countable base ey, eo, .. ., whose monodromy
around the circle K := {0} x S! is the identity, and, for each n > 1, whose
monodromy around the circle {2} x S! sends ¢; to e; (resp. —¢;) if i < n
(resp. i > n)).

PROPOSITION 2.6. Let f: X — Y be a proper separated and locally
trivial map of topological spaces. Assume that X is locally connected. Let
F be a locally constant sheaf of Z-modules on X. Then RIf.F is locally
constant for any q € Z.
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PrROOF. Let y € Y and we work around y. We may assume that
X =Y x K, where K = f~!(y). Consider the map p: X =Y x K L
{y} x K — X. By Proposition 2.1, we have RIf,p ' F = p;quf*F, where
py is the composite Y — {y} — Y, so that it is enough to show that p~1F
is isomorphic to F'. To construct such an isomorphism, we take a triple
(Y, x Uy, Ky, j;) for each x € K, where K, is a compact neighborhood of z,
U, (resp. Yz) is an open neighborhood of K, (resp. y) such that F|y, «xy, is
constant, and j,: F (Y xU,) — (p'F)|y,xv, is an isomorphism such that
jx|{y}xUm is the natural one. The rest is similar to the proof of Proposition
2.3 and omitted. We use Lemma 2.2.1 to glue such triples. [J

REMARK 2.6.1. There is a remark for Proposition 2.6 which is similar
to Remark 2.5. In fact, when F is a sheaf of A-modules (A is a ring), we
can replace the assumption of the local connectedness of X by the finite
generatedness of the local values of F' without changing the conclusion of
Proposition 2.6. But in general the direct image of a locally constant sheaf
of modules by a proper separated product map is not necessarily locally
constant (for example, consider the first projection X — L, where X and
L are in the example in the end of 2.5).

Note that if we only have to prove 0.1 under some finiteness assumption
on F' like the one in Remark 2.5 or 2.6.1, the use of 2.3, 2.4, and 2.6 in the
following sections could be replaced with that of easier ones mentioned in
Remarks 2.5 and 2.6.1.

3. Constant Log Case

In this section we prove the main theorem 0.1 under the assumption that
Y has a constant log structure. More precisely, we prove the following.

THEOREM IN CASE 3.1. Let f: X — Y be as in Theorem 0.1. As-
sume that Y has a constant log structure, that is, that there is a chart
P — T(Y,My) of Y with P fs such that the induced homomorphism
Py — My /Oy is an isomorphism. Assume further that f is exact. Then
the conclusion of 0.1 holds for f.

3.2. Actually we show the local triviality of f'°¢ for such an f. (Cf.
Appendix B.) For this, we start with some lemmas.
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LEMMA 3.2.1. Let f: X — Y be a morphism of fs log analytic spaces.
Then f'°8 is proper (resp. separated) if f is proper (resp. separated).

ProOOF. First note that, locally on Y, Y18 is locally compact Haus-
dorff.

In the following, we show the proper case. The other case is proved
similarly.

Consider the commutative diagram

Xlog Ylog

| !

X — Y

of topological spaces. By the assumption, the bottom arrow is proper. Since
the vertical maps are also proper, the top arrow f'°% is proper. O

LEMMA 3.2.2. Let f: X — Y be a log smooth morphism of fs log
analytic spaces. Assume that Y has a constant log structure (3.1). Then
flo8 is submersive.

Recall that a map f: X — Y of topological spaces is called submersive
(To-submersive in [S] Definition 6.8) if locally on X and on Y, f factors

as the composite X LY xZ 2L Y of an open immersion ¢ and the first
projection pr;, where Z is a topological space.

PROOF. Take a constant chart @ — T'(Y, My ). Let f': X’ — Y’ be
the base change of f by Spec(CQ/(Q — {1}))an — Spec (CQ)an. Since
the strict closed immersion Y/ — Y is surjective by the assumption, it
is, in particular, a strict homeomorphism. Hence X’ — X is also a strict
homeomorphism so that we can replace f by f’ and we may assume that
there is a strict morphism Y — Spec(CQ/(Q — {1}))an. By the log
smoothness, we may assume further that there is a chart @ — P of f
with P fs such that X — Y Xgpec(cg) Spec (CP) is a strict open im-
mersion (cf. [K1] Theorem (3.5)), and it is enough to show that the map
Spec (CP/{Q —{1}))18 — Spec (CQ/(Q —{1}))58 is submersive. But this
map is the product of the map {h: P — RZU |A(Q — {1}) = {0}} =
{h: Q — RIU| p(Q — {1}) = {0}} and the map Hom (Q — P,S'). The
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last map is clearly submersive. Since the target of a is the trivial space, the
product map is submersive. [J

3.3. Next we review “Q-integral homomorphisms” briefly for the proof
of Proposition 3.4 below.

DerFINITION 3.3.1. A local homomorphism h: P — @ of sharp fs
monoids (“local” means that the inverse image of the maximal ideal is
the maximal ideal) is called Q-integral if one of the following equivalent
conditions is satisfied.

(1) h ®n Qx>0 is integral.

(2) Spec Z[h] is exact.

(3) h satisfies the condition GD (it means “going-down”), that is, if for any
q € Spec@ and p € Spec P such that p C h=1(q), there exists q’ € SpecQ
such that h=1(q') =p and q’ C q.

For the above equivalence, see [IKN] Appendix, Proposition (A.3.2).

REMARK 3.3.2. For a monoid P and M, P ®nx M means the tensor
product of monoids over the semiring (N, +, x). This is defined by the
universality as in the definition of the tensor product of modules over the
ring Z. In this paper, only the cases M = Qx> and M = R>( are necessary.
Note that it is easy to see that the tensor product P @n Q>0 equals to
(Q>0 x P)/ ~, where ~ denotes the equivalence relation defined as that
(q1,p1) ~ (q2:p2), ¢1,92 € Q>0, p1,p2 € P, if and only if there exists an
integer n > 1 such that ng;,ngs € N and pi”" = py? in P. Further, it
can be proved that, for a fine P, the tensor product P ®n R>¢ equals to
the convex hull of P in Prgtp. Note also that Spec P = Spec (P @n Q>0) =
Spec (P @~ Rx>o).

ProprosITION 3.3.3. Let f: X — Y be an exact log smooth morphism
of fs log analytic spaces. Let x be a point of X and y = f(x). Then the
induced homomorphism h: (My /Oy )y — (Mx/O%)s is Q-integral.

PrOOF. This can be proved by the equivalence of (1) and (2) in Def-

inition 3.3.1. Log smoothness and exactness imply that Spec C[h] is exact.
Cf. [IKN] Appendix, Proposition (A.3.3). O
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DEFINITION 3.3.4. For a morphism f: X — Y of fs log analytic
spaces and a point z of X, we say f is vertical at x if (My/(’);)f(x) —
(Mx /O%)s is dominating ([N] (7.3), see also Convention). Note that a ho-

int
momorphism h: P — @ of fs monoids is dominating if and only if 1% rQ =

int
Qh(PeP)/h(P*P) is a group. (Here 1 ©p @ = lim({1} +— P — @) in the
category of integral monoids.)

Now we prove the following.

ProproOSITION 3.4. Let f: X — Y be an exact log smooth morphism
of fs log analytic spaces. Then each fiber of fl°8 is a topological manifold
with boundary consisting of the points lying over the points of X where f is
not vertical.

PROOF. Let z be a point of X'°¢ and y its image in Y'°5. We prove
that flog ~1(y) is a topological manifold with boundary near x and that x is
an interior of f1°8~1(y) if and only if f is vertical at 7(x). By [IKN] Lemma
(5.3), locally on X and on Y, there is a commutative diagram

X —2 & X' = Spec(CQ)ay x CA

1| s
y Ly = Spec (CP)an x CA

of fs log analytic spaces, where i is a strict immersion, P and ) are sharp
fs monoids, A a finite set and A’ a subset of A, and g is the natural mor-
phism induced by a local homomorphism hA: P — @ such that the in-
duced morphism X — X’ xy/ Y is a strict open immersion and such that
j(7(x)) (resp. i(7(y))) is the origin of X’ (resp. Y'). Thus the problem is
reduced to the one for the fiber of Hom (h, Rg“glt) at the origin. By Propo-
sition 3.3.3, h is Q-integral. Take a homeomgrphism from Hom (Q,Rg“})ﬂt)
to Qr., as in Proposition A.1, where (—)g., denotes (—) ®n R>q (cf.

3.3.2). Then the concerned fiber {¢: Q@ — Rgb‘lt (poh)™1({0}) = P —
{1} = Uscon oot o=l @ — RZ [0 ({0}) = Q — 0} C
> 0

R>

Hom (Q,Rg‘b‘lt) is mapped onto the subspace U := UU<QR>0,h§1 (0)={1}
> >0

Int (o) = U0<ano,hﬁlzo(o)={l}a of Qr.,, where 0 < Qr., means that
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o is a face of Qr., (cf. Convention). Hence it is enough to show that
U is a topological manifold with boundary and that the origin 0 of U is
an interior if and only if A is dominating. Consider the continuous map
t: U — Qr.y — QPﬁp/Pthp. Since hr., satisfies GD, we can apply to it
the R>p-version of [IKN] Appendix, Proposition (A.3.2.2). (The proof of it
is obtained by replacing Q> there with R>p.) Then we see that for any
b € Qr.,, there exists a unique element b’ € Qr., such that PR’bNQgr., =
Pgr_ b and that the image of the map Qr., — QRr., ; b +— ¥ is the union
of the faces o of Qr., such that o N Pg., = {1}. This means that ¢ is
bijective. On the other hand, for any ¢ < QR.-,, the restriction ¢|, is an
injective affine map so that ¢ is a closed map. Thus ¢ is a homeomorphism.
It is easy to see that 0 of U maps to an interior by this map if and only if
QPE = Q% , which is equivalent to that h is dominating (cf. 3.3.4). O

The next is a special case of [S] Corollary 6.14 together with loc. cit.
Theorem 2.3. See also [CK].

PROPOSITION 3.5. Let f: X — Y be a proper separated submersive
map of topological spaces. Assume that each fiber of f is a topological man-
ifold with boundary. Then f is locally trivial.

REMARK 3.5.1. There is a trivial remark on [S] Corollary 6.14. We
need to impose the separatedness of p in loc. cit. 6.9, 6.15, and 6.14. In
fact, X = the real line and E' = the real line with the origin doubled do not
satisfy the conclusion of 6.14. The same for loc. cit. Union lemma 6.9 and
Corollary 6.15, from which 6.14 is deduced. In the proof in loc. cit. p. 151
of 6.9, the set of double points of h|y, xn is not necessarily closed.

REMARK 3.5.2. In fact, L. C. Siebenmann [S] proved far more gener-
alized results. For example, “a topological manifold with boundary” in 3.5
can be replaced by “a WCS set.”

LEMMA 3.6. Let X be an fs log analytic space. Then X'°% is locally
connected.

PROOF. We prove here the case where X has a constant log struc-
ture, which is all that is needed in this section. The general case will
be proved later in 5.4. In the constant log case, by the argument in the
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proof of Lemma 3.2.2, we may assume that there is a strict morphism
X — Xg := Spec (CQ/(Q — {1}))an- Then X' = X xx, X(l)og as topo-
logical spaces. Here the analytic space X is locally connected, Xy is trivial,
and Xéog is a product of finite number of copies of S'. Hence X8 is locally
connected. [J

3.7. We prove Case 3.1. By Lemma 3.2.1 and Lemma 3.2.2, fl°8 is
proper, separated and submersive. By Proposition 3.4, each fiber of f1°8
is a topological manifold with boundary. Hence f°8 is locally trivial by
Proposition 3.5. This implies that R? fiog preserves the local constancy
by Proposition 2.6 together with Lemma 3.6. This completes the proof of
Theorem in Case 3.1.

4. Ideally Log Smooth Case

In this section we prove the main theorem 0.1 under the assumption
that Y is ideally log smooth. More precisely, we prove the following. (We
do not explain the term “ideally log smooth.” See [Og].)

THEOREM IN CASE 4.1. LetY be a polydisk A™ endowed with the log
structure associated to N™ " — T'(Y,Oy); ej — z; (1 <j<m), e; — 0
(j > m), where (ej); is the canonical base of N™ %", (z;); are coordinate
functions on A", and m is an integer such that0 <m <n. Let f: X — Y
be as in Theorem 0.1. Assume that f is exact. Then the conclusion of 0.1

holds for f.

In the rest of this section we prove this case. Let Yy <— Y be the strict
open immersion from the biggest open subspace that has a constant log
structure by N”| that is, the open subspace defined by z; #0, ..., 2z, # 0.
Let Xo = f~(Yp). Then we have a cartesian diagram of topological spaces

Xlog J Xlog

0
flogJ/ J{fé‘)g

log log
Y %j Y,

and RingRj*j_lF = Rj*Rf(l)igj_lF. We use the same argument in Section
1. Since Y} has a constant log structure, Case 3.1 implies that H? of the right
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hand side of the above last equality is a locally constant sheaf 5, R4 féig jLF.
Thus the problem is reduced to the following.

CrLAaMm 4.2. j: X(l)Og < X2 has the following property: Let U be an
open set of X'°¢ and F a locally constant sheaf of Z-modules on U. Let js
denotes the open immersion X(l)Og NU — U. Then F — RjU*jlle is an
isomorphism.

We call this property of open immersions of topological spaces (A) for
short. As remarked in 1.3, Arthur Ogus showed that the open immersion
Xiriv < X8 has (A) for any log smooth fs log analytic space X ([Og]
Theorem 5.12 and Corollary 5.14).

ProproSITION 4.2.1. (1) Let U — X be an open immersion having
(A). Let X' be an open subspace of X. Then U N X' — X' also has (A).

(2) Let U & X be an open immersion having (A). Let Z be a topological
manifold. Then U x Z < X x Z also has (A).
(3) For any locally contractible space Z, Rso X Z <, R>o x Z has (A).

PrROOF. (1) is clear.

For (2), we may assume that Z = R"™, n > 1. Further we may assume
that Z = R and it is enough to show that for any locally constant F' on
X x Z, the homomorphism F — Rj,j 'F is an isomorphism. By [KS]
Proposition 2.7.8, F' is the inverse image of a locally constant Fy on X, and
the smooth base change theorem for topological spaces (which means that
the higher direct images commute with the pull-backs by the projection X x
R — X)) reduces the problem to that Fy — Ryjo.j, Ly is an isomorphism.

(3) We may assume that Z is contractible. It is enough to show that
for any constant F' on R>¢ x Z, the homomorphism F — Ryj.j 'F is an
isomorphism. This is proved similarly as (2). O

To prove Claim 4.2, take a point x of X'°8 and let y be its image in
Y8, It is enough to show (A) near z. We may assume that 7(y) is the

origin of Y. Consider the same diagram as in the proof of Proposition
3.4. We use the same notation there. Then, P = N™*". By 4.2.1 (1),
it is enough to show that Wéog < W8 has (A), where W is the strict
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closed subspace of X’ defined by the ideal of ) generated by the image of
{em+1,- - emyr}, and Wy ={z € W |21 #0,---, 2, # 0}. By 4.2.1 (2),
we may assume further that the set A in that diagram is empty and can
replace (Spec CQ)mg with Hom (Q, R2UY) Thus Claim 4.2 reduces to the
next claim (by taking P = Nt p = (eq,... ,e,), and € = €,41 - €rpm)-

Cram 4.3. Let h: P — @ be a local Q-integral homomorphism
of sharp fs monoids. Let f := Hom (h, RZ"): Hom (Q,RZY) —
Hom (P, R‘%ﬂt) =: V. Let p be a prime ideal of P, e € P —p, and U
and Up the subspaces of V defined by {g: P — RI}!|g(p) = 0} and
{g]g(p) = 0,g(e) # 0} respectively. Then j: f~*(U) — f~*(U) has the
property (A).

By Proposition A.1, j is homeomorphic to Xg — X of subspaces
of Qr.,, where X and X, are Ua<Q,aﬂp:®UR20 and UU<Q,UQPZQ€€U
Int (0r.,) respectively. Here we regard P as a subset of () for simplic-
ity and o < Q means that o is a face of Q. Hence we reduce the problem
to the next claim.

CLAIM 4.4. Let the notation be as in 4.3. Let X := U, srp—a TR0
and Z := U, cgr TR>o- Then X —Z — X has (A).

A key step is to reduce this to the next.

CraMm 4.5. Let @ be a sharp fs monoid, e € Q, o1,... , 01 faces of @
containing e, X := (J(0i)rs, and Z := U.g, TR5o- Then X —Z — X
has (A).

This implies the previous one as follows. In the situation of Claim 4.4,
let o1, ... ,0k be the faces that do not intersect with p but contain e. Then
we have |, <Q,0np=2 TRy = U(oi)rs, by Q-integrality as follows. Let o
be a face that does not intersect with p. Then h='(c) = o NP C P — p.
Since h satisfies the condition GD, there is a face ¢’ such that ¢/ D ¢ and
h=Y(c’) = P — p, the latter of which means that ¢’ is one of the ¢;. Thus
Claim 4.4 reduces to Claim 4.5.

Since QRr., is the union of the convex polytopes Qr., N HT obtained
by cutting Q;{N with hyperplanes H not passing through the origin (H*
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is the half space including the origin and the boundary H), we see that the
rest is to show the following.

CrLAiM 4.6. Let C be a convex polytope, e € C, o1,... ,0 faces con-
taining e, X =J oy, and Z := (J,¢, ¢ 7- Then X — Z — X has (A).

PROOF. The case where e is an interior is well-known (and unnecessary
for the argument in this section). If e is a vertex of C, by Proposition A.2,
there is a homeomorphism i: C — C’ of convex polytopes such that C” is
a cone over one of its face Z’ with the vertex i(e), such that i(Z) = Z’, and
such that each i(o;) is a cone over a face of Z’. By 4.2.1 (3), the conclusion
follows.

If e € OC is not a vertex, by Proposition A.3, there is a homeomorphism
i: C — (" of convex polytopes such that i(e) is a vertex of C’, such that
the image of a face of C (resp. a face of C containing e) is the union of
faces of C” (resp. faces of C’ containing i(e)), and such that the image of
Z coincides with the union of the faces that do not contain i(e). Then this
case is reduced to the case where e is a vertex. [J

5. General Case

In this section we prove the main theorem 0.1 and its corollaries.
First we prove a log version of the proper base change theorem.

PROPOSITION 5.1. Let

X4LX3

f’l lf

X2 —_— X1
P
be a cartesian diagram D of fs log analytic spaces.
(1) Assume that the following condition is satisfied:
(x) For any two points xo € X9 and w3 € X3 lying over the same point
x1 of X1, if P; denotes (Mx,/Ox )z, (1 i = 3), the inverse image of
P, ® P3 under

Plgp — P2gp &) P3gp; a— (a, a_l)
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is {1}.

Then the diagram D'% of topological spaces is also cartesian.
(2) Assume further that p is proper and separated. Then, for any sheaf
F of Z-modules on Xéog and for any q € 7Z, the natural homomorphism

flos—IRploe p —, Ry/%8 frloe =1 s am isomorphism.

REMARK 5.1.1. The condition (x) above is satisfied if either p or f is
exact. In particular, (x) is satisfied if Mx, is trivial. See [KN] Lemma (1.3)
(3) for another special case of 5.1 (1) where p or f is strict.

REMARK 5.1.2. In (x), “the inverse image of . .. is {1}” can be restated
—(a,)

as that P S P, & Pj5 is injective and there exists a point of X4 that
maps to x2 and also to x3. The proof of this is essentially explained in [N]
Remark (5.1.2). More remarks on this condition (%) are in the subsection
[N] (5.1), which includes the l-adic analogue of 5.1 (2).

PROOF. Since (2) is reduced to 2.1 by (1) and 3.2.1, we prove (1).

Since X, — X5 x X3 is finite, Xiog — (X3 x X3)'°8 is closed by
3.2.1. Further, it is easily checked that (X, x X3)l°8 — X;Og X le))og
is closed. Hence X}fg — Xéog X xlog X}fg is closed so that it is enough

to show that D'°8 is cartesian as a diagram of sets. Hence we may as-
sume that )?Z = SpecC (1 < i < 3). By [N] Lemma (2.2.3), if we write
P, = I‘(Xi,MXZ./O;}i) (1 <i<3), Xo — Xy «— X3 is isomorphic to
(Spec C,C* @ (P «— P; — P3)). Thus X, = S x Hom (P4, S'), where
Py is the pushout of P, +— P; — P5 in the category of fs monoids and S is
the set of homomorphisms P; — RZU! that send the images of P,—{1} and
P;—{1} to {0}. By the assumption (*), S is not empty (cf. Remark 5.1.2) so
that S is a singleton. On the other hand, Hom (P, S!) = Hom (P{*,St) =
lim Hom (P§® «— P — P§® S'). Hence X = lim(Xy® — X% «—

qm
XP%). O
Using the above, we prove the following case.

THEOREM IN CASE 5.2. Let (z;); be the coordinate functions of A™,
and g1,...,g9, are monomials of z1,... ,z, or 0. Let'Y be the union of
closed subspaces {z; = 0} of A™ for some j’s, endowed with the log structure
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associated to N" — T'(Y,Oy); e;—¢; (1 <i<r). Let f: X — Y be as
in Theorem 0.1 and assume that f is exact. Then the conclusion of Theorem
0.1 holds.

ProOF. First we reduce this to the case where each g; is either one
of z;’s or 0: If degg, > 1, decompose g, = g,g,,,, where g, and g,

are monomials whose degrees > 1, consider Y/ := 1(/)' endowed with the log
structure associated to N"*! — T(Y,Oy); e; — ¢; (1 <i <7), e, — g,
ert1 = gp41, and consider the morphism Y’ — Y defined by idnr—1 @
diagonal: N — N"*1(ay,... ,a,_1,0a,) — (a1,...,a,_1,ar,a,). If we
can apply Proposition 2.3 to Y8 — Y& by Proposition 5.1 (2) with
Remark 5.1.1, the problem is reduced to the case of Y'. We check the
assumption of Proposition 2.3 for Y'lo8 — ylog By 3.2.1, Y'log — y'log
is proper and separated, and each fiber of it is S' or the one point. The rest
is the local connectedness of Y'1°¢, a part of Lemma 3.6 which has not yet
proved. What is to be seen here is that Y°8 is locally connected for such a
Y as in Case 5.2:

CLAIM. Let Y be as in 5.2. Then Y98 is locally connected.

Proor. This claim reduces to the case where each g; is some z; or 0
by the above method, because for a morphism Y’ — Y as above, if Y18
is locally connected, then Y'°¢ is also locally connected. Then we use the
inductions on dimY and the number of the irreducible components of Y.
First, in the case where dimY = 0, Y!°¢ is the product of copies of S!.

Next let }(}2 be an irreducible component of l(} Let Y5 be the biggest

¢} [¢]
open subspace of (Y, My’; ) that has a constant log structure, Yy := Y9
2

endowed with the log structure given by the divisor 532 Y], )= 532

endowed with the constant log structure that coincides with My on Y3,

Yo :=Y) ><19 Yy, and Y7 := Y — Y]. Then we see that Yllog U Y;Og is
2

a closed covering of Y'°8 as follows. Since Y — Y is a strict closed

immersion, Yllog — Y8 is a closed immersion. Since Yo — Y is proper,

Y21°g — Y98 i5 closed by 3.2.1. Tt is easy to see that it is also injective.

Finally, Y18 = Y/°% 11 YJ'°8 as sets so that ¥;°% and Y3°% can cover Y'°8, By
the inductive hypothesis applied to Y7, we may assume that Y = Y. But
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Y;Og is the product of copies of the interval [0, 1), copies of S!, and copies
of A. Thus it is locally connected, and the claim is proved. (]

We return to the proof of 5.2. As mentioned before, by the claim, we
can apply Proposition 2.3 and we may and will assume that each g; is some
zj or 0. To complete the proof of 5.2, we use the same induction as in the
proof of the claim. We use the same notation as in the proof of the claim.
When dimY = 0, the log structure of Y is constant so that we can use Case
3.1. When Y = Y5, we use Case 4.1. Thus the rest is to see the assumption
of Proposition 2.4 for Y°8 = YllOgUYQlOg to apply Proposition 2.4. But, since
Y;og is a topological manifold with the boundary Y2log —Yylos = Y210g - Yllog,
the assumption there is certainly satisfied. [

Next we prove the invariance of cohomology under log blowing-ups.

ProrosiTION 5.3. LetY be an fs log analytic space, and let p: X —
Y be a blowing-up along log structure. Then
(1) For any sheaf F of Z-modules on Y'°8, F — Rpl°&plog —1F s an iso-
morphism.
(2) For any locally constant sheaf F' of Z-modules on X'°8, plog_lRpLOgF —
F' is an isomorphism and pLOgF 1s locally constant.

REMARK 5.3.1. The l-adic analogue of Proposition 5.3 (1) was proved
by Kazuhiro Fujiwara and Kazuya Kato ([FK], see also [I]).

Since 5.3 is local on the base, it is reduced to the next variant.

PRrROPOSITION 5.3.2. Let p: X — Y be the monoidal transformation
of fs log analytic spaces associated to a proper subdivision ¥’ of a fan X
satisfying (Stan) in the sense of [K2| Section 9. Then the same conclusions
in the previous proposition hold.

REMARK 5.3.3. The assumption in 5.3.2 means that X =Y xyx Y/ for
a “strict morphism” Y — ¥; we are working with the analytic variant of
[K2] Section 9. More precisely, let C; be the category of fs log analytic spaces
and Cy the category of fans satisfying (Stan). Let C be the unique category
satisfying Ob C = Ob C;11 Ob Ca, C; — C is fully faithful (: = 1,2),
and for any X € C;, F € Cy, Hom¢(X, F) = Hom ((X, Mx/O%), F) and
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Hom (F, X) = @. For X, F as above, X — F is called strict if it is so
as a morphism of monoidal spaces. As in Proposition (9.9) in [K2|, we see
the following: Let Y - F «— F’ be a diagram in C, Y € C, F, F' € Cs,
such that a is strict and F’ is a subdivision of F. Then there is a fiber
product X :=Y xp F' in C, X € C;, and X — F’ is strict. We call such
an X the monoidal transformation associated to F’. A blowing-up along
log structure is, locally on the base, the monoidal transformation associated
to a proper subdivision. (In fact, (9.9) in [K2] should be modified slightly.
But the statement is easily corrected by imposing the integrality. Since,
in the above, we work under the fs condition, this does not concern our
statements.)

We prove 5.3.2. We may assume that Y is associated to a fan in the
classical sense (that is denoted by the same symbol) and that dim¥ =
dim Ng (Ng is the notation in [Od]). We first remark that, for the monoidal
transformation p: X — Y (resp. ¢: W — X)) associated to a proper
subdivision ¥ of ¥ (resp. X" of ¥'), if Proposition 5.3.2 holds for ¢ and pg,
then so does it for p. Likewise, if 5.3.2 holds for p and ¢, then so does it
for pqg. Since the hyperplane arrangement defined by all facets of ¥ induces
a proper subdivision of ¥, we may assume that ¥’ is obtained from ¥ by
“adding” one hyperplane. By 3.2.1, X'°8 — Y1°2 is proper and separated.
Further, its fibers are contractible by the following lemma so that we have
5.3 (1) by the proper base change theorem, Proposition 2.1.

LEMMA 5.3.4. Let X be an affine fan and X' a proper subdivision ob-
tained from X by adding one hyperplane. Then each fiber of Mc (X') —
Mc (X) is a point or homeomorphic to the closed interval [0,1]. Here Mc
means the manifold with corners (cf. [Od] p. 13).

PROOF. Let = be a point of Mc (). We show that the fiber X of = is
a point or homeomorphic to the closed interval [0, 1]. First we may assume
that {z} is a closed orbit by the R>p-action, that is, {x} is associated to a
cone C' of dim Nr. Then X is the union of the orbits that are associated to
the cones which have nonempty intersection with the interior of C. By the
assumption the cardinality of this set of cones is 1 (when the hyperplane
does not cut C) or 3 (otherwise). In the first case X is a point. In the
second case there is a unique 1-dimensional orbit in X and the other two
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are contained in its closure. Since the closure of an orbit of a toric variety
is again a toric variety (cf. [F] p. 51), and since a proper 1-dimensional toric
variety is P!(C), the fiber X is homeomorphic to the manifold with corners
associated to the toric variety P1(C), i.e., the closed interval [0,1]. O

Thus we have 5.3 (1). In particular, for a blowing-up f along log struc-
ture, f1°¢ has connected fibers. Further, we have 5.3 (2) also by this lemma,
if we can apply 2.3. To see that we can apply 2.3, it is enough to show that
X8 i5 locally connected, that is, to prove the general case of 3.6, which we
will see.

5.4. PROOF OF 3.6. We already proved a special case of 3.6 as a
claim in the proof of 5.2. We will reduce the general case to this special
case. By [KKMS] I, Theorem 11, locally on X, there is a blowing-up along
log structure f: X’ — X such that X’ admits local charts by free monoids.
Since f'°% has connected fibers as noted above, we may assume that X is a
closed subspace of A™ endowed with the log structure associated to N —
I['(X,0x); ej — zj (1 < j <m < n), where 2;’s are the coordinate functions
of A™. By Hironaka’s resolution of singularities ([H] Main Theorem II'),
shrinking A™ if necessary, we may assume that there is a composite of strict
blowing-ups with smooth centers p: M — A" with M being a complex
manifold such that p~!(X) locally satisfies the condition in Case 5.2. By
the claim in the proof of 5.2, p~!(X)!°8 is locally connected. Since each fiber
of p~1(X )10g — X2 i5 a connected analytic space, X'°¢ is also locally
connected. This completes the proof of 3.6. Hence the proof of 5.3 is also
completed.

5.5. Now we prove Theorem 0.1. We use a similar reduction as in the
previous subsection 5.4. By the exactification lemma ([IKN]), locally on Y,
there is a blowing-up along log structure Y’ — Y such that X xy Y’ — Y”
is exact. Hence we may assume that f is exact by Proposition 5.3. Further,
by [KKMS] I, Theorem 11 as in 5.4 and again by Proposition 5.3, we may
assume further that Y is a closed subspace of A" endowed with the log
structure associated to N™ — I'(Y, Oy ); ej — z; (1 <j <m < n), asin
5.4, where z;’s are the coordinate functions of A™. Using [H] as in 5.4, we
reduce the problem to Case 5.2 by Proposition 2.3.

5.6. We prove Corollaries 0.2 and 0.3. As in the previous subsection
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5.5, we may assume that f is exact by the exactification and 5.3. Then 0.2
and 0.3 are deduced from Theorem 0.1 since all the fibers of f are compact
topological manifolds with the boundaries by Proposition 3.4.

Appendix A. Convex Bodies

In this appendix, we collect the facts on topologies of convex bodies
which are used in the text. See, for example, [E] for the terminology on
convex bodies.

ProprosITION A.1. Let Q be a sharp fs monoid. Then there is a home-
omorphism from Hom (Q, RZ8Y) to Qr., (see Convention or 3.4 for the no-
tation) such that for each T < Q the subspace Hom (7, Rsq) := {h: Q —
R2UC | h=1({0}) = Q — 7} of Hom (Q, REZY!) is mapped onto Int (TR,)-

Proor. Taking a supporting hyperplane H C Q%p of {1} for @ and
cut Q by a hyperplane H’ which is parallel to H such that the vertices of
H' N Qr., belong to the lattice Q#P. We denote by P C Q%{) the convex
hull of the cut part of Q which includes the origin. Let X = X (A p) be
the toric variety associated to P ([F]). Then, by Proposition in p. 81 of [F]
with its proof, a moment map defines a homeomorphism g from X> onto

P which induces (O./)> = Int (1) for each face 7 of P (cf. [F] 4.1 for the
symbol ( )>), where 7" is the cone of the fan Ap corresponding to 7. On
the other hand, there is a natural one-to-one correspondence between the
set of faces of @ and the set of faces of P which is not contained in H'. For
T < @, we denote by 7p the corresponding face of P. Restricting p on the
open subspace (U{l}%)z = Hom (@, R>0) of X>, we have a homeomorphism

Hom (Q,Rx0) — P — H' which induces Hom (7%, Rsg) = (O,1)> —
Int (7p) for each 7 < Q. By composing this with a homeomorphism P —
H' — Qr., which induces Int (7p) =, Int (TRs,) for each 7 < @, the
desired homeomorphism is obtained. OJ R

REMARK A.1.1. Note that we use only the statement of A.1 in our text.
On the other hand, one of the referees suggested the following alternative
construction of the homeomorphism as in A.1. Take a finite subset S which

generates R, as an R>o-monoid. Then the map p: Hom (@, Rg‘bﬂt) —
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QR., defined by

plx) =) a(s)s  (z € Hom(Q,RIF"))

seS

is the desired homeomorphism. We sketch the proof. First, we can show
that p is bijective by using the statement of (A,) in p.83 of [F]. Hence,
for any set I = (I)ses of compact intervals in R>q, the restriction of p to
the compact subspace C := {h: Q@ — R |h(s) € I for all s € S} of
Hom (Q,ernbﬂt) is a homeomorphism onto its image 1(Cr). Since we can
take a locally finite closed covering of Qr., consisting of subsets of the form
1(Cy), we can conclude that i itself is a homeomorphism.

PROPOSITION A.2. Let C be a convex polytope and e its vertex. Let
Z be the union of all faces of C which do not contain e. Then there is a
homeomorphism i: C — C' of convex polytopes such that C' is a cone over
one of its face Z' with the vertex i(e), such that i(Z) = Z', and such that
for each o < C that includes e, i(o) is a cone over a face of Z'.

PrROOF. Take a supporting hyperplane H of {e} for C, and cut C by
a hyperplane which is parallel and sufficiently near to H. Then the part
C’ of C including ¢ is a cone. Let i: C — C’ be the map sending x to
e+ %(w —¢), where [ is the line through e and = and | — | is the length
of the segment. Then ¢ is a homeomorphism and satisfies the required

conditions. [J

ProprosITiON A.3. Let C be a convex polytope and e € OC. Then there
18 a homeomorphism i: C — C' of convex polytopes such that the following
conditions (1)—(4) are satisfied:
(1) i(e) is a vertex of C".
(2) For each face of C, its image by i is the union of some faces of C".
(3) For each face of C containing e, its image by i is the union of some
faces of C' containing i(e).
(4) The image of the union of all the faces that do not contain e coincides
with the union of all the faces that do not contain i(e).

PROOF. If e is a vertex of C, then we may define C' = C, and ¢ as the
identity. So, we assume that e is not a vertex of C. Let Fjy be the minimal
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face of C' that contains e. Take a supporting hyperplane H of C satisfying
that H N C' = Fy and that, for a normal vector ug of H, the point e 4+ ug is
in the interior of C. We show that, for a sufficiently small ¢ > 0, the convex
hull ¢’ of C' U {€’ := e — eug} and the projection i: C' — C’ from the point
e + eug satisfy (1)—(4) in this proposition.

We first introduce notation for hyperplanes. For a non-zero vector u €
R™ and a point zp € R", we denote by H,, 4, := {z € R" | (u,z) = (u, z0)}
the hyperplane through xy with normal vector u. Here, (, ) is the standard
inner product of R". We also denote, by H,/ ,, := {z € R" | (u,x) > (u,z0)}
the half space with boundary H, ,, and by H, , the other half space with
boundary H, s,. For a hyperplane H, we denote, simply by H™ and H~
the two half spaces with boundary H.

We first show that the set of vertices of C’ is the union of {¢'} and
the set of vertices of C'. Let H be a supporting hyperplane of C' such that
{v} = HNC for a vertex v of C. Suppose that the half space H with
boundary H contains C. Since e € HT — H, we have ¢ € H* — H for
a sufficiently small e. So, every vertex v € C is also a vertex of C’. On
the other hand, H’zj;),e’ — H,,, ¢ contains all the vertices of C, because, for a
vertex v of C, (ug,v) — (ug,€’) > €(ug,up) > 0. Hence €’ is a vertex of C.
We verified (1).

If a face I of C’ does not contain €/, then it is easily seen that F' is a face
of C. So, the projection ¢ is the identity on such an F', and the statement
(4) holds. If we verify (3), then (2) follows immediately. Hence, to complete
the proof, we have only to show (3). Let F' be a face of C' which contains e,
and F’ a face of F' which does not contain e. It is enough to verify that the
convex hull F' of F’ and ¢’ is a face of C'. Suppose that H, . (resp. Hy o)
is a supporting hyperplane of C' with C N Hy e = F (resp. C N Hy v = F’
and 2/ € F'). Let H be a hyperplane defined by

(u+6u',z) — (u,e) — 6(u',2") = 0.

Here 6 := e{u,ug)/({(v', €'y — (u/,2")). We can easily verify that, for a suffi-
ciently small € > 0, H is a supporting hyperplane of ¢’ with C'NH = F. O

Appendix B. On Local Triviality

In this section, we discuss related problems on the local triviality and
C*>°-structures.
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First we explain the motivation. Recall that Sampei Usui ([U1], [U2])
proved Theorem 0.1 in the case mentioned in Introduction by proving that
fl°8 is locally trivial in that case and his local trivialization respects C'*-
structures piecewisely. Further, the classical result also mentioned in In-
troduction is deduced from the C*°-local triviality, too, that is, 0.1.1 is a
corollary to the following.

THEOREM B.1. Let f be as in 0.1.1. Then f is locally trivial in the
category of C'*°-spaces.

Here a ("°-space means a ringed space over Spec R which is locally
isomorphic to (A4,C%) for a subset A of R™ for some n > 0, where CF is
the sheaf of R-valued maps which can be locally extended to C'°°-functions
on open subsets of R™.

In general, for a proper separated log smooth morphism f, fl°% is not
necessarily locally trivial because a blowing-up f along log structure is
proper, separated, and log smooth, though mostly f°¢ is not locally trivial.

But we can expect the following has an affirmative answer.

Problem B.2. Let f: X — Y be a proper separated log smooth exact
morphism of fs log analytic spaces. Is f1°8 locally trivial?

Note that the case was solved in Section 3 where Y has a constant log
structure, and that the case was solved by Sampei Usui ([U1], [U2]) where
f is a multi-generalized semistable family over a polydisk, as said in the
beginning in this section.

REMARK B.2.1. To solve this problem would give an alternative proof
of 0.1. In fact, to prove 0.1, by the argument in the beginning of 5.5, we
may assume that f is exact. Then 2.6 together with 3.2.1 and 3.6 reduces
0.1 to the above problem.

REMARK B.2.2. By Proposition 4.2 in [KMN], one can show that for a
log smooth exact morphism f of fs log analytic spaces, f'°¢ is an open map.

This supports the affirmation of the above problem.

Problem B.2 is reduced to the following local problem.
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Problem B.3. (topological relative rounding problem) For any local Q-
integral homomorphism h: ) < P of sharp fs monoids, is Hom (h7RI§b‘“)

submersive?

In fact, taking a Q-integral chart as in the proof of 3.4, we see that,
if B.3 is valid, Spec C[h]¢ = Hom (h, R23) x Hom (h, S') is submersive
and hence f1°8 is submersive for such an } as in B.2. Then we can use 3.5
together with 3.2.1 and 3.4 to see B.2.

The authors have not yet solved even the case of B.3 where P = N. But
a partial solution of B.3 gives a partial solution of B.2. For example,

ProrosiTioN B.3.1. Let C be the minimal class of homomorphisms of
fs monoids which contains the diagonal N — N? and which is closed under
cobase changes and composition. (Explicitly, a homomorphism belongs to
this class if and only if it is the composite of finite number of the cobase
changes of the diagonal N — N (r varies). )

For an f as in B.2, if for any point © of X, the homomorphism
(My O p) — (Mx/O% )z belongs to C, fI°8 is locally trivial.

PROOF. As before, the problem lies in that f°¢ is submersive. This is
seen in this case from the fact that the map R220 — R>o; (z,y) — 2y is
submersive. [J

We discuss another approach to B.2. The following is a C"*°-analogue of
3.5.

ProrosiTiON B.4. Let f: X — Y be a proper separated C°°-sub-
mersive map of C°-spaces. Assume that each fiber of f is a differentiable
manifold. Then f is locally trivial in the category of C'°°-spaces.

This is a direct consequence of the inverse mapping theorem. Note
that B.1 is a corollary to this proposition. Further, it can be applied to
some log cases. For example, consider a proper separated semistable curve
f: X — A over the log pointed disk (= the unit disk endowed with the
log structure associated to the origin), and endow the natural C'*°-space
structures on X8 — Al°2 Then, since the set of points of X on which
fl°8 is not C>®°-submersive is discrete, by modifying the C*°-structure of
X108 (straightening R%, into R x Rx>¢ ; (z,y) — (22 — 42, 2zy)), we can
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still apply B.4 to this situation so that f1°8 is C*-locally trivial in a sense.
We do not know whether or not such a modification is possible generally.
We do not know, either, whether or not such a consideration is natural. But
we still hope that the following problem is a reasonable one.

Problem B.5. For an fs log analytic space X, endow X'°¢ with some
smooth structure functorially, and solve B.2 by a sort of the inverse mapping
theorem.

Finally we remark that the conclusion of B.2 can be valid for some non-
exact f:

ProrOSITION B.6. Let f: X — Y be as in 0.1. Assume that Y has
a constant log structure (3.1). Then f°8 is locally trivial.

PrOOF. By lemmas 3.2.1 and 3.2.2 as in 3.7, it is enough to show that
each fiber of f1°¢ satisfies the condition in Corollary 6.14 of [S] (cf. Remark
3.5.2). It can be checked locally on that fiber (cf. loc. cit. Remark 2.2). By
Proposition A.1 as in the proof of 3.4, locally, the fiber is an open set of
the product of a topological manifold and the subspace |J, 4 Int (o) of a
real cone, where ® is a subcomplex of the set of faces of that cone. Since
® is a subcomplex, the latter subspace is equal to the union of some faces
of that cone so that it is a CS set in the sense of [S] Definition 1.2. Thus
Deformation Theorem 2.3 in [S] implies the required condition in loc. cit.
6.14. O

Appendix C. Comparison between Log Betti and Log Etale Co-
homologies

In this section we prove the following comparison theorem. This explains
analogies between log Betti cohomology and log étale cohomology (cf. Re-
marks 0.4, 5.1.2, and 5.3.1), and even gives partially alternative proofs for
results in the former by reducing them to those in the latter.

THEOREM C.1. Let f: X — Y be a proper log injective morphism
of fs log schemes over C (see [N] Definition (5.5.1) for the log injectivity).
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Assume that Y is locally of finite type over C. Consider the diagram of
topoi

—_ flog
(xmey SR (v

sl lz—:
log\ ~ log\ ~
(Xg®) - (Y®)™,
where ( )‘léotg is the Kummer log étale topos ([N] (2.2)) and € is the morphism
of topoi defined in [KN] (2.1). Let F' be a torsion sheaf of modules on Xéig
(“torsion” means that each stalk is a torsion module). Then the natural
homomorphism

e'Rfs I — Rf.e™F

is an isomorphism.

REMARK C.1.1. When Y = Spec (C) with the trivial log structure, the
properness of f can be replaced with the constructibility of F'. See [KN]
Theorem (0.2) (1).

REMARK C.1.2. In the above theorem, the properness is necessary. In
fact, the strict open immersion Y := Spec C[N?]/(e1 — e2) « X := Y[é],
where (e;); is the canonical base of N2, does not satisfy the conclusion of
the theorem for F' = Z/nZ, n > 1. See [KN] Remark (2.7) for another

example that tells the necessity of the log injectivity.

ProoOF. Since f is quasi-compact and quasi-separated and since falf?lg
is proper and separated (GAGA in [SGA1] Proposition 3.2 (v) and 3.2.1),
both the RYf, commute with filtered inductive limits (¢ > 0). On the other
hand, since F' is torsion, the natural map lim ,Ker (n: F — F) — F'is
an isomorphism. Hence we may assume that there is an N > 1 such that F'
is a Z/NZ-Module. Denote A :=Z/NZ.

We may assume either

(A) f is strict, or

(B) J% is an isomorphism.

Further, the latter case is reduced to the case where X=V = Spec C
by the proper base change theorems (Theorem (5.1) in [N] and Proposition
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5.1 (2) together with Remark 5.1.1), and to the case of f = (Spec C,C* @
(h: P — @Q)), where h is an injective homomorphism of sharp fs monoids
satisfying either

(B1) cok (h®P) is finite, or

(B2) h is isomorphic to the natural inclusion P — P & N,
by the argument in [N] (5.6).

We will treat the above three cases (A), (B1), and (B2).

In any case, since X is quasi-separated, we may assume that F' is a
constructible A-Module by [N] Proposition (3.3) 9.

The case (A) is reduced to the non-log case as follows. Since the problem

is strict étale local on Y, we may assume that 13 is affine and Y is charted by
a sharp fs monoid P. Then, by [N] Lemma (5.6.2), we may assume that F' =
uG, where 1: X’ — X is the strict immersion from a constructible reduced
subscheme of X and G is an A-Module on (X’ )Zg such that for some n > 1,
G|x: is the inverse image of a constructible A-Module on X ! with the trivial
log structure (there is a typographical error in [N] Lemma (5.6.2); S%

X/l
T
there should be S)f(l'{fl,ctr)' Here and hereafter ( ), = ( ) Xspeczp Spec ZPn.

Consider the commutative diagram

X — X, Y,
gl = b
X/ X Y

. log . . . . .
of fs log schemes. Since 7, is a surjective local homeomorphism, and since

w1 = um*, we may assume that the above n is 1. Then F' is the inverse
[¢]
image of a torsion Module H on the classical étale site of X. Again by the
O
proper base change theorems, the pull backs with respect to X — X and
[¢]

Y — Y commute with both the Rf,. Hence the problem is reduced to
[SGA4] XVI Théoreme 4.1 (i).

Next we treat the case (B1). Let n be the order of cok (h8P). Since the
problem is Kummer étale local on Y, considering the base change of f by
Y, — Y in the category of fs log schemes, we may assume that n = 1
so that P& = @Q&P. Then (Xé(t)g)w = (continuous m-set) = (}Qfg)w, where
7 = Hom (P#P,Z/(1)) = Hom(Qgp,z’(l)) (cf. [N] Proposition (4.6)) and
Xlos _ Yalﬁg, and hence the conclusion is trivial.
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Finally we prove the case (B2). Since F' is locally constant and con-
structible, there is an n > 1 such that F|x, is constant, where X, =
X XgpeczQ Spec ZQ%. Denote by p the projection X,, — X and by F’
the cokernel of the injection F' — p,p*F. Then p*F’ is also constant and
constructible. Thus we can take a resolution

0— F — p,G" — p,G' — -

of I/, where each G' is constant and constructible. Since the cohomologi-
cal dimension of p is zero by [N] Proposition (5.3), we have F = p,G" =
Rp.G'. Thus e*Rf,F = ¢*R(fop).G'. On the other hand, we have
RfE*Rp.G" = R(fop)ode*G" by the cases (A) and (B1), which are al-
ready proved. Thus it is enough to show the original statement for fop and
a constant G*. Decompose fop into X, — (X, )red — X' — Y, where
X' = (SpecC,C* @ P%) Again by the cases (A) and (B1), the problem
is reduced to that for (X, )req — X’. But this morphism is a base change
of the morphism fp = (SpecC,C* @ ({1} — N%)) Hence, again by the
proper base change theorems, the problem is reduced to that for fj, and to
[KN] Theorem (0.2) (1). O
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