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Push-out of Schemes

By Kezheng L1*

Abstract. We study the existence of a push-out for two mor-
phisms Z — X and Z — Y in the category of schemes. Push-out is
a generalization of quotient of groupoid. We give a necessary and suf-
ficient condition for the existence of a push-out in the flat projective
case. We also give a sufficient condition for the existence of a push-out
in the finite normal case, which does not assume any flatness. In par-
ticular, this gives a sufficient condition for the existence of a quotient
of a finite groupoid on a normal scheme, which does not assume any
flatness.

0. Introduction

Let p: Z — X and ¢ : Z — Y be morphisms of schemes over a base
scheme S. A commutative diagram over S

7 2. x

|
y 2.7

is called a push-out if for any S-scheme T” and any S-morphisms f’ : X — T"
and ¢’ : Y — T’ such that f’op = ¢’ o q, there is a unique morphism
¢ : T — T such that f' = ¢o f and ¢ = ¢ o g. This is the dual concept
of pull-back (i.e. fiber product) in the category of schemes. Unlike pull-
back, a push-out may not exist at all (for the given p, q). However, in many
interesting cases we can see the existence of a push-out, and push-out is a
useful tool.

A special case of push-out is the quotient of a groupoid. Along this line
there have been many works and results (cf. e.g. [3], [4]). In many cases we
need to use the existence of quotients of groupoids, for example in moduli
theory (cf. [6], [8], [11], [13], [14], [15], [16], [17], [19], and see Example 2.4

2000 Mathematics Subject Classification. 14A15, 14D22.
*Supported by NSFC of China, grant numbers 19531030, 10531060.

531



532 Kezheng L1

below). We will use quotients of groupoids to construct push-out. A special
and important case of groupoid is group scheme action (cf. [1], [7], [10],
[12], [18], and see Example 1.1 below).

Assume Z is a closed subscheme of X xgY . For the existence of a push-
out of p=pr;: Z — X and ¢ = pro : Z — Y which is also a pull-back, a
very basic necessary condition is

() IxXxZ Xy Z=ZxyZxxZCXxsXxgY xgY

In the language of presheaves, this can be expressed as: For any S-scheme
U and any z,2’ € X(U) and y,y' € Y(U), if (z,y), (z,v), (2',y) € Z(U),
then (2/,y) € Z(U).

In §1 we define push-out and some related basic concepts for general
categories. We also give some examples for the existence or non-existence
of a push-out.

In §2 we give a criteria of push-out. A special case is: for any two
faithfully flat morphisms f : X — S and g : Y — S of finite type, S is a
push-out of pri : X xgY — X and pry : X xgY — Y.

In the following sections we give some sufficient conditions for the exis-
tence of push-out in several cases. In §3 we study the flat projective case,
the method can be used to study push-out for a general category (see Theo-
rem 1.1). In §4 we study the finite case, here we don’t assume any flatness.
In particular, this gives a criterion for the existence of quotients of finite
groupoids without any assumption of flatness. In §5 we study a partially
flat case. In each case we see that condition (x) plays a key role.

We give some examples, which show the connections of push-out with
several subjects.

Acknowledgements. 1 wish to thank A. Ogus, S. Mori, E. Viehweg, J.
Yu, G. Faltings, C.-L. Chai, F. Oort, L. Fu and T. Katsura for their very
motivative discussions with me. I also wish to thank the Morningside Center
of Mathematics (Beijing), the Center of Theoretical Research (Hsinchu),
Max-Planck-Institut fiir Mathematik (Bonn) and the University of Tokyo
(Tokyo) for the stimulating environments of mathematical research. Some
of the following results were gotten during my visit to these institutions.
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1. Push-out in a Category

Let € be a category. For any two morphisms f: X - T, ¢g:Y — T in
¢, if there is an object Z of € together with two morphisms p: Z — X and
q: Z — Y satisfying

a) The following diagram is commutative:

Zz 2. x

(1) ql ! l
y 2.7
b) If there is another object Z’ together with morphisms p’ : Z' — X,
q : Z' — Y such that fop = goq/, then there is a unique morphism
¢: 7 — Z such that p’ = po¢ and ¢ = qo ¢,

then we say Z (or (1), or (Z,p,q)) is a (categorical) pull-back of f and g in
¢

The main background of this concept is in geometry: A category of some
geometric objects (e.g. the category of topological spaces, the category
of differentiable manifolds, the category of complex analytic spaces, the
category of schemes, or the category of algebraic stacks, etc.) usually has
a pull-back for any two morphisms f : X — T and g : Y — T, which is
the fiber product X xr Y in the category. For this reason, we also call the
pull-back Z in (1) (in an arbitrary category €) a fiber product of X and Y
over T', denoted by X x7Y (or more exactly X yx,Y’), and denote pr; = p,
pra = g, called the first and second projection respectively.

We often use the “language of presheaves” for the definition of fiber prod-
uct. For any object X € Ob(€), denote by X = Morg(-, X) : €°P —((sets))
the contravariant functor from € to ((sets)) sending any S € Ob(€) to
Morg(S, X). (If € is a category of some geometric objects, then a mor-
phism S — X can be understood as an “S-point” of X.) Then conditions
a) and b) can be restated as a natural equivalence Z = X x, Y, ie. a
morphism Z’ — Z is equivalent to two morphisms p' : Z' — X, ¢ : Z' - Y
such that fop’ = goq’. Hence we can restate the definition of fiber product
as

(2) XXTY:XfXngXngX:XXIX
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In the following we will often use notation like this, for example, if x €
Mor (S, X) and y € Mor(S,Y) satisfy fox = goy, we can denote (z,y) €
Mor(S, X xp Y) the morphism corresponding to (x,y) € Mor(S,X) x
Mor(S,T); and for any morphism ¢ : X — X’ and any S-point = €
Mor(S, X), we can denote ¢(x) = ¢ o z.

Push-out is the dual concept of pull-back.

DEFINITION 1. Let p : Z — X, q : Z — Y be two morphisms in
a category €. If there is an object T of € together with two morphisms
f:X —>Tand g:Y — T satisfying

a) The following diagram is commutative:

7z 2. x

(3) Ql fl

y -4, 7T

b) If there is another object T" together with morphisms f' : X — T,
g Y — T’ such that f' op = ¢’ oq, then there is a unique morphism
Y :T — T such that f' = o fand ¢ =1 oy,

then we say T' (or (3), or (T, f,g)) is a (categorical) push-out of p and ¢ in
¢

Unlike pull-back, in a category € of some geometric objects, a push-out
usually may not exist for two general morphismsp: Z — X andq: Z — Y,
as we will see below. But in many cases we are interested to see whether a
push-out exists, and push-out is a useful tool.

A special case is the quotient of a groupoid. Let € be a category having
products and fiber products. By a groupoid in € we mean morphisms p1, p2 :
X1 — Xp and ¢, g9, q3 : Xo — X7 satisfying the following conditions:

i) (“reflexivity”) The diagonal morphism A : Xy — Xy x Xo factors
through (p1,p2) : X1 — Xo X Xo;

ii) (“symmetricity”) There is an automorphism ¢ of X; such that
(p1,p2) 0 & = (p2,p1) : X1 — Xo x Xo;



Push-out of Schemes 535

iii) (“transitivity”) p1 oqr = p1ogqe, p2o g2 = p20q3, (q1,q2) : X2 —
X1 xx, X1 and (g2,¢3) : X2 — X xx, X1 are epimorphisms, and
there is an automorphism 1 of X5 such that g2 0y = qog : Xo —
Xo x Xo x Xo, where g2 is the composition of (1, g2) and (p1,p2)pXp,
(pl,pg) : lelxpl X1 — (XO X X())pl Xpl (XO X X()) = X() X Xo X
XO (Where (X(] X Xo)plxpl (Xo X Xo) = X(] X X(] X XQ is given by
((x1,x2), (1, 23)) — (z1,22,23)), and ga3 is the composition of (g2, g3)
and (p1, p2)poXpr (P1502)  XipoXpy X1 — (Xo X Xo)poXpy (Xo X Xo) =
XO X XO X XO (Where (X(] X Xﬂ)p2xp1 (XO X Xo) = X() X X() X XQ is
given by ((z1,z2), (x2,23)) — (21, x2,x3)).

Intuitively, for any object U, these conditions give an eqivalence relation
on Mor(U, Xy). The case of a group object acting on an object is a basic
example of groupoid (see Example 1 below). For the groupoid, if there is a
morphism p : Xg — Y such that

i) popi =pops;

ii) If p’ : Xo — Y is a morphism such that p’ o p; = p’ o py, then there is
a unique morphism h : Y — Y’ such that p’ = h o p,

then we say Y (or p) is a quotient of the groupoid, and denote Y = X/ X;.
Note that for any two morphisms g, h : Xg — Y’ such that gop; = hopsy:
X1 — Y, by reflexivity we have ¢ = h. Hence a quotient of the groupoid is
a push-out of p; and py. In other words, quotient of a groupoid is a special
case of push-out. However, we often use quotients of groupoids to construct
push-out (see Theorem 3.1, Theorem 4.2 and Corollary 4.2).

We often consider the case when (¢, g2) and (g2, ¢3) : X2 — X1 Xx, X1
are isomorphisms. In this case condition iii) of groupoid can be simplified
as:

There is an automorphism 9 of X; xx, X such that g2 09 = ¢o3 :
X1 xx, X1 — Xo x Xo x Xo, where q12 = (p1,p2)p; Xp; (p1,p2) and

q23 = (plap2)p2><p1 (Plapz)-

Furthermore, we often consider the case when (p1,p2) : X1 — Xo x Xg is a
monomorphism, hence g2 and ¢23 are monomorphisms (note that for any
two morphisms f: X — T and g : Y — T, if f is a monomorphism, then
pra : X X7 Y — Y is a monomorphism). In this case conditions i-iii) can
be written as:
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i/) A(Xp) C X7 C Xo x Xo;
ii') (p2,p1)(X1) = X1 C Xo x Xo;
111/) lelxpl Xl = X1p2><p1 Xl C XO X XO X X0~

and we say X1 is an equivalence relation on Xj.
The following two facts are obvious.

LEMMA 1. Let (3) be a push-out in a category €.
i) Ify: Z' — Z is an epimorphism, then
7 P x
qowl fl
y 2T
s also a push-out.

i) If f and g have a pull-back in € (i.e. there is a fiber product X x7Y ),
then the following diagram

Xxry 2o X
-]
y 27T
s also a push-out.

In the following we assume € has fiber products (i.e. any two morphisms
f:X —>Tandg:Y — T in € have a pull-back).

DEFINITION 2. Let € be a category having fiber products. A push-
out (3) is called geometric if the induced morphism Z — X xr Y is an
epimorphism. Furthermore, a push-out (3) is called universal if for any
morphism 7 : 77 — T, the following diagram is also a push-out:

ZxpT P27 X o T/

qXTTJ( fXTTl

X
Y xp T 2215
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REMARK 1. When € is the category of schemes, after this section we
will replace “epimorphism” by “strong epimorphism” in Definition 2 (see
the beginning of §2).

Note that if (3) is a push-out, then

XxpYy 2L, x

wl ]

y Y71

is a geometric push-out by Lemma 1.

We use the same terminologies for groupoids (this is slightly different
from the terminologies in [13]). Intuitively, a quotient p : X9 — Xo/X;
of a groupoid is geometric means that for any object U, the fibers of p, :
Mor (U, Xo) — Mor(U,Y) are just the equivalence classes in Mor(U, Xj).

Ezample 1. Let € be a category having fiber products with a terminal
object S (hence € has products which are just fiber products over S). A
group object in € is an object G together with morphisms m : G x G — G
(“multiplication”), o : S — G (“unit section”) and ¢ : G — G (“inverse”)
such that

i) mo(idg xm)=mo(mxidg): G x G x G — G (“associativity” );
ii) mo(oxidg) =mo (idg x0) =idg : G= S x G — G;

iii) mo(¢xidg)oA =mo(idgxt)oA=0:G — G, where A : G - GXxG
is the diagonal morphism, and 0 : G — G is the composition of o and
the unique morphism G — S.

Let G be a group object in € and X be an object in €. An action of G
on X is a morphism p: G x X — X satisfying

i) po(idg x p) =po(mxidy):GxGEx X — X;
ii) po(oxidy)=idxy : X 2SS x X — X.

In this case, it is easy to check that p,pro : X1 = G x X — X = X can
be extended to a groupoid. If this groupoid has a quotient Y (i.e. Y is a
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push-out of p and pry), we call Y a quotient of p, and denote Y = X/p (or
Y = X/G if there is no confusion).

If p is the multiplication action of G = C* on X = C, then p has two
orbits C* and {0}. In the category of sets, p has a quotient which has two
elements. But in the category of C-schemes (or in the category of Hausdorff
spaces), p has a quotient which has just one point, and it is not a geometric
quotient.

This shows that a categorical quotient depends on the choice of the
category.

Example 2. Let € be the category of schemes over an algebraically
closed field k. Let X = A? — {(0,0)}. In X x; X let z,y (resp. ',y be
the coordinates of the first (resp. second) copy of X. Let W C X x; X be
the union of two subschemes {z = 2’,y = ¢/} and {x = 2/ = 0}. Tt is not
hard to check that W is an equivalence relation on X (i.e. the line x = 0
is an equivalence class, while every other equivalence class consists of one
single point).

Though there is a set-theoretic quotient of X modulo this equivalence
relation, there is no (categorical) quotient X /W in the category of schemes.
To show this, first let R = k[x,zy"|r = 1,2,...] (which is not noetherian),
Y’" = SpecR, f : X — Y’ be the morphism induced by the inclusion
R — k[z,y], and g : Y/ — AZ be the morphism induced by the inclu-
sion k[z,zy] C R (note that g induces a topological isomorphism from Y’
to g(Y'") = g(f(X))). Then one checks that the induced morphism X — Y’
equilizes pr; and pro : W — X. Suppose there is a quotient Y = X/W.
Then f factors through Y, and one can check (locally, point by point, or
use Remark 4.2 below) that Y — Y” is an isomorphism. On the other hand,
the morphism X — Pi given by (z,y) — (z : y) also equilizes pr; and
pr2 : W — X, hence there is an induced morphism ¢ : ¥ — IP),IC sending
f(z,y) to (z : y). Therefore for any point P € P} we have (0,0) € ¢~1(P),
this is absurd. In fact we have shown that there is no categorical push-out
for pr; and pro : W — X.

If we take k = C, the above argument can also show that the equivalence
relation W has no quotient in the category of topological spaces.
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LEMMA 2. Suppose the push-out (3) is also a pull-back, i.e. Z = X xp
Y. Then we have

(4) IXx I Xy Z=0XyZxXxZCXxXxYxY

where Z Xx Z xy Z — X x X xY xY is given by ((x,y), (z,v), (2',y)) —
(x, 2", y,9), and Z xy Zxx Z — X x X xY xY is given by ((z,y), (2, y
(@' y) = (z, 2", y,9/).

9

This is because Z xXx Z Xy Z and Z Xy Z Xx Z are both equal to
Xxp X XY xpY in X x X xY xY. In the language of presheaves, (4) can
be expressed as: For any object U and any z,2’ € X(U) and y,y' € Y(U),
if (2,), (2,), (') € Z(U), then (2/,y) € Z(U).

Conversely, given a monomorphism Z — X x Y, it is often the case
that (4) is a sufficient or almost a sufficient condition for the existence of a
(geometric) push-out (3). We now explain this.

Suppose in € there are given some morphisms called fine morphisms,
which satisfy the following conditions:

A) The fine morphisms are epimorphisms; any isomorphism is fine.

B) Let f: X — T be a fine morphism and g : Y — T be a morphism.
Then pro : X XY — Y is a fine morphism. Furthermore, ¢ is a
monomorphism (resp. epimorphism, isomorphism) iff pr; : X xpY —
X is so.

C) For any two morphisms f: X — Y and g : Y — Z, if two of f, g,
go f are fine, then the third is fine.

D) If f: X - T and g:Y — T are fine morphisms, then 7' is a push-out
ofpri : X xpY - X andpryg: X xp Y - Y.

E) Let Z C X x X be an equivalence relation. If pry : Z — X is fine,

then there is a universal geometric quotient X/Z, and the projection
X — X/Z is also fine.

For example, if € is the category of quasi-projective schemes over a
noetherian base, we can define fine morphisms to be faithfully flat projective
morphisms (see Remark 3.2). It is also not hard to show that if € is the
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category of differentiable manifolds, or the category of complex analytic
spaces, we can define fine morphisms to be smooth proper epimorphisms.

THEOREM 1. Let € be a category having products and fiber products.
Suppose fine morphisms are defined in € satisfying conditions A-E). Let
p:Z —X,q:Z =Y be fine morphisms in € such that (p,q) : Z — X XY
is a monomorphism. If (4) holds, then there is a universal geometric push-
out T of p and q. Furthermore, X — T and Y — T are also fine.

Theorem 1 shows that (4) is a fundamental condition for the existence
of push-out. For the proof of Theorem 1, one can follow the argument in
the proof of Theorem 3.1 step by step. We omit the details here, because
in the proof of Theorem 3.1 one can see the key ideas more intuitively.

In the following sections we only consider the category of schemes.

2. A Criterion of Push-out of Schemes

For the category of schemes, we use terminologies “push-out”,
“groupoid”, “equivalence relation” and “quotient” in the same sense as that
in §1. For convenience we also use the following terminologies: A morphism
of schemes f : X — Y is called a strong epimorphism if f is set-theoretically
onto and f# : Oy — f,Ox is a monomorphism. For example, a faithfully
flat morphism is strongly epimorphic. It is easy to see that a strong epi-
morphism is an epimorphism in the category of schemes (but the converse
is not true). A push-out (3) will be called geometric if Z — X x7Y is a
strong epimorphism (this is different from Definition 1.2, see Remark 1.1),
and this terminology is used for quotients of groupoids, equivalence rela-
tions or group scheme actions in the same sense. The definition of universal
push-out is the same as that in Definition 1.2.

The following proposition is a criterion of push-out in the category of
schemes.

PROPOSITION 1. Let S be a noetherian scheme, f : X — S and g :
Y — S be morphisms of finite type, where g is faithfully flat and f is
strongly epimorphic. Then S is a geometric push-out of pr1 : X xgY — X
and pra : X XgY — Y, which is a universal geometric push-out if f is also

flat.
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ProOOF. Let f/: X — S and ¢’ : Y — S’ be morphisms such that
flopry = ¢’ opry. For any y € Y, let s = g(y), then there exists z € X
such that f(x) = s (since f is set-theoretically onto). For any 3’ € g~ !(s)
there exists z € X xgY such that pri(z) = and pra(z) = ¢/, hence all of
the points in g~!(s) map to the same point s’ = ¢’(y) € S’ under f’ o pry;
similarly all of the points in f~!(s) map to s’ under ¢’ o pry. Therefore
there is a (unique) induced map of sets ¢ : S — S’ satisfying set-theoretic
equations ¢ o g = ¢’ and ¢ o f = f’. Since g is an open map (of topological
spaces), we see ¢ is a continuous map of topological spaces.

Let U’ = SpecR’ C S’ be an affine open subscheme. For any s €
¢~ 1(U') and any y € Y such that g(y) = s, there exists an affine open
neighborhood U = SpecR C ¢~ (U’) of s and an affine open neighborhood
W = SpecB C g~ }(U) of y such that g(W) = U. Note that B is faithfully
flat over R, hence ¢* : R — B is monomorphic and M = B/g*(R) is a
flat R-module. Let V = f~}(U) and A = Ox(V), then f* : R — Ais a
monomorphism because f is strongly epimorphic. Since R — B is flat, we
have Ox x4y (V xg W) = A®pr B. Now we have a commutative diagram
with exact rows

O—>Rg—*> B _2 M —0

(5) lf* lq* ln
0—A 2 AgpB —"— Aoy M—0

Since 7 is a monomorphism and noXo g™ = po g o g™ = pop*o f* =
0: R - A®r M, we have Ao ¢g™* = 0 : R — M, hence there is a
(unique) induced homomorphism ¢* : R’ — R such that f* o ¢* = f™*
and g* o ¢* = ¢"*. Therefore we can define ¢ as a morphism and we have
equations of morphisms ¢o f = f/, pog=g'.

The last statement holds because faithful flatness is preserved under
base change. [

Ezample 1. Let p be the action of G = O(C) on X = A% =
SpecC[z,y]. Let W be the image of (p,pr2) : G xc X — X x¢ X, and
p: X — Y = A} be induced by C[z? + y?] C C[z,y]. Then one checks that
Y is a categorical quotient of W but not a geometric quotient (p maps three
p-orbits {z = /~1y}, {x = —/—1y} and {(0,0)} to one point). In fact W



542 Kezheng L1

has no geometric quotient (because a geometric quotient is isomorphic to
the categorical quotient).

Let X' = X — {(0,0)} and, by abuse of notation, denote the restriction
of W on X'’ still by W. Let Uy,Us C X be open subschemes defined by
{x # /=1y}, {x # —/—1y} respectively. Then one checks by Proposition
1 that Uy /W =Y and Uy/W =Y, both being geometric quotients. Hence
by Proposition 1, there is a geometric quotient X’/W which is isomorphic
to the affine line with original doubled. Note that this is not a separated
scheme over C, and W is not a closed subscheme of X x¢ X.

Note that for any morphisms X — 7T, Y - T and T — S, if T — S
is separated, then X x7 Y is a closed subscheme of X xg Y. Hence if
W C X xgY is not a closed subscheme but pr; : W — X and prg: W — Y
have a geometric push-out 7', then T is not separated over S.

Ezample 2. Let S be a noetherian scheme, X be an S-scheme of finite
type and G be a group scheme of finite type over S. An action p: GxgX —
X of G on X is called transitive if (p,pra) : G xg X — X xg X is a strong
epimorphism. If p has a geometric quotient X/G which is a locally closed
subscheme of S, then p is transitive by definition; on the other hand, if
X — S is faithfully flat and p is transitive, then there is a geometric quotient
X/G = S by Proposition 1 and Lemma 1.1.

Example 3. For a noetherian scheme X, denote by Oyx,, the presheaf
in the étale topology on X shch that Ox,, (U) = Oy for any étale morphism
U — X. It is well known that Ox,, is an étale sheaf, this means that for any
étale morphism U — X and any two étale covers ¢; : Uy — U, g2 : Uy — U,
if a1 € I'(Oy,), az € T'(Oy,) satisty pri(a1) = pri(az) € I'(Ov, x,v,), then
there is a unique section a € I'(Oy) such that ¢ (a) = a1, ¢5(a) = as.

This fact can be easily shown using Proposition 1. Indeed, it can be
reduced to the case when ¢; and g9 are of finite type, note that a global
section of Oy is equivalent to a morphism U — A!, hence the problem is
equivalent to that for any two morphisms f; : Uy — Al, fy : Uy — Al
such that fi o pry = fo o prg : Uy Xy Uy — Al, there is a unique morphism
f:U — Al such that fi = q1 o f, fo = gz o f. This is clear because U is a
push-out of pry : Uy Xy Uy — Uy and pra : Uy Xy Us — Us, by Proposition
1.
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Example 4. Let Ay g, be the moduli scheme of abelian varieties of
genus (= dimension) g with a polarization of degree d* and a level n-
structure. Note that Ay 4, is defined over Z[1], and is a fine moduli scheme
when n > 3. In particular Ay 41 = Ay 4, the coarse moduli scheme of abelian
varieties of genus g with a polarization of degree d?. If n|m, then there is
a canonical projection py,n @ Agdm — Agan (i-€. alevel m-structure gives
a level n-structure). Let m,n > 2 be coprime integers, then we have a
commutative diagram

Agdmn @ L[] T2 Ay 40 @ 2L

(6) lpmn,m lp

Pm,1

Ag.dm @ Z[#] — Aga® Z[ﬁ]

Let S be a noetherian scheme over Z[ﬁ], and X be an abelian scheme
of genus g over S with a polarization of degree d?>. Then we can take an
étale cover e, : Sy, — S (resp. ey : S, — S) such that X xg S, has a level
m-structure (resp. X xg S, has a level n-structure). Let Sy, = Sy Xg Sp,
then on X Xxg S, there are an induced level m-structure and an induced
level n-structure, which together give a level mn-structure. Denote by ¢ :
Smn — Sm and q2 : Sy — Sy, the projections respectively. By Proposition
1, S is a push-out of ¢; and ¢o.

There are induced morphisms fp, : S;m — Agam ® Z[#], fn: Sp —
Agdn ® Z[ﬁ] and fon @ Spn — Agdmn @ Z[%] satisfying prn.m © fmn =
fmoqi and pyp n© fran = froge. If T is a scheme and g; : Ag,d,m®Z[$] — T,
g2t Agdn ® Z[%] — T are morphisms satisfying g1 © Dmnm = 92 © Pmn.n,
then there is a commutative diagram

q2
Smn — Sy

(7) [ | e
Sy L

Hence there is a unique induced morphism S — 7. This shows that there
is a natural transformation from the functor

S — {abelian schemes of genus g over S with a polarization of degree d*}
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to I. Since Ay 4 is a coarse moduli scheme, there is a unique morphism
¢:Aga® Z[#] — T such that ¢ opp,1 = g1 and ¢ op, 1 = ga2. This shows
that (6) is a push-out.

3. The Existence of Push-out: Flat Projective Case

For convenience we will use the following terminology: A morphism
X — S is called relatively projective (resp. relatively quasi-projective) if X
is a closed (resp. locally closed) subscheme of P(E) for some coherent sheaf
€ on S. In this case we usually fix a tautological invertable sheaf Ox (1),
especially when we talk about a Hilbert polynomial.

The following Lemma can be found in [1, p.276], here we give a proof
with some different ideas which will be used below.

LEMMA 1. Let S be a noetherian scheme, X — S be a relatively quasi-
projective morphism and W C X xXg X be a locally closed subscheme which
is an equivalence relation of X over S. Suppose that pry : W — X is proper
and flat. Then there is a universal geometric quotient Y = X /W which is
relatively quasi-projective (and relatively projective if X — S is so) over S.
Furthermore, X — Y 1is faithfully flat and relatively projective.

PrROOF. Let X be a connected component of X and Wi = prfl(Xl) C
W. Let Xy = pra(W7) (this makes sense since pro is proper). Then by the
definition of equivalence relation (see §1), we see that pr;*(Xs) = W N
(X2 xg X9) which gives a restriction of W on Xo. Hence for simplicity we
may assume X = Xo.

Take a relatively projective scheme X — S which contains X as an open
dense subscheme such that i# : O ¢ — 1xOx is a monomorphism (where i :
X — X is the inclusion), and fix an Og(1). Then W is a closed subscheme
of X xg X since W — X is proper. The above assumption guarantees that
all of the fibers of pry : W — X have one and the same Hilbert polynomial,
say x. Let H = Hilb;‘—( /s be the Hilbert scheme representing the following
functor:

((S-schemes)) — ((sets))
T +— {closed subschemes of X x g T, flat over T' with x as
the Hilbert polynomial of each fiber over T}
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and Z C X xg H be the universal subscheme. Then W induces an S-
morphism ¢ : X — H such that W = Z x4 X (as closed subschemes of
X x5 X). Let Y C H be the closed subscheme defined by the ideal sheaf
ker(Oz — ¢«Ox),and Z = Zxy Y C X xgY. Then W = Z xy X. Denote
byqg: X =Y, p1:Z—X,py:7Z —Y and p: W — Z the projections.
Then py is faithfully flat, hence p is dominant and p* : O; — p.Ow is a
monomorphism. Note that pr; = pjop: W — X, hence p; is onto (because
it is dominant and proper), thus strongly epimnorphic.

The pull-back of Z — Y and gopry : W — Y is equal to the pull-back
Wao of pro and pra, while the pull-back of Z — Y and gopr; : W — Y is
equal to the pull-back Wiz of pry and pry. Since Wio = Way (condition iii’)
in the definition of equivalence relation), by the universality of H we have
qopr; =qopry: W — Y. Hence

(8) qopIop=¢qopry =qopry =pyop

Let Z = pfl(X). By abuse of notation we still denote by p1 : Z — X,
pr: Z — Y and p : W — Z the projections. Note that pjop : W —
Z — X is proper, hence p : W — Z is also proper. Since Oy — ¢.Ox
is a monomorphism by the definition of Y, and py : Z — Y is flat, we
see Oz — prixOw is a monomorphism, hence p : W — Z is a strong
epimorphism, therefore (8) gives

(9) qoplsz:Z—>§7

Hence p : W = Z xy X — Z has a section. Since py : Z — Y is an open
map we can define Y = pa(Z) = ¢(X) which is an open dense subscheme of
Y. Furthermore we have W C X xy X, hence in X xg X xg X we have

ZXyWCZXy(XXyX):WXyX:WXZ(ZXyX)
=Wxz;WCWxxW=Zxy W

le. Zxy W =27 xy (X xy X), thus W = X xy X because Z is faithfully
flat over Y. Therefore

(10) ZXYW:W21:W12:WXYZ:XXyXXyZ:XXYW
Now (10)xp Z (via the section Z — W of p) gives

(11) ZXngXXyZ
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hence p; : Z — X is an isomorphism because Z is faithfully flat over Y.

Finally, let Z’ = p, *(Y), then W = Z’ xy X, hence W is faithfully flat
over Z'. This shows Z' = Z = X, hence ¢ : X — Y is proper and faithfully
flat. We see that Y is a universal geometric quotient X/W by Proposition
2.1. 0

REMARK 1. In Lemma 1, it is essential to assume that W — X is both
proper and flat. However, without the assumption of flatness, at least W
has a “rational quotient” when X is reduced. To explain this, we need to
use the following terminologies.

DEFINITION 1. Let X — S be a scheme and W C X xg X be a locally

closed subscheme. We say W is a rational equivalence relation of X over S
if

i) (“reflexivity”) A(X) C W;

ii) (“symmetricity”) Let ¢ : X xg X — X Xg X be the morphism by
switching factors, then «(W) = W;

iii) (“rational transitivity”) Let Wj; (i,5 = 1 or 2) be the pull-back of
pr; : W — X andpr; : W — X, viewed as a subscheme of X x g X xgX
(Wit = WpeXprn W — X xg X xg X is given by ((x1,22), (z1,23)) —
(x1,22,23), and Wa1 = Wi Xpr, W — X xg X xg X is given by
((x1,x2), (z2,23)) — (x1,x2,23), etc.), then there is an open dense
subscheme U’ C X such that Wi; N prfl(U’) =Wy N prfl(U’).

(If U" = X, this is just the definition of equivalence relation.) For a ra-
tional equivalence relation W, if pry and pro : W — X have a push-out
Y, then we still call Y a quotient of X with respect to W, and denote
Y = X/W. Furthermore, a rational map p : X >Y over S is called a
rational quotient of W if there is an open dense subscheme U C Y and an
open dense subscheme V' C X such that p can be defined as a morphism
V->UW=Wn(V xgV)CV xyV,and U is a push-out of pr; and
pro: W — V (cf. [5]).

More generally, Let p: Z — X, ¢ : Z — Y be two morphisms of schemes.
If there is a scheme T and open dense subschemes X’ C X, Y’ C Y together
with morphisms f : X’ — T, g : Y’ — T such that p~%(X’) = ¢~ }(Y”’) and



Push-out of Schemes 547

T is a push-out of pl,-1(x : p~'(X') = X" and ql,-1(x : p"H(X') = Y,
then we say T is a rational push-out of p and gq.

COROLLARY 1. Let S be a noetherian scheme, X be a reduced scheme,
X — S be a relatively quasi-projective morphism and W C X xg X be a
locally closed subscheme defining a rational equivalence relation. Suppose
that pr1 : W — X s generically proper. Then there is an open dense
subscheme X' C X such that the rational equivalence relation of X' given
by W' =W N X' xg X' has a universal geometric quotient. Furthermore,
X'/W' — S is relatively quasi-projective and X' — X'/W' is faithfully flat
and relatively quasi-projective.

Proor. For simplicity we may assume X — S is relatively projective
and W is closed. Hence there is an open dense subscheme X’ C X such
that WN (X xgX’) is relatively projective and flat over X’. As in the proof
of Lemma 1, we may assume that under a choice of Ox (1), this induces a
morphism of finite type ¢ : X' — H = Hilb§ /s for some Hilbert polynomial
x. By further shrinking X’ we may assume ¢ maps X' onto a locally closed
subscheme Y’ C ‘H. Let W' = WN(X’'xgX’). Then by the proof of Lemma
1 we can see W' = X' xys X’ and X’ — Y is faithfully flat, hence Y’ is a

universal geometric quotient X’ /W' by Proposition 2.1. OJ

Therefore under the conditions of Corollary 1, there exists a rational
quotient of X with respect to W.

THEOREM 1. Let S be a noetherian scheme, X — S and Y — S be
relatively quasi-projective morphisms and W C X XgY be a locally closed
subscheme satisfying

(12) WxxWxyW=WxyWxxWccCXxgXxgY xsY

(i.e. equation (4) in this case). Suppose thatpry : W — X andpre : W — Y
are faithfully flat and proper. Then there is a universal geometric push-out
Z of pr1 and pry which is relatively quasi-projective (and relatively projective
if X - S and Y — S are so) over S. Furthermore, X — Z and Y — Z
are faithfully flat and relatively projective.

PrOOF. Let X1 =W xx W, viewed as a (relatively projective) scheme
over Yo =Y XgY. Then X; gives an equivalence relation of W over S and
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W/X, = X, by Proposition 2.1. Let W; = X; Xy W. Then it is easy to see
(by the language of presheaves) that

(13) Wi = X1 Xy, Xy

Indeed, for any S-scheme U, a morphism U — Wj is equivalent to 3 mor-
phisms (z,y), (z,9'), (',y) € Morg(U, W) (where z,2’ € Morg(U, X) and
v,y € Morg(U,Y)), while a morphism U — X; Xy, X is equivalent to 4
morphisms (z,y), (z,v'), (2, y'), (¢/,y) € Morg(U, W) (see §1). Hence W
gives an equivalence relation on X; over Y3. Furthermore, pr; : W, — X3
is faithfully flat and relatively projective, hence by Lemma 1 there is a uni-
versal geometric quotient Y3 = X /W7, and X; — Y3 is faithfully flat and
relatively projective. By (13) we have

X1 Xyy X1 =W1 = X1 Xy, (Y3 xy, X71)

~

hence X; = Y3 Xy, X because X is faithfully flat over Y3. By the same
reason we see A : Y3 — Y3 Xy, Y3 is an isomorphism, hence Y3 — Y3 is a
closed immersion (a proper morphism 7' — 7" is a closed immersion iff A :
T — T X7 T is an isomorphism). Furthermore, the following commutative
diagram

X, 22w

iz I

Yy 22, Y
is a pull-back, i.e. X7 = Y3 xy W, this comes from
(15) X1 Xys X1 %Wl :X1 wagXl Xys (1/3 Xy W)

(and that X; — Y3 is faithfully flat). Hence pra : Y3 — Y is faithfully flat
and relatively projective (since the composition Y3 < Yo — Y is relatively
quasi-projective and proper).

We now show that Y3 gives an equivalence relation of Y over S. The
commutativity is obvious. For the reflexivity, note that the composition

(16) WEAWxyW =X, —Y;— Y
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is equal to the composition W — Y A Ys, where W — Y is a strong
epimorphism. For the transitivity, we need to show Y311 = Y310 C Y Xxg
Y xgY, where Y3;; (i,j = 1 or 2) is the pull-back of pr; : Y3 — Y and
prj : Y3 — Y. It is enough to show that X; xy; Y311 = X7 xy; Y312 in
X xgY xgY xgY. But by (14) we have

X1XYB}/?,HgXlXy)@,%WXXWXY}%gWXXXlgWXxWX)(W

similarly we have Xi Xy; Y310 = W xx W xx W, hence we get an iso-
morphism X7 xy; Y311 — X1 Xy; Y312 compatible with the inclusions to
X x S Y x S Y x S Y.

By Lemma 1, there is a universal geometric quotient Z = Y /Y3 which is
relatively quasi-projective over S, and Y — Z is faithfully flat and relatively
projective. By (14) we see that W — Z equilizes pry and prg : X3 — W,
hence W — Z factors through W/X; = X. Since W — X and W — Z are
both faithfully flat and relatively projective, we see that X — Z is faithfully
flat and relatively projective. Furthermore,

(17) WXX(XXZY)%’WXZY’EWX)/(YXZY)
gWXyY;ggXlgWXXW

Hence W — X Xz Y is an isomorphism. The statements then follow by
Proposition 2.1. [

REMARK 2. If we define a fine morphism to be a faithfully flat proper
morphism, then the conditions A-E) in §1 obviously hold for the category
of relatively quasi-projective schemes over a noetherian base S (with strong
epimorphism instead of epimorphism). One checks that these are all of the
conditions we need in the proof of Theorem 1, hence it is not hard to change
the argument of Theorem 1 to a proof of Theorem 1.1.

4. The Existence of Push-out: Finite Case

In this section we study push-out of finite morphisms. We will not
need any assumption of flatness. The following proposition plays the role
of Proposition 2.1 for the finite case.

PROPOSITION 1. Let S be a noetherian normal scheme. Let f : X —
S, g:Y — S be finite strong epimorphisms which map associated points to
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generic points. Then the following diagram is a push-out.

X xgY 215 X

-l

Y _9

PROOF. We need only prove the case when S is affine, and then the
general case can be shown by the functoriality of pull-back. For simplicity
we may assume S is integral. Let S = SpecR, X = SpecA, Y = SpecB, and
let K = q.f.(R). By assumption, the associated primes of A (resp. B) all
lie over the zero ideal of R, hence A — A®p K (resp. B — B®p K). This
implies that the canonical homomorphisms A — A®gr B and B — AQr B
are injective. Thus A and B can be viewed as subrings of A ® B containig
R. Define ¢ : A® B — A®pr B by ¢(a,b) = a®r1—1®gb, and let
R’ = ker(¢). Then R’ can be viewed as AN B in A ®r B, hence is an
R-subalgebra of A, also a finitely generated R-module of A. Now A ®p K
and B®pg K can be viewed as K-subalgebras of AQr B®pg K, and obviously
ARKNB®rK = K in AQr B®r K, hence R’ C K. Since R’ is integral
over R and R is integrally closed, we have R = R’, hence S is a push-out of
pri: X xXg¥Y - Xandprg: X xgY =Y. I

The following theorem gives a sufficient condition of the existence of a
quotient in finite case.

THEOREM 1. Let X be a normal scheme which is separated of finite
type over a noetherian scheme S, and W C X xg X be a closed subscheme
which is a rational equivalence relation on X such that pry : W — X 1s
finite. Suppose that

A) pry: W — X maps generic points to generic points;

B) any point x € X has an open affine neighborhood U C X such that
pra(pry (V) = U;

C) either W is reduced or X is of positive characteristic (i.e. for each
irreducible component V' of X, it holds that ch(K(V)) > 0),

then there is a quotient Y = X/W and
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i) Y is of finite type over S and X —'Y is finite;

i) for any open subscheme U C Y, Wy = W xy U gives a rational
equivalence relation on Xy = X xy U which has a quotient Xy /Wy =
U;

iii) W gives a set-theoretical equivalence relation on X, under which the
fibers of X —'Y are just the equivalence classes in X (as sets);

iv) of W has no embedded points, then Y is normal.

v) There is an open dense subscheme Y' C'Y whose inverse image X' C
X is flat over Y, and W xy Y/ = X' xy X’ € X xg X which is an
equivalence relation on X' (hence Y = X' /(W xy Y') is a universal
geometric quotient).

PrROOF. By B) and the separatedness of X — S, it is enough to prove
the case when X and S are affine (then by ii) we can deduce the general
case). Let S = SpecR, X = SpecA and W = SpecB. For simplicity
we can also assume that all of the generic points of X are in one and
the same equivalence class (since X is normal). Let X; = SpecA;, ...,
X, = SpecA,, be the irreducible components of X and W1, ..., W,, be the
irreducible components of W with reduced induced scheme structure. By
Corollary 3.1, W has a rational quotient X >Y’. Let K = K(Y').

Case 1. W is reduced. In this case each K(X;) is separable over K
because K(X;) @ K(X;) is reduced. Hence for any W;, W; — pri1(W;) is
generically separable, so K (W) is separable over K also. Take a finite Galois
extension L O K such that every K (W) is isomorphic to an intermediate
field of L D K over K. For each i, take a K-homomorphism K (X;) — L
and let A; be the integral closure of A; in L. The induced morphisms
X; = Spec(4;) — X; (1 < i < n) together give a strong epimorphism
g : X — X, where X = SpecA is the disjoint union of all X;’s. Let
W = SpecB be the union of irreducible components of X xx W xx X
whose generic points map to the generic points of X under pry, with reduced
induced scheme structure. Then W € X xg X gives a rational equivalence
relation on X with rational quotient Y.

Let Wy = Spec(él), W, = Spec(BT) be the irreducible components
of W with reduced induced scheme structure. Then by our choice of L,
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we have K(W;) = L (1 < i < r). For any 4,5 (1 < i,j5 < n), there is
a W, such that pry (Wt) = X; and prg(Wt) = X'j. Since A; is integrally
closed and B; is integral over A;, by K()N(Z) ~ [ K(Wt) we see A; — By
is an isomorphism, i.e. pr; : Wy — X; is an isomorphism. By the same
reason pra : Wy — X ;j is an isomorphism, hence there is an S-isomorphism
0 = prg o prf1 C X — Xj. Let 3 be the set of such isomorphisms (for
all 4, 7). For any o € ISOS(XZ',XJ‘) NY and any o’ € Isos(f(j,f(k) nx, we
have ¢/ o o € ¥ since W gives a rational equivalence relatioin on X. Also
idg, € X for each i. Hence G; = Autg(X;)NY is a finite group. By checking
at the generic fibers of W->Y", we see that G; = Gal(L/K). Furthermore,
for any j and any o € Isos()N(i,Xj) NY, we have G; = 0G0~ !, Let
C = leG’ (which is integrally closed in K) and Y = SpecC = X;/G;. Then
Y = X;/G; for each j, and Y’ can be identified with an open subscheme
of Y. Since Gal(L/K(X;)) C Gal(L/K), each X; — Y factors through X,
hence we have an induced morphism X — Y which coincides with X>Y".
Note that we have an exact sequence of R-modules

(18) 00— A 2PE p
This gives an exact sequence of R-modules
(19) 00— A 2iPE g

because A — A and B — B are monomorphisms. Since A is integral over
C and A is a finitely generated R-algebra, we see X is finite over Y, hence
there is a finitely generated R-subalgebra C’ C C such that X is finite over
SpecC’. Since C' is noetherian and A is a finitely generated C’-module, we
see C' is a finitely generated C’-module, hence Y — S is of finite type.

We now show that Y is a quotient of W. Let ¢ : X — Z be an S-
morphism which equilizes pr; and pro : W — X, then ¢ = ¢poq: X -7z
equilizes pr; and pry : W — X. Hence for any open affine subscheme
U C Z and any z € ¢~ (U) N X;, we have Giz € ¢~ (U). Let I C A;
be the ideal defining X; — ¢~ (U). Let p1,...,ps C A; be the prime ideals
corresponding to the points of G;x. Then for each j (1 < j < u), there is
an element a; € I — p;. Since p; 2 pyi for any k # j, we can take a; such
that a; € pyVk # j. Thena =}, a; € I —U;p;. Let b =[], ¢, 0a, then
be Cand Giz C (X;), € v~ 1(U). By (18) we have an exact sequence

* >k
pr{—pry

(20) 0— Cb — /Nlb Bb
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hence (X;)p — U factors uniquely through Y;. From this we see that ¢
factors uniquely through Y. Thus i) is proved. This also shows ii).

When W has no embedded points, the non-zero elements of C' are non-
zero divisors in B, hence C' is integrally closed. This shows iv).

Note that W gives an equivalence relation on X, and X / W>Yisa
geometric (and hence set-theoretic) quotient. Furthermore, the points in
each fiber of X — X are in one and the same equivalence class, hence W
induces a set-theoretical equivalence relation ~ on X, and X/ ~ 2 Y as
sets. It is easy to see that ~ is determined by W, i.e. for any z,2’ € X,
x ~ 2’ iff there exists w € W such that pri(w) = x, pra(w) = 2’. This
shows iii).

Case 2. X is of positive characteristic, for simplicity we may assume S
is an [F-scheme for some prime number p. Basically we can use the argument
in Case 1, hence we mainly write down the points which are different from
Case 1. First, in this case K(W;) may not be separable over K, we can only
take a finite normal extension L D K such that every K (W;) is isomorphic
to an intermediate field of L D K over K. Then we can define X and W
as in Case 1, but W may not give a rational equivalence relation on X. We
can still define the actions of Gal(L/K) on each A;. Let Cy = AZG’, then
(18) still holds, i.e. Cp = ker(prj — pr3). Here Cp may not be in A;, but
for large enough N, C’gN C A;. Again define C by (19). Then C C Cj as
subrings of A. Note that in (19) pri — pry maps C’gN into the nilradical of
B, hence for N large enough we have CgN CC. Let C; = R[C’gN] C C,ie.

the R-subalgebra of C' generated by CgN. Then C is a finitely generated
R-algebra and C is a finitely generated C'i-module, hence is also a finitely
generated R-algebra.

Let Y = Spec(C). Note that Y — Spec(C) is set-theoretically one-to-
one. We can use the argument in Case 1 to show that Y is a quotient X /W,
and i-iii) hold (or see Remark 2 below).

When W has no embedded point, the associated primes of B all lie over
the zero ideal of C. Let K = q.f.(C), then B — B®¢ K is a monomorphism.
Therefore if a € Cy N K then a € C, hence C' is integrally closed. Thus iv)
holds also.

Finally, in either case, note that W — X is generically flat, hence it
is easy to take an open dense subscheme Y’ C Y whose inverse image
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X' C X is flat over Y/, such that W xy Y’ C X xg X is flat over X’ and
is an equivalence relation on X’. Therefore by ii) and Corollary 3.1, we see
Y' = X'/(W xy Y’) is a universal geometric quotient. This shows v). OJ

REMARK 1. The conditions in Theorem 1 are almost necessary in the
following sense: Let X be a normal scheme which is separated of finite type
over a noetherian scheme S, and W C X x ¢ X be a closed subscheme which
gives a rational equivalence relation on X such that pr; : W — X is finite.
Suppose there is a quotient Y = X/W satisfying i) and ii) in Theorem
1. Let W' = X xy X. Then by Corollary 3.1, W is a closed subscheme
of W’ which is generically equal to W', i.e. any irreducible component
of W’ which is not in W does not dominate any irreducible component
of X. Furthermore, W’ gives an equivalence relation on X which has a
quotient X/W' =Y (see Lemma 1.1). From this we see that B) holds.
Furthermore, if Y is connected and ch(K(Y)) = 0, then there is an open
dense subscheme U C Y such that X xy X xy U is reduced, hence W is
generically reduced, in other words condition C) holds in the rational sense.
By removing the irreducible components of W which do not dominate any
irreducible components of X, we get a closed subscheme Wy C W which
also gives a rational equivalence relation on X, and there is a quotient
Y’ = X/Wj which is finite and birational over Y. In particular, if YV is
normal, then Y’ 2 Y hence in this case we may assume A) also holds.

p1
COROLLARY 1. Let X1 = Xy be a groupoid which is separated of finite
P2

type over a moetherian scheme S, where Xo is normal and p1 is finite.
Suppose that

A) p1 maps generic points to generic points;

B) any point x € Xy has an open affine neighborhood U C Xy such that
p2(py(U)) = U;

C) either X is reduced or Xy is of positive characteristic,

then there is a quotient Y = Xo/X1 which is of finite type over S, and
Xo — Y is finite. Furthermore, if X1 is reduced then Y is normal.
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PROOF. Let X = Xo and W be the image of X; “%) X xg X.

Then W gives a rational equivalence relation on X (because X; — W is
generically flat), hence we can apply Theorem 1 to get Y = X/W, and by
Lemma 1.1 we see that Y is a quotient of Xy by X;. The other statements
all come from Theorem 1. [J

Using Theorem 1 we can set up a criterion of the existence of push-out
in the finite normal case, just like Theorem 3.1. Here the key condition is

still (12), but in the “rational sense” (i.e. over an open dense subscheme of
X).

THEOREM 2. Let S be a noetherian scheme, X and Y be normal
schemes of finite type over S, and W C X XgY be a closed subscheme
satisfying the following condition:

(¥) There is an open dense subscheme U C X such that

WxxWxyWxxU=WxyWxxWxxUCXxXxgX XxgY xgY

where W X x W Xy W xx U—X xg X xgY xgY is given by ((z,y), (z,9'),
@, y) = (z, 2, y,y), and W xy W xx W xx U — X xg X xg ¥ xgY
is giwen by ((x,y), (2", y), (@, y)) — (z,2',y,y") (this can be viewed as a
“rational version” of (4)). Suppose that pri : W — X and prg : W — Y are
finite strong epimorphisms, and that

A) pri: W — X and pro : W — Y map generic points to generic points;

B) for any point x € X, there is an open affine neighborhood Uy C X
of x and an open affine subscheme Uy C Y such that prl_l(Ul) =
pry (Uz2) € W;

C) either W is reduced or X is of positive characteristic,
then there is a push-out Z of pr1 and pra. Furthermore,
i) Z is of finite type over S, and X — Z,Y — Z are finite;

i) any open subscheme U C Z is a push-out of pri : W xz U — X xz U
and prog : W xz U =Y xzU;
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iii) Z is a set-theoretic push-out of pr1 and pra;

iv) of W has no embedded point (in particular if W is reduced), then Z is
normal.

v) There is an open dense subscheme Z' C Z whose inverse images X' C
X andY' CY are flat over Z, such that X' C U and W xz Z' =
X' xzY' C X xgY (hence Z' is a universal geometric push-out of
pri:WxzZ' — X andpryg: W xz Z' = Y').

ProOOF. We follow the steps in the proof of Theorem 3.1. For simplicity
we only write down the details of the points which are different from that of
Theorem 3.1. For convenience we use the following notation: for two closed
subschemes V7, V5 of an X-scheme T, if there is an open dense subscheme
U C X such that V) xx U = Vo x x U, then we denote V} ~ V5 (for example
(%) can be written as W xx W xy W W xy W xx W).

Let X' = W xx W, viewed as a finite scheme over Yo =Y xg Y. Let
X1 C X' be the closed subscheme such that X; ~ X’ and the associated
points of X7 are all generic. Let W; = X1 xy W. Then by the proof of
Theorem 3.1 we have W7 ~ X1 Xy, X; (which gives a rational equivalence
relation on Xj). Let Y{ = im(X; — Y2) (which can be viewed as the
rational quotient X;/W7). By discarding the irreducible components of Y3
whose generic points do not lie over the generic points of Y, we get a closed
subscheme Y3 C Yy. By the proof of Theorem 3.1, we see that Y3 gives a
rational equivalence relation on Y over S, hence by Theorem 1 we have a
quotient Z' =Y/Y3.

Case 1. W has no embedded point. By Proposition 1 we have X =
W/X', hence X = W/X; (see Remark 1). Since W — Z’ equilizes pr; and
pra : X1 — W, we see W — Z’ factors through X. Since X; — W is a
strong epimorphism, we have the following commutative diagram

w2 X
(21) lprg l
Y —— 7

Reducing to the affine case, let X = SpecA, Y = SpecB, W = SpecC
and Z' = SpecD’. For simplicity we may assume D’ is a domain. Define
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¢ : A® B — C by ¢(a,b) = pri(a) — prj(b). Let D = ker(¢), then D
can be viewed as a subring of C' and is a finitely generated D’-module.
Furthermore, by D = ANB C C®pq.f.(D) we see D is an integrally closed
domain. Let Z = SpecD and let f : X — Z, g : Y — Z be the induced
morphisms. Then fopr; = gopre. Noting that pr; and pro are generically
flat, it is easy to see v) holds by Theorem 1.v).

For iii), we use the trick in the proof of Theorem 1. For simplicity
assume X,Y,W are affine as above, and Z = SpecD is integral. Take a
finite normal extension L D q.f.(D) such that for each irreducible component
SpecC C WxxW xy W, q.f.(C) can be embedded into L as an intermediate
field of L D q.f.(D). For each irreducible component SpecA C X (resp.
SpecB C Y), take an integral closure A of A (resp. B of B) in L and
replace SpecA (resp. SpecB) by SpecA (resp. SpecB) thus we replace X
(resp. Y) by some X (resp. V), and the projection X — X (resp. ¥ — V)
is a finite strong epimorphism. Replace W by the union W of irreducible
components of X xx W xy Y which maps onto Z (with reduced induced
scheme structure) Then W is isomorphic to a disjoint union of copies of
SpecA = SpecB. By v) we see that for any two irreducible components
XoC X and Yy C Y there is an irreducible component Wy C 1474 lying
over both X and Yy. For any z € Z, Gal(L/q.f.(D)) acts transitively on
the inverse image of z in X (resp. Yp). From this we see that Z is a
set-theoretic push-out of pry : W — X and pro : W — Y. This shows
that for any x € X, y € Y such that f(x) = g(y), there is a point w € W
such that pri(w) = z, pro(w) = y. Hence Z is a set-theoretic push-out of

W —-Xandpryg: W — Y.

We now show that Z is a push-out of pr; and prs. Let T be an S-
scheme and f': X — T, ¢’ : Y — T be S-morphisms such that f’ opr; =
g opre. By iii), for any z € Z, f’ o pr; maps (f o pr1)~!(z) to one point,
say t € T. Take an open affine neighborhood U = SpecR C T of t, then
V=2~ fopri(W — (f opr;)~1(U)) is an open neighborhood of z in Z.
Take d € D such that z € SpecDy C V, then f’ and ¢’ induce X; — U
and Yy — U respectively. Note that Dy = Ay N By, hence R — Cy induces
R — Dy, i.e. a morphism Z; — U. Thus there is a unique morphism
¢ Z — T such that ¢po f = f', pog = ¢'. Therefore Z is a push-out of pr;
and pro, and i), ii) and iv) hold.

Case 2. X is of positive characteristic. For simplicity we may assume
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S is an F,-scheme for some prime number p. Basically we can use the
argument in Case 1, for example we still define D = ker(¢). To deal with
the points different from that in Case 1, we can use the argument in the
proof of Theorem 1, Case 2 (also see Remark 2 below). OJ

REMARK 2. Let € be the category of affine schemes over S. Then
for any X, Y, W € Ob(€), any two S-morphisms p : W — X and q :
W — Y have a push-out in €. Indeed, we may assume S is affine, say
S = SpecR, X = SpecA, Y = SpecB, W = SpecC, define ¢ : A x B — C
by ¢(a,b) = p*(a) — ¢*(b) and let D = ker(¢), then it is easy to see that
D is an R-subalgebra of A x B. Let Z = SpecD and denote f : X — Z,
g : Y — Z the induced morphisms. It is easy to check that Z is a push-
out of p and ¢ in €: for any Z' = SpecD’ € Ob(€) and any S-morphisms
' X—=27,4:Y — Z such that f'op=g'oq,lety: D' — Ax B be the
homomorphism d — (f"*(d), ¢"*(d)), then ¢ o1 = 0, hence there is a unique
induced homomorphism D’ — D, i.e. an S-morphism h : Z — Z’ such that
hof=f hog=4g.

Furthermore, if p, q, f, g are set-theoretically surjective and Z is also a
set-theoretic push-out of p and ¢ with quotient topology, then it is a push-out
of p and ¢ in the category of S-schemes. Here Z is a set-theoretic push-out
means that for any z € Z and any z,2’ € f~1(2), there are wy, ..., w, € W
such that pri(w1) = z, pri(w,) = 2/, and for each ¢ (1 < i < n), either
pri(w;) = pri(wit1) or prao(w;) = pro(wit1). Indeed, for any S-scheme
Z" and any S-morphisms f' : X — Z' ¢ 1 Y — Z’ such that f'op =
g’ o q, there is an induced continuous map h : Z — Z’, and we can define
Y : Oyp — flOx x ¢.Oy by ¥(d) = (f*(d),g"”*(d)). Note that ¢ induces
hio : flOx x .0y — (f'op)«Ow and h.p o1 = 0, we see there is a unique
induced homomorphism Oz — ker(h«¢) = h.Oz. Thus h can be viewed as
a morphism of S-schemes, and ho f = f', hog =g

COROLLARY 2. Let S be a noetherian scheme, X and Y be normal
schemes of finite type over S, and W C X XgY be a closed subscheme
satisfying the conditions in Theorem 2. Let W' C W be a closed subscheme
without embedded points such that pri : W' — X and pro : W — Y are
both strongly epimorphic and map generic points to generic points. Then
there is a push-out Z of pr1 : W' — X and pro : W/ — Y. Furthermore,
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i) Z is normal and is of finite type over S, and X — Z,Y — Z are
finite;

ii) any open subscheme U C Z is a push-out of pr1 : W xzU — X xz U
and pro : W' xzU =Y x5 U;

i) Z is a set-theoretic push-out of pr1 and pra;

iv) There is an open dense subscheme Z' C Z whose inverse images X' C
X and Y' CY are flat over Y, such that Z' is a universal geometric
push-out of pr1 : W xz Z' — X" and pro : W' x5 Z' = Y').

Proor. By Theorem 2, pr; : W — X and pro : W — Y have a push-
out S’, and X, Y, W’ are all finite S’-schemes. By Remark 2, pr; : W/ — X
and pry : W/ — Y have a push-out Z in the category of affine S’-schemes,
and Z is normal, and the projections f : X — Z and g : Y — Z are finite
morphisms. To show Z is a push-out in the category of S-schemes, it is
enough to show that Z is also a set-theoretic push-out of pry : W’ — X and
pro : W' — Y, by Remark 2.

Let = be the set of generic points of X. For any z,2’ € Z, define
x ~ 2’ when there are generic points wy, ..., w, € W’ such that pri(w;) = z,
pri(wy,) = 2/, and for each ¢ (1 < i < n), either pri(w;) = pri(wit1)
or pro(w;) = pra(wiy1). It is easy to see “~” is an equivalence relation
in . (Similarly we can define an equivalence relation “~” in the set O
of generic points of Y.) For any generic point z € Z, f~1(2) C E is an
equivalence class under ~. Indeed, if x ~ 2’ € E, it is clear that f(x) =
f(2"), hence f~1(2) is a union of equivalence classes. On the other hand, if
f~1(2) contained an equivalence class =g properly, say f~1(z) = =y [[ =1,
let ©9 = pra(pr; (Z0)) C g7 '(2) and ©1 = pra(pr; ' (Z1)) € g~ (2), then
g~ 1(2) would be a disjoint union of ©g and ©1. Let Zy C Z (resp. Xo C
X, X; CX,YyCVY, Y, CY) be the component with generic point z
(resp. union of components with generic points in Zg, Z1, 0y, 01), and
let Wy = (f o pr1)~*(Zy) € W'. Then it would be easy to see that Wy =
(WQQ(XQ XsYb))U(Woﬂ<X1 XSYI))- Thus Zy = (X(]UXl) XS(}/OUyl)/WQ
would have at least two connected components, a contradiction.

Now we can use the argument in the proof of Theorem 2.iii) to show Z
is a set-theoretic push-out of pry : W/ — X and pro : W/ — Y. O
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Ezxample 1. Let X = A% for a field k, and
W= A(X) U {((0¢ 0)7 (07 1))7 ((Oa 1)7 (0¢ 0))} CX xpX

Then W is an equivalence relation on X (two points (0,0) and (0,1) form
an equivalence class under W, while every other equivalence class consists
of a single point). By Remark 2, there is a quotient X/W in the category of
affine schemes over k. It is not hard to see that X /W is a topology-theoretic
quotient (by “pinching (0,0) and (0,1) together” in X). Hence X/W is a
scheme-theoretic quotient by Remark 2. Of course X /W is not normal (in
fact X/W = Speck[z, zy,y* — y,v° — y]).

Ezample 2. Let X =Y = A% — {(0,0)}, and
W =A{z1 =y, 20 =1} U{z1 =y1 = 0,20 =2y} C X xcY

(where 1, x9 and y1, y2 are the coordinates of X and Y respectively). Then
the conditions in Theorem 2 all hold except A). On the other hand, there
is no push-out of pr; : W — X and pry : W — Y. Indeed, if there were
such a push-out Z, then the set T' = {(0,2")|n € Z} C X would map to one
point in Z, hence the set V = {z; = 0} C X would map to one point since
T is Zariski dense in V. Therefore Z would be a quotient X/W’  where
W' =A{zy = 2,20 = 2b} U {1 = 2} = 0} (z1,22 (resp. «},z%) being
the coordinates of the first (resp. second) copy of X in X x¢ X). This is
impossible by Example 1.2.

REMARK 3. In the case when W C X Xg Y is finite over X and Y,
without the assumption that X,Y are normal, it is usually much harder to
give a sufficient condition for the existence of a push-out. However, at least
we have the following idea: Take finite strong epimorphisms X’ — X and
YY" — Y, where X' Y’ are normal. Then take a suitable closed subscheme
W' c X' xx W xy Y’, then it might be easier to determine if W/ — X’
and W’ — Y’ have a push-out, and this might be helpful to determine if
W — X and W — Y have a push-out.

5. The Existence of Push-out: A Partially Flat Case

The following proposition slightly generalizes Theorem 3.1 (compare
Proposition 2.1).
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PROPOSITION 1. Let S be a noetherian scheme, X — S andY — S be
relatively quasi-projective morphisms and W C X xgY be a locally closed
subscheme satisfying (12). Suppose that pry : W — X and prg : W — Y
are proper, pr1 : W — X s faithfully flat and pro : W — Y s a strong
epimorphism. Then pro : W — Y factors through a strong epimorphism
W — Z, where Z — Y 1is finite and set-theoretically one to one, such that
there is a geometric push-out

w2 X

(24) e |

Z —— T

where T is relatively quasi-projective (and relatively projective if X — S
and 'Y — S are so) over S, X — T and Z — T are relatively projective,
Z — T is faithfully flat, and X — T is a strong epimorphism.

ProoOF. Take a relatively projective scheme Y — S which contains Y’
as an open dense subscheme such that i# : Oy — 1+Oy is a monomorphism
(where i : Y — Y is the inclusion), and fix an Oy (1). Then W is a closed
subscheme of X xg Y since W — X is proper. Let H = Hilby g be the
Hilbert scheme representing the following functor:

((S-schemes)) — ((sets))
S’ {closed subschemes of Y xg 5’, flat over S’}

and Z C Y xg H be the universal subscheme. Then W induces an S-
morphism ¢ : X — H such that W = X x4 Z (as closed subschemes of
X xgY). Let T C H be the closed subscheme defined by the ideal sheaf
ker(Oz — ¢.Ox), and Z = ZxyT CY xgT. Then W = X x4 Z. Denote
byq: X =T,p1:Z —Y,py:Z — T and p: W — Z the projections.
Then ps is faithfully flat and ¢ : O — ¢.Ox is a monomorphism, hence
p* : Oz — p.Oy is also a monomorphism. Note that pro = pjop: W — Y,
hence p; is proper dominant and pfé : Oy — p1+03 is a monomorphism,
i.e. pp is a strong epimorphism. Let Z = pl_l(Y), then Z — Y is relatively
projective (because Z — Y is so), and W — Z is proper (because W — Y
is proper), hence is a strong epimorphism. Since ps is faithfully flat, we can
define the image T' = p2(Z) which is an open subscheme of T. Then W — T
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is a strong epimorphism. Since W — X is faithfully flat, we see X — T
factors through 7', and X — T is onto, hence is a strong epimorphism also.
Now W = X x7 p; ' (T), hence W — p, (T) is onto, so p; (T) C p; *(Y),
i.e. py 1(T) = Z. Therefore T is a geometric push-out of W = X x7Z — X
and W — Z, by Proposition 2.1.

The pull-back of Z — T and gopry : W — T is equal to W xp Z =
W xx (X xpZ) =W xx W, hence the pull-back of Z — T and goprjopr; :
W xy W — T is equal to W xx W xy W, and the pull-back of Z — T
and gopryopry : W xy W — T is equal to W xy W xx W. By (12) and
abstract nonsense, we see the following diagram is commutative:

W xy W 2L W

(25) lpm l

w — T

This induces a closed immersion W xy W — W xp W.

We now show that W xz W — W xy W is an isomorphism. Since
W — X is faithfully flat, it is enough to show that W xz W xx W =
W xy W xx W. Note that W x; W xx W 2 W xp W, hence we have a
closed immersion

(26) W xy Wxx W e—sWxrWxxyWSWxz WxxWxy W

and pryon = pry, prgon = prg, prgon = pr3g: W xy W xx W — W.
Furthermore, we have pry o n = pro because pry o prg o = pry o pra:
WxyWxxW — X and proopraon = praopry = praopro: WxyWxxW —
Y. Thus we have a commutative diagram

W xy W xx W -, W xzWxyWxy W

(27) lg lid
idszAXxidW
WXZWXXI/V%WXZWXXWXXW

where A : W — W xx W is the diagonal morphism. Hence ( is a closed
immersion. It is easy to see that the composition of { with the closed
immersion W xz W xx W — W xy W xx W is equal to the identity
morphism of W xz W x x W, hence ( is an isomorphism.
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For a closed point t : Spec(K) — T (where K is a field), denote by W
(resp. Xy, Z;) the fiber of W (resp. X, Z) over t. Then W} = X; X Z4,
and Wy xy Wy CW xy Wy =W xz Wy = Wy xz Wy, hence Wy xy Wy =
Wi xz Wy = Wy xz, We. Note that the following commutative diagram

Wi Xz, Wy ——— Wy xy W,

g ! l

Zt i) Zt Xy Zt

is a pull-back, and Wy xy Wy — Z; xy Z; is faithfully flat, we see A : Z; —
Zy Xy Zy; is an isomorphism, hence Z; — Y is a closed immersion. This
shows that p1 : Z — Y is set-theoretically one to one, hence finite.

The other statements hold by Proposition 2.1. [J

COROLLARY 1. Under the conditions of Proposition 1, if in addition
that W is reduced and Y is normal, then Z =2Y .

PrROOF. The reducedness of W implies that Z and T are reduced. Let
Yy C Y be a connected component and let Zy = pl_l(Yo). Then we can
take an open dense subscheme U C Y[ such that V = pfl(U) is flat over
U. By (28) we can see that V' — V xy V is an isomorphism over U, hence
deg(V/U) =1, i.e. V = U. This shows that K(Zp) = K(Yp). But Z - Y
is finite and Y is normal by assumption, we see Zg = Yy. [

REMARK 1. From Corollary 1 we see that for two relatively quasi-
projective S-schemes and a closed subscheme W C X xg Y, the following
conditions are sufficient for the existence of a geometric push-out 7" of pry :
W—-Xandpro: W —Y:

i) (12) holds;

ii) pri: W — X and pro : W — Y are proper;
iii) pr; : W — X is faithfully flat;
iv) pro: W — Y is a strong epimorphism;

v) W is reduced and Y is normal.
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In this case the push-out T may not be universal, but any open subscheme
U c T isapush-out of pri : WxpU — X xpU and pry : WxpU — Y xpU.
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