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Large Deviation for Periodic Markov Process on

Square Lattice

By Taizo CHIYONOBU, Kanji ICHIHARA and Hideto MITUISI

Abstract. We discuss large deviations for the pinned motion of a
periodic Markov chain on the d-dimensional square lattice Z¢. Making
use of the harmonic transform based on a positive principal eigenfunc-
tion of the difference operator related to the Markov chain, a nice large
deviation principle is established.

1. Introduction

Let (X,, P;) be a periodic, reversible Markov chain on the d—dimen-
sional square lattice Z¢. In general, the n-step transition probabilities of
the Markov chain decay exponentially in large time. For such a process we
are interested in the asymptotic behavior of the expectation of the type:

n—1
B [exp (— 3 m(Xw)] ,

k=0
where P(((: my)) is the probability law of the motion of X. pinned as Xy =
x, X, = y and m is a periodic function with the same periodicity as the
above Markov chain. The first step in this direction is to establish a large
deviation principle for the pinned process. Such a result is obtained in this
paper.

Large deviation for the occupation time distribution of a Markov chain
has been established in a series of papers by Donsker and Varadhan [2] with
the strong ergodicity assumptions. Several subsequent results have been
obtained since then weakening the ergodicity conditions. However their re-
sults cannot be applied to our case, since our process is not expected any
longer to have a nice condtion like ergodicity. In fact, the n-step transition
probabilities of the processes generally decay exponentially in time. Conse-
quently we are not able to prove the usual large derivations for the process.
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Nevertheless it is possible to prove a nice large deviation as far as the pinned
processes are concerned if appropriate rate functions are adopted, which is
our main assertion in this paper. It is to be noted that one of the authors
has discussed this type of large deviation for a class of pinned covering
diffusions(See [4]).

The organization of this paper is as follows. In Section 2 some notations
are introduced and main results are stated. The principal eigenvalue prob-
lem for the difference operator corresponding to the original Markov chain
is discussed in Section 3. With the help of of the harmonic transform by a
positive principal eigenfunction obtained in Section 3, upper and lower esti-
mates for the transition probabilities of the Markov chain are given. Large
deviation result is proved in Section 4. Section 5 is devoted to a discus-
sion of the positivity of the bottom of the spectrum of the above difference
operator.

2. Notations and Statements of Main Results

Suppose we are given an irreducible Markov chain X,, on Z¢ which has
a one-step transition probability {p(z,y)}. We assume the following condi-
tions:

(A.1) There exists a positive integer mg such that
p(x+m06iay+m06i):p(x7y)7 xvyGZd7 Z:17 , 1
i
where e; = (0,---,1,---,0).
(A.2) It holds that with a positive constant rg,
{y € Zd;p(x,y) #+ 0} C Bl(ac,ro), xr ezl

d
where B'(x,m0) = {y;llz —yll <ro}, ol = 2y lail.

(A.3) There exists a positive function a = a(x) on Z? satisfying
a(z)p(z,y) = a(y)p(y, x), =y €L

(A4) inf{p(z,y);llz —yll <1, z,y € Z7} > 0.
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Define a difference operator L for a function u(x) on Z9 by

Lu(z) = Y plz,y)(uly) — u(x))

yeZd

d

——
and set T = Z/moZ, T* =T x --- x T. Denote by ¢ the covering map from
Z onto T, i.e.,

c(x) =z (mod my)
and set
co(x) = (c(1), -+ ,c(xq)), o= (w1, ,2q) € L7

Let M be the set of probability measures on T¢ endowed with the topology
induced by the metric

d(p, A) = Z |,LL(:E) - )‘(x)Pv p A € M.

zcTd

Evidently (M,d) is a compact metric space. Let £, be the space of all
sequences Xo, X1, Xo,--- with X = z and X; € Z?. We have a probability
measure on €2, induced by p(-,-) which we will denote by P,. For each
w € €, each positive integer n and a subset A of T¢, define

n—1
Ly (w, A) = %ZXA(CO(XIC(W)))
k=0

and for a measurable subset B C M,

Qu(B) = PYY) (i Ln(w, ) € B),

where P((g; my)) denotes the probability law of the Markov chain X. pinned as
Xo =z and X,, =y.
In this paper a large deviation principle for QEg’i’))

In order to introduce an appropriate rate function for the present case, we

will be investigated.

first discuss an eigenvalue problem for the difference operator L.
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THEOREM 1. There exist a nonnegative number \g < 1 and a positive,
periodic function g of period mqg such that

L(%)(:ﬂ) + AO(%)(@ 0, zezt,

where g 1s unique up to the multiplication by positive constants.

Making use of the function ug(z) = ¢o(z)/v/a(x), a new transition
probability function p°(z,y) is defined by

(1) pO(l,’ ): p(xay)UO(y)

, T, e 7%
(1= ouo(z) Y

Let (X2, P9) be the Markov chain on Z¢ induced by {p"(z,y)}. Denote by
PO (z,y) the n-step transition probability of X?. We introduce a distance
on Z% by

di(z,y) = inf{n; p2 (z,y) > 0}.

Through upper and lower estimates of the n-step transition probability
PV (z,y) of the Markov chain X0

n’

the n-step transition probability p,(z,y) for X,.

we can get upper and lower bounds for

THEOREM 2. There exist some positive constants C;,i = 1,2,3,4 such
that

Ci(1 = Xo)" ug(2)po(y)® _coarw?
e n
ug(y)n?/2

< pn(m, y)

< G - Xo)™ug(2)po(y)® _canrw?
B uo(y)nd/?

for all x,y € Z¢ with dy(x,y) < n.

It should be remarked here that the process X0 is also periodic of period
my. Set

(2) mou(z) = > p°(x,y)uly).

yeZd
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Denote by Uy the set of periodic functions of period mg on Z%. The rate
function Ip on M is defined by

(3) To() = — inf >~ log(27) (2)u(a).
u>0 zeTd

Then we are able to show the following:

THEOREM 3. (i) For any closed F C M,

. 1 (n,y) .
lim sup — log Q(g’i’) (F) < — 1n£ Io(p).

n—oo N ne

(ii) For any open G C M,

1 f=1 VNG > — inf T, .
im in - ogQ(Ow)( ) > ﬁIelG o(u)

A corollary of the above theorem is stated as follows.

COROLLARY 3.1. If ® is a real-valued weakly continuous functional on
M, then

. ]_ Q(n7y) —nd .
lim = log E€0.2) [e W] — _ inf [ I,
Jim = log [e J == Inf [®(u) + To(u)]

for any x,y € Z°.
3. Principal Eigenvalue Problem and Gaussian Estimates

In this section we shall give the proof of Theorem 1 and Theorem 2.
Consider the difference equation

(1) L(-2)(2) + A(

> ple (o)) = LS o 9)p( D)),

yeZa
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Hence
¢ %
L(%)(ﬂf) +>\(ﬁ)($)

1
N A — x)t.
/—a(m){ EEZd ,x)o(y) + (A= 1)p(x)}

Thus (4) is equivalent to

(5) > Vo ,2)p(y) + (A = Dp(z) = 0.

yeZa

Set q(z,y) = v/p(z,y)p(y, ), then g(x,y) is symmetric in z,y and is a
periodic function of period mo, i.e., the condition (A.1) is fulfilled with
{a(z,9)}.

Define for any z,y € T¢,

a(zy) = Y. ql@y+kimeer + - + kamoeq).
ki, ka€Z

Since ¢ is a periodic function of period myg, (5) is reduced to

(6) YA ye(y) + A= Dp(x) =0, =T

yeTd

Set g(z) = >, e 4z, y). 1t should be remarked that the Markov chain on
4 induced by {g(z,y)/q(x)} is irreducible.

Let A1 be the biggest nonnegative eigenvalue of the matrix Q = ( (z, y))
Making use of the irreducibility mentioned above and the Perron-Frobenius
Theorem, we can easily see that A; is strictly positive and that the cor-
responding eigenspace is one-dimensional. It is also possible to choose its
eigenvector whose components are all positive. Thus setting A\g = 1 — Ay,
all the assertions in Theorem 1 except the nonnegativity of Ag have been
verified.

Next we shall discuss upper and lower bounds for the n-step transition
probability p,(z,y) of the Markov chain X,,. In order to perform this, we
make use of the n-step transition probability p2(x,y) of the transformed
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process XC. A simple computation shows that, by (1),

(7) pg(x,y) = Z po(wil)pﬂ(xlva)"'po(xn—lay)

T1,Tn—1 €24

_ palz,y)uo(y)

(1 = Ao)"uo(z)

Note that the process X is reversible with respect to the measure {¢g(z)?},
i.e.,

wo(2)?ph (2, y) = @o(y)*ph(y. @)

Set for z € Z% and r > 0,

B(z,r)={y € Z%di(z,y) <r}, V(z,r)= > ¢oly)*

We can easily verify that for any € Z¢ and r > 1,
Csrd < V(x,r) < Cgr?

with some positive constants C;, ¢ = 5,6. With these notations, we can
apply Theorem 1.7, Delmotte[1] for the Markov chain X? under our as-
sumptions. Thus we get the following Gaussian upper and lower estimates

for pj) (x,y).

PROPOSITION 1. There exist positive constants C;, i = 7,8,9,10 such
that for all n,

C7g00(y)2 _ Cgdy (z.9)° <0 ngOo(y)Z _ Ci0d1 (=)?

V(LE, \/ﬁ)e " _pn(may) < V(ZL’, \/ﬁ)

for all z,y € Z¢ satisfying dy(x,y) < n.

Proposition 1 combined with the relationship between p,(x,y) and
pY (z,y) gives Theorem 2. Note that the nonnegativity of Ao in Theorem 1
is immediate from Theorem 2.
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4. Proof of Theorem 3

We shall first prove the upper bound in the theorem. Set, for a strictly
positive u € Uy,

Vi(z)

V(z) =mou(z) and W(z) = log(

where 7 is given by (2). From the definition of the pinned process, noting
(7), we have

n—1
B [V(X, o) exp(= 3 W(X,)]
k=0
1 n—1
= oo BV Xamy exp (- kZ_OW(Xm)p(Xn_l, y)]
1 n—1
= pn(l‘,y) zh.“’z;_leZd V(xn—l)exp(_ kZ:DW(xk))p(xn—lyy>
X p(z,x1)p(x1,22) - - p(Tp—2, Tn_1)
20" 0(@) p 0y e (S g0y PR 10Y)
S e Vet W) R )

Hence, since z — p(z,y)/up(z) is bounded above by a positive constant
depending only on y, we have, by virtue of Theorem 2,

(n9) n-l
ET0w) [V(Xoo1) exp(— Y W (X))
k=0
(1= 20)" Luo(z) _pore o S
< C E= V(X _ — WI(X
< C11 pn(x,y) [ ( n 1)exp( = ( k))]
n—1
< Cran®?ug(y)eCxh @D M EP V(X0 ) exp(— Y W(XD))]
k=0

= Cran®/Pug(y)e@s =) /my (z)
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for some C11 > 0, C19 > 0 and Cy3 > 0. Here, the last equality follows as in
the arguments in Donsker and Varadhan[2], page 8. Thus we have obtained

n—1 d/2 Cl?’w
pn, y) n uo(y)u(ib)@ "
8 E (O x) — W X < C
(8) [exp( kZ:O (X)) < Cra inf,cpa V()

On the other hand, by the definition of Q © x), we have

n—1 n— 1

FE <(0n1y>) [exp(— ZW(Xk))] =F( gf)) exp — nz Weol Xk
k=0
Ep(gzu)) [exp —-n Z W(z)Ln(w, {z}))}
z€Td
Q(nvy)
=F <07%) exp Z W(z
zeZ4

and by noting that for any measurable subset C' of M,

n)
9) EQ(O 5’-‘!) lexp(— Z W(z
274
> QpY(C) exp(— nzggz W (=2)u(z)).

z€74

Combining (8) and (9), we obtain

nd/2u0(y)u(x)ecl3dl (I:y)Q/n
2 inf, ez V()

X exp n sup Z log 7rOu)(z)lﬁ(z))v
nel

2eTd
and hence
(10) lim sup — log Q(n’y (C) < inf sup Z log(ﬂou)(z)u(z).
n—oo u€lp ueC u
u>0 z€Td

Following the same arguments as in Donsker and Varadhan [2], it follows
from (10) that for any closed subset F' of M,

. 1 (n9) (o
1 ~1 Y(F) < — inf T
imsup 0g Qg ) (F) Jnf o(1),
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which completes the proof of the upper bound of Theorem 3.
In order to prove the lower bound, some preliminaries are required. We
shall start with

LEMMA 1. Let u be a probability measure on T of which support co-
incides with T%. Then there exists a positive function Vi in Uy such that

~ 3 log ”OVO )u(2).

zeTd

PRrROOF. We first introduce a one-step transition probability p° on T¢
by

(11) Pleo(@),c0w) = D p(a,y+kimoer + -+ + kamoea)
ki, ka€Z

for z,y € Z% and define an operator 7 for a function u on T¢ as
Tou(x Z p(x,y)u(y), =€ T
yeTd

Then it is evident that

Io(p) = —
o(u nf > log ()
zeTd

K = {u = (u()),es; u(w) > 0foralle € T and Y u(w) = 1}.
x€Td

Set, for all u € K,

= 3 tos(™™) (@)u(a).

zcTd

Obviously f is continuous in u.

For the proof of our lemma, it suffices to show that f attains its minimal
value on K. Since K is regarded as a subset of a hyperplane in an Euclidean
space, denote by K the usual closure of K i.e.

> _ {U = (u(gc))xer;u([L‘) >0, Z u(ac) = 1}

zcTd
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Noting the irreduciblity of the Markov chain associated with the one-step
transition probability 7", it is easy to verify that for any u € K \ K,

lim f(v) =

K>v—u

Combining this fact with the continuity of f on K, it can be proved that f
attains its minimum on K. This completes the proof of Lemma 1. [

Now, with the help of Vj; in Lemma 1, let a new transition probability
P (z,y) on T? be defined by

P2 (z, ) Vo(y)

~ ) x? E Td7
woVo(x) Y

(12) p(z,y) =
where p° is given by (11). Then we have

LEMMA 2. {]51 (Jr,y)} constitutes the one-step transition probability of
a reversible Markov chain on T having p as its unique invariant probability
measure.

PROOF. Let, for all u € U,,
Tiu(x Z P (z,y)u
and set I; on M by

Ii(v) = — inf Z log(— 771u v (z).

u€Up
u>0 zeTd

Following the same argument as in Donsker and Varadhan [2], it is shown
that I;(rv9) = 0 if and only if 1 is the invariant probability measure for

{p'(x,9)}.

Assume g to be the one given in Lemma 1. For a positive u € Uy,
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Taking the definition of V{ into account, we see,

L(p) = - inf > log(%)(ﬂc)u(m)
u>0 z€Td
. 7o(Vou) ToVo
= _%’%O x%;d log Vou ) (@) () +x§d 10g(70)($)u(1‘)
= 0.

In order to prove the reversibility of u, we introduce another measure y/
on T? by

w (z) = polz)*Vo(x) 7o Vo(x).

It is easily seen that u’' is a reversible measure for {p!(x,y)} i.e.
W (2)p (z,y) = 1 (y)p'(y,z), z,y € T¢ Note that a reversible measure is
also an invariant measure. Combining these with the fact that the Markov
chain has the unique invariant probability measure, we see that there exists
a positive constant C such that /() = Cu(z), 2 € T¢. Thus yu is reversible.
This completes the proof of Lemma 2. [

We are now ready to prove the lower bound. Let G be an open subset
of M and p an arbitrary element in G whose support coincides with T¢.
First note that Io(u) < co. We want to show for p,

(13) hmlnf log P((Slzty))( i Ly(w,") € G) > —Io(p).

Denote by S(u,€) the open sphere of radius € > 0 in M centered at pu.
Suppose ¢ is sufficiently small such that S(u,e) C G. For the proof of (13),
it suffices to verify

(14) hgggf ~log P08 (wi Lu(w, ) € (. €)) = ~Io(n).
From the definition of the pinned process, we have
P((o ))(L € S(p,e))
1
15 = EP=[p(Xp_1,y); Ln, € S(p, €)],
_ n—1 XO
_ (1 )\0) UO(:I?)EPS [p( n—1» ),Ln c S(M,G)]

pn(l‘,y) (Xg 1)
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Making use of the function Vj in Lemma 1, a new transition probability on
7% is defined by

) Pz y)Voly)
p (xvy) - Fo‘/()(x) )

Let (X} Pl!) be the Markov chain on Z? associated with the transition
probability {p!(z,y)}. Note that p' is periodic and co(X}) is the Markov
chain on T¢ whose one-step transition probability coincides with p'(z,y)
given by (12). Since

x,yeZd.

0
Pl [()((;(701’1)); Ln € S(p¢€)]

p(Tn-1,9)
= Y st (@ z0)p° (w1, ma) -+ 0 (@02, w0 1)
1, ,Tn_1EZ4 UO(e'En—l)

_ Z p(xn—lvy)XL s (TFOVO(«'E)pl(.’L',CL'l))
Tl Tn—1 €A UO(.’L‘n,I) Hnese) ‘/()(1'1)

" (7T0V0(961)p1(96‘1,372)) (Wo%(wn—2)pl($n—2,$n—1))

‘/0($2) ‘/O(Infl)
e (X y) T mVe(XD) ) Vo(x) .
RO SR § S o e u BRIk

by (15), we see that

PG (Ln € S(p,€))
(1= Xo)" tug(x) Vo(z)
pu(,y) Superd 7ToVo( )

VY Vo(X1)
EPI[ ( n 1 exp Zlog,7T0 o ])“ ; Ln € S(p,¢€)].
n 1

Now we introduce, for € > 0,

— {1 | to("20) @)L a)

zcTd

_ Zl 7T0VO ( )} <€/}’

zcTd

(16) >
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Sa(n,€') = {w; Ln(w,-) € S(p,€) N S1(u,€)},
and

{w hm — Zl WOVO Z log WOVO (x)}a

zeTd

Qo = {w; Ly(w, ) is convergent to p}.
Since 7oV /Vp is periodic, the ergodic theorem applied to co(X,}) implies
Py(h) = Pp(2) = 1.

Therefore, noting Lemma 1,

Epl[p( n- 1’ exp Zlo WOVD ) L, € S(u, )]

17 > exp{n(a%;d log(ﬂoTz/o) (z)p(z) — €) }EPI [%, Sa(n, €]
— exp(-nly(p) — ne) B [Pt g, )

0o(Xp1)
From the assumption (A.2), the set {x € Z%;d;(x,y) < 1} is finite. Denote
this set by {y1, - ,ym}. Set o = infi<j<m (y]’y)) Then,

ug(

EPl[ (X'rll, 1’y);52(n, e/)]

uo(X} 1)
_ gt [%; Sa(n, ) N {dr (X} 1) < 1)]
18 =3F B uij’] Sa(n, ) N {X) -y = )]

> 0 P S0, ) 1 Xy = )

=aY PiXap =y —ay Pi({Xa1 =y} n{Q\ S}
i=1 j=1

=(I)—(II), say.
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Regarding p(x) as a periodic function of period dg on Z%, it can be easily
checked with the help of Lemma 2 that the transition probability pL(z,y) of
the chain X is also reversible with respect to . Thus we can again apply
Theorem 1.7 in Delmotte[1] to the transition probability p.(z,y) with the
distance dy(z,y) and obtain a Gaussian lower estimate for pl(z,y). Thus

we get
_ Ci5dy(zy))?
Crae™— n1

(n— 1)

Pwl(Xrlz—l = yj) Zp;—1($;yj) >

for some Ci4 > 0 and Cq5 > 0, and thus we have

Clsdl(T y]

(19) (I) > CIGZ \/nT

for some Cg > 0. As for the second term (II), since the process co(X.!) is an
irreducible Markov chain on T?, the process is ergodic on T¢. Consequently
the large deviation prinsiple in Donsker and Varadhan|2] is proved to hold
for the process co(X,}), which implies

(20) (II) S CNPII (Q \ SQ) S Clge_clgn

with some positive constants Cj7, Cig and C1g. Combining (16), (17), (18),
(19) and (20), along with Theorem 2, it follows that

.1
liminf —log P (w; Lu(w,) € S(,€)) > ~Io(u) — ¢’

Since € is arbitrary, the above implies

1mm5m%W<mee&w»zww
and thus

lim inf * log P™Y) (o L (w, - > _ inf I,
iminf —log P oy (w; Ln(w, ) € G) 2 — inf To(u),

where M denotes the set of probability measures p on T¢ which have the
full support. By the same argument as in Donsker and Varadhan[2], we
have

inf  Io(u) = inf Io(w).
e o(p) Jnf, o(u)

This completes the proof of Theorem 3.
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5. Positivity of the Bottom of the Spectrum

In this section we shall discuss the positivity of the bottom of the spec-

trum of the difference operator L. To perform this, define for ¢(z) =!

($17 T ,IL‘d) € Zd7
n—1
Y, = (X)) — Y LO(Xy)
k=0

and F, = o(X1.X9,---,X,), n =1,2,--- for the above Markov chain
X,.
It is easy to see the following.

LEMMA 3. Under the assumptions (A.1), (A.2), (Yn,Fn)n>1 is a d-
dimensional vector-valued martingale which satisfies the following condi-
tions:

(1) EYu?<oc0, n=1,2--,
o0

E\Y, —Y,_1|?
o S ENYaul

2
n
n=1

Applying a strong law of large numbers for martingales(see e.g.
Shiryaev[5], Corollary 2, page 471-472) to {Y,,}, we get

Note that

Lo(x) = ) pla,y)(@(y) — &(x))

yeZa

is a periodic function of period mg. Combining these facts with the ergod-
icity of the Markov chain co(X,,) on T¢, we have;

PROPOSITION 2. It holds that

lim En _ Z Lo(z)po(x) a.e. P

n—oo N
zcTd
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where g is the unique invariant probability measure of the process co(Xy,).

The following theorem gives a criterion for the positivity of the bottom
of the spectrum.

THEOREM 4. The following two conditions are equivalent;

(1) Ao > 0.
@) 3 Lo(w)uolx) #0.
zeTd

Proor. For the proof of Theorem 4, a large deviation result due to
Ellis[3] is required. Note that, for all t € Z%,

E, [exp(t,Xn>]
= Z pn(x7 y)e(t,y>

yeZ4

= > ) P,y ) e pyr, yo)el¥2) p(yn 1, yn)ettvn)
- c ) ety T eltwe)
ylv'“ﬂ/neZd €

= > g y)alyive) aWn1,un),

ylv'“ﬂ/neZd

where (-,-) is the FEuclidean inner product on R? and qi(z,y) =
p(z,y)et¥) /eb®) - Since ¢;(x,y) is periodic of period mg in z, y, setting

di(co(x),cow)) = D alw,y+kimoer + -+ + kgmoeq), .y € Z,
ki, ka€Z

we have

B, [eltXn)] = o) Z Gr(co(x),91) = Gt(Tn—1, Un)-
ﬂly"'vﬂnGTd

Regarding §¢; as the matrix having elements ¢;(Z, ), we have

(21) Ep[eX] = ey ()" (co(), )

geTd
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We now apply Perron-Frobenius Theorem for matrices with non-negative
components ((j(:i, g))igew to obtain:

(22) lim 1 log E,, [e<t’X">] & c(t)

n—oo N
exists and c(t) is equal to the logarithm of the positive maximal eigenvalue
of ;. From the fact that the stochastic matrix (p(z,y)) = (qo(z,y)) is
irreducible, it is easily checked that the positive maximal eigenvalue of ¢
is simple. Therefore the implicit function theorem combined with Perron-
Frobenius Theorem applied to (26) implies that the function c(t) is differ-
entiable in a neighbourhood of the origin ¢ = 0. Accordingly Theorem IV
in Ellis[3] along with Proposition 2 gives that for any € > 0, there exists a
positive number M, such that

(23) Po| 22— 3 I(w)ole)] > €) < exp(—Mon).
zeTd

Now notice that we have the following inequality for any positive constant

0207
(24) P, (| Xn| < Co)

< P22 = Da(oe)| = |3 Lo()ol)]| -
zeTd zeTd

Cao

n

).

Thus (27) shows that the left-hand side in (28)is exponentially decaying as
n tends to oo if Y pu L&(x)po(x) # 0. Thus (2) in Theorem 4 implies (1).

Conversely, suppose the condition (1) in Theorem 4 holds. Then it
can be easily checked by means of Theorem 2 that there exist two positive
constants Cy; and Cyy for a sufficiently small, positive constant €y such as

Po(‘Xn‘ S eon) S 0216—02211‘

This together with (27) asserts that

> Lo(x)po(x) # 0.

zcTd

Thus the conditions (1) and (2) are mutually equivalent. [J
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6. Example

In this section we shall give an example which illustrates our theorems.
Suppose {p(z,y)} to be a one-step transition probability on Z¢ assigned as

Pis, Y=T+e

qgi, Y=T—¢€
p(x,y) =

r,oy==

0, |y—z[>1

where p;, ¢;, 7 > 0 and Z?Zl(pi +q¢;)+r = 1. Tt is evident that the condition
(A.1) holds with any positive integer mg. Setting a(z) = IIL, (pi/a@:)"",
x = (x1, -+ ,xq), it is easy to check that

a(@)p(z,y) = a(y)p(y,x), w,y €2

Thus the Markov chain associated with {p(z,y)} above fulfills all the con-
ditions (A.1)-(A.4). Simple computations show:

d d

do=1=r =3 2/ha = Y (VB — V&),
=1 11:1
wle) = 7y

and p°(z,y) = % is as follows:

V/Pidi
7’+2de1 Did; y=ate
Vbidi _
0 oy d o Y=T €
Pa,y) = { L
r+23 g:l Diq; y=1=
0, ly — x| > 1.
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