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On a KM, O-Langevin Equation

with Continuous Time (1)

By Yasunori OKABE

Abstract. We treat a continuous time stationary Gaussian pro-
cess X whose global time evolution is governed by |[a, 3, v]-Langevin
equation and derive a KMsO-Langevin equation which governs a lo-
cal time evolution of the stochastic process X. Moreover, we prove a
fluctuation-dissipation theorem based upon the KM,O-Langevin equa-
tion and derive a system of equations characterizing both the fluctu-
ation and the drift coefficients in the KMsO-Langevin equation from
the covariance function of the stationary process X.

1. Introduction

About twenty-five years ago, we treated in [12] and [16] a continuous
time stationary Gaussian process with T-positivity and characterized T-
positivity by deriving a stochastic differential equation that describes a
global time evolution of the stochastic process, which is the first (resp. sec-
ond) KMO-Langevin equation with infinite delay term and white noise (resp.
Kubo noise) term. Furthermore, we showed the fluctuation-dissipation the-
orem, stating relations between the fluctuation and the drift terms in the
KMO-Langevin equation, as a precision and a generalization of fluctuation-
dissipation theorem in non-equilibrium statistical physics ([3], [10]). We
note that the terminology of “KMQO” comes from the initials of Kubo, Mori
and Okabe.

Moreover, in [17], [18] and [24], we treated the Alder-Wainwright effect
for Stokes-Boussinesqg-Langevin equation which states a long time tail be-
havior (o< t3/2) of the velocity autocorrelation function for hard spheres
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that had been studied in [1], [2], [4], [39] and [40]. Noting that the unique
solution of Stokes-Boussinesq-Langevin equation does not have Markovian
property, but has T-positivity, we showed how the Alder-Wainwright effect
for Stokes-Boussinesqg-Langevin equation can be generalized in the frame-
work of the theory of KMO-Langevin equations with T-positivity. The case
for discrete time stationary Gaussian process with T-positivity was investi-
gated in [21]-[23].

On the other hand, we treated in [13] a continuous time stationary Gaus-
sian process with finite multiple Markovian property and derived a stochas-
tic differential equation with infinite delay and white noise terms which
describes a global time evolution of the stochastic process. Furthermore,
we showed the fluctuation-dissipation theorem based upon the stochastic
differential equation.

As a unification of the stochastic differential equations stated above,
we introduced in [12] an [«, §,7v]-Langevin equation whose solution is a
stationary Gaussian process with continuous time and studied the problem
predicting the future and the past from a bounded part of the stochastic
process. The case for stationary Gaussian processes with finite multiple
Markovian property had been discussed in [11].

On the other hand, Miyoshi treated in [8] and [9] a multi-dimensional
continuous time stationary Gaussian process associated with (k, 1, m)-string
and derived a stochastic differential equation with finite delay and white
noise terms, to be called («, 3,7, 6)-Langevin equation, which describes a
local time evolution of the stochastic process, and showed a fluctuation-
dissipation theorem, by using an inverse spectral theory.

As a discrete version of the stochastic differential equation derived in
[8] and [9], we treated in [25]-[35] a general multi-dimensional square in-
tegrable stochastic process with discrete time and derived a stochastic dif-
ference equation, to be called KMoO-Langevin equation, describing a local
time evolution of the stochastic process. Furthermore, we characterized the
stationarity of the stochastic process as a fluctuation-dissipation theorem,
which gives some relations between the fluctuation and the drift terms in
the KMyO-Langevin equation. In [6] and [33], we solved some problems
arising from Masani and Wiener’s work ([5]) on the non-linear prediction
problem for discrete time stochastic processes under Dobrushin-Minlos’ reg-
ularity condition. We note that the terminology of “KM20O” comes from the
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initials of Kubo, Mori, Miyoshi and Okabe.

Furthermore, we applied the theory of KMsO-Langevin equations to
non-linear time series analysis to develop an experimental mathematics
with the spirit of “ from data to model”, and proposed five tests: one
is Test(S) checking stationarity property of time series ([26]); the second is
Test(ABN) detecting certain signs of abnormality of time series ([35]); the
third is Test(D) searching determinacy property of time series ([29]); the
fourth is Test(CS) looking for causality property between two kinds of time
series ([28]); the fifth is Test(MOD) deriving a model describing a local time
evolution of time series ([33], [34], [37]).

The first aim of this paper is to treat a general stationary solution X of
[, B,7]-Langevin equation with infinite delay and white noise terms in [12],
and to derive the same type of stochastic differential equation with finite
delay and white noise terms as the one in Miyoshi’s work. We call such an
equation KMyO-Langevin equation with continuous time. The second aim
is to show the fluctuation-dissipation theorem based upon it. The third aim
is to derive a system of equations characterizing both the fluctuation and
the drift coefficients in the KMsO-Langevin equation with continuous time
from the covariance function of the stationary process X.

We shall state the contents of this paper. In Section 2, we shall recall
the results for the stationary solution of [«, 3,~]-Langevin equation in [12]
and [14]. By a stationary solution of [«, 3, v]-Langevin equation, we mean
a one-dimensional stationary Gaussian process X = (X(t);t € R) with
continuous paths such that

(i) there exists a standard Brownian motion B = (B(¢);t € R) such
that for any t € R

(1.1) o(X(s);s <t)=0(B(s1) — B(s2);s1,82 < t);

(ii) with probability one, X and B satisfy

(1.2) X(t)—X(s) = —/:(ﬁX(u) —i—/(_oo 0)X(u+7‘)7(d¢))du
+a(B(t) — B(s))

for any t,s (s < t), where the triplet («, 3,7) satisfies the following condi-
tions:

(1.3) a >0,
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(1.4) B eR,

(1.5) v(d7) is a bounded signed Borel measure on (—o0,0).

In Section 3, we shall recall the results in [14] for the forward (resp.
backward) innovation processes v = (vf(¢);t > 0) (resp. v, = (v, (t);t >
0)) (a € R) and the local forward (resp. backward) prediction kernel P =
P(t,s) (0 < s < t) (resp. Q = Q(t,s) (t,s > 0)) associated with the
stochastic process X.

Under additional conditions for the bounded signed measure v(d7) in
(1.5), in Section 4, we shall investigate the regularity properties of both the
local prediction kernels P and Q.

In Section 5, we shall derive the following stochastic differential equation
which governs a local time evolution of the stochastic process X: for any
t>0

(1.6) X(t) - X(0) = /Ot(ﬂ(s)X(s)+/Os'y(s,u)X(u)du+5(S)X(O))ds
+ avg (t).

We call equation (1.6) KM3O-Langevin equation with continuous time asso-
ciated with the stochastic process X. We note that equation (1.6) describes
the local time evolution from the initil time ¢ = 0 until time ¢ of the stochas-
tic process X, while equation (1.2) describes the global time evolution from
the initial time ¢ = —oo until time ¢ of the stochastic process X.

In Section 6, we shall prove a fluctuation-dissipation theorem which
gives a relation among the constant «, and three functions 5 = §(t) (t >
0),7 = 7(t,s) (0 < s <t)and 6 = () (t > 0) in the KMyO-Langevin
equation (1.6). We will find that the fucnction § = 6(¢) plays the same
role in fluctuation-dissipation theorem as the partial autocorrelation func-
tion for stationary process with discrete time ([25], [30]-[32]). We denote
such a quadruplet (o, 3,7, 8) by £(X) and call it a KMyO-Langevin system
associated with the stationary process X.

In Section 7, we shall derive a system of equations for characterizing
the KM2O-Langevin system £(X) from the covariance function R of the
stationary process X.

The author would like to express his gratitude to the referee for his
valuable advice.
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2. General Theory for [a, 3, v]-Langevin Equation

Let X be any stationary solution of [«, 3, v]-Langevin equation (1.2) with
conditions (1.1) and (1.3)—(1.5). Let R = R(t) be the covariance function
of the stationary process X:

(2.1) R(t—s)=E(X(t)X(s)) (t,s € R).

It follows from (1.1) that X is purely non-deterministic and so X has a
spectral density function A = A(X) of Hardy class. We denote by h = h(()
the outer function of A = A(\):

1 [ 1+ XClog AN
2mi JR A—C 1+ A2

(2.2) h(¢) = exp( d\) (CecC™).

Since there exists a limit 2(§) = limyo (£ + in) in L?(R), we can define a
function E = E(t) by the Fourier transform h of the L? function h = h(£):

(2.3) E(t) = h(t) = /R R e (t€R).

We note that

(2.4) R() = [ e A@©d (e R)

(2.5) A(g) = \h( ) (£€eR),

(2.6) E(t) = (t <0),

(2.7) R(t):2 / E(t| + 5)E(s)ds  (t€R).

It follows from Theorem 3.1 in [12] that the stochastic process X has
the global forward canonical representation

(2.8) X () = \/%/ E(t—s)dB(s) (t€R)

and the outer function h can be represented by

1

(29) MO = e B=ic 430

(e CTUR),
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where 4 denotes the Fourier-Laplace transform of the bounded signed mea-
sure y(dr):

(2.10) 5(0) = /( o e %Ty(dr) (¢ € CtUR).

On the other hand, it follows from Proposition 2.2 in [14] that there
exists a standard Brownian motion B_ = (B_(t);t € R) such that X has
the global backward canonical representation

1 o0
211)  X() = E/t E(s—#)dB_(s) (t€R),
(2.12) o(X(s);s >t) =0(B_(s1) — B_(s2); 51,52 > t) (teR)

and X satisfies the following stochastic differential equation: for any ¢, s (s <

£)

(2.13)  X(s)—X(t) = — /t(ﬁX(u) —i—/ X(u—71)y(dr))du
s (—00,0)
+ a(B_(t) — B_(s)).
We note from the canonical representaion (2.8) (resp. (2.11)) with (1.1)

(resp. (2.12)) that the function E = E(t) is called the global canonical
representation kernel. It follows from Propositions 3.1 and 3.2 in [12] that

(2.14) Re h is bounded and integrable in R,
(215) E(f)=2 [ e (Reh)©)ds (e R),
R
(2.16)
(2.17)

E is bounded, continuous on [0, 00) and vanishes at infinity,
t

E(t) = V2ra —/ (BE(s) +/ E(s+1)y(dr))ds  (t>0),
0 [—s,0)

(2.18)  E(0) = V2ra,
(2.19) (DVE)(t) = —BE(t) — / o B mntdn)  (¢>0)

)

(2.20) (DTE)(0+) = —V27aj,

where (DT E)(t) stands for the right derivative at ¢ (t > 0) of the function
L.
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Morerover, it follows from Proposition 3.4 in [12] that
t 0
(221) B#H)=RO)~ [ BRE)+ [ R+ s (>0,
0 —00

(2.22) R'(t) = —BR(t) — /_OOO R(t + 7)y(dr) (t >0),
2

(2.23) R'(0+) = —%.

We shall give two examples of stationary Gaussian processes.

Ezample 2.1. Let X = (X(t);t € R) be a stationary Gaussian pro-
cess with T-positivity whose covariance function R is given by the Laplace
transform of a bounded Borel measure o(d\) on [0, 00):

(2.24) R(t) :/[OOO) e Ma(d))  (teR).

We treat the case where the Borel measure o(d\) satisfies the following
conditions:

(2.25) o({0}) =0 and /[O AT () < e,

By Theorem 6.1 in [12], we see that there exist two positive constants
a,  and a Borel measure p(dX) on [0, 00) such that

« 1
2.26 h(() = — e CtUR),
(220 = mimicaw ¢ )
(221) ) = ([ ePulan)dn

[0,00)
where the Borel measure p(d\) satisfies the following conditions:
(2.28) w({0}) =0 and A u(d)) < B.

(0700)

Moreover, we note from Theorems 7.1 and 7.3 in [12] that there exists
a bounded Borel measure v(d\) on [0,00) such that

(229) B(t) = Xoaot) | e (),

(2.30) v({0}) =0 and /Ooo()\l + A)v(dA) < oo,

(2.31) o(d)) = %( /O " +1 V(X)) ().
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For the future use in Section 4, we shall show two propositions.

ProrosiTiON 2.1.  The following two conditions are equivalent each
other:

/ T No(d\) < oo
0
(i) /0 T 2(d)) < oo

Proor. It follows from (2.31) that

/OOOA%(dA) - 47T / / Aiiig (AN )v(dN)

- - /0 /0 (A2 = AN+ A2)u(dN ) (dN).

Therefore, noting from (2.30) that v([0,00)) < oo and [5° Av(d)) < oo, we
see that (i) and (ii) are equivalent each other. [J

Next, we shall show

PrRoOPOSITION 2.2. The following three conditions are equivalent one
another:

. <1
URNAS LS
> 1

(i) [ gvdd) <

(i) | %u(d)\)<oo

Proor. It follows from (7.6) in [12] that for any n > 0

(2.32) h(in) = % /0 ” - i ()
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Differentiating the above equation with respect to 7, we have

d 1 [ 1

(2.33) =5

v(d\) (n > 0).

On the other hand, it follows from (2.26) that for any n > 0

1
\/ﬂﬁ 0= Jo7 xp(dA)

(2.34) h(in) =

Differentiating the above equation with respect to 7, we have

o 1+ fO 77_|_)\)2 M(d)‘)
Var (B4 — J5 o Lxnldn)?

(2.35) ;;h(m) _ (n > 0).

First, we shall show that (i) and (ii) are equivalent each other. Let us
assume that (i) holds. Since v((0,00)) < oo, for the proof of (ii), we have
only to prove that

1
(2.36) ; 12V dA) <

It follows from (2.31) that

o0 1 ,
o0 1

1 ,
@)

1 o 1 ot
= 5[ @[ zman).

Since v((0,00)) > 0, we see from (2.30) that 0 < [5° ﬁv(d)\’) < 0.
Therefore, the above inequality implies that (2.36) and so (ii) holds.

Let us assume that (ii) holds. Since fol A72u(d)\) < oo, we see from
(2.31) that

LAZ N2 1 ,
/AQ (d) 47r// PYSUSTIACARICY

i / B N wa)

>
_271'0(
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Since /\)\iﬁ, <1(0<A\N<1)and )\+/\, <1(A>0,) >1), we find that
1 1
0 Fa (N < / ([ pu(cu) +u([1,00))) < oo,

which with ¢((0,00)) < co implies that (i) holds.

Second, we shall show that (ii) and (iii) are equivalent each other. Let
us assume that (ii) holds. We see from (2.33) that there exists a finite limit
lim,|o 4 h(in) and it is given by

(2.37) %rgjth( D =—— [T Loy er

Therefore, noting (2.25), we see from (2.35) that

14 [ -Lu(dr
hmih(m) a *+Jo )‘Q'u( )

o di T Var (5= J7 Lu(dn)?

which with (2.28) and (2.37) implies that (iii) holds. Third, taking the
procedure used above conversely, we can see that (iii) implies (ii). O

REMARK 2.1. Let us consider the case where the measure o(d\) in
(2.24) is given by

N
(2.38) Z Tnp,

where all o, (1 < n < N) are positive and 0 < p; < p2 < --- < py < 0.
We see from Lemma 2.2 in [12] that the measure p(dX) in (2.27) has the
following representation

N—
(2:39) u(AN) = 3 pny (AN),

where all i, (1 <n < N —1) are positive and 0 < p, < ¢ < pp41 (1 <
n < N — 1). Therefore, all conditions in Propositions 2.1 and 2.2 hold.

Ezample 2.2. Let X = (X(¢);t € R) be a stationary Gaussian process
with finite multiple Markovian property whose outer function A is given as
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follows:
_ o Q=9
(2.40) h(¢) = T3 P(0) (Ce CTUR)
N
(2.41) :Zanz", apb € R(0<n<N-1), ay=1 (z € C),
7501
(2.42) Q(z anz" b cER(0<N<N-2),by_1=1 (2€C),

(2.43) Vp C (ohs VQ C C+ Vp N VQ @

where Vp (resp. Vg) denotes the set of zero points of the polynomial P
(resp. Q).

By Lemma 2.1 and Proposition 2.1 in [13], we see that there exist a real
constant 3 and a function v = v(7) € L((—o0, 0)) N L?((—o0,0)) such that

o 1
V2 B —i¢ —4(C)
where 4 stands for the Fourier-Laplace transform of the L' function v =
1(r):

(2.44) h(¢) = (€ CTUR),

(2.45) 4(¢) = /( » ¢ (r)dr (¢ € CTUR).

Defining a bounded signed Borel measure «(d7) by
(2.46) v(dr) = ~(7)dT,

we find that the stochastic process X becomes a stationary solution of
[a, B, v]-Langevin equation. We note from (2.13) and (2.15) in [13] that

(2.47) v =7(1) € C'((=00,0)) N C((~00,0)),
(2.48) |7|"y(7) is bounded in (—o0,0) for any n € N*.

3. Innovation Process and Local Prediction Kernel

In this section, we shall treat the same stochastic process X as in Section
2 and recall the results of Sections 3, 4 and 5 in [14]. For each a € R, we
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define two reference families (F (¢);¢t > 0) and (F, (t);t > 0) by

Fft)=o(X(s);a<s<a+t) and

(3.1) F,(t)=0(X(s);a—t<s<a).

From Propositions 3.1 and 3.2 in [14], we can construct two standard
Brownian motions v} = (v (¢);t > 0) and v, = (v, (t);t > 0) such that
for any a € R

(3.2) v(0)=0,

a

(3.3) vZ is independent of X (a),
(34) Fi(t)=o(X(a),vg(s)0<s<t) (t>0),
(35) X(a+t)— X(a) = —/0 (BX(a + 5)

0
+[m E(X(a=+s=+7)|F(s))y(dr))ds
+avE(t)  (t>0).

Defining a stochastic process Y_ = (Y_(t);t € R) and a function P =
P(t,s) (0<s<t<o0)by

(3.6) Y_(t) = /( Ooo)X (£ +7)y(dr),
—a LE(X(8)(Y-(5) — E(Y_(s)|F{ (5)))
+V2r E(—s),

we see from Lemmas 4.1, 4.2 and 4.4 in [14] that for any a € R

(3.7) P(t, s)

B8 viO=-a" [0 ()~ B+ )R (5)ds
+ B+(a + t) - B+<a’)7
(3.9) P(t,s) = %E(X(a + vt (s)),

(3.10)  P(t,s) = ;SE(X(a — o (s)).

From Theorems 4.1 and 4.2 in [14], we have the local canonical repre-
sentation for the process X: for each a € R

(3.11) X(a+t) = Z(t)X(a) + /Ot P(t,s)dv) (s) (t >0),
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(312)  X(a—t) = E(t)X(a)+/0tP(t,s)dya_(s) (t>0),

where = = Z(t) (¢t € R) is the normalized covariance function of the sta-
tionary process X defined by

(3.13) 2(t) = R(t)R(0)™ 1.
We call the function P = P(t, s) the local canonical representation kernel

associated with the stochastic process X. It follows from Lemma 5.1 in [14]
that

(3.14) the local canonical representation kernel P is bounded
and continuous,
t
(3.15) sup / P(t,s)%ds < oo.
0<t<oo JO

Concerning the prediction formula for the problem predicting the future
and the past from a bounded part of the stochastic process X, we find from
Theorem 4.3 in [14] that for each a € R

(3.16) E(X(a+8)|Fi(s) = Z(t)X(a)

/ P(t,u)dvt(u)  (0<s<t),
(3.17)  E(X(a—0)[F.(s) = ()X (a)

/ P(t,u)dv(w)  (0<s<1).

Taking account of the above formulae, therefore, we can call the function
P = P(t, s) the local forward prediction kernel associated with the stochas-
tic process X.

On the other hand, defining a stochastic process Y, = (Y (¢);t € R)
and a function @ = Q(¢,s) (0 < s,t < 00) by

(3.18) Yo (t)

J, X,
(319)  Qlts) = —a ' BX(—)(Y-(s) — B(Y-(s)[F (5))),
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we see from Lemmas 4.3, 4.5 and 4.6 in [14] that for any a € R

320 v =—a [Vl )~ BOVia - 9B (s))ds
+ B_(a) — B_(a — t),

(321) QM) =~ B(X(at 1 (5)),

(3.22) Qt,s) = (,iE(X(a —t)vi(s)).

From Theorem 4.4 in [14], we have another prediction formula for the
problem predicting the future and the past from a bounded part of the
stochastic process X: for each a € R

(3.23)  E(X(a+t)|F,(s) = E(t)X(a)

+ [Qtway @ (ts>0)
(3.24)  E(X(a—t)|F;(s)) = E(t)X(a)

/ Qt,w)dvt (u) (s> 0).

We call the function @ = Q(¢,s) the local backward prediction kernel
associated with the stochastic process X. It follows from Lemma 5.1 in [14]
that

(3.25) the local backward prediction kernel @) is bounded
and continuous,
[e.e]
(3.26) sup / Q(t,5)%ds < oo.
0<t<oo J0

4. Properties of Local Prediction Kernels P and @)

In this section, we shall treat any stationary solution X of [a, 3,7]-
Langevin equation (1.2) with conditions (1.1) and (1.3)—(1.5), and inves-
tigate the regularity properties of the local prediction kernels P and @
introduced in Section 3.

We define a function 6 = 6(t) (t > 0) by

)
(4.1) =a / —7,t)y(dr).
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It follows from Lemma 6.3 in [14] that

(4.2) 6 = 6(t) is bounded on [0, 00),
hm 6(t) =0,
(4.4) / 5()%dt < co.

From Lemmas 6.1 and 6.2 in [14], we have
(4.5) Q(t, s) /' P(s +t,w)6(u)du  (t,s > 0),
(4.6) P(t,s) / 6(u t—s,u)du—i—\/?wilE(t—s) (0 <s<t).

We shall give a complete proof of (4.6), because only a sketch of the proof
of (4.6) was given in Lemma 6.1 in [14]. We fix any ¢,s (0 < s < ). It
follows from (3.6) that

Y_(s) — E(Y_(s)[F{ (s)) = /(_OO i (X(s+7) — E(X(s +7)[F{ (s)))y(dr).

Therefore, it follows from (3.7) that

Plte) =~ [ B+ 7) = BG4 IS () ()

1
+ —FE(t—s).
Bt = 5)
Furthermore, for any 7 (7 < —s), we see from (3.12) and (3.17) that
X(s+7) = E(X(s + 7)[F§(s)) = [ P(=7,u)dv; (u). Since FJ\ (—7) =
F, (—7), we see from (3.23) that

—T

E(X(t)[F{ (—7)) =E(t —s)X(s) + ; Q(t — 5, u)dvy (du).

Hence, noting that F__(—7) D F§ (s), we see that

E(X(6)(X(s+7) - E(X(s +7)|[F{(s))))
= B(E(X()[F{,(—7)(X(s +7) — B(X(s + 7)|F{ (5))))

[ Q(t — s,u)P(—7,u)du.

s
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Thus, we see that P(t,s) = —a™' [72 ([;77 P(—7,u)Q(t — s, u)du)y(dT) +
\/27r71E(t — s). Noting (3.15) and (3.26), we can change the order of inte-
gration in the above equation to see from (4.1) that (4.6) holds.

By Theorem 5.5 and Lemma 6.5 in [14], we find that the partial deriva-

tive PO (¢, 5) = 2 P(t,s) (0 < s < t) exists and it satisfies the following

differential-integral equation:

(47) POt ) = —3P(t,5) — /[S_to) P(t + 7, 8)7(dr)

[ P(s — t — 7,0)7(dr))8(v)dv
s (—o0,5—t—1]
(0 <s<t),
(4.8) P(s,s)=a (s>0),
(4.9) P19 (¢, s) is bounded on the set {(t,5);0 < s < t < co}.

In the sequel, we shall treat the case where the bounded signed Borel
measure y(dr) in (1.5) has a density function v = v(7) on (—o0,0) with the
following conditions:

(4.10) y(dr) = ~y(7)dr, (1) € L'((—00,0)),
(4.11) v = (7) is continuous and has a finite limit lim o v(7),

(4.12) /_OOO 7| [y(7)|dr < oo.

Ezample 4.1. We shall show that if the measure o(d\) in (2.24) satisfies
the following conditions:

(4.13) / Mo (d\) < oo,
0
% q

(4.14) [ oy <o,

then the bounded signed Borel measure v(d7) in Example 2.1 satisfies con-
ditions (4.10)—(4.12). First, we note from (2.27) that the bounded Borel
measure y(d7) has a density funstion v = y(7) (7 < 0) such that

)= [ @) <0



KMs O-Langevin Equation 561

and so the function = ~(7) is continuous in (0, 00). Next, we shall show
(4.11), that is, that the function y(7) has a finite limit lim 4o y(7). Since it
follows from (2.19) that F’(t) = —BE(t) — [°, E(t + 7)y(7)dr for any t > 0,
we can differentiate this with respect to ¢ to see that for any ¢ > 0

(4.15)  E"(t) = —BE'(t) — V2ray(— / E'(t + 7)y(7)dr.

On the other hand, it follows from (2.29) and (4.13) that E'(¢t), E”(t) (t >
0) exist and they can be extended continuously on [0, c0). Therefore, we see
from (4.15) that the function v = v(7) (7 < 0) has a finite limit lim 1o y(7).

Finally, we shall show (4.12). Since it follows that [°__ |7||v(7)|dr =
JoZ A2 u(dX), we see from Proposition 2.2 that condition (4.12) holds.

Example 4.2. Let us consider Example 2.2. We find that conditions
(4.10), (4.11) and (4.12) for the bounded signed Borel measure y(dr) in
Example 2.2 come from (2.46)—(2.48), respectively.

REMARK 4.1. In [14], we assumed the following condition (4.16) in
place of condition (4.12):

(4.16) /_Ooo Il (mldr < oc.

The point in [14] was that the integrability of the function § = 6(¢) in (4.1)
comes from condition (4.16).

We shall show that the statement noted in Remark 4.1 comes also from
condition (4.12).

LEMMA 4.1.(1) 6 = 6(t) is continuous on [0, 00).

(i) &=6(t) € L'((0,00)).

PROOF. (i) comes from (3.14), (4.1) and (4.10). It follows from (3.14)
and (4.1) that

[ bl < o [ Pl @lana

[e.o]

— a1 [ 0@( | PCrolanh@r

0
o swp Pl [l
7<0,0<t<—1 —00

A

IN



562 Yasunori OKABE
which with (4.12) implies (ii) holds. OJ

Concerning the smoothness property of the global canonical representa-
tion kernel E in (2.3), we shall show

LEMMA 4.2. The function E = E(t) (t > 0) is C? class. The first
derivative E'(t) (t > 0) can be extended continuously and boundedly on
[0,00) and the second derivative E"(t) (t > 0) can be extended continuously
on [0,00).

ProoF. Noting (2.16) and (4.10), we can differentiate equation (2.17)
with respect to t to see that for any ¢t > 0

(4.17) E'(t) = —BE(t) /Et+ 7)dr

and so the derivative E’'(t) (¢t > 0) can be extended continuously and bound-
edly on [0, 00). Moreover, using condition (4.11), we can differentiate equa-
tion (4.17) with respect to ¢ to see from (2.18) that E”(t) = —BE'(t) —
V2mary(—t) — fft E'(t + 7)v(7)d7 and so the derivative E”(t) (t > 0) can
be extended continuously on [0, c0). O

Concerning the smoothness property of the local prediction kernels P
and @, we shall show

LEMMA 4.3. (i) The partial derivatives P1O(t,s), POD(t s) =
%P(t, 5) (0 < s < t) exist and the function Q(t,s) (t,s > 0) is C* class.

(ii) The functions P1O)(t, s), POD(t,5) (0 < s < t) and the functions
QIO (t,5), QO (t,5) (t,s > 0) can be extended continuously and boundedly
on the set {(t,s);0 < s < t < oo} and the set {(t,s);0 < t,s < oo},
respectively.

(iii) PO (¢, 5) + POD(¢, 5) / P(t,u)§ (0<s<t).

PrROOF. We have already seen in (4.7) that the partial derivative
POt 5) (0 < s < t) exists. Furthermore, noting (3.14), (4.10) and Lemma
4.1(ii), we see from (4.7) that the function P9 (¢, s) (0 < s < t) can be
extended continuously and boundedly on the set {(¢,);0 < s <t < oo}.
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Next, noting (3.14) and Lemma 4.1(i), we can differentiate equation
(4.5) with respect to t or s to find from (4.8) that for any ¢,s (t,s > 0),
both the partial derivatives Q0 (¢, s) and Q(®V (¢, s) exist and they satisfy

s+t
QUO(t,s) = —ab(s +1) - / PUO (s 4 t,u)8(u)du,

s+t
Q(O’l)(t, s) = —ab(s+1t) — / p(LO)(s + t,u)d(u)du + P(s + 1, 5)6(s).

Hence, it follows from (4.9) and Lemma 4.1(ii) that the function Q(¢,s)
(t,s > 0) is C! class and the partial derivatives Q10 (¢, s), QY (¢, s) (t,5 >
0) can be extended continuously and boundedly on the set {(¢,s);0 <t,s <
oo}

Finally, from (4.2), Lemmas 4.1, 4.2 and the facts proved above, we
can differentiate equation (4.6) with respect to s to see that the partial
derivative PO (t,5) (0 < s < t) exists and it satisfies

(4.18) POVt s) = §(s)Q(t — s, 5 +/ 8(w) Q1O (¢ — s, u)du

On the other hand, differentiating equation (4.6) with respect to ¢, we
have

(4.19) PUO(f 5) = /5 QUO (1 — s)du+Var "Bt —s).

Hence, summing up (4.18) and (4.19), we see from (4.5) that (iii) holds.
Using (iii) proved above, we see from (3.14) and Lemma 4.1 that the function
POD(#5) (0 < s < t) can be extended continuously and boundedly on the
set {(t,5);0 < s <t < oo}. Thus we have proved Lemma 4.3. J

Concerning the smoothness property of the function § = §(t), we shall
show

LEMMA 4.4. The function § = 6(t) (t > 0) is C! class and §' =

)
8'(t) (t > 0) can be extended continuously on [0,00).
(i

Proor. Noting (3.14), (4.11) and Lemma 4.3(iii), we can differentiate
equation (4.1) with respect to t to see from (4.8) that

§(t) = —y(—t) +a~! /_ : PO (7 )y (r)dr.
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Therefore, it follows from (4.8), (4.10) and (4.11) and that &' = &'(¢) is
continuous in (0, 00) and it can be extended continuously on [0, c0). O

Finally, we shall show

LEMMA 4.5. (i) The partial derivatives P(>0)(t,s) = %P(LO) (t,s) and
POt s) = %P(Ovl)(t, s) exist.  Furthermore, the partial derivatives
D pL0)(t, 5), L PO (t,s) (0 < s < t) exist and they are equal each other
s 15)> i , )
which is denoted by PV (¢, 5).

(ii) The functions P20 (t,s), P2 (t,s) and PMY(t,s) can be also ex-
tended continuously on the set {(t,s);0 < s <t < oo}.

PROOF. By (4.10), we can rewrite equation in (4.7) into the following
equation: for any t,s (0 < s < t)

—t

(4.20) p1L0) (t,s) = —PP(t,s) — o(t,s) + Y(s,s —t —1)y(T)dr,

where

0
(4.21) o(t,s) = /S_tp(t—i-T,S)’y(T)dT,
(4.22) W(s,t) = / " Pt 7)s(r)dr

First, we shall show the existence of the partial derivative P(2:0) (t,s) in
(i). It follows from (4.8), (4.11) and Lemma 4.3(ii) that the partial derivative
©10)(t,5) (0 < s < t) exists and it is given by

0
(4.23) oM (¢, 5) = / PRO (¢ 4 7 8)y(7)dT + ay(s — t).
s—t

On the other hand, it follows form (4.9), Lemmas 4.1(i) and 4.3(ii) that
the partial derivative 9D (s,u) (0 < s < u) exists and it is given by

(4.24) PO (s,u) = abd(u) + /u PEO) (4, v)8(v)dv.

Therefore, using (4.10) and (4.11), we can differentiate the third term of
the right-hand side of (4.20) with respect to t to see from (4.22) and (4.24)
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that

9 [t
(4.25) %) P(s,s —t—1)y(T)dT

= (.50~ [ #O(s5—t—r(r)dr

= —« 6(s —t —T1)y(r)dr

—00

— /_t (/:_t_T P(I’O)(s —t—T,v)8(v)dv)y(T)dT.

—0o0

Hence, by Lemma 4.3(ii) and (4.23)—(4.25), we can differentiate equation
(4.20) with respect to ¢ to see that for any ¢,s (0 < s < t)

0
(4.26) PZY(t,s) = —pPYO(t s) — [ PLO(t 47, 5)y(r)dr

s—t

—ay(s—t) — a/O: 6(s —t—71)y(r)dr

—t s—t—T7
_ / ( / PO (s — t — 7, 0)6(v)dv)y(r)dr.
—0o0 S
In particular, we see from (4.2), (4.10), (4.11), Lemmas 4.1 and 4.3(ii)
that the statement concerning P39 (¢, s) in (ii) holds.
Second, using (4.20) again, we shall show that the partial derivative
%P(LO) (t,s) (0 < s <t) exists and it is given by

(4.27) %P(LO) (t,s)

0
= BP0V (ts5) + [ POV + ms)y(n)dr + ay(s — )
s—t

+a - 6(s —t—T1)y(r)dr

+ /__O:(/:_t_T P(l’o)(s —t—T1,0)6(v)dv)y(T)dT
—t

t
—8(s)([ _Pls—t=rsp(r)dr 5 / P(t, u)8(u)du

0 t+7
_/S (| P(t+7,u)b(u)du)y(r)dr).

—t Js
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It follows from (4.8), (4.11) and Lemma 4.3(ii) that the partial derivative
e (£, 5) (0 < s < t) exists and it is given by

0
(4.28) gp(o’l)(t, s) = / P(O’l)(t + 7, 8)y(7)dT — ay(s — t).
s—t

Moreover, it follows from (3.14) and Lemma 4.1(i) that the partial
derivative (19 (s,u) (0 < s < u) exists and it is given by

(4.29) PO (s u) = —P(u, 5)8(s).

Therefore, using (4.10) and (4.11), we can differentiate the third term of
the right-hand side of (4.20) with respect to s to find from (4.22) and (4.24)
that

(4.30) 2 :w(s, s—t—T1)y(r)dr

s J-
= /__O: w(l,O)(s, s—t—71)y(r)dr + /_: ¢(0’1)(8, s—t— T)y(r)dr
= —4(s) /O: P(s —t—r,s)y(r)dr + a/O: §(s —t — 7)y(r)dr

+ [ O:( / T PO (st — 7 0)8(0)dv)y (7).

Hence, by Lemma 4.3(ii) and (4.28)-(4.30), we can differentiate equation
(4.20) with respect to s to find that for any ¢,s (0 < s <*t)

0
;P(l’o) (t,s) = —ﬂP(O’l)(t, s) — / P(O’l)(t + 7, 8)y(7T)dT + ay(s — t)
S s—t

—5(s) 1 O: P(s —t —,8)y(r)dr

t
+a 6(s —t—71)y(r)dr

+ / ~ / T PO (st — 7 0)8(0)dv)y(r)dr.

— 00

Moreover, by Lemma 4.3(iii), we can see that that (4.27) holds.
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Third, we shall show that the partial derivative %P(O’l)(t, s)(0<s<t)
exists and it is given by

0
(4.31) gP(O Dit,s) = BPOO(t )+ [ POO(t 47, 5)y(r)dr
s—t

+avy(s—t)+« - 6(s —t—T)y(r)dr

+/_t /S_ - p 0)( —t—T7,v)6(v)dv)y(T)dT
_5(s)(ab(t) + / PO (¢, u)6(u)du).

Since we have proved that the function P9 (¢, s) (0 < s < t) can be
extended continuously on the set {(¢,5);0 < s <t < oo}, we can differen-
tiate the equation in Lemma 4.3(iii) with respect to t to see from (3.14),
(4.8) and Lemma 4.1(i) that the partial derivative 5; o0 PpOD(t s) (0<s<t)
exists and it is given by

0
Z pO1) 4
5l (t:5)
t
= — POt s) — ab(s)5(t) — 6(s) / PEO (¢ w)s(u)ydu (0 < s < t).
S
Substituting (4.26) into the above equation, we find that (4.31) holds.
Fourth, we shall show that both the partial derivatives —P(1 0(t,s)

and atP(O 1)(75, s) (0 < s < t) are equal each other. For that purpose, noting
(4.27) and (4.31), we have only to prove for any ¢,s (0 < s < t)

(4.32) as(t) + / " PO (1, u)s(u)du
/ P(s—t —r,8)y(r)dr — ﬂ/:P(t, w)8(u)du
- / X SHT Pt + 7, u)8(w)du)y(7)dr.
It follows from (4.20) that for any t,s (0 < s < t)

(4.33) /P<10 (t,u)b :—ﬁ/ P(t,u)8(u)du — 1 —1I,
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where

[ = /:( " P+ )y (r)dr)6(u)d,

u—t

M = / t( / ~ /u T P — b — 7 0)8(0)dv)y (7)) (u)du.

—00

Changing the order of integration, we can see that
0 T+t
(4.34) 1= / ( / P(t+ 7, u)b (w)du)y(r)dr,
s—t Js
—t t u—t—T1
II = / (/ (/ P(u—1t—71,v)6(v)dv)é(u)du)y(r)dr.
Using (4.5), (4.6) and noting (4.1), we have

(4.35) 11

- [ O:( / " QU—t — 7, u)d(u)du)y (7)dr
_ _/_:(/:O Q(~t — 7, u)8(u)du

- /t T Q(—t — 7, wb(w)du)y(r)dr
= —/_t(—P(—t—T—i-s,s)—i-m1E(—t—7)

—00

—(=P(—7,t) + m_lE(—t —7)y(7)dT
= —adb(t) + lm P(—t—7+s,8)y(r)dr.

Hence, we see from (4.33)—(4.35) that %P(I’O) (t,s) = %P(O’l) (t,s) (0 <
s < t). We denote it by PUD(t,s) (0 < s < t). Noting (4.27), we
see from (4.2), (4.10), (4.11), Lemmas 4.1 and 4.3(iii) that the function
PO (t,5) (0 < s < t) can be extended continuously on the set {(t,s);0 <
s <t < oo}

Furthermore, by Lemma 4.4, we can differentiate the equation in Lemma
4.3(iii) with respect to s to find that the derivative P(%2 (¢, s) (0 < s < t)
exists and it is given by P2 (t,s) = — P (¢, 5) — 8/ (s) [T P(t, u)d(u)du +
6(s)2P(t,s). Hence, we see from (3.14), Lemmas 4.1 and 4.4 that the func-
tion PO (t,s) (0 < s < t) can be extended continuously on the set
{(t,5);0 < s <t < oo}. Thus, we have proved (ii). OJ
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5. KM5,O-Langevin Equation with Continuous Time

In this section, we shall treat any stationary solution X of [a, 3,7]-
Langevin equation (1.2) with conditions (1.1), (1.3), (1.4) and (4.10)—(4.12),
and derive a KM»sO-Langevin equation with continuous time which governs
a local time evolution of the stochastic process X.

By virtue of (4.4), we can define a function 8 = 3(t) (t > 0) by

(5.1) B(t) =4 — /oo 8(s)?ds  (t>0).
t
We shall show

LEMMA 5.1.  There exists a unique continuous function v = 7(t,s) de-
fined on the set {(t,s);0 < s <t < oo} such that
t
(5.2) POt s) = —B(t)P(t, s) / vt ) Plu,s)du (0 < s < 1).

S

ProOF. First, we shall rewrite equation (5.2) into an integral equation
of Volterra type. For that purpose, we shall assume that there exists a
continuous function v = 7(¢,s) defined on the set {(¢,5);0 < s <t < oo}
satisfying equation (5.2). By Lemmas 4.3(ii) and 4.5(ii), we can differentiate
equation (5.2) with respect to s to find that

(5.3) ~(t, ) — / C ()@ LPOD (u, 5))du
= o Y (PIV (¢, ) + B)POV(¢, 5)).

We define a continuous kernel K = K(u,s) (0 < s < u < o0) and for
each t > 0, a continuous function f; = fi(s) (0 < s <t) by

K(u,s) = a 'POD(y, ) (0<s<u<o0),
fils) = a1 (POI(t,s) 4+ B POVt s))  (0<s<t).

It folllows that (5.3) can be rewritten into

(5.6) (L, ) — / "Ku st u)du = fils)  (0<s<1).
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Therefore, applying a general theory of integral equations of Volterra
type to equation (5.6) for each ¢t > 0, we can obtain a resolvent kernel
C = C(u,s) defined on the set {(u,s);0 < s < u < oo} to solve equation
(5.6) as follows: for any ¢t > 0

(5.7) 1ts) = fils)+ | " Ou, ) fu(u)du
where the resolvent kernel C' = C(u, s) is defined by
(5.8) Clu,s) = i K™ (u,s),

(5.9) KD (u,s) = K_(u, s),

(5.10) KM (u,s) = /u K" (v, $)K (v, s)dv (n>2).

Since the series in (5.8) converges uniformly on the set {(u,s);0 < s <
u < t} for any ¢t > 0, we see that the resolvent kernel C' = C(u,s) is
continuous on the set {(u,s);0 < s < u < oo}. It follows from (5.7)
that a continuous function v = (¢, s) satisfying equation (5.3) is uniquely
determined.

Conversely, we shall show that the continuous function v = (¢, s) de-
fined by the right-hand side of (5.7) satisfies equation (5.2). Let us fix any
t > 0. It follows from the relation between the kernel K = K (u,s) and its
resolvent kernel C' = C'(u, s) that the function v = 7(t, s) satisfies equation
(5.6) and so

t
%(P(l’o)(t, §)+ B P(L, s) + / V() P, s)du) =0 (0 <5 <),
On the other hand, it follows from (4.1), (4.7) and (5.1) that P10 (¢,¢) 4
B(t)P(t,t) = 0. Hence, the continuous function v = 7(t, s) satisfies equation
(5.2). O

Moreover, we shall show

LEMMA 5.2. The stochastic process X satisfies the following stochastic
differential equation:

X(t)—X(O):—/ﬁ +/ sou) X (w)du + 8(5) X (0))ds
+avg (t) (t>0).
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Proor. It follows from (3.11) and (4.8) that for any ¢ > 0

(5.11)  X(t) =

[I]

+/ (t,s) (s,8))dvg (s) + avy (t)

0) +/O (/0 PYO (y, s)dud (s))du + o (t).

Using Lemma 5.1, we find that for any u > 0

/0 PIO) (4, s)dy, = —B(u / P(u
_/0 v(u,v) /0 P(v,s)dvg (s))dv.

Therefore, using (3.11) again, we see that for any t,u (0 < u <t)

[ PO, v (5) = ~(B@X ) + [ () X))
0 0

HBWE(u) + / " o (u, 0)E(0)dv) X (0).

jul
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Substituting this into the second term of the right-hand side of (5.11), we

find that for any ¢ > 0

X0 = [[GX@) + [ w0 X))

u

HE() + /0 (B () + / (1, 0)E(0)dv)du) X (0) + vt (¢).

0

Hence, defining a function & = &(¢)

—~

t >0) by

(5.12) §(t) = —(Z'(1) + BOE(t +/ (t, 0)=(v)dv),

we see that for any ¢ > 0

0) = —/t B(s)X (s +/05’y(s,u)X(u)du)ds

/ 5(s)X (0)ds + avg (t).

S

(5.13)  X(t) -

Therefore, in order to complete the proof of Lemma 5.2, we have only

to show

(5.14) 5(t)=06(t)  (t>0).
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For that purpose, we use the backward innovations v, (a € R) stated in
Section 3. It follows from (3.5) that for any ¢ > 0

(515 X(t) - X(0)
_ /(ﬁX / E(X (s +7)|F (s))y(dr))ds + avf (¢).

Since for any s > 0

[ B+ nEg @nan) = [ X+ ()

—S

+ [ B(X(s + 7)|F (s)1(dr),

we can apply (3.17) to the second term of the right-hand side of the above
equation to get

0
(5.16) /_ _B(X(s+ 7[F§ (5)(dr)

—S

0
=/ X(s+71)y(dr) + (/_Oo E(—=7)y(d7)) X (s)

+ [ Perwnan); ().

Taking account of the causality relation in (3.4), we shall construct three
continuous functions ¢(s), d(s),e(s,u) (0 < u < s) such that for any s > 0

617 [ ([ Plrwr@n)d; (@) = o(s)X(0) +d(s)X()
+/0 e(s,u) X (u)du
Since it follows from Theorem 3.1(ii) that

the right-hand side of (5.17)
= (c(s)2(s) +d(s +/ (s,u)=(s — u)du) X (s)

+/0 (c(s)P(s,v) / P(s —u,v)e(s,u)du)dv; (v),
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we can reduce the problem of the existence of such functions c(s),d(s),
e(s,u) (0 < u < s) satisfying (5.17) to that of the existence of three continu-
ous functions ¢(s), d(s), e(s,u) (0 < u < s) such that for any s,v (0 < v < s)

(5.18)  c(s)2(s) + d(s) + /O e(s,u)Z(s — u)du = 0,

(5.19) N P(—7,v)v(dr) = ¢(s)P(s,v) + /OS_U P(s —u,v)e(s,u)du.

First, let us assume the existence of three continuous functions c(s), d(s),
e(s,u) (0 < u < s) satisfying (5.18) and (5.19). We note from (5.18) that
the existence of the function d(s) comes from that of functions c(s) and
e(s,u). Letting v tend to s in (5.19), we see from (4.1) and (4.8) that

(5.20) c(s) = 6(s) (s >0).

Differentiating equation (5.19) with respect to v, we have
/7 PO (—r v)y(dr) = c(s)P(O’l)(s,v) — ae(s, s —v)
+/ POV (z v)e(s, s — z)dz.

Hence

S
(5.21) e(s,s —v) — / a ' POD (2 v)e(s, s — 2)dz

— a Y (e(s) POV (s, v) — / T PO (g p)y(dr)).

Therefore, using the same method which was used to solve equation
(5.3), we find that a continuous function e(s,z) (0 < z < s) satisfying
(5.21) exists uniquely.

Next, we show that the functions ¢(s) and e(s,u) determined by (5.20)
and (5.21) satisfy equation (5.19). It follows from (5.20) and (5.21) that for

any s,v (0 <v <s)
2 [ Pron(an) )P0 — [Pl - uvle(suidu) =

:P(—T,U)’y(dT) —c(s)P(s,s) =0.
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Hence, we find that two functions c¢(s) and e(s,u) satisfy equation (5.19).
Therefore, it follows from (5.15)—(5.17) and (5.20) that

X(t)—X(0) = — /Ot{ﬁX(s) + OSX(S + 7)y(7)dT

+( / T E(Cr)y(dr) X (s) + d(s)X (s) + 8(s) X (0)
+/ sou)X (w)du}ds + avit (1)
- /{@+[mz<><mwuw»X@
4 /0 (v(u — 5) + e(s, ) X (u)du + () X (0) }ds
+avg (t).

Consequently, comparing the above equation with equation (5.13), we
find that

—S

(22 Bs) = B+ [ Erldn) +ds) (s> 0),

—00

(5.23) v(s,u) = y(u—s)+e(s,u) (0<u<s).
In particular, it follows from (5.23) that Lemma 5.2 holds. O
Using (4.8) and Lemma 5.1, we have
LemMA 5.3. PRO(t 1) = —ap(t)  (t>0).
We define a set £ by
(5.24) £ = {(a,5,7,0) | @, 5, and ¢ satisfy the following conditions;

i) a>0,

(
(i) B = B(t) is continuous on [0, 00) and C'-class in (0, c0),
(iii) = ~(t,s) is continuous on {(¢,5);0 < s <t < oo},

(

iv) 6 = 6(t) is bounded and continuous on [0, c0),
Cl-class in (0,00) and &' = &'(t)

can be extended continuously on [0, 00)}.
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We shall show one of main theorems in this paper.

THEOREM b5.1.  There exists a unique element (c, 3,7, 6) of L such that
the stochastic process X satisfies the following stochastic differential equa-
tion: for any t > 0

(5.25)  X(t) — X(0)

= — /t(ﬂ(s)X(s) + /s v(s,u) X (u)du + 6(s) X (0))ds + avg (t).
0 0

Proor. From (4.2), (4.4), (5.1), Lemmas 4.1, 4.4, 5.1 and 5.2, we can
prove the existence of an element («a, 3,7, 6) of the set L satisfying (5.25).
For the proof of the uniqueness, let us assume that there exists another
element (&, 8,7, 5) of the set L. First, we shall show the following statement
obtained by replacing 3 (resp. ) in (5.2) by 3 (resp. 7):

(5.26) PIO (¢ s) = —B(t)P(t,s) — / t’y(t,u)P(u, s)du (0 <s<t).

Let v be any fixed positive number less than ¢t. By multiplying the both-
hand sides of (5.25) by v (v) and taking expectation, we see from (3.3)
that

(5.27) E(X(t)vg (v))
_ /0 (B(s)E(X () (v) + /0 5(s,u) E(X (w)vif (v))du)ds
Fa B (O ().

Since (vg (t);t > 0) is the standard Brownian motion, we see from (3.11)
that for any w >0

(5.28) E(X(w)’/g(”»:/o P(w,r)dr and
E(yf (w)vg (v) =w Aw.

Therefore, we find from (5.27) and (5.28) that
v t SAv
/ P(t,7)dr = — / (3(s) / P(s,7)dr
0 0 0

+ [Ma([* Pt + o
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Differentiating the above equation with respect to ¢, we have
v ~ v t uAv
/ POt 1)dr = —(A(t) / P(t,7)dr + / 5t u)( / P(u, 7)dr)du)
0 0 0 0
~ v v t
— (3 / P(t,7)dr + / ( / 5(t, w) P, 7)du)dr).
0 0 T

Furthermore, differentiating the above equation with respect to v, we see
that (5.26) holds.

Next, we shall show that
(5.29) a=a.
It follows from (5.25) that for any ¢ > 0

[ 5) = s xs)

+ /0 (y(s) — F(s,0)) X (w)du + (8(s) — ()X (0))ds
0]
+

which implies that the stochastic process ((a—a&)vy (t);t > 0) is a continuous
martingale with bounded variation. Hence, we see that a = a.

Using (4.8) and (5.26), we have the same result as in Lemma 5.3 such
that P10 (¢, 1) = —af(t) (t > 0). Therefore, we find that

(5.30) Bt)=pt)  (t>0).

Finally, noting (5.26), (5.27) and (5.29), we see from the proof of Lemma
5.1 that the function (¢, s) (0 < s < t) satisfies the integral equation (5.6)
with the same kernel K = K (u, s) as in (5.4) and the same inhomogeneous
term f; = fi(s) (0 < s <t)asin (5.5). Therefore, we find from (5.7) that

(5.31) At s) =A(ts)  (0<s<t)
Thus, we see from (5.29)—(5.31) that Theorem 5.1 holds. [

As stated in Section 1, Miyoshi([8]) derived the stochastic differential
equation (5.25) in Theorem 5.1 for the stationary Gaussian process associ-
ated with (I, m)-string and called it an («, 3,7, §)-Langevin equation. By
taking account of the background stated in Section 1, we call the stochastic
differential equation (5.25) in Theorem 5.1 a KMO-Langevin equation with
continuous time associated with the stochastic process X.
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6. Fluctuation-Dissipation Theorem

Under the same situation as in Section 5, in this section, we shall obtain
some relations which hold among the quadruplet («,3,7,6) in equation
(5.25) associated with the stochastic process X.

First, we shall derive a relation between the coefficient « in the fluc-
tuation term of equation (5.25) and the coefficients 5 = 3(t),6 = 6(¢) in
the drift term of equation (5.25) which is called a fluctuation-dissipation
theorem.

Immediately from (2.22) and (2.23), we have

LEMMA 6.1. = 2;;0) - / Y Sy (n)dr

Moreover, it follows from (5.12) and (5.14) that

LEMMA 6.2. 6(t) = —(Z/(t) + B(H)E(t) + /Otv(t,u)E(u)du) (t>0).
From (2.23) and Lemma 6.2, we have

THEOREM 6.1. (Fluctuation-Dissipation Theorem)

o

& = RO)((0) +5(0)).

Second, we shall obtain a relation between the coefficients § = ((t) and
6 = 6(t) in the drift term of equation (5.25) which is called a dissipation-
dissipation theorem. By Lemma 4.1(i), we can differentiate equation (5.1)
with respect to ¢ to see that

THEOREM 6.2. (Dissipation-Dissipation Theorem) The function [ =
B(t) (t > 0) is C* class and

d )
S8 =6t (t>0)
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Third, we shall show another dissipation-dissipation theorem which
states that there exists a relation between the function v = (¢, s) and
the functin 6 = 6(¢) in the drift term of equation (5.25). For that purpose,
we shall show

LEMMA 6.3. 6(s)P(s,v)—ad(v) =— [ P(r,v)y(s,s—7)dr (0<v <
s).

PROOF. By (4.1), the left-hand side of (5.19) = [~ P(—r,v)y(dr) —
=) P(—7,v)y(dr) = ab(v) — [ P(r,v)y(—7)dr. On the other hand, by
(5.20), the right-hand side of (5.19) = 6(s)P(s,v) + [ P(1,v)e(s,s — 7)dr.
Therefore, we see from (5.23) that Lemma 6.3 holds. [J

LEMMA 6.4. ~(t,0) = B(¢)6(t) — 8'(t) (t>0).

Proor. Differentiating the equation in Lemma 6.3 with respect to v,
we see that for any s,v (0 < v < s)

5(s)P OV (s5,0) — ad' (v) = ,8— ) / POD (7 v)y(s, s — T)dr.
Letting v tend to s in the above equation, we have
§(s)POV (s, 5) — ab'(s) = ay(s,0),
which with Lemmas 4.3(iii) and 5.3 implies that Lemma 6.4 holds. [J
We define a function I' = I'(¢, s) (t,s > 0) by

(6.1) L(t,s) =~(t+ s,t) (t,s > 0).

THEOREM 6.3. (Dissipation-Dissipation Theorem) (i) The function
I' = I'(t,s) is C'-class with respect to t > 0 for any fized s > 0.
(ii) For any fized s > 0, the function T'(x,s) = T'(t,s) of t satisfies the
following equation:

(a) 8Fg;’5) —§(t+s)(s,t) (¢t >0),

(b) T(0,s)=p(s)d(s) —&'(s)  (t=0).
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Proor. It follows from (5.23) that
(6.2) I'(t,s) = vy(—s) +e(t+ s,t).

For the proof of (i), we have only to show that the function e(t + s,t) is
C! class with respect to ¢ > 0 for any fixed s > 0. Using the same Voltera
kernel K = K(z,v) (0 < v < z < o0) as in (5.4), we can rewrite equation
(5.21) into

(6.3) e(s,s—wv) —/ K(z,v)e(s,s — 2z)dz = gs(v) (0<wv<s),
where the function g5 = gs(v) is defined by

(6.4) gs(v) = a_l(é(s)P(O’l)(s,v) - /_: P(O’l)(—T, v)y(T)dT)
(0<wv<s).

Hence, we can use the same resolvent kernel C'= C(z,v) (z > v > 0) as in
(5.8) to get

e(s,s —v) =gs(v /C’zvgs

For any t¢,s (t,s > 0), by replacing s and v in the above equation by ¢ + s
and s, respectively, we have

t+s
(6.5) e(t + s,t) = grys(s) + C(z, 8)gr+s(z)dz.

We note that the resolvent kernel C' = C/(z, s) is continuous with respect
to z,s (0 < s < z). Moreover, since it follows from (4.10), (5.20), Lemmas
4.5 and (6.4) that the function g1 s(s) (t,s > 0) is C! class with respect to
t for any fixed s > 0, we can see from (6.5) that the function e(t+s,t) is C!
class with respect to t for any fixed s > 0. Hence, we have proved Theorem
6.3(1).

Next, we shall prove Theorem 6.3(ii). It follows from Lemma 6.4 and
(6.1) that (b) in Theorem 6.1(ii) holds. By noting (6.1) again, we see from
Lemma 6.3 that

6(s)P(s,v) — abd(v) /PT’U (s —7,7)dT (0<wv<s).
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Differentiating the above equation with respect to s, we find that for any
s,v(0<v<s)

' (s)P(s,v)+6(s) P10 (s, v) = —P(s,v)0(0,s)— / SP(T, ) L0 (s—7, 7)dr.

Applying Lemma 5.1 to the above equation, we have

S

§'(s)P(s,v) — 8(s)(B(s)P(s,v) +/ (s, u)P(u,v)du)

v

— _P(s,0)T(0, 5) — / P(ro)l00(s — 7, 7)dr (0 <v < s).
Therefore, we see from (b) in Theorem 6.3(ii) that
/ P(u, v)(TEO (s —u,u) — 8(s)y(s,u))du = 0 0<wv<s).

Moreover, by differentiating the above equation with respect to v, we see
from (4.8) that for any s,v (0 <v < s)

(T (s —v,0) = 8(s)y(s,v))
S
= / POV (5,0) (P00 (s — u, ) = 8(s)v(s, w))du.
v
Let us fix any s > 0. Defining a function ¢5(v) (0 < v < s) by
¢s(v) =T (s — v,0) = 8(s) (s, 0),

we see that

bs(v) — / S(a—lpmvl)(s, ) s (uw)du = 0.

Therefore, using the same method which was used to solve equation (5.6),
we find that ¢5 = 0, which implies that

IO (s — v,0) = 6(s)7y(s,v) 0<wv<s).

For any t,s (t,s > 0), we replace s (resp. v) in the above equation by ¢ + s
(resp. s) to get from (6.1) that

T (¢, ) = 6(t + s)[(s, t),
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which proves (a) in Theorem 6.3(ii). O

Concerning the uniqueness of equation in Theorem 6.3(ii), we shall show
the following general lemma.

LEMMA 6.5. Let us be given any real valued continuous function 6 =
6(t) defined on [0,00). Let F' = F(t,s) be a real valued continuous function
defined on [0,00) X [0,00) such that for any fized s > 0

(i) the function F(x,s) = F(t,s) is C! class with respect to t (t > 0),
(ii) the function F(x,x) satisfies the following equation:
OF(t
@ ) _sararen >0,
(b) F(0,s)=0 (t=0).

Then, F(t,s) =0 (t,s > 0).

PROOF. Let us fix any positive number T" and define two real constants
Cla 02 by

= F = .
Cy Oéntg)g{T| (t,s)] and Cy OggéT\é(t+s)|

For the proof of Lemma 6.5, we have only to show the following inequality:
for any n € N*={0,1,2,...}

$2(n+1) g2(n+1)
2(n+ 1)) (2(n+1))!

(6.6) |F(t,s)| < cicpnty (0<ts<T).

We shall prove (6.6) by mathematical inducton with respect to n. Using
(a) and (b), we have

F(t,s) = /Ot 6(ur + s)F(s,ur)duy
= /t O(ug + S)(/s O(ug + up) F(u1,uz)duz)du;
0 0

t s
= / / 8(s + u1)d(ug + ug) F(uy, ug)duidus.
0 Jo
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Therefore, we have

(67 FtS //65+u1 U1+U2)
u
(/ / O(ug + u3)d(us + ug) F(us, ug)dugduy)duydus.
o Jo

Thus, we can estimate it as follows:

t s u U
F(t,s)] < 01051/ / dulduQ(/ / * dusduy)
0 0

r
= 105 21 91”

which implies that inequality (6.6) holds for n = 0.
Next, for any fixed k& € N*, we shall assume that inequality (6.6) holds
for n = k. Using (6.7) again, we obtain the following estimate:

|F(t,8)] < Cy C k+1)/ / duldu2/ / 2(k+1 ui(kﬂ) sdugduy)
up (2(k + 1))
2k+3 2k+3
:CC‘*(’““)/ [ duduy
12 o Jo T2k 1 3)! (2K + 3)!

12(k+2) $2(k+2)
2(k+2)! (2(k+2)!
which implies that inequality (6.6) holds for n = k + 1. Therefore, by

mathematical induction with respect to n, we find that inequality (6.6)
holds for any n € N*. [J

Finally, we shall obtain a concrete representation of the function I' =
I'(¢,s) in (6.1) which is the unique solution of differential equation in The-
orem 6.3 by virtue of Lemma 6.5.

THEOREM 6.4. The function T' = I'(t,s) (t,s > 0) in (6.1) has the
following representation:

t S
(t,s) = g(t,s) +/ / 6(s+up)d(uy + uz)g(uy, uz)duidusg
0 Jo

el t rs
+Z 8(s + u1)d(uy + ug)dujdusg
—170 Jo
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wp  pug
(/ / 5(UQ + U3)6(U3 + U4)dU3dU4
0 0

U2n—1 U2n
(--- (/0 /0 8(ugn + u2n+1)0(U2n+1 + U2nt2)
'g(u2n+1, U2n+2)dU2n+1dU2n+2) .. ))7

where the function g = g(t,s) (t,s > 0) is given by

glts) = B(6)6(s) ~ 81(5) + [ 8ls ) (Bun)alar) = &/ ().

Proor. It follows from Theorem 6.3(ii) that
I'(t,s) =T(0,s) + /Ot 8(s 4+ u1)I'(s,u1)du;.
Using this equation again, we have
6.8)  T(ts) = T(0,s) + /O " 505+ u0)T(0, un)duy
+ /Ot /08 O(s + up)d(ur + u2)(ur, ug)duydus

t rs
= g(t,s) +/ / 6(s 4+ u1)6(u1 + u2)l (w1, uz)duidus,
0 Jo

where the function g = g(¢, s) is defined by
t
g(t,s) = T(0, ) +/ 5(s + w1 )T(0, un )dus.
0

Therefore, for any n € N, using (6.8) n-times repeatedly, we have
t s
(6.9) T'(t,s) = g(t,s) +/ / 6(s +up)d(uy + u2)g(ur, uz)duidus
0 Jo
n t rs
+Z/ / 6(s+u1)6(m +U2)dU1dUQ
= /0 Jo
w1 U9
(/ (S(’UQ + U3)6(U3 + U4)dU3dU4
o Jo

U2k —1 Uk
(- (/0 /0 6 (uzk + ugky1)0(uagt1 + ugkr2)

'g(u2k+17 u2k+2)du2k+1d’u,gk+2> .. ))
+¢n(t7 S)a

583
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where the function ¢, = ¢, (t,s) (t,s > 0) is given by

t rs
bty s) = / / 8(s -+ 11)8(uy + uz)dus dus
Ul puU2
/ 5(UQ + U3)6(U3 + ’LL4)dU3d’LL4

U2n 1
/ / u2” + u2”+1)5(u2n+1 + U2n+2)
F(u2n+17 u2n+2)du2n+1dU2n+2) .. ))

Let us fix any positive number 7' and define two real constants Cs, Cy
by

= I'(t d = t .
Cs OéntfsuéTl (t,s)] and Cy 0£§§T15(+8)I

Similarly as in (6.6), we see that for any n € N

(€D

< )"

Therefore, since it follows that lim, . [¢n(t, s)| = 0 for any ¢,s (t,s > 0),
we see from (6.9) that Theorem 6.4 holds. [J

We call Theorems 6.1, 6.2 and 6.3 together as the fluctuation-dissipation
theorem based upon KMsO-Langevin equation (5.25) associated with the
stochastic process X, which wad proved in [8] for the continuous time sta-
tionary Gaussian process associated with (I, m)-string.

Moreover, we define the quadrupulet (a,(3,7,6) consisting of the co-
efficients a, 5 = B(t)(0 < t < o0),y = Y(t,$)(0 < s < t < o0) and
6 = 6(t)(0 <t < o0) in equation (5.25) associated with the stochastic
process X by

(6.10) L(X) = (a,8,7,0)

and call it a KMsO-Langevin system associated with the stationary process
X.

7. KM;0-Langevin System and Covariance Function

Under the same situation as in Sections 5 and 6, in this section, we shall
derive a system of equations for characterizing the KM2O-Langevin system
L(X) from the covariance function R of the stationary process X.
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We define a subset Ly of the set £ in (5.24) by

(7.1) Ly = {(a,8,7,6) e L|T =T(t,s) =~(t+s,t)(t,s > 0)
is C'l-class with respect to t > 0 for any fixed s > 0}.

It then follows from Theorems 5.1 and 6.3 that
(7.2) ﬁ(X) € Lo.
We shall show

LEMMA 7.1. R'(t—s) = —(B(t)R(t—s)+ 3 v(t,u) R(s—u)du+8(t)R(s))
(0<s<t).

ProOOF. For any fixed v > 0, multiplying the both-hand sides of
KM30O-Langevin equation (5.25) by X (v) and taking expectation, we have

(7.3) R(v—t) — R(v) = — /0 (B(s)R(v — )

+ /OS (s, u)R(v — u)du + 6(s)R(v))ds
+aB(X (v)vg (1))

It follows from (5.28) and (7.3) that for any t,v (0 < v < t)

R(v—1) - R(v) = —/Ot(ﬁ(s)R(v —5)
+ /S v(s,u)R(v — u)du + 6(s)R(v))ds

0
—i—a/o P(v,u)du.

Differentiating the above equation with respect to ¢ and then replacing v by
s, we find that Lemma 7.1 holds. [

We shall show the second of main theorems in this paper.

THEOREM 7.1. The KMsO-Langevin system L(X) is the unique solu-
tion in the set Ly satisfying the following system of equations:
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(i) a=\/—2R/(0+);
(i) R'(t) =—(BO)R() + /Ot’v(tm)R(U)du +o(t)R(0))  (t>0);

(i) %5@) S0 (t>0);

(iv)  for any fized s > 0
{ @ U9 suyaresy (>0,

ot
(b)  T(0,s) = B(s)6(s) = 6'(s)  (t=0).

ProoF. (i), (ii), (iii) and (iv) come from (2.23), Lemma 6.2, Theorems
6.2 and 6.3, respectively. Note that we can get (ii) also by letting s in
Lemma 7.1 tend to 0.

Next, we shall prove the uniqueness. Let (&, B, , 5) be another element
of the set L satisfying the equations (i)—(iv). Immediately from (i), we see

(7.4) a=a.
Corresponding to Lemma 7.1, we shall show
(1.5) R(t—s) = ~(BOR( )
4 /0 (L) R(s — u)du+ SBR() (0<s <),
For that purpose, we define a function f = f(t, ) (t,s > 0) by
(7.6) f(t,s) = R'(s)+ B(t + s)R(s)

t+s ~
+/0 At + s,u)R(t —u)du + 6(t + s)R(t).

In particular, we see from equation (ii) with (3, and é replaced by 8, 7 and
6 that for any s > 0

(7.7) £(0,s) = 0.
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Defining another function h = h(t, s) by
t+s
(7.8) h(t, s) = / 5(t + 5, u)R(t — u)du,
0
we have

(7.9) f(t,s) = R'(s) + B(t + s)R(s) + h(t,s) + 6(t + s)R(¢).
It follows that
h(t,s) = /Ot At + s,u)R(t —u)du + /tt+s At + s,u)R(u — t)du
= /t L(t —u, s + u)R(u)du + /s D(t +u, s — u)R(u)du,
0 0

where T'(t, s)

(t + s,t). By using (a) in equation (iv) with I' and ¢
d

replaced by I' and 6, we can differentiate the above with respect to t to see

that

t .
R0 (¢, 5) = T(0,5+ D) R(t) + / PO (4 — s+ u)R(u)du
0
+/ L0 (¢ 4 u, s — u)R(u)du
0
~ - t+s
— F(O,s+t)R(t)+6(t—|—s)/ 3t + 5, u)R(u — s)du.
0

Hence, it follows from (7.9) and (b) in equation (iv) with I' and 6 replaced
by I and 6 that
(s) + &' (t + s)R(t) + 6(t + s)R'(t) + RO (¢, )
(s)+6(t+s)R(t)
t+s

+B(s +t)6(s + t)R(t) + 5(t + s) /0 Y(t + s,u)R(u — s)du.

fOOs) = Bt +s)
= B'(t+s)

R
R
Thus, by using equation (iii) with 5 and é replaced by 3 and 6, we have
FAO(t ) = 8(t+ ) (8(t + s)R(s) + R (t) + B(s + t)R(t)
t+s
+ [ A+ s R - s)du),
0
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which implies that
(7.10) FEO(E s) = 8(t+ ) f(s,t) (t,s >0).

By Lemma 6.5, we see from (7.7) and (7.10) that f(¢,s) =0 (t,s > 0).
Therefore, for any ¢,s (0 < s < t), by replacing ¢ and s in (7.6) by s and
t — s, respectively, we find that (7.5) holds.

By using (7.5) proved above, we shall prove that g = B,7=4and 6 = é.
By Lemma 7.1 and (7.5), we see that for any ¢,s (0 < s < t)

B(t)R(t — s) + /0 "t u)R(s — w)du + 6(8)R(s)
= BHR(t—s) + /Ot F(t,u)R(s — u)du + 6(t)R(s).
This implies that for any ¢,s (0 < s < t)

E((B(t) = B(1)) X (t)
+/0 (y(t,w) = (t, w) X (u)du + (8(t) — 6(¢)) X (0), X (s)) = 0.

Therefore, we see that for any ¢ > 0
(B(t) = )X (1) + /Ot(v(t, ) = 3(t,w) X (u)du + (6(t) — 6(£)) X (0) = 0.

Combining this with (7.7), we see that the quadruplet (&, 8,7, 5) satisfies
the stochastic differential equation (5.25). Thus, by Theorem 5.1, we see
that 6 =8,y=* and 6 =6. I

COROLLARY 7.1. The constants $(0) and 6(0) can be obtained as fol-
lows from the covariance function R :

1 R(0+) R'(0+)

, 1, R(0+) R"(0+)
(i) 8(0) = —5( R(O) R’(O+))'
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PRrOOF. Letting ¢ tend to 0 in Theorem 7.1(ii), we have
_F(0)

(7.11) 8(0) +8(0) = ~ g5

We have proved (7.5) in the proof of the uniqueness part in Theorem
7.1. Letting s tend to ¢ therein and noting (i) in Theorem 7.1, we have

Oé2

(7.12) o = B(t)R(0) + /Ot’y(t, w)R(t —u)du+6(t)R(t) (t>0).
We rewrite (ii) in Theorem 7.1 into
R(0)6(t) = —R/(t) — B(t)R(t) — /Ot L't —u,u)R(t —u)du (t>0).

Differentiating the above equation with respect to t, we see from (iv) in
Theorem 7.1 that

RO)8(t) = —(R"(t) + BOR(t) + /0 "t — ) Rt — w)du)
_B'()R(t) — T(0, ) R(0) — /0 PO () R(E— u)du
= (R0 +BORW + [ (60 R )d) - PR

~(BM08(0) = S (O)RO) = 5(0) [ 11w Rl — Wi

Therefore, we have
SOEOR) + BORO) + [ A w)R( -~ u)da)

= (RO +BORW + [ 60 )

which with (7.12) implies that for any ¢t > 0

(7.13) %5@) = —(R"(t) + B)R'(t) + /0 () R () ).

In particular, letting ¢ tend to 0 in (7.13) and noting (i) in Theorem 7.1, we
have
R”(O)
7.14 0(0) — B(t) = — .
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Therefore, combining (7.11) with (7.14), we see that Corollary 7.1

holds. O

We shall investigate the solvability of the system of equations in Theorem

7.1 for certain given non-negative definite function R defined on the bounded
interval [T, T] in the future.
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