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The Hodge Rings of Abelian Varieties Associated to
Certain Subsets of Finite Fields

By Fumio HazAMA

Abstract. We construct a family of abelian varieties of CM-type
such that the Hodge conjecture holds true for infinitely many members
of it as well as their self-products. An intimate connection between
the distribution of stably nondegenerate abelian varieties in the family
and the coeflicients of a certain modular form is revealed.

1. Introduction

The purpose of this paper is to give an example of a family of abelian
varieties of CM-type such that the Hodge conjecture holds true for infinitely
many members as well as their self-products. Originally the CM-types of the
members emerge unexpectedly in the course of our study in [4] of counting
functions of certain combinatorial objects attached to line arrangement. For
any prime p > 5 and an integer ¢ € [2,p — 2] = {n € Z;2 < n < p— 2},
let Z(P;C)<$ay) = > mmax{|m\,|cm+pn\}y\m|+\cm+pn\ and W(p;c)<-737y) _

(m,n)ez?
L+ (Z(pey(z,y) — 1)/2. For any a,b € [1,p — 1], let <%>p € [1,p — 1] denote
the unique integer such that <%>p =ab~ ! in F,. In [loc.cit.], we obtain a
formula which expresses W(,.)(z,¥) in the form
= (%) (&%) (1)
X"(Y r+Y P+ Y\ e p 4 Y et )
1.1) Wi.o(z,y) =

( ) (p,c)( y) 0<;<p (1 — Xp)(]. 7 Yp)

(1+ XP)(1+YP)

(1-XP)(1-YP)’

_ — 2 _ 1 - - -1
WhereX—fI)y, Y—l‘y . Let T(p;c) —{<ﬁ>p, <ﬁ>p, <C+7cl>p’ <m>p}
and observe that the set of powers of Y in the summand on the right hand
side consists of the orbit of T{,.. under the natural action of F,. This
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observation leads us to the study of the abelian variety A, of CM-type
attached to 7T(;,). The main theorem (Theorem 3.5) shows that A, is
stably nondegenerate in the sense of [2] whenever p = 3 (mod 4). As a result
we see that every self-product A?p; = 1, satisfies the Hodge conjecture.
On the other hand, when p = 5 (mod8), we establish a formula (Theorem
3.9) which counts the number of ¢ for which A, is stably nondegenerate.
The formula relates the number with the coefficient of the g-expansion of a
certain modular form of conductor equal to 32.

The plan of this paper is as follows. In Section two we recall some results
on the structure of the ring of Hodge cycles on abelian varieties of CM-type.
In particular we recall the definition of stable nondegeneracy of an abelian
variety, and a criterion for stable nondegeneracy given in [2] in terms of the
dimension of the Hodge group. By applying the criterion to our abelian
varieties of CM-type, we give a proof of the main theorem in Section three.
Furthermore we find that there exists a close connection between the set of
c for which A, is stably nondegenerate and the coefficients of a certain
modular form of conductor 32.

2. Generality on the Hodge Rings of Abelian Varieties of CM-
type

In this section, we recall some fundamental facts on the structure of the
ring of Hodge cycles on abelian varieties of CM-type.

Let L be a galois CM-field of degree 2n with Gal(L/Q) = G = {¢1, --- ,
Gnsgips - ,gnp}, where p denotes the complex conjugation. Let S be a
CM-type for G so that S][Sp = G. Let Ag denote the abelian variety
of CM-type associated to S (up to isogeny). When no confusion arises, we

identify a subset X of G with the corresponding sum ) x in the group ring
zeX
Q[G]. With this understood, we put hy = Sg — Spg € Q[G] for any g € G.

As a Q-vector space, Q[G] is isomorphic to Q2" through the numbering of
the elements of G given above, so that we regard hgy, as a row vector of
length 2n. We define the Hodge matriz Hg to be the n by 2n matrix, whose
i-th row vector is hy,, 1 <4 < n. Then one knows that

dim Hg(Ag) = rank Hg,

where Hg(Ag) denotes the Hodge group of Ag (see [2], [3]). In general the
inequality dim Hg(Ag) < dim Ag holds true for any S. When the equality
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dim Hg(Ag) = dim Ag holds, the abelian variety Ag is stably nondegenerate
in the sense that the Hodge ring of Ag as well as those of its self-products
are generated by the divisor classes, and in particular the Hodge conjecture
holds for them ([2]). Therefore if we put d(Ag) = dim Ag — dim Hg(Ag),
called the degeneracy of Ag, then it gives us a rough index of the amount
of nondivisorial Hodge cycles on Ag as well as A%, n > 1. When the field
L is an abelian number field, one can compute the degeneracy by using
the character group X(G) of G as follows. Let X(G)" (resp. X(G)™) the
set of even (resp. odd) characters of G. For any character y € X(G) and
any element v = 3 a,9 € Q[G], we define the character sum x(v) by
geG

x(v) = X agx(g) € C. Then one has
geG

dim Hg(As) = #{x € X(G)7;x(S) # 0}.

Therefore if we define the annihilator of S by ann; S = {x € X(G);
X(S) = 0}, then we have d(Ag) = #(anng S5).

3. The Hodge Cycles on the Abelian Variety A,

In this section we investigate the structure of the ring of Hodge cycles
on the abelian variety A(,.), in particular consider when it is stably nonde-
generate.

The powers up to which Y is raised in the summand of the right hand
side of (1.1) reminds us of certain types of abelian varieties of CM-type. To
identify them more precisely, we introduce some notation. Let p be a prime
>5. Let Hy, = F; and let K denote a CM-field with galois group Gal(K/Q)
isomorphic to G, = H, x {£1}, such that (1,—1) € G, corresponds to the
complex conjugation p. We regard H, as a subgroup of G}, through the
natural injection H, — Hp, x {1} C G),. For any ¢ € H, — {£1}, let

Ty = {(c=1)7" —cle=1)7", —clc+1)7", —(c+1)7'} C Hy,

which corresponds to the set of powers in the summand of (1.1) for r = 1,
and let

S(p;c) ={(a,1);a € T(p;c)} U{(b,—1);b € H,— T(p;c)} C Gp.

Then the subset S, satisfies G, = S(p.e) [1 pS(p;e) (disjoint union). There-
fore S(p..) is a CM-type, and we can associate to S(,..) an abelian variety
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A(p;ey of CM-type, which is of dimension p — 1. First of all we check when
#(T(p;c)) < 4.

PROPOSITION 3.1.  Suppose that c € Hy, — {£1}. Then #(T(p,)) < 4 if
and only if ¢* = —1, and in that case Ty = {(c = 1)7%, c(1—¢)7'}. In
particular there exists an element ¢ with ¢ € Hy—{£1} such that #(T(p,.)) <
4 if and only if p =1 (mod4).

PROOF. We name the elements of T{;,.y as t1 = (c—1)7!, tp = —¢(c—
7L t3=—clc+1)71 ty = —(c+1)7!, and consider when a pair of them
coincides. Suppose that t; = to. This occurs when (¢ —1)7! = —¢(c—1)71,
which is equivalent to ¢ = —1. This is not the case by our assumption. The
other five cases can be treated similarly and we have the following:

t1 =ts < (c— 1)*1 = —c(c+ 1)*1 o f = 1.
t1 =ty (c—1)"' = —(c+1)"' & ¢ =0, which is not the case.

ty=t3 & —clc—1)"' = —¢(c+ 1)1 & 2 =0, which is not the case.
th=ty & —clc—1)"1=—(c+1) T =-1.
t3=1t4 = —clc+1)"' = —(c+1)7! & ¢ =1, which is not the case.

This completes the proof of Proposition 3.1. [

The following proposition shows that the abelian varieties A are

always absolutely simple except when p = 5.

p;c)

PROPOSITION 3.2.  When p > 7, the abelian variety A, is absolutely
simple for any ¢ € H, — {£1}. When p = 5, then the four dimensional
abelian varieties A(s.9) and As3) are isogenous to the self-product of an
abelian surfaces of CM-type.

PROOF. One knows that the absolute simplicity of A,..)is equivalent
to the equality

{5 € GP; SS(p;c) = S(p;c)} = {(17 1)}
(see [5, Ch.8, Proposition 26]). Suppose that p > 7. Since we have the

equalities

#((t’ _1)S(p;c) n Hp) = #(HP - T(p;c)) =p—1- #T(p;c)>
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and #7 .y # p— 1 — ## 1) by Proposition 3.1, we see that (¢, —1)S(p.) #
S(pie) for any t € Hy. On the other hand if (¢,1)S(.c) = S(p;c), then we must
have

(3.1) tT(pie) = Tpio)-

Note that if we add the elements of T{;,) in F;, then the total, which we
denote by > T{;.) € Fp, is equal to

=D+ (=)= )+ (=)c+ 1)+ (=D(c+1)7"
—(1=a)(e=1) + (== e+ 1)

which is equal to —2 if #7{,..) = 4, or equal to —1 if #T(,..) = 2. In any
case we have 3_ T{;..) # 0 and hence (3.1) implies that (t — 1) > T{,..) = 0,
and hence t = 1. This proves our proposition in the case p > 7. When
p = 5, the only possible value for ¢ is 2 or 3, and we have

Tisi2) = Tisiz) = {1.3} C Hs,
5(5.2) = 5(5;3) = {(1, 1), (3, 1), (2, —1), (4, —1)} C Gs.

)

Therefore the Hodge matrix H5<5;2> = HS<5;3) is given by

1 -1 1 -1 -1 1 -1 1
1 1 -1 -1 -1 -1 1 1

Hsey =11 21 1 1 1 1 -1 -1
-1 1 -1 1 1 -1 1 -1
where we name the elements of G, as g1 = (1,1), g2 = (2,1), g3 =

(3,1), g4 = (4,1). The rank of Hg ., is readily seen to be equal to two,
hence by a general fact on the Hodge group (see [2], [3]) we see that A(s.)
as well as A s.3) is isogenous to the self-product A? of an abelian surfaces A
of CM-type. This completes the proof of Proposition 3.2. [J

Since any abelian surface of CM-type is known to be stably nondegen-
erate ([2]), we assume in the rest of the paper that p > 7. As is recalled in
the previous section, the structure of the Hodge rings of the self-products of
A?p;c), n > 1, is controlled by the annihilator anng Spey C X(Gp)™. Fur-
thermore the following simple observation enables us to consider everything
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in Hy. Let ®: X(Gp)~ — X(Hp) and ¥ : X(Hp) — X(Gp)~ be defined by

(3.2) D(x) = x|m,
(3.3) W(0)(a,¢) = {9_<;‘()a) ";.f fi_::l’_ | forany (a.¢) € G,

One can check that these are inverses to each other. Moreover for any CM-
type S C Gp we define S’ € Z[Hp] by "= > a— > b. Then, we
(a,1)€S (b,—1)€S
have
X(8) = @(x)(S") for any x € X(Gy)™,
U(0)(S) =0(5") for any 0 € X(H,).

In particular for the trivial character 1 € X (H,), we have

\Il(l)(s(p;c)) = 1(S£p;c)) = #T(p;c) - (p -1- #T(p;c)) = 2(#T(p;c)) —p+ 1L

Since we have assumed that p > 7 and #T{,,,) = 4 or 2 by Proposition
3.1, the right hand side cannot vanish. Therefore U(1) ¢ anng S)-
Furthermore, since §(H,) = 0 for any nontrivial character § € X(H,), we
see that for any 6 € X (H,) — {1} we have

qj(e)(s(p,c)) = Q(Szp,c)) = Q(T(p;c)) - G(Hp - T(p;c))
= 20(T(p)) — O(Hp) = 20(T{pc))-

Thus we obtain the following.

PROPOSITION 3.3. Let anny, T(;c) = {6 € X(Hp);H(T(p;C)) = 0}.
Then we have anng S, = ¥(anng, T(). In particular, d(Apy)) =

#(anan T(p;c))-

pic

Therefore we are reduced to the investigation of the set annpg, T{;..). The
next proposition provides us with a criterion for vanishing of the character
sum 0(T(p,))-

PROPOSITION 3.4. For a character § € X(H,), the character sum
H(T(p;c)) vanishes if and only if one of the following conditions holds:

(i) € X(Hp)" and 0(c) = —1,
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(i) 0 € X(Hp)" and 0((c+1)(c —1)71) = —1,
(ii) 0 € X(Hp)~ and 0(c) = 0((c+1)(c — 1)71) = £/—1.

PrOOF. The character sum 6(7{;,)) is computed to be

0(Tipe) = 0((c=17) +0(=clc— 1)) +0(=clc+ 1))
+0(~(c+1)7)
= 0= +0(=)0(c—1)""+0(—)0(c+1)"
+0(-1)0(c+1)"" .

Hence if § € X(H,)", then we have

0T(pe) = 0(c—1)"+0()0(c—1)"+0()0(c+1)"+0(c+1)""
= 1+40))@Cc—D)" 0+
= (140140 ((c+1)(c— 1) )oe+1)7"

Therefore we see that 6(7(y,) = 0 if and only if §(c) = —1 or §((c +1)(c —
1)~1) = —1. On the other hand if § € X (H,)~, then we have

0(Tpe) = 0(c—1)""=0()0(c—1)"=0()0(c+1)" —0(c+1)"
= (1-0()0(c—1)""—(1+0(c)f(c+1)"".

Note that if 6(c) = 1, then 6(T|
Therefore we see that 0(T(,))

o) = =20 (c+ 1)~!, which cannot vanish.
0 if and only if

3

f(c+1) 1+4+6(c)
O(c—1) 1-0(c)

(3.5)

Since the absolute value of the left hand side is equal to one, we have
[1+0(c)=[1-0(c)l,

which implies that 6(c) is purely imaginary. Hence 6 (c) = £v/—1, and in
this case, we have

1+60(c) 1+v-1
1—0(c)_1:F\/—_1_i\/__1'
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This implies by (3.5) that 6(c) = 0((c+1)/(c —1)7!) = £4/—1. Thus we
complete the proof. [

By using this proposition we prove one of the main results in this paper:

THEOREM 3.5.  When p = 3 (mod4), the abelian variety A, is sta-
bly nondegenerate for any ¢ € H,—{£1}. In particular the Hodge conjecture
holds true for A?p,c), n>1.

PRrROOF. Let p = 4k 4 3 for some positive integer k. For any positive
integer m, let p,, C C* denote the group of m-th roots of unity. If 6 €
X(Hp)*, then we have 0 (d) € p(y_1)/2 = pior+1 for any d € Hy. Therefore
there is no ¢ € H, — {£1} such that 0(c) = —1 or §((c+1)(c—1)"!) = 1.
Hence Proposition 3.4 implies that (T(,..)) # 0 for any § € X(H,)*. On
the other hand, if § € X(H,)~, then 6 (d) € pip—1 = ftag+2, and the element
v/—1, which is of order four, cannot belong to pi442. Hence Proposition 3.4
implies again that 6(7(,.)) # 0 for any § € X(H,)~. This completes the
proof of Theorem 3.5. [

Now we proceed to the study of the case when p =1 (mod4). We begin
with some examples. Let us fix a (p — 1)-th root of unity (,—;. For a
primitive root r modulo p, let 6% € X(Hp), 0 < a < p — 2, be defined by
07 (r) = (y_1, and let

Ind(anan T(p;c)) = {a S [O,p - 2}; 9? € anng, T(p;c)}-

One can see that this set does not depend on the choice of r as fol-
lows. Let ¢x, k € (Z/(p — 1)Z)*, denote the element of the galois group
Gal(Q(¢p—1)/Q) defined by ¢r(¢p—1) = 5,1. Let k denote the inverse of
k€ (Z/(p—1)Z)*. Then we have o (0%(17)) = Zﬁjl = 0% (rkkiy = 0% (7).
Therefore Ind(anng, T(y,)) does not depend on the choice of r. The fol-
lowing table shows (.. and Ind(anng, T(p;c)) for small values of p and
ce H, —{£1}:

As one can see from this table, the situation is rather mysterious. We
can, however, obtain some positive results when p = 5 (mod8).

THEOREM 3.6. Suppose that p = 5 (mod8). For any ¢ € H, — {£1},

the abelian variety A, is stably nondegenerate if and only if ¢ satisfies the

p;c)
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Table 1.
D ¢ Tipic) Ind(anng, Tip,c)) d(Apic))
131 2,6,7, 11 {1,4,8,11} {6} 1
3,4,9,10 {3,5,7,9} {6} 1
5, 8 {2,10} {2,6,10} 3
17 1 2,8,9, 15 {1,5,11,15} {4,8,12} 3
3,6,11, 14 {4,7,9,12} {4,8,12} 3
5, 7,10, 12 {2,3,13,14} {8} 1
4,13 {6,10} {2,6,10,14} 4
29 | 2, 14, 15, 27 {1,9,19,27} {7,14,21} 3
3, 10, 19, 26 {7,13,15,21} {7,14,21} 3
4,7, 22,25 {5,10, 18,23} {14} 1
5, 6, 23, 24 {4,6,22,24} 10} 0
9,13, 16, 20 {2,11,17,26} 1) 0
8, 11, 18, 21 {3,12,16,25} {14} 1
12, 17 {8,20} {2,6,10,14,18,22,26} 7
37 | 2,18, 19, 35 {1,12,24,35} {18} 1
3, 12, 25, 34 {9,17,19,27} {18} 1
4,9, 28, 33 {11,14,22,25} | {6,18,30} 3
5, 15, 22, 32 {6,8,28,30} {18} 1
7,16, 21, 30 {5,13,23,31} [0) 0
8, 14, 23, 29 {4,16,20,32} {6,18,30} 3
10, 11, 26, 27 | {3,10,26, 33} 10) 0
13,17, 20, 24 | {2,7,29, 34} {18} 1
6, 31 {15,21} {2,6,10,14, 18,22, 26, 30, 34} 9
condition

(3.6)

c) _1 ((c—l);c—i— 1)> 1,

p

where (13)) denotes the Legendre symbol.

PROOF.

for the even character 0(p —1/2

4k+2 _
T OS8k+4 T

(8k+4)i+(4k+2) _
G

Let p = 8k + 5 and fix a primitive root r modulo p. First
we prove the only-if-part. Suppose that ¢ € H), —

residue modulo p. Then there exists an integer ¢ such that ¢ = r
4k+2)(2i+1

= 0242 e have 03+2(c) = C,(,_1 )(2i+1) _

—1. Therefore by Proposition 3.4, (i), the char-

{1} is a quadratic non-
2i+1

Then

acter sum 9;““’2(T(p;c)) vanishes. On the other hand, if (¢ — 1)(c + 1) is
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a quadratic nonresidue modulo p, then there exists an integer j such that
(c+1)(c— 1)t =%+l Hence we have 0+2((c +1)(c — 1)7') = —1 and
the character sum 03k+2(T(p;c)) vanishes by Proposition 3.4, (ii). In any
case the negation of the condition (3.6) implies the existence of a character
in anng, T{;.c), which proves the only-if-part by Proposition 3.3. Next we
prove the if-part. By the assumption there exists a pair of integers ¢, j such
that ¢ = r?" and (c+1)(c—1)~! = 7%/, Every even character 6 is expressed
as 0 = 62 with 0 < £ < (p — 3)/2 = 4k + 1. The condition 6%/(c) = —1 in
Proposition 3.4, (i) is translated into (ﬁfil = C;fi _11)/ % which is equivalent to
the congruence 4¢i = 4k + 2 (mod 8k + 4), which is impossible. Similarly
the condition 62/((c+1)(c—1)"1) = —1 in Proposition 3.4, (ii) cannot hold.
Furthermore for any odd character 21, the condition §2¢t1(c) = £v/—1
in Proposition 3.4, (iii), is expressed as C;%(fl)'2i = :I:CIEZZI)/ZL. This is equiv-
alent to the congruence 2(2¢ + 1)i = 2k + 1 or 6k + 3(mod 8k + 4), which
is also impossible. This completes the proof of Theorem 3.6. [J

Thus we are led naturally to the following problems:

(P.1) Does there exist an element ¢ € H, — {£1} which satisfies the
condition (3.6)7?
(P.2) If so, how many elements in H, — {£1} satisfy (i)7

In what follows we solve both problems by appealing to the theory of
elliptic curves. Suppose that ¢ € H, — {£1} satisfies (3.6). Then there exist
d,e € F} such that ¢ = d* and (c+1)(c — 1) = €*. By eliminating ¢, we
obtain the equation

(3.7) C:e?=d'—1,

which defines an elliptic curve. We can find its Weierstrass form in the
standard way (see [1], for example). Put T = e + d?, then the equation
(3.7) implies that e — d*> = —1/(e + d?) = —1/T. Subtracting these, we
have 2d> = T + 1/T, and multiplying the both sides by 2372 we obtain
(4dT)* = (2T)3 + 4 - 2T. Letting x = 2T, y = 4dT, we arrive at the
Weierstrass form

E:y? =23 + 4.

Tracing the coordinate changes, we see that a point (x,y) € E goes to
the point (d,e) = (y/(2z), (2? — 4)/(4x)) € C, which gives rise to the
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value ¢ = d? = y?/(22)? = (23 + 42)/(42%) = (2% + 4)/(4x). Therefore
c € H, — {£1} if and only if z € F), — {0, £2, £2/—1}. (Note that —1 is
quadratic residue since p = 1 (mod4).) Thus we obtain the following.

PROPOSITION 3.7. An element ¢ € H, — {£1} satisfies the condition
(3.6) in Theorem 3.6 if and only if it is expressed as ¢ = (x> + 4)/(4x)
where x is the x-coordinate of an F,-rational point of the elliptic curve
E:y? =23 + 4z with x € F, — {0, £2, +2/—1}.

Furthermore we can show the following.

PROPOSITION 3.8. Let sq, denote the number of elements ¢ € Hp —
{£1} such that the condition (3.6) in Theorem 3.6 holds for c¢. Then we
have
H(B(E,) — 8

(3.8) sgp =

PROOF. Let m : E — {0} — A! be the natural projection defined
by m(z,y) = =, where © denotes the origin of E. Furthermore let my :
A' —{0} — A! denote the map defined by m3(x) = (22 +4)/(4x). Since for
a given ¢ € A, the condition m(z) = ¢ gives rise to a quadratic equation
22 —4cx+4 = 0 of discriminant 16¢?> — 16 = 16(c—1)(c+ 1), the map m is 2
to 1 everywhere when restricted to m, ' (A'—{#£1}). Note that 7, ' ({£1}) =
{+2}, 751 ({0}) = {+2y/—1}. Moreover the map m is 2 to 1 every-
where when restricted to 77 (Al — {0,42v/—1}) and 77 ({0, £2v/—1}) =
{(0,0), (£2/=T1,0)}, 77 ' ({£2}) = {(2,44), (=2, £4)}. Therefore the com-
posed map mo o w1 defines an everywhere 4-to-1 surjective map from E —
{0,(0,0), (£2y/~1,0), (2,44), (=2, +4)} to A —{0,£1}. Note that Propo-
sition 3.7 implies the equality

Sqp = #(7[-2 © 71-1(E’(Fp) - {07 (Ov O)a (i2\/jv 0)7 (2a :l:4)7 (*27 :l:4)}))’

and hence the argument above implies that 4sq, = #(E(Fp)) — 8. This
completes the proof of Proposition 3.8. [

Thus our final task is to find #(E(F))). For this there is a well-known
bound |#(E(Fp)) — (p+ 1)| < 2,/p. From this follows that

#(E(Fp) >p+1-2yp=(y/p— 1)
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and hence if p > 17, then the formula (3.8) implies that sq, > 0. This solves
the problem (P.1) when p > 17. On the contrary, if p = 5,13, then there
are no ¢ which satisfies the condition (3.6), as is seen by (3.8) or the Table 2
below.

In order to solve the problem (P.2), we employ the modular parameter-
ization of the elliptic curve F which has conductor equal to 32. It is known
to be associated with the cusp form f = n(42)%n(82)2, whose g-expansion
can be computed easily as follows:

f — q_2q5_3q9+6q13+2q17_q25_10q29_2q37+10q41+6q45
_7q49+14q53 _ 10q61 o 12q65 —6q73+9q81 _4q85+10q89
+18q97_2q101+6q109+0(q113)-

Therefore if we put f = Y ang™, then we have a, =p+ 1 — #(E(F))) for
n>0
any prime p. Thus we obtain the following.

THEOREM 3.9. Notation being as above, we have sq, = (p—ap —7)/4.

Some examples of the values of ap, sg, and the set of ¢ satisfying the
condition (i) in Theorem 3.6 are given below:

Table 2.

D ap | Sqp the set of ¢

5] =2 0| ¢
13 6 0| ¢
29 | —10 8 | {5,6,9,13,16,20,23,24}
37| -2 8 | {7,10,11,16,21,26,27,30}
53 14 8 | {4,10,13,16,37,40,43,49}
61 | —10 | 16 | {4,9,13,14,15,22,25,27,34, 36, 39,46, 47,48, 52,57}

101 | —2 | 24 | {5,9,20,21,22,23,24, 33,43, 45, 47, 49,
52,54, 56,58, 68,77, 78,79, 80, 81, 92, 96}
109 6 | 24 | {4,7,9,12,21,26,27, 28,31, 35, 38, 43,
66,71,74,78,81,82,83,88,97,100, 102, 105}
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