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J. Math. Sci. Univ. Tokyo 12 (2005), 1-66.

The purpose of this note is to fill in a gap in the proof of ([IKN] 7.1).
In (loc.cit.) it is asserted, p. 38, 1. -13 that “Since f is proper, it fol-
lows from 7.1.1 that the sheaves RY f*wg( JY ket (resp. R" fuw)y /Y,ket) on Yiet
are of finite presentation (as Oy ke-modules) and (ket locally) of the form
€*qu*w§(/y (resp. 5*R"f*w'X/Y).” Though the statement about the sheaves
qu*wgf/Y,ket (resp. R”f*w'X/Kket) turns out to be true, it does not follow
directly from the properness of f and the calculation of stalks made in 7.1.1.
The ring B of the strict log localization of Y at § may be non noetherian,
and the map from the ring of the étale localization A of Y at the image
y of § to B may be non flat, even after replacing ¥ by a Kummer étale
neighborhood of g. So though the sheaves wi’( Jy are locally free, we have a
priori no control on the direct images of their ket counterparts, whose stalks
at g are, by 7.1.1, the global étale cohomology groups of the base changes
B® A wg)( Iy

However, one can prove 7.1 as follows. First of all, as the question is ket
local on Y and f is of finite type, by A 4.3 we may and shall assume that f
is saturated. Now, the starting point is that the ket de Rham cohomology
sheaves

n _ pn eket . ket
HdR,ket =R f* wx/y

are locally free on Yiet (6.2 (2)). Therefore, by ket localization on Y, we
may assume that they are of the form Hjp, =" M", where M" is a free
module of finite type on Y. Then, by 3.7,

7 . _ n _ n
R fawy )y = exHip e = M
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is free of finite type on Ye for all n. Therefore it suffices to show the
following result, which complements 7.1 :

LEMMA (7.1°). Let f: X — Y be a proper, log smooth and saturated
morphism of fs log schemes of characteristic zero. Assume that the sheaves
R”f*w'X/Y are locally free of finite type on Yo for allm. Then :

(a) The (étale) spectral sequence

(1) EY* = RUfiu )y = RV fuwy )y

degenerates at E1 and has locally free initial terms.
(b) The (ket) spectral sequence

_ ket .pket +q rket ..ket
2) YT = RIfRRIC o Rota flety e

degenerates at 1 and has locally free initial terms.
(c) For any interval [a,b] and any integer n the natural map

e*R" f*wg?.’/b}}/ — R" i‘etwg‘;’/bi]}ket
is an isomorphism, in other words, the spectral sequence (2) is the inverse
image by € of the spectral sequence (1).

Let us first prove that (a) implies (c). As f is saturated, for any ket map
g:Y' — Y, the underlying scheme of the fs base change X’ := X xy Y is
the schematic base change of X by g. Since the initial term of (1) is locally
free, the base change maps, where f' = f xy Y/,

g*qu*wg)(/y - quiwg(//y/

are isomorphisms. As (1) degenerates at 1, it follows more generally that,
for any interval [a, b], the base change maps for the truncated complexes

[a,b]
XY

g*qu*w - quiwg?/l;]y/

are isomorphisms of locally free sheaves on YZ;. By 7.1.1 this shows that (a)
implies (c), hence (b). It remains to prove (a). The particular case where
the underlying scheme of Y is SpecC is disposed of by the proof of 7.1.2

(2’). For the general case, we argue as in the rest of 7.1.2, except that we
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work with the étale topology instead of the Kummer étale one. We first
reduce to the case where Y is of finite type over C. As f is proper, the
sheaves RY f*wz)’( Jy are coherent. To show that they are locally free and (1)
degenerates at Fy, one can further reduce, by localization and completion,
and use of Grothendieck’s comparison theorem, to the case where Y is the
spectrum of an artinian local C-algebra A. Then it suffices to show that,
for all n, one has

(3) lgaH" (X, wyyy) = D leaHI(X, W )y),
pt+q=n

where 1g 4 denotes the length of an A-module, and, for all p, g,

) lg s HO(X, Y ,) = (5 A)dimeHO(X, 0%, ),

where y is the closed point of Y. Since the sheaves R" fiwy Jy are free of
finite type, we have

lgAHn(X7 WX/Y) = (lgA)dlm(CHn(Xy’ wky/y)a
and therefore, by the case Y = Spec C already treated, we have
(5) lgAH"(X,wy/y) = (1g4) Y dimcH(X,,w ).
p+g=n
Therefore we get the inequalities

Y lgaHIX, W ) = (I4) Y dimcHI(Xy.0f )
pt+q=n ptq=n

> Z g H(X, W?{/y)-
pt+gq=n

These have to be equalities. Combining with (5), we get (3) and (4), which
finishes the proof.

The authors wish to thank Kei Hagihara for useful discussions.
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