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Logarithmic Abelian Varieties, Part I:

Complex Analytic Theory

By Takeshi KAJIWARA, Kazuya KATO and Chikara NAKAYAMA
Dedicated to Professor Luc Illusie on his siztieth birthday

Abstract. We introduce the notions log complex torus and log
abelian variety over C, which are new formulations of degenerations
of complex torus and abelian variety over C, and which have group
structures. We compare them with the theory of log Hodge struc-
tures. A main result is that the category of the log complex tori
(resp. log abelian varieties) is equivalent to that of the log Hodge
structures (resp. fiberwise-polarizable log Hodge structures) of type
(—1,0) + (0, —1). The toroidal compactifications of the Siegel spaces
are the fine moduli of polarized log abelian varieties with level struc-
ture and with the fixed type of local monodromy with respect to
the corresponding cone decomposition. In virtue of the fact that log
abelian varieties have group structures, we can also show this with a
fixed coefficient (rigidified) ring of endomorphisms. The Satake-Baily-
Borel compactifications are, in a sense, the coarse moduli. Classical
theories of semi-stable degenerations of abelian varieties over C can
be regarded in our theory as theories of proper models of log abelian
varieties.
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This is Part I of our series of papers on log abelian varieties.
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Log abelian varieties are some kind of degenerations of abelian varieties.
In the usual geometry, degenerations of abelian varieties have singularities
and can not have group laws. However log abelian varieties do not live in
the world of usual geometry, but they are group objects which live in the
world of log geometry in the sense of Fontaine-Illusie.

In this Part I, we consider the complex analytic theory. A main subject
is to compare log abelian varieties with log Hodge structures.

In the classical analytic theory, there are equivalences of categories

(1) {complex torus A over C} ~
{Hodge structure H of weight —1 such that F~'H¢ = He, F'He = 0},

(2) {abelian variety A over C} ~
{polarizable Hodge structure H of weight —1
such that F~'H¢ = He, F'He = 0}.

(1) and (2) are given by

(3) A= Hz\Hc/F°Hc.
We can write the correspondence also as

(4) A=Ext(z, H),

where Ext! is taken for the category of mixed Hodge structures (see for
example 3.1.1).

We generalize the equivalences (1) and (2) to the logarithmic situation,
replacing complex torus by log complex torus, abelian variety by log abelian
variety, Hodge structure of weight —1 by log Hodge structure of weight —1,
and Ext! in (4) by Ext! for the category of log mixed Hodge structures.
In the log situation, the presentation (3) is replaced by a multiplicative
presentation of A. Logarithmic Hodge structures are some kind of degener-
ations of Hodge structures. In [9] 1.8.15, Deligne explained his philosophy
on the formulation of “good” degenerations of Hodge structures, and Steen-
brink and Zucker realized this philosophy in [34]. The notion of log Hodge
structures is a kind of refinement of the notion of “good” degenerations of
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Hodge structures considered in [34]. We will prove the following (§3 Theo-
rem 3.1.5). (See [16] for the definition and fundamental properties of fs log
analytic spaces.)

0.1. THEOREM. Let S be an fs log analytic space. Then we have an
equivalence of categories

{log complex torus A over S} ~
{log Hodge structure H of weight —1 over S
such that F~'Ho = Hp, F'Hp = 0},

{log abelian variety A over S} ~
{fiberwise-polarizable log Hodge structure H of weight —1
such that F~1Hp = Hp, F'Hp = 0},

which are given by
A= ExtY(Z, H).
Here Ext' is taken for the category of log mized Hodge structures.

The elliptic curve {CX/qZ}qEA_{O} over A — {0} (the standard family
of elliptic curves parametrized by A — {0}, where A = {¢g € C||q| < 1})
does not extend to an elliptic curve over A, for it degenerates at ¢ = 0.
The theory of degeneration is complicated, in the sense that there are many
proper models of this family over A. This family, however, extends uniquely
to a log elliptic curve (= 1-dimensional log abelian variety) over A, where
A is endowed with the log structure associated to {0} C A. Furthermore,
proper models over A can be found in this uniquely extended log elliptic
curve. See §1.1 for this, and see §5 for the generalization of this to log
abelian varieties. With the group structure and with such uniqueness, we
present a new theory of degenerations of abelian varieties, and our analytic
theory of log abelian varieties has essentially the same simple form as the
analytic theory of abelian varieties in Chapter 1 of the textbook [21] of
Mumford.
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We will also prove that the toroidal compactification of the moduli space
of polarized abelian varieties with respect to a fixed admissible cone decom-
position is the moduli space of polarized log abelian varieties with a fixed
type of local monodromy. In virtue of the fact that log abelian varieties
have group structures, we can do this with a fixed coefficient (rigidified)
ring of endomorphisms. We prove that the Satake-Baily-Borel compactifi-
cation of the moduli space of polarized abelian varieties is, in a sense, the
coarse moduli space of polarized log abelian varieties (without fixing the
type of local monodromy). See §4.

From Part II, we will develop the algebraic theory (not the analytic
theory) of log abelian varieties.

We mention some related works. M. C. Olsson [29] proves an equivalence
of the category of log elliptic curves in his sense and that of log Hodge
structures. See also [30]. See also N. Nakayama’s study [24] of elliptic
fibrations.

We are very happy to dedicate our series of papers on log abelian varieties
to Professor Illusie, who is a pioneer of log geometry and who encouraged
us constantly. We started to write the series hoping to dedicate them to his
60th birthday, but we are sorry that we completed this Part I rather late.
We are very thankful to the referees for giving us many valuable comments.
The first and the third authors are partly supported by the Grants-in-Aid
for Encouragement of Young Scientists, the Ministry of Education, Culture,
Sports, Science and Technology, Japan.

Terminology. In this paper, a monoid means a commutative semi-
group with a unit element. A homomorphism of monoids is assumed to
respect the unit elements, and a submonoid of a monoid is assumed to
share the unit element.

An ideal of a monoid S is a subset I of § such that si € I for any
seSand i€ I. A prime ideal of S is an ideal of § whose complement is
a submonoid of §. The complement of a prime ideal of § is called a face of
S.

The interior of S is the intersection of all nonempty prime ideals of S.

See [16] or Appendix of [15] for basic terms in (analytic) log geometry
(fs monoids, fs log analytic spaces and so on). See also [14].
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1. Log Abelian Varieties and Log Complex Tori

In §1.1, we give an example of a log elliptic curve (= 1-dimensional log
abelian variety). After preparations in §1.2, we will define “log complex
torus” and “log abelian variety (in the complex analytic situation)” in §1.3.

1.1. An example of a log elliptic curve (= 1l-dimensional log
abelian variety)
1.1.1. Let
A={qeCJlgl <1}
be the unit disc. Let E = {C*/¢%},en—{oy — A — {0} be the well-known

family of elliptic curves over A — {0}. We say “E is an elliptic curve over
A —{0}”. We will identify F with the functor represented by E

Mora—0}(?, E) : (an/(A — {0})) — (Set),

which is isomorphic to the quotient sheaf G,,/¢% on (an/(A — {0})). Here
(an/(A — {0})) denotes the category of the analytic spaces over A — {0},
Gy, denotes the sheaf on (an/(A — {0})) defined by

Gm(T) = F(T’ O;%

g in the notation G,/ qZ denotes the coordinate function of A, and hence
Gm/q” denotes the sheaf defined by (G,,/¢%)(T) = (T, 0 /¢%).
As is well-known, E does not extend to an elliptic curve over A.

1.1.2. Now endow A with the log structure Ma corresponding to the
origin of A. That is, Ma = O} - {¢"|n > 0} C Oa. Let (fs/A) be the
category of fs log analytic spaces over A.

Then by the method of this paper, E extends uniquely to a log elliptic
curve (= 1-dimensional log abelian variety) E over A, as follows: E is
defined to be the sheaf G(mq?l oa! ¢” of abelian groups on the category (fs/A),

where Gy, 10¢ is the sheaf on (fs/A) defined by
Gm,log(T> =1I'(T, M%p)a

and Gig)log denotes the subsheaf of Gy, 1o; defined by

G(Q)

m,log

(T) ={f € T(T, M%) | locally on T, there exist
m,n € Z such that ¢"|f|¢"}.
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Here MZP is the sheaf of abelian groups associated to My and for local
sections f,g € M£P, f|lg means f~1g € Mp. See §1.2 for details.

1.1.3. Examples of models in E. E is not representable, but it has
many representable big subsheaves P, P/, ..., which are proper models of E
over A in the usual algebraic geometry. Let P = P/q% (resp. P' = P'/¢%),
where P (resp. P’ ) is the subsheaf of G, 105, Which is stable under the action
of ¢, defined by

P(T) = {f € T(T, M%) |locally on T, there exists
n € 7 such that ¢"|f|¢" ™'}

P'(T) = {f € T(T, MEP) | locally on T, there exists
n € Z such that ¢"|f%¢" "'}

Then the inclusions P’ ¢ P ¢ G induce inclusions P’ C P C E. Here

m,log

the inclusion P’ C P is shown as

qn|f2|qn+l = q2[n/2} |f2|q2([n/2]+1) = q[n/Q} |f|q[n/2}+l‘

These P and P’ are represented by fs log analytic spaces over A which
are proper over A. The inverse images to A — {0} of P and of P’ are
identified with E, the fiber of P over 0 € A is isomorphic to the quotient
of IP’(lc by identifying 0 and oo (this quotient of P(%: is regarded as the limit
of CX/qZ for ¢ — 0), P’ is the blowing-up of P at this point 0 = oo, and
P and P’ are endowed with the log structures associated to the fibers over
0 € A. (This is easily seen by the fact that, for a fixed n, the subsheaf T' —
{f € D(T, ME) | ¢"| f|g"*" (vesp. ¢"|f?|q" ")} of P (resp. P') is represented
by the fs log analytic space (Spec C[Np] XgpecCy A, V)), where N, is the
free monoid {(a,b) € Z?|a +nb > 0,a + (n + 1)b > 0 (resp. 2a + nb >
0,2a+ (n+1)b>0)}, N— Oa sends 1 to ¢, N — N,, sends 1 to (1,0), and
N} denotes the log structure associated to the pre-log structure induced by
the natural homomorphism N,, — C[N,,].)

A remarkable thing is that, though the map P’ — P is not injective as
a map of analytic spaces, the map P’ — P is injective as a map of sheaves
on (fs/A). By putting log structures, the sets of morphisms to these P and
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P’ differ from those of morphisms in the category of analytic spaces, and
this is the reason why degenerate objects can behave in log geometry like
non-degenerate objects.

E extends to many proper models P, P’,... over A, but extends
uniquely to a log elliptic curve E over A. Furthermore, though P, P/, ...
are not group objects, E is a sheaf of abelian groups. In these points, our
theory simplifies the usual theory of degeneration of abelian varieties.

1.1.4. Here we remark that our moduli problems are considered in
the category of log analytic spaces, so they differ from the usual moduli
problems in the category of analytic spaces. A reader who is familiar with
moduli problems in the category of analytic spaces (with no log structure)
may have the following questions, for example.

QUESTION 1. Although the examples above show only the one-dimen-
sional case, how does our theory work in the higher dimensional case, for
example, that of dimension 27

QUESTION 2. Let p be a point of the underlying analytic space of the
moduli space of log abelian varieties (with additional structures for fixed
data), and endow p with the pull-back log structure from the moduli space.
Denote by p’ this fs log point to avoid confusion. Denote by A, the log
abelian variety (with an additional structure) over p’ which is the pull-back
of the universal family over the moduli space with respect to the natural
inclusion morphism. Are there any morphisms from p’ to the moduli space
whose images equal {p} other than the natural inclusion morphism? If so,
do they give log abelian varieties over p’ (with additional structures) which
are not isomorphic to A7

Here is our answer to Question 1. Our canonical degenerated objects,

i.e., log abelian V(al)"ieties are abelian sheaves defined by means of log struc-
a

m,log
the higher dimensional cases, log abelian varieties are very similar to log

Tate curves. For example, consider a two-dimensional log abelian vari-
ety A := (Ggg?log/qz) X (ng?log/qz) = (G®2 @) /g% g ¢% over A, where

m,log

tures, such as G / qZ in the case of log Tate curves in 1.1.2. Even in
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(G®2 (@9 is the subsheaf of foflog defined by

m,log

(Ggﬁog)(q,q) (T) = {(f1, f2) € T(T, MEP)?; locally on T, there exist
m,n € Z such that ¢"[f1|¢" and ¢"|fa|q"}

on which Z? acts as (f1, f2) — (¢¥'f1,¢%2f2) for (f1, f2) € (Gi‘?ﬁlog)(qm,
and (y1,y2) € Z2. As is similar to the one-dimensional case, the abelian
surface (G, /q%) % (G /q%) over A—{0} extends uniquely to the log abelian
surface A. Clearly, this log abelian surface depends only on ¢, and does not
need any additional structures such as relatively complete models in the
Mumford construction. It is clear that the products P x P, P x P', P’ x P,
P’ x P’ are contained in A, where P and P’ are the proper models in the
one-dimensional case in 1.1.3. Besides them, it is easily seen that A also
contains another degenerate abelian surface P” = P"/q% & ¢%. Here P” is

the subsheaf of foflog defined by

P”(T) ={(f1, fo) € I(T, M%p)Q; locally on T', there exist ni,no € Z
such that qni|fi|qm+1(i =1, 2), and that qn1+n2|f1f2|qn1+n2+1}
U{(f1, f2) € (T, M%p)Q; locally on T', there exist ni,ng € Z
such that ¢"|f;|¢™ (i = 1,2), and that g™ T2 FL|f) fo|g™1 T2 2},

The above proper models can be described in terms of fans in a certain
space. See Section 5 for the detail.

Here is our answer to Question 2. The answer to the former question is
“yes” as soon as the log structure of p’ is not trivial, because in the category
of log analytic spaces, (fs log) points can have non-trivial automorphisms.
Since our space is the fine moduli, the answer to the latter is also “yes.” Let
us explain it more concretely. For example, if s is the log point that is the
origin of A in 1.1.2 endowed with the inverse image log structure of that of
A, then, the pull-back E, of E in 1.1.2 to s is a log elliptic curve over s. The
log point s has non-trivial automorphisms, and the automorphism group
Aut (s) is isomorphic to C*. If g € Aut (s) is a non-trivial automorphism,
then the pull-back of E, by ¢ is not isomorphic to E, over s, as is easily
seen via the equivalence 3.1.5 (see also 2.4).

1.2. Pairings into G, 1o¢
1.2.1. We recall multiplicative presentations of complex tori and
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abelian varieties over C.

A commutative Lie group A over C of dimension g is a complex torus if
and only if there exist finitely generated free Z-modules X,Y of rank g and
a Z-bilinear form (, ) : X x Y — C* such that

RIXXR®Y —R; (z,y) — log([{z,y)]) (reX,yeY)

is a non-degenerate pairing of R-vector spaces, and A is isomorphic to the
cokernel of Y — Hom (X, C*).

A commutative Lie group A over C of dimension ¢ is an abelian va-
riety over C if and only if there exist X,Y,(, ) as above and an injective
homomorphism p : Y — X (polarization) such that

RRY xR®Y;(y,2) — log(|(p(y), 2)) (y,2€Y)

is symmetric and negative definite.

1.2.2. Let G be an abelian group or a sheaf of abelian groups on a
site. By a pairing into G, we mean a triple (X,Y, (, )), where X and Y are
finitely generated free abelian groups, and (, ) is a Z-bilinear form

(,): X xY —G.

Let S be an fs log analytic space ([16]). Let (fs/S) be the category of
fs log analytic spaces over S endowed with the usual topology. That is, a
covering of an fs log analytic space T" over S is a usual open covering (Uy)x
of the underlying topological space of T', where each Uy is endowed with the
inverse image of Or and the inverse image of the log structure of 7'

In the next subsection, for an fs log analytic space S, we will define
the notions of log complex torus over S and log abelian variety over S as
sheaves of commutative groups on (fs/S), by using pairings into Gy, 1og,s-
Here Gy log,s denotes the sheaf T — T'(T, M5") on (fs/S) (hence giving a
pairing into the sheaf G, 1055 on (fs/S) is equivalent to giving a pairing into
the sheaf M §p on S). In this subsection, we give necessary preparations on
such pairings.

1.2.3. Admissible pairings. Let S be an fs monoid and let (X,Y, (, ))
be a pairing into S8P.
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(1) For a face o of S, we define
Xo={rx e X|(z,y) € o®Pfor all y € Y},

Yo ={yeY|(x,y) € o®for all x € X}.

(2) (X,Y,(,)) is said to be S-admissible if the following (i) is satisfied.

(i) For any face o of S and any homomorphism N : § — R>( into

the additive monoid R>¢ = R(;)) = {r € R|r > 0}, if we denote the face
o NKer (N) of S by 7, then the pairing of R-linear spaces

R® (Xo/X7) xR® (Yo/Y7) =Ry (2,y) — N((z,y))

is non-degenerate. Here Ker (N) = {a € S|N(a) = 0}, and the group
homomorphism S8 — R induced from NN is also denoted by N by abuse of
notation.

We sometimes simply say that (X,Y, (, )) is admissible if it is S-admis-
sible and S is clear from the context.

1.2.4. DEFINITION. Let S be an fs log analytic space. A pairing
(X,Y,(,)) into MEP/OF is said to be admissible if the induced pairing
into ME" /OF . is Mg/OF ,~admissible for any s € S.

1.2.5. LEMMA. Let S be an fs monoid and let (X,Y,(,)) be a pairing
into S8. Let p : Y — X be a homomorphism satisfying the following
conditions (i)-(11i).

(i) The cokernel of p is finite.
(i) (p(y),2) = (p(2),y) for any y,z €Y.

(ili) (p(y),y) €S for anyy €Y.
Then (X,Y,(,)) is S-admissible.

Proor. We first show

(1) Y, =p *(X,) for any face o of S.
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In fact, by the assumption (i), for y € Y, y € Y, if and only if (p(z),y) € o8P
for all z € Y. Since (p(2),y) = (p(y),z) by the assumption (ii), the last
condition is equivalent to p(y) € X,. This proves (1). Next, for a face o
of S, let 0(Q>p) (resp. o0(R>p)) be the subset of Q ® S&P (resp. R ® S¢&P)
consisting of all linear combinations of elements of ¢ with coefficients in Q>¢
(resp. R>(). Then o(R>g) is the closure of 0(Q>0). Since (p(y),y) € S(Q>o)
for any y € Q ® Y by (iii), we have

(p(y),y) € S(R>p) foranyyc R®Y

by the continuity.
To prove the lemma, it is enough to show that, for every face o of S and
every homomorphism N: § — ]R(;B), the induced pairing

ROY,/Y; xR®Y,/Y: — R; (y,2) — N((p(y), 2))

is non-degenerate. Here 7 denotes 0 N Ker N. Let us take y € R ® Y,
and suppose that N((p(y),z)) = 0 for all z € Y,. Since N({(p(y),y)) = 0,
we have (p(y),y) € Ker (N: R® 88 — R) N o(R>p) = 7(R>p). To show
y € R®(Y;), it is enough to show that (p(y), z) € R@78P for any z € RY.
For this, it is enough to show N’({p(y),z)) = 0 for any element N’ of
Hom (S,R>() such that Ker (N') D 7. Since, for any z e R®@ Y,

0 < N'({p(y"2),y"2)) = 2n- N'({p(2),9)) + N'({p(2), 2))
for all n € Z, we have N'({p(z),y)) = 0. O
1.2.6. DEFINITION. Non-degenerate pairings into G, jog,5. A pairing

(X,Y,(,)) into Gy, 10g,s is said to be non-degenerate if the following (i) and
(ii) are satisfied.

(i) The induced pairing into ME"/O% is admissible in the sense of 1.2.4.
(ii) Let s be any point of S and let o be the face {1} of Mg s/Og . Then
the pairing of R-linear spaces

R®Xe xR®Ys = R;  (x,y) — log(|(z,y)(s)])

is non-degenerate. Here X, and Y, are with respect to the induced pairing
into Mg, /O3 ,, and (z,y)(s) € C* is the value of (z,y)s € Og, at s.
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1.2.7. DEFINITION. (1) A polarization on a pairing (X,Y,(,)) into
Ginlog,s 18 @ homomorphism p : ¥ — X satisfying the following three con-
ditions (i) (iii).

(i) p is injective and the cokernel of p is finite.

(i) (p(y), 2) = (p(2),y) for any y,z € Y.

(iii) For any y € Y, (p(y),y) € Mg in ME’. For any y € Y — {0}, the
map «a : Mg — Og sends (p(y),y) to a function on S whose values are
always of absolute value < 1.

(2) A pairing into G, 10g,5 is said to be polarizable if it has a polarization.

1.2.8. PROPOSITION. A polarizable pairing into G, 1og 5 is non-degen-
erate.

PROOF. Let p: Y — X be a polarization on a pairing (X,Y, (, )) into
Gm,log,s and let s € S. By 1.2.5, the condition (i) in 1.2.6 is satisfied. Let
o be the face {1} of Mg /Og . Then we have p(Y;) C X, ((1) in the proof
of 1.2.5). By 1.2.7 (i), X and Y have the same rank so that X, and Y, also
have the same rank by the admissibility. Thus R® Y, 2 R ® X, via p. On
the other hand, for any y € Y, — {0}, we have 0 < [(p(y),y)(s)] < 1 and
hence log |(p(y),y)(s)| < 0. This shows that the pairing of R-vector spaces
R®Y, xR®Y, — Rinduced by Y x Y — R;(y, z) — log(|(p(y),2)(s)|)
is negative definite. (Note that a symmetric bilinear form over Q which
is definite over Q is definite over R.) Hence the condition (ii) in 1.2.6 is
satisfied. [J

1.2.9. LEMMA. (1) Let {, ): X x Y — S8 be an admissible pairing
and let h: & — 8’ be a homomorphism of fs monoids. Then the induced
pairing X XY — (8)8P; (x,y) — h({(z,y)) is also admissible.

(2) Let (X,Y,(,)) be a non-degenerate (resp. admissible) pairing into
Gim,log,s (Tesp. ME®/OF ) and let T be an fs log analytic space over S. Then
the induced pairing into Gy, ogr (resp. MEP/OF) is non-degenerate (resp.
admissible).

PROOF. We prove (1). Let o be a face of S’ and let 7 = h~!(c). Then
7 is a face of S. It is enough to show that

(*) X, = X,.
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The inclusion X, D X; is clear. Let N be an element of Hom (S’ ,]R(;B))

with kernel o. Then the kernel of N oh € Hom (S, R(;O)) is 7. Hence by the
admissibility of (X,Y, (, )), the pairing

Noh((,):R®X/X; xR®Y/V, = R

is non-degenerate. Since N o h({X,,Y)) = 0, this shows X, C R® X, and
thus X, C X N(R® X;) = X,.

The part of (2) concerning a pairing into ME/OF follows easily from
(1). The part of (2) concerning a pairing into Gy, 10,5 follows from it and
the equality (*) with ¢ = {1} in the proof of (1). O

1.3. Log complex tori and log abelian varieties
Let S be an fs log analytic space (see [16] for its definition).

1.3.1. For a pairing (X,Y, (, )) into G, 1og,5, Hom (X, Gm,log)(y) de-
notes the sheaf associating, with each 7' € (fs/S), the abelian group {¢ €
Hom (X, Gy log,7); for each z € X, locally on T, there exist y,y’ € Y
such that (z,y)|p(z)[{x,y')}. Note that we have a natural homomorphism
Y — Hom(X,Gnog) )y (=, ).

1.3.2. For a pairing (X,Y,(, )) into G, 10,5, the sheaf Coker (Y —
Hom(X, Gm,log)(y)) of abelian groups is called the quotient associated to
(XY, ()

1.3.3. Example. Let the notation be as in §1.1, and let S = A. Recall
that A is endowed with the log structure associated to {0} C A. Consider
the pairing (X, Y, (, )) into Gy, 10g,5, Where

X=Y=2%Z, (m,n)=q"".

Then Hom(X, GmJog)(Y) coincides with G%)log in §1.1, and the quotient

associated to (X,Y,(, )) coincides with E in §1.1.

1.3.4. DEFINITION. Log complex tori. A log complex torus over S is
a sheaf A of abelian groups on (fs/S) satisfying the following condition (i)
locally on S.
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(i) There exists a non-degenerate pairing (X, Y, (, )) into Gy, 1og,s such
that A is isomorphic to the quotient associated to (X,Y, (, )).

1.3.5. DEFINITION. Log abelian varieties. A log abelian variety over
S is a log complex torus A over S which satisfies the following condition.
For any s € S, the pull back of A to (fs/s) is isomorphic to the quotient
associated to a polarizable pairing into G, 1og. Here in (fs/s), s is endowed
with the ring C and with the inverse image of the log structure of S.

1.3.6. By 1.2.1, in the case the log structure of S is trivial, a log
complex torus over S is nothing but a complex torus over S in the usual
sense (i.e., a proper smooth family of complex tori over S), and a log abelian
variety over S is nothing but a complex torus over S whose all fibers are
abelian varieties.

1.3.7. For a morphism 7" — S of fs log analytic spaces, the pull back
of a log complex torus (resp. a log abelian variety) over S to (fs/T) is a log
complex torus (resp. log abelian variety) over 7. This follows from 1.2.9

(2).
By 1.2.8, we have

1.3.8. PROPOSITION. Let A be a sheaf of abelian groups on (fs/S). As-
sume that locally on S, there is a polarizable pairing into Gy, 1og,5 whose
associated quotient is isomorphic to A. Then A is a log abelian variety over

S.

1.3.9. We call a log abelian variety having the property in 1.3.8 a
locally polarizable log abelian variety.

1.3.10. The E in §1.1 is a log abelian variety over A. In fact, for
X =Y =7Z and (, ) as in 1.3.3, the identity map ¥ — X is a polarization
on (X,Y,(,)) since q”2 € M for n € Z and the values of q”2 on A for
n € Z — {0} are of absolute values < 1.

1.3.11. We consider the Lie sheaf Lie (A) of a log complex torus A.
For a group sheaf G on (fs/S), we define a group sheaf Lie (G) on (fs/S),
called the Lie sheaf of G, by

Lie (G)(T') = Ker (G(TTe]/(¢%)) — G(T)),
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where T'[e]/(€2) denotes the fs log analytic space whose underlying topo-
logical space is that of T', whose sheaf of rings is Orle]/(¢?) (e denotes an
indeterminate), and whose log structure is the inverse image of that of 7T'.

We denote the structure sheaf of (fs/S), defined by Og(T) = O(T),
simply by Og.

We have an action of Og on Lie (G). For a € Og(T') = O(T), the action
of a on Lie (G)(T) is defined to be the map induced by € — ae. In general,
this is just an action of Og as a multiplicative monoid. But usually Lie (G)
becomes an Og-module via this action. If this is the case, we say Lie (Q)
is a module. For example, we can prove easily that Lie(G) is a module
if G is represented by an fs log analytic space over S. Also for example,
Lie (G, 10g,5) is a module, and is identified with Lie(G,,) = Os.

For a log complex torus A over S, Lie (A4) is a module and is locally free
of finite rank as an Og-module. This can be seen as, locally on S,

Lie (Hom(X, Gy 10g.5)")) = Lie (Hom(X, G,,))
= Hom(X,Lie (Gy,)) = Hom(X, Og).

(Here we use the above Lie (G, 10g,5) = Lie(Gy,) for the first equality.)
We define the dimension of A to be the rank of Lie (A) as an Og-module,
which is a locally constant function on S. If A comes from a non-degenerate
pairing (X, Y, (, )) into Gy, 1og,s, it is just the rank of X (= rank of Y) as a
Z-module.

2. Log Hodge Structures
2.1. 5% and local monodromy
For the proofs of statements in this subsection and the next, see [16] and

12].

2.1.1. Let S be an fs log analytic space. Then S'°8 is the space of all
pairs (s, h), where s € S and h is a homomorphism

ME —8'={zeC||s| =1}

which extends (’)gs — 8 fe f(s)/1f(8)]-
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The topology of S'°% is defined as in [16]. As a topological space over S,
S8 represents the functor

T+ {homomorphism h : ME|p — Cont (?,S") | h(f) = f/|f|
for all f e Of|r}.

Here |7 means the inverse image on T', and Cont(?,S!) means the sheaf of
continuous maps into S! ([12]). The canonical map

T:898 S (s,h)
is proper and surjective.

2.1.2. For s € S, Mgp /05, =~ ~ 7% for some r, and 771(s) is home-
omorphic to the product of r copies of S'. In fact, fixing an element
ho : ME" — S! of 771(s), we have a homeomorphism

W r1(s) =~ Hom (MZ,/03,.8Y) ; b hhg".
We have a canonical isomorphism

(2) m1(7(s)) = Hom (ME, /03, Z(1)
which is induced by the exact sequence

0 — Hom (ME,/0},, Z(1)) — Hom (M£,/0% . R(1))

exp

— Hom (Mg, /05 ,, st —o,

where Z(1) = Z - 27mi, R(1) = R ®z Z(1), and the middle term is regarded

1
as a universal covering of 771(s) (N_) Hom (M gg /O3 4 S1). The isomorphism
(2) is independent of the choice of hy.
We will use also the isomorphism

(3) m (77! (s)) = Hom (ME" /OF ,, )

which is induced from (2) via the isomorphism Z = Z(1); 1 +— 2mi.
We will call the cone

C(s) = Hom (Ms,5/Og ,,R>0) C Hom (Mgf;/@g}s,R) =R@zm(17(s))
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the monodromy cone at s, where the last equality comes from (3).

2.1.3. For a locally constant sheaf L on S'°% and for s € S, t € 771(s),
the action of 71 (77 !(s)) on the stalk L, is called the local monodromy of L.

2.1.4. DEFINITION. Admissibility of local monodromy. Let L be a lo-
cally constant sheaf of Q-vector spaces over S'°¢ endowed with an increasing
filtration W = (W}, )rez consisting of locally constant Q-subsheaves.

For s € S, we say that the local monodory of L at s is admissible with
respect to W if the action of any element of 71 (77 !(s)) on any stalk of L on
771(s) is unipotent and if there exists an increasing filtration (W (o)x)rez
consisting of locally constant Q-subsheaves on the pull back L|s of L to
771(s) given for each face o of the monodromy cone C(s) satisfying the
following conditions (i)—(iii).

(i) W({o0}) =w.

(ii) If o is a face of C(s) and h € o, then log(h) : R®q L — R ®q L¢
for t € 771(s) satisfies

log(h)(R®@Q W (0)kt) CR®Q W (0)k—2s forall keZ.

(iii) Let o and ¢’ be faces of C(s) such that ¢ C ¢’. Let h € ¢/, and
assume that there exists a € o for which h + a belongs to the interior of o”.
(Here we denote the semi-group law of C(s) additively.) Then for t € 771(s),
we have isomorphisms

log(h)" : R®q grﬁ;/)(gr}x(a)) = R®g grkw_(;,)(grkwyt(g)) for all £ > 0.

Such family (W (o)), was considered by Deligne ([9]). Note that by [9]
1.6.13, (W (o)), is unique if it exists.

We say the local monodromy of L is admissible with respect to W if the
local monodromy of L at s is admissible with respect to W for any s € S.

In the case there exists j € Z such that W; = L and W;_1 = 0, we call
the admissibility of L with respect to W just the admissibility of L.



86 Takeshi KAJIWARA, Kazuya KATO and Chikara NAKAYAMA

2.1.5. Let T — S be a morphism of fs log analytic spaces. Let L be a
locally constant sheaf of Q-vector spaces over S1°8 endowed with an increas-
ing filtration W = (Wy)gez consisting of locally constant Q-subsheaves. If
the local monodromy of L is admissible with respect to W, then the local
monodromy of the pull back of L to T'°#¢ is admissible with respect to the
pull back of W.

This is seen as follows. Let t € T with its image s € S. We will define
an increasing filtration W (7) on the pull back L|; of L to 771(t) for each
face 7 of C(t). Let o be the smallest face of C(s) containing the image of
7. Let W(7) be the pull back of W (o). Then as is easily seen, these W (1)
satisfy the required conditions of the admissibility.

2.2. O
We review the sheaf of rings Og)g on S'°8,

2.2.1. Define a sheaf of abelian groups L£g on S8 by the commutative
diagram of exact sequences

0 — Z(1) — Ls = MEP - 0
| l l
0 — Z(1) — Cont(?,R(1)) = Cont(?,S') — O0.

Here Mg® denotes the inverse image of ME” on S'°8. (In this way, we
sometimes use the same notation F for the inverse image of a sheaf F.)
That is, Lg is defined to be the fiber product of M — Cont(?,S!) paly
Cont(?,R(1)). We call Lg the sheaf of logarithms of MEg".

2.2.2. We define an embedding

t: 05 — Lg

exp: Og — OF C Mg,

05 — Cont(?,R(1)); f = 5(f ~ J).

Then the usual exponential sequence 0 — Z(1) — Og =¥ OF — 0is

embedded in the upper exact sequence in 2.2.1.
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2.2.3. We define O}S?g by

05 = (05 @7 Symz(Ls))/a,

where Symyz is the symmetric algebra as a Z-module and a is the ideal of
Og ®7 Symyz(Lg) generated by the image of

Os — Os ®@zSymz(Ls); f— f@1-1&.(f).

2.2.4. For s € S and t € 77 !(s), the stalk Og’ﬁ; of Olsog at t has the
following structure. If ¢; (1 < j < r) denotes elements of Lg; such that
exp(f;) mod Og (1 < j < r) form a Z-basis of Mg"/Og , then OE% is
isomorphic to the polynomial ring over Og  in 7 variables by

Ogs[T1, -+, T,] = O Ty £,

2.2.5. Note that by 2.2.4, (Slog,(’)lsog) is usually not a local ringed
space.

For s € S and t € 77!(s), by a specialization at #, we mean a ring
homomorphism O};”% — C which extends Ogs — C; f — f(s).

2.3. Log mixed Hodge structures
For the details of what treated in this subsection, see [17] §2. Let S be
an fs log analytic space.

2.3.1. By a pre-log Hodge structure over S, we mean a triple
(Hz,Hp, ), where Hz is a locally constant sheaf of finitely generated free
Z-modules on S°8, Hy is a sheaf of Og-modules on S endowed with a de-
creasing filtration (FPHp)pez such that the Og-modules Hp, FPHp and
Hop/FPHp for all p are locally free of finite rank, and where

L O}Sg ®7, Hy, ~ O?g R,-1(04) T (Ho)

is an isomorphism of Og’g—modules. We will identify O?g ®7 Hz and
(’)ls?g ®r-1(0g) =Y Hp) via .
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2.3.2. For a pre-log Hodge structure over S, the local monodromy of
Hzy is unipotent, and we have

Hop = r*(OISOg ®z Hy).

2.3.3. By a pre-log mixed Hodge structure over S, we mean a pair
(H,W), where H is a pre-log Hodge structure over S and W = (Wy)rez
is an increasing filtration on Hg = Q ®z Hyz, consisting of locally constant
Q-subsheaves.

2.3.4. Let (H,W) be a pre-log mixed Hodge structure. For s € 5,
t € 771(s) and for a specialization a : (915?% — C at t (2.2.5), we have a 4-ple

(H7 W)(a) = (HZ,tv HO(S)v L(a)> Wt)a

where Hop(s) is the C-vector space C®pg, Ho s endowed with a decreasing
filtration C ®og, F'Ho,s (here Ogs — Cis f + f(s)), and «(a) is the
isomorphism of C-vector spaces C ®z Hz; ~ Hp(s) induced by ¢. We call
(H,W)(a) the specialization of (H, W) at a.

2.3.5. We define the notion of “log mixed Hodge structure over S.”
We first assume that S is an fs log point, that is, S is a one point set {s}
and the ring of S is C. In this case, by a log mixed Hodge structure over
S, we mean a pre-log mixed Hodge structure (H, W) over S satisfying the
following conditions (i)—(iii).

(i) The local monodromy of H is admissible with respect to W.

(ii) (For the definition of sufficiently shifted specialization, see below.)
Let o be a face of C(s) and t € 771(s) = S'°¢. Then, for any sufficiently
shifted specialization a : (’)15?% — C at t, the specialization (H, W (0))(a) of
(H,W(0)) at a (2.3.4) is a mixed Hodge structure in the usual sense.

(iii) Let w be the logarithmic differential module of S. Then the ho-
momorphism V : Hp — w}g ®og Ho induced from d : O}S?g — wé ®og O?g
satisfies

V(FPHp) C w ®os FF"'Hp  for all p € Z.

In (ii) and (iii), note Og = C by the assumption. In (ii), take a finite

family (£;)1<j<n of elements of Lg; such that exp(¢;) mod Og (1 < j < n)
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generate the monoid Mg /O . and such that £; ¢ Og s for 1 < j < n. Then,

by a “sufficiently shifted specialization”, we mean a specialization a : (’)go,% —
C at t such that exp(a(¢;)) (1 < j < n) are sufficiently near to 0. This
definition is independent of the choice of the family (¢;);. In certain cases
(see 2.4), a((2mi)~1¢;) are regarded as coordinates of the specialization a.
The condition that a is sufficiently shifted is equivalent to the condition that
the imaginary parts of a((27i)~1¢;) are sufficiently large, in other words, the
coordinates of a are in the upper direction on the upper half plane.

2.3.6. We define the notion of log mixed Hodge structure in general.
By a log mixed Hodge structure over S, we mean a pre-log mixed Hodge
structure over S whose pull back to any point s of S is a log mixed Hodge
structure over s in the above sense. Here the ring of s is C and the log
structure of s is the pull back of that of S.

2.3.7. REMARK. The above definition of log mixed Hodge structures
follows the ideas of “good” degenerations of variations of mixed Hodge struc-
tures by Deligne [9] and Steenbrink-Zucker [34]. See 3.3.4.

2.3.8. By a log Hodge structure over S of weight w, we mean a log
mixed Hodge structure (H, W) satisfying Wy, = Hg and Wy,_1 = 0.

2.3.9. For a morphism 7' — S of fs log analytic spaces, the pull back
of a log mixed Hodge structure over S to T is a log mixed Hodge structure
over T'.

This is proved easily by 2.1.5 and by the fact that the condition (ii) in
2.3.5 is independent of the choice of the (¢;);, which was remarked in the
above.

2.4. Example
We give a log Hodge structure of rank 2 over the unit disc A with the
log structure along the origin. As we will see later, in the correspondence

between log abelian varieties and log Hodge structures in the next section,
(a) /q% over

m,log

this log Hodge structure corresponds to the log elliptic curve G
A in §1.1.

Let Ho be the free Oa-module of rank 2 on A with base (e, f) endowed
with the filtration defined by

FPHp = Hp for p< —1, FYHp = Oaf, FPHp =0 for p>1.
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Let Hz be the Z-subsheaf of Oleg ®,-1(0,) T~ (Ho) on Al°¢ generated
locally by e and (27i)~tlog(q)e — f, where g is the coordinate function of A
and log(g) denotes a local section of LA whose exp in 771 (M&]") coincides
with ¢ (then Hz is independent of the local choice of log(q)). This sheaf
Hy, is locally isomorphic to Z2, e is a global section of Hyz, the stalk of
Hz at a point of Al°® has a basis (e,¢), where €’ is the stalk of a local
section (27i)~!log(¢)e — f, and the local monodromy around 0 with the
standard direction sends e to e and €’ to e + €/. We see easily that the
canonical homomorphism ¢ : Oleg ®z Hz, — Oleg ®r-1(0,) T (Ho) is an
isomorphism.

We show that the pre-log Hodge structure (Hz, Ho,t) is a log Hodge
structure of weight —1.

Let W be the increasing filtration of Hg defined by W_; = Hg, W_o =
(0). Then the local monodromy of Hg is admissible with respect to W.
In fact, the increasing filtration (W (o))rez of Hglo for the maximal face
o := R>( of the monodromy cone at 0 € A is given as

(0)=W(o)-3 C Qe =:W(o)_2=W(o)-1 C W(0)o := Hglo-

We next check 2.3.5 (ii) for the pull back of (H, W) to each point ¢ € A.
If ¢ # 0, the pull back is a Hodge structure of weight —1 because the
imaginary part of (27i)~!log(q) is positive by |q| < 1.

In the case of ¢ = 0, we take logq as l; in 2.3.5. Then, the set of the
specializations a: (’)Rgt — C at t € 771(0) bijectively corresponds to the
set C of the complex numbers z via z = a((2mi)~!l;), and for any a, the

specialization by a induces the isomorphism
C®z Hzt ~ C®o, , Hop;
e~ 1®e;
1R —2®0e—1Q f.
For the maximal cone o = R>( of C(0), we have

C® ngVZ(U)HQ,t =Ce, C® grzvl(a)HQ,t =0,

C® grgV(U)HQ,t = (Ce + C¢')/Ce

for each ¢t € 771(0). We can easily verify that the filtrations of C @ gr, Hg
(k= —2,—1,0) induced by FPH» make them Hodge structures of weight k.
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For the minimal cone (0) of C(0), the imaginary part of z = a((27i) ! log q)
is positive if exp(a(logq)) is sufficiently near to 0. Hence we can prove this
case as in the case g # 0.

Since F~'Hp = Hp and F'Hp = (0), the condition 2.3.5 (iii) is trivial.
Therefore, ((Hz, Ho,t), W) is a log Hodge structure of weight —1 over A.

2.5. DPolarization

We review the definition of polarization in the log Hodge theory (see
[17] §2).

2.5.1. DEFINITION. Let H be a pre-log Hodge structure of weight w
(i.e., a pre-log mixed Hodge structure such that W,, = Hg and W,,—1 = 0)
over an fs log analytic space S.

(1) A polarization on H is a homomorphism p : H ® H — Z(—w) of
pre-log Hodge structures having the following property (i) for each s € S
and each t € 771(s) C S'°8,

(i) For any sufficiently shifted specialization a : O?f — C at t, the
specialization H(a) of H at a (2.3.4) is a polarized Hodge structure of
weight w with respect to the pairing p; in the usual sense.

(2) We say H is polarizable if H has a polarization.

We will denote a polarization p : H ® H — Z(—w) also as H —
H*(—w);h — p(— ® h), where H* denotes the Z-dual of H.

2.5.2. By Cattani and Kaplan [6] and Schmid [32], a pre-log Hodge
structure of weight w satisfying (iii) in 2.3.5 and having a polarization is a
log Hodge structure of weight w. (The condition (i) in 2.3.5 is by [6] and
the condition (ii) is by [32].)

2.5.3. For example, for the log Hodge structure H of weight —1 in
§2.4, the homomorphism p: H ® H — Z(1) defined by

ple@e)=—ple’ ®e)=2mi, ple®e)=plc'@e)=0

is a polarization as is easily seen.
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3. Equivalences of Categories

3.1. Statements of equivalences of categories
3.1.1. We recall the well-known isomorphism

Ext1(Z,H) ~ Hy\ Hc/FHc

for a Hodge structure H of weight —1 such that F~'H¢ = Hc and F'He =
0, where Ext ! is taken for the category of mixed Hodge structures and Z
is the unit Hodge structure of weight 0. For z € Hc, the extension H' of
Z by H corresponding to the class of z € Hc in Hz\ Hc/FYHc is given as
follows.

H% =7 & Hz,

FPHr= Hg for p< —1, FPHr=0 for p>1,
FYHE = C(1,—2) + (0, F'He).

Conversely, if we have an extension H' of Z by H, we have exact se-
quences

0— Hy — Hy -7 —0, 0— F'Hc— F'Hz — C — 0,

and hence there exist an element a of H, whose image in Z is 1, and an
element b of FOH(’C whose image in C is 1. Let 2z = a — b € Hc. Then
the class of z in Hz\ Hc/FYHc is independent of the choices of a and b.
These z — H' and H' — 2z give mutually inverse isomorphisms between
Hz\ Hc/F°Hc and Ext (Z, H).

3.1.2. We review the classical theory of correspondences between com-
plex tori and Hodge structures, and between abelian varieties and polariz-
able Hodge structures.

Let A be the category of complex tori and let AT be the category of
abelian varieties. On the other hand, let H be the category of Hodge struc-
tures H of weight —1 such that F~'Hc = Hc and F'He = 0, and let
HT be the full subcategory of H consisting of polarizable objects. We have
equivalences of categories

H~A HT~A".
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The complex torus A corresponding to an object H of H is given by
A= Hy\ Hc/F°He = Ext Y(Z, H),

and the equivalence H™ ~ AT is induced from H ~ A.
The inverse functor A — H is given by A — H, where

Hyz = Hi(A(C),Z), FYHc = Ker (Hc — Lie(A));

FPHc=He for p< -1, FPHc=0 for p>1.

Here Hc — Lie(A) is the surjection which comes from the exact sequence
0 — Hyz — Lie(A) — A(C) — 0.

The following theorem 3.1.5 gives logarithmic generalizations of these
equivalences.

3.1.3. Let S be an fs log analytic space.

Let Ag be the category of log complex tori over S, and let .Aj; be the
category of log abelian varieties over S.

On the other hand, let Hg be the category of log Hodge structures H
over S of weight —1 satisfying

F'Ho=Hp, F'Hp=0.

Let H;C be the full subcategory of Hg consisting of all objects whose pull
backs to s for any s € S are polarizable.

3.1.4. For an object H of Hg, we define the sheaf of abelian groups
Ext'(Z, H) on (fs/S) by

Ext' (2, H)(T) = Ext (Z, Hy)

for fs log analytic spaces T over S, where Hr denotes the pull back of H to
T, and Ext! is taken for the category of log mixed Hodge structures over
T. Note that the category of log mixed Hodge structures has the evident
definitions of “exact sequence” and “extension (short exact sequence).” We
consider Ext ! as the set of isomorphism classes of extensions, with the group
structure given by Baer sums.

The aim of this section is to prove the following theorem.
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3.1.5. THEOREM. (1) For an object H of Hs, Ext'(Z, H) is a log com-
plex torus over S.

(2) H — Ext*(Z, H) defines an equivalence of categories
Hs = Ag.
(3) The equivalence in (2) induces an equivalence of full subcategories

HE S AL

3.1.6. The inverse functor Ag — Hg is defined in the following way.
Here only the method of the definition is described. See 3.7 for the details.

For an fs log analytic space S, let (fs/S)!°8 be the following site. An
object of (fs/S)°8 is a pair (U, T), where T is an fs log analytic space over
S and U is an open set of T'°%. The morphisms are defined in the evident
way. A covering is a family of morphisms ((Uy,T\) — (U, T))a, where each
T\ — T is an open immersion and the log structure of T) is the inverse
image of that of 7', and (U)), is an open covering of U.

We have a commutative diagram of topoi

log

{sheaf on (fs/S)"e} b5, {sheaf on S8}
T LT
{sheaf on (fs/S)} Ps, {sheaf on S}.

Here the right vertical arrow 7 is the morphism of topoi induced by the map
7:5% S and fg and ﬂls?g are the evident ones. The left vertical arrow
which we denote also by 7 is defined as follows. For a sheaf F on (fs/S)'°8,
the image 7.(F) on (fs/S) is defined by 7.(F)(T) = F(T'°8,T). For a sheaf
F on (fs/S), the inverse image 771 (F) on (fs/S)!°8 is defined as follows. For
an object (U, T) of (fs/S)1°8, the restriction of 77(F) to the usual site of
open sets of U (i.e., the restriction to the site consisting of (U’,T') for all
open sets U’ of U) coincides with the inverse image of the restriction of F
to the site of open sets of T' under the map U — T'. In the above diagram,
Bs and ﬂls?g are exact, and g, ﬂgl and (ﬁ?g)*(ﬁ?g)_l are isomorphic to the
identity functors. Furthermore, for the both 7 in the above diagram, 7,7
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is isomorphic to the identity functor. This follows from that 7'°¢ — T is
proper with connected fibers for fs log analytic spaces T'.
We will denote the sheaf (U, T) — O25(U) on (fs/S)1°% simply by OE.
Now we describe the inverse functor Ag — Hg; A — H. As we will see
in 3.7.4, for a log complex torus A over S, the Ext! sheaf £2t!(771(A),Z) on
(fs/S)'8 for the inverse image 7~ '(A) of A on (fs/S)!°8 is a locally constant
sheaf of finitely generated free abelian groups. We define

Hyz = Homz(Eat' (171 (A),Z),Z).

Next we define
Ho = T*(C’)lé?g ®7 Hy).

As we will see in 3.7.4, the canonical homomorphism Og)g ®r-1(0g)

T_l(H@) — O?g ®7 Hy is an isomorphism. Furthermore, there is a canoni-
cal surjective homomorphism Hp — Lie(A) of Og-modules. We will define
FPHo to be Hp if p > —1, Ker (Hp — Lie(A)) if p =0, and 0 if p > 1.
Then this gives an object H of Hg.

3.1.7. The plan of the rest of §3 is as follows. In §3.2 and §3.3, we prove
certain “simpler” categorical equivalences Hg ~ Ag and Hg ~ Ag, which
are closely related to the equivalence Hg ~ Ag in 3.1.5. After preliminaries
in §3.4 and §3.5, in §3.6, we study £xt'(Z, H) for an object H of Hg,
and prove that it is a log complex torus. Then, we prove the equivalence
Hs ~ Ag in 3.1.5 in §3.7 by constructing the inverse functor. In §3.8, we
consider dual log complex tori and polarizations of log abelian varieties, and
prove the equivalence H; o~ Ajg' in 3.1.5. In §3.9 and §3.10, we prove some
related results, which we will use later.

3.2. The equivalence 7:[5 ~ /ls
Let S be an fs log analytic space. We define categories Ag and Hg, which
are closely related to Ag and to Hg, respectively, and prove an equivalence

Hg ~ Ag.

3.2.1. Let Ag be the category of pairings into G, jog,5. That is, an
object of Ag is a triple (X,Y,(,)), where X and Y are finitely generated free
abelian groups and (, ) is a Z-bilinear form X XY — Gy, 1o,5. A morphism
(X1,Y1,(, )1) — (X2,Ya,(, )2) of Ag is a pair (f,g) of homomorphisms
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f:Xo— X1 and g : Y7 — Ys satisfying (f(z),y)1 = (z,9(y))2 for any
T € Xy andyEYl.

3.2.2. Let Hg be the category of 4-ples (H,X,Y,e), where H =
(Hz,Hp,t) is a pre-log Hodge structure over S, X,Y are finitely gener-
ated free abelian groups, and e is an exact sequence of local systems

0 — Hom (X,Z(1)) - Hz —Y — 0

on S'°8 satisfying the following condition (i).

(i) F'Hop=Hp, F'Ho=0, Hp=Hom(X,05)® F°Hp.

Here we embed Hom (X, Og) in Hp via e.

A morphism (H, X,Y,e) — (H', X', Y',€') of Hg is a triple (hq, h1, h2),
where hg is a morphism H — H’, hy is a homomorphism X’ — X, and hs

is a homomorphism Y — Y’ which are compatible with the exact sequences
e and €.

3.2.3. PROPOSITION. We have an equivalence of categories

Hs =~ As.

3.2.4. We define a functor Hg — Asg.

Let (H, X,Y,e) be an object of Hs.

We define a Z-bilinear form (, ) : X x Y — Gy 1o as follows. We have
a projection

Hp = Hom(X,05) ® FO'Hp — Hom(X, Og),

and hence Hyz — Hom(X, O};g) which induces the identity map on
Hom (X, Z(1)). Hence we have a homomorphism Y = Hz/Hom (X, Z(1)) —
Hom(X, (’)lsog/Z(l)). By taking 7. and by using the following lemma, we
obtain a homomorphism

Y — Hom(X, 7. (O3 /Z(1))) =~ Hom(X, MEP),

and hence a Z-bilinear form (, ) : X x Y — Gy, 1og. This gives a functor

Hs — As.
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3.2.5. LEMMA. The isomorphism exp : Lg/Z(1) — T H(MEP) and
the map Lg/Z(1) — Olsog/Z induces an isomorphism

ME ~ 7, (098 Z(1)).

Proor. This follows from the commutative diagram of exact sequences

exp

0— Z(1) — Og — Mgp — Mgp/(’)gf — 0
| | l !
0— Z(1) — Os — 7(OE/Z(1)) — RTZA) — 0,

where the lower sequence is obtained from 0 — Z(1) — O — OE/Z(1) —
0 by RlT*Og’g = 0 ([20] 4.6, [12] Proposition (3.7) (3)). Here the right
vertical isomorphism is by [16] (1.5). O

3.2.6. Next in 3.2.6-3.2.8, we define a functor Ag — 7:(5.

Let S be an fs log analytic space. Let (X,Y,(,)) be an object of Ag.

We define first the Betti realization Hz of (X,Y, (, )), which is a locally
constant sheaf of abelian groups on S°%, by the commutative diagram of
exact sequences

0 — Hom(X,Z(1)) — Hy, — Y — 0

| ! |
0 — Hom(X,Z(1)) — Hom(X,Ls) — Hom(X,7'(ME)) — 0.

Here the lower row is induced by the exact sequence 0 — Z(1) — Lg =

T HMEP) — 0.
3.2.7. The exact sequence of O?g—modules
(1) 0 — Hom(X, (’)gog) —>O?g ®zHZ—>O}§)g ®zY —0

splits canonically, by the O?g—homomorphism (’)?g ®z Hyz — Hom(X, (’)lé?g)
induced by the map Hz — Hom(X, Lg) in 3.2.6.

3.2.8. Let Hp = T*(O}S?g ®7 Hz). By 3.2.7, we have a direct decom-
position
Ho ~Hom(X,0g)® Os ®zY.
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This shows that the Og-module Hp is locally free of finite rank and the
canonical homomorphism ¢ : Olsog ®r-1(04) Y Hp) — Olsog ®yz Hy, is an
isomorphism.

Define a decreasing filtration on Hp by

F'Ho = O3 ®2Y = Ker (Ho — Hom(X, Og))

in the above direct decomposition, and FPHy = Hp for p < —1, FPHp =0
for p > 1.

Then we have Ho = Hom(X,0g) & FOHy and hence we obtain an
object (H,X,Y,e) of Hg. This gives a functor Ag — Hg.

3.2.9. The above two functors are the inverses of each other. In fact,
to see that the composition Hg — As — Hg is equivalent to the identity,
it is enough to construct the diagram as in 3.2.6 for an object (H, X,Y,e)
of Hg. We have a homomorphism

0 — Hom(X,Z(1)) — Hy, — Y — 0
| la Lo
0 — Hom (X,Z(1)) — Hom(X, O?g) — Hom(X, O?g/Z(l)) — 0

of exact sequences. Since the map b factors through Hom(X, 7' (Mg"))
by 3.2.5, the map a factors through Hom(X, Lg), which gives the desired
diagram.

To see that the composition ./Zlg — 7:(5 — /ls is equivalent to the iden-
tity, take an object (X,Y,(,)) of Ag. Then the associated diagram in 3.2.6
induces the diagram as in the above, the map a induces the splitting in
3.2.7, and this a is to be used to obtain the new pairing. Hence (X,Y, (, ))
coincides with the new pairing.

Thus we get 7:(5 ~ /ls.

3.3. The equivalence 7:[5 ~ fls
We define categories Ag and Hg, which are closely related to Ag and
‘Hs, respectively, and prove an equivalence
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3.3.1. Let Ag be the full subcategory of Ag consisting of non-degen-
erate pairings (1.2.6).

3.3.2. Let Hg be the full subcategory of Hs consisting of all objects
(H,X,Y,e) such that H is a log Hodge structure of weight —1.

In other words, Hg is the category of 4-ples (H,X,Y,e), where H is an
object of Hg, X and Y are finitely generated free abelian groups, and e is
an exact sequence

0 — Hom (X,Z(1)) - Hz—Y — 0
on S'°8 satisfying Ho = Hom(X,Og) @ F'He.
The aim of this subsection is to prove

3.3.3. PROPOSITION. The equivalence of categories in 3.2.8 induces an
equivalence of the full subcategories

Hs =~ As.

In the course of the proof of 3.3.3, we prove the following.

3.3.4. PROPOSITION. Let H be a pre-log Hodge structure over S such
that F"'Hp = Hp and F'Hp = 0. Then H is a log Hodge structure of
weight —1 if and only if the following conditions (i) and (ii) are satisfied.

(i) The local monodromy of Hg is admissible.
W(C(s))
j

Note here that gr;V(C(S))HZ in (ii) is a constant sheaf by (1).

(ii) For each s € S, gr is a Hodge structure of weight j for any j.

The only if part is clear. We prove below the if part.
To prove 3.3.3, we first compare the admissibility of a pairing and the
admissibility of the local monodromy.

3.3.5. PROPOSITION. Let S be an fs log analytic space. Assume that
we are given a locally constant sheaf of abelian groups L on S'°8&, finitely
generated free abelian groups X, Y, and an exact sequence

(1) 0 — Hom (X,Z(1)) = L —-Y —0
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of sheaves of abelian groups on S'°%. Then there exists a unique Z-bilinear
form () : X XY — Gy log/Grn which describes the local monodromy of L
as follows: for any s € S and g € w1 (77 1(s)) = Hom (Mgﬂ/@g,s,Z(l)), the
action of g—1 on L|goes induces Y >y — (x — g((z,y))) € Hom (X, Z(1)).

PrOOF. The uniqueness is clear. We show the existence of (, ).
By applying 7, to the exact sequence (1), we obtain an exact sequence

(2) 0 — Hom (X,Z(1)) — m(L) — Y — R'7,Hom (X, Z(1)).
By
(3) R'7.Z(1) ~ Mg/ O%

([16] (1.5)), we have
R'7.Hom (X, Z(1)) ~ Hom(X, Gy 10g/CGm)-

Hence (2) gives a homomorphism Y — Hom(X,Gp10g/Gm), i-e., a Z-
bilinear form (,) : X x Y — Gy,109/Gp. We have to prove that this
pairing is the desired one. We may assume that S is the standard log point
(SpecC,C* @ N) and that X =Y = Z. Then (1) is obtained by the pull
back of the exact sequence 0 — Z(1) — Lg — 7 *(ME") — 0 with respect
to a homomorphism YV = Z — 77 }(M£P). Since the isomorphism (3) is
induced from the last exact sequence, we have the desired compatibility. [

3.3.6. PROPOSITION. Let the notation be as in Proposition 3.8.5. Let

s € S. Then the local monodromy of Lq is admissible at s if and only if the
pairing (, ) : X x Y — M /Og _ is admissible.

PROOF. There exists a bijection between the set of faces of Mg,/ Og’ s
and the set of faces of the monodromy cone C(s) given by o < ¢/, where o
and ¢’ are the annihilators of each other.

If the pairing is admissible, W (¢") is defined as follows (we are describing
after pulling back to 771(s)):

W(o')o = Lg, W(o')-1 N L is the inverse image of Y, under L —
Y, W(o')_a N L is the kernel of Hom (X,Z(1)) — Hom (X,,Z(1)), and
W(o')—3 = 0. Then, for h € o', (h — 1)(Lg) C W(o')—2 and (h —
1)(W(c')-1) = {0} since h((X,,Y)) = h({X,Y,)) = 0. Furthermore, for
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an element h of C(s) and for faces 0,7 of Mg/Og  such that T C o, the
condition 7 = o N Ker (h) is equivalent to the condition that h € 7/ and
there exists a € o’ such that a + h belongs to the interior of 7/. Since
log(h): R ®q grgV(T,)(grmE‘Z/)) — R®Qg ng(T/)(ng(g,)), t € 771(s), is iso-
morphic to h—1: R® (Y, /Y;) — Hom (R ® (X,/X,),R), it is an isomor-
phism if 7 = o N Ker (h). Hence the local monodromy of L is admissible.
(Note that we have (hy —1)(he — 1) = 0 on Lg for any hy, he € m1(771(s)).
Hence log(h) = h — 1 for any h € R® m1(771(s)).)

Conversely, assume that the local monodromy of L is admissible. Then
for any face o’ of C(s) and for any element h of the interior of o/, W(o'), =
Lo for k>0, R®W(o')-1 = Ker(h—1: Lg — Lg), R® W(o')_2 =
Image(h — 1 : Lr — Lg), W(o’')_3 = 0. Furthermore, we have W (o')_2 C
Hom (X,Q(1)) € W(o')_1. Let X(0’) C X be the annihilator of W (o’)_a,
and let Y(o’) CY be the image of LN W (o')_1 under L — Y.

We show that for any face o of Mg/ (’)gs, if we denote the annihi-
lator of o in C(s) as o, then X, = X(0’) and Y, = Y (¢’). It is clear
that X, C X(o’). We prove X(0/) C X,. Let & be an fs monoid.
As is well-known, if §* = {1}, the set of homomorphisms N: § — N
with Ker (V) = {1} generates the group Hom (S8P,7Z). In general, since
(SotP /o8P)* = {1} and S N o® = o, this shows that the intersection of
Ker (88 — Z) for all homomorphisms N: § — N with Ker (N) = o coin-
cides with o8P. Let x € X(0’). Then, by the above description of W (o’),
(2,Y) C (Ms,s/Og ,)8P is contained in Ker (N*®P) for any N € ¢’, and hence,
by the previous observation, is contained in ¢®P. Hence x € X,. The proof
for Y, = Y (0') is the same.

By definition of X(o’) and Y (¢'), for any h € C(s) and any face
o of Mgs/Og,, the isomorphism log(h): R ®q grg/(T,)(ng(gl))

R ®q ng(T/)(ngVl(;/)), t € 771(s), is naturally isomorphic to h — 1: R ®

(Y(0")/Y (7)) — Hom (R @ (X(¢/)/X(7")),R), where 7 = o N Ker (h).
Therefore h—1: R® (Y, /Y;) — Hom (R® (X,/X;),R) is an isomorphism.
Thus (, ) is admissible. [J

—

3.3.7. LEMMA. For an object (X,Y,(,)) of Ag, the pairing into
Gm,log/Gm induced by (X,Y,(,)) coincides with the pairing of the local
monodromy of Hy defined in 3.3.5 above. Here Hy is the object of Hs
corresponding to (X,Y, (, )).
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PROOF. Let (X,Y,(,)) be an object of Ag. From the commutative
diagram in 3.2.6, we have a commutative diagram

Y ——  R'7,Hom (X, Z(1))

| |
Hom (X, ME’) —— Hom(X, Gy log/Cm)-

The composite Y — Hom(X, ME") — Hom(X, Gy, 105/Gm) gives the in-
duced pairing into Gy, 105/ G, from the original pairing. On the other hand,
the composite Y — R'7,.Hom (X, Z(1)) — Hom(X, G, 10g/Gm) is the pair-
ing from the local monodromy of Hy as is seen in the proof of 3.3.5. Thus
the both coincide. [J

This lemma together with 3.3.6 implies that the condition (i) in 1.2.6
for (X,Y,(,)) is equivalent to the admissibility of the local monodromy of
Ho.

We next prove the “trivial base case” of Proposition 3.3.3.

3.3.8. LEMMA. Proposition 3.3.3 is true in the case where S is Spec(C)
with the trivial log structure.

PrRoOOF. This lemma should be well-known. For the convenience of
readers, we describe a proof. Let (X,Y,(,)) be a pairing into C*. Then
the corresponding H is defined as follows: Hz is the fiber product of
Hom (X, C) =¥ Hom (X,C*) « Y, and FOH( is the kernel of the canonical
map Hc — Hom (X, C).

It is sufficient to prove that H is a Hodge structure of weight —1 if and
only if

bRz X xR@zY — R; (z,y) — —log(|(z, y)|)
(z € X,y €Y) is non-degenerate.

In fact, H is a Hodge structure of weight —1 if and only if Hc is the direct
sum of FOHg and its complex conjugate. Since Hc = FYHc @ Hom (X, C),
the last condition is equivalent to the condition that the homomorphism

¢: F'He — Hom (X, C); f — (f mod FYHg)

is an isomorphism. Here f is the complex conjugate. As is shown below, ¢
coincides with the composite FCHc — C ®z Y — Hom (X, C), where the
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second map is z @y — (z — —2zb(x,y)). Hence c is an isomorphism if and
only if b is non-degenerate.

We prove the above description of ¢ by b. Let h € Hyz and write h = f+g
with f € FOHc and g € Hom (X, C). Let y be the image of h in Y. Then
forx € X, b(x,y) = —R(g(x)), where R denotes the real part. On the other
hand,

f=h—g=f4+g—g=g¢g—gmod F°Hc.
Since the complex conjugate of Hg induces the identity map on
Hom (X,Z(1)) (not on Hom (X,Z)), g sends x € X to the complex con-

jugate of —g(z). Hence c(f)(x) = (g — g)(z) = 2R(g(x)). O

Now we will prove the general case of 3.3.3 together with 3.3.4. We
explain the plan. Let (H, X,Y,e) be an object of Hg, and let (X,Y,(,)) be
its corresponding object of fls.

First, as noted before, it is clear that if (H, X,Y,e) belongs to Hg, then
H satisfies the conditions (i) and (ii) in 3.3.4.

Second, in 3.3.9 below, we will show that H satisfies the conditions (i)
and (ii) if and only if the corresponding (X,Y, (, )) belongs to Asg.

Third, from 3.3.10, we will show that if (X,Y, (, )) belongs to Ag, then
the corresponding (H, X,Y,e) belongs to Hg, which completes the proofs
of 3.3.3 and 3.3.4 simultaneously.

3.3.9. Let (X,Y,(,)) be an object of Ag, and let (H,X,Y,e) be the
corresponding object of Hg. We show that H satisfies the conditions (i)
and (ii) of 3.3.4 if and only if (X,Y,(,)) belongs to Ag.

As noted before, (i) in 3.3.4 is equivalent to the admissibility of X x
Y — Gplog/Gm by 3.3.6 and 3.3.7. Let s € S. Since W(C(s))—2 C
Hom (X,Q(1)) ¢ W(C(s))-1, gr;-/v(c(s)) is a Hodge structure unless j = —1.
(C(s))

It remains to show that gr‘iv1 is a Hodge structure of weight —1 if and
only if for the pull back of (X,Y,(,)) to s, the pairing R ®z X3 x R®z
Y(1} — R is non-degenerate. For this, by replacing X by X1y, Y by Y3,
and H by W(C(s))—1/W(C(s))—2 of H, we may assume that H is the pull
back of a usual Hodge structure over Spec(C) with the trivial log structure,
and hence we are reduced to 3.3.8.

3.3.10. Let (X,Y,(,)) be an object of Ag, and let (H,X,Y,e) be the

I

corresponding object of Hg. Assume that (X,Y,(,)) belongs to Ag. We
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prove that (H,X,Y,e) belongs to Hg, that is, H is a log Hodge structure
of weight —1.

The proof is long and occupies the rest of this subsection.

With 3.3.9, this proves Proposition 3.3.3, and also proves Proposition
3.3.4.

The admissibility of the local monodromy of Hg follows from 3.3.6.

Since F~'Hp = Hp and F'Hp = 0, the Griffiths transversality is au-
tomatically satisfied.

It remains to prove the following. Let s € S, ¢’ a face of C(s), j € Z,
and t € 771(s). Then for any sufficiently shifted specialization a : (’)?’% —C
at t, (gr}/v(al), F)(a) is a Hodge structure of weight j. Note that gr}/v(gl) =0
unless j € {0,—1, —2}.

3.3.11. Assume j = 0.

By the direct decomposition Hp = Hom(X,Og) & F°Hy and by
the fact Hom(X,0g) C W(o')_1Hp, the canonical map F'Hp(a) —
grgv(gl)(Ho)(a) is surjective, and hence (grgv(a/),F)(a) is a Hodge struc-
ture of weight O for any specialization a at t.

3.3.12. By duality, (grg(gl), F)(a) is a Hodge structure of weight —2
for any specialization a at t.

3.3.13. It remains to consider the case j = —1. We may assume that
the underlying analytic space of S is SpecC = {s}.

Let o be the face of Mg /Oy , corresponding to o’. Then (X,, Y5, (, )o),
where (, ), is the restriction of (, ) to X, x Y, belongs to Ag. Hence by
replacing (X,, Y, (, )o) by (X,Y,(, )), we see that it is sufficient to prove
that for a sufficiently shifted specialization a, H(a) is a Hodge structure of
weight —1.

Let

be  RRzZX xR®zY —- R

be the pairing defined by composing (, ) : X x Y — ME"

Mgps — C*; f — exp(a(log(f)))
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(independent of the choice of log(f) € Lg; which is determined only modulo
Z(1)), and —log(|?|) : C* — R. We have a commutative diagram

7:(5 >~ AS
o o
HSpec(C) = ASpec(C) )

where Spec(C) is endowed with the trivial log structure and the vertical
arrows are defined by the specialization a; the left vertical arrow is given
by Mg, — C*; f +— exp(a(log(f))). By 3.3.8, H(a) is a Hodge structure
of weight —1 if and only if b, is non-degenerate.

3.3.14. LEMMA. Fiz a specialization a. Let Nj : X xY —7Z (1<j <
n) be the pairings induced by (, ) and a set of elements of the monodromy
cone C(s) which generates C(s). Then by for a sufficiently shifted o' is
by +y1 N1+ - - + YN, with y; >> 0.

PRrROOF. Fix a splitting Lg; = P8P @ C, where P := MS,s/Oés- Then
we identify the set of specializations with the set Hom (P#P,C), and b, =
by if the corresponding homomorphisms of a,a’ have the same real part.
Take a set of generators (li)r of P. Assume that [ # 1 for any k. It
is enough to show that for any a,Ny,---, N, € Hom (P®,R) such that
Ni,---, N, generate Hom (P,R>(), and for any C, there exists C’ such
that {a + > y;N;ly; > C} D {N|N(l;) > C’ for any k}. But it is enough
to take C’ := maxy(a + C > N;)(ly). O

For yi,-+ ,yn > 0, let f(y1, -+ ,yn) = ba + y1 N1+ + YNy : R®z
X xR®zY — R.

We prove that there exists C' > 0 such that if y; > C' (1 < j < n), then
f(y1,--+ ,yn) is non-degenerate.

It is enough to prove this under the assumption y; > --- >y, > 1.

Let [0, 1] be the closed interval {z € R|0 < x < 1}.

3.3.15. LEMMA. Let o € [0,1]" and assume o, = 0. Then there exists
a neighborhood U, of a in [0,1]™ such that f(yi, -+ ,yn) is non-degenerate
for any y; (1 < j < n) such that (yj+1/y;j)1<j<n € Ua, where y,41 denotes
1.
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Assume 3.3.15. For each 3 € [0,1]""!, take an open neighborhood
Vs of B in [0,1]""! and Cs > 0 such that V3 x [0, 051) is contained
in Uggy. Since [0,1]""! = UgVs and [0,1]""! is compact, there is a fi-
nite subset {f1,---, 5} of [0,1]""! such that [0,1]""" = Ui<j<,Vj,. Let
C =max{Cp,; |1 < j <r}. Then f(y1,---,yn) is non-degenerate whenever
y; >C (1<j<n).

We prove 3.3.15.

Let T={t|1 <t <n,ap =0}. Fort € T, let

J)={jl1<j<nt=min{t' € T|j<t'}}.

Then {1,---,n} is the disjoint union of J(¢) (¢t € T').

For t € T, let o/(t) be the smallest face of the monodromy cone C(s)
containing N; for any j < ¢, and let o(t) be the corresponding face of
ngs/(’)g,s. Then if t1,t2 € T and t; < ta, we have o/(t1) C o/(t2), o(t1) D
o(t2), Yot) D Yo, For t € T, fix an R-subspace V; of R ®7z Y such that

R®zY = (@erVi) @R ®z Y13,

YO’(t) = (®t’€T,t’>t‘/;f’) P R ®Z }/{1} fOI' aH t e T
Define g(y1, - ,yn) : R®z X x R®zY — R by
g(ylu e ayn)(xv (Z Ut) + ’lU) = f(yla e 7yn)($7 (Zyt_lvt) + ’U))
teT teT

(reR®X, v € Vi,we Rz Yy).
Then g(y1,--- ,yn) depends only on (yj+1/y;)i1<j<n € [0,1]" as well as
fly1, -+ ,yn) does. (yp4+1 denotes 1.) We have

det(f(yla 7yn Hyt det yl)"' 7y7l))
teT
Here d(t) = dim(V;). Hence

3.3.16. LEMMA. f(y1, - ,yn) 1S non-degenerate if and only if
9(y1, -+ ,yn) is non-degenerate.

Define g, : R®7z X x R®7zY — R by

(x, (th)—i-w Z Z H o VYN (2, v1)) + ba(w, w)

teT teT jeJ(t) j<k<t
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(v € Vi,w € R®z Y(1y). Then as is easily seen,

3.3.17. LEMMA. When (y;+1/Yj)1<j<n converges to o, g(yi, - ,Yn)
converges to gq.

3.3.18. LEMMA. ¢, ts non-degenerate.

PROOF. This is because (X,Y, (, )) is non-degenerate. More precisely,
let N{ =3 icii i<kt a; )N for any t € T. Then o(t) N Ker (N/,) =
o(ty) if t € T and t; = min{t’ € T|t < t'}. Let + € R® X. Assume that
ga(z,y) = 0 for any y € R®Y, that is, that N/(z,v;) = be(x,w) = 0 for any
teT, v €V, we€ R®Ypy. Then we see inductively z € R® X,y for any
te€T. Thus z € R® Xyy and = 0. Similarly, let v, € V; (¢ € T)) and
w € R®Yyyy. Assume that ), Ni(2,v;) +be (2, w) = 0 for any € R® X,
then by (z,w) = 0 for any z € R® X{1y, hence w = 0. Inductively all the
vy’s are also zeros. [

These 3.3.16, 3.3.17, 3.3.18 prove the existence of U,,.

3.4. On the cone C' and its subcones

In this subsection and in the next subsection, we consider cone decom-
positions and toric geometry which will be used to complete the proof of
Hg ~ Ag. The results of these two subsections will be also used in §4 to
prove Theorem 4.6.5 and in §5 to construct models of log complex tori.

3.4.1. In this subsection, let S be an fs monoid, let X and Y be finitely
generated free abelian groups, and let (, ) : X xY — S®P be an S-admissible
pairing.

For a finitely generated abelian group L and a subset P of L, we say P
is a cone of L if P is a submonoid of L and if P is saturated in L (that is,
for a € L such that a™ € P for some n > 1, we have a € P).

3.4.2. We define a subset C' of Hom (S,N) x Hom (X, Z). Let
C:= {(N,l) € Hom (S,N) x Hom (X, Z);l(XKer(N)) = {0}} .
Here X, with o = Ker (V) is as in 1.2.3.

3.4.3. LEMMA. (1) C is a cone of Hom (S,N) x Hom (X, Z).
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(2) The group of the invertible elements C* of C' is trivial.
We will prove this lemma in 3.4.6.

3.4.4. REMARK. We remark that the monoid C is not necessarily
finitely generated.
We denote the semi-group law of C' additively.

3.4.5. LEMMA. Let (, ): X xY — S8 be an admissible pairing.
(1) For faces o and T of S, we have

XO' N XT = XUﬂT: Ya N YT = YO’ﬂT'

(2) Let x € X (resp. y € Y ). Then the set of all faces o of S such that
(x,Y) C o®P (resp. (X,y) C 08P) has the smallest element.

(3) Let x € X (resp. y € Y ) and let o be the smallest face of S satisfying
the property in (2). Then there exists an element y € Y, (resp. x € X, )
such that (x,y) belongs to the interior (see Terminology) of o.

(4) If there exists a homomorphism p satisfying the conditions in 1.2.5,
then, for y € Y, a face o of S is the minimal face satisfying y € Yy if and
only if (p(y),y) is in the interior of o.

PROOF. (1) By symmetry, it is enough to show the first equality. There
exist homomorphisms N, N': § — N such that Ker (N) = o and Ker (N') =
7. Let N” = N + N'. Then Ker (N”) = o N 7. We show X, N X, = X,
The inclusion X,n C X, N X, is clear. We prove the converse inclusion.
Let z € X, N X,;. Since N({z,Y)) = 0 and N'({(z,Y)) = 0, we have
N"({x,Y)) = 0. Since Ker (N”) = o N 7, by the admissibility,  belongs to
XN (R @ Xaﬁ’r) = XO'mT'

(2) follows from (1).

(3) By symmetry, it is enough to prove the statement for x € X. Let
H = (z,Y,) C 0P, and assume that H does not meet the interior of o.
Let & be the image of o in ¢8/H. Then if a is an element of the interior
of o, the image @ of @ in @ is not invertible in @. (Indeed, if @-b = 1 in
o for some b € o, we have ab € H. This contradicts the fact that H does
not meet the interior of o since ab is in the interior of ¢.) Thus 7 is not
a group. Hence there exists a non-trivial homomorphism @ — N. That is,
there exists a non-trivial homomorphism A: ¢ — N such that the induced
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map o8P — Z kills H. Since o is a face of S, the homomorphism h extends
to N: § — (1/m)N for some m > 1. Let 7 = 0 N Ker (N). Then z belongs
to X;. The minimality of ¢ implies that o = 7. This contradicts the fact
that N does not kill o.

(4) It is enough to show that for a face o of S, (p(y),y) € o if and only
if y € Y,. By (iii) in 1.2.5, y € Y, implies (p(y),y) € SNo? = . We
will prove the converse. Assume that (p(y),y) € o. Take a homomorphism
N:S§S — R(;O) whose kernel is 0. To prove y € Y,, it is enough to show
N({p(y), 2)) = 0 for any z € Y. This can be seen as in the last part of the
proof of 1.2.5. [J

3.4.6. We prove 3.4.3.
Proor. (1) Let (N,1),(N',I') € C. Since

XKer (N+N') = XKer (N)nKer (N) = XKer (V) () XKer (N7)

(see 3.4.5 (1)), the homomorphism 141" kills Xy, (n4n7). Hence (N4N', 1+
I ecC.

It is easy to see that C' is saturated in Hom (S,N) x Hom (X, Z).

(2) Assume (N,1),(—N,—l) € C. Then N = 0. Hence [ kills X5 = X.
Hence [ = 0. O

3.4.7. LEMMA. Let A be a finitely generated subcone of C, and let AV
be the dual cone of A in S8 x X, i.e.,

AY = {(u,7) € 8% x X; N(p) +1(x) >0 for all (N,1) € A}.

(1) Identify S with S x {1} in S x X. Then S C AV.

(2) (AV)eP = S8P x X,

(8) Let o be a face of S and let x € X,. Then there exists p € o such
that (p,x) € AV.

PROOF. (1) is clear because A C C. (2) follows from A* = C* = {0}
by 3.4.3 (2).

We prove (3). Let (N;,4;) (1 <i <n) be elements of A which generate
the cone A. For each i, take u; € o as follows. If N;(o) = {0}, take
any element u; of o. If N;(o) # {0}, take any element p; of o such that
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Ni(ui) + 4i(x) > 0 (such p; exists; take any p; € o such that N;(p;) > 0,
and multiply z to get p;). Let u = [[i<;<,, i € 0. We show (u,z) € AV,
In fact, if N;(o) = {0}, then £;(x) = 0 and hence N; () +£;(z) = N;(u) > 0.
If NZ(O') #* {0}, then Nz(ﬂ) + E,(:E) > Nl(uz) + &(x) >0.0

In the rest of this subsection, we prove the following proposition.

3.4.8. PROPOSITION. Let A be a finitely generated subcone of C. Then
there exists a finitely generated subcone A’ of C containing A and satisfying
the following conditions (i) and (ii).

(i) If () € (A)Y (€ 8%, € X), then i € S;

(ii) Let o be a face of S. If (u,x) € (A")Y and x ¢ X,, then there exist
wop'" €8 such that p = p'p” and such that (i, x) € AV and p’ ¢ o.

3.4.9. For each face o of S, fix an element s, of the interior of o and
fix a Z-basis (z5;); of X,. For an integer a > 0, let

C(a) :=={(N,l) € Hom (S,N) x Hom (X, Z);
a-N(sqy) > |l(x4,)| for all o and i} .

3.4.10. LEMMA. (1) C(a) is a finitely generated subcone of C'.

(2) U, Cla) = C.

PrROOF. (1) It is easily seen that C'(a) is a finitely generated monoid.
We prove C(a) C C. Let (N,l) € C(a), and let 0 = Ker (N). Then
N(ss) = 0 and hence I(z4,;) = 0 for all ¢. This shows [(X,) = 0 and hence
(N,l)eC.

(2) Let (N,1) € C. We prove (N,l) € C(a) if a is sufficiently large. Let
o be a face of S. If N(¢) = 0, then by (N,l) € C, we have I(X,) = 0 and
hence the inequality a - N(ss) > |l(24,)| holds for any a > 0. If N(o) # 0,
then N(sy) > 0 and hence the inequality a - N(s;) > |I(2s,)| holds if a is
sufficiently large. [

3.4.11. 'We now prove Proposition 3.4.8.
Let sy, (25)i, and C(a) be as in 3.4.9. Further, for each face o of
S, fix a homomorphism N,: & — N such that Ker (N,) = 0. Fix also
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a finite subset B, of Hom (X,Z) which generates the abelian group {l €
Hom (X,Z) |l(X,) = 0}. By U, C(a) = C (3.4.10 (2)), the following condi-
tion (x) is satisfied if a is large enough:

(%) (Ny,1) € C(a) for any o and | € B,.

Since A C C(a) for some of such a > 0, we may assume A = C(a) for
some a > 0 satisfying ().

Fix a finite set of generators {(N;,l;)};<,«, of A = C(a), and fix also
a finite set of generators J, of the ideal I, := S — o (see Terminology) of
S for every . Now let m > 1 be a sufficiently large integer satisfying the
following (x:x):

(%) m > max{N;(n);1 <i<r,u€ J,,0is a face of S}.

We prove that A’ = C'(am) has the property stated in 3.4.8. Let (u, x) €
(A,

First, since (N;, £ml;) € A’, we have N;(u) > |ml;i(z)] > 0 for all 4,
which implies (i). We prove (ii). Let o and (i, z) be as in (ii).

Take | € B, such that [(z) # 0. Since (Ng, £l) € C(a) by (x), aNy(u) >
|l(x)| > 0. Then, this shows u € I,. Hence u = p’ - p” for some p/ € S and
" € J,. We prove (p/,xz) € AV. Tt is sufficient to prove N;(u') + I;(x) > 0
for 1 <i <r. If [;(x) = 0, we have nothing to prove. If [;(x) # 0,

Ni(W) + li(z) = Ni(p) — Ni(p") + li(z)
> m|li(2)| — max({Ni(1")}i) + li(x)
(this follows from (N;, +ml;) € A')
>m —1—max({N;(u")}i) = 0 (by (+)).

3.5. Study of Hom(X, Gm,log)(y)

3.5.1. Let (,): X xY — S% be as in 3.4. In this subsection, let S
be an fs log analytic space and assume that we are given a homomorphism
S — Mg/Og.

The induced pairing X x Y — Gy log,5/Gm,s defines a subgroup
sheaf Hom(X, valog)(y) as in 1.3.1. In fact in 1.3.1, we defined
Hom(X, Gmlog)(y) for a pairing X xY — Gy, 10g,5, but the definition relies
only on the induced pairing into G, 10g,5/Gm,s-

For s € S, let o(s) be the kernel of & — Mg /Oy ., which is a face of
S.
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3.5.2. For a finitely generated subcone A of the cone C' (3.4.2), define
a subsheaf V(A) of Hom(X, Gy, 105) on (fs/S) as follows. For an object U
of (fs/9), let

V(A)U) := {¢ € Hom (X, M£P); 1 - (¢(z) mod OF) € My /O
for every (u,z) € AV} .

If A’ is a finitely generated subcone of A, we have V(A’) C V(A).

3.5.3. LEMMA. Let A be a finitely generated subcone of C.

(1) V(A) is represented by a log smooth fs log analytic space over S.
(In the following, we will identify V (A) with the fs log analytic space which
represents it.)

(2) If A’ is a face of A, then V(A') is an open fs log analytic subspace
in V(A).

(3) If A’ is a finitely generated subcone of C, then we have

V(A)NV(A) = V(AN A).

PrROOF. (1) We may assume that there exists a lifting S — Mg of
S — Mg/O%. Fix such a lifting. Then V(A) is represented by the fiber
product
S X (Spec C[S])an (SpeCC[AV])am

where Spec C[S] and Spec C[AY] are endowed with the canonical log struc-
tures associated to S and AV, respectively.

(2) As is well-known in toric geometry, if A’ is a face of A, then
(Spec C[(A”)V])an is an open fs log analytic subspace of (Spec C[AY])an.

(3) This follows from the fact that (A N A’)Y coincides with

{teSgp x X;t" =ab for somen >1,a € AV, b e (A')V}. O

3.5.4. PROPOSITION. We have

Hom(X, Gm,log)(Y) = UV<A)7
A
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where A ranges over all finitely generated subcones of C.

PrROOF. We first prove V(A) C Hom(X,Gp10g)Y) for any finitely
generated subcone A of C. Let {(N;,l;)}; be a finite set of generators of
A, x € X an arbitrary element, and o the minimal face of S with x € X,
(see 3.4.5 (2)). Let us take y € Y, such that (z,y) is in the interior of o
(see 3.4.5 (3)). Since N;({x,y)) = 0 (resp. # 0) implies N;(c) = 0 and
li(x) = 0 (resp. N;({z,y)) > 0), there exists a sufficiently large integer
m € Zxo which satisfies N;((xz,my)) > l;(x) > N;((z,—my)) for each i.
Hence ((z, my), —z), ((z, my),z) € AY. Hence if ¢ : X — G,y 10 belongs to
V(A), then (z,my)p(x)~! and (z,my)¢(z) belong to M/O* in M8 /0%,
and hence (x, —my)|(¢(x) mod OF)|(z, my).

We next prove Hom (X, Gpmiog)") € U V(A). Let us take a finite
family (z; € X); such that, for every face o of S, some z;’s generate X, .
Let ¢ be a section of Hom(X, Gmlog)(y). Then locally on S, for each i,
there exist y; and y} such that (x;, y})|(¢(z;) mod O*)|(z;,y;). Define

A :={(N,l) € Hom (S,N) x Hom (X, Z);
N({zi i) = Uwi) = N({wi, ;) for all i},

Then A C C since {(x;,Y) C (Ker N)& implies [(z;) = 0. Since AV is
generated (over Qx¢) by S, ((z;,y:), —x;), and ((xi, —y.),xi), we have ¢ €
V(A) because of the choice of y; and y,. O

3.5.5. Assume that A D SY x {0}. In Hom(X,G,100)Y), V(A)
contains the torus Hom(X,G,,), and stable under the translation by
Hom(X,Gy).

Since V(A) C Hom(X, Gy, 10g), We have a canonical homomorphism
X - M‘%IE N and hence a canonical continuous map V(A)e —
Hom (X,S').  The composition S°¢ x Hom (X,C*) — V(A)os —
Hom(X,S'), where the first arrow is induced by Hom(X,G,,) — V(A),
coincides with the canonical projection induced by C* — S'; z + z/|2|.

If 0 is a face of S contained in the kernel of S — Mg /O, then any sec-
tion of Hom (X, Gm,log)(y) sends X, into G,,. In fact, if S’ is an fs log ana-
lytic space over S and ¢ : X — M belongs to Hom (X, G 10g) Y (S”), and
if x € X,, then locally on S’ there are y,y’ € Y such that (x,y)|(p(z) mod
O3 )|z, y') in ME/Og,, and since (z,y) and (z,y’) are trivial in Mg’ /O,
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by ¢ € X,, we have p(z) € OF. Hence we have a homomorphism
Hom(X, G og)) — Hom(X,,Gy,). The induced morphism V(A) —
Hom(X,,G,y,) is described also as follows. Locally on S, take a lifting
S — Mg of S - Mg/Og. Let € X,. Then by 3.4.7 (3), there is p € o
such that (u,z) € AY. The above morphism is induced from the ring ho-
momorphism C[X,] — Og®c;s) C[AY] which sends x to ! ® (i, ) (which
is independent of the choice of ).

In particular, for each s € S, we have a canonical morphism of analytic
spaces V(A)xgs — Hom (X, (,), C*) which is compatible with the canonical
projection Hom (X, C*) — Hom (X5, C*).

For s € 9, the diagram

V(A)8 X giog 56— Hom (X5, C)

! !
Hom (X, St) —  Hom (X, (4, S")

is commutative.

The map V(A)!8 x giog 5'°8 — Hom (X, (5), Rs0) x Hom (X, S!) x 5% is
surjective, where the map V (A)1°8 x gi0¢ 51°8 — Hom (X5(s), R>0) is obtained
from V(A)!8 X gio 5'°8 — Hom (X, (5),C*) by | |: C* — Rso.

3.5.6. PROPOSITION. Let A be a finitely generated subcone of C'.

(1) There exists a finitely generated subcone A’ of C' containing A U
(8Y x {0}) and satisfying the following conditions (i)—(iii).

(i) For each s € S, the underlying morphism of analytic spaces V(A) x g
s — V(A') xg s (here we forget the log structures) factors through the
canonical surjection V(A) xg s — Hom (Xy(5), C*).

(ii) For each s € S, the morphism V (A)1°8 X giog 5198 — V (A")198 x 10, 5198
of topological spaces factors through the canonical surjection V(A)°8 X glog
s'°¢ — Hom (X ,(s), R>0) x Hom (X, S') x 5198,

(iii) The canonical map V(A)°8 — V(A" is homotope with the com-
posite V(A)'°8 — S8 x Hom (X,S') — S'°& x Hom (X, C*) — V(A')ls.

(2) Assume that S is a one point set {s}. Then there exists a finitely
generated subcone A’ of C' containing A and satisfying the following condi-
tion. The underlying morphism of analytic spaces V(A) — V(A') (here we
forget the log structures) factors through V(A) — Hom (X4 (s, Gm)-
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PROOF. We prove (1). Take A’ as in 3.4.8. We prove that the condi-
tions (i)-(iii) are satisfied.

We prove (i). Take a lifting S — Mg of S — Mg,/Og . It is suffi-
cient to prove that the homomorphism of C-algebras C[(A’ ) ] @cis) € —
C[AY] ®¢ys) C factors through the injection C[X, (4] — C[AY] ®¢js) C. Let
(m, ) € (A")Y. If x € X,(4), then by 3.4.7 (3), there is ' € o(s) such that
(1, z) € AV, and the image of (p, ) in C[AY] ®¢ys) C is pu(s)p'(s) (1, )
and it is contained in the image of C[X,(s)]|. Here u(s) denotes the image
of punder § — Og s — C. If x ¢ X, (), by 3.4.8, there are 1/, " € S such
that = p/'p”, (W, 2) € AY and p’ ¢ o(s). Since p”(s) = 0, the image of
(1,2) in CIAY] Gy C s () 4, 2) = 0.

We prove (ii). It is enough to show the set-theoretical factorization. Take
a lifting & — Mg, of S — Mg s/Og .. Then V(A)98 x gio5 598 is identified
with the set of all triples (¢, h), where t € s!°8, h is a homomorphism X —
St and 9 is a homomorphism AV — Rx( for the multiplicative structure
of R>g such that ¢(p) = |p(s)| for any p € S. The image of (¢,4,h)
in V(A")® is (t,4,h), where ¢ is the composite (A")¥Y — AV A R>o.
Fix (u,z) € (A’)V. It is sufficient to prove that 1’'(u, z) depends only on
the image of ¢ in Hom (X, ), Rx0). If z € X, by 3.4.7 (3), there is
i € o(s) such that (', ) € AY. We have ¢/ (i, ) = |u(s)||/(s)| "1 (1', )
and |p/(s)| 19 (y/, x) is nothing but the value at z of the image of ¥ in
Hom (X, (4), R50). If @ ¢ X5, we have p = p/p”" with ¢/, " € S such
that (¢/,2) € AV and " ¢ o(s). Since p’(s) = 0, we have ¢'(u,x) =
w(s)y(p',x) = 0.

We prove that (iii) is satisfied. Let [0,1] C R be the closed interval
between 0 and 1. We define a map

H:[0,1] x V(A)e = V(A)e

as follows. On the inverse image [0,1] x V(A)% x g0z 518 of s € S in
[0,1] x V(A)°8, we define it as the composite

[0,1] x V(A)'%% X giog 5'°8 — [0, 1] x Hom (X, (5), R50) x Hom (X,S') x '8

— Hom (XO'(S)7R>O) x Hom (X, Sl) % §l°8 _, V(A/)bg,
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where the last arrow is by the condition (ii) and the second arrow is induced
by

[O’ 1] x Hom (Xa(s)7R>O) — Hom (Xo(s)7R>0); (u7 Tﬁ) = (CL = l/)(a)u)

The restriction of H to u = 1 gives the canonical map V(A)°s — V/(A’)log
and the restriction to u = 0 gives the composite in the condition (iii).
Hence it is sufficient to prove that H is continuous. The problem is lo-
cal on S, and hence we may assume that there is a lifting S — Mg
of S — Mg/OF. Then V(A)¢ is identified with the set of all triples
(t,%,h), where t € S8 h is a homomorphism X — S!, and % is a ho-
momorphism AY — R>( with respect to the multiplicative structure of
R>¢ such that ¢(p) = |p(s)| for all p € S (s denotes the image of ¢ in
S). For (t,i,h) € V(A)°e and u € [0,1], write H(u,t,v,h) € V(A')le
as (t,%tu,h). Then 1), is described as follows. Let (u,z) € (A’)Y and
let s be the image of ¢ in S. Then if x € X, there exists ' € o(s)
such that (4/,z) € AV. We have ¢y (u, z) = |p(s)||e/(s)] 7 (i, ). If
€T ¢ Xa(s)a then ¢t7u(ﬂ7x) = 0. Let up € [07 1]7(t07¢07h0) S V(A)loga
and assume (u,t,%,h) € [0,1] x V(A)°8 converges to (ug, 0,0, ko). It
is sufficient to prove that for each (u,z) € (A")Y, v (p, x) converges to
(%0)t,uo (16, ). Let s be the image of ¢y in S, and let s be the image of ¢
in S. First assume x € X,(5,). Then if s is sufficiently near to sg, we have
o(s) D a(so) and hence x € X, (4. By 3.4.7 (3), there exists y’ € o(sp) such
that (4, 2) € AY. We have )y (p, x) = |u(s)[|p/(s)| (1, )", and p(s)
converges to pu(sp), p'(s) converges to u/'(sg) # 0 and ¥ (u', ) converges to
o1/, x) € Rsp. Hence ¢y, (11, ) converges to (¢9)eguo (14, ). Next assume
T ¢ Xy(s9)- Then (v0)tgu (1, 7) = 0. We prove that (i1, ) converges
to 0. Take ', € S such that p = p/p”, (¢',x) € AV and p”’ ¢ o(sp).
If v & Xo(s), then ¢y, (p,7) = 0. Assume v € X, (5. Then by 3.4.7 (3),
there exists s such that us € o(s) and (u,z) € AV. We have ¢y, (p, z) =
1" ()1 ()]s ()| ™2 (pas, )" Since [ps(s)| ™" (s, )" belongs to the in-
terval between 1 and |ps(s)| ™ 0 (us, ), |1/ (8)]|s(5)| "% (s, 2)* belongs to
the interval between |u/(s)| and |u/(s)||is(s)| 19 (s, x) = (u', ). Since
w'(s) converges to p/(sg) and (p/,x) converges to (i, x),
|/ ()| s (8)| " “b(ps, )™ is bounded in R. By this and by the fact
that p”(s) converges to u”’(sp) = 0, we see that v ,(u,x) =
[ ()1 (5) 125 (8) |~ "1p (s, )" converges to 0.
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Finally we prove (2). Take a lifting S — Mg of S — M5,5/0§7s. Let
n > 1 be an integer such that the n-th power of the maximal ideal m of Og 4
is zero. Take A’ as in 3.4.8, and by replacing A by A’, we take A’ again and
so on, and we have A’ satisfying the following condition. If (u,z) € (A')Y
and x ¢ o(s), then there exist elements g/ and g} (1 < ¢ < n) of S such that
(1 x) € AV and pf ¢ o(s). Let p” = [[1<;j<, 1§~ The image of i} in Og
belongs to the maximal ideal, and hence the image of y” in Og is zero.
The rest of the proof goes in the same way as the proof of the condition (i)
in (1). O

3.6. From Hg to Ag

In this subsection, we prove that for an fs log analytic space S and for
an object H of Hg, Ext'(Z, H) is a log complex torus over S. For this, we
study Ezt'(Z, H) by embedding it in a bigger group £t} . (7, H).

3.6.1. For an fs log analytic space S and for an object H of Hg, define
a sheaf of abelian groups Vg on (fs/S)°8 by

Vg = Ol;g Rog (HO/FOH(’)).

3.6.2. PROPOSITION. Let Ext} be the Ext! for the category of pre-log

naive
mixed Hodge structures. Then we have a canonical isomorphism

Eatl . (Z,H) ~ 1,(Hz\Vg).

naive

PrRoOOF. We will prove this by an explicit construction of the extension
in the same way as in the classical case explained in 3.1.1.

For z € 7.(Hz\Vp), the extension H' of Z by H corresponding to z
is given as follows. Let 0 — Hz — Hyz — Z — 0 be the extension on
(fs/S)°8 obtained as the pull back of 0 — Hz — Vy — Hz\Vy — 0 by
Z — Hz\Vg;1— z. Let FO(O$% ® HY) be the kernel of O @ HY — Vy.
We give the local description of this construction. Lift z locally on S'°% to
sections z; € ((’)lsog ® Ho)(U;), where (U; — S'°8) is an open covering. On
U;, we have then

H% =7 & Hz,
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FP(O% @ HY)) = 0% @ HY, for p< -1, FP 0% © H,) =0 for p>1,
S Z S Z S 7
FO(O$E @ Hy) = O5(1, —2) + (0, F)(O$5 ® Hy)).

(Note that H7 does not necessarily coincide with the direct sum Z & Hy,
locally on S.) By this description, we see that there is an exact sequence
0— FO(Og’g ® Hz) — FO(O};’g ® Hy) — Oigog — 0, and that H' is a pre-log
mixed Hodge structure.

Conversely, if we have an extension H' of Z by H, we have exact se-
quences

0— Hyg — Hy -7 — 0, 0—>FOH@—>FOH£9—>OS—>0,

and hence, locally on S'°8, there exist a section a of H. 7 whose image in Z is 1,
and a section b of FoHé9 whose image in Ogis 1. Let z=a—0b € O?g@)Ho.
Then the class of z in Hz \ Vy is independent of the choices of a and b, and
gives a global section of Hz \ Vg. These z — H' and H' — z give mutually
inverse isomorphisms between 7, (Hz\ Vg) and Eatl . (Z, H). O

naive

3.6.3. By 3.6.2, 77 1(Extl,0(Z,H)) is regarded as a subsheaf of
H7z\Vy, and hence 7~ 1(Ext! (Z, H)) is also regarded as a subsheaf of Hz\ V.
Let Ug C Vg be the inverse image of 77! (xt!(Z, H)). We have an exact
sequence

0 — Hy — Uy — 7 Y(Ext'(Z, H)) — 0.

3.6.4. PROPOSITION. Assume that H comes from an object
(H,X,Y,e) of Hs. Let (X,Y,(,)) be the corresponding pairing into
Gm,og, and let Hom(X, L)YY) ¢ Hom(X,L) be the inverse image of
T Hom(X, Gpiog)Y)). Then the composite

Hom(X,£)Y) — Hom(X, O?g) — O?g ®z Hz — Vg
s injective and the image coincides with Uy so that it induces an tsomor-

phism
Hom(X, L)) S Uy.
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PROOF. The injectivity of Hom(X,£)Y) — Vy is clear by O};g ®0g
Ho = Hom(X,0%) @ O® @0, FOHo.

Let v be a section of 7.(Hz\Vy). It is sufficient to prove that v belongs
to Ext'(Z, H) if and only if v belongs to the image of Hom (X, Gy 106) ).
Let 0 — Hyz — L — 7Z — 0 be the extension on (fs/S)!°8 obtained as the
pull back of 0 - Hz — Vg — Hz\Vyg — 0 by v : Z — Hz\Vy. For s € §
and for a face o of the monodromy cone at s, define an increasing filtration
on Lg = Lgl|s by W(o)r(Lg) = Lgfor k > 0and W(o)r(Lg) = W(o)r(Hg)
for k < —1. Then as is easily checked, if v belongs to Ext!(Z, H), then the
family of weight filtrations on L associated to faces of C'(s) must coincide
with this. Furthermore it is easily checked that v belongs to xt'(Z, H) if
and only if for any s € S and for any homomorphism N : Mg s/ Oé s — N,
if we denote the kernel of N by o, then the image of the log of the local
monodromy on Lg corresponding to N is contained in W(o")_2(Lg) =
Hom (X/X,,Q). Here ¢’ is the annihilator of o.

On the other hand, we show that if v belongs to Extl(% H), then
v belongs to the image of Hom(X, Gy, 10e). In fact, the exact sequence
0 - Y — Hom(X, (’)?g/Z) — Hz\ Vg — 0 gives an exact sequence

Hom(X,Gpiog) — Ettipie(Z,H) 2 YV @ Groiog/Gm via 7.(08/Z) =
7.(L/Z) = Gyylog (3.2.5). Further, we see (Ext' (Z, H)) = 0 because for
s € S and for t € S'°8 lying over s, and for an element e of L; which
lifts 1 € Z = Ly/Hzy, the image of e under the logarithm N of any local
monodromy is an element of Hom (X,Z(1)) C Hz;. Hence v comes from
Hom (X, G log)-

Now the above element of Hom (X, Z(1)) is obtained as the image of a
lifting ¢ of v in Hom(X, G, 10g)s under the composite

Hom (X, ME") — Hom (X, M£ /0% ) * Hom (X, Z).

Hence v belongs to £xt'(Z, H) if and only if for any s, N, o as above, the
homomorphism ¢: X — Mg corresponding to v satisfies Nyp(X,) = 0.
Hence it is sufficient to f)rove that for s € S and for a homomorphism
p: X — Mgf’s, ¢ belongs to Hom(X, Gm,log)gy) if and only if No(X,) =0
for any homomorphism N: Mg s/Og, — N, where o = Ker (V). Assume

that ¢ belongs to Hom (X, GmJog)gY). Let x € X,. Then there exists y,y’ €
Y such that (z,y)|p(z)[(z,y’) at s. Since (x,y), (z,y') mod OF , belong to
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o8P and since N annihilates o, this shows Ny¢(x) = 0. Conversely assume
that No(X,) =0 for any N: Mgy — N (0 = Ker (N)). Take a chart S —
Mg at s such that S = Ms,s/Og ,, and regard the pairing into Mgﬂ/@gvs
as a pairing into S8P. Let C be as in 3.4.2. Then the assumption on ¢
shows (N, N¢) € C for any N: MS,S/OE’(’S — N. Let A be the saturation
of {(N,N¢)|N: Mg,;/Og, — N} in Hom (S,N) x Hom (X,Z). Then A
is a finitely generated subcone of C. Furthermore we have ¢ € V(A).
Indeed, if (u,x) € AV, then up(z) € Mgps belongs to Mg s because for any

homomorphism N: Mg s/Og, — N, we have N(up(z)) = N(u) + Nep(x) >
0 since (N, Ny) € A. By 3.5.4, we have ¢ € Hom(X, GmJOg)gY). O

Now we can prove

3.6.5. PROPOSITION. (1) For an object H of Hg, Ext'(Z, H) is a log
complex torus.
(2) We have a commutative diagram of categories

'Fls ~ ./le
! !
Hg — Ag.

Here the right vertical arrow is to take the associated quotient, and the lower
horizontal arrow is H v~ Ext'(Z, H).
(3) An object of Ag comes locally on S, from Hg.

ProoF. Let (H,X,Y,e) be an object of Hg and let (X,Y,(,)) be the
corresponding object of Ag. Then by 3.6.4,

Extt(Z, H) ~ Hz\ Hom(X, L)) ~ Y\ Hom (X, G iog) Y.

By the definition of log complex torus, any object of Ag comes locally
on S from Ag.

Hence it remains to show that any object H of Hg comes locally on S
from an object (H,X,Y,e) of Hgs. It is enough to find X and Y at each
point s of S. Consider H' := ngVl(C(s))H(s). Then H' is a Hodge structure
of weight —1 so that there is a sublattice L’ of H}, such that H7,/L' is torsion
free and such that Hr = L@ FO. Let L be the inverse image of L' in Hz.
Then X := Hom (L,Z(1)) and Y := Hz/L are the desired ones. (Note that
the above construction gives X and Y which are constant locally on S, not

only on S'°8). O
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3.7. From Ag to Hg
In this subsection, we prove the equivalence Hg ~ Ag by constructing
the inverse functor Ag — Hg.

3.7.1. LEMMA. Let S be an fs log analytic space, let V' be an fs log
analytic space over S, and let 771 (V) be the inverse image on (fs/S)1°¢ of
the sheaf V' on (fs/S). Then we have an equivalence of topoi

{sheaf on 771(V)} ~ {sheaf on (fs/V)1°8}

defined as follows. Here the left category is the category of sheaves on the
site of objects (U, T) of (fs/S)!°8 endowed with a section of 7=*(V') on (U, T).
For a sheaf F on 7—Y(V), the corresponding sheaf on (fs/V)\°% is defined
by (U,T) — F(U,T), where we endow (U, T) with the canonical section of
=YV on (U,T).

PrROOF. In general, let C' be a site, let Z be a pre-sheaf on C, and
let Z* be the associated sheaf on C. Let C'/Z (resp. C/Z%) be the site of
objects of C' endowed with a section of Z (resp. Z¢). Then the evident
functor gives an equivalence of topoi

{sheaf on C'/Z%} = {sheaf on C/Z}.

In the case C' = (fs/S)°8 and Z is the presheaf represented by the pair
(V8 V), we have Z¢ = 771(V) and C/Z = (fs/V)\°s. O

3.7.2. Let the notation be as in 3.7.1. Denote the structure morphism
V — S by f, and let

f198 - {sheaf on 7~ 1(V)} ~ {sheaf on (fs/V)!°¢} — {sheaf on (fs/S)"¢}

be the canonical morphism of topoi. We will often denote the derived functor
R™ I8 by H™(r=1(V), ). We regard it as the m-th cohomology sheaf of
the “space” 771(V).

Let S be an fs log analytic space.

3.7.3. PROPOSITION. Let H be an object of Hg, and let A be the cor-
responding log complex torus over S. Then the exact sequence

0— Hz — Uy — 17 H(A) =0
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m 3.6.3 induces an isomorphism

Hom(Hz,Z) = Ext*(171(A), 7).

PROOF. Since the problem is local on S, we may assume that H comes
from an object (H,X,Y,e) of Hs. Let (X,Y,(,)) be the corresponding
pairing into Gy, 1og. Write ¥ = Hom (X, Gm,log)(y). Then the exact sequence
0 — Hom (X,Z(1)) — Hom(X,£)Y) — 771(¥) — 0 gives a canonical
homomorphism X (—1) — Ext'(r~1(¥),Z). By the exact sequence 0 —
Y - ¥ — A — 0, we have the lower exact sequence of the commutative
diagram on S8

0 — Hom (Y,Z) —  Hom(Hz,Z) — X(-1) — 0

| l l
0 — Hom(Y,Z) — E&atl'(r71(A),Z) — Eat'(r71(V),Z) — 0.

Hence it is sufficient to prove that the map X (—1) — Ext*(r71(¥),Z) is an
isomorphism. We define the inverse map of it as follows. Let

T =Hom(X,G,,) C V.
Then with the notation in 3.7.2, we have homomorphisms
Ext (71 (), Z) — Eat' (+71(T),Z) — H (v~ H(T),Z) ~ X(-1).

The composition X(—1) — Extl(r71(V),Z) — X(—1) coincides with
the identity map. Hence we are reduced to proving the injectivity of
Eat'(r71(V), Z) — HY (7 Y(T), 7).

Let U be an open set of S'°8 and let (fs/S)lgg be the full subcategory
of (fs/S)!°8 consisting of all objects over (U, S), and let 771 (¥)y be the
restriction of 771(¥) to (fs/S)lgg. Let 0 - Z — F — 7 Y¥)y — 0 be
an exact sequence whose extension class becomes 0 in H 1(TIIJO €. Z), where
TIIJO & — Tlog goe U. It is sufficient to prove that this sequence splits locally
on U. We may work locally on S, and hence we may assume that there is an
fs monoid S, a pairing X x Y — S8, and a homomorphism § — Mg/Og
such that the induced pairing X x Y — ME"/OF coincides with the original
pairing X XY — Gy, 1o modulo G,,. Fix a splitting s of the induced exten-
sion on T2, Let C be as in 3.4.2. By 3.5.4, 71 (¥)y = Uy 71 (V(A))y,
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where A ranges over all finitely generated subcones of C. Let A be a
finitely generated subcone of C' containing S¥ x {0}, and take a finitely
generated subcone A’ of C' containing A and satisfying the conditions in
3.5.6 (1). Then by 3.5.6 (1)(iii), the homomorphism HI(V(A/)ll?g,Z) —
H! (V(A)ll?g, Z) factors through H' (Tlljog, 7), the image of the extension class
in Hl(V(A)lgg,Z) = HY(77Y(V(A))y,Z) vanishes, and sq induces a mor-
phism sa : 771V (A))y — F whose composite with F — 7-1(W¥); coincides
with the inclusion morphism 7=1(V(A))y — 771(¥)y. This sa is indepen-
dent of the choice of A’. Then sa’s for all A are compatible and give a
morphism s : 771 (U)y = J, 77 H(V(A))y — F. Replacing s by s — s(e),
where e is the unit section of 77Ty, we may assume s(e) = 0. We prove
that s is a homomorphism. In fact, h: 7= 1(¥)y x 77 H(W)y — F;(z,y) —
s(x 4+ y) — s(x) — s(y) has values in Z and is zero on the unit section. We
prove h = 0. For each A, by taking a big A’ as above, we see that h induces
the zero map on 7~ H(V(A))y x 7~ (V(A))y. This shows h = 0. O

3.7.4. PROPOSITION. Let A be a log complex torus over an fs log ana-
lytic space S. Then:

(1) Ext'(171(A),Z) is a locally constant sheaf of finitely generated free
abelian groups on (fs/S)'8.

(2) Define Hz, = Homz(Ext' (171(A),Z), 7). If A= Ext*(Z,H') for an
object H' of Hg, we have a canonical isomorphism Hz, ~ H.

(3) Define Ho = T*(Og’g ®zHz). Then the Og-module Hp is locally free
of finite rank, and

O ©p, Ho = OB ©7 Hy,

PrOOF. By 3.6.5 (3), A comes from Hg locally on S.

To prove (1), we may work locally on S and hence we may assume that
A comes from Hg. Then (1) was shown in 3.7.3.

(2) is clear from the construction.

To prove (3), we may work locally on S and we may assume that A
comes from an object H' of Hg. Then Hz ~ H} and (3) is evidently true if
we replace Hz, by Hy. O

3.7.5. Let A be a log complex torus over an fs log analytic space .S,
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and let Hz be as in 3.7.4. Then

Ext'(r171(A), Hy) ~ Ext' (171 (A), Z) @z Hy, ~ Hom(Hz, 7) @7 Hy,
~ Homz(Hz, Hy)

and we have a canonical element of £xt!(771(A), Hz) corresponding to the
identity of Hz. The exact sequence

0— Hz — Uy — 7 1(A) =0

corresponding to this element is defined up to canonical isomorphisms be-
cause
Hom (71 (A), Hz) =0

as is shown below.

If A comes from H’, then U, is identified with Uy in 3.6.3.

We prove Hom(r71(A),Hz) = 0. Since Hom(r '(A),Hz) =~
Hom (771 (A),Z) ® Hy, it is sufficient to prove Hom(7~(A),Z) = 0. Hence
it is sufficient to prove Hom(7~1(¥),Z) = 0 with ¥ = Hom(X, GmJog)(Y)
for a non-degenerate pairing X X Y — Gy,jog- By using 77 1(¥) =
UA 71V (A)) and taking a big A’ for each A, we can prove it by arguments
as in the proof of 3.7.3.

3.7.6. To complete the definition of Ag — Hg, we need preparations
on Lie.

For an fs log analytic space S and for a sheaf of groups F on (fs/S)°8,
let Lie(F) be the sheaf of groups on (fs/S)°8 defined as follows. For an
object (U, T) of (fs/S)'8,

Lie(F)(U,T) = Ker (F(U,T[e]/(¢*)) — F(U,T)),

where T'[e]/(€?) is as in 1.3.11.
We have Lie(771(A)) = 77 (Lie(A)).

3.7.7. PROPOSITION. Let A andU4 be as above. Then there is a unique
homomorphism of sheaves of groups

0:Us — O @0y Lie(A)
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such that Lie(£): Lie(Ua) — Lie(O$E @04 Lie(A)) = OE @0, Lie(A) is the

homomorphism induced by the canonical isomorphism Lie(U4) — Lie(A).

PrROOF. We first prove the uniqueness of ¢. We may assume that
A comes from an object (H',X,Y,e) of Hg. Then Uy ~ Hom(X, L)Y,
Any ¢ must coincide on Hom(X,Og). Hence it is sufficient to prove that
any homomorphism Hom(X, £)Y)/ Hom(X,0s) — (’)ls?g is zero. Since
Hom (X, L)Y/ Hom(X,0s) = 7~ Y(¥/T) and T*(Og)g) = Og, we are re-
duced to proving that any homomorphism h : ¥/T — Og is zero. Since
Og,s for s € S injects to the inverse limit of Og,/m]Og s, we can replace
S by the fs log analytic space whose underlying set is {s}, whose sheaf of
rings is Og s/ my , and whose log structure is the inverse image of that of
S. Hence we may assume that the underlying set of S is a one point set
{s}. Since ¥ = [J, V(A), it is sufficient to prove that the composition
V(A) — U/T — Og is zero for each finitely generated subcone A of C.
Take A’ for which the morphism of analytic spaces V(A) — V(A') fac-
tors through V(A) — T, (3.5.6 (2)). Since T — ¥/T — Oy is zero,
T,(s) — Og is also zero. Hence V(A) — Og is zero.

We prove the existence of £. By the uniqueness, we may work locally
on S and hence we may assume that A comes from an object (H', X, Y e)
of Hg. In this case, U, is identified with Hom(X, L)), and Lie(Uy) =
Hom (X, Og) and (’)?g ®og Lie(Us) = Hom (X, (’)?g). Then we have the
exliitence of ¢, which is the canonical map induced by the inclusion £ —
0. O

3.7.8. Let A be alog complex torus over an fs log analytic space .S, and
define Hz and Ho» be as above. We define a canonical Og-homomorphism
Hp — Lie(A). The homomorphism ¢ in 3.7.7 induces O}S?g ®z Hz —
O?g ®oq Lie(A). (We omitted 77! on the right hand side.) By applying 7,
we obtain Hp — Lie(A) because T*(OISOg) = Os.

3.7.9. PROPOSITION. Let A be a log complex torus over an fs log ana-
lytic space S, and define Hz, Ho, and Ho — Lie(A) as above.

(1) The homomorphism Hp — Lie(A) is surjective.

(2) If A comes from an object H' of Hg (then H;, = Hop ), the kernel of
Hp — Lie(A) coincides with FOHY,.
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(3) Define FPHo = Ho if p < —1, FHp = Ker (Ho — Lie(4)), and
FPHo =0 forp > 1. Then H becomes an object of Hg.

ProOOF. (1), (2) and (3) are shown by assuming that A comes from
an object H' of Hg. In this case Hz = Hj, and Hp = H,. It suffices to
show that H], — Lie(A) induces an isomorphism H},/F°H{, = Lie(A).
By the definition of ¢, Ho — Lie(A) kills F°H/,. Further, the com-
posite Hom(X, Og) ~ H{,/F°H|, — Lie(A) is an isomorphism. Hence
H,/FYH}, — Lie(A) is an isomorphism. [J

3.7.10. Now we prove the equivalence Hg —=5 Ag . We have defined a
functor Ag — Hg above. It is clear that the composite Hg — Ag — Hg is
isomorphic to the identity functor. Since any object of Ag comes from Hg
locally on S, this shows that Ag — Hg is fully faithful. Hence Hg — Ag
and Ag — Hg are equivalences of categories.

3.7.11. We have a commutative diagram of categories

7:(5 ~ ./le
! !
Hs ~ Ag.

3.7.12. REMARK. Let HG be the category of log Hodge structures of
weight 1 over S satisfying FOHp = Hp and F?Hp = 0. Then we have an
anti-equivalence between Hg and Hg given by the Z-dual. By composing
with the equivalence Hgs ~ Ag, we have an anti-equivalence between Hg and
As. It is given by Hg — Ag; H — Ext'(H,7), and the inverse functor A —
H has the property Hz, = Ext!(171(A),Z). Here is a beautiful symmetry
between H +— Ext!(H,Z) and A — Eat' (171(A), 7).

3.8. The dual log complex tori and polarizations

Here we define the dual log complex torus of a log complex torus, we
define and consider a polarization of a log complex torus, and then prove
the equivalence A& ~ HJSr in 3.1.5.

Let A be a log complex torus over an fs log analytic space S.

3.8.1. We define the dual log complex torus A* of A as follows. Let
H be the log Hodge structure of weight —1 corresponding to A, and let H*
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be the Z-dual of H (so H* is of weight 1). Then A* is defined to be the log
complex torus corresponding to the twist H*(1) of H*.

3.8.2. We define a polarization of a log complex torus as a homomor-
phism p: A — A* corresponding to a polarization H — H*(1) in the sense
of 2.5.1.

In 3.8.10, we will give a criterion on a homomorphism p: A — A* to be
a polarization, not going to the log Hodge side but staying in the geometric
side.

3.8.3. Let (X,Y,(,)) be an object of Ag, that is, a pairing (,):
XxY — Gm,log-

We call the object (Y, X! (,)) the dual of (X,Y,(,)). Here t(, ) is the
transpose of (, ), that is, the pairing Y x X — Gy 10g: (¥, %) — (2,y). Via
the equivalence Ag ~ Hg, this duality in Ag corresponds to the duality
(H,X,Y,e) — (H*(1),Y,X,e*(1)) in Hg, where e*(1) denotes the exact
sequence 0 — Hom(Y,Z(1)) = H%(1) — X — 0. Here the injection 4 is
—1 times of the canonical one. Hence in the case (X,Y,(, )) belongs to
Ag and A is the associated log complex torus, A* is the log complex torus
associated to (Y, X! (,)).

3.8.4. PROPOSITION. Let (X,Y,(,)) be an object of Ag, and let
(H,X,Y,e) be the corresponding object of Hs. Letp : Y — X be a
homomorphism such that (p(y),z) = (p(z),y) for all y,z € Y, and let
pr: (H,X,Y,e) — (H*(1),Y, X,e*(1)) be the morphism of Hg correspond-
ing to the morphism (X,Y,(,)) — (Y, X' (,)) in Ag induced by p. Then
p s a polarization (1.2.7) if and only if py : H — H*(1) is a polarization.

REMARK. The homomorphism p having the above symmetry corre-
sponds bijectively to an anti-symmetric homomorphism H ® H — Z(1)
which kills Hom(X,Og) x Hom(X,Og). Thus a polarization of a pair-
ing corresponds bijectively to a polarization H ® H — Z(1) which kills
Hom(X,Og) x Hom(X,Og).

3.8.5. COROLLARY. For an object of Ag, and for p as above, p is a
polarization if and only if the induced homomorphism A — A* is a polar-
ization, where A is the associated quotient.
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We first prove

3.8.6. LEMMA. Proposition 3.8.4 is true in the case where S is Spec(C)
with the trivial log structure.

ProOF. Let (X,Y,(,)) be a pairing into C* and let p : Y — X be
a homomorphism such that (p(y), z) = (p(2),y) for all y,z € Y. We prove
that p is a polarization if and only if pg is a polarization. Recall that pg is
a polarization if and only if the Hermitian form c: (f1, fo) — pu(f1® f2) on
FOHg is positive definite. As is shown below, ¢ coincides with the composite

F'Hex FHe - C®zY x C®zY — C,

where the last arrow is (u ® y,v ® 2) — 2uvb(p(y), z) and b is the pairing
R®7z X xR®zY — R in 3.3.8. Hence c¢ is positive definite if and only if
b(p(—),—) is positive definite.

We prove the above description of ¢ by b.

Let h; € Hy (j = 1,2) and write h; = f; + g; with f; € FCHc and
gj € Hom (X,C). Let y; be the image of h; in Y. Then for z € X,
b(z,y;) = —R(gj(x)). From this, we obtain b(p(y1),y2) = —R(g2(p(y1)))-
On the other hand, by using pg(fi, f2) = 0 and by using the fact that
Hom (X, C) is orthogonal to itself with respect to the pairing py, we have

pu(fi, f2) =pu(fi, f2 — f2) = pu(h1 — 91,92 — G2)

=pu(h1,92 — g2) = —(92 — 92)(p(y1)) = —2R(g2(p(y1))). O

We consider the general case of 3.8.4. Note that by 1.2.8 and 3.8.6, we
may assume that the local monodromy of Hg is admissible. We may assume
further that S = {s} is an fs log point. By 3.8.6 applied to gr‘ivl(c(s)), pis a
polarization if and only if H with py is a polarized mixed Hodge structure
with respect to W (C(s)) in the sense of Cattani-Kaplan-Schmid [7]. By the
theorem [7] (4.66), the last condition is equivalent to that it generates a
nilpotent orbit, and hence, by [19] Proposition 2.5.5, equivalent to that it is

a polarized log Hodge structure. Thus 3.8.4 is proved.

3.8.7. LEMMA. A polarization on an object of Hg comes, locally on S,
from a polarization of a pairing into G, 1og-
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PrROOF. We have to show that for any object H of Hg and any polar-
ization p on it, locally over the base, there is (X, Y, e) such that (H, X,Y,e)
belongs to Hg and such that p kills Hom(X, Og) x Hom (X, Os) (cf. Remark
after 3.8.4). It is shown in the same way as in the proof of 3.6.5. In fact,
at a point of S, consider W_; and W_5 of the weight filtration associated
to the whole monodromy cone. Then the intersection form on Hyz induces
an anti-symmetric Q-bilinear form on W_;/W_s. Take a totally isotropic
subspace V' of W_1/W_s whose dimension is the half of that of W_;/W_s.
Let V' be the inverse image of V' in Hg and let X = Hom (V' N Hyz, Z(1)),
Y = Hz/(HzNV'). Then we have an exact sequence 0 — Hom (X, 7Z(1)) —
Hyz —Y — 0 and p kills Hom(X,Og) x Hom (X, Og). O

3.8.8. By 3.8.4 and by 3.8.7, we see that the equivalence Hg ~ Ag
induces an equivalence H& ~ A:'g'. We also see that in this equivalence, an
object of qur is locally polarizable in the sense of 1.3.9 if and only if the
corresponding object of Hg is locally polarizable.

3.8.9. To state the next proposition, we make some preliminaries.
Assume that the underlying space of the base S is {s} = SpecC. Let
S = Mg,/ Og’s. Then to a log complex torus A over S, we associate
finitely generated free abelian groups X4 and Y4, the canonical pairing
(X4,Y4,(,)a) into S8, and the abelian variety B over C as follows. Let
(X,Y,(,)) be a non-degenerate pairing such that A is its associated quo-
tient. Let 0 = {1} be the minimal face of S. Let X4 := X/X,, Y4 :=Y/Y,,
(, ) the induced pairing, and B := Hom (X,,C*)/Y,.

These definitions are independent of choices of pairings. We will prove
this fact in the proof of the next proposition together with the fact that a
homomorphism A — A* induces homomorphisms B — B* and Y4 — X4
naturally.

3.8.10. PROPOSITION. Let A be a log compler torus over S. A ho-
momorphism p: A — A* is a polarization if and only if its pull back to
any s € S is a polarization. When the underlying analytic space of S is
SpecC = {s}, p is a polarization if and only if the induced B — B* is
a polarization in the usual sense, and the induced Yo — X4 satisfies the
condition that for any y € Ya — {1}, (p(y),y)a € Mss/Og , — {1}.
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PROOF. First we prove the statements before the proposition. Let the
base be an fs log point.

Let H be the log Hodge structure of weight —1 corresponding to A.
Then

Ya = Hz/(HzN W (C(s))-1Hg) = Hz/7 7. Hz,

Xa =Hom (Hz N W(C(s))—2Hq, Z(1)) = (Hz/r~ 7. Hz)(1),

and B is the abelian variety corresponding to the (classical) Hodge structure
induced on gr‘ivl(c(s))H . This shows the statements before the proposition.

Now we prove the proposition. The former statement is clear. For the
latter, we take pp: Y — X satisfying (po(y), z) = (y,po(z)) for any y,z € Y
which induces p. This is seen possible as in the proof of 3.8.7. By 3.8.4, it
is enough to show that pg is a polarization if and only if p;: Y, — X, is a
polarization and po: Y4 =Y/Y, — X/X, = X4 satisfies

(*) For any y € Y/YO' - {1}? <p2(y)7y>A S MS,S/Og,S - {1}

We prove the if part. First note that (x) implies that po is injective.
Since rankY = rank X and rankY, = rank X,, this implies that pg is
injective and its cokernel is finite. Let y € Y — {1}. If y € Y,, then (x)
implies (p(y),y) € Mg — Og, and the canonical map a: Mg — Og sends
(p(y),y) to 0. Otherwise, (p(y),y) € Mg and |a((p(y),y))| < 1 because p;
is a polarization.

We prove the only if part. It is clear that if pg is a polarization, then p;
is a polarization. If (p(y),y) € Og, then y € Y, by 3.4.5 (4). O

3.8.11. REMARK. By 3.8.7, at least locally on the base, a polarization
of A comes from a polarization of a pairing into G, 1og-

3.8.12. REMARK. As we will see in a forthcoming paper ([13] Theorem
6.1), the expression of the dual complex torus A* ~ £xt'(A,G,,) in the
usual algebraic geometry has the log version

Ext (A, Gp) C A* C Ext' (A, G log)

for the dual log complex torus A* of a log complex torus A.
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3.9. Extensions from open sets

As an application of main results in this section, here we discuss when
a log complex torus or a log abelian variety on an open subspace of a log
smooth fs log analytic space can extend to the ambient space.

3.9.1. PROPOSITION. Let S be a log smooth fs log analytic space. Let
Siriv be the largest open subspace where the log structure is trivial. Then
the restriction to Sty gives a fully faithful functor from the category of log
complex tori on S to the category of complex tori on Sy -

Proor. We consider the Hodge side via 3.1.5. The local system on
Suiv extends uniquely to S°8. If a homomorphism Hyz — HY, preserves
the Hodge filtration after restricted to U = Sy, it preserves the filtration
because Hég/F’O — j*((H(’Q/F’O)]U) is injective. Here j: U < S is the
inclusion. [

3.9.2. PROPOSITION. A polarized abelian variety on Sty with unipo-
tent local monodromy extends to a polarized log abelian variety on S. Here
we say the local monodromy is unipotent when the extension to S'°& of the
corresponding local system Hy, has the unipotent local monodromy.

Again via 3.1.5, this follows from the nilpotent orbit theorem of W.
Schmid ([32]) on the Hodge side. See [15] 2.4 and 2.5 for the details.

3.9.3. Example of a complex torus on (A*)? which does not extend to
a log complex torus over AZ.

Let S = A? with the coordinate functions ¢i, g2, endowed with the log
structure by the divisor {¢1 = 0} U {g2 = 0}. Let X = Y = Z2 Let
(,): X XY — Gy, log be the pairing defined by (e1,e1) = 1, (e1,e2) = qu,
(ea,e1) = q1, (e2,e2) = q2. Let o be the face of Ms’g/OéO generated by the
image of ¢;. Then X, is generated by e; and Y, is also generated by ey, and
the restriction of (, ) to X, x Y, is trivial (cf. 1.2.3). Hence the induced
pairing into Gy, jog /G, is not admissible.

On (A*)?, it gives a complex torus. This is because the matrix
< 0 log(lg1])

log

(lga]) log(lgzl)
This complex torus on (A*)? can not extend to a log complex torus over

A2,

) has determinant < 0 on (A*)2 since |q1| < 1 there.
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3.10. Liftings from closed sets

Here we prove that a log complex torus or a locally polarizable log
abelian variety on a closed subspace of an fs log analytic space can lift to
the ambient space at least locally.

3.10.1. PROPOSITION. Let S be an fs log analytic space. Then the ad-
missibility of a given pairing into Gy, 10e/Gm over S and the non-degener-
ation of a given pairing into Gy, 1og over S are open conditions.

PRrROOF. The former is by 1.2.9.

Let (X,Y,(,)) be a pairing into G, 1o, and assume that its pull back
to a point s € S is non-degenerate. We prove that the pull backs to the
points z near s are also non-degenerate. By the former, we may assume
that the induced pairing into Gy, 1og/Gpm is admissible. We may assume
that there is a chart : § — Mg such that S — Ms,s/Og’s is bijective. Let
o be a face of §. It is enough to show that there exists a neighborhood
U of s such that for any z € U N {z[ﬁ_l((’)gjz) = o}, the pairing f(z) :=
—log|{(,)(2)]: R® X, x R® Y, — R is non-degenerate. We may assume
that 0 = S because the induced pairing X, X Y, — Gy, 106,57 is also non-
degenerate at s, where S’ is the fs log analytic space whose underlying
space is the same as S and whose log structure is given by o. Denote by
()1 X XY — M /05 = 8% — MG the induced pairing and by
(,)2: X xY — Of the pairing such that (, ) = (, )1 - (, )2. Then we have
F(2) = —log |(, )1(=)| — log (., Ja(2)!

Now for each z € Sy, we have a homomorphism z: § — C*. Write

as N'(z) the induced homomorphism —log(] [(2)): S8 — R. Then

—log|(, )1(2)| coincides with the pairing X XY — Mgi/@g’s ~ gep VO g

Take a set of generators (N})1<;<n of the monodromy cone C(s) and denote

by N; (1 < j < n) the induced pairing X x Y — Mgi/OgS & R. Then,
since the N'(2) for z near s is written as ) y; NI for yi,--- ,yn > 0, the
—log|(, )1(2)| for z near s is written as ) y;N; for y1,--- ,y, > 0.

On the other hand, take a compact set B of pairings R X xR®Y — R
satisfying the following conditions (i) and (ii).

(i) The restriction R ® X3 x R ® Y13 — R of each member of B is
non-degenerate.

(ii) For each z near s, the pairing —log |(, )2(z)| belongs to B.
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Such a B exists because the pairing R ® X3 X R® Y3 — R induced
by —log|(, )2(s)| is non-degenerate by the assumption.

Let fo(y1,--- ,yn) =b+>_ y;N;j, where b € B and y1,--- ,y, > 0. Then
the f(z) for z near s is fy(y1,--- ,yn) for some b € B and y1,--- ,yn, > 0.
Now the rest is to show that there exists C' > 0 such that if y; > C (1<5<
n) and b € B, then f,(y1,- - ,yn) is non-degenerate; the same proof as that
for the statement before 3.3.15, which can be regarded as a special case of the
above statement where B consists of a single pairing, works for it. In fact,
let a € [0,1]™ with oy, = 0 and write as gy(y1,--- ,Yn) and gop the pairings
defined from b, Ny, --- , N,, exactly in the same way as g(y1,--- ,yn) and g4
are defined from by, Ny,---, N, in 3.3.15 and 3.3.16. Then fy(y1,- - ,yn)
is non-degenerate if and only if g(y1,- - ,yn) is non-degenerate. Further,
Ja,b is non-degenerate. (The proofs are the same.) In the following, taking
bases of X and Y, we regard Hom (X ® Y, R) as a metric space. Since B is
compact, we easily see that gy(y1,--- ,yn) converges to gqp uniformly with
respect to b € B when (yj11/y;)1<j<n converges to a. Since {gnp|b € B} is
also compact, we see then that there exists a neighborhood U, of « in [0, 1]™
such that fy(y1,- - ,yn) is non-degenerate for any b € B and y; (1 < j < n)
such that (yj4+1/y;)1<j<n € Ua, where y,41 denotes 1. From this, we have
the desired C' > 0. [J

3.10.2. PROPOSITION. Let S be an fs log analytic space. Let (X,Y,(,))
be a pairing into G, 10g over S. Let p: Y — X be a homomorphism satis-
fying the conditions (i) and (ii) in the definition of polarization of a pairing
into Gy, log,s @ 1.2.7. Then (iii) in 1.2.7 for p is an open condition.

PROOF. The proof is similar to the previous one. Assume that p is a
polarization at s and prove that it is so near s. Take § and o as before. If
y € Y=Y, then (p(y),y) € S—o (the proof of 3.4.5 (4)), and |a((p(y),y))| =
0 on S, := {z|ﬂ_1(0§7z) = o}. Hence it is enough to show that there
exists a neighborhood U of s such that for any z € U N S,, the pairing
f(z) := —log|(, )(#)| is positive definite after composed with p x id. We
may assume that o = S. (Note that p induces Y, — X, by (1) in the proof
of 1.2.5.) Let (, )1, (, )2, Ni,---,Nyp, and B be also as in the proof of
the previous proposition. In this time, we may assume that the restrictions
R® X{13 x R® Yy1y — R of the members of B are positive definite. (Here
and hereafter we identify Xg and YR via p.) Now the rest is to show that
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b+ > y;N; is positive definite for any b € B and yi,---,y, > 0. Fix
yo € YR. Since YR/R* is compact, it is enough to show that there exists a
neighborhood V' of yg such that (b+ > y;N;)(y,y) >0fory e V,be B
and y1 -+ ,yn > 0. Assume first that yo € Y(;3. Then, by the assumption,
(>° N;j)(yo,y0) > 0. Hence for some j, there exists a neighborhood V' of yq
such that N;(y,y) > 0 for y € V. Since B is compact, this V' is sufficient.
In case yp € Y1), the value b(yo,yo) is positive. Again by the compactness
of B, we can find a V such that b(y,y) >0 fory € V and b € B. O

3.10.3. PROPOSITION. Let S C T be an exact closed immersion of fs
log analytic spaces. Let A be a log complex torus (resp. a locally polarizable
log abelian variety) over S. Then for each s € S, there exists an open
neighborhood U of s in T such that the restriction of A to UNS extends to
a log complex torus (resp. a polarizable log abelian variety) over U.

PrOOF. On an open neighborhood V of s in S, take a pairing
(X,Y,(,)) into Gy, 10g,s Which induces Aly. If A is locally polarizable,
we may assume that there is a polarization p: ¥ — X on Aly. Since
M3zh — M, is surjective, there is an open neighborhood U’ of s in T' such
that U' NS C V and a lifting (, ) : X XY — Gpiog,vr of (, )ns. If
A is locally polarizable, we may also assume that p satisfies the conditions
(i) and (ii) in 1.2.7 on U’. Then the quotient associated to (X,Y,(,)) is
a log complex torus (resp. a polarizable log abelian variety) in an open

neighborhood U of s in U’. This follows from 3.10.1 (resp. 3.10.2). O
4. Moduli of Log Abelian Varieties

The aim of this section is to prove that the toroidal compactifications
and the Satake-Baily-Borel compactifications of the moduli spaces over C
of abelian varieties (with additional structures) are moduli spaces of log
abelian varieties (with additional structures).

These compactifications were constructed, not necessarily as moduli
spaces. Here we have moduli interpretations of these compactifications.
We prove that the toroidal compactifications are the fine moduli of polar-
ized log abelian varieties (with additional structures) (Theorem 4.4.4) and
the Satake-Baily-Borel compactifications are, in a sense, the coarse mod-
uli (Theorem 4.6.3, 4.6.4, 4.6.5, cf. 4.6.10, 4.7.8). The subsequent Parts of
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this series of papers will mainly concern the algebraic theory of log abelian
varieties. There we will prove the arithmetic versions of the above results,
which are closely related to the works [10], [11] (cf. 4.1.10).

The result for the Satake-Baily-Borel compactifications is reduced to
that for the toroidal compactifications. For the latter, we have two proofs.
One proof is as follows. In [19], moduli spaces of polarized log Hodge struc-
tures were studied. In particular, [19] contains the corresponding result that
the toroidal compactifications are the fine moduli of polarized log Hodge
structures of a specific Hodge type. We can deduce from this the result in
this section on the relation between toroidal compactifications and moduli
of log abelian varieties, through the equivalence proved in §3 between the
category of log abelian varieties and the category of log Hodge structures
of the specific Hodge type (cf. 4.1.9). This is one proof. But, actually, we
give another, direct proof in this section by using only basic properties of
log abelian varieties, not via [19].

4.1. Introduction to §4

In this subsection, to present the pictures of our ideas and results, we
first introduce the results of this section, for simplicity, in a special case (the
case of principal polarization, standard level structures, with no coeflicient
ring of endomorphisms), and then describe the organization of this section.
The general results and the proofs are given in later subsections.

4.1.1. Let g > 1 and let $,; be the Siegel upper half space of de-
gree g consisting of all complex symmetric (g, g)-matrices whose imaginary
parts are positive definite. The group Sp (2¢g,R) of real symplectic (2g, 2g)-
matrices acts on §),.

Forn > 1, let

I'(n) = Ker (Sp (29, Z) — Sp (29, Z/nZ)).

Then the toroidal compactifications (Mumford compactifications) of
L(n)\ 9, ([3], [5], [25]), which we denote by Dy, 5, and the Satake-Baily-
Borel compactification of I'(n)\ £, ([31]), which we denote by D, are
defined. They are compact normal analytic spaces containing I'(n) \ 4 as
an open analytic subspace. The toroidal compactifications ng,E are de-
fined depending on choices of admissible cone decomposition X ([3], cf. 4.7.1)
of the space of semi-positive definite real symmetric (g, g)-matrices. In the
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case g = 1, ¥ is unique, D1,n,2 = Dl,n, and this space is the modular curve
with cusps corresponding to I'(n) which is the unique compactification of
I'(n)\ 1. For g > 2, there are many . There is a canonical surjective
morphism Dgyn,g — Dg,n which is not an isomorphism, and which induces
the identity morphism on I'(n) \ §,.

4.1.2. As is well-known, for n > 3, the quotient analytic space
I'(n)\ 94 is the fine moduli space of principally polarized abelian varieties
of dimension g with n-level structures, as we will state more precisely soon.

By using the group structures of log abelian varieties, we can general-
ize the notions principal polarization and n-level structure, to log abelian
varieties, as follows.

Let S be an fs log analytic space and let A be a log abelian variety over
S.

A polarization p : A — A* of A is called a principal polarization if p is
an isomorphism.

For n > 1, an n-level structure on A is an isomorphism , A ~ (Z/nZ)?9
of sheaves of abelian groups, where ,A = Ker (n: A — A) and g = dim(A).

4.1.3. Let (an) be the category of analytic spaces. For n > 1, let
@4, ¢ (an) — (Set)

be the following contravariant functor. For an analytic space S, ®g4,(5)
is the set of isomorphism classes of triples (A, p,l), where A is an abelian
variety over S, p is a principal polarization of A, and [ is an n-level structure
of A satisfying the following condition (i).

(i) The composition
nA X pA et nA X n(A") = (Z/nZ)(1),

where the last arrow is the Weil pairing, is compatible via [ with the standard
symplectic pairing (Z/nZ)?? x (Z/nZ)* — (Z/nZ)(1) which sends (ej, ex)
to 2mi mod nZ(1) if k = j — g, to —2mi mod nZ(1) if k = j + g, and to 0
otherwise.

As is said in the above, if n > 3, ®,,, is represented by I'(n) \ 9.
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Let (fs) be the category of fs log analytic spaces. For n > 1, we denote
the composition

(fs) — (am) 23 (Set),

where the first arrow is forgetting the log structure, by the same letter ®,,.
Then, for n > 3, this ®,,, is represented by I'(n) \ 4 with the trivial log
structure.

For n > 1, let

Dy (fs) — (Set)

be the following contravariant functor. For an fs log analytic space S,
®,,(9) is the set of isomorphism classes of triples (4,p,l), where A4 is a
log abelian variety over .S, p is a principal polarization of A and [ is an
n-level structure on A satisfying the same condition (i) as above. (See 4.4.2
for the definition of the Weil pairing on a log abelian variety.)

We have
¢gvn C égvn'

4.1.4. We endow Dy,mE and Dg,n with the log structures consisting
of all holomorphic functions which are invertible on I'(n)\ 4. If g > 2,
the log structure of Dy, is trivial because the complement of I'(n)\ £ is
of codimension > 2. On the other hand, the complement of I'(n) \ ), in
ng,g is a divisor, the log structure of ng’g is not trivial, and ng’z is a
log smooth fs log analytic space.

If g=1and n > 3, ®y, is represented by the unique compactification
D1y, of T(n) \ H1, the modular curve of full level n structure with cusps. If
g > 2, ég,n is not representable but still it is closely related with ng as in
the following theorem, which is a rough version of the result in 4.6. See 4.6
for the precise formulation. Cf. 4.6.10, 4.7.8 for a discussion about coarse
moduli spaces.

4.1.5. THEOREM. For g,n > 1, endow Dgyn with the log structure as
above. Then the fs log analytic space Bg,n is described in terms of <f>g7n.
Further, Dg,n 18 the universal one among all Hausdorff fs log analytic spaces
endowed with a morphism from ég,n.



138 Takeshi KAJIWARA, Kazuya KATO and Chikara NAKAYAMA

4.1.6. Next, fix an admissible cone decomposition Y of the space of
semi-positive definite real symmetric (g, g)-matrices. Then we have a sub-
functor (i)g,n,E of (i)g,n for each n > 1 such that

Pgn C ci’.(Ln,E - i)g,n-

By definition, the class of a triple (A,p,l) in ®,,(S) belongs to @4, x(S)
if and only if the pull back of (A,p,1) to (fs/s) for any s € S satisfies the
following condition (i). (When this condition is satisfied, we say that the
local monodromies of A are in the direction of ¥. See 4.1.9 below.)

(i) (A, p) comes from a polarized object (Yo, Yo, (,)) in As ((,) : ¥y x
Yo — Gy log,s» the identity map id : Yy — Yp is assumed to be a polarization)
such that there exists ¢ € ¥ having the following property: For any N in
the monodromy cone C(s), the composition

Yo x Yo — ME /0% DR
belongs to o. (See 3.3.1 for Aj.)

4.1.7. THEOREM. FEndow Dgﬂ%g with the log structure as in 4.1.4. If
n >3, &)g,mg 1s represented by Dgyn’z.

4.1.8. We can generalize this theorem to the case of non-principal po-
larization, a I'-level structure, and to the case with a fixed ring of endo-
morphisms. Note that since log abelian varieties have group structures, the
notion of homomorphism between log abelian varieties and the notion of
endomorphism are defined. The main result is stated in 4.4.4.

4.1.9. As is said before, we can easily reduce this 4.4.4 to a part of
[19] via the equivalence proved in §3. As an illustration, we give here a
proof of the special case 4.1.7. First we remark that the condition (i) in
4.1.6 is equivalent to the following condition (i'), which says that the local
monodromy of the corresponding log Hodge structure to A is in the direction
of 3. Let (H, pg) be the polarized log Hodge structure over s corresponding
to (A, p).

(i) There exist o € ¥ and a surjection f: Hz — Yy of local systems on
771(s) satisfying the following conditions (a) and (b).
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(a) The kernel L of f is contained in W_;Hz, contains W_gHz and
satisfies py (L, L) = 0.
(b) For any v € C(s), the pairing Yy x Yy — R induced via f by

1
Hy, x Hy, — R; (hi, hg) — %pH(Ny(hl), h2)

belongs to 0. Here N, is the logarithm of the action of .

Let w= —1,h~10 = p0~1 = g nP9 = 0 if (p,q) # (—1,0),(0,—1), Hy =

729, and let (,)o be the non-degenerate and anti-symmetric pairing on
-1
Hy defined by the matrix ( 10 Og
g

associating, with each S € (fs), the isomorphism classes of PLH on S of
type (w, (W) psq=w, Ho, {, )o,'(n),X) is represented by D, ,x. By the
equivalence of (i) and (i') remarked above, this functor coincides with @,
via our 3.1.5. This completes the proof of 4.1.7.

As is said before, in the following in this section, we give a direct proof
for the general case 4.4.4 including 4.1.7 without appealing to [19].

). Then [19] shows that the functor

4.1.10. Toroidal compactifications of moduli spaces of abelian varieties
over schemes were constructed by Faltings and Chai [10]. The theory for
abelian varieties with coefficients was established in Fujiwara’s work [11].
In the sequel of this paper, we will give interpretations of their compactifi-
cations as the moduli spaces of log abelian varieties. (See [1], [23], [30] for
other moduli interpretations.)

4.1.11. Organization of this section is as follows. In 4.2, we review the
theory of moduli without degeneration in a general case, that is, the case of
non-principal polarization, I'-level structure, and with a coefficient ring of
endomorphisms. In 4.3, we review the theory of toroidal compactifications
and the Satake-Baily-Borel compactifications in a general case in the sense
as above. In 4.4, we describe the moduli problems of log abelian varieties
and state one of the main results 4.4.4 in this section, which includes the
above 4.1.7 as its special case. In 4.5, we prove 4.4.4 by a different method
from that explained in 4.1.9. In 4.6, we state the other main results, which
concern the Satake-Baily-Borel compactifications, precisely. They include
the above 4.1.5. In 4.6-4.7, we prove them.
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4.1.12. For such generality explained in 4.1.11, it is better to formulate
fans in the space End (HR) as in [3], [19], not in the space of (g, g)-matrices
as in this subsection. See 4.3.3 for the definition of fans. A fan ¥ in the
sense of this subsection induces a fan ¥’ in the sense of 4.3.3. See 4.3.12
for details. We remark that, as suggested in (i’) in 4.1.9, this formulation
of fans enables us to replace the condition (i) in 4.1.6 with the following
simpler equivalent condition (i”) when we describe moduli problems of log
abelian varieties in 4.4. See 4.4.3 for details.

(i") Let t € s'° and take an isomorphism f: Hi(t7'(A),Z); ~ 7%
which preserves the intersection forms. Then there is a o € ¥ such that
via f, the logarithms of all positive local monodromy of Hy(771(A),Z) at t
belong to o.

4.2. Moduli spaces of abelian varieties (review)
In this subsection, we review the moduli theory without degeneration,
that is the theory of Shimura’s families ([33]), based on [8].

4.2.1. We fix a finite dimensional Q-vector space V and a semi-simple
Q-subalgebra L of Endg(V). Assume that we are given an anti-symmetric
non-degenerate Q-bilinear form

P:VxV—-Q@1)
such that for any ¢ € L, there is £* € L satisfying
Y(lx,y) = P(z,*y) for all z,y € V.

We will sometimes fix a finitely generated Z-submodule V7 of V such
that Q@ Vz =V and ¢¥(Vz, Vz) C Z(1).

4.2.2. For R=R,C, let Vg = R®qV, Lr = R®qg L. Let D be the
set of all Le-submodules F' of Vi satisfying the following three conditions

(1)~ (iii).
(i) ¥ (F, F) = 0.
(ii) Vc=F & F.

Here F denotes {o|v € F} in which ¥ means the image of v under
Ve—=Vga®r—a®z (aeCzeV).
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(iii) The hermitian form
FxF—C; (2,y) = ¢(x,9)

is positive definite. Here we denote the C-bilinear form Ve x Ve — C induced
by v, by the same letter .

4.2.3. Ezample. In the case L = Q, there is a Q-basis (e;)1<j<24 of V/
such that

Ylej,ep) =2mi if j=k+g, Y(ej,ex)=—-2m if k=j+g,
Y(ej,er) =0 otherwise.

In this case, if we fix such basis, D is identified with Siegel’s upper half space
$4 of degree g consisting of all symmetric (g, g)-matrices whose imaginary
parts are positive definite. For z € $,, the corresponding F' is the C-
subspace of V¢ generated by ej14 + zej (1 < j <g).

4.2.4. REMARK. Let L = Hj L; be the presentation of L as a prod-
uct of simple Q-algebras, and let V' = @®;V; be the corresponding direct
decomposition. If D is not empty, then the following (i)-(iii) hold.

1 z,y) =01wxeV;,yecV,with j .
i) 9 0 if Vj Vi with j # k
(ii) For any j and ¢ € Lj, £* belongs to L; in the decomposition of L.

(iii) Try,/@(zz™) > 0 for any j and for any non-zero element = of L;.
Here Try, /q: Lj — Q is the trace map.

4.2.5. If we fix V7 as in 4.2.1, D is identified with the set of all de-
creasing filtrations (F#7), on V¢ by Lc-submodules such that the Z-module
Vz, with the filtration (F?), and with the pairing ¢ is a polarized Hodge
structure of weight —1. Here we identify F' € D with the filtration defined
by FP =Vcfor p< —1, FO = F, FP =0 for p > 1.

4.2.6. By 4.2.5 and by the correspondence between abelian varieties
and Hodge structures, we see that in the category (an) of analytic spaces,
D represents the following functor

® : (an) — (Set).
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First, we give the definition of ® fixing V7.

For an analytic space S, we define ®(.5) to be the set of all isomorphism
classes of 4-ples (A,7,p, k), where A is an abelian variety over S, i is a
homomorphism of Q-algebras L — Q ® End(A), p is a polarization of A,
and k is an isomorphism H; (A4, Z) ~ Vz which is compatible with the actions
of L after ®Q and which sends the pairing ¢,: H1(A,Z) x H1(A,Z) — Z(1)
induced by p to 1. Here H;i(A,Z) denotes the homology sheaf of A/S of
degree one, that is, Homz(R' (A — S).Z,Z), and “induced by p”means
that 1), is the composite of idxp and the canonical pairing.

Next, if we do not fix Vz, the above functor ® for any fixed V7 is canon-
ically identified with the following functor.

For an analytic space S, ®(S) is the set of all isomorphism classes of
4-ples (A,i,p, k), where A is an object of the category Q ® Ag of abelian
varieties over S mod isogeny, ¢ is a homomorphism of Q-algebras L —
Endggag(A), p is a polarization of A in Q®.Ag (locally on S, it has the form
(1/n)®p’ withn > 1 and with p’ a usual polarization of the abelian variety A
over S), and k is an isomorphism H; (A4, Q) ~ V which is compatible with the
actions of L and which sends the pairing 1,: H1(A4,Q) x H1(A,Q) — Q(1)
induced by p to .

4.2.7. Let G(Q) be the group of all automorphisms of the L-module
V' which preserve 1. In the case where we fix V7, we denote the subgroup
{7 € G(Q) | 1Vz = Vz} of G(Q) by G(Z).

We will consider a subgroup I' of G(Q) satisfying the following condition

(©).

(C) T' € G(Z) for some choice of V7 (that is, I' preserves V7 for some
choice of V7).

If T is a subgroup of G(Z) of finite index for some choice of V7, we call
I' an arithmetic subgroup of G(Q).

We say I is neat if for any v € T', the subgroup of C* generated by all
the eigenvalues of the action on V¢ of ~ is torsion free.

It can be shown that for any subgroup I' of G(Q) satisfying (C), there
is a neat subgroup of I' of finite index.

4.2.8. Ezample. Assume L = Q, and fix a basis (e;) as in 4.2.3. Then
G(Q) is identified with Sp(2g, Q). For Vz = @;Ze;, G(Z) is identified with
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Sp(2g,7Z). Define an arithmetic subgroup I'(n) (n > 1) of G(Q) by
I'(n) = Ker (Sp(29, Z) — Sp(29, Z/nZ)).
Then I'(n) is neat if n > 3.

4.2.9. (Shimura’s families.) Let I' be a subgroup of G(Q) satisfying
(C). Then I"\ D is regarded as an analytic space in the usual way. That is,
the topology of I'\ D is the quotient of the topology of D. For an open set
Uof I'\ D, O(U) is the set of all C-valued functions on U whose pull backs
on the inverse image of U in D are holomorphic.

If T is neat, D — I"\ D is locally an isomorphism of analytic spaces.

If T is neat, I'\ D represents the following functor

®p : (an) — (Set),

which is defined for any T" satisfying (C), not necessarily neat.

First, fix Vz which is stable under I'.

For an analytic space S, we define ®p(.S) to be the set of all isomorphism
classes of 4-ples (A,7,p, k), where A is an abelian variety over S, i is a
homomorphism of Q-algebras L — Q®zEnd(A), p is a polarization of A, and
k is a section of the quotient sheaf I"\ I of the following sheaf I on S. Here I
is the sheaf of isomorphisms H; (A, Z) ~ Vz which are compatible with the
actions of L after Q® and which send the pairing 1, H1(A, Z)xH1(A,Z) —
Z(1) induced by p to ¢, and v € T" acts on I by h — ~yoh for a local section
h:Hi(AZ)— Vzof I.

Next, if we do not fix Vz, the above functor ®r for any fixed V7 which
is stable under I' is canonically identified with the following functor.

For an analytic space S, ®r(S) is the set of all isomorphism classes of
4-ples (A,i,p, k), where A is an object of the category Q ® Ag of abelian
varieties over S mod isogeny, 7 is a homomorphism of Q-algebras L —
EndQg.ag(A), p is a polarization of A in Q ® Ag, and k is a section of the
quotient sheaf I'\ I of the following sheaf I on S. Here I is the sheaf of
isomorphisms Hj(A,Q) ~ V which are compatible with the actions of L
and which send the pairing ¢,: H1(4, Q) x H1(A4,Q) — Q(1) induced by p
to 1.

The above k (whether we fix V7 or not) is called a I'-level structure.
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4.2.10. Ezample. Assume L = Q, fix a basis (e;) as in 4.2.3, and take
I'=T(n) C G(Q) with n > 1. Then ®r is identified with the functor @,
in 4.1.3.

This identification follows from the fact that via the canonical homo-
morphism , A ~ H(A,Z)/nH1(A,Z) ~ Hi(A,Z/nZ), the Weil pairing cor-
responds to the canonical perfect pairing H1(A4,Z/nZ) x Hi(A*,Z/nZ) —
Z/nZ(1).

4.3. Compactifications (review)

We review the toroidal compactifications and the Satake-Baily-Borel
compactifications ([3], [5], [25], [31]).

We fix V| L, and 9 as in §4.2.

We first review toroidal compactifications of I'\ D and then the Satake-
Baily-Borel compactification of I'\ D defined for arithmetic subgroups I of

G(Q).

First, toroidal compactifications depend on choices of fans (4.3.3).

4.3.1. DEFINITION. A monodromy cone is a set o of Lpr-linear maps
VR — VR satisfying the following conditions (i)—(iv).

(i) There is a finite family (N;);<j<y, of Q-linear maps V' — V such that

O':{ Z aij\aj GR,CL]‘ 20}
1<j<n

(ii) Y(N(z),y) +¢(z,N(y)) =0 for any N € 0 and any z,y € VR.

(iii) NN’ =0 for any N, N’ € o.

(iv) 1p(N(z),x) > 0 for any N € o and any = € V.

For a monodromy cone ¢ and for R = R, C, we denote by or the R-
subspace of Endgr(VRg) generated by o.

4.3.2. DEFINITION. For a monodromy cone o, a subset 7 of ¢ is called
a face of o if the following conditions (i)—(iii) are satisfied.

(i)0er.

(i) If a,a’ € R, a,a’ > 0, N,N' € 7, then aN + a'N' € 7.
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(iii) If NN’ € 0 and N + N’ € 7, then N, N’ € .

There are only finitely many faces of o.
A face of a monodromy cone is also a monodromy cone.

4.3.3. DEFINITION. By a fan, we mean a non-empty set > of mon-
odromy cones satisfying the following conditions (i) and (ii).

(i) If o € X, any face of o belongs to X.

(ii) If 0,7 € X, then 0 N7 is a face of o and is also a face of 7.

4.3.4. Let I be a subgroup of G(Q) satisfying (C) in 4.2.7 and let ¥
be a fan.
We say I and ¥ are compatible if the following condition (i) is satisfied.

(i) yoy ' € X for any 0 € ¥ and any v € .

We say I' and ¥ are strongly compatible if they are compatible and if
the following condition (ii) is satisfied for any o € . Let

I'(o) =T Nexp(o),

where the intersection is taken in the set of all R-automorphisms of V.

(ii) o coincides with the set of all linear combinations with non-negative
real coefficients of log() for all v € I'(o).

The following fact is shown easily. If I' is an arithmetic subgroup of
G(Q) and if T and ¥ are compatible, then I and ¥ are strongly compatible.

4.3.5. Let ' be a subgroup of G(Q) satisfying (C), let ¥ be a fan,
and assume that they are strongly compatible. Then the partial toroidal
compactification Dng of I'\ D with respect to X is defined.

It is an analytic space containing I'\ D as a dense open analytic sub-
space. It is called a toroidal compactification if it is compact. For the
compactness, see 4.3.10.

4.3.6. For a monodromy cone o, define the increasing filtration W (o)
on V associated to o as follows. The subspace Ker (N) (resp. Image(NN))
of V for N in the interior of o is independent of N. Define W,,(¢0) = V
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for m > 0, W(o) = 0 for m < =3, and W_1(0) = Ker(N), W_a(0) =
Image(NN) for such N.

4.3.7. We describe the partial toroidal compactification Dp,g of '\ D
with respect to X first in a special local situation in which the theory of
toroidal embeddings plays an important role.

We say the pair (', ) is local if there is a monodromy cone o such that
is the fan consisting of all faces of o, and I' = I'(¢)8 = {ab~'|a,b € T'(0)}.

In this case, I' is a finitely generated free abelian group, and I' is neat
since the actions of elements of I' on V' are unipotent.

Assume that (I', X)) is local. Consider the analytic space exp(oc)D of
Lc-submodules of Vi obtained by applying exp(N) for N € o to elements
of D. The quotient spaces I'\ exp(oc)D and exp(oc) \ exp(oc)D have the
following structures of analytic spaces. The topologies are the quotients
of the topology of exp(oc)D. For an open set U, O(U) is the set of all
C-valued functions whose pull backs on the inverse image of U in exp(oc)D
are holomorphic.

The projection exp(oc)D — I'\ exp(oc)D is locally an isomorphism of
analytic spaces.

Let

T =T\exp(oc) ~C* ®T.

Then I"\ exp(oc)D is a T-torsor over exp(oc) \ exp(oc)D.

Let I'(0)Y be the dual fs monoid of I'(¢). That is, I'(¢)" is the monoid
of all homomorphisms I'(¢c) — N. Consider the toric variety T =
Spec(C[T'(¢)¥])an. Then T acts on T = Hom (I'(¢)", Ciyutt) (Crue denotes
C regarded as a multiplicative monoid) in the natural way. For q € T, let
o(q) be the face of o characterized as follows. For a € oc, exp(a)g = q if
and only if a € o(¢)c.

We now perform the toroidal embedding

'\ exp(oc)D — (' \ exp(oc)D) xT T.

Here, when T acts on sets P,Q, P xT @ denotes the quotient of P x Q by the
relation (tz,y) ~ (z,ty) (x € P,y € Q,t € T). Then (I'\ exp(oc)D) xT T
is a T-bundle over exp(oc) \ exp(oc)D.

In the case (I',X) is local, Dry is defined to be the subset of
(T'\ exp(oc)D) xT'T consisting of all classes of (F,q) (F € exp(oc)D,q € T)
satisfying the following conditions (i) and (ii).
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(i) F is a mixed Hodge structure for the weight filtration W (o (q)).

(ii) The decreasing filtration on gr‘ivl(a(q))(V)C induced by F' is polarized

by g7 ().

(If (F,q) ~ (F',q), the condition (i) (resp. (ii)) is satisfied by (F,q) if
and only if it is satisfied by (F’,¢).)

Then Drx; is open in (I'\ exp(oc)D) xT T. Hence we have an analytic
structure on Dry; as an open analytic subspace of (I'\ exp(oc)D) xT T.

We remark that for an element of Drx;, we have a representative (F, q)
such that F' € D.

4.3.8. We describe the partial toroidal compactification DF’E of '\ D
with respect to ¥ in general.

For each o € ¥, let 3(0) be the set of all faces of 0. Then (I'(¢)8P, 3(0))
is local in the sense of 4.3.7. Hence we have an analytic space D]_"(o-)gp’z(o—),
which we denote by U, for simplicity.

We define Dp,g as the quotient of the disjoint union of U, for all ¢ € ¥
by the following equivalence relation. For 0,0’ € 3, an element a of U, and
an element o’ of U,/ are equivalent if and only if there are 7 € X, 7,7 € T,
b € U, such that yv7y~' C o, y/7(7/)7!
U, — U, which is compatible with v: D — D sends b to a, and the unique
analytic map U, — U, which is compatible with ' : D — D sends b to a'.

The topology of DRE is the quotient topology. For an open set U of
DRE, O(U) is the set of all C-valued functions on U whose pull backs to
the inverse image of U in U, are holomorphic for any o € 3.

C o', the unique analytic map

If I" is neat, the canonical projections DF(U)ng(U) — Dp,g are locally
isomorphisms of analytic spaces.

4.3.9. Example. In the situation as in 4.2.10, let ¥ be an admissible
cone decomposition. Then X corresponds to a fan ¥’ which is strongly
compatible with T'(n) (4.3.12 below), and Dr,) s is D5 in 4.1.1,

4.3.10. Concerning the compactness:

Let X be a fan. We say ¥ is complete if for any monodromy cone 7, the
set {TNo|o € ¥} makes a finite subdivision of 7. If ¥ is complete, then its
support (J, 5 o coincides with the union of all monodromy cones, that is,
the set of all Lr-linear maps N: Vg — VR satisfying the following (i)—(iv).
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(i) (N (x),y) +(x, N(y)) = 0 for any z,y € Vi

(ii) N2 = 0.

(iii) i (N(x),x) > 0 for any = € VR.

(iv) The kernel of N is Q-rational.

Let ¥ be a complete fan. Let I' be a subgroup of G(Z) for some choice
of V7 and assume that I' and > are strongly compatible. Then the partial
toroidal compactification of T'\ D with respect to ¥ is compact and T" is of
finite index in G(Z).

4.3.11. IfT is an arithmetic subgroup of G(Q), there exists a complete
fan which is strongly compatible with T'.

4.3.12. It is sometimes simpler to formulate facts about fans in a dif-
ferent way.

Take a maximal one among all L-submodules V' of V such that the re-
striction of 1) to V' x V' is trivial. Any two maximal V' are G(Q)-equivalent.

Let V" C V be the annihilator of V' for ). Consider monodromy cones
o such that N(V”) = 0 and N(V) C V' for any N € 0. Since a Q-linear
map N : V — V satisfying this condition and the condition ¥(N(z),y) +
Y(x,N(y)) = 0 for any z,y € V is identified with a symmetric bilinear
form V/V" x V/V" — Q(1) (N is identified with the bilinear form (z,y) —
Y(x, N(y))), we can define a monodromy cone as a rational polyhedral cone
in the space of the positive semi-definite symmetric bilinear forms on V/V".
Further, we can formulate a fan as a set of monodromy cones in this sense. It
is clear that a fan in the sense of 4.3.3 induces a fan in this sense (by taking
only cones contained in the set {N | N(V") =0, N(V) C V'}). Conversely,
if ' is a subgroup of G(Q) satisfying (C) and if any two maximal totally
isotropic subspaces of 1 are I'-equivalent, then a fan in the sense of 4.3.3
which is compatible with I' is determined by the induced fan in the sense
here. For example, in the situation as in 4.2.10, for a given admissible cone
decomposition ¥ on the space of symmetric bilinear forms Sym?(Z9,7Z),
there is a unique fan which is compatible with I'(1) and which induces X.

4.3.13. Next, we review the Satake-Baily-Borel compactification of
r'\D.

For an arithmetic subgroup I' of G(Q), the Satake-Baily-Borel compact-
ification of I'\ D, which we denote by Dr, is defined as follows.
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Let D be the set of all pairs (W, F'), where W is an increasing filtration
on V by L-submodules such that Wy =V, W_35 = 0, and W_; coincides with
the annihilator of W_o under 1, and F is an Lc-submodule of gr'¥; (V)¢
satisfying the following conditions (i)—(iii).

(i) For the Q-bilinear form gr'; () : gt} (V) x gt (V') — Q(1) induced
by 9, we have gr'V, (¢)(F, F) = 0.

(ii) gt (Ve =F @ F.

(iii) The hermitian form F x F — C ; (z,y) — gr'’; (v)(z,y) is positive
definite.

We have the embedding
DS D; Fes (W, F),

where W is the increasing filtration defined by W'V = V and W%V = 0.
The action of I on D naturally extends to an action of I on D.
As a set,
Dr =T\ D.

The analytic structure of Dr is as follows.
For any local pair (IV,3(0)) with IV C T, we have a canonical map

Dri sy — Dr; (Fq) — (W(o(g)), gr " (F)),

where gr‘ivl(o(q))(F ) denotes the decreasing filtration on gr‘ivl(g(q))(V)(c in-
duced by F.

Fix any strongly compatible pair (I',¥) with ¥ complete. Then these
maps given for the local pairs (I'(0)8P, ¥ (o)) for all o € ¥ glue to a map

DF,E — DF.

This map is surjective. The topology of Dr is the quotient of the topology
of Dry, with respect to this surjection. For any open set U of Dr, O(U) is
the set of all C-valued functions on U whose pull backs on the inverse image
of U in DF7E are holomorphic. This analytic structure does not depend
on the choices of ¥. We endow Dr with the log structure consisting of all
holomorphic functions which are invertible on I'\ D.
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4.3.14. Ezample. In the situation as in 4.2.10, Dp(n) is nothing but
Dy in 4.1.1. In this case, the above description is specialized as follows.

Let (Hp, {, )o) be as in 4.1.9. Let $, be the set of all pairs (W, F'), where
W is an increasing filtration on Hy @ such that Wy = Hyq, W_3 = 0, and
W_1 is the annihilator of W_y with respect to the pairing (, )o : HoQ X
Hy— Q(1), and F is a decreasing filtration on C @ W_1/W_2 such that
(HoNnW_1)/(HyNW_3), F) is a polarized Hodge structure with respect to
the pairing W_;/W_9 x W_;/W_9 — Q(1) induced by (, )o. We have

9, C Hy

by F'+— (W, F), where W is the increasing filtration defined by W_; = Hy @
and W_o = 0.
As a set,
Dgn=T(n)\ 9y

4.4. Log abelian varieties and toroidal compactifications
Fix V, L, as in 4.2.1.

4.4.1. Let I' be a subgroup of G(Q) satisfying (C).
We denote the composition

(fs) — (an) = (Set),

where the first arrow is to forget the log structure, by the same letter ®r.
Then, if I" is neat, this ®r is represented by I'\ D with the trivial log
structure.

We define a moduli functor of log abelian varieties

®r : (fs) — (Set)

such that ®r C ®r as follows.

As a preliminary, we define homology sheaves of log abelian varieties.
Let A be a log abelian variety over an fs log analytic space S. We de-
fine Hi(17Y(A),Z) = Homg(Ext* (17 (A),Z),Z) (cf. 3.1.6). We remark
that, as seen in [13], Ext! (71 (A),Z) = H (771 (A),Z), where, in general,
for an fs log analytic space S and a sheaf F' on (fs/S)°8, we denote by
H™(F,—) the right derived functor of the direct image functor (abelian
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sheaf on (fs/S)°8/F) — (abelian sheaf on (fs/S)°8). Thus we can call
Hi1(771(A),Z) the homology sheaf of A/S of degree one.

Now we define ®r.

First, fix Vz which is stable under I'.

For an fs log analytic space S, we define ®r(S) to be the set of all
isomorphism classes of 4-ples (A, i, p, k), where A is a log abelian variety
over S, i is a homomorphism of Q-algebras L — Q ®z End(A), p is a
polarization of A, and k is a section of the quotient sheaf I"\ I on Slog.
Here I is the sheaf on S'°& of isomorphisms H;(771(A),Z) ~ Vz which
are compatible with the actions of L after Q® and which send the pairing
Yy Hi(77HA), Z) x Hi(m71(A),Z) — Z(1) induced by p to .

Next, we do not fix V7. The above functor ®r for any fixed V7 which is
stable under I' is canonically identified with the following functor.

For an fs log analytic space S, ®r(9) is the set of all isomorphism classes
of 4-ples (A,i,p, k), where A is an object of the category Q ® Ag of log
abelian varieties over S mod isogeny, ¢ is a homomorphism of QQ-algebras
L — EndQg.44(A), p is a polarization of A in Q ® Ag, and k is a section of
the quotient sheaf I'\ I on S'°%. Here I is the sheaf on S'°8 of isomorphisms
Hi(77Y(A),Q) ~ V which are compatible with the actions of L and which
send the pairing 9,: H1(771(A4),Q) x H1(77*(A),Q) — Q(1) induced by p
to 1.

4.4.2. Example. Assume L = Q, fix a basis (e;) as in 4.2.3, and take
I =T'(n) C G(Q) with n > 1. Then ®r is identified with the functor &,
in 4.1.3. Here we give the definition of the Weil pairing of a log abelian
variety A. Let H be the log Hodge structure corresponding to A. Then
the exact sequence 0 — Hz — Uy — 7 1(A) — 0 in 3.6.3 induces a
homomorphism 7-!(,A) — Hz/nHz and hence a homomorphism ,A —
T+«(Hz/nHz). Similarly we have ,A* — 7.(H*(1)z/nH*(1)z). The pairing
Hz x H*(1)z — Z(1) induces a pairing Hz/nHz x H*(1)z/nH*(1)z —
Z/nZ(1) and this induces the Weil pairing ,A x ,A* — Z/nZ(1). (The
homomorphism T_l(nA) — Hy/nHz, is always injective since Uy is torsion
free, and it is an isomorphism if A has an n-level structure.)

4.4.3. Let I be as in 4.4.1 and let ¥ be a fan which is strongly com-
patible with T'. We define a functor ®rx: : (fs) —(Set) such that

q)p C (i)p’g C ‘i)p
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as follows. Consider here the definition of ®r without fixing V7.

For an fs log analytic space S, the class of 4-ple (A,4,p, k) of ®r(9)
belongs to ®r x(9) if and only if it satisfies the following condition (i) for
any t € S8,

(i) Let a: Hi(771(A),Q); ~ V be a representative of k at t. Let s
be the image of ¢t in S. Then there is ¢ € ¥ such that for any element
v of m1(771(s)) which belongs to Hom (Mg, N) C m(771(s)), the ho-
momorphism V' — V corresponding to the action of log(y) = v — 1 on
Hi(771(A),Q); via a belongs to o.

Roughly speaking, this condition (i) says that the local monodromies of
A are in the direction of X.

4.4.4. THEOREM. LetT be a neat subgroup of G(Q) satisfying the con-
dition (C) in 4.2.7. Let ¥ be a fan which is strongly compatible with T'.
Endow the partial toroidal compactification Dp’g with the fs log structure
{f € O| f is invertible on T\ D}. Then ®rx, is represented by Dr .

Thus Drx for (I',X) as in Theorem 4.4.4 is a fine moduli space of the
moduli functor (i)r’z.

For an arithmetic and neat I' and for 3 which is strongly compatible
with I', we will have a commutative diagram

(I)F C CI)F,Z - (I)F

! R 1
'\D c Dryx — Dr.

4.4.5. REMARK. In the algebraic context in a forthcoming Part of this
series of papers, instead of using I'-level structures as above, we are to formu-
late the moduli problem of log abelian varieties by using K-level structures
on their Tate modules, where K is a compact open subgroup of G(Af). Here
A7 is the ring of finite adeles. There we are to regard the Tate modules of
log abelian varieties as sheaves on the Kummer étale sites ([12]) rather than
the usual étale ones.

4.5. Proof of Theorem 4.4.4
We prove Theorem 4.4.4. How to relate the toroidal embeddings in §4.3
to log abelian varieties is, roughly speaking, the following. We can twist an
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abelian variety (with additional structures) by a torus action. When our
twisting reaches infinity corresponding to a boundary point of a toric variety
of the toroidal embedding, we obtain a log abelian variety (cf. 4.5.3).

4.5.1. First we reduce 4.4.4 to the local case. Let I' and X be as in
4.4.4. As in 4.3.8, Dry is defined by gluing DF(U)gp’E(G) (0 € ) in the
notation there. On the other hand, we have a

4.5.2. LEMMA. ('lj)ng s a sheaf.
ProOOF. This follows from the assumption that I' is neat. [J

By this, (i)ng is obtained by gluing @p(g)gp,g(g) (o0 € X). Tt is easy to see
that the local isomorphisms Dl“(o-)gpyz(o-) = él"(o-)gp72(o-) constructed below
are compatible so that we have the desired global isomorphism Dr y; & ®r 5.

4.5.3. In the rest of this subsection, we prove the local case of 4.4.4.
Assume that (I',X) is local in the sense of 4.3.7. We define a morphism
DF’E — (i)nz). Recall that in this case, X is the set of all faces of a mon-
odromy cone o.

We use here the definition of (i)ng given by fixing Vz which is stable
under I', but it will be easy to see that if we use the definition without
fixing V7, this morphism is independent of the choice of V7.

Let S be an fs log analytic space and assume that we are given a mor-
phism f: S — Dry. We define an element of & x(S) corresponding to f.
In the following, we work locally on S. The local sections we will give glue
into a section over S. Locally on S, lift f to a morphism (F,q): S — D xT.
Here we can take D (not exp(oc¢)D) in the target space by the last remark
in 4.3.7. The morphism F is identified with an Og-submodule of Og ®qg V'
stable under the action of L. Let A be an abelian variety V7 \(Os ®qV)/F
over S corresponding to F' whose H1(A,Z) is identified with V7.

Let W(o)_27 = W(o)_2 N Vz and let X' = Hom (W (0)_27,2Z(1)).
Then, for the above ¢: S — T, the composition

SLT ST @G0 — Hom(Vz, W (0)_27) @ Gy og,

where the third arrow is induced by I' — Hom (Vz, W(0)_27);7 — (v —
(v — 1)(v)), defines a homomorphism h: Vz — Hom(X',Gp,10g). The
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morphism Hom(X',0g) = Og @ W(o)—2 — Lie(4) = (05 ®qV)/F
is injective and hence by G,, ~ Og/Z(1), it induces an injective homo-
morphism Hom(X',G,,) — Lie(A)/W(o)_27. Let J be the push for-
ward of Hom(X',Gp10g) — Hom(X',G,) — Lie(A)/W(o)_27. Then
we have a homomorphism V7 — J as the product of the canonical ho-
momorphism Vz — Lie(A) and h : Vz — Hom(X', Gy 10g). Let J —
Hom(X', G log/Gm) be the canonical projection (Lie(A) is killed here),
and let J(Z < J be the inverse image of the subgroup sheaf
Hom(X', Giog/Gm) V2 of Hom(X',Gypyiog/Grm), and let A’ be the cok-
ernel of Vg — J(VD),

Cramm 1. A’ is a log abelian variety.

ProoOF. To see this, we need not consider the action of L. First, choose
a Q-subspace V' of V such that dimg(V’) = dimg(V)/2 and such that
W(o)—o C V' C W(o)_1, b(V', V') = 0. Let V4 = V' N Vg, YV = Vg/V},
X = Hom (Vy,7Z(1)). Let ¢ : Y — X be the unique homomorphism such
that for any y € Y and h € Hom (X, Z(1)) = V7, we have h(¢(y)) = ¥(h,y).
Let s(X <Y, Gy,) (resp. s(X XY, Gy, 10g)) be the sheaf of pairings b : X xY —
G (resp. G log) satisfying b(¢(y), z) = b(¢(z),y) for any y,z € Y. Then
we have a commutative diagram

I'\ exp(oc)D — (X xY,Gp)
(1) N N
(T\exp(oc)D) xT'T — $(X XY, Gy log)

where the horizontal arrows are defined as follows.

The upper horizontal arrow in (1) is as follows. For an analytic space S,
a morphism S — exp(oc)D defines an Og-submodule F' of Og ®g V such
that Os ®QV = F @ Hom(X,Og). The commutative diagram

vz = Hom (X, Z(1))
N N
Vz — (0s®QV)/F & Hom(X,Os)

defines a homomorphism Y = Vz/V; — Hom(X,Og)/Hom (X,Z(1)) =
Hom(X,G,,) which belongs to s(X X Y,Gy,).
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The lower horizontal arrow in (1) sends (F,q) (F : S — exp(oc)D,
q:S — T) to the product of X xY — G, defined by F and X xY — Gm,log
induced by ¢ and

T ST ®Gpiog — Hom (Y, V) @ Gpyiog = Hom (Y, Hom (X, Gpiog)),

where the second arrow is induced by v — (v — (y—1)(v)) (y € I',v € V).

The A’ constructed in the above is the quotient associated to the pairing
X xY — Gy 10g which is the image of the given (F q) by the lower horizontal
map in (1). From this, we see that A’ is a log abelian variety. O

The ring homomorphism L — Q ® End(A’) is given by the actions of L
on V, Lie(A), and W(o)_s.

The T-level structure is given as follows. Locally on S'°8, take a lifting
gel'®Lof g €T ®Gylog. Then this gives h:Vy — Hom (X', L). Let
J be the push forward of Hom(X', L) «— Hom(X',Og) — Lie(A), and let
JVZ) < J be the inverse image of J(Z). Then we have a homomorphism
Vz — JV2) as the product of the canonical homomorphism V7 — Lie(A) and
h, and this is a local isomorphism Vz — Hz. Here Hz = Hi(r~ (4, 7Z).
Such local definition gives a I'-level structure globally.

We define a polarization of A’. It is Hz, x Hz — Z(1) obtained from
through the I'-level structure.

CrAmM 2. This is a polarization. [J

It is easy to see that the map D x T — ®ryx which we have defined
factors through the surjection D x T" — Dryx. Thus we have defined a
morphism Dryz — CIDRE in the local case.

4.5.4. We prove that the morphism Dng — i)ng we have defined in
the local case is in fact an isomorphism, which completes the proof of 4.4.4.

First, we can prove this in the case L = Q using the commutative
diagram (1) in 4.5.3, because this diagram shows that to perform a local
toroidal embedding can be interpreted as to extend the space of the pairings
into Gy, to the space of the pairings into G, jog-

Next, we consider the case for general L. By the result in the case L = Q,
the map D["E — <I>p7g is injective as a morphism of sheaves. To prove that
it is also surjective, assume that we are given a log abelian variety A’ with
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additional structures. Then, by the result in the case L = Q, we can find
an abelian variety A (without the action of L) which yields our log abelian
variety A’ (without the action of L) via the morphism constructed in 4.5.3.
Since the action of L is compatible with that of I' and with 3, and since
L acts on A’, we see that L acts on A. Thus we have proved the desired
surjectivity of the morphism Dry — ®ry. O

4.6. Log abelian varieties and Satake-Baily-Borel compactifica-
tions

The last two subsections of this section are devoted to studying Satake-
Baily-Borel compactifications in view of log abelian varieties. In the sub-
section 4.4, we proved that the toroidal compactifications are described in
terms of the moduli functors of log abelian variety (with additional struc-
tures): they are nothing but the fine moduli spaces which represent the
functors. In this subsection and the next, we show that the Satake-Baily-
Borel compactifications are also described as fs log analytic spaces in terms
of the moduli functors of log abelian varieties. This result means that
Satake-Baily-Borel compactifications are coarse moduli spaces in a sense
for the moduli functors of log abelian varieties (with additional structures).
(See 4.6.10 and 4.7.8 for a discussion about formulations of coarse moduli
spaces. )

4.6.1. First, we give preliminary definitions to describe the point set
of Satake-Baily-Borel compactifications in terms of the moduli functors.

Let F': (fs) — (Set) be a contravariant functor.

Let |F| be the set (not necessarily belonging to the fixed universe) of all
equivalence classes of (a, f), where a is an fs log point and f is a morphism
a — F. Here we say (a, f) and (b, g) are equivalent if and only if there are fs
log points cg, c1,- -+ ,cor (K > 0) with morphisms h; : ¢; — F (0 < j < 2k)
and morphisms ¢y — a, cop — b, c2; — c2511 (0 <j <k, Coj — C2j-1
(0 < j <k)over F.

Let P be an fs log analytic space. If we regard P as the functor (fs) —
(Set) represented by P, we have clearly |P| = P.

4.6.2. Consider the moduli functor F = ®p of log abelian varieties
with I' an arithmetic subgroup of G(Q). Define ||F|| as the quotient of
|F'| by the following equivalence relation: For j = 1,2, let a; be an fs log
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point. Let (Aj,i;,p;,k;) € F(aj). Let (Hj,4;,p;, k;) be the corresponding
polarized log Hodge structure with coefficient and with level structure over
aj. Let t; € a;Og. Assume that there is an isomorphism between two Z-
modules H; 7, and Hjz7,, which respects i;,p;,k;, which preserves the
weight filtrations W) with respect to the whole monodromy cone of aj,
and which induces an isomorphism of the polarized Hodge structures with
coefficient and with level structure on gr‘ivl(j). Then the two classes of |F|
defined by (A;,i;,p;, k;) are equivalent. This definition of the equivalence

relation does not depend on choices.

REMARK. As is explained in 4.6.10 below, in general, ||F|| does not
necessarily coincide with |F|.

4.6.3. THEOREM. The Satake-Baily-Borel compactification Dr is de-
scribed by the moduli functor F' = ®r of log abelian varieties (with additional
structures), as follows.

(1) As a point set, Dr is ||F||.

(2) The topology of Dr is given as follows. For a subset U of ||F||, U
is open if and only if for any fs log analytic space P and any morphism of
functors P — F, the inverse image of U in P under P = |P| — |F| —
||F|| = Dr is open.

(3) The structure of ringed space of Dr is given as follows. Let R be
the sheaf of rings on Dr defined as follows. For an open set U of ||F|,
R(U) is the set of morphisms of functors Fyy — Gg, where Fyy denotes the
subfunctor of F' defined as follows, and G, is the sheaf T — Or(T') on (fs).
Then R is isomorphic to the structure sheaf of Dr.

The definition of Fy is as follows:

Fy(T) = {a € F(T) | the image of T — |F| — Dr induced by a is con-
tained in U}.

(4) Let N be the sheaf on Dr defined as follows. For an open set U of
||F||, N(U) is the set of morphisms of functors Fy — [M], where [M] is
the sheaf T +— Mz (T) on (fs). Then N is isomorphic to the log structure of
Dr.
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From this theorem, we have the following consequence (for the reason

why the following theorem is a consequence of the above theorem, see 4.6.9
below).

4.6.4. THEOREM. There is a canonical morphism of functors F — Dr,
which induces the canonical map |F| — ||F|| = Dr and which has the
following universal property.

For an fs log analytic space @QQ, we have a functorial bijection :

{a morphism Dr — Q} <«  {a morphism F — Q such that |F| — Q
factors through || F||}.

In the next section, we prove a stronger theorem in the case with no
coefficient.

4.6.5. THEOREM. Assume that L = Q and I' = I'(n) for some n > 1
so that Dp = Dg,n' Then, for any Hausdorff fs log analytic space ) and
any morphism F — @Q, the map |F| — @Q factors through ||F||.

Consequently (by 4.6.4), for a Hausdorff fs log analytic space Q, we have
a functorial bijection :

{a morphism Dy, — Q} < {a morphism F — Q}.

We prove the first theorem 4.6.3. For this, we prepare a lemma.

4.6.6. LEMMA. Let F be a sheaf on the category (fs) of fs log analytic
spaces, and assume that we are given fs log analytic spaces Pj (j =1,2) and
morphisms aj : P; — F (j=1,2).

(1) Assume that the following (i)—(iii) are satisfied.

(i) a1 is relatively represented by morphisms which are locally base
changes of birational proper equivariant morphisms of toric varieties, that
is, for any fs log analytic space T and any morphism T — F, the fiber
product Py X g T is represented and the base change Pi xp T — T of a1 1s,
locally on T, a base change of a birational proper equivariant morphism of
toric varieties.

(ii) a2 is a surjection of sheaves.

(iii) Py is log smooth.
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Then, if P is an fs log analytic space and if two morphisms f,g: F — P
satisfy foay = goay, we have f = g.

(2) Assume that we are given an fs log analytic space P and a morphism
p: Py — P, and assume that the above conditions (i)—(iii) and the following
conditions (iv) and (v) are satisfied. (Note that, in (v), the map Py — |F|
induced by a1: Py — F is surjective by (i).)

(iv) The morphism ag is relatively represented by log smooth morphisms.

(v) The map of the underlying sets Py — P of p factors through the
surjection Py — |F|.

Then there exists a unique morphism q : F' — P such that p=qoay.

(3) Let the assumptions be as in (2), and assume further the following
(vi).

(vi) p is proper and surjective, and the O and the M of P are the direct
images of O and M of P1 under p, respectively.

Then the fs log analytic space structure of P is described in terms of F
as follows.

(a) A subset U of P is open if and only if for any fs log analytic space
Q@ and any morphism @ — F, the inverse image of U in @ is open.

(b) For an open set U of P, let Fyy be the subsheaf F xp U of F, that
18,
Fy(T) = {a € F(T)| the image of T by a in P is contained in U}.

Then
Op(U) = Mor (Fy,G,), Mp(U) = Mor (Fy, [M]).

PrROOF. We prove (1). By the condition (ii), it is sufficient to prove
foas = goay. Let P, = P, xp P». By the condition (i), the canonical
projection b : Py — P, has the same property as a; described in (i). Hence
we have:

(vii) b is surjective, and the topology of P» is the image of the topology
of Pj.
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Furthermore, by the condition (iii), the fact that b has the same property
as ap in (i) shows:

(viii) The O and the M of P» are the direct images of those of Pj under
b, respectively.

By (vii), (viii), the fact f oagob = goagobshows foas = goas.

Next we prove (2). The uniqueness of g follows from (1). We prove the
existence of q. By (v), we have a map of sets P, — P as the composition
P, — |F| — P. Since b : Py — P, satisfies the above (vii) and (viii), there
exists a unique morphism h : P, — P whose underlying map is the above
map P> — P such that the composition hob coincides with the composition
P, — P, — P. We will prove that h factors through the surjection of
sheaves as : P — F and hence gives q: ' — P. For this, it is sufficient
to prove h o pr;y = h o pra, where pr; (j = 1,2) is the j-th projection
R:=PyxpPy— P. Let R := Pjxp Pj =P xpR,and let c: R — R be
the canonical morphism. Then ¢ has the same property as a; in (i). Hence

(ix) c is surjective, and the topology of R is the image of the topology
of R

By (iii) and (iv), R is log smooth. Hence the fact that ¢ has the same
property in (i) shows

(x) The O and the M of R are the direct images of those of R, respec-
tively.

By (ix), (x), the fact h o pry o ¢ = h o prg o ¢ shows h o pr; = h o pra.

Finally we prove (3). (a) follows from the fact that P, — P is proper
and surjective. We prove (b). Let U be an open set of P. Then we have
maps

Mor (U, G,) — Mor(Fy, G,) — Mor (P xp U, G,),
Mor(U, [M]) — Mor(Fy, [M]) — Mor(Py xp U, [M])

such that the compositions are bijective by (vi). By applying (1) to the case
where F', Py, P5, Pin (1) are Fy;, Py xpU, Po xpU,G, (resp. [M]), we have
the injectivity of Mor(Fyr, G,) — Mor(P; xp U, G,) (resp. Mor(Fy, [M]) —
Mor(Py xp U,[M])). This shows that Mor(U,G,) — Mor(Fy,G,) and
Mor (U, [M]) — Mor(Fy, [M]) are bijective. (]
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4.6.7. Now we prove 4.6.3. We apply 4.6.6. First we assume that I" is
neat. The general case will be treated in 4.6.8. Let F = &, P, = DRZ‘ for
some complete fan ¥ which is strongly compatible with I', P = Dr and let
P5 be the disjoint union of U,, where ¢ ranges over the set of all monodromy
cones and U, = D]_"(O—)gpyz(o-) in the notation in 4.3.8. Let P, — F' be the
canonical morphism (4.3.13) and let P» — F' be the morphism whose o-
component is the composite U, — él"(o-)gp72(o-) C @p(g)gp — ®r, where the
first homomorphism is the one we constructed in 4.5.3. Then it is easy to
see that the conditions (i)—(v) are satisfied.

Hence by 4.6.6 (2), there exists a unique morphism ¢ : ®r — Dr such
that the composition DF,E = (i)nz C ®r — Dr coincides with the canonical
morphism Dnz — Dr.

By the definition of Dr as a set (4.3.13), (1) of 4.6.3 is clear. To see
(2)—(4) of it, it is enough to apply 4.6.6 (3), which is possible because the
condition (vi) in 4.6.6 (3) is satisfied (4.3.13). This completes the proof of
4.6.3 in case where I' is neat.

4.6.8. We will complete the proof of 4.6.3 by reducing the general case
to the case where I' is neat, which is already proved. First, (1) of 4.6.3 is
clear. To see (2)—(4), we take a neat subgroup I'" of I of finite index. Then
Drv is described in termes of ®pr. Since the map Dr» — Dr is closed, we
deduce (2) for I'. Similarly, we deduce (3) and (4). This completes the proof
of 4.6.3.

The second theorem 4.6.4 follows from the first theorem 4.6.3 by the
following general lemma.

4.6.9. LEMMA. Let F' be a sheaf on (fs) and P an fs log analytic space.
If the point set of P is a quotient ||F|| of |F| and if the topology of P, the
ringed space structure of P, and the log structure of P are determined by
F as those of Dr are determined by ®r in 4.6.3, then we have a functorial
bijection for an fs log analytic space Q:
{a morphism P — Q} < {a morphism F — Q such that |F| — Q factors
through || F||}.

PROOF. First we define the canonical morphism F' — P. Let T be an
fs log analytic space and T — F' a morphism. Then, we have a morphism of
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sets T'— |F| — ||F|| = P, which is continuous by the assumption. Further,
by the assumption, it extends to a morphism of fs log analytic spaces, that is,
gives an element of P(T"), where we identify P with the functor represented
by P. We easily see that the above correspondence makes a morphism
F — P. By composing this morphism F' — P, we can define a map of sets
from the left hand side to the right hand side in the desired bijection in the
statement of the lemma. Again by the assumption, it is straightforward to
verify that this map is bijective. [J

4.6.10. Discussion about coarse moduli.

First we review the non-log case. Let F': (an) — (Set) be a contravariant
functor. An analytic space P is a coarse moduli space of F' if the following
(i)p and (ii)o are satisfied.

(i)o As a point set, P is F'(SpecC).
(ii)o For an analytic space @, there is a functorial bijection :
{a morphism P — @} <« {a morphism F — Q}.

Since F'(Spec C) is the set of morphisms from a point Spec C to F', the set
| F'| which we introduced in 4.6.1 for a contravariant functor F': (fs) — (Set)
is an analogue of it in the log case. However, we do not formulate the

coarse moduli using |F| because for the moduli functor F = ®r of log
abelian varieties (with additional structures), |F'| does not coincide with
||F|| = Dr. In fact, for example, in case where ¢ = 2 and ' = I'(n)

for n > 3, consider the open subfunctor of F’ of F' which is defined by
discarding the totally degenerate locus. Then, F’ is represented by the
partial Mumford compactification with respect to the fan consisting of all
one-dimensional monodromy cones. Hence the subset |F’| of |F| coincides
with this partial Mumford compactification. But the map from this partial
Mumford compactification to the Satake-Baily-Borel compactification is not
injective, which shows that |F'| does not coincide with the Satake-Baily-
Borel compactification.

Nevertheless, if we define a coarse moduli for a pair (F, ||F||), where F
is a contravariant functor F': (fs) — (Set) and ||F|| is a quotient of |F|, to
be the fs log analytic space P which satisfies the following (i) and (ii), then
the Satake-Baily-Borel compactification Dr for any arithmetic subgroup T’
of G(Q) is the coarse moduli for the pair (®r, ||®r||), where ||®r|| is the
quotient set defined in 4.6.2. This is nothing but 4.6.4.
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(i) As a point set, P is || F||.

(ii) For an fs log analytic space @, there is a functorial bijection :
{a morphism P — @} <« {a morphism F' — @ such that |F| — Q
factors through ||F||}.

We will discuss another formulation in case of no coefficient in 4.7.8 in
the next subsection.

4.7. Proof of 4.6.5

In this subsection, we prove 4.6.5.

Let g,n > 1. Let the notation be asin 4.1 (cf. 4.3.14). In this subsection,
we work without coefficient rings.

4.7.1. To prove 4.6.5, we use the result 4.1.7 for the toroidal com-
pactifications, which is a special case of 4.4.4. We use an admissible cone
decomposition, which is precisely as follows.

Let Yy be a finitely generated free abelian group of rank g. Let
Sym?(Yp,R) be the set of all symmetric Z-bilinear forms Yy x Yy — R.
Let ¥ be an admissible cone decomposition of Sym?(Yp, R) in the sense of
[3], that is, a set of finitely generated (sharp) rational polyhedral cones in
Sym?(Yp, R) satisfying the following conditions:

(1) For 0 € X, every face of ¢ is in X;

(2) For o, 7 € %, the intersection o N7 is a face of o;

(3) X is stable under the action of Autz(Yy). Here a € Autz(Yp) acts
on Sym*(Yp, R) by (, ) = (a(-), a());

(4) The number of the Autz(Yp)-orbits in ¥ is finite;

(5) For any o € X, any element of ¢ is positive semi-definite, i.e., (y,y) >
0 for any (, ) € o and any y € Yp;

(6) For each positive definite symmetric bilinear form (, ): Yy x Yy — R,
there exists a unique o € ¥ for which (, ) is contained in the interior of o.

Let Dgyn’z be the toroidal compactification associated to X. Then, we
have a surjective morphism Dy, 5 — Dy, (cf. 4.3.13).

4.7.2. We give a preparation for the proof of 4.6.5.

Let J4 be the sheaf on (fs) defined as follows: For an fs log analytic space
T, J4(T) is the set of all pairings Z9 x Z9 — M3’ for which the identity
map of Z9 is a polarization.
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Let Sym?(Z9,Z) be the set of all symmetric bilinear forms Z9 x Z9 —
Z, and let Sym%H (79,7) be the subcone of Sym?(Z9,Z) consisting of all
positive semi-definite forms. For a finitely generated subcone « of
Sym% Jr)(Zg ,Z), let Jy o be the subsheaf of J, defined as follows. For an
fs log analytic space T', J4 o(T) is the set of all b € J4(T") such that for any
t € T and any homomorphism N : Mrp, /(9757lt — N, the induced pairing

79 x 19 — M3/ OF, X Z belongs to o. If oV C Hom (Sym2(Z9,Z),Z) =
Sym#(Z9) denotes the dual cone of a consisting of all elements of Sym?%(Z9)
which send « into N, then by Proposition 3.10.2, J, . is represented by
an open subspace of the toric variety Spec(Cla¥])an with the natural log
structure.

Let s, : J; — ®,, be the morphism which sends b € J,(T) to (A,p,l) €
<I>g’n(T), where A is the quotient associated to the pairing 79 x Z9 —
MEP; (y, z) — b(y, 2)™, p is the polarization induced by the identity map of
Z9, and [ is the level structure (e;)1<j<24, Where e; is the n-division point
of A defined as follows. Let (f;)i<j<g be the standard base of Z9. Then for
1 < j <y, ejis the image of b(fj,—) : Z9 — Gy 10g in A. If g < j < 2g,
e; is the image of the element of Hom (Z9,C*) C Hom (Z9, Gy, 10g) Which
sends f; to exp(2mi/n) and fi (k # j) to 1.

Then, as is easily seen, when v ranges over Sp(2g,Z/nZ), ®4, is the
union of the images of vy o s,: J; — ®,,,. Furthermore, J; is the union of
Jg,a, where o ranges over all finitely generated subcones of Sym% ) (Z9,7,).

4.7.3. Let Q be a Hausdorff fs log analytic space. Let ®,4, — Q be
a morphism. To prove 4.6.5, since any fs log point has a morphism from
the standard log point p = (SpecC,C* @ N), it is sufficient to prove the
following:

Let (A1,p1,01) and (Ag2,pa,la) € @4, (p) be principally polarized log
abelian varieties with n-level structures over the standard log point p. As-
sume that their images in D, (p) coincide. Then their images in Q coincide.

Such (A1,p1,01) and (Ag,p2,lz) come from by, by € Jy(p) having the
following property (x) below, via vy o s, : J; — @4, for a common ~. Let
2¢’ be the rank of gr_;.

(*) The pairing h; : Z9 x Z9 — M3P/OF ~ 7 induced by b; kills
(29" @ {0}979') x Z9 for j = 1,2. The pairing ({0}9 ® R99) x ({0}9 @
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Rg_g/) — R induced by h; is non-degenerate for j = 1,2. The pairings
(29 & {0}99) x (29 ®{0}979) — O, = C* induced by b; and by coincide.

It is sufficient to prove that the images of b1, by in @ coincide. We will
prove this in 4.7.5 after a preparation in the next subparagraph.

4.7.4. We give preparations on finitely generated subcones of
2

Sym(+)(Z9, 7).
Let

¢ : Sym*(Z9,Z) = Sym*(2¢ , Z) x Hom (X, Z) x Sym*(Z9~9, Z)

with X = (Zgl)g_gl, be the canonical isomorphism, where the first compo-
nent of ¢ is defined by the restriction to (Z9 @ {0}979') x (29 & {0}979),
the second component of 1) is defined by the restriction to (Z9 @ {0}979") x
({0} @ 799", and the third component of ¢ is defined by the restriction
to ({0}9 @ Z979) x ({0} & z9-9).

Fix a finitely generated subcone o’ of Sym% ) (29',7) such that (o/)8P =
Sym?(Z9', 7). Let S = Jy o and let s € S be the unique point such that
the image of any element of (/)Y — {1} in O(s) = C is zero.

Now in 3.4, take S as above and take Y, X, S as follows. Let Y = X =
(291979, S = (/) the set of all elements of Sym#(Z9") which send o into
N, and let

() (@) % (29)779 — Symp(Z7) = S

be the canonical pairing ((u))1<j<g—g's (Vj)1<j<g—g') = D1<jcg—g Ui ® Vj
(uj,v; € Z9'). Then this pairing is S-admissible. This is because the canon-
ical pairing Z9' x 29" — Sym2(Z9') = S%; (u,v) — u®v is S-admissible, for
this pairing is identified with the canonical pairing 79 x 79 — M gf; / (93 s
and S is identified with Mg s/ Og o

Let C' C Hom (S,N) x Hom (X, Z) be the cone defined in 3.4.

CLAM 1. Let N € o = Hom(S,N) C Sym?(Z9,Z) and let ¢ €
Hom (X, Z). Then (N,/) € C if and only if there exist f € Sym?,(Z9,Z)
and m € Sym?(Z99',Z) such that ¢ (f) = (N, £, m).

Proor oF CrLAM 1. We prove the “if part”. Assume that f,m as
above exist. For 1 < j <g—¢/, let ¢; : 79 — 7 be the j-th component of /.
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Let x = (xj)lgjggfg’ eX = (Zg’)g—g' (l‘j € Zg/), and assume x € XKer(N)-
This last assumption means that {z;} x 79" is killed by the pairing Z9 x
79 — 8 X 7 for any 1 < j < g—g¢'. Toprove (N,¢) € C, it is sufficient to
prove {(x) = 0. We will prove £;(x;) = 0 for any j. Let (6;)1<j<q—g be the
standard base of Z9~9'. For any real number ¢, we have f(cz;+6;, cx;+6;) >
0, where we regard z; as an element of 79 ©{0}979" and 0; as an element of
{0} @2979". Since f(cx;+6;, c;+68;) = AN (xj, x;)+2¢l;(x;) +m(5;,6;)
and since N (xj,x;) = 0, we have 2cl;(x;)+m(d;,6;) > 0. By taking ¢ — oo,
we obtain /j(x;) > 0. By taking ¢ — —o0, we obtain /;(x;) < 0. Hence
tj(zj) = 0.

Next we prove the “only if part”. Assume (N,¢) € C. Fix any positive
definite symmetric bilinear form myq : Z9~9 xZ9~9 — Z. Let Z C Z9 be the
set of all z € Z9' such that N(z,79) = 0. Then since (N, ¢) € C, £;(Z) =0
for any j. Since N induces a positive definite symmetric bilinear form
z9 /Z X z9’ /Z — Z, for any sufficiently large integer ¢ > 0, the symmetric
bilinear form f. : Z9xZ9 — Z characterized by ¥ ( f.) = (N, ¢, cmg) induces a
positive definite symmetric bilinear form (Z9 /Z@®ZI~9 Yx (29 | Z®7979') —
Z and in particular belongs to Sym?ﬂ (29,7). O

We now consider finitely generated subcones « of Sym% (Z9,7) having

+)
the following properties (i) and (ii).

(i) The restriction of each member of o to Z9 x 29" = (29 @ {0}979') x
(29" @ {0}979) is contained in .

(ii) Let ag be the face of « consisting of all elements of o which kill
(Zgl &) {O}g_gl) x 79, and regard ag as a set of symmetric Z-bilinear forms
({0} @ 7979) x ({0}9 ®Z979') — Z. Then () coincides with the set
of all symmetric Z-bilinear forms ({0}9 @ Z9-9) x ({0}9 @ 299 — Z.

CrLamM 2. Let a be a finitely generated subcone of Sym%ﬂ (79,7) sat-
isfying the above (i) and (ii), and let o be the image of a in Sym?(Z9', Z) x
Hom (X, Z) under the first and the second components of ¢). Then o is a
finitely generated subcone of C.

This follows from the “if part” of Claim 1.
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CramM 3. For any finitely generated subcone o of C| there is a finitely
generated subcone a of Sym? ) (Z9,7) satistying the above (i) and (ii) whose
image in Sym?(Z¢',Z) ® Hom (X, Z) coincides with o.

This follows from the “only if part” of Claim 1.

Let « and ¢ be as in Claim 2.

Note that «q is the kernel of @ — 0. Let o C SymZ(Z9) be the dual
cone of a, let 0¥ C S8 x X be the dual cone of o which we identify with
the annihilator of ag in oV, and let I be the complement of ¢V in V. Let
R, be the closed analytic subspace of J,, defined by the ideal generated
by I. We endow R, with the inverse image of the natural log structure of
Jg,a-

The restriction to (Z9 @& {0}979") x Z9 defines a canonical morphism

Ry, — V (o),
where V(o) — S is as in 3.5.

CrAM 4. The underlying morphism of analytic spaces of R, — V(o)
(we forget the log structures here) is an isomorphism.

PrOOF OF CLAIM 4. This is because " is the disjoint union of o
and I, R, is the inverse image of S in Spec(Cla¥]/(I))an, and V(o) is the
inverse image of S in Spec(C[oV])an. O

4.7.5. Now we prove that for by, by € Jy(p) satisfying () in 4.7.3, the
images of b; and by in @ coincide. (This will complete the proof of Theorem
4.6.5).

Fix o/ asin 4.7.4. Let S, s, S, X, C be as in 4.7.4.

Take any « satisfying (i) and (ii) such that «g contains h; and hg in
4.7.3. Let o be the image of o in Hom (S,N) x Hom (X, Z), and let I C "
be as in 4.7.4. Then by,by € Jy(p) are contained in Jg o(p). Furthermore,
b1,b2 € Ry (p). In fact, I does not kill ag and hence does not kill any element
in the interior of a. Since hj (j = 1,2) induces a positive definite pairing
({0}9" x RI=9') x ({0}9" x RI9') — R, h; belongs to the interior of ag, and
hence I does not kill h;. This shows that the pull backs of the elements of
I in O(p) = C are zero. Hence by, by belong to R, (p).
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Let F' = J,. Let T = R, x5 R, (recall that S = Jy ). We have
two morphisms f,g: T = @ induced by the two projections T' = R,. It
is enough to show that the underlying morphisms of these two morphisms
T = @ coincide. Let T” be the fiber product T' X g« @ C T in the category
of analytic spaces, where ' — @Q x @ is (f,¢) and @ — Q x @ is the
diagonal. It is sufficient to prove T = T. Since @ is Hausdorff, T" is
closed in T. Let A be the set of all infinitesimal neighborhoods of s in .S,
that is, the set of all closed analytic subspaces of S whose underlying sets
coincide with s. For A € A, let T, = T xg X. Since T" is a closed analytic
subspace of T', it is sufficient to show that for any A, the morphism T, — T
factors through a morphism T — 71", that is, the underlying morphisms of
analytic spaces of f,g: T\ = @ coincide. Fix A € A. By Proposition 3.5.6
(2), for a sufficiently large finitely generated subcone 7 of C', the underlying
morphism of analytic spaces of V(o) xg A — V(1) xg A factors through
the canonical projection V(o) xg A — A. By Claim 3, there is a finitely
generated subcone 3 of Sym? 4 (Z9,7) which contains o and whose image
in Hom (S,N) x Hom (X, Z) coincides with 7. By Claim 4, the underlying
morphism of analytic spaces of R, xg A — Rg Xg A factors through the
canonical projection R, Xg A — A. Hence the underlying morphisms of
analytic spaces of the two morphisms T\ = Rg xg A — () coincide.

4.7.6. REMARK. The generalization of 4.6.5 to the case with coefficient
rings does not necessarily valid. But, for example, the generalization is valid
if there is an L-submodule V' of V satisfying dim(V’) = dim(V)/2 and
(V' V') = 0. The proof is similar and we do not discuss it in detail here.

4.7.7. REMARK. The above 4.7.3-4.7.5 are roughly outlined in terms
of the previous subsection 4.3 as follows. Let the notation be as in 4.3.7. As-
sume that (I', ¥) is local. The problem is roughly to show that any fiber of
the map from the maximally degenerate locus of Dng to the Satake-Baily-
Borel compactification maps on one point of a Hausdorff ). Since this
map factors through the base exp(oc) \ exp(oc)D of the toroidal embed-
ding performed there, and since the underlying morphism of the morphism
from the maximally degenerate locus of Dr s to exp(oc) \ exp(oc)D is an
isomorphism (cf. Claim 4), it is essential to consider fibers of the factored
morphism from exp(oc) \ exp(oc)D to the Satake-Baily-Borel compactifi-
cation. The last map is, as in the subsection 4.5, described as a restriction
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of the map from the space of the pairings Z9 x Z9 — G, to the space of
the pairings Z9 x Z9 — Gy, its fibers are (usual) abelian varieties A of
dimension g(g — ¢’), and it is not at all trivial that each A maps on one
point of Q. What we did above is to take a log abelian variety A’ which is
a total degeneration of this A and apply a theory in the preceding section
to this A’. Then we saw that A’ mapped on one point. Then the original
A also mapped on one point.

4.7.8. Further discussion about coarse moduli. This is a continuation
of 4.6.10. Let F : (fs) — (Set) be an arbitrary contravariant functor. At
present, we do not have any appropriate candidate of what should be the
point set of F. As explained in 4.6.10, we do not think that the naive
candidate |F| is good. (However, |F| is useful. For example, we used it in
the proof of 4.6.3).

Another candidate is ||F'|| which is defined below. The above proof of
4.6.5 shows that, in case of F = ®,, this ||F|| coincides with the point
set of ng, so that if we formulate the coarse moduli for an F with this
||[F||, then we can say that Dy, is the coarse moduli for ®,,. But, as is
suggested in 4.7.6, this ||F'|| does not necessarily coincide with the point set
of the Satake-Baily-Borel compactification in the case of coefficient rings.
So we do not think that ||F|| is always good, neither.

Here is the definition of ||F'||, where F': (fs) — (Set) is a contravariant
functor. Let ||F|| be the quotient set of |F| by the equivalence generated
by the following relation.

Let T be an fs log analytic space, let f,g: T — F be morphisms and let
p € T. Assume that there exists a family (7)) of closed analytic subspaces
of T satisfying the following (i) and (ii). Then the classes of f : p — F and
g :p — F in |F| are equivalent.

(i) For any closed analytic subspace T" of T' such that the morphism of
analytic spaces T\ — T factors through a morphism T\ — T for any \, we
have p € T".

(ii) For each A, there are an fs log analytic space V), morphisms fy, gy :
T\ — V) and a morphism hy : V), — F such that h) o f) coincides with the
restriction of f to T), hy o gy coincides with the restriction of g to T}, and
the underlying morphism of analytic spaces of f) coincides with that of g).
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We add a remark about the condition (i). Consider the condition

(i) The point p belongs to the closure of the union of all the sets T} in
T.
Then we have (i') = (i). However, the converse is not true. For example, if
T = C and the family (7)) is the family (Spec(C[z]/(2"))an)n>1, then the
closure of the union of all the sets T} is {0}, but the condition (i) holds for
any point p in C.

Note that if P is a Hausdorff fs log analytic space, then the canonical
map P — || P|| is bijective. This is essentially proved in 4.7.5.

5. Proper Models

5.1. Results

5.1.1. Let (X,Y,(,)) be a non-degenerate pairing into G, 1og over an
fs log analytic space S. We denote by A the associated log complex torus.
Let S be an fs monoid. Assume that we are given an S-admissible pairing
X xY — 8% and a homomorphism & — Mg/Og such that the induced
map X XY — ME’/OF coincides with (, ) modulo Gy,.

5.1.2. Now we consider the cone C' (3.4.2). A cone decomposition ¥
is by definition a fan in Hom (S8 x X, Q) whose support is contained in
the cone Cg of the non-negative rational linear combinations of elements
of C'. Note that ¥ may not cover C. Assume that ¥ is stable under
the action of Y, where y € Y acts on C by (N,l) — (N,l + N({ ,y)))-
Then we define the subsheaf A®) of A as Y \ Hom(X, ijlog’s)(z), where
Hom (X, G log,s)™ = Upex V(A) (3.5.2). We show that A®) is repre-
sentable in 5.3, and call the representing object, which is also denoted by
A®) | the model of A associated to 3. We say that a model is a proper
(resp. projective) model if it is proper (resp. projective) over S.

A vague form of the result in this section is the following. See 5.2, 5.3
and 5.4 for the precise statements. Let A be a log complex torus over S.

5.1.3. THEOREM. A “nice” cone decomposition exists at least locally
on the base S. The model associated to it is a proper model. If A is a
polarizable log abelian variety, then at least locally on S, there is a “nice”
cone decomposition which produces a projective model.
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5.2. Cone decomposition
In this section, we show the following theorem.

5.2.1. THEOREM. Let (, ): X xY — S be an admissible pairing.
Then there exists a fan ¥ in (Sgp)(*@ &) X@ satisfying the following four
conditions:

(1) The support of ¥ is equal to the cone Cg of the non-negative rational
linear combinations of elements of C in 3.4.2;

(2) The fan X is stable under the action of Y on Cg defined by (N,1) —
(N, I+ N7, y))) fory €Y

(8) X has only finitely many Y -orbits;

(4) For any cone A € X2 andy € Y, the intersection AN(A+y) coincides
with {(N,1) € A; N((?,y)) = 0}.

Here we denote by + the Y-action, and by (?)g the set Hom (?,Q) of
homomorphisms to Q.

5.2.2. REMARK. If (, ) has a polarization p: ¥ — X as in Lemma
1.2.5, then it yields a natural cone decomposition of C' satisfying (1)—(4)
above. See [27], [22] and [10]. Cf. also 5.4.

5.2.3. By a combinatorial lemma 5.2.14 proved later, to prove Theo-
rem 5.2.1, it is enough to show that there is a finite set J of finitely generated
Q>o-subcones of Cg satisfying the following three conditions:

(1) Co=Uaesyey (A +y).

(2) Forany A € Jandy € Y, AN (A +y) is a face of A and a face of
A +y. The action ? —7? + y is the identity on AN (A +y).

(3) For any A, A’ € J, the set of cones {A N (A" +y);y € Y} is finite.
We remark that in (2), that AN (A —y) is a face of A implies that (A N
(A—y))+y=AN(A+y)is a face of A +y. Thus the phrase “and a face
of A+ 9" in (2) could be deleted.

We will construct such a J.

5.2.4. DEFINITION. For every face o of S, we fix bases (z,,); of X,,
and an element s, in the interior of 0. Let a = (a¢,i)s; and b = (bs,i)s: be
collections of rational numbers with a,; < bs; for each o and 7. Then we

define a (finitely generated) cone C,;, C Hom (S,N) @ Hom (X, Z)
Cop ={(V,0);00,iN (55) < U(x6;) < byiN(ss) for each o,i}.
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In 3.4.9, we made a similar construction. The cone C(a) (a € N) there
is C_g4,q here.

In the following, we fix (z,;); and s, as above.
The next is proved similarly as 3.4.10.

5.2.5. LEMMA. Let the notation be as above.

(1) Cup C C for every a,b.

(2) C = U_socactctoo Cap- Here —00 < a = (as;) < b= (bs;) < +00
means that —oo < as; < by; < 400 for each face o of S and .

ProOOF. (1) Suppose (N,l) € C,p and set 0 := Ker N. Then N(s,) =
0 implies that [(z,;) = 0 for all . Hence {(X,) =0 and (N,!1) € C.

(2) Let us take (IV,1) € C. We show that there exist (sufficiently small)
a = (ay;) and (sufficiently big) b = (b, ;) such that

a5,iN(55) < U20i) < byiN(ss) for all o,1.
If N(s;) =0, then l(z,;) = 0. If N(s,) # 0, then N(s,) > 0 by definition.

So, the assertion is clear. [J

In the followings, we denote Q>¢ ®N Cy, by C,p by abuse of notation.
Before constructing a J, we first propose three lemmas.

5.2.6. LEMMA. For a sufficiently small € > 0, the following holds:
For any collections of rational numbers

a = (aa,i)a,ia b= (ba,i)a,i7
o = (af;,i)o,ia b = (b;f,i)a,i

such that for any o,1,

0<bsi—as,; <€
0<by; —az; <e,
the following holds:
For any y,z € Y and any N € Hom (S,Q>0), if
Cap N (Cy iy +y) N (the fiber of N) # @ and
Cap N (Cy iy + 2) N (the fiber of N) # @,
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then y = z mod Y,,, where o := Ker (N). (Here the fiber of N means the
inverse image of N by Cgp — Hom (S,Q>0); (N, 1) — N.)

5.2.7. LEMMA. For any collections of rational numbers a,b,a’, V', there
exist a finite set of elements y1,...,yr of Y such that for any y € Y and
N € Hom (S,Qx0), if Cop N (Cory +y)N (the fiber of N) # &, then there
exists i such that y = y; mod Y,, where 0 = Ker (N).

5.2.8. LEMMA. Let W be a compact subset of R® Y. Then, for some
rational numbers a < 0 and b > 0, the following holds:

Ifye WnN(@Q®Y), N € Hom(S,Qx>0), then (N,N(?,y)) € Cqp.

(Here a,b of Cqp means the collections ay; = a,by; = b for any o0,1.)

5.2.9. We deduce the existence of J from Lemmas 5.2.6, 5.2.7 and
5.2.8. Let the situation be as in Theorem 5.2.1. Take an € > 0 satisfying
the condition in Lemma 5.2.6. On the other hand, take a compact subset
W of R®Y satisfying R®QY = Uyey(W—i—y), and take rational numbers a, b
satisfying the condition in Lemma 5.2.8 for W. Next, take a finite number
of rational numbers cg, ... , ¢ such that

a=cp<c<--<cr=bc—c_1<e(i=1,...,k).

For each map f: {(0,i)} — {1,...,k}, define the finitely generated
subcone C'f of C as
Cr = Cpg,

where ps; = Cf(oi)—1 and goi = Cf(s5)- Let J be the set of all such Cy (f
runs). Then this J satisfies the three conditions in 5.2.3. In fact,

(1): By the admissibility, any element of Cg has the form (NN, N(?7,z)),
N € Hom(S,Q>0), 2 € Q®Y. Take ay € Y such that z —y € W.
By Lemma 5.2.8, (N,N(?,z —y)) € Cgup. Hence there is an f such that
(N, N(?,z2—y)) € Cy. (Note that Cyp = J; Cy.) This implies (N, N(?,2)) €
Cr+y.

(2): Fory € Y, N € Hom (S,Q>¢) and Cy € J,

Cy N (Cy +y) N (the fiber of N) # &

implies y € Y,, where ¢ = Ker(/N). This is seen from Lemma 5.2.6
by letting z = 0. Hence, taking the minimal face o such that y € Y,
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(Lemma 3.4.5 (2)), we see that Cy N (Cy + y) is the inverse image of
the face {N;N(c) = 0} of Hom (S,Q>p) by the natural homomorphism
C¢ — Hom (S,Q>p). Hence this is a face of C'y on which the action of y is
trivial.

(3): Let Cy,Cyp € J. For each y € Y, let o, be the minimal element in

{Ker (N); N € Image (Cy N (Cy +y) — Hom (S,Q>0))}.

Let N be an element of Hom (S, Q>g) with Ker (N) = o, that belongs to
the image of Cy N (Cp +y). From Lemma 5.2.7, there exists an i such that
y=y;mod Y, . Thus CyN(Cy+y)=Crn(Cp+yi).

5.2.10. We prove Lemmas 5.2.6, 5.2.7 and 5.2.8. To prove 5.2.6 (resp.
5.2.7, resp. 5.2.8), it is enough to show the existence of ¢ (resp. y1,- - , yx,
resp. a and b) satisfying the conditions there for every N € Hom (S, Q>)
such that Ker N coincides with a prescribed face 7 of S. In the following,
we fix such a 7 and consider such N’s only.

Take a set of generators Ny, ..., N, of {N € Hom (S,Qx>¢); N(7) = 0}.
Then we have {N € Hom (S,Q>¢);Ker (N) =7} = {toNo+-- - +t, Ny t; €
Q,t; > 0}. Tt is enough to show the existence of & (resp. y1,- - , Yk, resp.
a and b) satisfying the conditions in Lemma 5.2.6 (resp. 5.2.7, resp. 5.2.8)
for the N = tgNo + - - - + t, Ny, € Hom (S, Q) with every to,... .1, € Qs
such that th(O) >ty 2 0 2 th(n)a where h: {0,...,n} — {0,... ,n}
is a prescribed map. Hence we consider only N = tqNg + - - - + t,N,, with
o= = tn.

For o € (0,1]", put

Ny = No + a1 N1 + aroag Ny + -+ o - - - o Ny,

It is enough to show the existence of & (resp. yi,--- ,yk, resp. a and b)
satisfying the conditions in 5.2.6 (resp. 5.2.7, resp. 5.2.8) for t N, with every
a€ ((0,1]NQ)" and t € Q.

Since [0, 1]™ is compact, it is enough to show the existence of e (resp.
Y1, Yk, resp. a and b) for tN, with every a € ((0,1] N Q)™ which is
sufficiently near to 8 and t € Qsg, where (§ is a prescribed element of
[0, 1]™.

Let I ={(0,i);0 ¢ 7}. For a € [0,1]", we define an R-linear map

Yo RQY — RI!
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as follows: for any (c,7) € I, taking the minimal k such that Ni(o) # 0,
writing

Nk := N + g1 Nkp1 + apr10proNkro + -+ + (01 -+ o) N,

Nok({Zo,i,y))
Na,k(SU)
As is easily seen, if a € (0, 1]", then the (o, 7)-component of ¢, (y) coincides
with 7Na(<x0’i7y>)

Na(so)
for a fixed 8 € [0,1]", when a € [0, 1]™ converges to 3, ¢, converges to ¢g.

we define that the (o,i)-component of p,(y) is (yeR®Y).

. Note that ¢, is continuous with respect to a, that is,

5.2.11. We will complete the proof of Lemma 5.2.8. Fix a 5 € [0, 1]™.
It is enough to show that, for some a <« 0 and b > 0,

NS wn (Q 02y Y) = (NaaNa<?ay>) € Ca,b
for every a € ((0,1] N Q)™ sufficiently near to 5. But

(NOH Na<?7 y)) € Ca,b
<= for any 0,1,aNa(S¢) < Na(Zs4,y) < bNa(55)
<= for any (0,1) € I,a < the (0,i)-component of ¢, (y) < b,

and we see that by the compactness of W, when a < 0 and b > 0, the last
condition is satisfied for every « sufficiently near to g.

For the proof of Lemmas 5.2.6 and 5.2.7, we use the next lemma.

5.2.12. LEMMA. Let o € [0,1]". Then @, induces an injection

R® (Y/Y;) — R

Proor. For k, —1 < k < n, we define a face o of S by o =
No<i<ir Ker (N;) (0-1 = S). We have 0, = 7. Let y € R®Y and as-
sume that ©a(y) = 0. By an induction on k, we will show y € R® Y5, .
(Then we get y € R® Y, when k = n.) It is clear that y € R® Y, _,.
Assuming that y e R® Y,, |, we show that y e R®Y,,. If Ni(ox_1) =0,
then o, = oj_1 so that there is nothing to prove. Hence we may assume
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that Ni(ox—1) # 0. Since the (oj_1,%)-component of ¢, (y) is 0, we see
No i ((Xo,_,»y)) = 0. Hence, by the admissibility, y € R® Y, | AKer (Nai)-
Since Ker (No ) C Ker (Ng), y ER® Y, rker(v,) = R® Yo, O

5.2.13. We will complete the proof of Lemmas 5.2.6 and 5.2.7. Fix a

B € [0,1]". By Lemma 5.2.12, for a sufficiently small § > 0, the following

holds: For every a € [0, 1]" sufficiently near to # and every y € Y, if the

absolute values of all components of ¢, (y) < 8, then y € Y;. Take such a

6. Let t € Qso, w € ((0,1] N Q)™, and assume that Cyp N (Cyr py +y)N (the
fiber of tN,) # @. Then for any (o,i) € I,

(%) Ao,i — bla,i < the (o, i)-component of ¢, (y) < by — a.

We prove 5.2.6. Let z € Y and assume that Cy;, N (Cor iy + 2)N (the fiber of
tN,) # @. Then, for any (o,i) € I,

(%) ao; — by ; < the (0,1)-component of o (2) < by — ay

o,

By () and (xx), we have, for any (o,i) € I,

|0a(y) — palz)] < 4e.

Thus, taking € such that 4e < 6, we have y = z mod Y.
We show 5.2.7. By (%), the (o,7)-component of ¢,(y) is bounded for
every such y and « near 3. Hence the set of such y modulo Y is finite.

The next lemma completes the proof of Theorem 5.2.1. The authors
think that it is known, but do not know a suitable reference.

5.2.14. LEMMA. Let a group G act on a finite dimensional Q-vector
space V. Let J be a finite set of finitely generated cones in V. Assume that
the following (1) and (2) hold.

(1) For any o € J and g € G, 0 Ngo is a face of o (and a face of go
(cf. a remark in 5.2.3)), on which g acts trivially.

(2) For any o, € J, the set of cones {oc NgT;g € G} is finite.

Then there is a fan X satisfying the following five conditions:

(a) The support of ¥ is equal to erJ,geG go;

(b) The fan 3 is stable under the action of G;

(c) ¥ has only finitely many G-orbits;
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(d) For any cone 7 € ¥ and g € G, the intersection T N g1 coincides
with {t € T;9(t) =t}.
(e) For each o € J, ¥ includes a finite subdivision of o.

For the sake of induction, we generalize the statement.

5.2.15. DEFINITION. Let V be a finite dimensional Q-vector space,
¥1,%o fans in V.

(1) We denote by X1 M X9 the fan {01 Nog;01 € X1,09 € Yo}

(2) If X1 M X9 is a subfan of ¥; (ie., X1 M Xy C Xy), we say that ¥
respects Yo, and denote it by Xq ~» .

(3) If ¥ M Xy is a subfan of ¥; for i = 1,2, we say that ¥; and Xy are
compatible, and denote it by 1 e~ Y.

We will soon give equivalent definitions and some properties of these
relations.
Now the statement we prove is the following.

5.2.16. LEMMA. Let G, V be as in Lemma 5.2.14. Let {¥1,... ,X,}
be a finite set of finite fans in V.

Assume that the following (1) and (2) hold.

(1) For any i and g € G, ¥; and g¥; are compatible, and g acts on
|2 N |g%i] trivially.

(2) For any i, j, the set of fans {¥; M g¥;;9 € G} is finite.

Then there is a fan X satisfying the following five conditions:

(a) The support of X is equal to U, ;e 91%il;

(b) The fan ¥ is stable under the action of G;

(c) ¥ has only finitely many G-orbits;

(d) For any cone 7 € ¥ and g € G, the intersection T N gT coincides
with {t € T;9(t) =t}.

(e) For each i, ¥ includes a finite subdivision of ¥;.

To see this includes 5.2.14, notice that when fans ¥; and Y9 consist of
all faces of cones o1 and o9 respectively, 31 «~ 3o if and only if o1 N o9 is
a face of o1 and a face of os.

5.2.17. PROPOSITION. Let V', 31, Yo be as in Definition 5.2.15.
(1) The following (i) and (ii) are equivalent.
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(Z) El ~ 22.

(ii) For any T € ¥o, 7 N |X1] is the union of a set of cones of .

(2) The following (i)—(v) are equivalent.

(i) X1 e~ Y.

(ii) 31 ~> Lo and ¥g ~» ¥

(iii) X1 U X9 is a fan.

(iv) For any o1 € 31 and o € X9, 01 N0y is a face of o1 and a face of
g9.

(’U) Y1 MY =31 N Xs.
Proor. Easy. U

5.2.18. PROPOSITION. Let V', 31, 3o be as in Definition 5.2.15. Let
33 be another fan in V. Then the following hold.

(1) 21 is a subdivision of 3o if and only if X1 ~ 3o and |X1| = |X|.

(2) Assume that X1 ~> Yo ~» 3. Assume further that |X1]|N|X3| C ||
(for example, that X1 is a subdivision of Yo or that 3o is a subdivision of
23) ) then 21 ~ 23.

(3) Define ¥1 < Yo < |X1] C |32 and 31 ~» 3o. Then < is a partial
order on the set of the fans in V. In general, X1 M Yo = Inf (31, X2) with
respect to this ordering. If 1 e~ Yo, 31 U X9 = Sup (X1, X9).

(4) Let ¥1,... .5, (k > 2) be finite fans. Then there exists a finite
subdivision ¥ of X1 which respects Yo, ... , 3.

(5) Assume that X1 ~ Yo and 31 M Xy is finite. Then there is a fan il
supported by |X1|U|X2| which includes ¥y and a locally finite subdivision of
Y.

PROOF. It is easy to see (1)—(3).

(4) We may assume that k = 2. Take a complete finite fan ET’2 including a
subdivision of 3 (cf. [28], the proof of Proposition 2.17). Let ¥ := le_lgg.
Then ¥ is a finite subdivision of 3. Since ¥} ~» i]v’2, ¥ ~» 3, where X
is the subdivision of ¥y included by i; Hence X} ~~ Y.

(5) Consider the subfan 33 = ¥; M X9 of ¥;. By the equivariant com-
pactification theorem ([28] p.17), there is a complete finite fan 3 D Ts.
Then X := ZA);) M Y9 is a locally finite subdivision of o and contains X3.
Since £3 C £ NYY and [L3] = || N [Saf, B1 e B and &) 1= ) U X,
satisfies the required condition. [J
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5.2.19. We prove Lemma 5.2.16.
First we prove that the condition (1) plus (2) is inherited by the subdi-

visions, that is, if ¥9,... %!

o, are subdivisions of ¥y, ... , 3, respectively,

then X,... X/ satisfy the same conditions. We prove that the condition
(1) is inherited first. For this, it is enough to show that (1) is equivalent to

(1) For any i, g € G, g acts on |3;| N g|%;| trivially and for any o € ¥;,
{s € 0;9(s) = s} is a face of 0.

We prove this equivalence. We may work under the assumption

(0) For any i, g € G, g acts on |X;| N g|%;| trivially.

Under it, we have 0 Ngo = {s € 0;9(s) = s} for any ¢ € 3;. Thus
(1) implies (1)’. Further, under the same (0), for any o,7 € ¥;, 0 N gT =
ocN7TNg(cNT). Since 0 > o N7, (1) implies (1). To prove (1) plus
(2) is inherited, it is enough to show that under (0), (2) is inherited. Let
¥,..., % be subdivisions of ¥1,...,3,, respectively. Assume that for
some 1,7, g,h € G, ¥; M gd; = ¥; M h¥;. It is enough to show that
¥ Mgy, = ¥ NhY. Let o] € ¥, 0 € ¥). Since g~'h trivially acts on
12,1 N gth|S;], gh™! acts on g|%;| N A|E;| trivially. Hence it acts trivially
also on [¥;] N g|¥;]= [%i| N g|%;| N A|E;]. Tt implies o} N go; = o} N ho'.

The proof of 5.2.16 goes with an induction on m. Before starting it, we
note that the conditions (c¢) and (d) are deduced from the others automat-
ically. (As for (d), use (1)" as above.)

Now we start the induction. In case where m = 1, ¢¥1, g € G, are
pairwise compatible: for any g, h € G, g¥1 «~ hX1 because X1 e~ g~ hYy.
Hence ¥ := 5 921 satisfies the required condition.

Assume that the statement is valid for m, and prove it for m + 1. For
each i <m, let X;Mg1Xm+1,-.. , 2 119g:2m+1 be all the members of the set
{Zi N gZmt1;9 € G}. By 5.2.18 (4), there is a finite subdivision X} of ¥,
which respects gpY,,4+1 for all k. Since ;M g¥4+1 = 3; M grXme1 implies
YN gYmt1 = XM gpXmt1, X respects gX,,41 for all g € G also. By what
we have shown first, we can apply the inductive hypothesis to ¥,... X/ |
and let ¥ be the resulting fan which includes finite subdivisions ¥ of all 3/
(1<i<m).

This ¥ respects ¥,,,+1 because for any 4,9 € G, X ~» g~13,,+1 implies
g% ~» ¥ 41, and X is the union of such g¥?. Further ¥ M X,,41 is finite
because {¢gX] MY, 41;9 € G} are finite for all ¢ by the inherited assumption
(2). Hence, by 5.2.18 (5), there is a fan ¥ supported by |%| U |Spp1| which
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includes ¥ and a finite subdivision X/ +1 of ¥,,. The rest is to show that
EU{meH,g € G} is indeed a fan. But 3 ans g m+1 for any g € G because

g8 =% e 3. Further g%/, « h¥. 1 (g,h € G) comes from the
inherited assumption (1). This completes the proof of Lemma 5.2.16, and
hence completes that of Theorem 5.2.1 also.

5.3. Proper models
5.3.1. Let the notation be as in 5.1.1. For a cone decomposition ¥ in
C (5.1.2), let

= U V(o) C Hom(X, GmJOg)(Y).
oy

It is represented by (and identified with) an fs log analytic space over S
which is log smooth over S, and V(o) for o € ¥ are open in V(X).

Assume that 3 is stable under the action of Y as in 5.1.2. We define a
sheaf A®) on (fs/S) by

A®) = V(%)Y C A,
We say X is complete if it satisfies (1)—(3) of Theorem 5.2.1.
The aim of this subsection is to prove the following theorem.

5.3.2. THEOREM. (1) A®) s represented by an fs log analytic space
over S which is log smooth over S.
(2) If & is complete, A®) is proper over S.

5.3.3. To prove this theorem, we define below a continuous map
0: V(Z)val = liﬁlz/V(zl) —-R®Y,

where Y/ ranges over all subdivisions of ¥.. We define the sheaf of rings on
V(X)ya and the log structure of V(X)) as the inductive limit of the inverse
images of those of V(X'), respectively. The stalks of the log structure of
V(X)val are valuative. That is, for p € V(X)ya and for two elements f, g in
the stalk M, at p of the log structure of V(X)ya1, we have either f|g or g|f.

For a finitely generated subcone A of C, let V(A)ya = V ({face of A})yar.
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If the support of the cone A is contained in the support of a cone decom-
position X, V(A)y, is identified with an open set of V(X)y,. In particular,
V(X)val for a complete ¥ is independent of X.

5.3.4. Let p € V(X)ya. Then for elements f,g € Mj", we say |f| < |g]
(resp. |f] < lg|) at pif g|f at p and the evaluation M, — C at p sends fg~!
to a complex number of absolute value < 1 (resp. < 1).

5.3.5. PROPOSITION. (1) Let p € V(X)yal. Then there exists a unique
element z of R® Y satisfying the following condition for any neighborhood
UofzimRKY.

For each x € X, there exists y,y' € UN (Q®Y) such that |{z,ny)| <
|2™| < |{z,ny’)| at p for any integer n > 1 such that ny,ny’ €Y.

(2) Write the map V(X)ya — R®Y;p+— 2 defined by (1), by 6. Then
0 is continuous and is compatible with the actions of Y.

(8) If & is complete, the induced map 0 : V(2)ya — S X (R®Y) is
proper and surjective.

5.3.6. We deduce Theorem 5.3.2 from the above proposition 5.3.5.

In general, let G be a topological group, let A and B be topological
spaces endowed with continuous actions of GG, and let f : A — B be a
continuous map which is compatible with the actions of G. Then, if the
action of G on B is proper and A is Hausdorff, the action of G on A is
proper. If the action of G on A is proper and f is proper and surjective,
then the action of G on B is proper. (See [4], Ch. 3, §4.)

We may assume that S is Hausdorff. Since the action of Y on R® Y
is proper, 5.3.5 (2) shows that the action of Y on V(X)y, is proper. Since
V(X)val — V(X) is proper and surjective, the action of Y on V(X) is proper.
Hence the map from V(X) to the quotient topological space by Y is a local
homeomorphism. This shows that the sheaf A®) = V(X)/Y is represented
by this quotient topological space endowed with O and M transferred from
V(%) via this local homeomorphism.

Assume that 3 is complete. Then the properness of 6 and the properness
of Sx (R®Y)/Y over S proves the properness of V(X)ya/Y over S. Hence
A®) is proper over S.

5.3.7. Before the proof of 5.3.5, we describe the map 6 in the case
the log structure of S is trivial. In this case, V(X)ya = V(A) = § x
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Hom (X,C*), and the map V(X)ya — R®Y is given by Hom (X,C*) — IR
Hom (X, R~) S R®Y, where the last isomorphism sends a ® y for a € R
and y € Y to X — Ryg;z — |(z,y)]%

5.3.8. We prove (1) of 5.3.5. Let
{l}ZTQCTl C"'CTm:]Wp/O;,<

be all the faces of M,,/O). For each j (1 < j < m), there exists an injective
homomorphism v; : 75 /7 Tgp — R such that for a € 77°, a € 7;\ 7;_1 if and
only if v;(a) > 0. Such a vj is unique up to the multlphcation by a positive
real constant.

Let o; C S be the inverse image of 7; C M,/ O, let gr;(X) = X,/ Xo,_,
for 1 < j < m and let gro(X) = Xy, and define gr;(Y) (0 g < m) simi-
larly. Then since the pairing is non-degenerate, <XZ, Yj) Co (Z]) for any
1,7, and the pairing

v;((, ) Regr(X) xR@gr;(Y) =R
for 1 < j < m and the pairing
—log(|(, )) - R®grg(X) x R grg(Y) — R
are non-degenerate. Hence we have an isomorphism
ey R®Y = @o<jcmHom (gr;(X),R)

whose j-th component is defined by v;((,)) for 1 < j < m and by
—log(|(,)|(p)) for 5 = 0. On the other hand, since V(X) C
Hom (X, Gy, 1Og)(Y) in Hom (X, G og), the image of X, in MEP/(’); un-
der X — MP Vi) — MgP /Oy is contained in 75" for any 0 < j < m. For
0 <j<m,let p;:gr;(X) — R be the homomorphism defined as follows.
If 1 < j < m, we define p; to be the composite gr;(X) — Tfp/Tf_pl LR
For j = 0, the image of X} in M;5P is contained in O, , and we define ¢
to be the composition gry(X) = X33 — O) el )P R Let 2 e R ®Y

be the inverse image of (;)o<j<m € @o<j<mHom (gr;(X),R) under the
isomorphism e,,.
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It is easily seen that this z is the unique element satisfying the condition
in (1) of the proposition.

5.3.9. If p belongs to Hom (X, Gy,,5) C V(X)va and if the log structure

of S is trivial at the image s of p in S, z = 0(p) is the image of the element of

Hom (X, C*) defined by p under Hom (X, C*) 0D Hom (X,R) ER®Y,

where the last arrow is induced by log(|(, )(s)]).

5.3.10. We prove (2) of 5.3.5. The compatibility with the actions of
Y is clear. We prove the continuity of 6. Locally on S, A comes from a log
complex torus over a log smooth base S’ by a base change S — S’ (3.10.3).
Hence we may assume that .S is log smooth. Let U be the part of S on which
the log structure is trivial, which is a dense open set of S. Furthermore,
Hom(X,Gy,5) xg U is dense in V(X)ya. It is sufficient to prove that if
p € V(X)val and if py € Hom(X, Gy, 5) x5 U converges to p, then the image
zy of py in R® Y converges to the image z of p.

For 1 < j < m, fix an element t; of M, whose image in Mp/Olf is
contained in 7; but not contained in 7;_1. Then, when pj is sufficiently near
top, [tj(pa)| < 1for 1 < j < m. Hence we may assume that |t;(py)| < 1 for
all A and j. Consider the R-linear map

ax:R®Y — Po<cjcmHom (X, R)

defined as follows. For y € Y and =z € X,,, the j-th component of

ax(y) sends @ to log(|(z,y)(px)|)v;(t;) log(|t;(pA)]) ™" if 1 < j < m, and
to —log(|(x,y)(pa)]) if j = 0. On the other hand, let

a= fe, : R®Y — Bo<j<mHom (XO']'7R)7

where e), is the isomorphism R® Y — @o<j<mHom (gr;(X),R) constructed
in 5.3.8, and f is the canonical injection @®o<j<mHom (gr;(X),R) —
@o<j<mHom (X,,,R). That is, for y € Y, the j-th component of a(y)
sends z € Xo; to vj((z,9)) if 1 < j <m, and to —log(|[(z,y)|) if j = 0. As
is easily seen,

(i) a) converges to a.

We have also

(ii) ax(zy) converges to a(z).
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In fact, for z € X,,;, by 5.3.9, the j-th component of a)(z)) sends = to
tog(|(p) )05 (1) log(t;(pa) )~ i 1 < j < m (resp. to —log(|a(pa)]) if j =
0) which converges to vj(x) (resp. —log(|z(p)|)). But the j-th component
of a(z) sends z also to v;(x) (resp. —log(|z(p)])).

Take a splitting s : ©o<j<mHom (Xs,,R) — R® Y of the injection a.
Then by (i), say : R®Y — R® Y converges to sa = 1, and hence sa) is
invertible if py is sufficiently near to p. Thus we have :

(i) The inverse (say)~! of say converges to the identity map 1 : R®Y —
R®Y.

On the other hand, by (ii),
(ii) sax(zy) converges to sa(z) = z.

By applying (i) to (ii’), we obtain that zy = (say)~!(sax(z))) converges
to z.

We prove (3) of the proposition after some preliminaries.

5.3.11. LEMMA. Assume that % is complete. Let B be a bounded set
in R®Y. Then the inverse image of B in V (X)ya is contained in V(A)yal
if A is a sufficiently big finitely generated subcone of C.

PROOF. For each face o of S, fix a Z-basis (z4,j)1<j<r(s) Of Xy For
each o, take an element pu, of the interior of o. We may assume that there
is a finite subset I of Y such that B is the smallest convex set in R® Y
containing I. For any p € V(X)yal, let V, be the valuative submonoid of
S(g@p x X defined as the inverse image of (M,/O))q. Since p € V(X)val
is in V(A)ya if and only if V,, D AV, it is sufficient to find A such that
Nopy=y Vo 2 AV for any y € B. In the following, we regard (, ) as the
pairing Xg X Yr — Sﬁp by scalar extension. Fix an element y € B. By the
definition of 6, the set {V,|p € V(X)ya1, 0(p) = y} coincides with the set of
valuative submonoids of S(g@p x X containing C¥ = S x X the boundary
(= the set of the points which are neither interior nor exterior) of whose

closure in S§ x Xg contains v, j := ((z4,y), 2, ) for all o and j. (Here

[ado)
Xo = X{13.) This implies Wy > [y Vp =W, U (S x Xo)Q, where W,

p)=y
o

is the Q-cone generated by S and voi; for all o and j, and W, denotes its

interior. Hence it is enough to show that for a sufficiently big a > 0, the
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dual cone C(a)¥ of the cone

A = C(a)

in 3.4.9 is contained in W, U(S x Xo)q for any y € B. First, take a > 0 such
that for any o, j, and y € I, the a-th power % of 11, belongs to (x4, y)o.
Then any (N, /) € W,/ with y € B satisfies £(2,,;) = N({20,7,y)) < N(po)®

for all o and j. Thus W, D C(a)¥. To prove furthermore I/?/y U(SxXo)g D
C(a)V, it is enough to show that ({x,y),z~1)Y 2 C(a) for any 2 € X — X,
and y € B. For this, fix a finite set of sharp fs cones {7} of X /X such that
U7 = X/Xo and fix an N € S whose kernel is trivial. Then for each 7,
we can take ¢, € Hom (X/Xy,Z) such that ¢,;(x) > N({(z,y)) for any y € B
and x € X lying over 79 — {1}. (Take a homomorphism X/Xq — Z which
sends 7 — {1} into N — {0} and multiply it with a sufficiently big integer to
get an £;.) This means (N, /) & ((x,y),z~1)V. Therefore, C(a) containing
(N, ;) for all 7 has the desired property. O

5.3.12. For a finitely generated subcone A of C, a set of generators
(t1, -+ ,tn) of AV, and a real number a > 0, let

Ko(A)={peV(A)ltjl<aatp (1<j<n)}
Let Kq(A)ya be the inverse image of Kq(A) in V(A)yar.
5.3.13. LEMMA. K, (A) and K,(A)ya are proper over S.

PrROOF. We may assume that there exists a chart S — Mg which lifts
S — Mg/OF. For K,(A), this can be deduced from the fact that the set
of all homomorphisms from A to the multiplicative monoid C which send
every t; into {z € C;|z| < a} is compact. In fact, K,(A) — S is the
base change of the proper map from the above subspace of Hom (A, C) to
Hom (S, C) with respect to S — Hom (S,C). For K,(A)ya, use also that
V(A)ya — V(A) is proper. O

5.3.14. Now we prove (3) of the proposition. Assume that ¥ is com-
plete. We may assume that there exists a chart & — Mg which lifts
S — Mg/O;.
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To prove that 0 is proper, it is sufficient to prove that the inverse image
of any compact subset B of S x (R®Y) in V(X)ya is compact. Let By and
B> be the images of B by the projections to S and R ® Y respectively. Let
I C Y be a finite set satisfying the same condition as in the proof of 5.3.11
for By. Then 5.3.11 gives a A such that §71(By) is contained in V(A)y,.
Take a set of generators (t1,--- ,t,) of AV. Let the notation be as in the
proof of 5.3.11. Since W, D ﬂg(p):y‘/;, D AV for each y € By, there are
8yj € SQs, and z; € X such that t; = syJ(xj,y}xj_l for each j. Since B
and By are compact, we may assume maxp, , j |Sy,;| < a for some positive
a. On the other hand, (z;,y) ;1 has the absolute value 1 on 6~!(y) by

definition of §. This shows that ~(B) is a closed subset of K4(A)ya. By
5.3.13, é‘l(B) is proper over S and its image in S is contained in B;. Hence
6—1(B) is compact.

It remains to prove that 0 is surjective. For an element (s,4) € S x
(Q®Y), n > 1, we will show that it is in the image of V/(X)vai. Then the
image of 0 is dense. Since 0 is proper, this shows that 0 is surjective. Let
A be the finitely generated subcone of C' consisting of all elements (N, ¢) of
C such that N((z,y)) = nl(z) for any x € X. Then AY =S (vl |z € X),
where v, := ((x,),z™™) (AV is the direct product of S and (vF! |z € X)).
Hence there is a point of V(A) lying over s at which every v, has the value
1. Any point of V(A)ya lying over this point maps to (s, Z) by 0.

5.4. Projective models
Let S be an fs log analytic space. The purpose of this subsection is to
prove:

5.4.1. THEOREM. Let A be a locally polarizable log abelian variety over
S. Then A has a projective model locally on S.

This is essentially known and can be proved algebraically as in [22], [10].
We give here an analytic proof by using theta functions as in [2], [26].

5.4.2. Review of the classical theory.

Let (,): X xY — C* be a pairing such that ( R® X) x (R®Y) —
R;(1®z,1®y) — log(|{(x,y)|) is a perfect pairing of finite dimensional R-
vector spaces, and let A =T/Y with T' = Hom (X, C*) being the associated
complex torus. We denote the group laws of X and Y multiplicatively.
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Let @ be the set of all maps ¢ : ¥ — C* x X satisfying the following
condition: If we denote ¢ as (a,p), where a: Y — C* and p: Y — X, then
p is a homomorphism and

a(yz) = a(y)a(z)(p(y),z) forally,zeY.

Note that for a homomorphism p : Y — X such that

(p(y),2) = (p(2),y) forally,z€Y,

if we denote the map Y — C*;y +— (p(y),y) by a, then (a, p?) € Q.
For g € @, we define a line bundle Ly on A as follows. For an open set
U of A, let U be the inverse image of U in T, and define

LyU)={f€O)|y*(f)=aly)”'f forallyeY}

Here y* denotes the pull back by the action of y € Y on T, and we re-
gard ¢(y)~! as a function on T by identifying an element of X with the
corresponding function on 7'.

Assume that p is a polarization. Then global sections of L, have Fourier
expansions.

For x € X, define a function 6, , on T called a theta function by

Oge = Y aly){z, ).
yeyYy
Then 60,, € Ly(A). Furthermore, if R C X denotes a representative of
Coker (p: Y — X), (0g.2)zcr is a basis of the C-vector space Lq(A).
5.4.3. Log version.

Let (,) : X XY — G055 be a non-degenerate pairing and let A =
/Y with ¥ = Hom (X, Gy, 106)Y) being the associated log complex torus.
Let @ be the set of all maps g : Y — Gy, 10g,5 X X satisfying the following
condition: If we denote ¢ as (a,p), where a : Y — Gy, 1095 and p: Y — X,
then p is a homomorphism, a(y) € Mg for all but finitely many y € Y and

(*)  alyz) = a(y)a(z)(p(y),z) forally,zeY.
Note that for a homomorphism p : Y — X such that

(p(y),2) = (p(2),y) forally,z€Y,
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if we denote the map Y — Gy, 1og,5:y — (p(y),y) by a, then (a,p?) € Q.

Note that (, ) modulo G,, lifts locally on S to an S-admissible pairing
into S®P with an fs chart S — Mg. We assume that such a lift is given.
Define the cone C as in 3.4.

Let ¢ = (a,p) € Q, and assume that p satisfies the conditions in 1.2.5.
Note that a modulo Gy, lifts locally on S to a map Y — S®P satisfying (x) in
S§8P. We assume that such a lift is given. We assume further that a(y) € S
for all but finitely many y € Y. We define a cone decomposition ¥ = ¥, of
C, which is complete, and a line bundle L, on A®) = V(X¥)/Y as follows.
These are also essentially known.

First we review how ¢ determines the cone decomposition ¥ = ;. For
y € Y, let o, be the set of all elements of Hom (S,N) @ Hom (X,Z) C
Hom (S8 @ X, Z) which send the images of ¢(z)q(y)~! in S8 & X to non-
negative integers for all z € Y. Then o, is a finitely generated subcone
of C (as in [22] 2.4, this is reduced to the statement that for any finitely
generated subcone 7 of C, q(z)q(y)~! belongs to (S — S*)7" for almost all
z €Y). Further, for m > 1 and y1,--- ,ym € Y, the cone oy, N--- Ny, is
a face of oy, for 1 < j <m. Let

Eq:{0y1m"'m0ym|m21ay17"' 7ym€Y}~

Then 3, is complete.
We show that Y, is stable under the action of Y. Note

q9(yz) = q(y) -y*(¢(2)) forally,z €Y.

This shows V(oy,) = y 1V (0,). (Here we use only the lifted pairing X x
Y — S§8P))

We define L,. First, define a line bundle L, on V(%) as follows. Let
[q] be the unique global section of M‘g}?z) / O\i(z) which c?incides on V(oy)
(y € V) with the image of ¢q(y) in M‘g}zay)/O‘X/(ay). Then L, is defined to be
the line bundle corresponding to the Gy,-torsor [g] on V().

For an open set U of A®), let U be the inverse image of U in V(X), and
define

LyU) = {f € Ly(U) ly*(fa(z) ") = falyz) ' in Oy, for all y,z € Y}

If S is log smooth, by identifying My () as a subsheaf of Oy (x), we can
write also

LoU) ={f € Ly(U) |y*(f) = q(y) ' f forally eV}
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Here the equality on the right hand side is taken in the space of meromorphic
functions on V(%).

Note that for n > 1, ¥4n = X4 and Lgn = L™, Here for ¢ = (a,p), ¢"
denotes (a™,p™).

5.4.4. PROPOSITION. Let p' be a polarization and let ¢ = (a,p) € Q,

2

where a(y) = (p'(y),y), p(y) = p'(y)*. Then Ly is ample.

Theorem follows from this. We will prove this proposition by construct-
ing sufficiently many global sections, which we call the theta functions.

5.4.5. Proof of Proposition.

We may assume that S is log smooth by 3.10.3. By replacing ¢ by a
power of ¢, we may assume that ¢ = (¢/)" for some ¢ € Q and n > 3.
(This assumption is used below to have the very ampleness of a line bundle
Lap()y-)

Let s € S. We consider around s. It is sufficient to prove that for some
N > 1, the ratios of global sections of L v = L?N give a finite morphism
from A®) to a projective space over S.

Let X' = Xy and Y’ = Y|y be the kernels of X x Y — Mgps/(’)g,s.

Define B = Hom(X’,G,,)/Y’. This is an abelian variety over S. We
have a commutative diagram

V(%) — Hom(X', Gy,)
l !
V(%)Y — Hom(X',G,)/Y' =B
l

The map p:Y — X induces Y/ — X',
For #/ € X’ and for a homomorphism x : ¥ — C* which kills Y’ and
YN for some integer N > 1, consider the theta function

Ogxar = Z a(y)x(y){',y)z’ € qu(A(E)).
yey

(This is well-defined because S is log smooth.) Here gy € @ is defined by
(ax,p) (write ¢ = (a, p)), where (ax)(y) = a(y)x(y). (Note Xgy = ¥;.) Take
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arepresentative Z C Y of Y/Y'. For each z € Z, let gp(2)|y/: Y/ — C*x X'
be the map y' — ¢q(y'){(p(z),y’). By the classical theory 5.4.2, we have the
corresponding line bundle L, .y|,., on B. For x' € X', consider

qp(2)|y1,2’ = Z Q(y/) (p(Z),y'> <$/7y/>l'l € Lqp(z)|y/(B)'
y' ey’

Here note that a(y') = (0'(v/),y') € OF. Let ¢(2) = q(2)x(2)(2’,z). Then

we have
g,z = Z Q(Z)qu(z)|y,,x/-
2E€Z

Here we explain roughly how the rest goes. By the classical theory,
Lgp(z)), is very ample. Hence when 2’ € X’ ranges, the ratios of 0

0

ap(2)|y 2’
for a fixed z separate points of B in each fiber over S. On the other hand,

roughly speaking, when z € Z ranges, the ratios of §(z) for a fixed 2’ give
finite-to-one maps from the fibers over B to projective spaces. From these,
we deduce that, roughly speaking, when both 2’ € X’ and z € Z range, the
ratios of cj(z)qu(zﬂy,’m/ give finite-to-one maps from the fibers of A®) over
S to a projective space. Finally, varying x, we will see that when 2/ € X’
ranges, the ratios of 6, . give finite-to-one maps from the fibers of A®)
over S to a projective space.

Now we will explain the details. First note that we have V(0,/) = V(0>)
and ¢(zy') = q(z) = 4(z) mod (’)‘X/(E) for all z € Z and y' € Y'. For each
z € Z, by the definition of o, the dual cone of o, is generated over Qx>
by (q(w)q(2) Dwez, and hence the family of functions (G(w)§(z) Dwez
gives a finite-to-one map from each fiber of V(c,) — Hom (X', G,,) to a
projective space over S. Furthermore, when w ranges and when z is fixed,
almost all G(w)g§(z)~! (w € Z) are zero as C-valued functions on the fibers
of V(o) over S. Hence, on each fiber of V(0,) — Hom (X', G,,), for any
X, the function 64, ./ is a finite linear combination of §(z) (¢’ is fixed).
Therefore, if we take a sufficiently big N > 1, each §(z) is written as a
linear combination of the 6, ,» for varying x for this fixed N. Hence if we
take N > 1 sufficiently large, then the ratios of 0, . for varying x with
fixed N and fixed 2’ give sufficiently many ratios of §(w), w € Z, to give a
finite-to-one map from each fiber of V(o,) — B to a projective space over
S.

On the other hand, as we said before, when 2/ € X’ ranges, the ratios

of 0 for a fixed z separate points of B in each fiber over S.

ap(2)lyr,2’
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From these, the 6y, , for varying x give sufficiently many
q(w)0ypw)|ysas W € Z, for the ratios of these sections for varying 2’ € X'
to give a finite-to-one map from each fiber of V(o,) over S to a projective
space over S. Further, when we replace the 6, ,» with their N-th powers,
their ratios for varying ' € X’ still give a finite-to-one map from each fiber
of V(o,) over S to a projective space over S.

. . . . N o
Hence if N > 1 is sufficiently large, the global sections qu,x’ of Lyn =

L?N for varying x with this fixed N and for varying 2’ € X’ give a finite-
to-one map from A®) to a projective space over S.
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