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Stochastic Partial Differential Equations with Two
Reflecting Walls

By Yoshiki OTOBE

Abstract. We study stochastic partial differential equations
(SPDEs) driven by space-time white noise with two reflecting smooth
walls h; and hy. If the solution stays in the open interval (hj(x,t),
ha(x,t)), the dynamics obeys a usual type of SPDEs, and at a point
where the value of the solution is h; or ho, we add forces in order
to prevent it from exiting the interval [hy, hs]. We will first show
the existence and uniqueness of the solutions, and secondly study the
stationary distribution of the dynamics and corresponding Dirichlet
forms.

1. Introduction

Stochastic partial differential equations of parabolic type are often con-
sidered in the context of fluctuation dispersion phenomena in (non-equi-
librium) statistical mechanics. For instance, if there are several distinct
pure phases coexist, interfaces are formed and separate them. SPDEs can
be regarded as to describe its mesoscopic time evolutions of such (random)
interfaces. In this paper, we will consider a case that such an interface is
formed in a small rubber hose, namely, the interface never sticks to the walls,
which repulse the interface. That is, we will study one-dimensional SPDEs
driven by space-time white noise W with two reflecting (deterministic) walls
h1 and he assuming they are smooth.

Namely, we will study an SPDE of the following type:

du(w,t) 1 0u(x,t)

(1) o 0.2 — flz, tsu(z, ) + W

in z € (0,1) and ¢ > 0 while hy(z,t) < u(z,t) < ha(z,t). If u(z,t) hits
hi(x,t) or ha(x,t), we add additional forces in order to prevent u from
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exiting [h1, ho]. Such an effect will be expressed by adding extra (unknown)
terms & and 7 in (1) which play a similar role to the local time in the usual
Skorokhod—Tanaka equation constructing Brownian motions with reflecting
boundaries. Such a method was first introduced by Nualart—Pardoux[7].
Their case corresponds to the situation that hy = 0 and ho = oo. In this
case they used a comparison argument effectively, namely, the interface
with a wall occupies a high position than that without a wall almost surely.
Our situation, however, does not have this type of comparison. Therefore
we treat the walls one by one. The precise formulation will be given in
Section 2 and the existence of the solution and its uniqueness will be proved
there. After that we will study its stationary distribution in Section 3.
Finally, following Zambotti[11], we will give a Dirichlet form with which
our dynamics is associated.

We will put the following assumptions on the coefficients throughout the
present paper. The smooth walls h;(x,t), i = 1,2, are continuous functions
satisfying hi(0,t) < a, h1(1,t) < b, ha(0,t) > a, and ha(1,t) > b for some
a,beR, and

(H1) hi(z,t) < ha(x,t) for x € (0,1) and t > 0;

(H2) 0h;/0t + 0%h;/02* € L2([0,1] x [0,T]), where 9/0t and 8?/dx* are
interpreted as distributions’ sense;

(H3) %hi(o,t) = %hi(l,t) =0 for t > 0;
(H4) 2 (hy —h1) > 0.

We also assume that an external force f : [0,1] x [0,00) X R — R satisfies
for every T > 0,

(F1) f(-,+0) € L*([0,1] x [0, T));

(F2) there exists Kp > 0 such that |f(z,t;2) — f(x,t;2)] < Kr|z — Z| for
every x € [0,1] and t € [0, T7.

For the sake of simplicity, f(z,t;u(x,t)) will be sometimes abbreviated as
1.

Before leaving this introduction, we summarize a preliminary result re-
lated to evolutionary variational inequalities needed in the paper. We omit
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the proof since it can be easily done using the arguments in [1, pp. 243-263,
pp. 287-290].

PROPOSITION 1.1. Let ug € HZ?(0,1) satisfy hi(z,0) < wug(z) <
ha(x,0), up(0) = a, and up(l) = b. Then there exists a unique u €
C(0,T;C([0,1])) N L*(0,T; H*(0,1)), % € L*(0,T; L*(0,1)), u(0,t) = a,
and u(1,t) = b such that, for everyt € (0,T),

) (%,v—u)+%<%,w>+(ﬂu),v—u)20

is satisfied for every v € HY with hi(z,t) < v(x) < ho(x,t), v(0) = a and
v(1) = b, where (-,-) denotes the usual L?-inner product.
REMARK 1.1. Formally speaking, (2) can be rewritten as
ou 10%u
ot 20x?

(p(w), v — u) = +f(u),v—u) > 0.

It means that u obeys p(u) = 0 while hy < u < hg. When u = hy, since
v —wu >0, we have p(u) > 0, and when u = hg, we have p(u) < 0.

For the sake of simplicity of notations, we will denote 3“ and 8 2 by u
and Awu, respectively, if there is no possibility of confuswns

2. Existing of the Dynamics

In the present paper, we will consider the following SPDE for a pair of
a function and two measures (u,n,§):

1 :
(3) ut:§Au_f(xat;u($vt))+n_£+wa :EG(O’l)a t>0a

under conditions

'u(O,t) =a, u(l,t) =bfort > 0;
u(z,0) = up(x) € C(]0,1]);
hi(z,t) < u(z,t) < ha(x,t) for (z,t) € [0,1] x [0, 00);

// (2.1) — ha(z, 8)) n(dz, dt)

1
:/ / (hao(z,t) —u(z,t)) £(de, dt) = 0.
o Jo
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Here the assumptions on f, and h; (i = 1,2) are same with those of the
previous section.

2.1.

Definition of the solution

We call a pair of a function and two measures (u,n,&) defined on a
filtered probability space (2, B, P; {%;}) a solution to the SPDE (3) (called
a double reflection problem and denoted by (ug;a,b; f; hi, ha)) if it satisfies
the followings.

(1)

(2)

u = {u(z,t); (z,t) € [0,1] x [0,00)} is a continuous and adapted (for
each T > 0, u(-,T) is Fr-measurable) function satisfying hi(z,t) <
u(z,t) < ho(z,t), u(0,t) = a, and u(1,t) = b almost surely.

n(dz,dt) and £(dx,dt) are positive and adapted (for each T' > 0,
n(-,[0,T7]) and &(-,[0,7]) are Fp-measurable Borel) measures on
(0,1) x [0, 00) satisfying

for every small 6 > 0 and T" > 0 almost surely.

(u,m, &) satisfies the following stochastic integral equation:

(@) (@(0).0) = (u0.0) = 5 [ (w0 ds= [ (fu(s)).0)ds

//¢ (dz, ds) //¢ ¢(dx, ds) /t(d),dW(s))

for every ¢ € C5°(0, 1), the set of smooth functions on [0, 1] supported
on compact subsets in (0,1), and ¢ > 0 almost surely, where the last
term is a stochastic integral with respect to Fs-adapted white noise
process W.

(u,m, &) satisfies

[ [t i
- /0OO /Ol(hg(x,t) —u(z,t))é(dz, dt) =

almost surely.
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Then the main object of this section is to prove the followin theorem.

THEOREM 2.1.  Under the hypotheses (H1)-(H4), (F1)-(F2), and ug
enjoying the same properties of the Proposition 1.1, there exists a unique
solution to a double reflection problem (up;a,b; f; hi, ha).

Before giving the proof, we shall prepare some fundamental properties
of solutions to single reflecting problems.

2.2. The case of one reflecting wall

We now consider a reflecting problem with one smooth wall (which
will be called a single reflection problem) that was studied by Nualart—
Pardoux[7] (denoted by (vo;a,b; f;h)):

v = EAU — flx, t;o(x, ) +n+ W,
2
() o(@,0) = vo(x), v(0,t) =a, v(lt)=b,
v(z,t) > h(x,t).

We define the solution to (5) in a similar manner of the two reflecting case.
In the case where the reflecting wall h has the same regularity properties
with h; ((H2) and (H3)), we can show the existence and uniqueness result
by tracing the method of [7]. That is, let us consider a penalized equation:

(6) {vf = %Avs — f(z, t;v%(x, 1)) + é(vg(m,t) — h(x,t))” + W,
v¥(z,0) = vo(x), ©v°(0,t) =a, v°(1,t)=0h,

where 2z~ denotes the negative part of z, namely 2~ := — min(z,0). Then
v®(x,t) is monotone increasing as ¢ | 0, and converges (uniformly) to v(x,t)
and

1
n(dx,dt) = lim — (v (x,t) — h(x,t))” dzdt
el0 €

as a positive Radon measure.

LEMMA 2.2 (comparison). Let (vi,m1) and (ve,n2) be unique solutions
to single reflection problems (vo1;a1,b1; fish1) and (voz2;ag,be; fo; ha),
respectively. If the coefficients satisfy a1 > a2, b1 > bz, vo1 > o2,
filz,t;2) < fa(z,t; 2), and hi(x,t) > ha(z,t) for every x € [0,1], t € [0, 00),
and z € R, we have vi(z,t) > vo(x,t) almost surely.
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PROOF. Let us consider penalized equations (6) for (vo;;ai, bi; fi; hi),
i = 1,2, of which solutions are denoted by v{(z,t) and v5(z,t), respec-
tively. Then the standard comparison theorem for SPDEs ([9]) asserts that
vi(x,t) > v5(x,t) almost surely for every € > 0. Hence the lemma follows
immediately by taking limit ¢ | 0. OJ

LEMMA 2.3. Letv and 0 be given continuous functions and let z5° be
a unique solution to the following deterministic PDE:

1 1
P §Aza’5 — f(z*% +0) + 5(25’5 +v—hy)”

1 15
(7) — G vyt
299(0,t) = 25°(1,t) = 0,
259(2,0) =0,

where 2z := max(z,0). We also denote by 25° the solution to the above PDE
replacing v by ©. Then we have, for some constant C > 0, ||25° — 20| o <

Cllv = 07,00, where ||w]|1,00 := SUPo<s<r << [w(@, T)].

PROOF. Set g(,t;2) := Krz + e K7l f(z,t;e57%2). Then it is easily
checked that g(z) is monotone increasing. We denote by zg’é the unique
solution to (7) replacing f by g, and v, h; and hg as well. Then we have
250 = eKthg’é. Therefore it is sufficient to prove the lemma under an addi-
tional assumption that f(z,t; z) itself is monotone increasing with respect
to z.

Define k := ||[v — 0||1.00 and w(z,t) := (25°(x,t) — 25%(z,t)) — k. Then
w enjoys the following PDE:

wp = %Aw — (f(za"s +v) — f(,%E"S + ﬁ))

1
+ = <(z€,5 Yo—hi) - (5 - hl)‘>

1 . N
- ((zE"S - ho)t — (250 40— h2)+) .

Now we note that, if w(z,t) > 0, we have 25% +v > 254 + . Hence we
have ((z5° 4+ v —hy)”™ = (240 —hy)7) /6 < 0 and ((2°° +v—ho)* —
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(25% + 9 — he)T) /e > 0 on {(z,t);w(z,t) > 0}. Combining with the mono-
tonicity of f and taking an inner product with w(x,t)* in L?(0,1) imme-
diately lead us to 34 |w*||2, < 0. Hence w(z,t) < 0, and by changing the
role of v and ¥, we have the conclusion. []

The next lemma is a straight consequence of the above lemma.

LEMMA 2.4. Letv and v be given continuous functions and let (25,1%)
and (2%,1°) be the unique solutions to single reflection problems (0;0,0; f +
(++v—ho)t/e;hy) and (0;0,0; f + (- + 9 — ha) T /e; hy), respectively. Then
we have ||2° — 28|/ 700 < Cl|v — 0||7,00-

2.3. Proof of Theorem 2.1

Let us consider a single reflection problem (ug;a,b; f + (- — ho)t /&5 hy)
and denote by (u®,7°) its unique solution. By virtue of the comparison
lemma (Lemma 2.2), u®(z,t) is a decreasing sequence bounded from below
by hi(z,t). Hence lim.|ou®(z,t) exists for every (x,t) and it is easily seen
that the convergence is also in LP(0,1) (1 < p < o). We assert that
u(x,t) := limgou(x,t) is a part of the solution to the double reflection
problem (ug; a, b; f; hi, ha).

Now let us consider a stochastic heat equation with same initial-bound-
ary conditions:

W = %Aw + W,
w(0,t) =a, w(l,t)=0>b, w(z,0)=up(x),

and put z¢(z,t) := u®(x,t) — w(x,t). Then 2°(z,t) satisfies

zt:%A8 fF4+w)+n° —%((28+w—h2)+),
(O,t): (1,t) =0, 2°(x,0) =0,
(8) 7t) +w (gjvt) > hl(x’t)a

/ / 25 4+w — hy)n°(de, dt) =

From the argument of Nualart—Pardoux[7], the unique solution z¢ to (8) is
obtained by taking limit ¢ | 0 in the unique solution 25 to the PDE (7). We
denote by zf{é the unique solution to the PDE (7) replacing w by a smooth



136 Yoshiki OTOBE

function w,. Then, from a standard argument of variational inequalities
(see, e.g., [1]), zp(x,t) := lim. 50 22’5(:16,15) exists and is a unique solution
to an evolutionary variational inequality with two obstacles (Proposition
1.1). However we know |z5° — 259|700 < Ollwy, — w||T,00 by Lemma 2.3.
Hence we can conclude that ||z, — 2|70 < Cl|wy, — w||7,00, Where 2(z,t) :=
u(z,t) —w(z,t). Letting ||wy, — w700 — 0 as n — oo proves the continuity
of z.

Now, for ¢ € C§°((0,1) x [0,00)), 2° fulfills the following integral equa-
tion:

© - [CEouma=g [ o0

_ /0 T w), () dt
[e’s) 1
[ [ vt (o, at) € (o, an),

where we put £°(dz, dt) := (2°(z,t) + w(x, t) — ha(z,t))" /e dzdt. Then it is
clear that, under the limit € | 0, lim.|g n° —&° exists in the sense of Schwartz
distribution. From the hypothesis (H1), we have supp & Nsuppn® N ([6,1 —
8] x [0,T]) = 0 for every €,6 > 0. Moreover, supp £° decreases and supp n°
increases as € decreases. Hence, by choosing the support of ¢ cleverly, it
can be shown that both £° and n® converge to positive distribution £ and 7,
respectively.

It is clear, by multiplying both sides of (9) by e, that hi(z,t) < z(z,t)+
w(z,t) < ho(z,t). Finally, we can show fOT fol (u(z,t) — ho(x,t))€é(dr, dt) <
0 for every T' > 0, which shows [° fol(u(x,t) — ho(x,t))é(dx,dt) = 0.
I fol(u(:v,t) — hi(z,t))n(dz,dt) = 0 is easy. By taking ¢ € C§°((0,1) x
[0,T]) such that ¢» = 1 on suppn and ¥ = 0 on suppé&, we can conclude
n([6,1 — 6] x [0,T]) < oo and similarly £([6,1 — 6] x [0,T]) < oo for every
small 6 > 0.

To show the uniqueness, it follows from a routine argument and a
mollifier technique used in [7], we only sketch of the proof. Let (u,n,&)
and (@, 7, £) be solutions to a double reflection problem (ug;a, b; f; h1, ha).
Putting w(zx,t) := u(z,t) — u(z,t), w formally obeys the following PDE:

(10) we = 58w — (f(w) ~ f(@)) + (1 —7) — (€~ ).
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We will multiply both sides of (10) by w(x,t)¢(z)?, ¢ € C5°(0,1), and
integrate them over [0,1] x [0,7].  Then we have [w(T)¢[3. <
%fOT fol w(z,t)?(¢?(x))" dxdt. Tt is not difficult to show w(T) =

this relation, see [7]. Hence the uniqueness comes from (10). O

0 from

2.4. Some properties of the dynamics

PROPOSITION 2.5. Suppose that hi(0,t) < ho(0,t) and hi(1,t) <
ho(1,t). Let (u,m,&) be the solution to the double reflection problem
(ug; a,b; f; h1,hs). Then we have

/OT /01 z(1 — z)n(dz,dt) < co, and /OT /01 z(1 — z)é(dz, dt) < co.

PROOF. We first note that fOT fol z(1—2x)(n—E)(dx,dt) < oco. The proof
of this assertion goes the same as Nualart—Pardoux did in [7]. However, we
already know that n([6,1— 6] x [0,T]) < oo and £([6,1— 6] x [0,T]) < oo for
every 6 > 0. Hence, since h1(0,t) < ha(0,t) and hy(1,t) < ha(1,t), we can
take § small enough so that supp nN([0, 8] x [0, T]) = @ and supp nN([1—46, 1] x
[0,7]) = 0, or supp EN([0, 6] x[0,T]) = @ and supp EN([1-6,1]x[0,T]) = 0. O

LEMMA 2.6 (comparison). Let (u1,n1,&1) and (ug,n2,£2) be solutions
to double reflection problems (uo1;ai1,bi; fi;h1,1,he1) and (ug2;az, ba; fa;
hi2,h2), respectively. Suppose that ug1(x) < up2(z), a1 < az, by < b,
filz,t;2) > fa(z,t;2), hia(z,t) < hig(z,t), and hoi(z,t) < hgo(x,t).
Then we have uy(x,t) < ug(x,t) almost surely.

ProoOF. The proof comes immediately from Lemma 2.2 and the con-
struction of the solution. [J

PROPOSITION 2.7.  Let (Upn,Mn,&n)n>1 be unique solutions to the re-
spectively double reflection problems (ug;a,b; f;ho, hy) and (ug,mo) be a
unique solution to a single reflection problem (ug;a,b; f;ho). Suppose that
lim,, 00 hn(x,t) = 400 for every (x,t). Then u, — wuy almost surely as
n — 0Q.
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PROOF. We may assume, taking a subsequence if necessary, that
hy(x,t) is monotone increasing with respect to n. From Lemma 2.2, how-
ever, we have u,(z,t) < ug(z,t), while u,(x,t) is monotone increasing from
Lemma 2.6. It is clear that u(x,t) := limy oo upn (2, t) and 7 := limy, .o 7y,
must be a solution to the single reflection problem (uo;a, b; f, ho), of which
solution is unique. [

3. Stationary Distribution

Let (u,m,&) be a unique solution to a double reflection problem
(ug;a,b; f;h1,he). In this section, we are concerned with stationary (re-
versible) distribution for the time evolution determined by S = C(]0, 1])-
valued diffusion process u(t). Here we say a probability measure p on S
is stationary or reversible if E,[®(u(0))¥(u(t))] = Eu[®(u(t))¥(u(0))] is
satisfied for test functions ® and ¥ from F := {¥ : § — R;¥(w) =
Y((w, ¢1)s ..., (w,¢p)) forsome n > 1,9 € C°(R™R), ¢1,...,¢n €
C5°(0,1)}. We denoted by E, the expectation on our measurable space
(2, M) with respect to P, which is a probability measure such that u(¢) is
a Markov process with initial distribution p on C([0, 1]).

Generally speaking, if the external factors involving the dynamics vary

—e

with a lapse of time, it does not have stationary distribution. Therefore we
further assume, in the sequel of the paper, that they do not depend upon
time variables, namely f(z,¢;2) = f(x; 2), hi(z,t) = hi(x), and ho(x,t) =
ha(z). In addition, in the sequel of the paper, we assume that

(F3) there exists an L?(0, 1)-function a(-) and a constant A < 72/2 such
that

(11) —a(x) = Nz| < f(x; 2).

First, let us recall that stationary distribution 8/ of X (t) which solves
the following SPDE:

{Xm,t):—am ) — fla; X (@, 1) + W,
X(0,1) X(1,t) =0,

is given by the following formula:

1
(12) B (dw) = % exp {2/0 F(x,w(x)) dfc} B(dw),
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where F(z,z) is a potential function such that 0F(x, z)/0z = f(x; z), and
B is the law on S induced by Brownian bridge w such that w(0) = a and
w(1) = b. Z = Z' denotes the normalizing constant in the sequel and varies
in the context. Note that Z/ < oo by virtue of (11).

We also introduce some probability measures on S by (i (dw) := §(dw |
w(xz) > hi(z), 0 < Vo < 1), and fi2(dw) = fdw | hi(z) < w(z) <
ho(z), 0 < Vz < 1). We also define ﬁ{ and ﬁ{Q similarly to (12). Such
measures are naturally defined when neither w(0) nor w(1) touch the wall.
In the case they do, they are defined through limiting arguments, see [4].

LEMMA 3.1. Let (u,n) be a unique solution to a single reflection prob-
lem (-;a,b; f;h1). Then, ﬁ{ is a reversible measure for u(t).

PrOOF. This assertion is essentially proved in [8, 10]. Let us consider
(6) (we denote the solution by uf). Then, the reversible measure for u®(¢)
is given by

1
) = oo {2 [ (o) = () £ 0P de | 6.

Assume first that h1(0) < a, h1(1) < b. Then it is clear that p®(dw) —
ﬁ{ (dw) and the reversibility comes from Lebesgue’s dominated convergence
theorem.

If h1(0) = a or hi(1l) = b, we shall take sequences such that a, | a
or b, | b, a, > hi1(0) and b, > hy1(1). Note that, since f is Lipschitz
continuous, we can easily obtain

(13) luf () — @ (1) 2 < €™ uo — | 2,

where @° is the corresponding solution to (6) with initial condition @°(0) =
ug. This equi-continuity with respect to initial conditions still holds for
u(t). Recall that ﬁ{ in this case is the weak limit of such measures that are
defined similarly using a,, and b,. Then the assertion comes immediately
(cf. [5], [6, p- 64], and [10]). O

THEOREM 3.2. Let (u,n,£) be a unique solution to a double reflection
problem (-;a,b; f;hi,he). Then, ﬁ{’2 is reversible under u(t).
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PROOF. Let us consider a single reflection problem (ug;a,b; f + (- —
ho)* /e; hq) which has a unique solution (uf,7¢), and u®(t) converges to u(t)
locally uniformly and monotonely. From the above lemma, we know that

1 1!
pe(dw) == - exp {—g | (@) = ma(oy v o>2dx} 5] (dw)
is reversible under u®(t). Similarly to the above lemma, we have the con-
clusion. [J

LEMMA 3.3. Let (u,&,n) and (u,n,§) be unique solutions to double
reflection problems (ug;a,b; f;hi,he) and (uo;a,b; f; h1,ha), respectively.
Suppose that f fulfills a convezity condition such that inf,<, ;<o (f(z;2) —
f(x;2))/(z — 2) > —7?/2, where « := inf hy(x) and o := sup ha(z). Then
there exists a constant ¢ > 0 such that ||u(t) — u(t)|| 2 < e |ug — to||2-

Proor. It is a routine task to show the desired inequality when we
consider a penalized equation (i.e., we replace n and £ by (u® — h1)~ /e and
(u® — ho) ™t /e, respectively, cf. (7)), with suitably extending the domain of f
to R. Recall that, as an operator satisfying Dirichlet boundary conditions,
A < —7%. Hence the assertion comes immediately. [J

COROLLARY 3.4. Suppose that f enjoys the criterion of the above
lemma. Then the stationary measure for u(t) is unique.

4. Dirichlet Form

The final section of the present paper is devoted to presenting a Dirich-
let form determined by a diffusion process u(t). The corresponding re-
sult for single reflection problems (-;a,b; f;0), a,b > 0, was obtained by
Zambotti[11]. In the case of double reflection problems, we can prove a
similar result by tracing him with the help of a divergence formula recently
obtained by Funaki and Ishitani[4].

Throughout this section, we further assume that the boundaries never
touch the wall, namely, h1(0) < a < h2(0) and h;1(1) < b < ha(1).

For & > U() = ¢((-,é1),...,(-,¢n)), we define its Fréchet derivative
VU by (VI(w))(x) = > 1 Gip((w, d1), ..., (w,dpn))di(x). Then a usual
inner product (V®(w), V¥ (w)) is well-defined in L?(0,1). We denote by V2
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the second Fréchet differential operator on & and by A, the usual Laplace

operator 9%/0z%, that is, A,V®(w)(z) := d?/dz?(V®(w)(z)). We also
define an Ornstein—Uhlenbeck operator $OU on F by

FOVP(w) :=

L\DI»—l

(Tr [V2@(w)] + (w, A, VO (w))) .

It is well known that a unique solution to an FOV Jocal martingale prob-
lem on & coincides with the (law of) unique solution to a stochastic heat
equation driven by space-time white noise.

Let us introduce a set K19 := {w € C([0,1]); hi(z) < w(z) < ho(z),
Vz € (0,1)} which is a support of 3; 2. Then a kind of (infinite dimensional)
Gauss’ divergence formula holds on K 5.

THEOREM 4.1 (Funaki-Ishitani[4]). There exists a family of measures
{v(r,")}repo,) such that, for every ® € C}(K12) and h € Hj(0,1)NH?(0,1),

/ (VB(w), h) B »(dw)
Ko

—— [ s s + | i) dr [ @yt ).

The family of measures v describes the metrical boundary of K with
respect to [312. Such measures are supported on the set of paths which hit
hi or hy exactly once (note that the topological boundary of Ko is the
paths that may hit h; or hy many times). We omit to give the measure v
in the statement precisely since the formula itself is not important here and
rather complicated.

Let us define Z.(w) = exp{—1 (|(w—h1)7[|% + |[(w — h2)"[]%:)}
and C(wjz) = 2( w(x) hi(z))” — (w(z) — ha(z))T).  Note that
Ce(w; )2 (w) = VE (w)(z). Straightforward computations lead us to

(19 i [ B(00) (0, G 05)Ze ) ()
/0 dr/h(r)q)(w)y(r, dw)
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for every ® € Cy(K12), and
(15 [ (V(w), V¥(w)sa(du)
K12
:_2/ B(w) POV (w) By o (duw) + / dr/V\IJ (w)w(r, duw)
K2

for every ® € C} (K1) and ¥ € F
Now, let us define a bilinear form by

(16) €@ W) =5 [ (VBw). VI w)Hy(dw)

for &, ¥ € &

THEOREM 4.2. (€,%) is a closable bilinear form and its closure deter-
mines a quasi-reqular Dirichlet form with which u(t) is associated.

PROOF. The proof will be done by tracing Zambotti’s method[11].
Let us start the proof with defining

1
FE(w) = LR (w) + 5 (Ce(ws ), VE(w))
for ® € F, and pf(dw) = Z.(w)B/ (dw)/Z¢. Then ¥° is essentially self-

adjoint on L2(S; uf) = L?(uf). We denote by (£°, D(¥7)) its closure.
Using the probability measure ¢, we define another bilinear form by

€ (B, 1) = % /S (VD(w), VO () (dw)

for @, ¥ € %. Then it is easily shown that
(17) € (0, 7) = — / B (1) L () (duw)
s

for ® € D(%E) = D((—¥°)'/?) and ¥ € D(¥7). Note that it holds especially
for &, ¥ € F. Let us define a norm ||- le 2> on & by H(I)HIZ/VI’Z = ||<I>||%2(d#g)+

HV(I)HLQ([OJ]XS;deduf)' We denote by F. the completion of F by || - ||W1 2.

Then, (17) still holds for ® € ¥, and ¥ € . Note that, it is clear that wk?
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the space of all functionals on S with finite || - ||;;1,2-norm, is contained in
D(€°). Now we see that (€%, %) is a closable symmetric bilinear form and
(€°,%F.) is a Dirichlet form which determines a diffusion process satisfying

1) = 5 A, 1) — o505, 1) + (e, 0)0) + TV,

see Funaki[3] for detail. Hence, the semigroup P;®(w) = Ey,[®(1
and the resolvent G, ®(w) := Jo~ e PE®(w) dt correspond to (€, @ ) It
means that G (L?(pf)) C F. and

(18) %Z(GZ(I)’ \Ij) = %8(G3©7 \Il) + Oé(GZ‘I), \I’)Lz(u":) = ((I)a \I’)Lz(u":)

for every ® € L?(pf) and ¥ € F..

Now let us define a semigroup and a resolvent determined by the
diffusion process u(t) by P®(w) := E,[®u(t))] and Go®(w) :=
Jo° e " P,®(w) dt, respectively. Then it is easy to see that Pf®(w) —
P®(w) and G5P(w) — GoP(w) as € | 0. Hence we have, by using (13)
and combining with (14), that

/SG;; (w)(Ce, VU (w) / VU (w /Gacb(w)u(r,dw).

It means, by comparing with (15), that lim.|o € (G5 P, ¥) = €(G,®, V) for
every & € F and ¥ € Cp(K 2).

On the other hand, from (18), we have €(G,®,¥) = —(aGy® — @,
\I/)L2(6{2). Since G, is a resolvent associated with w(t), there exists a
Dirichlet form (€, D(€)), Ga(L*(8{,)) C D(&), such that €(G,®,¥) =
E(Ga®, ) for every ® € Lz(ﬂ{2) and ¥ € &, which means that, €(®, V) =

(P, W) for every ® € Go(F) and ¥ € F. The right hand side is defined for
® e G, (L2(ﬁ{2)) and U € D(€), that is, (€, Go(%F)) has a closed extension.

t))]

Finally, let us consider an approximating bilinear form %( )(<I>, U) =
a(® — aG,P \I/)Lg(ﬂf ) for € defined for ® ¥ € LQ(ﬂ1 o). It is well
1,2

known that ([2, Lemma 1.3.4]) % (

respect to @, €(®, ¥) = limg_o0 @ ~(“’(@,\1:) and D(€) = {® € L2(8!,);
lima_wo%( )(<I> ®) < oo}. Since g ( ,U) = a€(Ga®, V), we can con-
clude that D(€) = D(€) = Wt 2(5f ). Now we proved that G, is a re-

solvent associated with (€, D(€)), with which the diffusion process u(t) is
associated. Hence (€, D(€)) is a quasi-regular Dirichlet form. O

®, ®) is monotone increasing with
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