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Singular Cauchy Problems for

Perfect Incompressible Fluids

By Keisuke UCHIKOSHI

Abstract. We study local Cauchy problems in a complex do-
main, for the Euler equation of incompressible fluids. We assume that
the initial value of the velocity has singularities along a hyperplane,
and prove that the singularities propagate toward characteristic direc-
tions of the flow.

1. Introduction

In this article we study the propagation of the singularities of the so-
lution to the incompressible Euler equation in a complex domain. Let
r = (20,2') = (20,21,72,73) € CL We define X = {z € C* z9 = 0}
and Y = {(0,2') € X; 21 = 0}. We denote the velocity of a perfect incom-
pressible flow by u(z) = (ui(x), u2(z), us(x)) and the pressure by p(z). We
consider the following Cauchy problem for them:

Ot + > upOgu+ Vup =0,
(1) 1<k<3

u(0,z") = u%(z")

in a neighborhood w C C* of the origin. We also assume that the volume
of the fluid is preserved by the flow:

(2) divgu = 0.

We assume that the initial value u? = (ucl), ug, ug) is holomorphic in a neigh-
borhood of the origin outside of Y, and study the propagation of the singu-
larities of the solution.

Let wxy = wNX. We assume that the initial value u° is holomorphic on
the universal covering space R(wx \'Y) of wx \ Y. In addition, we assume
that it belongs to the function space defined below.
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158 Keisuke UCHIKOSHI

Let O denote the sheaf of holomorphic functions, and O¢s the set
of germs of holomorphic functions at the origin of C3. If n € Z, =
{0,1,2,---}, we denote by O"(R(wx \Y)) the set of h(z') € O(R(wx \Y))
satisfying

02 h(a')| < 3a, 0< o] <n

uniformly on R(wx \ Y).

REMARK. Let n > 1, h(2’) € O"(R(wx \Y)), and |[o/| < n —1. We
have

!

ml / !
9 h(a') = / 00, 0% h(7, w9, 3)dr + 0% h(, w9, 23)

xT

for,an appro/priate € > 0. Here we can let x1 — 0, and we can define
(0% hly = 0% h(0, z2,23). We have

8% h(0, z2,3) € O(w),

0% 1(0, x2, 23)| < Ja on w,

0% h(z') — 0% h(0, w2, x3)| < Jala1] on R(wx \Y)

for |@/| <n — 1, shrinking w if necessary.

We assume the following conditions:

(3) u?(x') € O'(R(wx \Y)), 1<35<3,
(4) divyu® = 0.

Under these assumptions, we want to solve (1), (2). To state the main
result, we need to discuss the notion of characteristic hypersurface. Let
v = (o, x2,x3) € O(w) satisfy p(0,x2,23) = 0. We define Z = {z €
w; ¢1 = p(x)}. Note that XNZ =Y. If n € Z;, we denote by O"(R(w\ Z))
the set of h(z) € O(R(w \ Z)) satisfying

|02h(x)| <3Ja, 0<]a|<n
uniformly on R(w\ Z). If n > 1, h(z) € O"(R(w\ %)), and |a| < n—1, we
can define [0%h]z = (0%h)(x0, ¢, x2, x3) as before. We have
[0z 1]z € O(w),
[0z h]z] < Ja on w,
() 0zh(z) = [07h]z] < 3alzr = ¢(x0, x2, 3)] on R(w\ Z)
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for |a| < n — 1, shrinking w if necessary.

We shall prove that there exists a solution uy,ug,us,p € O(R(w \ Z))
of (1), (2) for some ¢, and that the singularity locus Z defined as above
is a characteristic hypersurface corresponding to this solution. However,
to give a precise statement of this fact, we need to give the definition of a
characteristic hypersurface in the following way. Assume that 1(z) satisfies
the eiconal equation:

(6)

1<k<3

»(0,2') = 1.

We want to say that the singularity locus Z = {x; = ¢} is characteristic if
it is also written in the following form:

(7) Z = {(z) = 0}.

But u(x) is singular along Z, therefore at most we can only expect that
the solution v (z) of (6) is holomorphic outside of Z. Therefore the above
expression (7) does not make sense. Fortunately, if ¢ € OY(R(w \ Z)), we
can define [¢)]z, and the expression (7) makes sense. Precisely speaking, if
the solution 1 of (6) belongs to O'(R(w '\ Z)) and we have

Z={z e R(w\ 2)UZ; $(x) =0},

then we say that Z is a characteristic hypersurface corresponding to u.
Now we can give our main result:

THEOREM 1. We assume (3) and (4). Let f(z) € Ogag be arbi-
trarily given. Let w be a small neighborhood of the origin. There ex-
ists unique @(xg, T2, 73) € OW), ui(z),uz(r),uz(xr) € OY(R(w\ 2)), and
p(z) € O*(R(w\ 2)) where Z = {x € w; x1 = (x0,22,23)} is chararacter-
istic, (u,p) satisfies (1), (2), and

(8) p(O) = f(o)v [VIP]Z = [vxf]Z

REMARK. There are many articles studying the existence of the solu-
tion of (1), (2) in a real domain (See [1, 3] and the references cited there).
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They usually discuss the problem globally for 2’ € R?, under the assump-
tion that u and p belong to some Sobolev spaces or Holder spaces. In this
case the last condition (8) is unnecessary, because they tacitly assume that
p decreases at infinity, instead of (8). We are studying the problem locally,
and need to assume (8) in addition. For example if u® = 0, thenu =0, p = ¢
is a local solution of (1), (2) for any constant c. In a global framework such
as p(zo,-) € L*(R?) we must set ¢ = 0, and (u,p) = 0 is a unique solution
of (1), (2) in such a framework. To the contrary, in our local framework
each of (u,p) = (0,¢) is a solution of (1), (2), and to assure the uniqueness
of the solution we need an additional condition (8).

The propagation of the singularities in a complex domain is a fundamen-
tal problem in the theory of linear partial differential equations. Y. Hamada
[5], C. Wagschal [10], and many other people studied this problem. E. Le-
ichtnam [6] studied this problem for semilinear equations, and the author
[9] for quasilinear equations. However, we cannot apply these results to the
Euler equation. J.-M. Delort [4] studied this problem for the Euler equa-
tion. His assumptions are different from ours. He assumes that v and p are
defined globally for 2’ € R3, they belong to some function spaces as above,
and they are continued holomorphically to a complex neighborhood except
for the singularity locus Z. We are studying a local theory, which requires
different methods. In addition, the result of our local theory is not the same
as [4] (i.e., [4] does not require (8) because of the above reason). We also
refer to the important result of J.-Y. Chemin [2] for compressible fluids (in
a real space). In this case the singularities propagate in a different way from
incompressible fluids.

Plan of the paper. In section 2 we shall calculate p(zg,x2,23) €
O(w) describing the singularity locus Z, together with the trace [u]z of u
along Z. This part is very easy because all these functions are holomorphic
in a full neighborhood of the origin. In section 3, we shall calculate v =
u — [u]z and p, which are holomorphic on R(w \ Z). It is possible to do
so because the difference v = u — [u]z satisfies an inequality of the form
(5). This fact was already pointed out by Delort [4], and sometimes such
an idea is called 2-microlocalization. In section 4, we shall prove that the
singularity locus Z is characteristic. This means that the singularities of
the solution propagate together with the motion of the fluid.
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2. Singularity Locus

In this section we calculate a holomorphic function ¢(xg,x2,z3), and
the trace uz(zo,x2,x3) = [u|z of the solution along Z = {z € w; =1 =
©(zo, 2, 3)}. At this stage we do not calculate the solution w itself. Later
we shall prove that the singularities of the solution propagate along Z,
althogh this fact is not clear for the moment.

We require that ¢(zg, 22, r3) € O(w) satisfies

[0z (w1 — ) + > ugOy, (v1 — )]z = 0.
1<k<3

This requirement shall be justified in section 4. We can rewrite it in the
following form:

2<k<3
©(0,x9,23) = 0.

Opop + Y. UzkOp,p =uz ,
9)

We next require that uz;(xo, x2, 23) = [u;]z is holomorphic on w and satis-
fies

amoqu + Z UZkaackqu + [axjf]zzo )
(10) 2<k<3
UZ; (0, 2, $3) = U?(Oa z2, $3)

for 1 < j < 3. Here uz;(0, x2,x3) denotes [uz;(xo, x2, 23)]zo=0, U?(O,I'Q,Jig)
denotes [U?(xl,ﬂfg,.fg)]xlzo, and f(x) is a holomorphic function given in
Theorem 1.

REMARK. Equation (9) means that 1 — ¢ satisfies the eiconal equation
on Z. The meaning of (10) is the following. For the sake of simplicity,
assume that uy, u2, us3,p € O(R(w\ Z)) satisfies (1), (2) and are sufficiently
regular along Z. For k = 0, 2,3 we have

Oryuizj = Oy (uj(xo, (20, T2, 3), T2, 23)) = [Or,Us]z + Ouy @ - [0, uj] 2,
and thus [0, uj]z = Oy, uz; — Oz, - [0z, uj]z. It follows that

0= [Opouj + D upOp,uj+ Oz;plz
1<k<3
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= Ogozj + > UzkO, Uz
2<k<3

+ (=0 +uzi — >0 uzk - 00,0)[0n1us]z + [0n; ]z
2<k<3
From (9) uz must satisfy (10). Therefore (10) means that uz satisfies the
Euler equation on Z.

All the known functions appearing in (9) and (10) are holomorphic, and
we obtain a unique solution (p,uz) also holomorphic on a small neigh-
borhood w of the origin. This is due to the classical theorem of Cauchy-
Kowalewski, which is applicable in our situation (See [8] for example).

From now on, we define Z = {z € w; x1 = (o, x2,23)} using this
function ¢. Note that we can rewrite (8) in the following form:

0% plz = (0, 2, 73), k= 0,1,
where gi.(z0, 22, x3) = (0F, f) (20, (w0, T2, 23), T2, T3).
3. Calculation of the Singularities
In this section we prove that the solution (u,p) is holomorphic on R(w'\

Z). We denote v = (v1,v2,v3) = u — ugz, and calculate (v,p). Asin [3, 4],
we use the following classical result:

LEMMA 1. We assume (1), (4). Then (2) is equivalent to the following
condition:

(11) App+ Do Opup - Oyyuy = 0.
1<5,k<3
This is well known, and we omit the proof. Remarking

Oz, (uz(x0,x2,23)) = 0 and (10), we can rewrite (1) in the following form:
(12) Orovj + > (vk + Uzk) O, V)
1<k<3

+ Z 'Ukaxkqu + a’tjp - [aﬂvjf]z = 0.
2<k<3
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Therefore we need to calculate (v, p) satisfying (11) and (12). As is noted
also by [4], we can solve these equations because v should be small (i.e., v
should satisfy an inequality of the form (5)).

Let us introduce the following isomorphism:

K:w3dxr—y=(xg,x1 — (0,22, x3), T2, 3) € K(w).
We can regard 0., y;(), O uzj(x) as functions of y, which we denote by
(On,¥5)(y), (Oz,uz;)(y) or simply by 0.,vy;, Oz uzj. By this coordinate

transformation we can rewrite (12) in the following form:

Oyovs + {v1 +uz1 — Oego — 3 (v + uz)Or, 0}y, v;

2<k<3
=+ > (v + qu)aykvj + > ((%k,uzj)(y) " Uk
2<k<3 2<k<3
+ >0 {Owuk) (W) - Oyp — [(On; k) (y) - Oy fly1=0} = 0.
1<k<3

Using (9) we can rewrite this in the following form:

Oyovj +{v1 — 22 (O, 0)(y) - vk} 0y, v;

2<k<3
+ 2 (etuz)dy i+ X0 (On,uzs)(y) - vk
2<k<3 2<k<3
+ > {Orur) (W) - Oy = [(Or;yx) (y) - By, flyr=0} = 0.

1<k<3

Note that here we can divide the coefficient of 0y, v; by (v1,v2,v3). We may
regard Gg,lcp, a;;,’uz as (known) functions of y, and we can rewrite (11) in
the following form:

1

14 (0, )% + (Os )

x {00+ 02,0 — (92,0 + 02,0)0y,p — 20029 - Oy yu — 202, Dy, Oy
+ > (83%qu + 2 Oy 1 - aylvj)

1<5,k<3 1<I1<3

(Ojuze + Y. Oxur- %Uk)} =0.

1<i<3

2
é@lp-+
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Let us rewrite these equations once more. Let 1 < 5 < 3. Regarding
(y, G‘y’/v, 85 p) with |o/| <1, |#'] =1 as independent variables, we define

Fily, 05w, 0p)=—{vi— X 0y0(y) - vk}dy,v;

2<k<3

= 2 (s +uzk()Oyv; — > (On,uz;)(y) - vk
2<k<3 2<k<3

= 2 {Ouy6) (W) - Oy — [0y ) (Y) - Oy f (Y)]y1=0}-

1<k<3

Here we regard all the functions except for 85‘/1), 85 /p as holomorphic func-
tions of y, which are already known. Regarding (y, 83/1), 85 /p) with
|o/| <1, || <2, #1 # 2 as independent variables, we define

1

G o B ) — _
W, 0y 0 %) = G o (G p)?

< {02,p+ 02,0 — (02,0 + 02,0) D — 2000 - Dy Da — 2ap - Dy Dy

=+ Z (axkuZ] + Z axkyl : 8ylvj) : (893]'qu: + Z 8:Ejyl : 8ylvk)} .

1<5,k<3 1<i<3 1<i<3

Again we regard all the functions except for 85‘/1), 85 / p as holomorphic func-
tions of y, which are already known. Then we can rewrite (1), (8), (11) in
the following form:

(

yov; = Fi(y, 050,y p),

v;(0,y) = 9(y), 1<j<3,
(13) ’ !

92 p =Gy, 92v, 3} p),

0% p(y0,0,y2,y3) = gr(Yo, y2, y3), 0<k<l1.
Here we have defined v° = (v9,19,09) = u® — [uz]y,—0. By definition, we
can rewrite F; and G in the following form:

Fj(ya a@(/l v, 85 p) = 1<k; - ijklm(y)vk : alem + 1<Z<3 Fja’m(y)agllvm
— b 7m7 7m7
o<1
a1=0

+ > (Fu(y)0y,p — [Fji(y) 9y, f ()]y1=0),

1<i<3
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Gy, 05 v.00p) = 3 Gadlp+ X Gium(®)dyvk - y,v)

|6]<2 1<5,k,1,m<3
B1#2

+ > Gim(y)0y,,v; + Go(y)
1<5,m<3

for some Fjpim, Fjorm, Fji, [, Ggrs Gikim, Gjm, Go € O(w).
We solve (13) by iteration. We first define

ol (y) = 0y,
(14) ©
P(y) = 900, y2,y3) + y191(Yo, Y2, y3)-
If i > 1, we inductively define (v, p(¥) as a solution of
ayO'UJ('Z) _ Fj(y, 5//1)(1—1)785/ p(ifl))7
(4) _ .0 :
7)]- (Ovy/) - vj (y/)7 1 S J S 37
92 p = Gy, ae"vl=1, 8] pli=D),

aglp(i)(y0707y2ay3) = gk(y07y2>y3)’ 0 < k < 1.

Here v denotes the initial value, and (v(o), p(o)) denotes the 0-th approxima-
tion. Let proj : R(w\ Z) — w\ Z be a natural projection. If § € R(w\ Z)
satisfies proj(y) = y € w \ Z, then we may identify § with (y,argy;). If
6 = argyi, we may denote § by y? or simply by y. If we have calculated
(® p*)) fot 0 < k < i—1 on R(w\ Z), we can define the branch of
(v, p@) at y* € R(w\ Z) by

. Yo v s
(16) v’ (y) :/0 Fi(r.y/, 050D (r,y), 00, p D (7,9/))dr + 00 (y/),

taking argy; = 6, and

PP (y)
A a PYNGSY PLARGY
- (y077_7 Y2,Y3, y/’U (y077_7 y27y3)7 y’p (y077_7 y27y3))d7d0
o Jo
+90 (Y0, Y2, y3) + y191 (Y0, Y2, ¥3),

taking argy; = argT = argo = 6 (for a certain w).
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To prove the convergence of (v(i), p(i)), we use the method of T. Nishida
[7]. Let M > 0 be large, and let 0 < r << 1/M. Let

m=1+2")1+27" (142772
for:=0,1,2,---. It is easy to see

62>7T0>7T1>7T2>"'>1, lim m; = 1.
71— 00

We define

)

) = 1% —rlyo| — [y1| — r*ly2| — r?Jysl,
Wi ’I") = {y € C4 : Pz(y) > 07 Y1 7& 0}7

r):{y€C4: p(y) >0, y1 # 0}.

Then we have

po(y) > p1(y) > p2(y) > -+ > p(y),
wo(r) D wi(r) Dwa(r) D -+ Dw(r).

We shall use the following fact:

LEMMA 2. (a) Ifi > 1 andy € w;(r), then we have p;_1(y) > 27 +1r3,
(b) If y € wi(r) and 2’ € C? satisfies

(17)

then we have (yo,y' + 2') € wi(r), and p;i(yo,y' + 2') > pi(y)/2.

The proof is easy, and we omit it. Let g € R(w;(r)) and let y = proj(g) €
w;(r). As before, we identify § with (y,argy;). If 2/ € C? satisfies (17), then
we can naturally define arg(y; + z1) satisfying |argy; — arg(y1 + z1)| < 7/6.
Therefore we may regard (yo,y’+2’) as an element of R(w;(r)) in this sense.
It is easy to see that we can define (v, p(?) inductively by (14) and (15)
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on R(wo(r))(D R(wi—1(r))) for i > 1. To prove the convergence, we prepare
the following fact:

PRrOPOSITION 1. (a) Leti > 1. We have

(18) 0% (v} — ol )]
. 1 1 aq 7”2 agz+as
< 2_5’M7“77’y1’ — 4+ )
- pi—1(y)? <|Z/1| ﬂzel(y)> <Pz’f1(?/))
(19) 135/ (p — pli=1))]
. 2 1 1 B r2  \BatBs
<g-sipge ™ (1,
- pi—1(y)? <!y1| Pi—l(y)) (Pz‘—1(y))

for || <1, |68 <2 on R(wi—1(r)).
(b) Leti > 1. We have

o (o (2 i—1 —1 —a
(20) 8% (01 — ol )| <27 My e
(21) 107/ (p® — p=D)| <27 My 2

for [o/| <1, |81 <2 on R(wi(r)) (C R(wi-1(r)))-

We first remark that (b) is a consequence of (a). To see this, we only
need to verify that the right hand side of (18) (resp. (19)) does not exceed
that of (20) (resp. (21)) on R(w;). Let |o/| < 1. Using (a) of Lemma 2, we
have

A def o—5ip T |y1] . (i n 1 >a1< r? >a2+a3
pi—1(W)* Nyl pi—1(y) pi—1(y)
1—041 2
7yl

< 27% My

’y1| aq r az+ag
(2—i+11~3)2 <1 + 2—i+1r3> (2_i+17“3) :
We have |y1| < e2r® on R(w;(r)), and it follows that
A S 2—2iMT1—012—a362a1 |y1|1—a1 S 2_7;M‘y]_|1_a1-

Similarly we can compare (19) and (21).
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We next prove (a) of Proposition 1 for i = 1. Since M is large, we may
assume

| Ejttml, | Fjarmls |1l |G, |G, |G| < MO,
(22) 050\ < MYy 1=,
|85,/p(0)| < M/10
for [&/| <1, |B'] <2 on R(wp(r)). Therefore we have
|F5(y, 03 v (y), 850 ()| < VM |y,
Gy, 0% v (y), 00 0O (y))| < VM.

From (16) we have
|v§~1) - vj(p)l < VMlyoyr| < VMe*r?|y.

By the Cauchy integration formula and (b) of Lemma 2, we have

103 (05" (y) = v O ()] ,
< o li%f{m*”'yl“l'(i* W) o))

1] pie1 Pi—1

Here we take the infimum for 2z’ € C3 satisfying (17). If i = 1, we obtain
(18) from this, and similarly we obtain (19) (Therefore statement (b) of
Proposition 1 is also true).

Let i9p > 2. We next assume that (a) and (b) of Proposition 1 are
true for 1 < ¢ < 4p—1. Let us prove (a) for i = 9. We have (22) on
R(wi—1(r)) C Rwo(r)). If 1 <4’ <i—1, we have

23) 1050l < > 10 (0l — o) 1o ol < 2M [y e,

1< <q!
G (i) B’ (i) _ z”fl B (0
(24) 1o, p < > 19, () NI+10,p0) < 2M,

1< <3/

for [o/| <1, || <2 on R(wi—1(r)) C R(wy(r)), by the assumption (b) of
induction.
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We assume y € R(w;—1(r)). We have
Fiy, 050V (y), a0 p V() — Fi(y, 9500 (y), 05 p" ()
=A+B+C+D,
where

A= Y Funy) ol V@) - 0,05 ) - ol D),

1<k,l,m<3

B = Z F’jklm(y) : ('U](j_l)(y) — U’(:_2) (y)) 8?41 (1 2)( >,

1<k,l,m<3
C= 3 Fom) 0% @h ) — ol D),
1<m<3
lo’|<1
a1=0
D=3 Fu(y)- 9y, V(y) —pi=2(y)).
1<i<3

We estimate A, B, C, D in the following way. Each term in A, B,C, D con-
tains one of v(=1) — (=2 pi=1) _ p(i=2) or their derivatives once, and we
apply inequality (18) o (19) to them. We apply (23) to the other parts,

i.e. v](C O in A and aylv,(n 2) in B. Then we have

' 1 1
|A] < M -2M |y, |- 2—5%+5MT7L|2(_ + 7>
pi—2(y)* Nyl pi-a(y)

S2—5i+5M3T6 1 2<1+ |1 >
pi-1(y) pi-1(y)

Similarly we can prove

|y1|

|B| S 2—5i+5M3T6 ,
pi-1(y)?

3

C| < 27545 3,6 |y1] o r :
] PP o)

ID| < 9—5i+5 3,6 1| 2<1+ |y ) .
pi—1(y) pi-1(y)

In the above estimate of C' we need to note a; = 0. We have |y1|, pi—1(y) <

e?r® on w;_1(r), and it follows that

Fi(y. 0 o0V, 0)p ) — F(y, 05002, 05 p0)
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3
<4 9o pgs,e il (1+ o, _r )
pi—1(y)? pi—1(y)  pi—1(y)
§2_5iM4r9 \yﬂ .
pi-1(y)?

Therefore we have

(4) (i~1) —5iq 4,9 / vl

[ — U < 27'M*p —|dr
v (y) —v; (Y] < o y,)3| |
< 9Bip4,8 |y1] '

pi-1(y)?

Using (b) of Lemma 2 and Cauchy integration theorem, we have
o o (i i—1
95 (0 () = o VW)

o1 9-5 jrd, 8 2|1 2(&4_ 8 >a1( 82 )a2+a3
(Pi-1(¥)/2)* \y1| ~ pi-1(y) pi—1(y)
2

< 2_5iM37“7‘y71’2<i+ 1 )o‘l( r )a2+a3
pi—1(¥)?* Nyl pi—1(y) pi—1(y)

for |@/| < 1, which gives (18). As for (19), we can similarly prove

IN

|G(y7aoc (i—1) 8,3 (i— 1)) G(y,a;j//’l)(i_ ) aﬁ (i— ))’
1 |y1] 1

+ + .

Pi—l(y)2 Pi—l(y)3 pi—l(y)4)

Let us denote p;—1(y) by pi—1(y1), for the moment. From the above inequal-

32_5iM4r7(

ity we obtain

92 (p® _ (-1 < 2*5’M4r7L Tt -
10, (0™ (y) =" (y))] < pi—1(y1)? (\yﬂ pi—l(yl))

It follows that

10y, (0D (y) — V()]

R e
<9 5ZM47”7/ + + d
< A o ey oo Ao Lo

Y 1 !d \ v |dr|
<9275 47 7/ dr| + / 2/ _
- <P¢1(y1)2 ld7] + Il *lunl 0 Pi71(7)4)
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1 l1/?

pi—1(y1)? Pz’—l(yl)?’)

2
§2-2—5Z’M4r7ﬂ2(i+ ! )
pi—1(y1)? \|y1| ~ pic1(y)

<2279

We also have
P (y) — p"(y)]

. Y1 2
§2 . 25’LM47,,7/ ( |T| > ‘I’ |T| 3) |dT|
o ‘\pi-1(T)*  pi-1(7)

. Y1 Y1 d
§2-251M4r7(7|y1| 2/ |dT|+|y1|2/ _ldrl ;)
pi-1(y1)? Jo o pi-1(7)

’ 2

<4. 2—51’M4T7L,
= pi—1(y1)?
Therefore we have

oF (pD () — piV(y))| < 4-2_5’M4T7L(— + —)

for 0 < k < 2. From (b) of Lemma 2, we obtain
105 (P9 (y) — pV(y))|
1 1

< BolBsl 4 2—51'M4T7L<_ n (y))ﬁl(

82 Ba+P3
(Pi-1(¥)/2)* \|y1l ~ pi1 Pi—l(y))
2

< 9Bipy3,6 |y1|22(i+ 1 )51( r )Bz+/33
pi—1(W)* Nyl pi-1(y) pi—1(Yy)

for || < 2, which gives (19). Therefore (a) of Proposition 1 is true for
i =19, and (b) is also true. The proof of Proposition 1 is completed.

COROLLARY. Taking r > 0 smaller, the sequence (v(i),p(i)) converges
to (v, p) uniformly on R(w(r)), and we obtain

vi(y) € O'(R(w(r))), p(y) € O*(R(w(r)))
satisfying (13).

We next prove the uniqueness of the solution of (13).
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ProposITION 2. If
vi(y) € O1(R(w(r))), ply) € O*(R(w(r)))
and
w;(y) € OH(R(w(r))), aly) € O}(R(w(r)))
satisfy (13), then we have (v,p) = (w,q).

Proor. The proof is similar to that of Proposition 1. We have

By (v — wy) = Fy(y, 0%/v, 9lp) — Fi(y, 0%w, 05 q),
0j(0,y") —w;(0,y") =0, 1<j<3,
92,(p—q) = Gy, 95'v, 8] p) — Gly, 05w,y q),

L 95, (P(y0, 0. 92, y3) — a0, 0, 2, y3) = 0, 0<k<L

We can similarly prove

109 (v — wy)| < 27 My |,

00 (p— )| < 27 M2y, >
for |o/| <1, || <2 on R(wj(r)), for an arbitrary i > 1. Therefore we have
(v,p) = (w,q). O

4. Characteristic Hypersurface

To complete the proof of Theorem 1, it remains to prove that Z =
{x € C% 1 = @(xo,72,73)} is characteristic (i.e., there exists a func-
tion 1 satisfying (6), vanishing precisely on Z). We denote y = (z9,x1 —
o(x0, 2, x3), T2, x3) as before. We first prepare two lemmas.

LEMMA 3. Ifh(z) € OF(R(w\Z)), we have (x1—¢)h(x) € OFFH(R(w\
7)), shrinking w if necessary.

PrROOF. Letr > 0besmall. If |y| <r, y1 # 0, then we have |8ly1h| <M
for 0 <1 < k with some M > 0. By the Cauchy integration theorem we
may also assume \851“]1] < M|y;|7t. Tt follows that

|0}, (y1h)] < M, 0<i<k-+1
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for some M’. Shrinking r > 0 we have
|0y (y1h)| < M", 0<l|a| <k+1
for some M". O
LEMMA 4. Ifk >1 and h(z) € OF(R(w\ Z)) satisfies [h]z = 0, then
we have h(z) = (x1 — @) (z) for some ' € OF YR (w\ Z)), shrinking w if

necessary.

PROOF. Let r > 0 be small enough. If |y| < r, y; # 0, then we define

1
W (y) =y 'hy) = /0 (D01 1) (0, 091, Y2, ) 6.

If |o] <k —1, then we have

0y h (y)| = ‘/01 0°1 (0, 0y, h) (Yo, Oy, Yo, y3)do| < M
for some M. Shrinking w if necessary, we have
|02 (21 — @)~ h(2))] < M’
for some M" on R(w\ Z). O
We need to show the following fact:

PROPOSITION 3. There ewists h(z) € O°(R(w \ Z)), such that
|h(z) — 1| £ 1/2 and ¥(z) = h(z)(z1 — p) € OF(R(w \ 2)) satisfies (6).

PrROOF. From (9) we have

Oz (1 — (w0, 22, 73)) + D w0 (21 — (20, T2, 73))

1<j<3
= —Opptur— > ujlpp
2<j<3
= ur—uz1+ ) (uzj—u;)0p
2<j<3

= v1— ), 00

2<5<3
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We have v; € OY(R(w\ Z)) and [vj]z = 0 by Proposition 1 (and its Corol-
lary). From Lemma 4, we have

(25) Ono(x1 =) + 32 w0 (21 — @) = (21 — @) (2)

1<j<3

for some h/(z) € OY(R(w\ Z)). Setting ¥)(x) = h(x)(x1— ), we may rewrite
(6) in the following form:

1<5<3
= h{axo(wl - (:0) + Z ujaxj (-Tl - 90}}
1<j<3

+ (21— Q) {Oeh+ X wjdu;h}
1<5;<3

= (z1 —@)hh' + (21 — ){0xh + > w;0y;h} =0.
1<5<3

Therefore we need to solve

{%h(%‘)Jr > uj(2)0z;h(x) = =1 (x)h(z),

(26) 1<5<3

h(0,z") = 1.

To complete the proof of Proposition 3, it suffices to prove that there exists
a solution h(z) € OY(R(w\ Z)) of (26). From (25) we have

89004- Z Ujaxj

1<5<3

= Oy + > w0y + (u1 — 0o — D uj0z;0)0y,
2<5<3 2<5<3

= Oy + > uj0y + (z1 — )W Oy, .
2<5<3

Therefore we can rewrite (26) in the following form:

{ Oyoh(y) + 1l () 0y, h(y) + 2<Z<3uj‘(y)3yjh(y) = —h'(z)h(x),
h(0,y) = 1. o

We set h(0)(y) = 1, and solve

Byoh D (y) = HV(y), h(0,y) =1
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inductively for ¢ > 1, where

H D (y) = —y1h ()9, KOV (y) — 2<Z<3 wj (y)9y, KV (y) — B (y)h =V (y).
SIS

As before, we assume that M > 0 is large, and 0 < r << 1/M. We define
Q={yeC y1 #£0, |yj| <7, 0<j <3} We can inductively prove

e ) - ) < M E )

1<5<3 T — |?Jj’

for i > 1 on R(Q). If i = 1, we have H®)(y) = —h/(y) and

Yo
O (y) — hO (y) = — / W,y )dr,
0

and we obtain (27) for i = 1.
We next assume that ig > 2, and (27) is true for ¢ = i9p — 1. Let us
consider the case i = i9. We remark that if y € Q and 2’ = (21, 22, 23) € C?

satisfies
|21|<T_|y1| M
= ’L—i—‘1|’ 27
r—yj .
A< 2<7<3
|ZJ|— Z+1’ >~7]>9,

then (yo,y’ + 2’) € Q. From the assumption of induction and the Cauchy
integration theorem, we obtain

18y, (0D (y) = K= (y))]

. ) 2 141
Myl (4 ¥ )
|y 1<j<3 ' — \yj|

IN

1 i—1
. (1§<3 r—ly; — (r — gD/ + 1>>

) ) P 1Nl ] 1
< Miwl i+ 0(=7) (G0 )
N ’y0| G+ i |y1| +1§%:§3 r—= ’yj|

< Z 1 )Z—l
X J—
1<5<3 ' — |yj’

] . - B 1 i
< G+ DeMilyol (5 ).
1<5<3 T — |yj’
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Similarly we can prove
. . o 1 i
19y, (D () = R ()] < @+ DeM ol (X ——)
1<j<3 T — |yj‘
for j = 2,3. Therefore we have
. , . : 1 i
HOI ) = B @) < G+ )Mol (2 ——)"
1<j<3 T — |y
Integrating this term with respect to yo, we obtain (27) for i = 4.

The inequality (27) means the convergence of h(")(y) on R(f2), shrinking
Q. We have h(z) = lim h)(z) € O°(R(w\ Z)). O
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