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p-Adic Weight Spectral Sequences of Log Varieties

By Yukiyoshi Nakkajima

Abstract. We prove the E2-degeneration of the p-adic weight
spectral sequence of a proper simple normal crossing log variety over a
log point whose underlying scheme is the spectrum of a perfect field of
characteristic p > 0. We also show some properties of the p-adic weight
spectral sequence and those of p-adic monodromy operators. The for-
mer ones complete the construction of the p-adic Steenbrink complex
in [M1]; the latter ones complete the proof of the interpretation of the
p-adic monodromy operator in [HK] by a corrected operator of the p-
adic Steenbrink complex in [M1]. We also complete some fundamental
facts in [HK].
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1. Introduction

In [Nak] Nakayama has proved the E2-degeneration of the l-adic weight

spectral sequence of a proper simple normal crossing log variety over a log

point. As a result we see that the graded pieces of the l-adic weight filtration

on the l-adic log cohomology of the log variety above are easily described

subquotients of direct sums of usual l-adic cohomologies (with Tate twists)

of intersections of the irreducible components of the log variety.

In the Part I of this paper, we prove one of Mokrane’s conjectures in [M1]:

we prove the E2-degeneration of the p-adic weight spectral sequence of a

proper simple normal crossing log variety over a log point whose underlying

scheme is the spectrum of a perfect field κ of characteristic p > 0. We

also prove the E2-degeneration of the p-adic weight spectral sequence of an

open smooth variety which is the complement of a simple normal crossing

divisor in a proper smooth variety over κ. The former result and the latter

are generalizations of results in [M1] and [M2], respectively, in which κ is

assumed to be a finite field.

In the l-adic case, the cospecialization map is a key ingredient for the

proof of the degeneration. In the p-adic case, it seems that there does not

exist the canonical cospecialization map. However there is a method of a

specialization argument due to Deligne-Illusie in [I1] influenced by the gen-

eral method of the reduction of geometric problems to arithmetic problems

due to Grothendieck ([EGA IV-3], [Gr]). This specialization argument does

a job in the p-adic case, and we obtain the E2-degenerations by a somewhat

tricky argument.

In [CL2] Chiarellotto and Le Stum have constructed the p-adic weight

spectral sequence of the open variety above by the method of rigid coho-

mologies, and they have proved the E2-degeneration of the spectral sequence

when the base field is finite. We generalize this result for any field of char-

acteristic p by using Shiho’s comparison theorem ([Sh]).

As applications of the E2-degenerations of the p-adic weight spectral

sequences, we prove the E2-degenerations of the weight spectral sequences

of the log Hodge-Witt sheaves of a proper simple normal crossing log variety
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and an open variety.

In the Part II of this paper, we make some proofs for statements of

(idealized) log de Rham-Witt complexes perfect and make some statements

and some proofs about p-adic weight spectral sequences by the method of

log de Rham-Witt complexes perfect. Of course, we use ideas in published

papers and we do not claim that we reconstruct theory of log de Rham-

Witt complexes and theory of the p-adic weight spectral sequences from

the beginning; some published papers ([Hy1], [Hy2], [HK], [M1], [M2], [Lo])

and this paper are necessary for the theories, and some published papers

(e.g., [Sa], [Oc], [Nakk2], [KH]) have already used the theories.

In §6 we give theory of formal de Rham-Witt complexes. As a corollary

of this theory, I give a precise proof of the fact that the log de Rham-

Witt complex with compact support of a smooth scheme with a normal

crossing divisor is compatible with the canonical filtration as a complex

over the Cartier-Dieudonné-Raynaud algebra because I have an anxiety in

the sketchy proof in [M1].

In §7 we complete the proof of a fundamental fact in [HK] which tells us

that the log crystalline cohomology of a log smooth scheme of Cartier type

over a perfect field of characteristic p with a fine log structure is canonically

isomorphic to the cohomology of the log de Rham-Witt complex of it. We

also correct a proposition in [HK] which plays an important role in the proof

of the Hyodo-Kato’s isomorphism.

In §8, §9, §10 and §11, we correct and complete many results in [M1]. In

§8 we prove some fundamental properties of projections of log de Rham-Witt

complexes. The compatibility in the paragraph before the previous one, the

fundamental fact above claimed in [HK] and the fundamental properties of

projections are necessary for the construction of the p-adic Steenbrink com-

plex in [M1] as used in [loc. cit.]. In §9 we prove a complicated compatibility

of Poincaré residue isomorphisms with the Frobenius, which has not been

proved in [M1]. In §10 we give a right proof of the description of the bound-

ary morphism between the E1-terms of the p-adic weight spectral sequence

in [M1] of a proper simple normal crossing log variety, and correct the sign

of the boundary morphism in [M1]. In §11 we prove the coincidence of the

p-adic monodromy operator in [HK] and that in [Hy2]. This establishes a

relation between the p-adic monodromy operator in [HK] and an operator

ν which will be defined in §11; in the same section, we point out mistakes
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in ν in [M1] of the p-adic Steenbrink double and single complexes. Thanks

to results in §11, we can apply the method of Steenbrink-Rapoport-Zink

([St1], [RZ]) to the p-adic monodromy-weight conjecture ([M1]), which has

been used for the proof of the p-adic monodromy-weight conjecture for a

proper simple normal crossing log curve over a log point ([M1]), for a proper

semistable family of surfaces over a complete discrete valuation ring with

simple normal crossing special fiber ([Nakk4]), and for other cases ([Nakk3],

[Nakk4]).

In a future paper, I shall write the construction of the p-adic weight

spectral sequence of a family of open simple normal crossing log varieties

(cf. [SZ]) by a different, more natural method.
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detail of the specialization argument in [I1] and for pointing out a mistake

in a preliminary version of this paper. I am also grateful to K. Kato for

his patience for removing my misunderstanding about a result in [HK] and
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his cordial encouragement. I thank E. Große-Klönne for giving preprints
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this paper and for pointing out many minor mistakes. I wrote some parts

of this paper during my stay at Institute Mathématique de Rennes. I would

like to express my sincere gratitude to B. Le Stum for inviting me there,

and the Institute for its warm hospitality.

Notation. (1) For a log scheme X in the sense of Fontaine-Illusie-Kato

([Ka2]), we denote by
◦
X the underlying scheme of X.

(2) For an affine scheme Spec(A) and a commutative monoid P with unit

element e, we denote by (Spec(A), P ⊕ A∗) a log scheme whose underlying

scheme is Spec(A) and whose log structure is the association of a morphism

P � x �−→ 0 ∈ A (x �= e).

(3) Following Friedman [Fr], for a morphism X −→ S of log schemes,

we denote by ΛiX/S (= ωiX/S in [Ka2]) the sheaf of the relative logarithmic
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differential forms on X/S of degree i (i ∈ N); the small letter ω is not

suitable for the symbol of a sheaf of differential forms.

(4) (S)NCL=(simple) normal crossing log, (S)NCD=(simple) normal

crossing divisor.

Conventions. We make the following conventions about signs (cf.

[BBM], [Co]).

Let A be an exact additive category.

(1) For a complex (E•, d•) of objects in A and for an integer n, (E•+n,
d•+n) or (E•{n}, d•{n}) denotes the following complex:

· · · −→ Eq−1+n

q−1

dq−1+n

−→ Eq+n

q

dq+n

−→ Eq+1+n

q+1

dq+1+n

−→ · · · .

Here the numbers under the objects above in A mean the degrees.

For a morphism f : (E•, d•
E) −→ (F •, d•

F ) of complexes of objects in

A, f{n} denotes a natural morphism (E•{n}, d•
E{n}) −→ (F •{n}, d•

F {n})
induced by f . This operation is well-defined in the derived category: for

a morphism f : (E•, d•
E) −→ (F •, d•

F ) in the derived category D
(A) (� =

b,+,−, nothing) of the complexes of objects in A, there exists a naturally

induced morphism f{n} : (E•{n}, d•
E{n}) −→ (F •{n}, d•

F {n}) in D
(A).

(2) For a complex (E•, d•) of objects in A and for an integer n, (E•[n],

d•[n]) denotes the following complex as usual: (E•[n])q := Eq+n with

boundary morphism d•[n] = (−1)nd•+n.
For a morphism f : (E•, d•

E) −→ (F •, d•
F ) of complexes of objects in A,

f [n] denotes a natural morphism (E•[n], d•
E [n]) −→ (F •[n], d•

F [n]) induced

by f without change of signs. This operation is well-defined in the derived

category as in (1).

(3) ([BBM, 0.3.2], [Co, (1.3.2)]) For a short exact sequence

0 −→ (E•, d•
E)

f−→ (F •, d•
F )

g−→ (G•, d•
G) −→ 0

of bounded below complexes of objects in A, let (E•[1], d•
E [1])⊕ (F •, d•

F ) be

the mapping cone of f . We fix an isomorphism “(E•[1], d•
E [1])⊕ (F •, d•

F ) �
(x, y) �−→ g(y) ∈ (G•, d•

G)” in the derived category D+(A).

(4) ([BBM, 0.3.2], [Co, (1.3.3)]) Under the situation (3), the bound-

ary morphism (G•, d•
G) −→ (E•[1], d•

E [1]) in D+(A) is, by definition, the

following composite morphism

(G•, d•
G)

∼←− (E•[1], d•
E [1])⊕(F •, d•

F )
proj−→ (E•[1], d•

E [1])
(−1)×−→ (E•[1], d•

E [1]).
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(5) Assume that A is an abelian category with enough injectives. Let

F : A −→ B be a left exact functor of abelian categories. Then, under the

situation (3), the boundary morphism ∂ : RqF((G•, d•
G)) −→ Rq+1F((E•,

d•
E)) of cohomologies is, by definition, the induced morphism by the mor-

phism (G•, d•
G) −→ (E•[1], d•

E [1]) in (4). By taking injective resolutions

(I•, d•
I), (J•, d•

J) and (K•, d•
K) of (E•, d•

E), (F •, d•
F ) and (G•, d•

G), respec-

tively, which fit into the following commutative diagram

0 −−−→ (I•, d•
I) −−−→ (J•, d•

J) −−−→ (K•, d•
K) −−−→ 0� � �

0 −−−→ (E•, d•
E) −−−→ (F •, d•

F ) −−−→ (G•, d•
G) −−−→ 0

(1.0.1)

of complexes of objects in A such that the upper horizontal sequence is

exact, it is easy to check that the boundary morphism ∂ above is equal to

the usual boundary morphism obtained by the upper short exact sequence of

(1.0.1). (For a short exact sequence in (3), the existence of the commutative

diagram (1.0.1) has been proved in, e.g., [NS, (2.7)] as a very special case.)

(6) For a complex (E•, d•) of objects in A, the identity id : Eq −→ Eq

(∀q ∈ Z) induces an isomorphism Hq((E•,−d•))
∼−→ Hq((E•, d•)) (∀q ∈ Z)

of cohomologies. We sometimes use this convention.

(7) We often denote a complex (E•, d•) simply by (E•, d) or E• as usual

when there is no risk of confusion.

Part I. Degenerations at E2 of p-Adic Weight Spectral Sequences

2. Brief review on the p-adic weight spectral sequence of an

SNCL variety

Let κ be a perfect field of characteristic p > 0 and s = (Spec(κ),N⊕κ∗)
a log point. Let W be the Witt ring of κ and K0 the fraction field of W .

Let X/s be a proper SNCL variety of pure dimension (see [Nakk2, §2] for

the definition; in this paper, we do not assume that
◦
X is geometrically

connected, nor that the irreducible components of
◦
X are geometrically ir-

reducible.). For a positive integer j, let
◦
X(j) be the disjoint union of all

j-fold intersections of the distinct irreducible components of
◦
X. Denote

by Hh
log-crys(X/W ) (h ∈ N) the log crystalline cohomology of X/s over W
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([Ka2, §5, §6]). Let us recall the p-adic weight spectral sequence of X/s

([M1, 3.23]; see (2.2) (1) and (2) below):

E−k,h+k
1 (X/W ) =

⊕
j≥max{−k,0}

Hh−2j−k
crys (

◦
X(2j+k+1)/W )(−j − k)(2.0.1)

=⇒ Hh
log-crys(X/W ).

The following has been conjectured in [M1, 3.24] (under the assumption of

the projectivity of
◦
X):

Conjecture 2.1. The spectral sequence (2.0.1) degenerates at E2

modulo torsion.

If κ is a finite field, (2.1) is true ([M1, 3.32 (2)]) by the purity of the

weight of the crystalline cohomology of a proper smooth variety over κ

([CL1, (1.2)] or (2.2) (4) below). In the Part I of this paper we prove (2.1)

for any perfect field of characteristic p > 0.

Remark 2.2. (1) There are gaps and mistakes in the construction of

the p-adic Steenbrink complex in [M1, §3] and in fundamental properties of

it; we fill and correct them in §8, §9, §10 and §11 below.

Let � be a positive integer n or nothing. Let W
Λ
•
X be a complex

of W
(OX)-modules defined in [HK] (cf. [Hy2]) and denoted by W
ω
•
X in

[loc. cit.]. Then there is a gap in the proof of [HK, (4.19)] which claims, as

a special case, that there exists a canonical morphism

Hh
log-crys(X/W
)−→Hh(X,W
Λ

•
X).

[HK, (4.19)] is necessary for the construction of (2.0.1). We shall fill the

gap in (7.19) below.

(2) Let � be a positive integer n or nothing. Let θ
 ∈ Γ(X,W
Λ̃
1
X)

(W
Λ̃
•
X = W
ω̃

•
X in [Hy2, (1.2.2)] and [M1]) be a global section constructed

in [M1, 3.4 (3)]. By convention, we consider only the following wedge

product (−1)iθ
∧ : W
A
ij
X −→ W
A

i,j+1
X in the construction of the p-adic

Steenbrink complex, while Mokrane has considered a wedge product ∧θ
 in

[loc. cit.]; by following [RZ, p. 29], our boundary morphisms of the double
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complex W
A
••
X are as follows:

W
A
i,j+1
X

(−1)iθ�∧
�

W
A
ij
X

(−1)j+1d−−−−−→ W
A
i+1,j
X .

(2.2.1; �)

By this convention, the left wedge product θ
∧ : W
Λ
•
X −→ W
A

•
X is a

morphism of complexes.

In (10.1.2;�) below, we shall describe the boundary morphisms between

the E1-terms of (2.0.1). See also another change in (11.8.1; �) below.

Though we give no motivic statement in this paper, we need to give

statements of certain theorems motivically (e,g., [Nakk4], [Nakk5]). This

is a reason why we consider only the wedge product (−1)iθ
∧. Evidently,

something p-adic should not be studied only for itself. Indeed, as in [Nakk5],

if we give motivic formulas of the zeta-functions of the h-th (h ∈ N) log etale

and crystalline cohomologies of X over a finite field where the l-adic and

p-adic monodromy operators are killed respectively, we are obliged to take

the corresponding boundary morphisms of the l-adic and p-adic Steenbrink

complexes.

If one considers the right wedge product ∧θ
 and if one wishes to give

motivic statements, one has to change numerous morphisms of complexes

in [RZ] (and in [SZ]) in order that they are compatible with the right wedge

product ∧θ
.
The following boundary morphisms

W
A
i,j+1
X

θ�∧
�

W
A
ij
X

d−−−→ W
A
i+1,j
X

(2.2.2; �)

are the analogues of the boundary morphisms in the ∞-adic case in [St1,

(4.14)]. In an application for the interpretation of the p-adic monodromy op-

erator by a morphism of a p-adic Steenbrink complex, the p-adic Steenbrink

complex with boundary morphism (2.2.1; �) is useful for the left monodromy

operator, while the p-adic Steenbrink complex with (2.2.2; �) is useful for

the right monodromy operator. See (11.8.1; �) and (11.12.3) below for the

detail: note the difference between the left and the right wedge products of
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θ
 in them. Note also that the analogue of a morphism in [St1, (4.16)] is

equal to the right wedge product without signs

W
Λ
•
X � ω �−→ ω ∧ θ
 ∈ (W
A

•
X , d + (θ ∧ ∗)).

By virtue of a canonical isomorphism stated in (11.12.7) below, the left

monodromy operator can be identified with the right monodromy operator.

Mokrane’s p-adic double Steenbrink complex with the following bound-

ary morphisms

W
A
i,j+1
X

d′′:=∧θ�
�

W
A
ij
X

d′:=(−1)jd−−−−−−−→ W
A
i+1,j
X

(2.2.3; �)

is useful for the right monodromy ((11.9.1; �) below); however it obliges us

to change ν in [M1, 3.13]. See (11.9) below for the detail.

Furthermore, by considering the anti-symmetry of the boundary mor-

phisms of double complexes with signs, one can also consider the Steenbrink

complex with the following boundary morphisms

W
A
i,j+1
X

d′′:=(−1)i(∧θ�)

�
W
A

ij
X

d′:=d−−−→ W
A
i+1,j
X .

(2.2.4; �)

However I do not think about the boundary morphisms (2.2.4; �) any more.

(3) C. Nakayama has proved the E2-degeneration of the l-adic weight

spectral sequence of a proper SNCL variety ([Nak, (2.1)]).

(4) We can show the purity of the Frobenius eigenvalues of the crystalline

cohomology of a proper smooth variety over a finite field in [CL1, (1.2)]

easily without using [Ch1, I. Theorem 2.2] as follows (cf. [dJ, p. 52, 53]).

Assume that κ is a finite field Fq, and let Y be a proper smooth variety

over Fq. By [dJ, (4.1)], there exists a surjective morphism f : Z −→ Y

from a projective smooth variety. By [Kl, (1.2.4)], the induced morphism

f∗ : Hh
crys(Y/W )⊗WK0 −→ Hh

crys(Z/W )⊗WK0 (h ∈ Z) is an injection (In

the proof of [Kl, (1.2.4)] in the case of crystalline cohomologies, we need

the definition of the cycle class of a singular integral closed subscheme in
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the crystalline cohomology of a proper smooth variety over a perfect field

of finite characteristic ([Gs, II §4], [GM]) and we need the formula in [Gs,

II (4.2.3)], [GM, II (1.1.3)].). Hence [CL1, (1.2)] immediately follows from

[KM, Corollary 1 2)] or [Fa, (5.2)]. As a consequence, as in [KM, Theorem

1, Corollary 1 1)] (cf. [CL1, (1.3), (1.4)]), we see that

det(1− tF ∗|Hh
crys(Y/W )⊗W K0) = det(1− tF ∗|Hh

et(Y ,Ql)),(2.2.5)

in particular,

dimK0 H
h
crys(Y/W )⊗W K0 = dimQl

Hh
et(Y ,Ql).(2.2.6)

Here F : Y −→ Y on the left hand side of (2.2.5) is the q-th power endo-

morphism and F : Y −→ Y on the right hand side of (2.2.5) is the usual

geometric Frobenius morphism relative to Fq.
Let κ be any field of characteristic p > 0 and W a Cohen ring of κ.

Let Y be a proper smooth variety over κ. Then we obtain the formula

(2.2.6) for Y/κ by the perfection of κ, by a standard deformation theory

(e.g., [I1, (3.10)], cf. §3 below), by a standard specialization argument on

l-adic cohomologies (e.g., [Nak, (2.3)]) and by a specialization argument of

Deligne-Illusie ([I1, (3.10)], cf. (3.4) below).

3. Specialization argument in log crystalline cohomology

Following [I1, (3.10)], we give a specialization argument in log crystalline

cohomologies, and we apply it to the solution of (2.1). This specialization

argument is an example of Grothendieck’s idea for the reduction of geometric

problems to arithmetic problems ([EGA IV-3 §9], [Gr, Part II, VII 5]).

We keep the notations in §2. By [Nak, (2.2)], there exist a finitely

generated subring A1 of κ over Fp and a proper SNCL scheme ([Nakk3, §2])

X over S1 := (Spec(A1),N ⊕ A∗
1) with a natural morphism s −→ S1 such

that X×S1s = X. By [EGA IV-2, (6.12.5)], by [EGA IV-4, (17.15.2)] and by

the proof of [Ha2, II (8.16)], we can assume that A1 is a smooth algebra over

a finite field Fq. Let A be a p-adically formally smooth algebra over W (Fq)
which is a lift of A1. Endow Spf(A) with a log structure N⊕A∗, and let S be

the resulting log formal scheme over Spf(W (Fq)) = (Spf(W (Fq)),W (Fq)∗).
The log formal scheme S has a PD-ideal pOS , which defines an exact closed

immersion S1
⊂−→ S.
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For a log formal affine open subscheme T of S, set T1 := T⊗W (Fq)Fq.

Take a closed point
◦
t of

◦
T 1. The point

◦
t is the spectrum of a finite field

κt. We fix a lift FT :
◦
T −→

◦
T of the Frobenius endomorphism(=p-th power

endomorphism) of
◦
T 1. Then we have the Teichmüller lift OT −→ W (κt)

(resp. OT −→ W ) of the morphism OT1 −→ κt (resp. OT1 −→ κ) (e.g., [I2,

0. 1.3]). Here, by abuse of notation, we denote the global section Γ(T,OT )

(resp. Γ(T1,OT1)) by OT (resp. OT1). The rings W (κt) and W become OT -

algebras by these lifts. Endow Spf(W (κt)) and
◦
t with the inverse images of

the log structure of T . Set XT1 := X×S1T1 and Xt := XT1×T1t.

Let R be a p-adically separated and complete flat noetherian W (Fq)-
algebra. The ring R has a PD-ideal pR. Let M be a fine log structure on

Spf(R) and set Spf(R)log := (Spf(R),M). Set R1 := R/pR, and denote by

Spec(R1)
log the log scheme whose underlying scheme is Spec(R1) and whose

log structure is the pull-back of M . For a log formal affine open subscheme

T of S and for a morphism Spf(R)log −→ T of log formal schemes over

Spf(W (Fq)), set XR1 := XT1×T1Spec(R1)
log.

We start with the following:

Lemma 3.1. Let L be a finitely generated OS-module. Then there exists

a log formal affine open subscheme T of S such that TorOT
1 (L|T , R) = 0.

Proof. By Deligne’s remark in [I1, (3.10)], we may assume that L|T �
OT or L|T � OT /pmOT (m ∈ N) by shrinking T . In the former case, (3.1) is

obvious. In the latter case, (3.1) immediately follows from an exact sequence

0 −→ OT
pm−→ OT −→ OT /pmOT −→ 0

and from the injectivity of pm : R−→R. (In fact, TorOT
r (L|T , R) = 0 (∀r ∈

Z≥1).) �

Proposition 3.2. There exists a log formal affine open subscheme T

of S such that the canonical morphisms Hh
log-crys(XT1/T ) ⊗OT

R−→
Hh

log-crys(XR1/R) for all h ∈ N are isomorphisms of R-modules.

Proof. Let Γ• := (Γ•, d•) be a strictly perfect complex of OT -modules

representing RΓ(XT1/T ) (cf. [BO, 7.14 Definition, 7.24.3 Theorem]). By
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(3.1), shrinking T if necessary, we can assume that TorOT
1 (L|T , R) = 0 for

L = Hj(Γ•) and L = Im(dj) (∀j ∈ Z) since L is a finitely generated OS-

module in either case. Hence Hh(Γ•⊗OT
R) = Hh(Γ•)⊗OT

R. Because the

morphism XT1 −→ T1 is integral by [Ka2, (4.4) (ii)], the base change theorem

RΓ(XT1/T )⊗LOT
R = RΓ(XR1/R) holds ([Ka2, (6.10)], cf. [Og1, (3.3)]). By

taking the cohomologies of the both hands of the equality above, we obtain

(3.2). �

Remark 3.3. Set K := R⊗ZQ. If one wishes only to prove (3.6) below,

one may replace (3.2) with the following weaker proposition:

Hh
log-crys(XT1/T )⊗OT

K = Hh
log-crys(XR1/R)⊗RK (∀h ∈ Z).

This follows from the existence of a strictly perfect complex of OT -modules

representing RΓ(XT1/T ) and the flatness of Hh
log-crys(XT1/T )⊗ZQ as an

OT⊗ZQ-module. By shrinking T if necessary, we can easily check this flat-

ness by Deligne’s remark [I1, (3.10)]. In fact, this shrinkage is not necessary

by [Og2, Lemma 36]; Hh
log-crys(X/S)⊗ZQ is a locally free OS⊗ZQ-module.

The following has been suggested by L. Illusie:

Corollary 3.4. There exists a log formal affine open subscheme T of

S such that the canonical morphism

Hh
log-crys(XT1/T )⊗OT

W (κt)−→Hh
log-crys(Xt/W (κt))(3.4.1)

for all h ∈ N and any closed point
◦
t of

◦
T 1

(resp. (3.4.2) Hh
log-crys(XT1/T )⊗OT

W −→ Hh
log-crys(X/W ))

is an isomorphism of W (κt)-modules (resp. W -modules). There also

exists the following (non-canonical) isomorphism of W⊗W (Fq)W (κt) �
W (κt)⊗W (Fq)W -modules:

Hh
log-crys(X/W )⊗W (Fq)W (κt)(3.4.3)

∼−→ Hh
log-crys(Xt/W (κt))⊗W (Fq)W (∀h ∈ N).
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Proof. (3.4.1) and (3.4.2) follow from (3.2). By Deligne’s remark

[I1, (3.10)], there exists a finitely generated W (Fq)-module M such that

Hh
log-crys(XT1/T ) � M⊗W (Fq)OT for a small log formal affine open sub-

scheme T of S. Hence we have the following isomorphism:

Hh
log-crys(XT1/T )⊗OT

W⊗W (Fq)W (κt)

� Hh
log-crys(XT1/T )⊗OT

W (κt)⊗W (Fq)W.

Thus (3.4.3) follows from (3.4.1) and (3.4.2). �

Proposition 3.5. There exists a log formal affine open subscheme T

of S such that, for any closed point
◦
t of

◦
T 1 and for all k, h ∈ Z, there exists

a (non-canonical) isomorphism

E−k,h+k
2 (X/W )⊗W (Fq)W (κt)

∼−→ E−k,h+k
2 (Xt/W (κt))⊗W (Fq)W

of W⊗W (Fq)W (κt) �W (κt)⊗W (Fq)W -modules.

Proof. Because we consider no (relative) Frobenius action on (log)

crystalline cohomologies in this proof, we ignore the Tate twists in (2.0.1).

By [I1, (3.10)] (cf. the proof of (3.2)), there exists a log formal affine open

subscheme T of S such that, for all j ∈ Z≥1,

Hh
crys(

◦
X(j)/W ) = Hh

crys(
◦
X (j)
T1

/
◦
T )⊗OT

W

and

Hh
crys(

◦
X t

(j)/W (κt)) = Hh
crys(

◦
X (j)
T1

/
◦
T )⊗OT

W (κt).

Let d••
1 (X) (resp. d••

1 (Xt)) be a boundary morphism between E1-terms of

(2.0.1) for X (resp. Xt). The morphisms d••
1 (X) and d••

1 (Xt) are the sums

(with signs) of the induced morphisms of closed immersions and Gysin mor-

phisms by (10.1) below; there are mistakes in [M1, 4.14]; see (10.2) (4) below

for the corrections and see also (10.2) (5) below. By [B1, VI (3.3.10)], there

exists the Gysin morphism for a smooth pair over any PD scheme. Set

F−k,h+k :=
⊕

j≥max{−k,0}
Hh−2j−k

crys (
◦
X (2j+k+1)
T1

/
◦
T )
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and

G−k,h+k := Ker(F−k,h+k −→ F−k+1,h+k)/Im(F−k−1,h+k −→ F−k,h+k).

Here the two morphisms on the right hand side in the definition of G−k,h+k

are the sums (with signs) of the induced morphisms of closed immersions and

Gysin morphisms as in (10.1.2;�). By the base change of Gysin morphisms

([B1, VI Theorem 4.3.12]) and by (3.1), we obtain

E−k,h+k
2 (X/W ) = G−k,h+k⊗OT

W

and

E−k,h+k
2 (Xt/W (κt)) = G−k,h+k⊗OT

W (κt)

for all k, h by shrinking T if necessary. By Deligne’s remark, there exists a

finitely generated W (Fq)-module M−k,h+k such that M−k,h+k⊗W (Fq)OT �
G−k,h+k by shrinking T . Hence, as in (3.4.3), there exists an isomorphism

E−k,h+k
2 (X/W )⊗W (Fq)W (κt)

∼−→ E−k,h+k
2 (Xt/W (κt))⊗W (Fq)W. �

Theorem 3.6. (2.1) is true.

Proof. Let the notations be as in (3.4). Let K0(κt) be the fraction

field of W (κt). By (3.5), we obtain

dimK0(E
−k,h+k
2 (X/W )⊗WK0)(3.6.1)

= dimK0(κt)(E
−k,h+k
2 (Xt/W (κt))⊗W (κt)K0(κt)).

By the purity of the weight ([CL1, (1.2)] or (2.2) (4)) and the yoga of weight,

(2.1) is true for Xt. By (3.6.1) and (3.4.3), we obtain (3.6). �

Remark 3.7. Because we do not construct the p-adic weight spectral

sequence for XT1/T in this paper, we cannot consider a boundary morphism

d••
r (XT1) of Er-terms (r ≥ 2) of the non-constructed spectral sequence for

XT1/T a priori; in this paper we cannot reduce the vanishing of d••
r (X)

(r ≥ 2) modulo torsion to that of d••
r (XT1) and then to that of d••

r (Xt)
in a more standard way. But it is possible to construct the p-adic weight

spectral sequence of XT1/T by using a (log) crystalline method. We shall

discuss this in another paper.
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4. The (pre)weight spectral sequences of the log Hodge-Witt

sheaves of an SNCL variety

Let the notations be as in §2. In this section we prove the E2-degener-

ation of the weight spectral sequence of the log Hodge-Witt sheaves on X

as an application of (3.6).

Following [Fr], let us denote by ΛiX/κ the sheaf of log differential forms

on X/κ of degree i. Let n be a positive integer and let WnΛ
i
X(= Wnω

i
X in

[HK] and [M1]) be the log Hodge-Witt sheaf of the log differential forms on

X of degree i.

Theorem 4.1. Let i be a non-negative fixed integer. Then there exists

the following spectral sequences:

E−k,h+k
1 (WnΛ

i
X)(4.1.1;n)

=
⊕

j≥max{−k,0}
Hh−i−j(

◦
X(2j+k+1),WnΩ

i−j−k
◦
X(2j+k+1)

)(−j − k)

=⇒ Hh(X,WnΛ
i
X{−i}) = Hh−i(X,WnΛ

i
X),

(Recall the notation {−i} in the Convention (1).)

E−k,h+k
1 (WΛiX)(4.1.1)

=
⊕

j≥max{−k,0}
Hh−i−j(

◦
X(2j+k+1),WΩi−j−k

◦
X(2j+k+1)

)(−j − k)

=⇒ Hh(X,WΛiX{−i}) = Hh−i(X,WΛiX).

Proof. In this proof we use the notation WnΛ̃
•
X instead of the notation

Wnω̃
•
X in [Hy2] and [M1, §2].

As in [M1, 3.8], set WnA
ij
X = WnΛ̃

i+j+1
X /PjWnΛ̃

i+j+1
X , where Pj is the

filtration defined in [M1, 3.5].

By [M1, 3.15] (cf. (6.28) (9), (6.29) (1) below), the following sequence

0 −→WnΛ
i
X

θn∧−→WnA
i0
X

(−1)iθn∧−→ WnA
i1
X(4.1.2)

(−1)iθn∧−→ WnA
i2
X

(−1)iθn∧−→ · · ·
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is exact. (Note that the side and the sign of the wedge product of θn in

(4.1.2) are different from those in [M1, 3.8, 3.15] (cf. (2.2) (2)).) Let us

consider a single complex

WnA
i•
X := (· · · (−1)iθn∧−→ WnΛ̃

i+j+1
X /PjWnΛ̃

i+j+1
X

(−1)iθn∧−→ · · · )j≥0,(4.1.3)

and let us define a preweight filtration P• on WnA
i•
X as follows:

PkWnA
i•
X(4.1.4)

= (· · · (−1)iθn∧−→ (P2j+k+1 + Pj)(WnΛ̃i+j+1
X )/PjWnΛ̃i+j+1

X

(−1)iθn∧−→ · · · )j≥0.

First, we ignore the compatibility of the spectral sequence (4.1.1;n) with

the Frobenius. Then, by [M1, 3.7], we have

grPk WnA
i•
X =

⊕
j≥max{−k,0}

grP2j+k+1WnΛ̃
i+j+1
X {−j}(4.1.5)

=
⊕

j≥max{−k,0}
WnΩ

i−j−k
◦
X(2j+k+1)

{−j}.

The compatibility of (4.1.5) with the Frobenius is considerably delicate.

Because the proof for this fact is quite long, we prove this in §9 below (the

proof of (9.9) below).

Thus we obtain (4.1.1;n).

By (8.6) (2) below, we obtain the complex WAi•
X by taking the projective

limit with respect to the projection π : Wn+1A
i•
X −→WnA

i•
X (n ∈ Z>0). By

(8.6) (5) and by the proof of (9.9) (cf. (9.11)), we obtain (4.1.1). �

Definition 4.2. We call (4.1.1;n) the preweight spectral sequence of

WnΛ
i
X and call (4.1.1) the weight spectral sequence of WΛiX . We define the

preweight filtration P on Hh−i(X,WnΛ
i
X) and the weight filtration P on

Hh−i(X,WΛiX), respectively, as follows:

grPk H
h−i(X,W
Λ

i
X) = Eh−k,k

∞ (W
Λ
i
X) (� = n or nothing).

(4.1.1) tells us that the graded pieces of the slope filtration on

Hh
log-crys(X/W )⊗W K0 have weight filtrations (cf. (4.7.3) below).
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Remark 4.3. In this paper, as in (4.1.4), we call the filtrations P on

the (sheaves of) Wn-modules in [M1] the preweight filtrations. The name

“weight filtration” in e,g., [M1, 3.6] is not appropriate; to take the projective

limit is essential for making the yoga of weight work as in the l-adic and

p-adic Galois representations.

Remark 4.4. (1) The spectral sequence (4.1.1;n) is a generalization of

a spectral sequence in [RZS, §2], where i is assumed to be zero. (4.1.1;n)

has an interesting geometric application: using (4.1.1;n), we have

lengthWn
H0(X, (WnΛ

d
X)⊗r)(4.4.1)

≥ lengthWn
H0(

◦
X(1), (WnΩ

d
◦
X(1)

)⊗r) (∀r ∈ Z≥1),

where d := dim
◦
X; hence we have the following inequality which we call the

“lower semicontinuity of (log) Kodaira dimensions” (cf. “The κ-invariant

conjecture” of Persson [Per, Introduction p. ix]):

κ(X,n) ≥ max{κ(Xj , n)|Xj : an irreducible component of
◦
X},

where

κ(X,n) := lim
r−→∞

log(lengthWn
H0(X, (WnΛ

d
X)⊗r))

log r

and

κ(Xj , n) := lim
r−→∞

log(lengthWn
H0(Xj , (WnΩ

d
Xj

)⊗r))

log r
).

See [Nakk3] for the proof of (4.4.1).

(2) In (10.3) below, we shall describe the boundary morphisms of the

E1-terms of (4.1.1;n).

In order to prove the E2-degeneration of (4.1.1) modulo torsion, we need

Gysin morphisms in Hodge-Witt cohomologies.

Let i be an integer. Let Y be a proper smooth scheme over κ and let D

be a smooth divisor on Y . By (9.6) (2) below (cf. [M1, 4.6]), we have the

following two exact sequences:

0 −→WΩ•
Y −→WΩ•

Y (logD)
Res−→WΩ•

D(−1){−1} −→ 0,(4.4.2; +)
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0 −→WΩi
Y −→WΩi

Y (logD)
Res−→WΩi−1

D (−1) −→ 0.(4.4.3; +)

Let

d+ : WΩ•
D(−1){−1} −→WΩ•

Y [1](4.4.4; +)

and

d
(i)
+ : WΩi−1

D (−1) −→WΩi
Y [1](4.4.5; +)

be the boundary morphisms of (4.4.2; +) and (4.4.3; +), respectively.

We call the induced boundary morphism Hj(D,WΩi−1
D )(−1) −→

Hj+1(Y,WΩi
Y ) by −d(i)

+ the Gysin morphism in Hodge-Witt cohomologies.

Recall that the boundary morphism d
(i)
+ of cohomologies is a classical bound-

ary morphism (Convention (5)) and note the minus sign in −d(i)
+ .

By [I2, II (3.1.1)], we have the following slope spectral sequences

Eij
1 (Y/W )+ := Hj(Y,WΩi

Y )(4.4.6; +)

=⇒ Ei+j(Y/W )+ := H i+j
crys(Y/W ),

Eij
1 (D/W )+ := Hj(D,WΩi

D)(4.4.7; +)

=⇒ Ei+j(D/W )+ := H i+j
crys(D/W ).

The spectral sequences (4.4.6; +) and (4.4.7; +) degenerates at E1 modulo

torsion by [I2, II (3.2)].

The following easy lemma is necessary for the proof of (4.7) below.

Lemma 4.5. The morphisms d+ and {d(i)
+ }i are compatible modulo tor-

sion in the following sense: the induced morphism

Eij
∞(D/W )+(−1)⊗W K0 −→ Ei+1,j+1

∞ (Y/W )+ ⊗W K0

by

d+ : Ei+j(D/W )+(−1)⊗W K0 −→ Ei+j+2(Y/W )+ ⊗W K0

is equal to the induced morphism by

d
(i)
+ : Eij

1 (D/W )+(−1)⊗W K0 −→ Ei+1,j+1
1 (Y/W )+ ⊗W K0.
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Proof. The restriction of d+ obtained by the following spectral se-

quence

0 −→WΩ•≥i
Y −→WΩ•≥i

Y (logD)
Res−→ (WΩ•

D(−1){−1})≥i −→ 0

induces d
(i)
+ on (4.4.3; +). Thus (4.5) is clear. �

Remark 4.6. For the proof of (10.3) which will be used in (4.7) below,

we have to pay the following attention to signs. The reader shall know that,

in this place of this paper, this remark is indispensable for the determination

of signs before the Gysin morphism G in (10.3) after he reads the proofs of

(10.1) and (4.7).

Let l and i be two non-negative integers. Let (I•i, δ), (J•i, δ), (K•i, δ) be

the Godement resolutions of WΩi
Y , WΩi

Y (logD) and WΩi−1
D (−1), respec-

tively. Let us make a convention on signs of the boundary morphisms of I••

as follows: Let d be the induced morphism I li −→ I l,i+1 by the morphism

d : WΩi
Y −→WΩi+1

Y . Then we fix the boundary morphisms as follows:

δ : I li −→ I l+1,i,

(−1)ld : I li −→ I l,i+1.

We make the same convention for J•• and K••. Then we have double

complexes I••, J•• and K••, and single complexes (I•, dI), (J•, dJ) and

(K•, dK).

Now we change all signs in the boundary morphisms for I••, J•• and

K••. For example, we have a double complex (I••, {(−1)l+1d}l∈N,−δ) and

a single complex (I•,−dI). Furthermore we have the following two exact

sequences of complexes:

0 −→ (I•,−dI) −→ (J•,−dJ) −→ (K•,−dK) −→ 0,

0 −→ (I•i,−δ) −→ (J•i,−δ) −→ (K•i,−δ) −→ 0.

Hence we have two boundary morphisms

d− : (K•,−dK) −→ (I•,−dI)[1]

and

d
(i)
− : (K•i,−δ) −→ (I•i,−δ)[1].
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They are equal to

d− : (WΩ•
D(−1){−1},−d) −→ (WΩ•

Y ,−d)[1],(4.4.4;−)

and

d
(i)
− : WΩi−1

D (−1) −→WΩi
Y [1](4.4.5;−)

respectively.

On the other hand, by using the Convention (6), we have

H i+j(Γ(D, (K•,−dK))) = H i+j(Γ(D, (K•, dK))) = H i+j(D,WΩ•
D)

and

H i+j(Γ(Y, (I•,−dI))) = H i+j(Γ(Y, (I•, dI))) = H i+j(Y,WΩ•
Y ).

Hence we have the analogue of (4.4.6; +):

Eij
1 (Y/W )− := Hj(Y,WΩi

Y )(4.4.6;−)

=⇒ Ei+j(Y/W )− := H i+j
crys(Y/W ).

By the same way, we have the analogue of (4.4.7; +):

Eij
1 (D/W )− := Hj(D,WΩi

D)(4.4.7;−)

=⇒ Ei+j(D/W )− := H i+j
crys(D/W ).

Then, by the same proof of (4.5), we have the compatibility of {d(i)
− } with

d− modulo torsion. Moreover, it is easy to see that, by the constructions of

d− and d
(i)
− , the induced morphisms

d− : Hh
crys(D/W )(−1) −→ Hh+2

crys (Y/W )

and

d
(i)
− : Hj(D,WΩi

D)(−1) −→ Hj+1(Y,WΩi+1
Y )

are equal to the induced morphisms by −d+ and −d(i)
+ , respectively.

Theorem 4.7. The spectral sequence (4.1.1) degenerates at E2 modulo

torsion.
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Proof. Let Y be a proper smooth scheme over κ. By [I2, II (3.5)], we

have the following slope decomposition

h⊕
i=0

Hh−i(Y,WΩi
Y )⊗WK0 = Hh

crys(Y/W )⊗WK0.(4.7.1)

The direct sum decomposition (4.7.1) is functorial; moreover (4.7.1) is also

compatible with Gysin morphisms in crystalline cohomologies and those in

Hodge-Witt cohomologies by (4.5). By (4.1.1) and (10.3) below (cf. [M1, 4.9,

4.12]), we have an analogous diagram of [loc. cit., 4.14] for

{Hh−i(X,WΛiX)}h,i∈Z≥0
. Hence we obtain

dimK0(E
−k,h+k
2 (X/W )⊗WK0)(4.7.2)

=
h∑
i=0

dimK0(E
−k,h+k
2 (WΛiX)⊗WK0).

By the formalism of WΛ•
X [HK, §4], we also have the following slope

decomposition as in [I2, II (3.5)]:

h⊕
i=0

Hh−i(X,WΛiX)⊗WK0 = Hh
log-crys(X/W )⊗WK0.(4.7.3)

By (4.7.3) and (3.6), we have the following equality:

h∑
i=0

dimK0(H
h−i(X,WΛiX)⊗WK0)(4.7.4)

=
∑
k∈Z

dimK0(E
−k,h+k
2 (X/W )⊗WK0).

By (4.7.2) and (4.7.4), we obtain

h∑
i=0

dimK0(H
h−i(X,WΛiX)⊗WK0)

=

h∑
i=0

∑
k∈Z

dimK0(E
−k,h+k
2 (WΛiX)⊗WK0).
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Since

dimK0(H
h−i(X,WΛiX)⊗WK0) ≤

∑
k∈Z

dimK0(E
−k,h+k
2 (WΛiX)⊗WK0)

for each i, we obtain

dimK0(H
h−i(X,WΛiX)⊗WK0) =

∑
k∈Z

dimK0(E
−k,h+k
2 (WΛiX)⊗WK0).

Thus we can finish the proof of (4.7). �

Remark 4.8. Assume that the base field is the complex number field.

Let X be a proper analytic SNCL variety over a log point (Spec(C)an,N⊕
C∗). Then we have an analogue of (4.1.1)

E−k,h+k
1 =

⊕
j≥max{−k,0}

Hh−i−j(
◦
X(2j+k+1),Ωi−j−k

◦
X(2j+k+1)/C

)(−j − k)(4.8.1)

=⇒ Hh−i(X,ΛiX/C)

by [St2, (5.5)] and by the same proof as that of (4.1). ((4.8.1) has geometric

applications as in (4.4) (1).)

Let ε : X log −→ X be the real blow up of X ([KN, (1.2)]) which is

denoted by τ in [loc. cit.]; there is a natural map X log −→ S1 of topological

spaces, where S1 := {z ∈ C | |z| = 1}. Let R −→ S1 be the universal

covering of S1. Take a fiber product X∞ := X log×
S1

R ([U]). In [FN], Fujisawa

and Nakayama have constructed the following spectral sequence

E−k,h+k
1 =

⊕
j≥max{−k,0}

Hh−2j−k(
◦
X(2j+k+1),Q)(−j − k)(4.8.2)

=⇒ Hh(X∞,Q).

The spectral sequence (4.8.2) degenerates at E2 by the theory of the weight

in Hodge theory (cf. [D4, (8.1.9) (iv)]) if the irreducible components of
◦
X

are Kähler manifolds or the analytifications of algebraic varieties (cf. [D1,

(5.3)]). Moreover, they have proved that there exists an isomorphism

Hh(X∞,C)
∼−→ Hh(X,A•

C). Here we fix the horizontal boundary morphism

and the vertical one of the Steenbrink double complex A••
C (cf. [St2, (5.3)])
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as in (2.2.1; �), and A•
C is the single complex of this A••

C . By [St2, (5.5)],

we have an isomorphism Hh(X,A•
C)

∼←− Hh(X,Λ•
X/C). If the irreducible

components of
◦
X are Kähler manifolds or the analytifications of algebraic

varieties, then the log Hodge-de Rham spectral sequence

Ei,j
1 = Hj(X,ΛiX/C) =⇒ H i+j(X,Λ•

X/C)(4.8.3)

degenerates at E1 by mixed Hodge theory (cf. [D4, (8.1.9) (v)]). (If X

is algebraic, we can also prove the degeneration at E1 of (4.8.3) by the

method of Deligne-Illusie [DI, (2.7)] and by [Ka2, (4.12) (3)].) Hence we

have dimCHh(X∞,C) =
∑

i+j=h dimCHj(X,ΛiX/C). In [Nakk4], we have

proved that the boundary morphisms between the E1-terms of (4.8.2) are

expressed by Gysin morphisms and the induced morphisms of closed im-

mersions. Hence (4.8.1) degenerates at E2 by the same proof as that of

(4.7).

5. p-adic weight spectral sequences of open smooth varieties

Let κ, W and K0 be as in §2. Let f : X −→ Spec(κ) be a proper smooth

scheme and D an SNCD on X. Set U := X \ D. Consider the following

log structure M on X: M := {g ∈ OX | g is invertible outside D}. We

denote by Hh((X,D)/W ) the log crystalline cohomology Hh((X,M)/W ).

By Shiho’s comparison theorem ([Sh, Corollary 2.4.13, Theorem 3.1.1]),

Hh((X,D)/W )⊗WK0 = Hh
rig(U/K0). In particular, Hh((X,D)/W )⊗WK0

is independent of the choice of the compactification (X,D) of U .

For the completeness of this paper, let us state some facts which will

be needed in (5.2) and (5.9) below. We can apply the general theory of

log de Rham-Witt complexes in [HK, §4] (cf. [Hy1], [Hy2]) to our situation

above because the morphism (X,M) −→ (Spec(κ), κ∗) of log schemes is log

smooth and of Cartier type. In particular, we have a log de Rham-Witt

complex W
Ω
•
X(logD) on X (� = n ∈ Z>0 or nothing) and a canonical

isomorphism

Hh((X,D)/W )
∼−→ Hh(X,WΩ•

X(logD))(5.0.1)

by (7.19) below.

By [M1, 1.4.5] and by (9.3) (1) below, there exists an isomorphism

Res: grPk WnΩ
•
X(logD)

∼−→WnΩ
•
D(k)(−k){−k} (n ∈ Z>0).(5.0.2;n)
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Here D(0) := X, and D(k) (k ∈ Z>0) is the disjoint union of all k-fold inter-

sections of the distinct irreducible components of D, and P is the preweight

filtration on WnΩ
•
X(logD) defined in [M1, (1.4.1), 1.4.4] (cf. (4.3)). By (9.6)

(2) below, there exists an isomorphism

Res: grPk WΩ•
X(logD)

∼−→WΩ•
D(k)(−k){−k}.(5.0.2)

By (5.0.2), we obtain the following spectral sequence (cf. [M2, (3.1)]; see

(9.3) (1) below.):

E−k,h+k
1,dW = Hh−k

crys (D(k)/W )(−k) =⇒ Hh((X,D)/W ).(5.0.3)

By [M1, 4.9], the boundary morphisms {d••
1 } of (5.0.3) are described by

Gysin morphisms.

Recall the complex W
Ω
•
X(− logD) (� = n ∈ Z>0 or nothing) in [Hy1,

1] and set Hh
c ((X,D)/W
) := Hh(X,W
Ω

•
X(− logD)). By [M1, 3.15.1]

(cf. (6.29) (1) below), WnΩ
•
X(− logD) has a resolution

0 −→WnΩ
•
X(− logD) −→WnΩ

•
X(5.0.4;n)

−→WnΩ
•
D(1) −→WnΩ

•
D(2) −→ · · · .

Because the projections

π : Wn+1Ω
•
X(− logD) −→WnΩ

•
X(− logD)

and

π : Wn+1Ω
•
D(k) −→WnΩ

•
D(k) (k ∈ N)

are surjective ([Hy1, p. 301]), we have the following exact sequence by taking

the projective limit of (5.0.4;n):

0 −→WΩ•
X(− logD) −→WΩ•

X(5.0.4)

−→WΩ•
D(1) −→WΩ•

D(2) −→ · · · .

Let {Dn}mn=1 be the irreducible components of D. For positive integers

n0, . . . , nk ≤ m, set Dn0···nk
:= Dn0 ∩· · ·∩Dnk

. Let ι
n0···n̂j ···nk
n0···nk

: Dn0···nk

⊂−→
Dn0···n̂j ···nk

be the natural closed immersion. Set

ι(k)∗ :=
∑

1≤n0<···<nk≤m

k∑
j=0

(−1)jι
n0···n̂j ···nk∗
n0···nk

:(5.0.5)

WΩ•
D(k) −→WΩ•

D(k+1) .
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Then the following holds:

Proposition 5.1. The cohomology Hh
c ((X,D)/W ) with compact sup-

port has the following spectral sequence

Ek,h−k
1,dW,c = Hh−k

crys (D(k)/W ) =⇒ Hh
c ((X,D)/W )(5.1.1)

such that the boundary morphism dk,h−k1 : Ek,h−k
1,dW,c −→ Ek+1,h−k

1,dW,c is equal

to the morphism ι(k)∗ : Hh−k
crys (D(k)/W ) −→ Hh−k

crys (D(k+1)/W ) induced by

(5.0.5).

Proof. By (5.0.4), WΩ•
X(− logD) is quasi-isomorphic to the single

complex of the following double complex

· · · −−−→ · · · −−−→ · · · −−−→ · · ·

d

� −d
� d

�
WΩ2

X
ι(0)∗−−−→ WΩ2

D(1)

ι(1)∗−−−→ WΩ2
D(2)

ι(2)∗−−−→ · · ·

d

� −d
� d

�
WΩ1

X
ι(0)∗−−−→ WΩ1

D(1)

ι(1)∗−−−→ WΩ1
D(2)

ι(2)∗−−−→ · · ·

d

� −d
� d

�
WΩ0

X
ι(0)∗−−−→ WΩ0

D(1)

ι(1)∗−−−→ WΩ0
D(2)

ι(2)∗−−−→ · · · .

(5.1.2)

Hence Hh
c ((X,D)/W ) has the following spectral sequence by considering

the stupid filtration σ of (5.1.2) with respect to the columns:

Ek,h−k
1,dW,c = Hh(D(k),WΩ•

D(k) [−k]) =⇒ Hh
c ((X,D)/W ).(5.1.3)

If k is even,

Hh(D(k),WΩ•
D(k) [−k]) = Hh(D(k),WΩ•

D(k){−k}) = Hh−k(D(k),WΩ•
D(k)).

If k is odd, we have

Hh(D(k),WΩ•
D(k) [−k]) = Hh(D(k),WΩ•

D(k){−k}) = Hh−k(D(k),WΩ•
D(k))
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by using the Convention (6). Therefore we can identify (5.1.3) with the

following spectral sequence:

Ek,h−k
1,dW,c = Hh−k

crys (D(k)/W ) =⇒ Hh
c ((X,D)/W ).(5.1.4)

We claim that the boundary morphism dk,h−k1 is equal to the morphism

ι(k)∗ : Hh−k
crys (D(k)/W ) −→ Hh−k

crys (D(k+1)/W ).

Indeed, we have the following exact sequence

0 −→WΩ•
D(k+1) [−(k + 1)] −→ σk/σk+2((5.1.2))(5.1.5)

−→WΩ•
D(k) [−k] −→ 0.

Hence dk,h−k1 is equal to the induced morphism by the boundary morphism

WΩ•
D(k) [−k] −→WΩ•

D(k+1) [−(k + 1)][1] = WΩ•
D(k+1) [−k]

by the Convention (4) and (5). By the Convention (3), (4) and by taking the

Godement resolution of three complexes in (5.1.5) (cf. the proof of (10.1)

below), we can easily check that this is equal to ι(k)∗. �

We call (5.0.3) (resp. (5.1.1)) the p-adic weight spectral sequence of

Hh((X,D)/W ) (resp. Hh
c ((X,D)/W )).

When κ is a finite field, Mokrane has proved the E2-degeneration of

(5.0.3) modulo torsion in [M2, (3.2)] (under the assumption of the projec-

tivity of X; we need not assume this projectivity by [CL1, (1.2)] or (2.2)

(4)). The following (1) is a generalization of this result.

Theorem 5.2. (1) The spectral sequence (5.0.3) degenerates at E2

modulo torsion.

(2) The spectral sequence (5.1.1) degenerates at E2 modulo torsion.

Proof. (1): The proof is the same as that of (3.6): all we need are

the existence of a model of (X,D) over a smooth affine scheme over a finite

field ([EGA IV-3, (8.9.1) (iii)]), the log base change theorem ([Ka2, (6.10)]),

the strict perfectness of the complex which produces the log crystalline

cohomologies of (X,M) (cf. the proof of (3.2)), the existence of the Gysin
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morphism over a PD-scheme, Deligne’s remark and the purity of the weight

in [CL1, (1.2)] or (2.2) (4).

(2): (2) follows from (1), (5.3) (2) below and the duality between the

E2-terms of (5.0.3)⊗WK0 and (5.1.1)⊗WK0. (Note that Wn is an injective

module over Wn itself.) �

The following (1) is a log version of Ekedahl’s duality (cf. [Ek1, II

(2.2.23)]), and (2) is a Poincaré duality which has been proved in [M2,

(4.2)] (cf. [Hy2]), though the proof in [loc. cit.] is quite sketchy.

Theorem 5.3. Assume that X is of pure dimension d. Let n be a

positive integer. Then the following hold:

(1) There exists a canonical perfect pairing of Wn-modules

Hj(X,WnΩ
i
X(logD))⊗WnH

d−j(X,WnΩ
d−i
X (− logD)) −→Wn.(5.3.1)

(2) There exists a canonical perfect pairing of Wn-modules

Hj(X,WnΩ
•
X(logD))⊗WnH

2d−j(X,WnΩ
•
X(− logD)) −→Wn.(5.3.2)

Proof. Let fn : Wn(X) −→ Spec(Wn) be the projection. Then, by

[Ek1, I] (here we have to use [Co, (2.2.7)]), f !
nWn = WnΩ

d
X [d]. Hence (1)

follows from [Ha1, VII Corollary 3.4 (c)] (cf. [Co, Theorem 3.4.4]) and [Hy2,

(3.3.1)]. (2) follows from (1) as in [B1, VII 2.1.5]. �

Remark 5.4. (1) By the finite length version of (5.0.1), (5.3) (2) and

Tsuji’s Poincaré duality ([T]), we obtain

Hh
c ((X,D)/Wn) = Hh(((X,M)/Wn)

log
crys,KX/Wn

).

(See [loc. cit., §5] for the definition of KX/Wn
. See also [NS, §19] for another

proof of the equality above.) Hence, by [T], [Sh, Corollary 2.4.13, Theorem

3.1.1] and [B4, (2.4)], we obtain Hh
c ((X,D)/W )⊗WK0 = Hh

rig,c(U/K0).

(Note that the duality in [B4, (2.4)] holds for a separated smooth scheme

of finite type over κ by the same proof of [loc. cit.] once the definitions of

the rigid cohomology Hh
rig(U/K0) and the rigid cohomology Hh

rig,c(U/K0)

with compact support are given for U/κ ([B3, p. 335, Remarque], [B2,
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(3.1)].) In particular, Hh
c ((X,D)/W )⊗WK0 is independent of the choice of

the compactification (X,D) of U .

(2) Though the compatibility of the pairing in (5.3) (2) with the Frobe-

nius is claimed in [M2, (4.2)], it is not proved in [loc. cit.]; the Frobenius on

WnΩ
i
X(± logD) is not defined in [loc. cit.]; in (9.1.2) and before (9.4) below,

we define the Frobenius on WnΩ
i
X(± logD), and in (9.4) (1), we prove the

compatibility.

Next, we prove the E2-degenerations of the weight spectral sequences

constructed by Chiarellotto and Le Stum in [CL2] by the method of rigid

cohomologies.

Let V be a complete discrete valuation ring of mixed characteristics. Let

κ (resp. K) be the (not necessarily perfect) residue (resp. fraction) field of

V . Let p be the characteristic of κ. Let σ ∈ Aut(V ) be a fixed lift of the

p-th power endomorphism of κ. For simplicity, assume that there exists a

closed immersion X
⊂−→ P into a formal V -scheme such that P/Spf(V ) is

formally smooth around X. Then there exist the following weight spectral

sequences ([CL2, (3.8), (3.5)]):

E−k,h+k
1,rig = Hh−k

rig (D(k)/K)(−k) =⇒ Hh
rig(U/K),(5.4.1)

Ek,h−k
1,rig,c = Hh−k

rig (D(k)/K) =⇒ Hh
rig,c(U/K),(5.4.2)

though the Tate twist in (5.4.1) has been forgotten in [loc. cit.]. The

boundary morphisms {d••
1 } of (5.4.1) (resp. (5.4.2)) are described by Gysin

morphisms of divisors (resp. the induced morphisms of closed immersions).

They have proved the E2-degenerations of (5.4.1) and (5.4.2) when κ is a

finite field.

Remark 5.5. As in the case (5.1.2) for (5.1.4), we have made the anal-

ogous convention on signs of the Mayer-Vietoris exact sequence in [CL2,

p. 165] for (5.4.2) to rid ambiguous conventions on signs.

Theorem 5.6. The spectral sequences (5.4.1) and (5.4.2) degenerate at

E2.

Proof. By [B4, Remarque on p. 498], rigid cohomologies commute

with the extension of fields. Hence we may assume that κ is perfect.
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By [B3, (1.9)], Ek,h−k
2,rig,c = Ek,h−k

2,dW,c⊗WK. By (5.4) (1), Hh
rig,c(U/K) =

Hh
c ((X,D)/W )⊗WK. Hence the E2-degeneration of (5.4.2) follows from

(5.2) (2); the duality [B4, (2.4)] shows the E2-degeneration of (5.4.1). �

Remark 5.7. By the comparison of the chern class of an invertible

sheaf on a proper smooth variety in rigid cohomologies and in crystalline

cohomologies ([Pet]), we can prove the E2-degeneration of (5.4.1) directly

by [Sh, Corollary 2.4.13, Theorem 3.1.1] and (5.2) (1) without using the

E2-degeneration of (5.4.2).

Finally, we prove the E2-degenerations of the weight spectral sequences

of the log Hodge-Witt sheaves on X. Let us assume again that the base field

κ is a perfect field of characteristic p > 0. Let i be a non-negative integer.

By (5.0.2;n) and (5.0.2), we obtain the following spectral sequences

E−k,h+k
1 = Hh−i(D(k),WnΩ

i−k
D(k))(−k)(5.7.1;n)

=⇒ Hh−i(X,WnΩ
i
X(logD)),

E−k,h+k
1 = Hh−i(D(k),WΩi−k

D(k))(−k) =⇒ Hh−i(X,WΩi
X(logD)).(5.7.1)

By (5.0.4;n) and (5.0.4), we obtain the following spectral sequences

Ek,h−k
1 = Hh−i−k(D(k),WnΩ

i
D(k))(5.7.2;n)

=⇒ Hh−i(X,WnΩ
i
X(− logD)),

Ek,h−k
1 = Hh−i−k(D(k),WΩi

D(k)) =⇒ Hh−i(X,WΩi
X(− logD)).(5.7.2)

Remark 5.8. As remarked in (4.4) (1), (5.7.1;n) and (5.7.2;n) have

some geometric applications.

Theorem 5.9. The spectral sequences (5.7.1) and (5.7.2) degenerate at

E2 modulo torsion.

Proof. By [M2, (3.3)], there exists the following slope decomposition

h⊕
i=0

Hh−i(X,WΩi
X(logD))⊗WK0 = Hh((X,D)/W )⊗WK0.
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By the formalism of WΩ•
X(− logD) ([Hy1]), there also exists the following

slope decomposition

h⊕
i=0

Hh−i(X,WΩi
X(− logD))⊗WK0 = Hh

c ((X,D)/W )⊗WK0.

The rest of the proof is the same as that of (4.7) by using (5.2) (1), (2). �

Remark 5.10. Assume that the base field is the complex number field

C. Let (X,D) be a proper smooth analytic variety over Spec(C)an with

an SNCD. Then, by the obvious analogues of (5.0.2;n) and (5.0.4;n), there

exist the following two spectral sequences:

E−k,h+k
1 = Hh−i(D(k),Ωi−k

D(k)/C
)(−k) =⇒ Hh−i(X,Ωi

X/C(logD)),(5.10.1)

Ek,h−k
1 = Hh−i−k(D(k),Ωi

D(k)/C
) =⇒ Hh−i(X,Ωi

X/C(− logD)).(5.10.2)

If X is Kähler or algebraic, then the E2-degeneration of the spectral se-

quence (5.10.1) has been proved in [D3, (3.2.13) (iii)], though the upper in-

dices of the E1-terms and those of the convergent terms in [loc. cit.] should

be replaced as in (5.10.1). The E2-degeneration of (5.10.2) follows from that

of (5.10.1) and from the duality between (5.10.1) and (5.10.2).

Part II. Fundamental Properties of (Idealized) Log de Rham-

Witt Complexes and Those of p-Adic Weight Spectral Sequences

of Log Varieties

Because methods in the theory of log de Rham-Witt complexes are del-

icate and because it is sometimes difficult to find mistakes in the proofs for

some facts in the theory in published papers and to realize that no one has

given correct proofs for some facts in the theory in them, there are many

non-minor mistakes and unproved facts in the theory in them. In the Part

II, we complete many of unproved facts, make the theory perfect by using

some ideas and results in published papers; results in [Nakk4] clarify some

mistakes in published papers as counter-examples (cf. (10.6) (1), (11.15) (1)

below).

We divide the Part II into six sections. In §6 we give theory of formal

de Rham-Witt complexes and as a corollary of this theory, we give a precise
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proof of the fact that the log Hodge-Witt sheaf with compact support of a

smooth scheme with an NCD is compatible with the canonical filtration as

modules over the Cartier-Dieudonné-Raynaud algebra. In §7 we complete

some fundamental results in [HK]. In §8 we study some fundamental prop-

erties of projections in the theory of log de Rham-Witt complexes. In §9
we prove the compatibility of the (pre)weight spectral sequences with the

Frobenii. In §10 we give a right proof of the description of the boundary

morphisms between the E1-terms of (2.0.1); we also describe the boundary

morphisms between the E1-terms of (4.1.1). In §11 we give a right proof of

the coincidence of the p-adic monodromy operators in [HK] and in [Hy2].

In §9, §10 and §11, we pay attention to signs; even one mistake in signs may

make many statements and proofs wrong (see (11.9) (1), (2) below), and

consequently someone has to correct the mistakes.

I hope that the reader shall read all in the Part II and references quoted

in the Part II closely and that he does not believe that there are only careless

mistakes in references.

6. Formal de Rham-Witt complexes

In this section we give theory of formal de Rham-Witt complexes (see

(6.9) below for the definition) associated to certain complexes, following

[Nakk1]. As a corollary, we give a detailed proof of [M1, 1.3.3] because the

proof in [loc. cit.] is sketchy (see (6.29) below for details) and [loc. cit.] has

been used in [M1, 3.15.1] and [M1, 3.15.1] is one of key ingredients for the

construction of the spectral sequence (2.0.1).

Let (T ,A) be a ringed topos. Let Ω′• and Ω• are complexes of A-

modules and let φ : Ω′• −→ Ω• be an A-linear morphism of complexes of

A-modules. Let p be a prime number. Set Ω′•
1 := Ω′•/p(Ω′•), Ω•

1 := Ω•/pΩ•,
and A1 := A/pA. We assume that the following conditions (6.0.1) ∼ (6.0.5)

hold:

(6.0.1) Ω′i = 0 = Ωi for i < 0.

(6.0.2) Ω′i and Ωi (∀i ∈ N) are p-torsion-free, p-adically complete A-mod-

ules.

(6.0.3) φ(Ω′i) ⊂ {ω ∈ piΩi | dω ∈ pi+1Ωi+1} (∀i ∈ N).
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(6.0.4) There exists an A1-linear isomorphism

C−1 : Ω′i
1

∼−→ Hi(Ω•
1) (∀i ∈ N).

(6.0.5) A composite morphism (mod p) ◦ p−iφ : Ω′i −→ Ωi −→ Ωi
1 factors

through Ker(d : Ωi
1 −→ Ωi+1

1 ), and the following diagram is commutative:

Ω′i mod p−−−−−→ Ω′i
1

p−iφ

� �C−1

Ωi mod p−−−−−→ Hi(Ω•
1).

Definition 6.1. Let C+
F,rel(T ,A) be the category of objects (Ω′•,Ω•,

φ, C−1) satisfying (6.0.1) ∼ (6.0.5); a morphism in C+
F,rel(T ,A) is defined

in an obvious way. Let C+
F (T ,A) be the full subcategory of C+

F,rel(T ,A)

whose objects satisfy an equality Ω′• = Ω•. Let Cb
F,rel(T ,A) be a full-

subcategory of C+
F,rel(T ,A) of objects (Ω′•,Ω•, φ, C−1) such that Ω′• and

Ω• are bounded. Set Cb
F(T ,A) := C+

F (T ,A) ∩ Cb
F,rel(T ,A). For simplicity

of notation, we denote (Ω•,Ω•, φ, C−1) ∈ C+
F (T ,A) by (Ω•, φ, C−1).

For a gauge ε : Z −→ N ([BO, 8.7 Definition]), let η be the associated

cogauge to ε defined by

η(i) :=

{
ε(i) + i (i ≥ 0),

ε(0) (i ≤ 0).

Let Ω′•
ε (resp. Ω•

η) be the largest complex of Ω′• (resp. Ω•) whose i-th

degree is contained in pε(i)Ω′i (resp. pη(i)Ωi) ([BO, 8.6 Definition]). Then

the following holds:

Theorem 6.2. ([Nakk1]) Let ε : Z −→ N be a gauge with associated

cogauge η. Then the morphism φ : Ω′• −→ Ω• induces a quasi-isomorphism

φε : Ω′•
ε −→ Ω•

η.
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Proof. The proof is the same as that in [BO, 8.8 Theorem]; the con-

ditions (6.0.1) ∼ (6.0.5) are nothing but ones which enable the proof in

[loc. cit.] to work in (6.2). �

Corollary 6.3. ([Nakk1]) Assume that Ω′•
ε and Ω•

η are bounded

above and that they consist of flat A-modules. Let M be an A-module.

Then the morphism

φε ⊗A idM : Ω′•
ε ⊗AM−→ Ω•

η ⊗AM(6.3.1)

is a quasi-isomorphism.

Proof. Let MC(φε) be the mapping cone of φε. Then MC(φε)⊗AM
is acyclic. Hence φε ⊗A idM is a quasi-isomorphism. �

Corollary 6.4. Let i (resp. n) be a non-negative (resp. positive) in-

teger. Then the following hold:

(1) (cf. [HK, (2.24)])

pi{ω ∈ Ωi| dω ∈ pn+1Ωi+1}
pi+n{ω ∈ Ωi| dω ∈ pΩi+1}+ pi−1d{ω ∈ Ωi−1|dω ∈ pΩi}(6.4.1)

φ
∼←− {ω ∈ Ω′i| dω ∈ pnΩ′i+1}

pnΩ′i + dΩ′i−1
.

(2) ([Nakk1], cf. [IR, III (1.5)])

pi{ω ∈ Ωi| dω ∈ pn+1Ωi+1}
pi+n{ω ∈ Ωi| dω ∈ pΩi+1}+ pidΩi−1

(6.4.2)

φ
∼←− {ω ∈ Ω′i| dω ∈ pnΩ′i+1}

pnΩ′i + pdΩ′i−1
.

Proof. (1): Set A := Zp and M := Z/pn. Let ε be any gauge such

that ε(i− 1) = 0. Then (6.3.1) at the degree i is equal to (6.4.1); we finish

the proof.

(2): Set A := Zp and M := Z/pn. Let ε be any gauge such that

ε(i− 1) = 1 and ε(i) = 0. Then (6.3.1) at the degree i is equal to (6.4.2). �
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Henceforth, assume that (Ω•, φ, C−1) ∈ Cb
F(T ,Zp), where, by abuse of

notation, Zp in the notation Cb
F(T ,Zp) is the constant sheaf in T defined

by Zp. For a positive integer n and a non-negative integer i, set

Zi
n := {ω ∈ Ωi| dω ∈ pnΩi+1}, Bi

n := pnΩi + dΩi−1,

WnΩ
i := Zi

n/B
i
n.

(6.4.3)

Then we have an isomorphism

W1Ω
i = Hi(Ω•

1)
C−1
∼←− Ωi

1(6.4.4)

of Fp-modules by (6.0.4).

Let ε : Z −→ N be a gauge with associated cogauge η. Since Ω• is

bounded and consists of torsion-free Zp-modules, so are Ω•
ε and Ω•

η.

Let us define morphisms

F : Wn+1Ω
i −→WnΩ

i, V : WnΩ
i −→Wn+1Ω

i, d : WnΩ
i −→WnΩ

i+1,

p : WnΩ
i −→Wn+1Ω

i and π : Wn+1Ω
i −→WnΩ

i

of sheaves of W -modules in T as follows: F (resp. V ) is a morphism induced

by id: Ωi −→ Ωi (resp. p × id : Ωi −→ Ωi); d is a morphism induced by

p−nd : {ω ∈ Ωi| dω ∈ pnΩi+1} −→ Ωi+1; p is a morphism induced by

p−(i−1)φ : Ωi −→ Ωi (note that −(i − 1) is positive if i = 0); π is the

following composite morphism (cf. [HK, (4.2)]):

Wn+1Ω
i = Zi

n+1/B
i
n+1

pi
∼−→ piZi

n+1/p
iBi

n+1(6.4.5)

proj.−→ piZi
n+1/(p

i+nZi
1 + pi−1dZi−1

1 )

φ
∼←− Zi

n/B
i
n = WnΩ

i
Y .

Then, the following formulas hold:

d2 = 0, FdV = d, FV = V F = p , Fp = pF, V p = pV,

dp = pd, pπ = πp = p.
(6.4.6)

The morphism π is surjective. Hence

Im(p : Wn+1Ω
i −→Wn+1Ω

i) = Im(p : WnΩ
i −→Wn+1Ω

i)
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(cf. [Hy2, p. 245]).

Proposition 6.5. The morphism π is equal to the following composite

morphism:

Wn+1Ω
i = Zi

n+1/B
i
n+1

proj.−→ Zi
n+1/(p

nZi
1 + dΩi−1)(6.5.1)

(p−iφ)−1

∼−→ Zi
n

pnΩi + pdΩi−1

proj.−→ Zi
n/B

i
n = WnΩ

i.

Proof. (6.5) immediately follows from the following commutative di-

agram:

piZi
n+1/(p

i+nZi
1 + pidΩi−1)

φ
∼←−−−−

(6.4.2)
Zi
n/(p

nΩi + pdΩi−1)

proj.

� �proj.

piZi
n+1/(p

i+nZi
1 + pi−1dZi−1

1 )
φ
∼←−−−−

(6.4.1)
Zi
n/B

i
n.

�

Remark 6.6. Let (WnΩ
•
U )′′ be the de Rham-Witt complex defined in

[I2, I (1.3)] for a scheme U over κ. As suggested in [IR, III (1.5)], we see

that π in (6.5.1) for U over κ fits into the following commutative diagram

(Wn+1Ω
i
U )′′

C−(n+1)

∼−−−−−→ Wn+1Ω
i
U

proj.

� �π
(WnΩ

i
U )′′

C−n

∼−−−→ WnΩ
i
U .

(6.6.1)

The commutativity of (6.6.1) will be used in (7.21) below.

Let κ be a perfect field of characteristic p > 0. Let W (resp. Wn)

be the Witt ring of κ (resp. the Witt ring of κ of length n). Let σ be

the Frobenius automorphism of W . Let Cb
F(T ,Zp;W ) be a subcategory of
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Cb
F(T ,Zp) consisting of (Ω•, φ, C−1) such that Ω• is a complex of W -modules

(W is the constant sheaf defined by the Witt ring W ) which is compatible

with the Zp-module structure and such that φ is σ-linear; a morphism in

Cb
F(T ,Zp;W ) is assumed to be W -linear. Henceforth we consider only ob-

jects of Cb
F(T ,Zp;W ).

Lemma 6.7. Let � be a positive integer n or nothing. Set

WΩ• = lim←−
π

WnΩ
•.

Then there exists a natural W
-module structure on W
Ω
i.

Proof. Let c := (c0, . . . , cn−1) (ci ∈ κ (0 ≤ i ≤ n− 1)) be an element

of Wn. Let ω be a section of Zi
n. Then we define c · [ω] as follows: c · [ω] =

[(
∑n−1

j=0 pj c̃p
n−j

j ) · ω], where c̃j ∈ Wn is a lift of cj . It is a routine work to

check that this action is well-defined. By the same calculation as that in

the proof of the commutativity of (7.1.3) below and by taking the projective

limit, we see that there exists a natural W -module structure on WΩi. �

By the proof of (6.7), we see that F (resp. V ) is a σ-linear (resp. σ−1-

linear) morphism and that π and p are W -linear morphisms.

Lemma 6.8. (cf. [Hy2, (1.3.2)], [HK, (4.5)])

(1)

Ker(p : Wn+1Ω
i −→Wn+1Ω

i) = Ker(π : Wn+1Ω
i −→WnΩ

i).(6.8.1)

(2) The morphism p : WnΩ
i −→Wn+1Ω

i is injective.

(3) WΩi is a sheaf of torsion-free W -modules.

(4) dπ = πd, Fπ = πF , V π = πV ; the morphisms d, F and V induce

morphisms d : WΩi −→WΩi+1, F : WΩ• −→WΩ• and V : WΩ• −→WΩ•,
respectively.

Proof. (1): Since pπ = p, it suffices to show the inclusion ⊂. Let ω

be a local section of Zi
n+1 such that there exists a local section η ∈ Ωi and

ζ ∈ Ωi−1 satisfying an equality pω = pn+1η + dζ. Then we see that η ∈ Zi
1

and that ζ ∈ Zi−1
1 . Hence piω is the zero in the third sheaf of (6.4.5). This

shows (6.8.1).
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(2): (2) immediately follows from (1).

(3): Let (ωn)
∞
n=1 (ωn ∈ WnΩ

i) be a local section of WΩi. Assume that

pωn+1 = 0. Then p(ωn) = 0. By (2), we have ωn = 0.

(4): Since pdπ = dpπ = pd = pπd and since p is injective, we have

dπ = πd. The rest of the proof is the same by using two relations Fp = pF

and V p = pV in (6.4.6). �

Let R be the Cartier-Dieudonné-Raynaud algebra over κ ([IR, I (1.1)]).

Set Rn := R/(V nR + dV nR). Then WΩ• (resp. W
Ω
•) is naturally an

R-module (resp. R
-module). Let Cb(T , R
) be the category of bounded

complexes of left R
-modules. We have a functor

W
 : Cb
F(T ,Zp;W ) −→ Cb(T , R
),(6.8.2)

where, by abuse of notation, R
 in (6.8.2) is the constant sheaf in T defined

by R
.

Definition 6.9. We call WΩ• (resp. WnΩ
•) the formal de Rham-Witt

complex (resp. formal de Rham-Witt complex of length n) of (Ω•, φ, C−1) ∈
Cb

F(T ,Zp;W ).

Definition 6.10. Let n be a positive integer. Set

FilrWnΩ
i :=


0 (r > n),

Ker(πn−r : WnΩ
i −→WrΩ

i) (0 < r ≤ n),

WnΩ
i (r ≤ 0).

(6.10.1)

FilrWΩi :=

{
Ker(WΩi −→WrΩ

i) (r > 0),

WΩi (r ≤ 0).
(6.10.2)

Let � be a positive integer or nothing. For an integer r, set

grrW
Ω
i := FilrW
Ω

i/Filr+1
W
Ω

i.(6.10.3)

By the formulas pπ = πp and pd = dp in (6.4.6), the injective morphism

p : WnΩ
i −→Wn+1Ω

i induces injective morphisms

p : WΩ• −→WΩ•(6.10.4)
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and

p : grnWΩ• −→ grn+1
WΩ•.(6.10.5)

Proposition 6.11. ([Nakk1], cf. [I2, I (3.4)]) (1) The morphism of

a multiplication pj : Wn+1Ω
i −→ Wn+1Ω

i (0 ≤ j ≤ n + 1) induces the

morphism pj : Wn+1−jΩi −→Wn+1Ω
i.

(2)

Ker(pj : Wn+1Ω
i −→Wn+1Ω

i)(6.11.1)

= Filn+1−j
Wn+1Ω

i (0 ≤ j ≤ n + 1).

Proof. (1): The equality pj = pjπj shows (1).

(2): By the following commutative diagram

Wn+1Ω
i pj−−−→ Wn+1Ω

i

πj

� pj

�⋃
Wn+1−jΩi Wn+1−jΩi

and by the injectivity of pj ((6.8) (2)), we have (2). �

Now, as suggested by the referee, we assume that T is the Zariski topos

X̃zar of a scheme X over κ. Let B be a p-torsion free quasi-coherent sheaf of

commutative rings with unit elements in X̃zar with a surjective morphism

B −→ OX of sheaves of rings in X̃zar. Assume that Ker(B −→ OX) = pB
and that each Ωi (i ∈ N) is a quasi-coherent B-module. Then, as in the proof

of (6.7), we can endow WnΩ
i with a natural Wn(OX)-module structure

(cf. [IR, III (1.5)]). For a projective system of exact sequences

0 −→ Fn −→ Gn −→ Hn −→ 0 (n ∈ N)

of quasi-coherent Wn(OX)-modules, if Fn satisfies the Mittag-Leffler condi-

tion, then we have an exact sequence

0 −→ lim←−
n

Fn −→ lim←−
n

Gn −→ lim←−
n

Hn −→ 0
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by considering the sections of lim←−nHn over a small affine open subscheme

of X. We can easily check that WnΩ
i is a quasi-coherent Wn(OX)-module

and that the morphisms π : Wn+1Ω
i −→ WnΩ

i and p : WnΩ
i −→ Wn+1Ω

i

are morphisms of W (OX)-modules (cf. the proof of (7.1) below). In this

situation, we prove the following in turn:

(A): FilnWΩi = V nWΩi + dV nWΩi−1 (n ∈ N).

(B): d−1(pnWΩi+1) = FnWΩi.

(C): Rn ⊗LR WΩ• = WnΩ
• (n ∈ Z>0).

(A)

Proposition 6.12. (1) ([Nakk1], cf. [I2, I (3.2)]) Let n be a positive

integer and r a non-negative integer such that r ≤ n. Then

FilrWn+1Ω
i = V r

Wn+1−rΩ
i + dV r

Wn+1−rΩ
i−1.(6.12.1)

(2) Let FX : X −→ X be the Frobenius endomorphism of X. Assume

that

C−1 : Ωi
1

∼−→W1Ω
i = Hi(FX∗(Ω

•
1))

is an isomorphism of OX-modules. If Ωj
1 (j = i − 1, i) is an OX-module

of finite type and if FX is finite, then WnΩ
i is a Wn(OX)-module of finite

type.

Proof. (1): Since pπ = p, pn+1−rπn+1−rV rWn+1−rΩi = 0. Hence

V rWn+1−rΩi ⊂ FilrWn+1Ω
i by (6.8) (2). Since πd = dπ by (6.8) (4), the

inclusion ⊃ is obvious.

We prove the inclusion ⊂ by descending induction on r. We may assume

that r ≥ 1.

If r = n, we have

FilnWn+1Ω
i = p−ipi(pnZi

1 + p−1dZi−1
1 )/p−ipiBi

n+1(6.12.2)

= (pnZi
1 + p−1dZi−1

1 )/Bi
n+1

by (6.4.5). On the other hand,

V n
W1Ω

i + dV n
W1Ω

i−1 = (pnZi
1 + p−n−1dpnZi−1

1 )/Bi
n+1(6.12.3)

= (pnZi
1 + p−1dZi−1

1 )/Bi
n+1.
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Hence, by (6.12.2) and (6.12.3), we obtain (6.12.1) for the case r = n.

Next, assume that (6.12.1) holds for a fixed r ≤ n. Since π is surjective,

we have the following exact sequence:

0 −→ FilrWn+1Ω
i −→ Filr−1

Wn+1Ω
i π

n+1−r

−→ Filr−1
WrΩ

i −→ 0.(6.12.4)

Let x be a local section of Filr−1Wn+1Ω
i such that there exist local sections

y′ ∈ W1Ω
i and z′ ∈ W1Ω

i−1 satisfying an equation πn+1−rx = V r−1y′ +

dV r−1z′ in WrΩ
i. Since π is surjective, we may assume that there exist

local sections y ∈ Wn+2−rΩi and z ∈ Wn+2−rΩi−1 such that y′ = πn+1−ry
and z′ = πn+1−rz. Then we have πn+1−r(x − (V r−1y + dV r−1z)) = 0.

Hence x − (V r−1y + dV r−1z) ∈ FilrWn+1Ω
i. Induction on r shows that

x ∈ V r−1Wn+2−rΩi + dV r−1Wn+2−rΩi−1.

(2): By the pull-back of the Frobenius endomorphism Wn+1(OX) −→
FX∗Wn+1(OX) and the Wn+1(OX)-module structure of Wn+1Ω

i,

FX∗Wn+1Ω
i is naturally endowed with a Wn+1(OX)-module structure. By

(6.12.1) we have a surjective morphism

V n + dV n : W1Ω
i ⊕W1Ω

i−1 −→ FilnWn+1Ω
i(6.12.5)

of abelian sheaves on Xzar. By the surjectivity of the morphism (6.12.5)

and by using the following relation

pj−1bp
n+2−j

dω ≡ pj−1d(bp
n+2−j

ω) mod pn+1

(1 ≤ j ≤ n) (b ∈ B, ω ∈ Ωi),

we see that FX∗FilnWn+1Ω
i is an OX = Wn+1(OX)/VWn+1(OX)-module

(cf. [I2, I (3.9)]). It is easy to see that the morphism (6.12.5) is the following

morphism of OX -modules:

V n + dV n : Fn+1
X∗ W1Ω

i ⊕ Fn+1
X∗ W1Ω

i−1 −→ FX∗FilnWn+1Ω
i.(6.12.6)

Because the source of the morphism above is an OX -module of finite type by

the assumptions of (2), so is the target. Hence FilnWn+1Ω
i is a Wn+1(OX)-

module of finite type. Now (2) follows from the induction on n and the

following exact sequence

0 −→ FilnWn+1Ω
i −→Wn+1Ω

i π−→WnΩ
i −→ 0
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of Wn+1(OX)-modules.

We finish the proof of (6.12). �

Proposition 6.13. Let r be a positive integer. The following three

canonical morphisms

WΩi/prWΩi −→ lim←−
n

WnΩ
i/prWnΩ

i,(6.13.1)

WΩi/V r
WΩi −→ lim←−

n>r

WnΩ
i/V r

Wn−rΩ
i(6.13.2)

and

WΩi/F r
WΩi −→ lim←−

n

WnΩ
i/F r

Wn+rΩ
i(6.13.3)

are isomorphisms.

Proof. We prove only that (6.13.2) is an isomorphism; the proof for

(6.13.1) and (6.13.3) is similar.

Assume that n > 2r. Set Kn := Ker(V r : Wn−rΩi −→ WnΩ
i). Then,

Kn ⊂ K ′
n := Ker(pr : Wn−rΩi −→ Wn−rΩi). By (6.11.1), K ′

n ⊂
Filn−2rWn−rΩi, that is, πr(K ′

n) = 0; hence πr(Kn) = 0. In particular,

{Kn}n>r satisfies the Mittag-Leffler condition. Note also that transition

morphism π : Wn+1Ω
i −→WnΩ

i is surjective. Hence, by taking the projec-

tive limit of the following exact sequence

0 −→ Kn
⊂−→Wn−rΩ

i V r

−→WnΩ
i −→WnΩ

i/V r
Wn−rΩ

i −→ 0,

we have the following exact sequence

0 −→WΩi V r

−→WΩi −→ lim←−
n>r

WnΩ
i/V r

Wn−rΩ
i −→ 0.(6.13.5)

The exactness of (6.13.5) implies that (6.13.2) is an isomorphism. �

Proposition 6.14. (A generalization of [I2, I (3.19.2.1)] (cf. [Lo,

p. 258])) Let n > r be two positive integers. Then the following sequence is

exact:

0 −→Wn−rΩ
i−1/F r

WnΩ
i−1 dV r

−→WnΩ
i/V r

Wn−rΩ
i(6.14.1;r, n)

−→WrΩ
i −→ 0.



554 Yukiyoshi Nakkajima

Consequently the following sequence is exact:

0 −→WΩi−1/F r
WΩi−1 dV r

−→WΩi/V r
WΩi −→WrΩ

i −→ 0.(6.14.1;r)

Proof. By (6.12), we have only to prove that dV r in (6.14.1;r, n) is

injective. Let [ω] ∈ Wn−rΩi−1 (ω ∈ Zi−1
n−r) be a local section such that

dV r[ω] ∈ V rWn−rΩi. Then d[ω] = F rdV r[ω] ∈ prWn−rΩi. Hence there

exists a local section η ∈ Ωi such that p−(n−r)dω = prη, that is, ω ∈
Zi−1
n . Therefore [ω] ∈ F rWnΩ

i−1. Thus the sequence (6.14.1;r, n) is exact;

by taking the projective limit of (6.14.1;r, n) with respect to π, we obtain

(6.14.1;r) by (6.13). �

Theorem 6.15. (cf. [I2, I (3.31)]) Let r be a non-negative integer.

Then the following formula holds:

FilrWΩi = V r
WΩi + dV r

WΩi−1.(6.15.1)

Proof. By the definition (6.10.2), the equality (6.15.1) immediately

follows from the exactness of (6.14.1;r). �

Corollary 6.16. (cf. [Lo, (2.16)]) Let R be the Cartier-Dieudonné-

Raynaud algebra over κ. Let n be a positive integer. Set Rn := R/(V nR +

dV nR). The canonical morphism

Rn ⊗R WΩ• −→WnΩ
•(6.16.1)

is an isomorphism.

Let us define the following abelian subsheaves of Ωi
1 inductively for n ∈

N:

Z0Ω
i
1 := Ωi

1, Z1Ω
i
1 := ZΩi

1 := Ker(d : Ωi
1 −→ Ωi+1

1 ),

Zn+1Ω
i
1/BΩi

1

C−1

∼←− ZnΩ
i
1.

(6.16.2)

B0Ω
i
1 := 0, B1Ω

i
1 := BΩi

1 := Im(d : Ωi−1
1 −→ Ωi

1),

Bn+1Ω
i
1/BΩi

1

C−1

∼←− BnΩ
i
1.

(6.16.3)
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Usually, ZnΩ
i
1 and BnΩ

i
1 are endowed with κ-module structures induced

by that of Ωi
1; they can also be inductively endowed with κ-module struc-

tures such that C−1’s in (6.16.2) and (6.16.3) are κ-linear isomorphisms.

However, in the all parts of this paper, we do not need either κ-module

structures of ZnΩ
i
1 and BnΩ

i
1.

Lemma 6.17. (1) ZnΩ
i
1 = (Zi

n + pΩi)/pΩi (n ∈ Z>0).

(2) BnΩ
i
1 = (p−(n−1)dZi−1

n−1 + pΩi)/pΩi (n ∈ Z>0).

Proof. (1): It is easy to check that C−1 = p−iφ induces an injective

morphism

(Zi
n+1 + pΩi)/(pΩi + dΩi−1)

C−1

←− (Zi
n + pΩi)/pΩi (n ∈ Z>0).(6.17.1)

The morphism (6.17.1) is surjective by (6.4.2). Then induction on n ∈ Z>0

shows (1).

(2): The proof of (2) is equivalent to proving that C−1 induces an iso-

morphism

(p−ndZi−1
n + pΩi)/(pΩi + dΩi−1)(6.17.2)

C−1
∼←− (p−(n−1)dZi−1

n−1 + pΩi)/pΩi (n ∈ Z>0).

As in (1), we have only to prove that the morphism (6.17.2) is surjective.

Let η be a local section of Zi−1
n . Then, by (6.4.2), there exists a local

section ω ∈ Zi−1
n−1 such that pi−1η−φ(ω) ∈ pi+n−1Zi−1

1 +pi−1dΩi−2. (Strictly

speaking, we have to consider a more local section of η.) Hence p−ndη −
p−iφ(p−(n−1)dω) ∈ dZi−1

1 . Therefore the morphism (6.17.2) is surjective.

Induction on n ∈ Z>0 shows (2). �

Let us consider the following composite morphisms:

C : Zn+1Ω
i
1/BΩi

1
proj.−→ Zn+1Ω

i
1/B2Ω

i
1

C
∼−→ ZnΩ

i
1/BΩi

1 (n ≥ 0),(6.17.3)

C : Bn+1Ω
i
1/BΩi

1
proj.−→ Bn+1Ω

i
1/B2Ω

i
1

C
∼−→ BnΩ

i
1/BΩi

1 (n ≥ 1).(6.17.4)
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The morphisms (6.17.3) and (6.17.4) induce the following morphisms, re-

spectively:

Cn : Zn+1Ω
i
1/BΩi

1 −→ ZΩi
1/BΩi

1 = W1Ω
i,(6.17.5)

Cn : Bn+2Ω
i
1/BΩi

1 −→ B2Ω
i
1/BΩi

1.(6.17.6)

Let us define an abelian subsheaf W1K
i
n in T = X̃zar of W1Ω

i
1⊕W1Ω

i−1
1

fitting into the following exact sequence (cf. [Hy2, (2.3)], [HK, (4.4)]):

0 −→W1K
i
n −→ (Bn+2Ω

i
1/BΩi

1)⊕ (Zn+1Ω
i−1
1 /BΩi−1

1 )(6.17.7)

(Cn,dCn)−→ B2Ω
i
1/BΩi

1 −→ 0.

Note that d : Z1Ω
i−1
1 /BΩi−1

1 = W1Ω
i−1 d−→ B2Ω

i
1/BΩi

1 is well-defined by

(6.17) (2).

Lemma 6.18. Let n be a positive integer. The following diagram is

commutative:

Wn+1Ω
i Wn+1Ω

i

proj.

� �πn

(Zi
n+1 + pΩi)/(pΩi + dΩi−1) = Zn+1Ω

i
1/BΩi

1
Cn

−−−→ W1Ω
i

(6.18.1)

Proof. We proceed by induction on n.

Consider the following diagram:

Wn+1Ω
i π−−−→ WnΩ

i proj.−−−→ ZnΩ
i
1/BΩi

1

proj.

� ∥∥∥
Zn+1Ω

i
1/BΩi

1
proj.−−−→ Zn+1Ω

i
1/B2Ω

i
1

C−1
∼←−−− ZnΩ

i
1/BΩi

1

(6.18.2)

Consider sections [ω] ∈ Wn+1Ω
i (ω ∈ Zi

n+1) and [η] ∈ WnΩ
i (η ∈ Zi

n) such

that piω − φ(η) ∈ pi+nZi
1 + pi−1dZi−1

1 ((6.4.1)). Since pnZi
1 + p−1dZi−1

1 ⊂
pΩi + p−1dZi−1

1 , the image of ω − p−iφ(η) in Zn+1Ω
i
1/B2Ω

i
1 is the zero by

(6.17) (2). By the definition of π in (6.4.5) and by the commutative diagram
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(6.0.5), (6.18.2) is commutative. We prove the commutativity of (6.18.1) by

induction on n.

(6.18.1) for n = 1 is equal to (6.18.2) for n = 1.

By the inductive hypothesis, the following diagram is commutative:

WnΩ
i πn−1

−−−→ W1Ω
i

proj.

� ∥∥∥
ZnΩ

i
1/BΩi

1
Cn−1

−−−→ W1Ω
i

(6.18.3)

The commutativity of (6.18.3) and that of (6.18.2) show the commutativity

of (6.18.1). �

Proposition 6.19. (cf. [Hy2, (2.3.1)], [HK, (4.4)]) The surjective mor-

phism

(V n, dV n) : W1Ω
i ⊕W1Ω

i−1 −→ FilnWn+1Ω
i(6.19.1)

((6.12)) induces an isomorphism

(V n, dV n) : (W1Ω
i ⊕W1Ω

i−1)/W1K
i
n

∼−→ FilnWn+1Ω
i.(6.19.2)

Proof. Let ([ω], [η]) (ω ∈ Zi
1, η ∈ Zi−1

1 ) be a local section of W1Ω
i ⊕

W1Ω
i−1. Assume that V n([ω]) + dV n([η]) = 0. Then there exist local sec-

tions ω′ ∈ Ωi and η′ ∈ dΩi−1 such that pnω + p−1dη = pn+1ω′ + dη′. Then

d(η − pη′) = −pn+1(ω − pω′). Since [η] = [η − pη′] and [ω] = [ω − pω′],
we may assume that dη = −pn+1ω. Hence [η] ∈ Zn+1Ω

i−1
1 /BΩi

1 and

[ω] ∈ Bn+2Ω
i
1/BΩi

1 by (6.17). Moreover, η (resp. ω) defines a section

[η]n+1 ∈ Wn+1Ω
i−1 (resp. [ω]n+1 ∈ Wn+1Ω

i), and we have a formula

d[η]n+1 = −[ω]n+1 and hence πnd[η]n+1 = −πn[ω]n+1. Since πd = dπ,

we have dπn[η]n+1 = −πn[ω]n+1. By (6.18), dCn[η] = −Cn[ω]. Therefore

([ω], [η]) ∈W1K
i
n.

Conversely, let ([ω], [η]) (ω ∈ p−(n+1)dZi−1
n+1, η ∈ Zi−1

n+1) be a local sec-

tion of W1K
i
n. Let N i

n+1 be the kernel of the morphism (6.19.1). First

consider the case [ω] ∈ Bn+1Ω
i
1/BΩi

1 and [η] = 0. Then V n[ω] ∈
[pnp−(n+1−1)dZi−1

n ]n+1 ⊂ [dΩi−1]n+1 = 0. Hence

V n((Bn+1Ω
i
1/BΩi

1, 0)) = 0.
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Next, let us consider the general case. First note that Cn induces an isomor-

phism Cn : Bn+2Ω
i
1/Bn+1Ω

i
1

∼−→ B2Ω
i
1/BΩi

1. Therefore, by the definition

of W1K
i
n, we have −C−ndCn[η] = [ω] in Bn+2Ω

i
1/Bn+1Ω

i
1. Because

C−ndCn[η] = C−ndπn[η]n+1 = C−nπnd[η]n+1

= C−nπn[p−(n+1)dη]n+1 = proj.([p−(n+1)dη]n+1),

we have −[p−(n+1)dη] = [ω] in Bn+2Ω
i
1/Bn+1Ω

i
1. Because V n((Bn+1Ω

i
1/

BΩi
1, 0)) = 0, we have [pnω + pnp−(n+1)dη] = 0 in FilnWn+1Ω

i. This shows

that W1K
i
n ⊂ N i

n+1. �

Remark 6.20. We immediately obtain [HK, (4.4)] by the equality

(6.19.2); our proof is different from the proof of [loc. cit.].

(B)

Proposition 6.21. (cf. [I2, I (3.21)], [IR, II (1.3)], [M1, 1.3.4])

Ker(d : WnΩ
i −→WnΩ

i+1) = Fn(W2nΩ
i).(6.21.1)

Proof. The proof is the same as that in [M1, 1.3.4]: we immediately

obtain (6.21) by taking the long exact sequence of the following exact se-

quence

0 −→ Ω•/pnΩ• pn−→ Ω•/p2nΩ• −→ Ω•/pnΩ• −→ 0. �

Proposition 6.22. (cf. [I2, I (3.13) ∼ (3.17)], [Hy2, (2.4.1), (2.4.2)])

(1) Let n be a non-negative integer. The injective morphism

pm : grnWΩ• −→ grn+mWΩ• is a quasi-isomorphism.

(2) Let n be a non-negative integer. Let m be a positive integer. Then

the following canonical projection

π : Wn+m+1Ω
•/pmWn+m+1Ω

• −→Wn+mΩ•/pmWn+mΩ•(6.22.1)

is a quasi-isomorphism.
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(3) Let n be a positive integer. The following canonical projection

WΩ•/pnWΩ• −→WnΩ
•(6.22.2)

is a quasi-isomorphism.

Proof. (1): We may assume that m = 1. Set W0Ω
• = 0. Since p

is injective, we have only to prove, as in the proof of [I2, I (3.13)], that

grn+1WΩ•/pgrnWΩ• is acyclic. By the commutative diagram

grnWΩ• p−−−→ grn+1WΩ•

�
� ��

Ker(Wn+1Ω
• −→WnΩ

•)
p−−−→ Ker(Wn+2Ω

• −→Wn+1Ω
•),

we have only to prove that Filn+1Wn+2Ω
•/pFilnWn+1Ω

• is acyclic. By

(6.12), we have Filn+1Wn+2Ω
i = V n+1W1Ω

i + dV n+1W1Ω
i−1. Let ω

be a section of W1Ω
i such that dV n+1ω ∈ pWn+2Ω

i+1. Then dω =

Fn+1dV n+1ω ∈ pFn+1Wn+2Ω
i+1 = 0. Hence, by (6.21), ω ∈ FW2Ω

i.

Hence V n+1ω ∈ pWn+2Ω
i = pWn+1Ω

i.

(2): By the proof of (1), we have only to prove that the following se-

quence

0 −→ grn+m
WΩ•/pmgrnWΩ• −→Wn+m+1Ω

•/pmWn+m+1Ω
•(6.22.3)

π−→Wn+mΩ•/pmWn+mΩ• −→ 0

is exact.

First let us prove the exactness at grn+mWΩ•/pmgrnWΩ•. Let ω be a

local section of Filn+mWn+m+1Ω
i∩pmWn+m+1Ω

i. Then there exists a local

section η ∈ Wn+1Ω
i such that ω = pmη. Since π(ω) = 0 and πp = pπ,

0 = pmπ(η). Since p is injective, π(η) = 0; thus η ∈ FilnWn+1Ω
i. There-

fore the morphism grn+mWΩi/pmgrnWΩi −→ Wn+m+1Ω
i/pmWn+m+1Ω

i

is injective. Thus we have only to prove the exactness at Wn+m+1Ω
i/

pmWn+m+1Ω
i. Let ω be a local section of Wn+m+1Ω

i such that π(ω) ∈
pmWn+mΩi. Since π is surjective, we may assume that there exists a local

section η ∈Wn+m+1Ω
i such that π(ω) = pmπ(η). Thus ω ∈ pmWn+m+1Ω

i+

Filn+mWn+m+1Ω
i. Now we have proved the exactness of (6.22.3).
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(3): The following sequence

0 −→Wm−nΩ
• pn

−→WmΩ• −→WmΩ•/pnWmΩ• −→ 0(6.22.4)

is exact for m ≥ n. Since the transition morphisms π’s are surjective, we

have the following exact sequence

0 −→WΩ• pn−→WΩ• −→ lim←−
m

WmΩ•/pnWmΩ• −→ 0.(6.22.5)

by taking the projective limit of (6.22.4). Hence

Hi(WΩ•/pnWΩ•) = Hi(lim←−
m

WmΩ•/pnWmΩ•)

= Hi(R lim←−
m

WmΩ•/pnWmΩ•).

We have the following Leray spectral sequence

Eij
2 = Ri lim←−

m

(Hj(WmΩ•/pnWmΩ•)) =⇒ Hi+j(R lim←−
m

WmΩ•/pnWmΩ•).

By (2), Eij
2 = 0 if i > 0. Hence

Hj(R lim←−
m

WmΩ•/pnWmΩ•) = E0j
2 = lim←−

m

Hj(WmΩ•/pnWmΩ•)

= Hj(WnΩ
•). �

Proposition 6.23. (cf. [I2, I (3.21.1.5)], [Lo, (1.20)]) Let n be a non-

negative integer. Then d−1(pnWΩi+1) = FnWΩi.

Proof. We have only to prove the inclusion ⊂. Let (ωm)∞m=1 (ωm ∈
WmΩi) be a local section of d−1(pnWΩi+1). Then [ω] ∈
Hi(WΩ•/pnWΩ•) = Hi(WnΩ

•). By (6.21.1), there exists a local section

η2n ∈ W2nΩ
i such that ωn = Fn(η2n). By (6.14.1;r), we may assume that

there exists a local section η of WΩi whose image in W2nΩ
i is η2n. Then

[ω − Fnη] = 0 in Hi(WΩ•/pnWΩ•). Hence ω − Fnη ∈ dWΩi−1 + pnWΩi.

Since d = FdV and FV = p, ω ∈ FnWΩi. �
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(C)

Theorem 6.24. (cf. [IR, II (1.2)], [Lo, (2.17)]) The isomorphism

(6.16.1) induces the following isomorphism in Db(T ,Wn[d]):

Rn ⊗LR WΩ• ∼−→WnΩ
•(6.24.1)

Proof. The proof is the same as that of [IR, II (1.2)] by using (6.15)

and (6.23): the following sequence

0 −→WΩi−1 (Fn,−Fnd)−→ WΩi−1 ⊕WΩi (dV n,V n)−→ WΩi −→WnΩ
i −→ 0

is exact. �

Corollary 6.25. Let M be a positive integer. Let (Ω•
m, φm, C−1

m ) (0 ≤
m ≤M) be objects of Cb

F(T ,Zp;W ). Let

0 −−−→ · · · −−−→ · · · −−−→ · · · −−−→ · · ·

d

� d

� d

�
0 −−−→ WnΩ

2
0 −−−→ WnΩ

2
1 −−−→ WnΩ

2
2 −−−→ · · ·

d

� d

� d

�
0 −−−→ WnΩ

1
0 −−−→ WnΩ

1
1 −−−→ WnΩ

1
2 −−−→ · · ·

d

� d

� d

�
0 −−−→ WnΩ

0
0 −−−→ WnΩ

0
1 −−−→ WnΩ

0
2 −−−→ · · ·

(6.25.1;n)

be a commutative diagram of Rn-modules (n ∈ Z>0). If all horizontal lines

of (6.25.1; 1) are exact, then WnΩ
•
0 (n ∈ Z>0) is quasi-isomorphic to the

single complex of the following double complex:



562 Yukiyoshi Nakkajima

· · · −−−→ · · · −−−→ · · · −−−→ · · ·

±d
� ∓d

� ±d
�

WnΩ
2
1 −−−→ WnΩ

2
2 −−−→ WnΩ

2
3 −−−→ · · ·

±d
� ∓d

� ±d
�

WnΩ
1
1 −−−→ WnΩ

1
2 −−−→ WnΩ

1
3 −−−→ · · ·

±d
� ∓d

� ±d
�

WnΩ
0
1 −−−→ WnΩ

0
2 −−−→ WnΩ

0
3 −−−→ · · · .

(6.25.2)

Proof. Using (6.24.1) and Ekedahl’s Nakayama lemma [Ek2, I

(1.1.3)], we can check (6.25) without difficulty. �

Remark 6.26. Let � be a positive integer or nothing. Since

W
 : Cb
F(T ,Zp;W ) −→ Db(R
) is functorial, the obvious generalizations

of the results (6.1) ∼ (6.25) for copsimplicial sheaves hold.

Now we apply the theory above to (idealized) log de Rham-Witt com-

plexes.

Let s be a log point whose underlying scheme Spec(κ) is the spectrum of

the perfect field of characteristic p > 0. Let X be an SNCL variety over s.

In order to express the projection π : Wn+1Λ̃
i
X −→ WnΛ̃

i
X in [Hy2, (1.3.2)]

locally, we need to recall the definition of the admissible lift of X (cf. [M1,

2.4.3], [Hy2, (1.1)]); the definition here is slightly different from that in [M1,

2.4.3], and it is the same as that in [GK] for an affine SNCL variety.

Let W{x0, . . . , xd} be the p-adic completion of the polynomial ring

W [x0, . . . , xd] over W . Assume that
◦
X is affine (for simplicity). A pair

(Y,X ) of log formal schemes over Spf(W ) is called an admissible lift of

X if
◦
Y is formally etale over Spf(W{x0, . . . , xd}) with structural mor-

phism Spf(W{x0, . . . , xd}) −→ Spf(W{t}) given by t �−→ x0 · · ·xr (0 ≤
r ≤ d), if the log structure of Y is associated to a morphism Nr+1 �
(0, . . . , 0,

i
1, 0, . . . , 0) �−→ xi−1 ∈ OY , if X = Y⊗̂W{t},t→0W with the pull-

back of the log structure of Y and if there exists the following cartesian
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diagram of (formal) fine log schemes:

X −−−→ X� �
s −−−→ (Spf(W ),N⊕W ∗).

Here the morphism s −→ (Spf(W ),N ⊕ W ∗) is the natural exact closed

immersion. The existence of the admissible lift of X has been shown in

[GK, 1.1] by using [SGA 1, I Proposition 8.1].

Let Φ: (Y,X ) −→ (Y,X ) be a lift of the Frobenius endomorphism of

the log scheme (Y ⊗W κ,
◦
X) such that Φ∗(W{t}) ⊂W{t} (cf. [Hy2, (1.1)]).

We say that the triple (Y,X ,Φ) is admissible. Note that Φ∗(
◦
X ) = p

◦
X ,

and it is easy to check that there exists an element of u ∈ W{t} such that

Φ∗(t) = tp(1 + pu).

Proposition 6.27. (1) Let L be a fine log structure of Spec(κ). Let

Y be a log smooth scheme of Cartier type over (Spec(κ), L). Let

Y/(Spf(W ),W (L)) be a formally log smooth lift of Y/(Spec(κ), L) with a lift

Φ: Y −→ Y of the Frobenius of Y . Set Yn := Y ⊗W Wn (n ∈ Z>0). Let Λ•
n

be the log de Rham complex of Yn/(Spec(Wn),Wn(L)). Set Λ• := lim←−n Λ•
n.

Let C−1 : Λi1
∼−→ Hi(Λ•

1) be the log Cartier inverse isomorphism ([Ka2,

(4.12) (1)]). Then (Λ•,Φ∗, C−1) satisfies the conditions (6.0.1) ∼ (6.0.5)

for (T ,A) = (Ỹzar,Zp).
(2) Let X be an SNCL variety over s. Let (X ,Y,Φ) be an admissible

triple of X over W{t}. Set (Yn,Xn) := (Y,X ) ⊗W Wn, and set Λ̃•
n :=

OXn ⊗OYn
Ω•

Yn/Wn
(logXn) and Λ̃• := lim←−n Λ̃•

n. Let C−1 : Λ̃i1
∼−→ Hi(Λ̃•

1) be

the log Cartier inverse isomorphism ([Hy2, (2.1.1)]). Then (Λ̃•,Φ∗, C−1)

satisfies the conditions (6.0.1) ∼ (6.0.5) for (T ,A) = (X̃zar,Zp).
(3) Let (X,D) be a smooth scheme with an SNCD over Spec(κ). Let

(X ,D) be a lift of (X,D) over Spf(W ) with a lift Φ: (X ,D) −→ (X ,D)

of the Frobenius endomorphism of (X,D). Set (Xn,Dn) := (X ,D) ⊗W Wn

(n ∈ Z>0). Set Ω•
X/W (− logD) := lim←−n Ω•

Xn/Wn
(− logDn). Let

C−1 : Ωi
X/κ(− logD)

∼−→ Hi(Ω•
X/κ(− logD)) be the log Cartier inverse iso-

morphism ([DI, (4.2.1.3)]). Then (Ω•
X/W (− logD),Φ∗, C−1) satisfies the

conditions (6.0.1) ∼ (6.0.5) for (T ,A) = (X̃zar,Zp).
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Proof. (1): The conditions (6.0.1), (6.0.2) and (6.0.3) are obviously

satisfied. The condition (6.0.4) immediately follows from [Ka2, (4.12) (1)].

We show that (6.0.5) holds for the object (Λ•,Φ∗, C−1) in (1). Let mj

(j = 1, . . . , i) be a local section of the log structure of Y. Then there exists

a section aj ∈ OY such that Φ∗(mj) = mp
j (1 + paj). Let f be a section of

OY . Then there exists a section g ∈ OY such that Φ∗(f) = fp + pg. Hence

we have

(p−iΦ∗)(fd logm1 · · · d logmi)

= (fp + pg)(d logm1 +
da1

1 + pa1
) · · · (d logmi +

dai
1 + pai

).

The reduction mod p of this section is equal to fpd(logm1 + da1) · · ·
(d logmi + dai) mod p; furthermore, we have d(fp(d logm1 + da1) · · ·
(d logmi + dai)) ≡ 0 mod p and, for a positive integer k < i,

fp
k∏
l=1

d logmjl

i∏
l=k+1

dajl ≡ (−1)kd(fpajk+1

k∏
l=1

d logmjl

i∏
l=k+2

dajl) mod p.

Therefore we have the commutativity of (6.0.5) by [Ka2, (4.12) (1)].

(2): The conditions (6.0.1), (6.0.2) and (6.0.3) are obviously satisfied.

The conditions (6.0.4) and (6.0.5) are nothing but the first isomorphism in

[Hy2, (2.1.1)].

(3): By using the Cartier inverse isomorphism in [DI, (4.2.1.3)], the

proof is the same as that of (1). �

Corollary 6.28. Let L be a fine log structure of Spec(κ). Let Y be

a log smooth scheme of Cartier type over (Spec(κ), L). Let X be an SNCL

variety over s. Let (Z,D) be a smooth scheme with an SNCD over Spec(κ).

Let � be a positive integer n or nothing. Let W
Λ
• be an (idealized) log de

Rham-Witt complex W
Λ
•
Y , W
Λ̃

•
X or W
Ω

•
Z(− logD). Then the following

hold:

(1) ([Hy2, p. 245], [HK, §4], [Lo, §1]) Let F , V , π, d be standard operators

on W
Λ
•. Then, Fp = pF , V p = pV , dp = pd, pπ = πp = p, Fπ = πF ,

V π = πV and dπ = πd.

(2) (cf. [Hy2, (2.2.2), (2.2.3)], [HK, (4.5)]) The morphism p : WnΛ
i −→

Wn+1Λ
i is injective; the morphism π : Wn+1Λ

i −→WnΛ
i is surjective. The

sheaf WΛi (i ∈ N) is torsion-free.
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(3) (cf. [Lo, (1.16), p. 258]) FilrWnΛ
i = V rWn−rΛi + dV rWn−rΛi−1

(i, r ∈ Z) and FilrWΛi = V rWΛi + dV rWΛi−1 (i, r ∈ N).

(4) Let O be OY , OX or OZ . Then WnΛ
i (i ∈ N) is a coherent sheaf of

Wn(O)-modules.

(5) (cf. [Lo, (1.20.3)]) The canonical projection WΛ•/pnWΛ• −→WnΛ
•

is a quasi-isomorphism.

(6) (cf. [Lo, (1.20.1)]) d−1(pnWΛ•) = FnWΛ•.
(7) (cf. [Lo, (2.17)]) Rn ⊗LR WΛ• = WnΛ

• (n ∈ Z>0).

(8) (cf. [HK, (4.2)]) The projection π : Wn+1Λ
i −→ WnΛ

i has the local

expression in (6.4.5) and (6.5.1).

(9) (cf. [M1, 3.15.1]) The complex WnΩ
•
Z(− logD) (n ∈ Z>0) is quasi-

isomorphic to the single complex of the following double complex:

· · · −−−→ · · · −−−→ · · · −−−→ · · ·

d

� −d
� d

�
WnΩ

2
Z

ι(0)∗−−−→ WnΩ
2
D(1)

ι(1)∗−−−→ WnΩ
2
D(2)

ι(2)∗−−−→ · · ·

d

� −d
� d

�
WnΩ

1
Z

ι(0)∗−−−→ WnΩ
1
D(1)

ι(1)∗−−−→ WnΩ
1
D(2)

ι(2)∗−−−→ · · ·

d

� −d
� d

�
WnΩ

0
Z

ι(0)∗−−−→ WnΩ
0
D(1)

ι(1)∗−−−→ WnΩ
0
D(2)

ι(2)∗−−−→ · · · .

(6.28.1)

Here ι(k) (k ∈ N) is the morphism defined in (5.0.5).

Remark 6.29. (1) I think that the proof of [M1, 1.3.3] is sketchy: the

sentence “Le lemme résulte alors, par un calcul formel (cf. [I2, I. 3.31] et [IR,

II. 1.2]), du lemme suivant.” in [M1, p. 307, l. 8–9] and [M1, 1.3.4] are not

enough for the proof of [M1, 1.3.3]: as in the proof of [IR, II (1.2)], (6.28)

(3) (cf. (A)) and (6.28) (6) (cf. (B)) are necessary for the proof of [M1,

1.3.3]; (6.12) for WnΩ
•
X(− logD), (A) and (B) for WΩ•

X(− logD) have not

been proved in [M1]; the proof of (6.28) (7) (cf. (C)) is a detailed proof of

[M1, 1.3.3]. Though the first isomorphism in [M1, 1.3.3] is a special case

of [Lo, (2.17)], [Lo, (2.17)] is not useful for the second isomorphism in [M1,

1.3.3]; as far as I know, any result in any published paper does not imply

the second isomorphism in [M1, 1.3.3].
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The second isomorphism in [M1, 1.3.3] has been used in the proof of

[loc. cit., 3.15.1](=(5.0.4;n) (cf. (6.28.1))) and [loc. cit., 3.15.1] is crucial for

proving a fundamental fact which tells us that the morphism

θ∧ : WnΛ
i
X

∼−→ (WnA
i0
X

(−1)iθ∧−→ WnA
i1
X

(−1)iθ∧−→ · · · ) (n ∈ Z>0)

is a quasi-isomorphism (cf. [M1, 3.15]). See also (9.5) (2) below.

(2) Let Z be a smooth scheme over a perfect field κ of characteristic

p > 0. Let D1 ∪D2 be a union of two NCD’s over κ such that D1 ∪D2 is

also an NCD over κ. Then we can define an idealized log de Rham-Witt

complex W
Ω
•
Z(log(D1 −D2)) (� =a positive integer or nothing).

7. Obverse and reverse log de Rham-Witt complexes

In this section we define an abelian sheaf (WnΛ
i
Y )′′ which is a correction

of (WnΛ
i
Y )′ in [HK, (4.6)] and which is shown to be a logarithmic version

of [Ka1, §2 Corollary 3]. However, for the proof of the correction of [HK,

(4.6)], we have to use an expression of (WnΛ
i
Y )′′ which is different from

the logarithmic version of [Ka1, §2 Corollary 3]. Though the proof for the

coincidence between our expression of (WnΛ
i
Y )′′ and the logarithmic version

of [Ka1, §2 Corollary 3] is easy, our expression of (WnΛ
i
Y )′′ is crucial for the

proof of the correction of [HK, (4.6)]. We also prove the compatibility of

two projections of two log de Rham-Witt complexes. As applications, we

complete [HK, (4.6), (4.8)]; [HK, (4.8)] has been used in the proof of Hyodo-

Kato’s isomorphism ([HK, (5.1)]). Using an analogous compatibility (and

the log version of a lemma of Dwork-Dieudonné-Cartier), we also give a

right proof of [HK, (4.19)]; though it is claimed in [loc. cit.] that the proof

of the [HK, (4.19)] is the same as that of the proof of [I2, II (1.4)], it is

not so because the log de Rham-Witt complex in [HK, (4.19)] is defined

by the method of Katz-Illusie-Raynaud and the log de Rham-Witt complex

in [I2, II (1.4)] is defined by the V -procomplex; as to some properties of

the projection of the log de Rham-Witt complex by the method of Katz-

Illusie-Raynaud is nontrivial, while some properties of the projection of the

de Rham-Witt complex by the method of V -procomplex is evident. [HK,

(4.19)] has been used in the construction of the spectral sequence (2.0.1)

(and in [Nakk2, (4.10), (4.11)]).

Let κ be a perfect field of characteristic p > 0 and L a fine log structure
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on Spec(κ). Let f : Y = (
◦
Y ,M) −→ (Spec(κ), L) be a log smooth morphism

of Cartier type of fine log schemes. Let (Spf(W
),W
(L)) (� is a positive

integer or nothing) be the canonical lift of (Spec(κ), L) (cf. [HK, (3.1)]). Let

α : M −→ OY be the structural morphism.

First, we define an abelian sheaf (WnΛ
i
Y )′′. The sheaf (WnΛ

i
Y )′ on

◦
Y is

a quotient of

{Wn(OY )⊗Z

i∧
(Mgp/f−1(Lgp))}(7.0.1)

⊕ {Wn(OY )⊗Z

i−1∧
(Mgp/f−1(Lgp))}

divided by a Z-submodule Fn generated by the images of the local sections

of the following type

(vj(α(a1))⊗ (a1 ∧ · · · ∧ ai), 0)− pj(0, vj(α(a1))⊗ (a2 ∧ · · · ∧ ai))(7.0.2)

(a1, . . . , ai ∈M, 0 ≤ j < n),

where vj(b) := (0, · · · , 0︸ ︷︷ ︸
j times

, b, 0, . . . , 0) for a local section b ∈ OY ([HK, (4.6)]).

The sheaf (WnΛ
i
Y )′ is wrong and I think that [HK, (4.6)] does not hold.

Indeed, consider a case n ≥ 2 and i ≥ 2 in [HK, (4.6)], and consider a section

(0, vj(α(a2)
e)⊗ (a2∧ · · ·∧ai)) ∈ (WnΛ

i
Y )′ for j ≥ 1 and for e ≥ 1. Then the

image of this section by a morphism sn : (WnΛ
i
Y )′ −→ Hi(CY/(Wn,Wn(L))) in

[HK, (4.9)] which is denoted by s in [loc. cit.] is equal to the class of

α̃(a2)
e(pn−j−1)

dα(ãe2)d log ã2 · · · d log ãi

= eα̃(a2)
epn−j

d log ã2d log ã2 · · · d log ãi,

which is the zero. However I think that this section does not belong to Fn in

general. Thus, for the case n ≥ 2 and i ≥ 2, I define a log Hodge-Witt sheaf

(WnΛ
i
Y )′′ which is a quotient of (7.0.1) divided by Fn and a Z-submodule

G′
n, where G′

n is generated by the images of the local sections of the following

type

(0, vj(α(a2)
e)⊗ (a2 ∧ · · · ∧ ai))(7.0.3)
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(a2, . . . , ai ∈M, 1 ≤ j < n, e ∈ Z≥1)

as an abelian sheaf on Yzar. K. Kato has given a remark that the Z-

submodule Fn+G′
n is equal to Fn+Gn, where Gn is a Z-submodule generated

by the images of the local sections of the following type

(0, vj(α(a2))⊗ (a2 ∧ · · · ∧ ai)) (a2, . . . , ai ∈M, 1 ≤ j < n).(7.0.4)

Indeed, let us consider the section (7.0.3). We may assume that e is

a power pr (r ∈ N). In this case, (0, vj(α(a2)
pr) ⊗ (a2 ∧ · · · ∧ ai)) =

pr(0, vj−r(α(a2))⊗(a2∧· · ·∧ai)) if r ≤ j by the relation V F = p on Wn(OY ),

and pj(0, v0(α(a2)
pr−j

) ⊗ (a2 ∧ · · · ∧ ai)) if r ≥ j. The former is equivalent

to the zero modulo Gn; as for the latter, we have pj(0, v0(α(a2)
pr−j

)⊗ (a2 ∧
· · · ∧ ai)) ≡ pj(v0(α(a2)

pr−j
) ⊗ (ap

r−j

2 ∧ a2 ∧ · · · ∧ ai), 0) modulo Fn, which

is the zero. Hence Fn + G′
n = Fn + Gn. The economic expression Fn + Gn

is a logarithmic version of the expression in [Ka1, §2 Corollary 3]. The

reader may jump to the conclusion that the expression Fn + G′
n is unnec-

essary. However he must not do so because we shall use the expression

Fn +G′
n crucially in the proof of (7.5): more concretely we shall use the ex-

pression Fn + G′
n in a key fact that the isomorphism (V n, dV n)C−1 : (ΛiY ⊕

Λi−1
Y )/Ki

n
∼−→ Filn(Wn+1Λ

i
Y ) in [HK, (4.4)] factors through the surjective

morphism (ΛiY ⊕ Λi−1
Y )/Ki

n −→ Filn((Wn+1Λ
i
Y )′′) (see the proof of (7.5)

below for details). I think that [HK, (4.6)] itself and the proof of [loc. cit.]

are quite incomplete because the indispensable expression Fn + G′
n for the

proof of [HK, (4.6)] has not appeared in [HK] and [Ka1].

If n = 1 or if i = 0 or i = 1, then we set (WnΛ
i
Y )′′ := (WnΛ

i
Y )′ for the

unification of notation. For the time being, we consider the sheaf (WnΛ
i
Y )′′

only as an abelian sheaf on Yzar. Later in (7.7) (2), we shall endow (WnΛ
i
Y )′′

with a natural Wn(OY )-module structure.

As explained in the paragraph before the previous one, the morphism

sn in [HK, (4.9)] factors through a morphism

sn : (WnΛ
i
Y )′′ −→WnΛ

i
Y (n ∈ Z>0).(7.0.5)

In this section we prove that the following diagram is commutative:

(Wn+1Λ
i
Y )′′

sn+1−−−→ Wn+1Λ
i
Y

proj.

� �π
(WnΛ

i
Y )′′

sn−−−→ WnΛ
i
Y .

(7.0.6)
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No one has proved the commutativity of (7.0.6) in a literature even if one

replaces (WmΛiY )′′ with (WmΛiY )′ (m = n, n+1). Using the commutativity

of (7.0.6), we also complete the correction of [HK, (4.6)], that is, we prove

that the morphism sn in (7.0.5) is an isomorphism. In (7.6) below, this

correction and the commutativity of (7.0.6) will complete [HK, (4.8)]. In

order to prove the commutativity of (7.0.6), we use a local expression of π

in (6.28) (8).

Proposition 7.1. The diagram (7.0.6) is commutative.

Proof. The problem is local. Assume that there exists a formally log

smooth lift Y of Y over (Spf(W ),W (L)). Assume, moreover, that there

exists a lift Φ: Y −→ Y of the Frobenius of Y . Set Yn := Y ⊗W Wn. Let

Λ•
n be the log de Rham complex of Yn/(Spec(Wn),Wn(L)). Then Λ•

n is

a crystalline complex CY/(Wn,Wn(L)) of Y/(Wn,Wn(L)) ([HK, (2.19)]). Set

Λ• := lim←−n Λ•
n.

Let ai (i = 0, . . . , n− 1) be a local section of OY . Let ãi ∈ OYn be a lift

of ai. Let

sn(0, 0) : (WnΛ
0
Y )′′ = Wn(OY ) � (a0, . . . , an−1)(7.1.1)

�−→
n−1∑
i=0

piãp
n−i

i ∈ H0(Λ•
n) = WnΛ

0
Y

be a morphism defined in [HK, (4.9)] and denoted by τ in [loc. cit.]. Let

sn(1, 0) : Wn(OY ) � (a0, . . . , an−1) �−→
n−1∑
i=0

ãp
n−i−1
i dãi ∈ H1(Λ•

n)(7.1.2)

be a morphism defined in [HK, (4.9)] and denoted by δ in [loc. cit.].

First, set i = 0 in (7.0.6). Then we can check the commutativity of the

following diagram:

(Wn+1Λ
0
Y )′′

sn+1(0,0)−−−−−−→ Wn+1Λ
0
Y

proj.

� �π
(WnΛ

0
Y )′′

sn(0,0)−−−−→ WnΛ
0
Y .

(7.1.3)
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Indeed, the last term pnãpn in sn+1(0, 0)((a0, . . . , an)) is the zero in the

third sheaf in (6.4.5) in the case i = 0. Furthermore, Φ∗(ãp
n−i

i ) ≡ ãp
n+1−i

i

mod pn+1−i. Hence the commutativity of (7.1.3) follows from the local

expression of π in (6.4.5).

Next we check the commutativity of the following diagram:

(Wn+1Λ
0
Y )′′

sn+1(1,0)−−−−−−→ Wn+1Λ
1
Y

proj.

� �π
(WnΛ

0
Y )′′

sn(1,0)−−−−→ WnΛ
1
Y .

(7.1.4)

The section sn+1(1, 0)((a0, . . . , an)) is represented by
∑n

i=0 ã
pn+1−i−1
i dãi.

Let ã ∈ Λ0 be a local lift of a local section a ∈ OY . Then there exists

a local section b̃ ∈ pΛ0 such that Φ∗(ã) = ãp + b̃. In the second sheaf

in (6.4.5) in the case i = 1, we have an equality pãp−1dã = Φ∗(dã) since

Φ∗(dã) − pãp−1dã = db̃; the image of ãp−1dã ∈ Wn+1Λ
1
Y by the composite

morphism (6.4.5) is dã = 0. Thus we may assume that an = 0 and ãn = 0.

By the definition of sn+1(1, 0), sn+1(1, 0)((a0, . . . , an−1, 0)) is repre-

sented by a section
∑n−1

i=0 ãp
n+1−i−1
i dãi. We claim that a formula

Φ∗(
n−1∑
i=0

ãp
n−i−1
i dãi) = p

n−1∑
i=0

ãp
n+1−i−1
i dãi

holds in the second sheaf in (6.4.5). Indeed, by a formula in [HK, p. 251],

we have

{Φ∗(ãp
n−i−1)dΦ∗(ã)− (ãp

n−i−1)pdãp} = pd{
pn−i∑
j=1

cj(ã
p)p

n−i−j(p−1b̃[j])},

where cj = (pn−i − 1)!/(pn−i − j)! (1 ≤ j ≤ pn−i) is an integer, and the

desired formula follows. Hence we have

π ◦ sn+1(1, 0)((a0, . . . , an−1, 0)) = the class of
n−1∑
i=0

ãp
n−i−1
i dãi

= sn(1, 0)((a0, . . . , an−1)).

Therefore the commutativity of (7.1.4) follows.
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Let M be the log structure of Y. Let b be a local section of the log

structure M of Y and let b̃ ∈M be a local lift of b. Then there exists a local

section c ∈ OY such that Φ∗(̃b) = b̃p(1 + pc). Then we have Φ∗(d log b̃) =

pd log b̃ + d log(1 + pc) = pd log b̃ + d(
∑∞

j=1(−1)j−1(pc)j/j); Φ∗(d log b̃) is

equal to pd log b̃ in the second sheaf of (6.4.5) in the case i = 1. Hence (7.1)

follows from (6.28) (8) and from the following formulas:

piΦ∗(ãp
n−i

i )df = d(piΦ∗(ãp
n−i

i )f) (f ∈ OYn+1)

and

Φ∗(ãp
n−i−1
i dãi)df = d(Φ∗(ãp

n−i−1
i dãi)f) (f ∈ OYn+1). �

Next, we prove the corrected statement of [HK, (4.6)]: we prove that

sn in (7.0.5) is an isomorphism of abelian sheaves. To do so, we need the

following three lemmas:

Lemma 7.2. Let n be a positive integer. Then the following hold:

(1) The abelian subsheaf BnΛ
i
Y of ΛiY ([Lo, (1.12)]) is generated by the

following local sections

α(ap
r

1 )d log a1 · · · d log ai (a1, . . . , ai ∈M, 0 ≤ r ≤ n− 1)

as an abelian sheaf on Y .

(2) The abelian subsheaf ZnΛ
i
Y of ΛiY ([Lo, (1.12)]) is generated by BnΛ

i
Y

and by the following local sections

α(bp
n
)d log a1 · · · d log ai (a1, . . . , ai, b ∈M)

as an abelian sheaf on Y .

Proof. The proof is the same as that of [I2, 0, (2.2.8)].

Let C−1 : ΛiY
∼−→ Hi(Λ•

Y ) be the log Cartier inverse isomorphism ([Ka2,

(4.12) (1)]).

(1): If n = 1, then the assertion is obvious since OY is additively gener-

ated by O∗
Y . The following formula

C−1(α(a1)
prd log a1 · · · d log ai) = α(a1)

pr+1
d log a1 · · · d log ai
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and induction on n show (1).

(2): If n = 1, then (2) holds by [Ka2, (4.12) (1)]. The rest of the proof

is the same as that of (1) by using the isomorphism C−1 : ZnΛ
i
Y /BnΛ

i
Y

∼−→
Zn+1Λ

i
Y /Bn+1Λ

i
Y . �

Lemma 7.3. Let Ki
n be an abelian subsheaf Bn+1Λ

i
Y ⊕ ZnΛ

i−1
Y defined

by the following exact sequence ([Hy2, (2.3)], [HK, (4.4)])

0 −→ Ki
n −→ Bn+1Λ

i
Y ⊕ ZnΛ

i−1
Y

(Cn,dCn)−→ B1Λ
i
Y −→ 0.(7.3.1)

Then Ki
n is generated by the local sections of the forms of the following three

types

(ω, 0) (ω ∈ BnΛ
i
Y ),

(0, η) (η ∈ BnΛ
i−1
Y )

and

(α(ap
n

1 )d log a1 · · · d log ai,−α(ap
n

1 )d log a2 · · · d log ai) (a1, . . . , ai ∈M)

as an abelian sheaf on Y .

Proof. By the definition of BnΛ
j
Y (j ∈ N), we have Cn(BnΛ

j
Y ) = 0.

We also have the isomorphism Cn : Bn+1Λ
i
Y /BnΛ

i
Y

∼−→ B1Λ
i
Y .

Take a local section α(ap
n

1 )d log a2 · · · d log ai of ZnΛ
i−1
Y (a1, . . . , ai ∈

M). Then the image of this section by the morphism dCn is equal to

dα(a1) ∧ d log a2 · · · d log ai. The image of this section by C−n is equal to

α(ap
n

1 )d log a1d log a2 · · · d log ai. Hence Ki
n is generated by local sections of

three types in (7.3) as an abelian sheaf. �

The following statement is due to K. Kato, which will be used in the

proof of (7.5):

Lemma 7.4. Let g : Z = (
◦
Z,MZ) −→ S = (

◦
S,MS) be a morphism of

log schemes. Let α : MZ −→ OZ be the structural morphism. Set

Ωi = (OZ ⊗Z

i∧
Mgp
Z /g−1(Mgp

S ))⊕ (OZ ⊗Z

i−1∧
Mgp
Z /g−1(Mgp

S ))
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and let N i be an abelian subsheaf of Ωi generated by

(α(a1)⊗ (a1 ∧ · · · ∧ ai),−α(a1)⊗ (a2 ∧ · · · ∧ ai)) (a1, . . . , ai ∈MZ).

Let ΛiZ/S be an OZ-module defined in [HK, (2.5)]. Then, for i ≥ 1, the

morphism

Ωi � (b⊗ (a1 ∧ · · · ∧ ai), c⊗ (a′
2 ∧ · · · ∧ a′

i)) �−→(7.4.1)

bd log a1 · · · d log ai + dc ∧ d log a′
2 · · · d log a′

i ∈ ΛiZ/S .

induces an isomorphism

Ωi/N i ∼−→ ΛiZ/S(7.4.2)

of abelian sheaves. (Note that, for i = 0, Ωi/N i = OZ .) In fact, there exists

an OZ-module structure on Ωi/N i such that the isomorphism (7.4.2) is an

isomorphism of OZ-modules.

Proof. Some steps are necessary for the proof. We identify α−1(O∗
Z)

with O∗
Z via the isomorphism α : α−1(O∗

Z)
∼−→ O∗

Z .

Step 1. We define an OZ-module structure of Ω1/N1 as follows:

u(b⊗ a, c) = (ub⊗ a− cu⊗ u, uc)(7.4.3)

(u ∈ O∗
Z , a ∈Mgp

Z /g−1(Mgp
S ), b, c ∈ OZ).

Since OZ is additively generated by O∗
Z , Ω1/N1 has an OZ-module structure

if this action is well-defined (it is easy to check the axioms of the OZ-module

structure for Ω1/N1); we have to show∑
i

(cui ⊗ ui, 0)(7.4.4)

=
∑
j

(cvj ⊗ vj , 0) if
∑
i

ui =
∑
j

vj (ui, vj ∈ O∗
Z).

To prove (7.4.4), we need the following formulas:

(wu⊗ u, 0) = (−wu⊗ w,wu) (w, u ∈ O∗
Z),(7.4.5)
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∑
i

(wui ⊗ ui, 0) =
∑
j

(wvj ⊗ vj , 0) (w ∈ O∗
Z).(7.4.6)

We can immediately check (7.4.5), (7.4.6) and (7.4.4) in turn. Consequently,

Ω1/N1 is an OZ-module because N1 is stable under the action of O∗
Z . It is

easy to check that the morphism (7.4.2) for the case i = 1 is an OZ-linear

morphism.

Step 2. We prove that (7.4.2) is an isomorphism for the case where

i = 1 and where Z and S are schemes with trivial log structures.

We have the following formula

(0, xy) = y · (0, x) + x · (0, y) (x, y ∈ OX) in Ω1/N1.(7.4.7)

Indeed, we may assume that x, y ∈ O∗
X by linearity. In this case, we imme-

diately obtain (7.4.7). Therefore, by the universality of Ω1
Z/S , we have the

following OZ-linear morphism

Ω1
Z/S � dx �−→ (0, x) ∈ Ω1/N1.(7.4.8)

We can easily check that the morphism (7.4.8) is the inverse of the morphism

(7.4.2).

Step 3. We prove that (7.4.2) is an isomorphism for the case i = 1.

Recall that Λ1
Z/S is a quotient sheaf of OZ-module

OZ ⊗Z (Mgp
Z /g−1(Mgp

S ))⊕ Ω1
Z/S

divided by an OZ-module generated by local sections (α(a) ⊗ a,−dα(a))

(a ∈ MZ). We can construct the inverse morphism of (7.4.2) for the case

i = 1 as follows. By the Step 1 and the Step 2, we have an OZ-linear mor-

phism
◦
G : Ω1

Z/S −→ Ω1/N1 characterized by the following:
◦
G(da) = (0, a)

(a ∈ OZ). We define a morphism G : Λ1
Z/S −→ Ω1/N1 defined by the

following: Λ1
Z/S � (b ⊗ a, ω) −→ (b ⊗ a, 0) +

◦
G(ω) ∈ Ω1/N1 (b ∈ OZ ,

a ∈ Mgp
Z /g−1(Mgp

S ), ω ∈ Ω1
Z/S). It is easy to check that this morphism

is well-defined. Noting that Λ1
Z/S and Ω1/N1 are quotients of OZ ⊗Z

(Mgp
Z /g−1(Mgp

S )), we see that the morphism is the inverse of the morphism

(7.4.2) for the case i = 1.
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Step 4. We prove that (7.4.2) for the general case i ≥ 1 is an isomor-

phism.

As in (7.4.3), we can define an OZ-module structure on Ωi/N i (i ≥ 1)

characterized by the following:

u · (b⊗ (a1 ∧ · · · ∧ ai), c⊗ (a′
2 ∧ · · · ∧ a′

i)) =(7.4.9)

(ub⊗ (a1 ∧ · · · ∧ ai)− cu⊗ (u ∧ a′
2 ∧ · · · ∧ a′

i), cu⊗ (a′
2 ∧ · · · ∧ a′

i))

(u ∈ O∗
Z , b, c ∈ OZ , aj , a

′
k ∈Mgp

Z /g−1(Mgp
S ), 1 ≤ j ≤ i, 2 ≤ k ≤ i).

It is not difficult to check that there exists a morphism

Λ1
Z/S⊗OZ

· · · ⊗OZ
Λ1
Z/S︸ ︷︷ ︸

i times

−→ Ωi/N i

of OZ-modules characterized by the following

(b1 ⊗ a1, 0)⊗ · · · ⊗ (bi ⊗ ai, 0) �−→ (b1 · · · bi ⊗ (a1 ∧ · · · ∧ ai), 0).

This morphism induces a morphism ΛiZ/S −→ Ωi/N i, which is the inverse

of the morphism (7.4.2). �

Theorem 7.5. The induced morphism sn : (WnΛ
i
Y )′′ −→ WnΛ

i
Y by a

morphism defined in [HK, (4.9)] is an isomorphism.

Proof. We proceed by induction on n.

Let C−1 : ΛiY
∼−→ W1Λ

i
Y be the log Cartier inverse isomorphism ([Ka2,

(4.12) (1)]). By (7.4) and by the definition of s1, we have the following

commutative diagram:

(W1Λ
i
Y )′′

s1−−−→ W1Λ
i
Y

�
� ∥∥∥

ΛiY

C−1

∼−−−→ W1Λ
i
Y .

Hence we obtain (7.5) for the case n = 1.
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Assume that n ≥ 1 and that sn is an isomorphism. Set

Λin(Y ) := {Wn(OY )⊗Z

i∧
(Mgp/f−1(Lgp))}

⊕ {Wn(OY )⊗Z

i−1∧
(Mgp/f−1(Lgp))}

and

J in(Y ) := {V n(OY )⊗Z

i∧
(Mgp/f−1(Lgp))}

⊕ {V n(OY )⊗Z

i−1∧
(Mgp/f−1(Lgp))}.

Let Filn((Wn+1Λ
i
Y )′′) be the image of J in(Y ) in (Wn+1Λ

i
Y )′′. First we claim

that the following sequence

0 −→ Filn((Wn+1Λ
i
Y )′′) −→ (Wn+1Λ

i
Y )′′

proj.−→ (WnΛ
i
Y )′′ −→ 0(7.5.1)

is exact. Indeed, set

(Ki
n)

′′ := Ker((Wn+1Λ
i
Y )′′

proj.−→ (WnΛ
i
Y )′′).

Since the sequence

0 −→ OY V n

−→Wn+1(OY ) −→Wn(OY ) −→ 0

is exact, we have the following commutative diagram with exact rows:

J in(Y ) −−−→ Λin+1(Y )
proj.−−−→ Λin(Y ) −−−→ 0� � �

0 −−−→ (Ki
n)

′′ −−−→ (Wn+1Λ
i
Y )′′

proj.−−−→ (WnΛ
i
Y )′′ −−−→ 0

(7.5.2)

Since proj. : Fn+1 + Gn+1 −→ Fn + Gn is surjective, the snake lemma for

(7.5.2) shows that the morphism J in(Y ) −→ (Ki
n)

′′ is surjective. In other

words, (7.5.1) is exact.

As in [HK, p. 252], we define a morphism

ΛiY ⊕ Λi−1
Y −→ Filn((Wn+1Λ

i
Y )′′)(7.5.3)



p-Adic Weight Spectral Sequences of Log Varieties 577

of abelian sheaves by the following

(bd log a1 · · · d log ai, 0) �−→ (vn(b)⊗ (a1 ∧ · · · ∧ ai), 0),(7.5.4)

(0, bd log a2 · · · d log ai) �−→ (0, vn(b)⊗ (a2 ∧ · · · ∧ ai))(7.5.5)

(b ∈ OY , a1, . . . , ai ∈M).

By using the isomorphism (W1Λ
j
Y )′′

∼−→ ΛjY (j ∈ N) in (7.4) and by noting

that OY is generated by O∗
Y as abelian sheaves, we can check that the mor-

phisms (7.5.4) and (7.5.5) are well-defined (cf. the proof of (7.4)). We claim

that the surjective morphism ΛiY ⊕ Λi−1
Y −→ Filn((Wn+1Λ

i
Y )′′) defined by

(7.5.4) and (7.5.5) factors through (ΛiY ⊕ Λi−1
Y )/Ki

n −→ Filn((Wn+1Λ
i
Y )′′).

(Recall the sheaf Ki
n in (7.3.1).) Indeed, let (ω, 0) (ω ∈ BnΛ

i
Y ) be a section

of Ki
n. Then, by (7.2) (1), we may assume that ω = α(ap

r

1 )d log a1 · · · d log ai
(a1, . . . , ai ∈M, 0 ≤ r ≤ n− 1). Then the image of (ω, 0) by the morphism

(7.5.4) is

(vn(α(ap
r

1 ))⊗ (a1 ∧ · · · ∧ ai), 0) = pr(vn−r(α(a1))⊗ (a1 ∧ a2 ∧ · · · ∧ ai), 0).

This is equivalent to pn(0, vn−r(α(a1))⊗ (a2∧ · · ·∧ai)) modulo Fn+1. Since

p = FV , the last form is in the image of V n+1(W1(OY )) ⊗Z
∧i−1(Mgp/

f−1(Lgp)) = 0. Next, let (0, η) (η ∈ BnΛ
i−1
Y ) be a section of Ki

n. As

above, we may assume that η = α(ap
r

2 )d log a2 · · · d log ai (a2, . . . , ai ∈ M,

0 ≤ r ≤ n − 1). Then the image of this section by the morphism (7.5.5)

is (0, vn(α(ap
r

2 )) ⊗ (a2 ∧ · · · ∧ ai)). This section belongs to Fn+1 + G′
n+1 =

Fn+1 + Gn+1 (cf. (7.0.3) and (7.0.4)). Finally, consider a section

(α(ap
n

1 )d log a1 · · · d log ai,−α(ap
n

1 )d log a2 · · · d log ai) (a1, . . . , ai ∈M)

in (7.3). Then the image of this section by the morphism (7.5.3) is equal to

(vn(α(ap
n

1 ))⊗ (a1 ∧ · · · ∧ ai),−vn(α(ap
n

1 ))⊗ (a2 ∧ · · · ∧ ai)).

This image is equal to pn(v0(α(a1))⊗(a1∧· · ·∧ai),−v0(α(a1))⊗(a2∧· · ·∧ai)),
which is a section of Fn+1.

Thus we see that the isomorphism

(V n, dV n)C−1 : (ΛiY ⊕ Λi−1
Y )/Ki

n
∼−→ Filn(Wn+1Λ

i
Y )
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in [HK, (4.4)] (cf. (6.19), (6.20)) factors through the surjective morphism

(ΛiY ⊕ Λi−1
Y )/Ki

n −→ Filn((Wn+1Λ
i
Y )′′) (cf. [HK, p. 252]; “the isomorphism

(4.4)

(V i, dV i)C−1 : ωqY ⊕ ωq−1
Y

∼−→ Ker(πi)’’

in [loc. cit.] is mistaken). Hence the morphism sn+1 induces an isomorphism

sn+1 : Filn((Wn+1Λ
i
Y )′′)

∼−→ Filn(Wn+1Λ
i
Y ).

On the other hand, by the compatibility of two projections ((7.1)), we have
the following commutative diagram

0 −−−→ Filn((Wn+1Λ
i
Y )′′) −−−→ (Wn+1Λ

i
Y )′′

proj.−−−→ (WnΛi
Y )′′ −−−→ 0

sn+1,�
� sn+1

� sn,�
�

0 −−−→ FilnWn+1Λ
i
Y −−−→ Wn+1Λ

i
Y

π−−−→ WnΛi
Y −−−→ 0

(7.5.6)

with two horizontal exact sequences. Therefore the middle vertical mor-

phism sn+1 in (7.5.6) is an isomorphism of abelian sheaves. �

Remark 7.6. Let the notations be as in [HK, (4.8)]. We correct the

proof of [loc. cit.]: [HK, p. 253, l. -5] has to be replaced by the following

WnΛ
i
Y

∼←−
(7.5)

(WnΛ
i
Y )′′

sn−→ Hi(CY/T ).

Here the number (7.5) is a number in this paper, and the morphism sn
above is similarly defined as in [HK, (4.9)].

Remark 7.7. (1) As is well-known, WnΛ
i
Y is a Wn(OY )-module: let

Y
⊂−→ Yn be a closed immersion into a log smooth scheme over (Spec(Wn),

Wn(L)) and let CY/(Wn,Wn(L)) be the crystalline complex associated to the

closed immersion above. Then WnΛ
i
Y = Hi(CY/(Wn,Wn(L))). The action of

c = (c0, . . . , cn−1) ∈ Wn(OY ) on [ω] ∈ Hi(CY/(Wn,Wn(L))) is given by the

following formula: c · [ω] = [(
∑n−1

j=0 pj c̃p
n−j

j ) · ω].

(2) We endow (WnΛ
i
Y )′′ with a Wn(OY )-module structure, and we de-

fine operators R : (WnΛ
i
Y )′′ −→ (Wn−1Λ

i
Y )′′, V : (WnΛ

i
Y )′′ −→ (Wn+1Λ

i
Y )′′,

F : (WnΛ
i
Y )′′ −→ (Wn−1Λ

i
Y )′′, and the boundary morphism

d : (WnΛ
i
Y )′′ −→ (WnΛ

i+1
Y )′′ as follows: let b, c be local sections of Wn(OY ),

and let aj , a
′
k be local sections of M (1 ≤ j ≤ i, 2 ≤ k ≤ i).
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(a) Since WnΛ
i
Y is a Wn(OY )-module, we can endow (WnΛ

i
Y )′′ with a

Wn(OY )-module structure by using the isomorphism sn in (7.5).

(b) We define R by the following formula

R(b⊗ (∧ij=1aj), c⊗ (∧ij=2a
′
j))(7.7.1)

= (R(b)⊗ (∧ij=1aj), R(c)⊗ (∧ij=2a
′
j)),

where R : Wn(OY ) −→Wn−1(OY ) is the usual projection.

(c) We define the morphism V by the following formula

V (b⊗ (∧ij=1aj), c⊗ (∧ij=2a
′
j))(7.7.2)

= (V (b)⊗ (∧ij=1aj), pV (c)⊗ (∧ij=2a
′
j)),

where V : Wn(OY ) −→Wn+1(OY ) is the usual Verschiebung.

(d) Assume that c := (c0, . . . , cn−1) is a unit of Wn(OY ). Then c0 ∈ O∗
Y .

We define the morphism F : (WnΛ
i
Y )′′ −→ (Wn−1Λ

i
Y )′′ by the following

formula

F (b⊗ (∧ij=1aj), c⊗ (∧ij=2a
′
j)) = (F (b)⊗ (∧ij=1aj), 0)(7.7.3)

+((cp0, 0, . . . , 0)⊗ (c0 ∧ ∧ij=2a
′
j), (c1, · · · , cn−2, 0)⊗ (∧ij=2a

′
j)),

where F : Wn(OY ) −→ Wn−1(OY ) is the usual Frobenius morphism. The

operator F is well-defined because the following diagram is commutative:

(WnΛ
i
Y )′′

sn
∼−−−→ WnΛ

i
Y

F

� �F
(Wn−1Λ

i
Y )′′

sn−1
∼−−−→ Wn−1Λ

i
Y .

(7.7.4)

By (7.5) and by the commutativity of (7.7.4) and (9.2.1) below, the mor-

phism

piF : (WnΛ
i
Y )′′ −→ (Wn−1Λ

i
Y )′′

is lifted to the Frobenius Φ′′
n, that is, the following diagram is commutative:

(WnΛ
i
Y )′′

Φ′′
n−−−→ (WnΛ

i
Y )′′∥∥∥ �proj.

(WnΛ
i
Y )′′

piF−−−→ (Wn−1Λ
i
Y )′′.

(7.7.5)
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(e) We define the boundary morphism d by the following formula

d(b⊗ (a1 ∧ · · · ∧ ai), c⊗ (a′
2 ∧ · · · ∧ a′

i)) = (0, b⊗ (a1 ∧ · · · ∧ ai)).(7.7.6)

Then we can check that the isomorphism sn :
⊕

i≥0(WnΛ
i
Y )′′

∼−→⊕
i≥0 WnΛ

i
Y is an isomorphism which is compatible with Wn(OY )-module

structures and with the operators R, V , F and d. In other words, sn is

an isomorphism of R(κ)-modules, where R(κ) is the Cartier-Dieudonné-

Raynaud algebra of κ ([IR, I (1.1)]).

We give names to (WnΛ
i
Y )′′ and WnΛ

i
Y because some mistakes arise by

confusing them.

Definition 7.8. We call (WnΛ
i
Y )′′ (resp. WnΛ

i
Y ) the obverse (resp. re-

verse) log Hodge Witt sheaf of Y/(Spec(κ), L), and (WnΛ
•
Y )′′ (resp. WnΛ

•
Y )

the obverse (resp. reverse) log de Rham-Witt complex of Y/(Spec(κ), L).

We obviously have the following commutative diagram:

(Wn+1Λ
i
Y )′′

sn+1
∼−−−→ Wn+1Λ

i
Y

p

� �p
(Wn+1Λ

i
Y )′′

sn+1
∼−−−→ Wn+1Λ

i
Y .

(7.8.1)

By (7.1), (7.5) and the commutative diagram (7.8.1), the left vertical mor-

phism in (7.8.1) induces a unique morphism

p′′ : (WnΛ
i
Y )′′ −→ (Wn+1Λ

i
Y )′′(7.8.2)

fitting into the following commutative diagram:

(WnΛ
i
Y )′′

sn
∼−−−→ WnΛ

i
Y

p′′
� �p

(Wn+1Λ
i
Y )′′

sn+1
∼−−−→ Wn+1Λ

i
Y .

(7.8.3)
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Proposition 7.9. The morphism p′′ in (7.8.2) is injective.

Proof. (7.9) follows from (7.8.3) and [HK, (4.5) (1)] or (6.8) (2). �

Next, we give a right proof of [HK, (4.19)].

Because projections and other operators are not clear in some places in

[HK] (e.g., [HK, the proofs in (4.15) and (4.16)]), we have to clarify the

transition morphism

proj. : RuY/Wn+1∗(OY/Wn+1
) −→ RuY/Wn∗(OY/Wn

),(7.9.1)

though it seems clear in this paper. The morphism (7.9.1) is, by definition,

the morphism induced by a natural exact closed immersion

(Spec(Wn), pWn,Wn(L))
⊂−→ (Spec(Wn+1), pWn+1,Wn+1(L))

of base PD log schemes. The morphism (7.9.1) induces a morphism of

cohomologies:

proj. : RiuY/Wn+1∗(OY/Wn+1
) −→ RiuY/Wn∗(OY/Wn

) (i ∈ N).

Let π : Wn+1Λ
•
Y −→ WnΛ

•
Y be the projection defined in [HK, (4.2)]. We

have, by definition, WnΛ
i
Y := RiuY/Wn∗(OY/Wn

) ([HK, (4.1)]).

Before giving a right proof of [HK, (4.19)], we point out the incom-

plete part of [HK, (4.19)]. Hyodo and Kato have claimed that a canonical

morphism

RuY/Wn∗(OY/Wn
) −→WnΛ

•
Y(7.9.2)

in [loc. cit.] is an isomorphism and is compatible with the transition mor-

phisms. However the commutativity of the following diagram(=(7.19.4)

below) has not been proved in [loc. cit.]:

RuY/Wn+1∗(OY/Wn+1
) −−−→ Wn+1Λ

•
Y

proj.

� �π
RuY/Wn∗(OY/Wn

) −−−→ WnΛ
•
Y .

(7.9.3)

The proof of the following isomorphism

RuY/Wn∗(OY/Wn
)

∼−→WnΛ
•
Y(7.9.4)
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in [HK, (4.19)] is also incomplete: the reduction of the isomorphism of

(7.9.4) to the isomorphism (7.9.4) in the case n = 1 has a gap because the

commutativity of (7.18.1) below has not been proved. In [loc. cit.], only a

canonical morphism

RuY/Wn∗(OY/Wn
) −→WnΛ

•
Y

has been constructed for each positive integer n. For the perfect proof of

[HK, (4.19)], we need the lemma (7.18) below whose proof is the same as

that of (7.1).

Though we do not need a log version of a lemma of Dwork-Dieudnonné-

Cartier (see (7.10) below) only for the construction of the morphism (7.9.2)

as in the classical case ([I2, pp. 602–603]), we need an explicit description of

the morphism (7.9.2) in a local case for the proof of a fundamental theorem

in [NS, §19] (=comparison theorem between the preweight-filtered zariskian

complex defined in [NS] and the preweight-filtered log de Rham-Witt com-

plex (WnΩ
•
X(logD), {PkWnΩ

•
X(logD)}k∈Z) of a smooth scheme X with an

SNCD D over κ); see [loc. cit.] for details. (If the reader wishes to know

only a right proof of [HK, (4.19)], he can skip (7.10)–(7.17).)

Thus we first prove this log version:

Lemma 7.10. Let A be a p-torsion free commutative ring with unit

element. Let (A,P ) := (A,P, α) be a prelog ring, that is, (P, ·) is a com-

mutative monoid with unit element and α : (P, ·) −→ (A, ·) is a morphism

of monoids. Set

W (P ) := P ⊕ (1 + VW (A))

with natural morphism W (α) : W (P ) −→W (A) of monoids. Assume that P

is integral, and that α induces an isomorphism α−1(1+pA)
∼−→ 1+pA, which

enables us to identify an element of 1+pA with that of α−1(1+pA). Assume,

moreover, that there exist an endomorphism ϕ : P −→ P of monoids and

an endomorphism
◦
ϕ : A −→ A of rings such that

(7.10.1) αϕ =
◦
ϕα,

(7.10.2) ∀x ∈ P , ∃y ∈ A, ϕ(x) = xp(1 + py)

and such that

(7.10.3)
◦
ϕ is a lift of the Frobenius endomorphism of A/p.
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Let s◦
ϕ
: A −→W (A) be the morphism defined in [La, VII (4.12)] (cf. [I2,

0 (1.3.16)]). Then there exists a natural morphism

sϕ : P −→W (P )(7.10.4)

of monoids which is a section of the natural projection W (P ) −→ P and

which makes the following diagram commutative:

P
sϕ−−−→ W (P )

α

� �W (α)

A
s◦
ϕ−−−→ W (A).

(7.10.5)

In other words, the morphisms s◦
ϕ

and sϕ give a morphism

(s◦
ϕ
, sϕ) : (A,P, α) −→ (W (A),W (P ),W (α))(7.10.6)

of prelog rings.

Proof. We use the argument in [La, VII 4].

Let n be a positive integer. Let x be an element of P . Let us define a

unique element yn ∈ A characterized by the following formula

ϕn(x) = xp
n
(1 + pyn).(7.10.7)

Indeed, yn is uniquely determined since P is integral and A is p-torsion free.

Then we have

1 + pyn = (1 + py1)
pn−1

(1 + p
◦
ϕ(yn−1)).(7.10.8)

We claim that there exists a unique sequence (1, s1, . . . , sn, . . . ) of elements

in A satisfying the following family of equations:

1 + psp
n−1

1 + · · ·+ pn−1spn−1 + pnsn = 1 + pyn (n ∈ Z>0).(7.10.9)

Since A is p-torsion free, we have only to prove the existence of s1, . . . ,

sn, . . . . We proceed by induction on n.
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There is nothing to prove in the case n = 1. Assume that s1, . . . , sn−1

exist. Then, by (7.10.8), we have

(1 + pyn)− (1 +
n−1∑
i=1

pisp
n−i

i )(7.10.10)

= (1 + py1)
pn−1

(1 + p
◦
ϕ(yn−1))− (1 +

n−1∑
i=1

pisp
n−i

i )

≡
n−1∑
i=1

pi(
◦
ϕ(sp

n−1−i

i )− sp
n−i

i ) mod pn.

Since
◦
ϕ(sp

n−i−1

i ) ≡ sp
n−i

i mod pn−i, the right hand side of (7.10.10) is di-

visible by pn. Hence we know the existence of sn ∈ A.

Let x be an element of P and yn the element in (7.10.7).

We define a map sϕ : P −→W (P ) as follows:

P � x �−→ (x, (1, s1, . . . , sn, . . . , )) ∈W (P ).(7.10.11)

Obviously the map (7.10.11) preserves the unit element. Let xi (i = 1, 2)

be an element of P and let y
(i)
n be the element of A in (7.10.7) for x = xi.

Then ϕn(x1x2) = (x1x2)
pn{(1 + py

(1)
n )(1 + py

(2)
n )}. Hence, by the definition

of the multiplicative structure of W (A), the map (7.10.11) preserves the

multiplicative structure.

Now we prove the commutativity of the diagram (7.10.5).

Let x be an element of P and {sn}∞n=1 the family of elements of A in

(7.10.9). Then we have

W (α)sϕ(x) = (α(x), 0, . . . , 0, . . . ) · (1, s1, . . . , sn, . . . )

= (α(x), α(x)ps1, . . . , α(x)p
n
sn, . . . ).

Furthermore, we have

α(x)p
n

+
n∑
i=1

pi(α(x)p
i
si)

pn−i
= α(x)p

n
(1 +

n∑
i=1

pisp
n−i

i )(7.10.12)

= α(x)p
n
(1 + pyn)

=
◦
ϕn(α(x)).
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Hence, by the definition of s◦
ϕ
, s◦

ϕ
(α(x)) = (α(x), . . . , α(x)p

n
sn, . . . ). There-

fore we obtain the commutativity of the diagram (7.10.5). �

Corollary 7.11. Let F : W (A) −→W (A) be the Frobenius endomor-

phism of W (A). Then the following formulas hold:

sϕϕ = (ϕ,W (
◦
ϕ))sϕ,(7.11.1)

W (α)sϕϕ = FW (α)sϕ.(7.11.2)

Proof. Let the notations be as in the proof of (7.10).

(7.11.1): We have the following formula:

(ϕ,W (
◦
ϕ))sϕ(x) = (ϕ(x), (1,

◦
ϕ(s1), . . . ,

◦
ϕ(sn), . . . )).

The right hand of the formula above is equal to sϕϕ(x) since
◦
ϕ(1 +∑n

i=1 p
isp

n−i

i ) = 1 + p
◦
ϕ(yn).

(7.11.2): By the commutative diagram (7.10.5) and the formula Fs◦
ϕ

=

s◦
ϕ

◦
ϕ, the right hand side of (7.11.2) is equal to s◦

ϕ

◦
ϕα. Let q : W (P ) −→

1 + VW (A) be the second projection. By (7.11.1), the left hand side

of (7.11.2) is equal to W (α)(ϕ,W (
◦
ϕ))sϕ. This is equal to ([ ]αϕ) ×

(W (
◦
ϕ)qsϕ) = ([ ]

◦
ϕα) ×W (

◦
ϕ)qsϕ, where [ ] is the morphism A � x �−→

(x, 0, . . . , 0, . . . ) ∈ W (A). By the calculation (7.10.12), the right hand side

of the last formula is equal to s◦
ϕ

◦
ϕα. Therefore we obtain (7.11.2). �

Remark 7.12. (1) If P = A∗ and if α is the natural inclusion A∗ ⊂−→
A, then (7.10) is equivalent to the lemma of Dwork-Dieudonné-Cartier in

[La, VII 4].

(2) We can also prove the existence of {sn}∞n=1 in (7.10.9) by using the

lemma of Dwork-Dieudonné-Cartier directly as follows.

Let B be the polynomial ring Z[X,Zn|n ∈ N]. Let Φ be a lift of the

Frobenius endomorphism of B/p defined by the following formula:

Φ(X) = Xp(1 + pZ1), Φ(Zn) = Zp
n + pZn+1 (n ∈ Z>0)
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Then, by the lemma of Dwork-Dieudonné-Cartier, there exists a family of

elements {Tn}∞n=0 in B with T0 := X satisfying the following equation for

all n ∈ N:

T p
n

0 + pT p
n−1

1 + · · ·+ pnTn = Φn(X).

Then, by induction on n, we see that Tn ∈ p−nXpnB. Since Tn ∈ B, we see

that Tn ∈ XpnB. Set Sn := X−pnTn ∈ B. Then we have

1 + pSp
n−1

1 + · · ·+ pnSn = X−pnΦn(X).

Since p−nZ[Zm|0 ≤ m ≤ n]∩B = Z[Zm|0 ≤ m ≤ n] in p−nB, we inductively

see that Sn ∈ Z[Zm|0 ≤ m ≤ n].

Now the existence of {sn}∞n=1 in (7.10.9) is clear. Indeed, let {zn}∞n=1 be

a family of elements defined by the following formula

z1 = y1,
◦
ϕ(zn) = zpn + pzn+1.

in A. Let C be the subring of A generated by {zn}∞n=1 over Z. Since C is a

quotient ring of Z[Zn|n ∈ N], we see that there exists a family {sn}∞n=1 of

elements of C in (7.10.9).

Let the notations and the assumptions be as in (7.10). Let n be a

positive integer. Set

Wn(P ) := P ⊕ (1 + VWn(A)).(7.12.1)

Then the morphism (7.10.6) induces a natural morphism

(A,P ) −→ (Wn(A),Wn(P ))(7.12.2)

of prelog rings. Let � be a positive integer or nothing. The reduction

mod p : A −→ A/p induces a morphism (W
(A),W
(P )) −→ (W
(A/p),

W
(P )), where W
(P ) on the right hand side is the canonical lift of P with

respect to the morphism P −→ W
(A/p): W
(P ) = P ⊕ (1 + VW
(A/p))

(cf. [HK, (3.1)]). Hence we have a natural morphism

(A/p
, P ) −→ (W
(A/p),W
(P ))(7.12.3)

by (7.12.2).
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Proposition 7.13. The constructions (A,P ) �−→ (W
(A),W
(P ))

and (A,P ) �−→ (W
(A/p),W
(P )) are functorial in the obvious sense.

Proof. The proof is obvious. �

Proposition 7.14. The morphism (7.12.3) for n = 1 is equal to the

following morphism

(A/p, P ) � (a, x) �−→ (a, (x, 1)) ∈ (A/p, P ⊕ 1).

Proof. (7.14) immediately follows from the definitions of s◦
ϕ

and sϕ

((7.10.11)). �

Definition 7.15. We call a quadruplet (T ,OT ,M, α) a prelog ringed

topos if (T ,OT ) is a ringed topos and α : M −→ OT is a morphism of

sheaves of monoids in T . We call a prelog ringed topos (T ,OT ,M, α) a log

ringed topos if α induces an isomorphism α−1(O∗
T )

∼−→ O∗
T as sheaves of

monoids in T . We define a morphism of (pre)log ringed topoi in an obvious

way.

We leave the definition of an integral log ringed topos, a fine log ringed

topos, an fs log ringed topos and so on to the reader. We also leave the

definition of the pull-back and the direct image of the log structure on a

ringed topos by a morphism of ringed topoi to him.

Let T be the 2-category of log ringed topoi. For an object T = (T ,OT ,

MT , α) of T and for a positive integer n, set Tn := (T ,On,Mn, αn) :=

(T ,OT /pn,Mn, αn), where (Mn, αn) is the associated log structure to the

composite morphism M−→ OT −→ On. Let DDCtop
p be a 2-subcategory

of T whose objects are quintuplets (T ,OT ,MT , α;ϕ)’s satisfying the cor-

responding conditions in (7.10):

(7.15.1): OT is p-torsion free.

(7.15.2): MT is integral.

(7.15.3): ϕ is a lift of the Frobenius endomorphism of T1.

(7.15.4): α induces an isomorphism α−1(1 + pOT )
∼−→ 1 + pOT .
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We define a morphism in DDCtop
p in an obvious way.

Let � be a positive integer n or nothing. Then there exists a natural

functor

W
 : DDCtop
p −→ T

whose underlying functor of 2-subcategories of ringed topoi is the restriction

of the functor in [I2, 0 1.5].

As in [HK, (3.1)], we define the canonical lift of a log ringed topos of

characteristic p and for a positive integer n.

We obtain the following by the morphism (7.12.3) without difficulty:

Corollary 7.16. Let T be an object of DDCtop
p . Let ι : S −→ T1

be a morphism of log ringed topoi. Let Wn(S) (n ∈ Z>0) be the canonical

lift of S. Then the composite morphism S −→ T1 −→ Tn factors through a

natural morphism Wn(S) −→ Tn.

Let p be a fixed prime number. Let FLSchp be the category of formal log

schemes with p-adic topology. Let n be a positive integer. Let DDCfsch
p be

the full subcategory of FLSchp whose objects satisfy the similar conditions

to (7.15.1), (7.15.2) and (7.15.3) (the condition (7.15.4) is automatically

satisfied). Let LSch be the category of log schemes. Then there exists a

natural functor

Wn : DDCfsch
p −→ LSch.

We restate a special case of (7.16) (with slight generalization) in order

to clarify a relationship with [HK, (4.19)]:

Corollary 7.17. Let L be a fine log structure on Spec(κ). Let Z
be an integral formal log scheme over (Spf(W ),W (L)) such that OZ is p-

torsion free. Set Zn := Z⊗W Wn. Assume that Z has a lift of the Frobenius

endomorphism of Z1. Let ι : Y
⊂−→ Z1 be a (not necessarily closed) immer-

sion of fine log schemes over the fine log scheme (Spec(κ), L). Let Wn(Y )

(n ∈ Z>0) be the canonical lift of Y over Wn. Then the composite mor-

phism Y
⊂−→ Z1

⊂−→ Zn of immersions factors through a natural morphism

Wn(Y ) −→ Zn over (Spec(Wn),Wn(L)).
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Next we prove a lemma which will be needed for the commutativity of

(7.9.3).

Let Y
⊂−→ Z be a (not necessarily closed) immersion from a log scheme

over (Spec(κ), L) into a log smooth scheme over (Spec(Wn),Wn(L)). Let D

be the log PD-envelope of the immersion Y
⊂−→ Z. Let CY/(Wn,Wn(L)) be the

crystalline complex with respect to this immersion; the crystalline complex

can be defined for a (not necessarily closed) immersion. Let Wn(Y ) :=

(Wn(
◦
Y ),Wn(M)) be the canonical lift of Y = (

◦
Y ,M) over (Spec(Wn),

Wn(L)). Let Λ•
Wn(Y )/(Wn,Wn(L)) be the log de Rham complex of a log scheme

Wn(Y ) over (Spec(Wn),Wn(L)). Then, in [HK, p. 251–252], a morphism

ψn : Λ•
Wn(Y )/(Wn,Wn(L)) −→WnΛ

•
Y = H•(CY/(Wn,Wn(L))

is defined by the following:

(a0, . . . , an−1) �−→ sn(0, 0)((a0, . . . , an−1)) (ai ∈ OY , 0 ≤ i ≤ n− 1)

d(a0, . . . , an−1) �−→ sn(1, 0)((a0, . . . , an−1)) (ai ∈ OY , 0 ≤ i ≤ n− 1)

and

d log b �−→ d log b̃ (b ∈M(⊂Wn(M))),

where b̃ is a lift of b to the log structure of an open log subscheme of Z

which contains Y as a closed log subscheme and sn(0, 0) (resp. sn(1, 0)) is a

morphism defined in (7.1.1) (resp. (7.1.2)). The morphism ψn is Wn(OY )-

linear.

Lemma 7.18. The following two diagrams are commutative:

Λ•
Wn+1(Y )/(Wn+1,Wn+1(L))

ψn+1−−−→ Wn+1Λ
•
Y

proj.

� �π
Λ•
Wn(Y )/(Wn,Wn(L))

ψn−−−→ WnΛ
•
Y ,

(7.18.1)

ΛiWn(Y )/(Wn,Wn(L))

ψn−−−→ WnΛ
i
Y

d

� �d
Λi+1
Wn(Y )/(Wn,Wn(L))

ψn−−−→ WnΛ
i+1
Y .

(7.18.2)
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Proof. We can check the commutativity of (7.18.1) by the same proof

of (7.1).

We can check the commutativity of (7.18.2) as follows: The problem

is local. Let Y be a log smooth lift of Y over (Spf(W ),W (L)). Set Yn :=

Y⊗WWn. Then we have only to check the following diagram is commutative:

ΛiWn(Y )/(Wn,Wn(L))

ψn−−−→ Hi(Λ•
Yn/(Wn,Wn(L)))

d

� �d
Λi+1
Wn(Y )/(Wn,Wn(L))

ψn−−−→ Hi+1(Λ•
Yn/(Wn,Wn(L))).

(7.18.3)

This commutativity immediately follows because the right vertical bound-

ary operator in (7.18.3) is the boundary morphism of the following exact

sequence

0 −→ Λ•
Yn/(Wn,Wn(L))

pn−→ Λ•
Y2n/(W2n,W2n(L))

proj.−→ Λ•
Yn/(Wn,Wn(L)) −→ 0. �

Now we give a right proof of [HK, (4.19)]:

Theorem 7.19. There exists a canonical morphism

RuY/Wn∗(OY/Wn
) −→WnΛ

•
Y .(7.19.1)

The morphism (7.19.1) is an isomorphism and is compatible with the tran-

sition morphisms.

Proof. (The proof is not the same as that of the proof of [I2, II

(1.4)].) Let Y• −→ Y be the Čech hypercovering of an open covering of

Y for the zariski topology. Take an embedding system (Y•,Z•)•∈N over

(Spec(Wn),Wn(L)) of Y −→ (Spec(κ), L) such that the immersion Y• −→
Z• of simplicial log schemes factors through a morphism Wn(Y•) −→ Z•
over (Spec(Wn),Wn(L)). The embedding system above indeed exists by

(7.17) and the standard construction of the Čech diagram associated to lifts

of open log affine subschemes of Y which covers Y (cf. [I2, II (1.1)]; see also

(7.20) below). (As we said before, we can avoid using (7.17) in this paper,

but we cannot in [NS].) Let

η : Ỹ•zar −→ Ỹzar
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be the natural morphism of topoi.

Let CY/(Wn,Wn(L)) be the crystalline complex associated to the embed-

ding system (Y•,Z•). By the proof of [HK, (4.19)], we have the following

composite morphism

CY/(Wn,Wn(L)) −→ Λ•
Wn(Y•)/(Wn,Wn(L)),[ ]

ψn−→ η−1(WnΛ
•
Y ).

Here
⊕

i≥0 ΛiWn(Y•)/(Wn,Wn(L)),[ ] is a sheaf of differential graded algebras

over Wn which is a quotient of
⊕

i≥0 ΛiWn(Y•)/(Wn,Wn(L)) divided by a Wn-

submodule generated by the local sections of the following form da[j] −
a[j−1]da (a ∈ Ker(Wn(OY ) −→ OY ), j ≥ 1). By the cohomological descent

for a bounded below complex, we have the morphism (7.19.1):

RuY/Wn∗(OY/Wn
) −→WnΛ

•
Y .

As in [I2, pp. 602–603], this morphism is independent of the choice of the

embedding system above.

Since RuY/Wn∗(OY/Wn
) = Rη∗(CY/(Wn,Wn(L))), we have the following

commutative diagram:

RuY/Wn∗(OY/Wn
) −−−→ Rη∗Λ•

Wn(Y•)/(Wn,Wn(L)),[ ]

proj.

� �proj.

RuY/Wn−1∗(OY/Wn−1
) −−−→ Rη∗Λ•

Wn−1(Y•)/(Wn−1,Wn−1(L)),[ ].

(7.19.2)

On the other hand, by (7.18) and the cohomological descent for a bounded

below complex, we have the following commutative diagram

Rη∗Λ•
Wn(Y•)/(Wn,Wn(L)),[ ] −−−→ WnΛ

•
Y

proj.

� �π
Rη∗Λ•

Wn−1(Y•)/(Wn−1,Wn−1(L)),[ ] −−−→ Wn−1Λ
•
Y .

(7.19.3)

By (7.19.2) and (7.19.3), we have the following commutative diagram:

RuY/Wn∗(OY/Wn
) −−−→ WnΛ

•
Y

proj.

� �π
RuY/Wn−1∗(OY/Wn−1

) −−−→ Wn−1Λ
•
Y .

(7.19.4)
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Let CY/(Wm,Wm(L))
p−→ CY/(Wm+1,Wm+1(L)) (1 ≤ m ≤ n − 1) be the

induced morphism by the multiplication by p : CY/(Wm+1,Wm+1(L))−→
CY/(Wm+1,Wm+1(L)). Let pn−1 : CY/(W1,L) −→ CY/(Wn,Wn(L)) be the follow-

ing composite morphism

CY/(W1,L)
p−→ CY/(W2,W2(L))

p−→ · · · p−→ CY/(Wn,Wn(L)).(7.19.5)

Let pn−1 : Λ•
Y•/(W1,L),[ ] −→ Λ•

Wn(Y•)/(Wn,Wn(L)),[ ] be an analogue of

(7.19.5). Then we have the following commutative diagram:

0 −−−→ CY/(W1,L)
pn−1

−−−→ CY/(Wn,Wn(L))� �
η−1(Λ•

Y/(W1,L),[ ])
pn−1

−−−→ η−1(Λ•
Wn(Y )/(Wn,Wn(L)),[ ])

(7.19.6)

proj.−−−→ CY/(Wn−1,Wn−1(L)) −−−→ 0�
proj.−−−→ η−1(Λ•

Wn−1(Y )/(Wn−1,Wn−1(L)),[ ]) .

Moreover, using (7.18), we have the following commutative diagram as in

(7.8.3):

η−1(Λ•
Y/(W1,W1(L)),[ ])

pn−1

−−−→ η−1(Λ•
Wn(Y )/(Wn,Wn(L)),[ ])

ψ1

� �ψn

η−1(W1Λ
•
Y )

pn−1

−−−→ η−1(WnΛ
•
Y ).

(7.19.7)

Hence, by (7.19.6), (7.19.7), (7.18) and by [HK, (4.5) (1)] or by (6.22) (2),
we have the following commutative diagram of triangles

−−→ CY/(W1,L)
pn−1

−−−→ CY/(Wn,Wn(L))
proj.−−−→ CY/(Wn−1,Wn−1(L))

+1−−→� � �
−−→ η−1(W1Λ

•
Y )

pn−1

−−−→ η−1(WnΛ•
Y )

π−−→ η−1(Wn−1Λ
•
Y )

+1−−→ .

(7.19.8)
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By the cohomological descent, we have the following commutative diagram

of triangles:

−−−→ RuY/W1∗(OY/W1
)

pn−1

−−−→ RuY/Wn∗(OY/Wn
)� �

−−−→ W1Λ
•
Y

pn−1

−−−→ WnΛ
•
Y

(7.19.9)

proj.−−−→ RuY/Wn−1∗(OY/Wn−1
)

+1−−−→�
π−−−→ Wn−1Λ

•
Y

+1−−−→ .

By the proof [HK, (4.9)] and (7.14), the left vertical morphism in (7.19.9)

is induced by a Cartier inverse isomorphism C−1 : ΛiY
∼−→ Hi(Λ•

Y ) (i ∈ N).

In particular, it is an isomorphism. Hence induction on n shows that the

middle arrow in (7.19.9) is an isomorphism. We finish the proof. �

Remark 7.20. (cf. [Sh, Proposition 2.2.11]) The claim of the existence

of the embedding system in [HK, p. 237] is not perfect and the argument

in [I2, p. 602, p. 604] is not perfect since cosq(U0/X) −→ cosq(Y0/W ) in

[loc. cit.] is not necessarily a closed immersion; in general, cosq(U0/X) −→
cosq(Y0/W ) is only an immersion. We have only to change the definition of

the embedding system of [HK, p. 237] as in [Sh, (2.2.10)]: we allow the (not

necessarily closed) immersion in the definition of the embedding system.

Remark 7.21. Let Y be the special fiber with canonical log structure

of a semistable family over a complete discrete valuation ring of mixed

characteristics. In [HK, (1.1)], we can find a claim that the complex Wnω
•
Y

in [HK, §1] is equal to Wnω
•
Y in [Hy2]. Though I do not use this fact in

this paper, I give a proof of it as follows because there is no proof for it in

literatures.

Let ι : U −→ Y be an open immersion from a dense open smooth sub-

scheme of Y over κ. Let (WnΩ
•
U )′′ (resp. WnΩ

•
U ) be the de Rham-Witt

complex defined in [I2, I (1.3)] (resp. [IR, III (1.5)]). Let (Wnω
•
Y )′′ be the
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complex defined in [HK, (1.1)]. By [IR, III (1.4), (1.5)] we have an isomor-

phism

ι∗(WnΩ
i
U )′′

C−n
∼−→ ι∗(Hi((WnΩ

•
U )′′)) = ι∗(Hi(RuU/Wn∗(OU/Wn

)))

= ι∗(WnΩ
i
U ),

which we denote by C−n by abuse of notation. Consider the following

diagram:

(Wnω
i
Y )′′

⊂−−−→ ι∗(WnΩ
i
U )′′�C−n




WnΛ
i
Y

⊂−−−→ ι∗(WnΩ
i
U ).

(7.21.1)

By [I2, I (3.27)] and [IR, III (1.4)] and by the definition of (Wnω
i
Y )′′, the

image of a local section

ωd log u1 · · · d log uj ∈ (Wnω
i
Y )′′

(j ≤ i, ω ∈ Im(Wn(OY )(dWn(OY ))⊗(i−j)

−→ ι∗(WnΩ
i
U )′′), u1, . . . uj ∈ ι∗(O∗

U ))

in ι∗(WnΩ
i
U ) is C−n(ω)d log u1 · · · d log uj . This section is contained in

WnΛ
i
Y by the local description of the log scheme Y and by the definition of

WnΛ
i
Y . Therefore we have a natural injective morphism C−n : (Wnω

i
Y )′′

⊂−→
WnΛ

i
Y .

The pro-sheaf (W•ωiY )′′ is stable by the operator V on ι∗(W•Ωi
U )′′. In-

deed, we have V (d log u) = pd log u (u ∈ ι∗(O∗
U )) by [I2, I (1.15.4)]. Fur-

thermore, since d(d logO∗
U ) = 0, (Wnω

•
Y )′′ is stable by the operator d on

ι∗(WnΩ
•
U )′′. Hence we can consider Filn−1((Wnω

i
Y )′′) := V n−1(W1ω

i
Y )′′ +

dV n−1(W1ω
i−1
Y )′′ in (Wnω

i
Y )′′. By the commutativity of (6.6.1), we have

the following commutative diagram:

0 −−→ Filn−1((Wnω
i
Y )′′) −−→ (Wnω

i
Y )′′

proj.−−−→ (Wn−1ω
i
Y )′′ −−→ 0

C−n

� C−n

� C−(n−1)

�
0 −−→ Filn−1(WnΛi

Y ) −−→ WnΛi
Y

π−−→ Wn−1Λ
i
Y −−→ 0.

(7.21.2)
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Here the lower horizontal sequence is exact; however we have not yet claimed

that the middle term of the upper one is exact. As to the middle term, we

claim only that Filn−1((Wnω
i
Y )′′) ⊂ Ker((Wnω

i
Y )′′ −→ (Wn−1ω

i
Y )′′). By

[IR, III (1.4.9)], we have the following commutative diagram

(W1ω
i
Y )′′

V n−1

−−−→ (Wnω
i
Y )′′

C−1

� �C−n

W1Λ
i
Y

V n−1

−−−→ WnΛ
i
Y .

(7.21.3)

Furthermore, we also have the following commutative diagram by a formula

dF = pFd in (Wnω
i
Y )′′, by [IR, III (1.4)], and by the definition of the

boundary operator d : WnΛ
i−1
Y −→WnΛ

i
Y :

(Wnω
i−1
Y )′′

d−−−→ (Wnω
i
Y )′′

C−n

� �C−n

WnΛ
i−1
Y

d−−−→ WnΛ
i
Y .

(7.21.4)

By [HK, (4.4)] or by (6.19), the morphism

(V n−1, dV n−1) ◦ C−1 : (W1ω
i
Y )′′ ⊕ (W1ω

i−1
Y )′′ −→ Filn−1(WnΛ

i
Y )

is surjective. Here, note that (W1ω
i
Y )′′ = ωiY by the definition of (Wnω

i
Y )′′

in [HK, (1.1)]. Hence, by the commutativity of (7.21.3) and (7.21.4), the

morphism C−n : Filn−1((Wnω
i
Y )′′) −→ Filn−1(WnΛ

i
Y ) is surjective. By in-

duction on n and by (7.21.2), we see that the morphism C−n : (Wnω
i
Y )′′ −→

WnΛ
i
Y is surjective. Putting all this together, the morphism

C−n : (Wnω
i
Y )′′ −→ WnΛ

i
Y is an isomorphism. Now we have proved the

claim on the coincidence.

Except in (7.21), I do not use Wnω
•
Y in [HK, §1]. In particular, I do not

use the lower exact sequence of the diagram in [HK, p. 261], though I shall

use a symbolically similar exact sequence in (11.1).

8. Projections

The proposition (8.4) (2) below and the corollary (8.6) below are impor-

tant because they, the commutative diagram (8.4.3) and (7.19) are necessary

for the construction of the weight spectral sequence (2.0.1).



596 Yukiyoshi Nakkajima

Let n be a positive integer. Let κ, s and W be as in §2 and let X be

a (not necessarily proper) SNCL variety over s. Set Wn := Wn(κ). Let

WnΛ
•
X(= Wnω

•
X in [Hy2], [M1, §2]) be the log de Rham-Witt complex of

X/s. In [Hy2], X is assumed to be the special fiber with canonical log

structure of a semistable scheme over a complete discrete valuation ring

of mixed characteristics; however we need not assume this for the results

in [Hy2]. Let WnΛ̃
•
X be a complex which has been denoted by Wnω̃

•
X in

[loc. cit.]. Following [M1, 3.8], let us set WnA
ij
X := WnΛ̃

i+j+1
X /PjWnΛ̃

i+j+1
X

(i, j ∈ N). Let θn be a section of WnΛ̃
1
X which has been constructed in

[Hy2, (1.2.2)] and [M1, 3.4 (3)].

Let i be a non-negative integer. In his article [M1, 3.8, 3.11], Mokrane

has constructed a double pro-complex W•A••
X of W•-modules which contains

the following complex as a sub-pro-complex:

W•A
i0
X

∧θ•−→W•A
i1
X

∧θ•−→W•A
i2
X −→ · · · .(8.0.1)

Furthermore he has defined a morphism of pro-complexes [M1, 3.14]:

W•Λ
•
X

∧θ•−→W•A
•0
X .(8.0.2)

However, in order to construct the pro-complex W•Ai•
X in (8.0.1) and the

morphism of pro-complexes in (8.0.2), we have to check that the projection

π : Wn+1Λ̃
i+j+1
X −→WnΛ̃

i+j+1
X (j ∈ N) preserves the preweight filtration P

on WmΛ̃i+j+1
X (m = n + 1, n) (recall our terminology in (4.3)) and that the

following two diagrams are commutative:

Wn+1A
i,j+1
X

π−−−→ WnA
i,j+1
X

∧θn+1

� �∧θn

Wn+1A
ij
X

π−−−→ WnA
ij
X ,

(8.0.3)

Wn+1A
i0
X

π−−−→ WnA
i0
X

∧θn+1

� �∧θn

Wn+1Λ
i
X

π−−−→ WnΛ
i
X .

(8.0.4)

These have been claimed in [M1, 3.8]. However no proof for these facts has

been given.
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Hyodo has also claimed that the following exact sequence

0 −→WnΛ
•−1
X

∧θn−→WnΛ̃
•
X −→WnΛ

•
X −→ 0(8.0.5)

is compatible with projections ([Hy2, (1.4.3)]). However the proof of the

commutativity of the following diagram has not been given in any literature:

Wn+1Λ̃
•
X

π−−−→ WnΛ̃
•
X

∧θn+1

� �∧θn

Wn+1Λ
•−1
X

π−−−→ WnΛ
•−1
X .

(8.0.6)

We can find a similar statement in [HK, (1.5)] for a semistable family over a

complete discrete valuation ring of mixed characteristics with perfect residue

field. However, strictly speaking, even for the semistable family above, [Hy2,

(1.4.3)] and [HK, (1.5)] are not the same statements (cf. (11.1)).

In (11.1) below, we shall consider the compatibility of (8.0.5) with the

Frobenius. Note that this compatibility has not been considered in any

literature except analogous compatibility in [HK, (1.6)] in the case of a

semistable family over a complete discrete valuation ring of mixed charac-

teristics.

In §8, we prove that the projection π : Wn+1Λ̃
i
X −→ WnΛ̃

i
X (i ∈ N)

preserves the preweight filtration P on WmΛ̃iX (m = n+1, n), and we show

the commutativity of (8.0.3), (8.0.4) and (8.0.6).

Let the notations be as before (6.27).

Set Yn := Y ⊗W Wn, Xn := X ⊗W Wn, Λ̃•
n := OXn ⊗OYn

Ω•
Yn/Wn

(logXn)
and Λ̃• := lim←−n Λ̃•

n. Let i be a non-negative integer. We have WnΛ
i
X =

WnΛ̃
i
X/(WnΛ̃

i−1
X ∧ θn) by the definition of WnΛ

i
X ([Hy2, (1.2)]). An equal-

ity Φ∗(θn) = pθn in WnΛ̃
1
X holds ([Hy2, p. 245], cf. the proof of (8.1) be-

low). The following diagram is commutative by the characterizations of π’s

([Hy2, (1.3.2)]):

Wn+1Λ̃
i
X

π−−−→ WnΛ̃
i
X� �

Wn+1Λ
i
X

π−−−→ WnΛ
i
X .

(8.0.7)
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Proposition 8.1. Let i be a non-negative integer. Then the following

two diagrams are commutative:

WnΛ̃
i+1
X

p−−−→ Wn+1Λ̃
i+1
X

θn∧
� �θn+1∧

WnΛ̃
i
X

p−−−→ Wn+1Λ̃
i
X ,

(8.1.1)

Wn+1Λ̃
i+1
X

π−−−→ WnΛ̃
i+1
X

θn+1∧
� �θn∧

Wn+1Λ̃
i
X

π−−−→ WnΛ̃
i
X .

(8.1.2)

In particular, there exists a morphism

θ∧ := lim←−
n

(θn∧) : W Λ̃iX := lim←−
π
nWnΛ̃

i
X −→ lim←−

π
nWnΛ̃

i+1
X(8.1.3)

= W Λ̃i+1
X .

Proof. The question is local; we may assume that X is affine and

that there exists an admissible triple (Y,X ,Φ) of X (recall the definition of

the admissible triple before (6.27)). Then the commutativity of (8.1.1) is

equivalent to that of the following diagram:

WnΛ̃
i+1
X

Hi+1(Φ∗/pi)−−−−−−−−→ Wn+1Λ̃
i+1
X

θn∧
� �θn+1∧

WnΛ̃
i
X

Hi(Φ∗/pi−1)−−−−−−−−→ Wn+1Λ̃
i
X .

(8.1.4)

Because there exists an element u ∈ W{t} such that Φ∗(t) = tp(1 + pu),

Φ∗(d log t) = pd log t + d log(1 + pu) = pd log t + d(
∑∞

j=1(−1)j−1(pu)j/j);

Φ∗(d log t) is equivalent to pd log t modulo an exact form in H1(Λ̃•
n) ([Hy2,

p. 245]). Now the commutativity of (8.1.4) is obvious.



p-Adic Weight Spectral Sequences of Log Varieties 599

We can easily check the commutativity of (8.1.2) by the following obvious

commutative diagram

Wn+1Λ̃
i+1
X

p−−−→ Wn+1Λ̃
i+1
X

θn+1∧
� �θn+1∧

Wn+1Λ̃
i
X

p−−−→ Wn+1Λ̃
i
X ,

by the commutativity of (8.1.1), by the injectivity of p : WnΛ̃
i+1
X −→

Wn+1Λ̃
i+1
X ([Hy2, (2.2.2)], cf. (6.8) (2), (6.28) (2)) and by an easy diagram-

chasing. �

Corollary 8.2. The diagram (8.0.6) is commutative.

Proof. We immediately obtain (8.2) by the commutativity of (8.0.7)

and (8.1.2). �

Remark 8.3. (11.1) (2) below will give another proof of (8.2).

Proposition 8.4. Let i be a non-negative integer. Then the following

hold:

(1) The morphism p : WnΛ̃
i
X −→ Wn+1Λ̃

i
X preserves the preweight fil-

tration P on WmΛ̃iX (m = n, n + 1).

(2) The projection π : Wn+1Λ̃
i
X −→ WnΛ̃

i
X preserves the preweight fil-

tration P on WmΛ̃iX (m = n + 1, n).

Proof. We may assume that i > 0. The question is local; we may

assume that X is affine and that there exists an admissible triple (Y,X ,Φ)

of X; especially,
◦
Y (resp.

◦
X ) is formally etale over Spf(W{x0, . . . , xd})

(resp. Spf(W{x0, . . . , xd}/(x0 · · ·xr))) with a structural morphism

Spf(W{x0, . . . , xd}) −→ Spf(W{t}) defined by t �−→ x0 · · ·xr (0 ≤ r ≤ d).

Set Yn := Y ⊗W Wn, Xn := X ⊗W Wn, Λ̃•
n := OXn ⊗OYn

Ω•
Yn/Wn

(logXn)
and Λ̃• := lim←−n Λ̃•

n.

(1): Because Φ is a lift of the Frobenius of the log scheme (Y1,X1), there

exists a section yj ∈ Γ(Y,OY) such that Φ∗(xj) = xpj (1 + pyj) (0 ≤ j ≤ r).

Then, as in the proof of (8.1), Φ∗(d log xj) is equivalent to pd log xj modulo

an exact form in lim←−n Ω1
Yn/Wn

(logXn).
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Furthermore, the morphism

Φ∗/pj−1 : Λ̃jn −→ Λ̃jn+1 (j ∈ N)

obviously induces a morphism

Ωj
Yn/Wn

/Ωj
Yn/Wn

(− logXn) −→ Ωj
Yn+1/Wn+1

/Ωj
Yn+1/Wn+1

(− logXn+1).

Therefore the morphism p : WnΛ̃
i
X −→ Wn+1Λ̃

i
X preserves the preweight

filtration P .

(2): ([M1, 3.8] is incomplete.) We prove (2) by descending induction on

the numbers of the preweight filtration P on WnΛ̃
i
X .

Let k be a positive integer less than or equal to min{i, r + 1}. If k =

min{i, r + 1}, then PkWnΛ̃
i
X = WnΛ̃

i
X , and there is nothing to prove. As-

sume that the projection π : Wn+1Λ̃
i
X−→WnΛ̃

i
X induces a morphism

PkWn+1Λ̃
i
X −→ PkWnΛ̃

i
X . By [M1, 3.7] and by the proof of (1), there

exists the following commutative diagram with exact rows:

0 −−−→ Pk−1WnΛ̃i
X −−−→ PkWnΛ̃i

X
Res−−−→ WnΩi−k

X(k) −−−→ 0

Hi(Φ∗/pi−1)

� Hi(Φ∗/pi−1)

� Hi−k(Φ∗/pi−k−1)

�
0 −−−→ Pk−1Wn+1Λ̃

i
X −−−→ PkWn+1Λ̃

i
X

Res−−−→ Wn+1Ω
i−k
X(k) −−−→ 0.

(8.4.1)

Obviously the following diagram is commutative:

PkWn+1Λ̃
i
X

Res−−−→ Wn+1Ω
i−k
X(k)

p

� �p
PkWn+1Λ̃

i
X

Res−−−→ Wn+1Ω
i−k
X(k) .

(8.4.2)

By the commutativity of (8.4.1) and (8.4.2), by the injectivity of

p : WnΩ
i−k
X(k) −→Wn+1Ω

i−k
X(k) in the trivial log case of [Hy2, (2.2.2)] (cf. (6.8)

(2), (6.28) (2)) and by the definition of π : Wn+1Ω
i−k
X(k) −→ WnΩ

i−k
X(k) in the

case above of [Hy2, (1.3.2)], the following diagram

PkWn+1Λ̃
i
X

Res−−−→ Wn+1Ω
i−k
X(k)

π

� �π
PkWnΛ̃

i
X

Res−−−→ WnΩ
i−k
X(k)

(8.4.3)
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is commutative. Therefore we have the following commutative diagram

0 −−−→ Pk−1Wn+1Λ̃
i
X −−−→ PkWn+1Λ̃

i
X

Res−−−→ Wn+1Ω
i−k
X(k) −−−→ 0

π

� π

�
0 −−−→ Pk−1WnΛ̃i

X −−−→ PkWnΛ̃i
X

Res−−−→ WnΩi−k
X(k) −−−→ 0.

(8.4.4)

Consequently the composite morphism Pk−1Wn+1Λ̃
i
X

⊂−→ PkWn+1Λ̃
i
X

π−→
PkWnΛ̃

i
X induces a morphism π : Pk−1Wn+1Λ̃

i
X −→ Pk−1WnΛ̃

i
X . Thus we

can finish the proof of (2). �

Remark 8.5. It is easy to see that PkWnΛ̃
i
X is a quasi-coherent sheaf

of Wn(OX)-modules. By (6.28) (4) and by the upper exact sequence of

(8.4.1) and by the descending induction on k, we see that PkWnΛ̃
i
X (k ∈ N)

is a coherent sheaf of Wn(OX)-modules.

Corollary 8.6. (1) The diagrams (8.0.3) and (8.0.4) are commuta-

tive.

(2) Let i be a non-negative integer. Then the projection π : Wn+1Λ̃
•
X −→

WnΛ̃
•
X induces a morphism π : Wn+1A

i•
X −→ WnA

i•
X of complexes with

boundary morphisms in (4.1.3).

(3) Let WnA
••
X be the p-adic double Steenbrink complex in (2.2.1;n).

Then the projection π : Wn+1Λ̃
•
X −→ WnΛ̃

•
X induces a morphism

π : Wn+1A
••
X −→WnA

••
X of double complexes.

(4) Let k be a non-negative integer. Then the morphism

π : PkWn+1Λ̃
•
X −→ PkWnΛ̃

•
X is surjective.

(5) Set PkW Λ̃•
X := lim←−n PkWnΛ̃

•
X . Then the following sequence

0 −→ PkW Λ̃•
X −→ Pk+1W Λ̃•

X
Res−→WΩ•

X(k+1){−k − 1} −→ 0(8.6.1)

is exact.

Proof. (1): (1) follows from the commutativity of (8.1.2) and from

(8.4) (2).

(2): (2) immediately follows from a part of (1).

(3): The morphism π commutes with the boundary morphism

d : WnΛ̃
i
X −→ WnΛ̃

i+1
X ([Hy2, p. 245], cf. (6.8) (4)). Hence (3) follows

from (2).
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(4): We proceed by induction on k. The problem is local. Let (Y,X )

be an admissible lift of X. Let notations be as in the proof of (8.4), and set

Y := Y1. Consider the following exact sequence

0 −→ Ω•
Yn/Wn

(− logXn) −→ Ω•
Yn/Wn

−→ Ω•
Yn/Wn

/Ω•
Yn/Wn

(− logXn) −→ 0.

By [Hy2, Editorial comments (6)], the natural morphism

WnΩ
i
Y (− logX) = Hi(Ω•

Yn/Wn
(− logXn))

−→ Hi(Ω•
Yn/Wn

(logXn)) = WnΩ
i
Y (logX)

is injective. Since this morphism factors through the following morphism

Hi(Ω•
Yn/Wn

(− logXn)) −→ Hi(Ω•
Yn/Wn

),(8.6.2)

the morphism (8.6.2) is also injective. Hence we have the following exact

sequence

0 −→ Hi(Ω•
Yn/Wn

(− logXn)) −→ Hi(Ω•
Yn/Wn

)

−→ Hi(Ω•
Yn/Wn

/Ω•
Yn/Wn

(− logXn)) −→ 0.

The exact sequence above is nothing but the following one:

0 −→WnΩ
i
Y (− logX) −→WnΩ

i
Y −→ P0WnΛ̃

i
X −→ 0.(8.6.3)

Because the morphism π : Wn+1Ω
i −→WnΩ

i
Y is surjective, so is the transi-

tion morphism π : P0Wn+1Λ̃
i
X −→ P0WnΛ̃

i
X .

Let k be a positive integer. Because π : Wn+1Ω
•
X(k) −→ WnΩ

•
X(k) is

surjective, the following commutative diagram

0 −−−→ Pk−1Wn+1Λ̃
i
X −−−→ PkWn+1Λ̃

i
X −−−→ Wn+1Ω

i−k
X(k) −−−→ 0

π

� π

� π

�
0 −−−→ Pk−1WnΛ̃

i
X −−−→ PkWnΛ̃

i
X −−−→ WnΩ

i−k
X(k) −−−→ 0

with exact rows and induction on k show (4).

(5): By (4), the projective system {PkWnΛ̃
•
X}n satisfies the Mittag-

Leffler condition. Hence (8.6.1) is exact by (8.5). (The compatibility of

(8.6.1) with the Frobenius will be obtained in (9.12) below.) �
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Next let us consider the case of an open variety. Let (X,D) be a smooth

(not necessarily proper) variety with an SNCD over κ. Then [Hy1, p. 301]

(cf. (6.28) (2)) tells us that there exists a projection

π : Wn+1Ω
i
X(± logD) −→WnΩ

i
X(± logD) (i ∈ N).(8.6.4)

The morphism π in [HK, (4.2)] in the case of the open variety above is equal

to the morphism π : Wn+1Ω
i
X(logD) −→ WnΩ

i
X(logD) in (8.6.4) because

π in [HK, (4.2)] satisfies a relation pπ = p (cf. (6.28) (1), (6.4.6)), which is

the characterization of π in [Hy1].

Proposition 8.7. Let π : Wn+1Ω
i
X(logD) −→ WnΩ

i
X(logD) be the

projection. Then the following hold:

(1) The morphism π preserves the preweight filtration P .

(2) The following diagram

PkWn+1Ω
•
X(logD)

Res−−−→ Wn+1Ω
•
D(k){−k}

π

� �π
PkWnΩ

•
X(logD)

Res−−−→ WnΩ
•
D(k){−k}

(8.7.1)

is commutative.

(3) The natural projection π : PkWn+1Ω
•
X(logD) −→ PkWnΩ

•
X(logD)

is surjective.

(4) Set PkWΩ•
X(logD) := lim←−n PkWnΩ

•
X(logD). Then the following

sequence

0 −→ Pk−1WΩ•
X(logD) −→ PkWΩ•

X(logD)(8.7.2)

Res−→WΩ•
D(k){−k} −→ 0

is exact.

Proof. (1): The proof is the same as that of (8.4) (2).

(2): Using [M1, 1.4.5] (cf. (9.0.1) below) and a relation pπ = p in [Hy1,

p. 301], we can give the same proof of (2) as that of the commutativity of

(8.4.3).

(3): The proof of (3) is similar to that of (8.6) (4) and easier than it.
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(4): (4) follows from (8.7.1), [M1, 1.4.5] and (3). (The compatibility of

(8.7.2) with the Frobenius will be obtained in (9.6.2) below.) �

Remark 8.8. By (6.28) (4) and by [M1, 1.4.5] and by the induction

on k, we see that PkWnΩ
i
X(logD) (k ∈ N) is a coherent sheaf of Wn(OX)-

modules.

9. Frobenius compatibility

In this section we prove the compatibility of the Frobenius in the finite

length version of (2.0.1), in (4.1.1;n), in (5.0.2;n), and in (5.4) (2); the proofs

of the former two are the same; the proofs of the latter two are much easier

than those of the former two. Unexpectedly, the proofs of the former two

is not easy because the easily defined operators F ’s on (log) de-Rham-Witt

complexes due to the method of Katz-Illusie-Raynaud [IR, III (1.5)] are

morphisms from Wn-modules to Wn−1-modules; we show the compatibility

with the Frobenius from Wn-modules to themselves (cf. [I2, I (2.18.7)]).

For the time being, let the notations be as in §5. First, we clarify what

has been proved and what has not. As to (5.0.2;n), Mokrane has shown in

[M1, 1.4.5] that there exists an isomorphism

grPk WnΩ
•
X(logD)

Res∼−→WnΩ
•
D(k){−k}(9.0.1)

which makes the following diagram commutative:

grPk Wn+1Ω
•
X(logD)

Res∼−−−→ Wn+1Ω
•
D(k){−k}

p•F

� �p•F
grPk WnΩ

•
X(logD)

Res∼−−−→ WnΩ
•
D(k){−k}.

(9.0.2)

We prove (9.3.1) and (9.4) (2) below, which are stronger than the above.

We can find an analogous compatibility in [M1, 3.22 (2)]. In the proof

of it, we find a Tate twist (j + 1) (j ∈ N) in a pro-complex; this is mislead-

ing. For example, a sentence in [Ch2, p. 159, l. 5∼7] “The double complex

(WnA
••, d′, d′′) is endowed with a Frobenius endomorphism Φn defined on

each WnA
ij by the usual Frobenius twisted by p−j−1” has non-sense since

WnA
ij is a torsion W -module; to give the definition of Φn in the sentence
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above is non-trivial. In (9.9) below we shall give the precise meaning of this

sentence. Moreover, we have to check the compatibility of Φn with various

operators.

Now let us prove the compatibility of Frobenius in the finite length

version of (2.0.1), in (4.1.1;n), in (5.0.2;n), and in (5.4) (2). We first prove

(5.0.2;n) and (5.4) (2).

The following is necessary for the proof of (5.0.2;n).

Lemma 9.1. Let Z −→ (Spec(κ), L) be a log smooth morphism of

Cartier type of fine log schemes. Let (WnΛ
i
Z)′′ be the obverse log Hodge-

Witt sheaf on
◦
Z defined in §7 and let sn : (WnΛ

i
Z)′′

∼−→WnΛ
i
Z (n ∈ Z>0) be

a canonical isomorphism defined in (7.0.5) ((7.5)). Then the following hold:

(1) The morphism sn is functorial, that is, for a commutative diagram

Y
g−−−→ Z� �

(Spec(κ′), L′) −−−→ (Spec(κ), L)

of fine log schemes, where κ′ is a perfect field of characteristic p > 0 and

where the left vertical morphism is a log smooth morphism of Cartier type,

the following diagram is commutative:

(WnΛ
i
Z)′′

sn
∼−−−→ WnΛ

i
Z = RiuZ/Wn∗(OZ/Wn

)

g∗
� �g∗

g∗(W ′
nΛ

i
Y )′′

g∗(sn)
∼−−−−→ g∗W ′

nΛ
i
Y = g∗RiuY/W ′

n∗(OY/W ′
n
).

(9.1.1)

Here W ′
n is the Witt ring of κ′ of length n.

(2) (Only for our memory) Let Φ′′
n : (WnΛ

i
Z)′′ −→ (WnΛ

i
Z)′′ and

Φn : WnΛ
i
Z −→WnΛ

i
Z be two morphisms induced by the absolute Frobenius

endomorphism of Z. Then the following diagram is commutative:

(WnΛ
i
Z)′′

sn
∼−−−→ WnΛ

i
Z

Φ′′
n

� �Φn

(WnΛ
i
Z)′′

sn
∼−−−→ WnΛ

i
Z .

(9.1.2)
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Proof. (1): By the general nonsense, the morphism g indeed induces

a morphism

RiuZ/Wn∗(OZ/Wn
) −→ g∗R

iuY/W ′
n∗(OY/W ′

n
).

Indeed, g∗ induces a morphism

RuZ/Wn∗(OZ/Wn
) −→ RuZ/Wn∗Rglog

crys∗(OY/W ′
n
) = Rg∗RuY/W ′

n∗(OY/W ′
n
).

One can easily check that there exists a natural morphism

Hi(Rg∗RuY/W ′
n∗(OY/W ′

n
)) −→ g∗Hi(RuY/W ′

n∗(OY/W ′
n
)).

Thus we have a morphism WnΛ
i
Z −→ g∗W ′

nΛ
i
Y .

The commutativity of (9.1.1) is a local question. It is easy to check this

commutativity by the local expression of sn (cf. [HK, p. 251]) and by the

existence of the local lift of g : Y −→ Z.

(2): (2) is a special case of (1). �

Lemma 9.2. (cf. [I2, I (2.18.7)]) Let the notations be as in (9.1). Let

Φ′′
n,n+1 be the following composite morphism

(Wn+1Λ
i
Z)′′

Φ′′
n+1−→ (Wn+1Λ

i
Z)′′

proj.−→ (WnΛ
i
Z)′′.

Then the following hold:

(1) The following diagram is commutative:

(Wn+1Λ
i
Z)′′

sn+1
∼−−−→ Wn+1Λ

i
Z

Φ′′
n,n+1

� �piF
(WnΛ

i
Z)′′

sn
∼−−−→ WnΛ

i
Z .

(9.2.1)

(2) The morphism Φn in (9.1.2) fits into the following diagram commu-

tative:

Wn+1Λ
i
Z

π−−−→ WnΛ
i
Z

piF

� �Φn

WnΛ
i
Z WnΛ

i
Z .

(9.2.2)



p-Adic Weight Spectral Sequences of Log Varieties 607

(3) The morphisms Φn+1 and Φn fit into the following commutative

diagram:

Wn+1Λ
i
Z

Φn+1−−−→ Wn+1Λ
i
Z

π

� �π
WnΛ

i
Z

Φn−−−→ WnΛ
i
Z .

(9.2.3)

Proof. The proof is an analogue of (7.1):

(1): The question is local. As in (7.1), we may assume that a formally

log smooth lift Z of Z over (Spf(W ),W (L)) exists. Set Zn := Z ⊗W Wn.

Let the notations be as in (7.1). Since the morphism F : Wn+1Λ
0
Z −→

WnΛ
0
Z is induced by the projection Λ•

n+1 −→ Λ•
n, we obtain the following

commutative diagram by a simple calculation:

Wn+1(OZ)
sn+1(0,0)−−−−−−→ Wn+1Λ

0
Z

Φ′′
n,n+1

� �F
Wn(OZ)

sn(0,0)−−−−→ WnΛ
0
Z .

(9.2.4)

Because pãp−1
n dãn is an exact form, we have

pF ◦ sn+1(1, 0)(a0, . . . , an) = pH1(proj.)(
n∑
i=0

ãp
n+1−i−1
i dãi)

= p
n−1∑
i=0

ãp
n+1−i−1
i dãi + pãp−1

n dãn

= p
n−1∑
i=0

ãp
n+1−i−1
i dãi

in H1(Λ•
n+1). By this formula, we obtain the following commutative dia-

gram:

Wn+1(OZ)
sn+1(1,0)−−−−−−→ Wn+1Λ

1
Z

Φ′′
n,n+1

� �pF
Wn(OZ)

sn(1,0)−−−−→ WnΛ
1
Z .

(9.2.5)
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By (9.2.4), (9.2.5) and by the definition of the morphism sn ((7.0.5), cf. [HK,

(4.9)]), we obtain (1) as in (7.1).

(2): The commutativity of (9.2.2) follows from that of (7.1), (9.1.2) and

(9.2.1).

(3): The commutativity of (9.2.3) immediately follows from the commu-

tativity of (7.1) and (9.1.2). �

Let the notations be as in §5. The following (1) is the precise content of

(5.0.2;n):

Proposition 9.3. (1) Let (X,D) be a smooth scheme with an SNCD

over κ. The Frobenius endomorphism Φn : WnΩ
•
X(logD) −→WnΩ

•
X(logD)

defined in (9.1) (2) preserves the preweight filtration P and makes the fol-

lowing diagram commutative:

grPk WnΩ
•
X(logD)

Res
∼−−−→ WnΩ

•
D(k){−k}

grPk (Φn)

� �pkΦn

grPk WnΩ
•
X(logD)

Res
∼−−−→ WnΩ

•
D(k){−k}.

(9.3.1)

Consequently there exists the following spectral sequence (cf. [M2, (3.1)]:

the convergent term H2i+j
cris (U/W ) in [loc. cit.] has to be replaced by

H i+j
cris (U/W ).) :

E−k,h+k
1 = Hh−k

crys (D(k)/Wn)(−k)(9.3.2)

=⇒ Hh((X,D)/Wn) (n ∈ Z>0).

As to the preservation, the following holds more generally:

(2) The morphism g∗ in (9.1.1) for the log Hodge-Witt sheaves of smooth

schemes with NCD’s over κ preserves the preweight filtration.

Proof. (1): By the same proof as that of (8.4) (1), it follows that

the endomorphism Φn : WnΩ
•
X(logD) −→ WnΩ

•
X(logD) preserves the pre-

weight filtration P .

Next, we prove the commutativity of (9.3.1). This is a local question.

Let (X ,D)/Spf(W ) be a formally log smooth lift of (X,D)/Spec(κ). Set

(Xn,Dn) := (X ,D) ⊗W Wn (n ∈ N). Assume that X is formally etale over
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Spf(W{x1, . . . , xd}) and D is defined by an equation x1 · · ·xr = 0 (1 ≤ r ≤
d). Let Φ: (X ,D) −→ (X ,D) be a lift of the Frobenius endomorphism of

(X,D). Then, as in the proof of (8.1), Φ∗(d log xi) (1 ≤ i ≤ r) is equivalent

to pd log xi in WnΩ
1
X(logD) = H1(Ω•

Xn/Wn
(logDn)). By the definition of

Φ, Φ induces a morphism D(k) −→ D(k) which is a lift of the Frobenius of

D(k). Hence we have the commutative diagram (9.3.1) by (9.0.1) due to

Mokrane.

(2): We can prove (2) in a similar way: the number of log poles in a

logarithmic differential form does not increase by the pull-back of a local

lift of a morphism of smooth schemes with NCD’s over κ. �

Let us also prove that the two pairings in (5.3) are compatible with

the Frobenius. First, we have to define the Frobenius endomorphism of

WnΩ
i
X(− logD). This is essentially given in [Hy1] and [Hy2, p. 245]: if

we are given a triple (X ,D,Φ) as in the proof of (9.3) (1), we define the

Frobenius endomorphism to be the induced morphism Φn = Hi(Φ∗) on

WnΩ
i
X(− logD) = Hi(Ω•

Xn/Wn
(− logDn)) by Φ; this morphism is indepen-

dent of the choice of the lift (X ,D,Φ) by the product construction as ex-

plained in [Hy1, 2] (see also (9.5) (1) below for another method to define

the Frobenius endomorphism).

Proposition 9.4. (1) The two pairings in (5.3) are compatible with

the Frobenius.

(2) An equality Φn ◦ π = piF : Wn+1Ω
i
X(± logD) −→ WnΩ

i
X(± logD)

holds.

(3) The morphisms Φn+1 and Φn fit into the following commutative

diagram:

Wn+1Ω
i
X(± logD)

Φn+1−−−→ Wn+1Ω
i
X(± logD)

π

� �π
WnΩ

i
X(± logD)

Φn−−−→ WnΩ
i
X(± logD).

(9.4.1;±)

Proof. The questions are local. Let the notations be as in (9.3) (1).

(1): The pairing

WnΩ
i
X(logD)⊗Wn WnΩ

d−i
X (− logD) −→WnΩ

d
X(− logD) = WnΩ

d
X
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is compatible with the Frobenius. Here the last equality WnΩ
d
X(− logD) =

WnΩ
d
X follows from (6.28) (9). Since the isomorphism s−1

n : WnΩ
d
X

∼−→
(WnΩ

d
X)′′ is compatible with the Frobenius ((9.1.2)), the cup product

Hj(X,WnΩ
i
X(logD))⊗Wn Hd−j(X,WnΩ

d−i
X (− logD)) −→Wn(−d)

is compatible with the Frobenius. Thus the pairing (5.3.1) is compatible

with the Frobenius. Similarly, the natural wedge product

WnΩ
•
X(logD)⊗Wn WnΩ

•
X(− logD) −→WnΩ

•
X(− logD)

is compatible with the Frobenius. Hence the compatibility of the pairing

(5.3.2) with the Frobenius follows as above.

(2): Though the case for WmΩi
X(logD) (m = n, n + 1) is a special case

of the commutativity of (9.2.2), we prove (2) for WmΩi
X(± logD) at the

same time for notational reason. First, assume that i = 0. Then (2) is a

special case of the commutativity of (9.2.2). Next, assume that i > 0. By

the definition of the morphism p : WnΩ
i
X(± logD) −→ Wn+1Ω

i
X(± logD)

([Hy1, p. 301]), we have an equality

Φn = pi−1p ◦ Hi(proj.) : Hi(Ω•
Xn/Wn

(± logDn))
−→ Hi(Ω•

Xn−1/Wn−1
(± logDn−1))

−→ Hi(Ω•
Xn/Wn

(± logDn)).

Since p ◦ Hi(proj.) = Hi(proj.) ◦ p, (2) follows from an equality p ◦ π = p

([Hy1, p. 301], cf. (6.28) (1)).

(3): The problem is local. By (2) and by the surjectivity of the morphism

π : Wn+2Ω
i
X(± logD) −→Wn+1Ω

i
X(± logD), we have only to prove that the

following diagram is commutative:

Wn+2Ω
i
X(± logD)

Hi(proj.)−−−−−→ Wn+1Ω
i
X(± logD)

π

� �π
Wn+1Ω

i
X(± logD)

Hi(proj.)−−−−−→ WnΩ
i
X(± logD).

(9.4.2;±)

By the same proof as that of (6.8) (4), we obtain the commutativity of

(9.4.2;±). �
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Remark 9.5. (1) Let M be the log structure defined by an NCD D

on X:

M := {f ∈ OX |f is invertible outside D}.

Let us consider the log crystalline site ((X,M)/(Wn,W
∗
n))log

crys. Let

(U, T, ι,MT , δ) be an object of ((X,M)/(Wn,W
∗
n))log

crys. Because

ι : (U,M |U ) −→ (T,MT ) is an exact closed immersion, MT /O∗
T = MU/O∗

U

on Uzar = Tzar; hence the defining equation of the SNCD divisor D ∩ U in

U lifts locally to a section of MT . We define the ideal sheaf IX/Wn
⊂

OX/Wn
by the following: IX/Wn

(T )= ((the ideal generated by the im-

age of the local section above by the structural morphism MT −→ OT )).

The sheaf IX/Wn
is a special case of a sheaf defined in [T, §5]

(IX/Wn
is denoted by KX/Wn

in [loc. cit.]). By this remark, we see

that IX/Wn
is a crystal on ((X,M)/(Wn,W

∗
n))log

crys (cf. [T, (5.3)]). Let

uX/Wn
: ( ˜(X,M)/(Wn,W ∗

n))log
crys −→ X̃zar be the projection. If (X,D) lifts to

a smooth scheme Xn/Wn with a relative SNCD Dn over Wn, then

RiuX/Wn∗(IX/Wn
) = Hi(Ω•

Xn/Wn
(− logDn)) by [Ka2, (6.9)]. Hence, by

[Hy1, p. 301],

RiuX/Wn∗(IX/Wn
) = WnΩ

i
X(− logD).(9.5.1)

In particular, (9.5.1) also tells us that WnΩ
i
X(− logD) is independent of the

choice of (Xn,Dn). Using (9.5.1), we also see that Φn on WnΩ
i
X(− logD) is

independent of the triple (X ,D,Φ) in the proof of (9.3) (1).

(2) Let (X,D) be a smooth scheme with SNCD over κ with structural

morphism f : X −→ Wn. Let (X̃/Wn)crys be the classical crystalline topos

of X/(Wn, pWn, [ ]) and
◦
uX/Wn

: (X̃/Wn)crys −→ X̃zar the classical pro-

jection of topoi. Let
◦
OX/Wn

be the structure sheaf in (X̃/Wn)crys. Let

a(k) : D(k) −→ X be the natural morphism. In [NS] and [Nakk6], as a

special case, we have obtained the following commutative diagram:

RuX/Wn∗(IX/Wn
)

∼−−−→

�
�

WnΩ
•
X(− logD) −−−→

(9.5.2)
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[R
◦
uX/Wn∗(

◦
OX/Wn

) −→ (a
(1)
∗ RuD(1)/Wn∗(OD(1)/Wn

),−d) −→ · · · ]��

[WnΩ
•
X −→ (a

(1)
∗ WnΩ

•
D(1) ,−d) −→ · · · ].

Here the upper right hand side of (9.5.2) is, by definition, the single com-

plex of
◦
uX/Wn∗(I

••) in D+(f−1(Wn)), where I•• is a double complex of
◦
OX/Wn

-modules such that, for each nonnegative integer k, Ik• is a
◦
uX/Wn∗-

acyclic resolution of (a
(k)
crys∗(OD(k)/Wn

), (−1)kd). In particular, the canonical

morphism

WnΩ
•
X(− logD) −→ [WnΩ

•
X −→ (a

(1)
∗ WnΩ

•
D(1) ,−d) −→ · · · ].

is a quasi-isomorphism. In the arguments above, we do not use Ekedahl’s

Nakayama lemma ([Ek2, I (1.1.3)]).

Let Y be an SNCL variety over the log point s. By the above and by

the same argument as that of [M1, 3.15], we can give another proof of the

fact that the following canonical morphism

θn∧ : WnΛ
•
Y −→WnA

•
Y

is a quasi-isomorphism (cf. (6.29) (1)).

Corollary 9.6. (1) The following diagram

grPk Wn+1Ω
•
X(logD)

Res
∼−−−→ Wn+1Ω

•
D(k)(−k){−k}

π

� �π
grPk WnΩ

•
X(logD)

Res
∼−−−→ WnΩ

•
D(k)(−k){−k}

(9.6.1)

is commutative.

(2) The exact sequence (8.7.2) is compatible with the Frobenius in the

following sense: the following sequence

0 −→ Pk−1WΩ•
X(logD) −→ PkWΩ•

X(logD)(9.6.2)

Res−→WΩ•
D(k)(−k){−k} −→ 0
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is exact.

Proof. (1) follows from (8.7.1), the commutativity of (9.4.1;+) and

that of (9.3.1). (2) follows from (1) and (8.7.2). �

Now we come back to the SNCL case.

Let the notations be as in the case of the SNCL variety in §8. We can

avoid the obscure point in the proof in [M1, 3.22 (2)] by (9.7.3) below: it is

not necessary to give the meaning of the Tate twist (j+1) in [loc. cit.] if one

considers only the pro-system W•A••
X ; later, in (9.9) below, we shall consider

the compatibility of WnA
••
X with the Frobenius for a positive integer n. We

shall use (9.7.3) in the proof of (9.9).

Proposition 9.7. Let i be a non-negative integer. Then the following

hold:

(1) The following diagram is commutative:

Wn+1Λ̃
i+1
X

piF−−−→ WnΛ̃
i+1
X

θn+1∧
� �θn∧

Wn+1Λ̃
i
X

piF−−−→ WnΛ̃
i
X .

(9.7.1)

(2) Let WnA
i•
X be the complex defined in (4.1.3). For the positive integers

n’s, the canonical quasi-isomorphisms WnΛ
i
X

θn∧−→WnA
i•
X ([M1, 3.15], (6.28)

(9), (6.29) (1)) make the following diagram commutative:

Wn+1A
i•
X

piF−−−→ WnA
i•
X

θn+1∧
� �θn∧

Wn+1Λ
i
X

piF−−−→ WnΛ
i
X .

(9.7.2)

(3) (cf. [M1, (3.22) (2)]) Let k be an integer. The Poincaré residue

isomorphisms

Res: grPk WnA
i•
X

∼−→
⊕

j≥max{−k,0}
WnΩ

i−j−k
◦
X(2j+k+1)

{−j} (n ∈ Z>0)
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make the following diagram commutative:

grPk Wn+1A
i•
X

Res
∼−−−→

⊕
j≥max{−k,0}

Wn+1Ω
i−j−k
◦
X(2j+k+1)

{−j}

piF

� �pj+k(pi−j−kF )

grPk WnA
i•
X

Res
∼−−−→

⊕
j≥max{−k,0}

WnΩ
i−j−k
◦
X(2j+k+1)

{−j}.

(9.7.3)

Proof. The questions are local. Let the notations be as in the proof

of (8.4).

(1): Because the morphism F : Wn+1Λ̃
i
X = Hi(Λ̃•

n+1) −→ WnΛ̃
i
X =

Hi(Λ̃•
n) is induced by the projection proj. : Λ̃•

n+1 −→ Λ̃•
n ([Hy2, (1.3)]), (1)

is obvious.

(2): By the definitions of F ’s in [Hy2, (1.3)] and in [M1, 3.8], (2) imme-

diately follows as in (1).

(3): For a positive integer l, let X (l) be the disjoint union of all l-fold

intersections of the distinct irreducible components of the scheme X . Let

j be a non-negative integer such that j ≥ −k. By [M1, 3.7], we have an

isomorphism

Res: grP2j+k+1Hi+j+1(Λ̃•
n)

∼−→ Hi−j−k(Ω•
X (2j+k+1)

n /Wn
).

(3) follows from the following obvious commutative diagram

grP2j+k+1Hi+j+1(Λ̃•
n+1)

Res
∼−−−→ Hi−j−k(Ω•

X (2j+k+1)
n+1 /Wn+1

)

Hi+j+1(piproj.)

� �Hi−j−k(piproj.)

grP2j+k+1Hi+j+1(Λ̃•
n)

Res
∼−−−→ Hi−j−k(Ω•

X (2j+k+1)
n /Wn

).

�

The following tells us that the Frobenius on torsion p-adic Steenbrink

complexes can be constructed by the method of Katz-Illusie-Raynaud ([IR,

III (1.5)]).
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Theorem 9.8. Let n, k be two positive integers and j a non-negative

integer. Then the following hold:

(1) There exists a unique morphism Ψ
(k;j)
n : WnΛ

j
X −→ WnΛ

j
X which

makes the following diagram commutative:

Wn+1Λ
j
X

π−−−→ WnΛ
j
X

pkF

� �Ψ
(k;j)
n

WnΛ
j
X WnΛ

j
X .

(9.8.1)

The morphisms Ψ
(k;j)
n and Ψ

(k+1;j+1)
n fit into the following commutative

diagram:

WnΛ
j
X

d−−−→ WnΛ
j+1
X

Ψ
(k;j)
n

� �Ψ
(k+1;j+1)
n

WnΛ
j
X

d−−−→ WnΛ
j+1
X .

(9.8.2)

The morphism Ψ
(k;k)
n : WnΛ

k
X −→WnΛ

k
X is equal to Φn : WnΛ

k
X −→WnΛ

k
X

in (9.1.2). The morphisms Ψ
(k;j)
n+1 and Ψ

(k;j)
n fit into the following commuta-

tive diagram:

Wn+1Λ
j
X

Ψ
(k;j)
n+1−−−→ Wn+1Λ

j
X

π

� �π
WnΛ

j
X

Ψ
(k;j)
n−−−→ WnΛ

j
X .

(9.8.3)

(2) There exists a unique morphism Φ̃
(0j)
n : WnA

0j
X −→ WnA

0j
X which

makes the following diagram commutative:

Wn+1A
0j
X

π−−−→ WnA
0j
X

F

� �Φ̃
(0j)
n

WnA
0j
X WnA

0j
X .

(9.8.4)
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The morphisms Φ̃
(0•)
n (• ≥ 0) make the following two diagrams commutative:

WnA
0,j+1
X

Φ̃
(0,j+1)
n−−−−−→ WnA

0,j+1
X

θn∧
� �θn∧

WnA
0j
X

Φ̃
(0j)
n−−−→ WnA

0j
X ,

(9.8.5)

Wn+1A
0j
X

Φ̃
(0j)
n+1−−−→ Wn+1A

0j
X

π

� �π
WnA

0j
X

Φ̃
(0j)
n−−−→ WnA

0j
X .

(9.8.6)

(3) There exists a unique morphism Ψ̃
(k;j)
n : WnΛ̃

j
X −→ WnΛ̃

j
X which

makes the following diagram commutative:

Wn+1Λ̃
j
X

π−−−→ WnΛ̃
j
X

pkF

� �Ψ̃
(k;j)
n

WnΛ̃
j
X WnΛ̃

j
X .

(9.8.7)

The family {Ψ̃(k;•)
n } (• ≥ 0, k ≥ 1) makes the following three diagrams

commutative:

WnΛ̃
j
X

d−−−→ WnΛ̃
j+1
X

Ψ̃
(k;j)
n

� �Ψ̃
(k+1;j+1)
n

WnΛ̃
j
X

d−−−→ WnΛ̃
j+1
X ,

(9.8.8)

WnΛ̃
j+1
X

Ψ̃
(k;j+1)
n−−−−−→ WnΛ̃

j+1
X

θn∧
� �θn∧

WnΛ̃
j
X

Ψ̃
(k;j)
n−−−−→ WnΛ̃

j
X ,

(9.8.9)
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WnΛ̃
j+1
X

Ψ̃
(k;j+1)
n−−−−−→ WnΛ̃

j+1
X

θn∧
� �θn∧

WnΛ
j
X

Ψ
(k;j)
n−−−→ WnΛ

j
X .

(9.8.10)

The morphisms Ψ̃
(k;j)
n+1 and Ψ̃

(k;j)
n fit into the following commutative diagram:

Wn+1Λ̃
j
X

Ψ̃
(k;j)
n+1−−−−→ Wn+1Λ̃

j
X

π

� �π
WnΛ̃

j
X

Ψ̃
(k;j)
n−−−−→ WnΛ̃

j
X .

(9.8.11)

(4) The morphism Ψ̃
(k;j)
n preserves the preweight filtration P on WnΛ̃

j
X ;

for an integer i ≥ 1, Ψ̃
(i;i+•+1)
n : WnΛ̃

i+•+1
X −→WnΛ̃

i+•+1
X induces an endo-

morphism

Φ̃(i•)
n : WnA

i•
X −→WnA

i•
X

of complexes.

(5) Let i be a positive integer. The family {Φ̃(ij)
n }i≥1,j≥0 makes the fol-

lowing four diagrams commutative:

Wn+1A
ij
X

π−−−→ WnA
ij
X

piF

� �Φ̃
(ij)
n

WnA
ij
X WnA

ij
X ,

(9.8.12)

WnA
ij
X

(−1)j+1d−−−−−→ WnA
i+1,j
X

Φ̃
(ij)
n

� �Φ̃
(i+1,j)
n

WnA
ij
X

(−1)j+1d−−−−−→ WnA
i+1,j
X ,

(9.8.13)

WnA
i,j+1
X

Φ̃
(i,j+1)
n−−−−−→ WnA

i,j+1
X

(−1)iθn∧
� �(−1)iθn∧

WnA
ij
X

Φ̃
(ij)
n−−−→ WnA

ij
X ,

(9.8.14)
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Wn+1A
ij
X

Φ̃
(ij)
n+1−−−→ Wn+1A

ij
X

π

� �π
WnA

ij
X

Φ̃
(ij)
n−−−→ WnA

ij
X .

(9.8.15)

(6) The following diagram is commutative:

WnA
0j
X

(−1)j+1d−−−−−→ WnA
1j
X

Φ̃
(0j)
n

� �Φ̃
(1j)
n

WnA
0j
X

(−1)j+1d−−−−−→ WnA
1j
X .

(9.8.16)

(7) The following diagram is commutative:

WnΛ̃j
X

Ψ̃ (k;j)
n−−−−→ WnΛ̃j

X� �
WnΛj

X = WnΛ̃j
X/(θn ∧WnΛ̃j−1

X )
Ψ(k;j)

n−−−−→ WnΛj
X = WnΛ̃j

X/(θn ∧WnΛ̃j−1
X ).

(9.8.17)

Proof. Let Z/κ be a smooth scheme. In this proof we do not use the

obverse de Rham-Witt complex constructed in [I2, I]; we use only the re-

verse de Rham-Witt complex WnΩ
•
Z constructed in [IR, III (1.5)](=[HK,

(4.1)] in the trivial log case). In particular, Wn(OZ) is, by definition,

R0uZ/Wn∗(OZ/Wn
).

(1): The following composite morphism

WnΛ
j
X

p−→Wn+1Λ
j
X

pk−1

−→ Wn+1Λ
j
X

F−→WnΛ
j
X(9.8.18)

is a desired morphism because pπ = p ([Hy2, (1.3.2)]). The uniqueness of

Ψ
(k;j)
n follows from the surjectivity of π ([Hy2, (2.2.3)]).

Next, let us prove the commutativity of (9.8.2). Because p : WnΛ
•
X −→

Wn+1Λ
•
X is a morphism of complexes ([Hy2, (1.3.1)]) and because the fol-

lowing diagram

Wn+1Λ
j
X

d−−−→ Wn+1Λ
j+1
X

F

� �pF
WnΛ

j
X

d−−−→ WnΛ
j+1
X

(9.8.19)
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is commutative, we obtain the commutativity of (9.8.2) by (9.8.18).

The equality Ψ
(k;k)
n = Φn follows from the commutativity of (9.2.2) and

(9.8.1), and from the surjectivity of π.

Finally, let us prove the commutativity of (9.8.3). This follows from

(9.8.18) and from relations pπ = πp and Fπ = πF in (6.28) (1).

(2): By [M1, 3.7], the Poincaré residue morphism

WnA
0j
X = WnΛ̃

j+1
X /PjWnΛ̃

j+1
X

Res−→Wn(O ◦
X(j+1)

)(9.8.20)

is an isomorphism. Let Φn : Wn(O ◦
X(j+1)

) −→Wn(O ◦
X(j+1)

) be the Frobenius

endomorphism defined in (9.1.2). Set Φ̃
(0j)
n := Res−1 ◦ Φn ◦ Res. Because

the operators F ’s are induced by the projections, there exists the following

commutative diagram

Wn+1A
0j
X

Res
∼−−−→ Wn+1(O ◦

X(j+1)
)

F

� �F
WnA

0j
X

Res
∼−−−→ Wn(O ◦

X(j+1)
).

(9.8.21)

Then the commutativity of (9.8.4) follows from that of (9.8.21), (8.4.3) and

(9.2.2). The uniqueness of Φ̃
(0j)
n follows from the surjectivity of π.

By [M1, 4.12], the left wedge product θn∧ induces a morphism of the

sum (with signs) of the induced morphism Wn(O ◦
X(j+1)

) −→ Wn(O ◦
X(j+2)

)

by restriction morphisms. The morphism Φn defined in (9.1.2) is functorial.

Hence the commutativity of (9.8.5) is obvious.

Let π : Wn+2Λ̃
j+1
X −→ Wn+1Λ̃

j+1
X be the projection. Consider the com-

posite diagram (9.8.6) ◦ π. The commutativity of (9.8.6) follows from that

of (9.8.4), from the relation Fπ = πF in [Hy2, p. 245] ((6.28) (1), (6.8) (4)),

and from the surjectivity of π : Wn+2Λ̃
j+1
X −→Wn+1Λ̃

j+1
X .

(3): As in (1), the following composite

WnΛ̃
j
X

p−→Wn+1Λ̃
j
X

pk−1

−→ Wn+1Λ̃
j
X

F−→WnΛ̃
j
X(9.8.22)

is a desired morphism. The uniqueness of Ψ̃
(k;j)
n follows from the surjectivity

of π : Wn+1Λ̃
j
X −→WnΛ̃

j
X ([Hy2, (2.2.3)]).
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The proof of the commutativity of (9.8.8) is the same as that of the

commutativity of (9.8.2) by using the relation pd = dp in [Hy2, (1.3.1)] and

the commutativity of the following diagram:

Wn+1Λ̃
j
X

d−−−→ Wn+1Λ̃
j+1
X

F

� �pF
WnΛ̃

j
X

d−−−→ WnΛ̃
j+1
X .

(9.8.23)

The commutativity of (9.8.9) follows from (9.8.22) and (8.1.1). The commu-

tativity of (9.8.10) follows from that of (9.8.18), (9.8.22), (8.1.1) and from

the commutativity of the following diagram:

WnΛ̃
j
X

p−−−→ Wn+1Λ̃
j
X� �

WnΛ
j
X

p−−−→ Wn+1Λ
j
X .

(9.8.24)

By using relations in (6.28) (1), the proof of the commutativity of (9.8.11)

is the same as that of the commutativity of (9.8.3).

(4): Because p : WnΛ̃
j
X −→ Wn+1Λ̃

j
X preserves the preweight filtration

P ((8.4) (1)), so does Ψ̃
(k;j)
n by (9.8.22). Hence (4) follows from the com-

mutativity of (9.8.9).

(5): By (4), the commutativity of (9.8.12), (9.8.13), (9.8.14) and (9.8.15)

immediately follows from that of (9.8.7), (9.8.8), (9.8.9) and (9.8.11), respec-

tively.

(6): By the surjectivity of π : Wn+1A
0j
X −→ WnA

0j
X , by the relation

πd = dπ in [Hy2, p. 245], and by the commutativity of (9.8.4) and (9.8.7),

it suffices to prove that the following diagram is commutative:

Wn+1A
0j
X

d−−−→ Wn+1A
1j
X

F

� �pF
WnA

0j
X

d−−−→ WnA
1j
X .

(9.8.25)

This follows from the commutativity of (9.8.23).

(7): (7) follows from (9.8.18) and (9.8.22), and (9.8.24). �
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By (9.8), we have the commutativity of (9.9.1) and (9.9.2) below:

Theorem 9.9. Let WnA
•∗
X be the double complex in (2.2.1;n). Then

there exists a unique endomorphism Φ̃
(•∗)
n : WnA

•∗
X −→WnA

•∗
X (n ∈ Z>0) of

double complexes which makes the following diagram commutative:

Wn+1A
•∗
X

π−−−→ WnA
•∗
X

p•F

� �Φ̃
(•∗)
n

WnA
•∗
X WnA

•∗
X .

(9.9.1)

The endomorphism Φ̃
(•∗)
n induces an endomorphism

Φ̃n : WnA
•
X −→WnA

•
X

of complexes; Φ̃n fits into the following commutative diagram:

WnA
•
X

Φ̃ n−−−→ WnA
•
X

θn∧
� �θn∧

WnΛ
•
X

Φn−−−→ WnΛ
•
X .

(9.9.2)

The Poincaré residue isomorphism Res induces an isomorphism

Res: grPk WnA
•
X

∼−→
⊕

j≥max{−k,0}
(WnΩ

•
◦
X(2j+k+1)

, (−1)j+1d){−2j − k} which

makes the following diagram commutative:

grPk WnA
•
X

Res
∼−−−→

⊕
j≥max{−k,0}

(WnΩ
•
◦
X(2j+k+1)

, (−1)j+1d){−2j − k}

Φ̃ n

� �pj+kΦn

grPk WnA
•
X

Res
∼−−−→

⊕
j≥max{−k,0}

(WnΩ
•
◦
X(2j+k+1)

, (−1)j+1d){−2j − k},

(9.9.3)

Consequently there exists the following spectral sequence (cf. [M1, 3.23]):

E−k,h+k
1 =

⊕
j≥max{−k,0}

(9.9.4)

Hh−2j−k(
◦
X(2j+k+1), (WnΩ

•
◦
X(2j+k+1)

, (−1)j+1d))(−j − k)

=⇒ Hh
log-crys(X/Wn) (n ∈ Z>0).
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Proof. We have only to prove the commutativity of (9.9.3).

Let i, j be fixed integers. Then we have the following commutative

diagram:

⊕
j≥max{−k,0}

grP2j+k+1WnΛ̃
i+j+1
X

Res∼−−−→
⊕

j≥max{−k,0}
WnΩ

i−j−k
◦
X(2j+k+1)

Φ̃ n

� �pj+kΦn⊕
j≥max{−k,0}

grP2j+k+1WnΛ̃
i+j+1
X

Res∼−−−→
⊕

j≥max{−k,0}
WnΩ

i−j−k
◦
X(2j+k+1)

.

(9.9.5)

Indeed, by [M1, 3.7] and (8.4.3), the morphism π : grPk Wn+1A
ij
X −→

grPk WnA
ij
X is surjective. Consider the diagram (9.9.5) ◦ π. Then the com-

mutativity of the diagram (9.9.5) ◦ π follows from that of (9.8.7), (8.4.3),

(9.2.2) in the trivial log case, and (9.7.3). Since the horizontal boundary

morphisms of grPk WnA
••
X are twisted by signs in this paper (and also in [M1,

3.8]; [M1, (3.22) (2)] is mistaken), the Poincaré residue isomorphism induces

an isomorphism

Res: (grP2j+k+1WnΛ̃
•+j+1
X , (−1)j+1d)

∼−→ (WnΩ
•−j−k
◦
X(2j+k+1)

, (−1)j+1d)

of complexes. Hence we can finish the proof of (9.9); at the same time, we

have proved the Frobenius compatibility in (4.1.5) and hence in (4.1.1;n). �

Remark 9.10. We have to make the following identification clearly:

because identification changes many things, it is important. Using the Con-

vention (6), we obtain

H∗(
◦
X(e), (WnΩ

•
◦
X(e)

,−d)) = H∗(
◦
X(e),WnΩ

•
◦
X(e)

)(9.10.1)

= H∗
crys(

◦
X(e)/Wn) (e ∈ Z>0).

Using this identification, we obtain the following spectral sequence

E−k,h+k
1 =

⊕
j≥max{−k,0}

Hh−2j−k
crys (

◦
X(2j+k+1)/Wn)(−j − k)(9.10.2)

=⇒ Hh
log-crys(X/Wn)
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by (9.9.4). The Frobenius compatibility in (9.10.2) is not obtained in [M1].

We call the spectral sequence (9.10.2) the p-adic preweight spectral sequence

of X/s.

Definition 9.11. (1) Set WΛ•
X = lim←−nWnΛ

•
X and WA•

X =

lim←−nWnA
•
X . Set Φ := lim←−n Φn : WΛ•

X −→ WΛ•
X ((9.2.3)), Φ̃•∗ :=

lim←−n Φ̃•∗
n : WA•∗

X −→ WA•∗
X ((9.8.15)) and Φ̃ := lim←−n Φ̃n : WA•

X −→ WA•
X

((9.8.15)). Because π : Wn+1Λ
•
X −→ WnΛ

•
X and π : Wn+1A

•
X −→ WnA

•
X

are surjective, we have an obvious analogue of (9.9) for WΛ•
X , WA•

X , Φ and

Φ̃.

(2) We call the following spectral sequence

E−k,h+k
1 =

⊕
j≥max{−k,0}

Hh−2j−k
crys (

◦
X(2j+k+1)/W )(−j − k)(9.11.1)

=⇒ Hh
log-crys(X/W ).

the p-adic weight spectral sequence of X/s. (The spectral sequence (9.11.1)

is obtained by the same argument as that of (9.9) and (9.10) for WΛ•
X ,

WA•
X , Φ, Φ̃•∗ and Φ̃.)

Finally, we define the Frobenius endomorphism Φ̃n : WnΛ̃
i
X −→ WnΛ̃

i
X

(i ≥ 0) by the following formula:

Φ̃n =

{
Ψ̃

(i;i)
n (i ≥ 1),

Φn in (9.1.2) (i = 0).
(9.11.2)

Assume that we are given an admissible triple (Y,X ,Φ) of X (§6). Then,

Φ̃n is equal to

Hi(Φ∗mod pn) : Hi(OXn ⊗OYn
Ω•

Yn/Wn
(logXn))

−→ Hi(OXn ⊗OYn
Ω•

Yn/Wn
(logXn))

by (9.8.22). By (9.8.11), we obtain the following commutative diagram:

Wn+1Λ̃
i
X

Φ̃ n+1−−−→ Wn+1Λ̃
i
X

π

� �π
WnΛ̃

i
X

Φ̃n−−−→ WnΛ̃
i
X .

(9.11.3)
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By (9.11.3), we can set Φ̃ := lim←−n Φ̃n.

Let k be an integer. Because the Frobenius on PkWnΛ̃
•
X is not defined in

[M1], the proof of [M1, 3.7] is not complete; we complete it by the following:

Proposition 9.12. For a non-negative integer k, PkWnΛ̃
•
X is stable

by the Frobenius Φ̃n on WnΛ̃
•
X . The following two exact sequences

0 −→ PkWnΛ̃
•
X −→ Pk+1WnΛ̃

•
X(9.12.1;n)

Res−→WnΩ
•
◦
X(k+1)

(−k − 1){−k − 1} −→ 0 (n ∈ N)

and

0 −→ PkW Λ̃•
X −→ Pk+1W Λ̃•

X(9.12.1)

Res−→WΩ•
◦
X(k+1)

(−k − 1){−k − 1} −→ 0

are compatible with the Frobenius. Here the Frobenius on WnΩ
•
◦
X(k+1)

(n ∈
N) is, by definition, given in (9.1.2), and the Frobenius on WΩ•

◦
X(k+1)

is the

projective limit of those on WnΩ
•
◦
X(k+1)

(n ∈ N).

Proof. By the local description of Φ̃n and by the same proof as that

of (8.4) (1), we see that PkWnΛ̃
•
X is stable by Φ̃n. Now (9.12.1;n) follows

from this stability, from [M1, 3.7] and from the same proof as that of (9.3)

(1).

(9.12.1) follows from (9.12.1;n) and (8.6.1). �

10. The boundary morphism of the p-adic weight spectral se-

quence of an SNCL variety

In this section we give the description of the boundary morphisms of the

E1-terms (of the finite length version) of (2.0.1) with boundary morphisms

in (2.2.1; �); the proof of (10.1) below completes the proof of [M1, 4.14]; in

addition, in (10.2) (4) below, we correct signs of boundary morphisms in

[M1, 4.14].

Theorem 10.1. Let k be an integer. Let G and ρ be the Gysin mor-

phism and the induced morphism by closed immersions defined in [M1,
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4.10] and [M1, 4.12], respectively. Let W
A
•
X (� = a positive integer n

or nothing) be the single complex of the double complex in (2.2.1; �). Let

d1 : Hh(X, grPk W
A
•
X) −→ Hh+1(X, grPk−1W
A

•
X) be the boundary mor-

phism obtained from the following exact sequence

0 −→ grPk−1W
A
•
X −→ (Pk/Pk−2)W
A

•
X −→ grPk W
A

•
X −→ 0.(10.1.1;�)

Then, under the identification in (9.10), the morphism d1 is identified with

the following morphism:∑
j≥max{−k,0}

[(−1)jG{−2j − k + 1}+ (−1)j+kρ{−2j − k}] :(10.1.2;�)

⊕
j≥max{−k,0}

Hh−2j−k
crys (

◦
X(2j+k+1)/W
)(−j − k) −→

⊕
j≥max{−k+1,0}

Hh−2j−k+2
crys (

◦
X(2j+k)/W
)(−j − k + 1).

Proof. Because signs are considerably delicate, I give the proof in full

detail.

As in (9.10), we have grPl W
A
•
X =

⊕
j≥0 grPl W
A

•j
X {−j} (l ∈ Z). Let

i, j be two non-negative integers. Let (I•ij , δ), (J•ij , δ), (K•ij , δ) be the

Godement resolutions of grPk−1W
A
ij
X , (Pk/Pk−2)W
A

ij
X and grPk W
A

ij
X , re-

spectively. Let us make a convention on signs of the boundary morphisms

of J••• as follows: Let d1 (resp. d2) be the naturally induced morphism

J lij −→ J l,i+1,j (resp. J lij −→ J l,i,j+1) by the horizontal (resp. verti-

cal) morphism (−1)j+1d : (Pk/Pk−2)W
A
ij
X −→ (Pk/Pk−2)W
A

i+1,j
X (resp.

(−1)iθ
∧ : (Pk/Pk−2)W
A
ij
X −→ (Pk/Pk−2)W
A

i,j+1
X ). Then we fix the

boundary morphisms as follows:

δ : J lij −→ J l+1,i,j ,(10.1.3;G)

(−1)ld1 : J lij −→ J l,i+1,j ,(10.1.3;h)

(−1)ld2 : J lij −→ J l,i,j+1.(10.1.3;v)
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We make the same convention for I••• and K•••. Then we have triple

complexes I•••, J••• and K•••. Note that the boundary morphisms of

I••• −→ I•,•,•+1 and K••• −→ K•,•,•+1 are the zeros. Let J•• be a dou-

ble complex defined by J ij :=
⊕

i′+i′′=i J
i′i′′j . Similarly we have double

complexes I•• and K••. Then, for each j, I•j , J•j and K•j are flasque res-

olutions of grPk−1W
A
•j
X , (Pk/Pk−2)W
A

•j
X and grPk W
A

•j
X , respectively, and

we have the following commutative diagram

0 −−−→ I•j{−j} −−−→ J•j{−j}� �
0 −−−→ grPk−1W
A

•j
X {−j} −−−→ (Pk/Pk−2)W
A

•j
X {−j}

(10.1.4)

−−−→ K•j{−j} −−−→ 0�
−−−→ grPk W
A

•j
X {−j} −−−→ 0.

Let I•, J• and K• be the single complexes of I••, J•• and K••, respectively.

Then we also have the following exact sequence

0 −→ Γ(X, I•) −→ Γ(X, J•) −→ Γ(X,K•) −→ 0.(10.1.5)

Let dh (resp. dv) be the horizontal (resp. vertical) boundary morphism of

J••.
Let ω = (ωij)i+j=q ∈ Γ(X,Kq) =

⊕
i+j=q Γ(X,Kij) (q ∈ N) be a co-

cycle. Let ω̃ij ∈ Γ(X, J ij) be a lift of ωij . Then the image of ω by the

boundary morphism of (10.1.5) is (ηi+1,j)i+j=q, where

ηi+1,j := dh(ω̃
ij) + dv(ω̃

i+1,j−1).(10.1.6;i, j − 1)

First, we consider the horizontal morphism dh in (10.1.6;i, j − 1). The

section dh(ω̃
ij) is obtained by the following exact sequence

0 −→ I•j{−j} −→ J•j{−j} −→ K•j{−j} −→ 0.

By (10.1.4), this is isomorphic to

0 −→ (grPk−1W
A
•j
X {−j}, (−1)j+1d)(10.1.7)

−→ ((Pk/Pk−2)W
A
•j
X {−j}, (−1)j+1d)

−→ (grPk W
A
•j
X {−j}, (−1)j+1d) −→ 0.
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Moreover, by [M1, 4.11] and (9.9.3), the following diagram is commutative:

(grPk W
A
•j
X {−j}, d)

d−−−→

Res

��⊕
j≥max{−k,0}

W
Ω
•
◦
X(2j+k+1)

(−j − k){−2j − k} −G{−2j−k+1}−−−−−−−−−→
(10.1.8)

(grPk−1W
A
•j
X {−j}, d)[1]

Res

��⊕
j≥max{−k+1,0}

W
Ω
•
◦
X(2j+k)

(−j − k + 1){−2j − k + 1}[1].

As in the diagram [RZ, p. 31], we use the Convention (6) for the following

cohomologies:

Hh(X, (grPl W
A
•j
X {−j}, (−1)j+1d))(10.1.9)

= Hh(X, (grPl W
A
•j
X {−j}, d)) (l = k, k − 1).

Hence the part of the Gysin morphism in (10.1.2;�) is obtained by noting

the signs of the horizontal boundary morphism in (2.2.1; �) and by the

Convention (5).

Secondly, we consider the vertical morphism dv in (10.1.6;i, j−1). How-

ever we consider it in (10.1.6;i, j) because we wish to give the formula

(10.1.2;�). The morphism d′
v : Ki+1,j � ωi+1,j �−→ dv(ω̃

i+1,j) ∈ Ii+1,j+1

is well-defined. Indeed, we can easily check this by noting that the vertical

morphism of K•j −→ K•j+1 is the zero and the injectivity of the morphism

I•j+1 −→ J•j+1. Then we have the following four commutative diagrams:

grPk−1W
A
•j+1
X {−j − 1} −−−→ (Pk/Pk−2)W
A

•j+1
X {−j − 1}

(−1)•θ�∧
� �(−1)•θ�∧

grPk W
A
•j
X {−j} ←−−− (Pk/Pk−2)W
A

•j
X {−j},

(10.1.10)

(Pk/Pk−2)W
A
•j+1
X {−j − 1} −−−→ J•j+1{−j − 1}

(−1)•θ�∧
� �dv

(Pk/Pk−2)W
A
•j
X {−j} −−−→ J•j{−j},

(10.1.11)
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I•j+1{−j − 1} −−−→ J•j+1{−j − 1}

d′v

� �dv
K•j{−j} ←−−− J•j{−j},

(10.1.12)

grPk−1W
A
•j+1
X {−j − 1} −−−→ I•j+1{−j − 1}

(−1)•θ�∧
� �d′v

grPk W
A
•j
X {−j} −−−→ K•j{−j}.

(10.1.13)

The complex grPk W
A
•
X is isomorphic to the complex

⊕
j≥max{−k,0}

(10.1.14;j), where (10.1.14;j) is the following complex

· · · (−1)j+1d−→ WnΩ
i−j−k
◦
X(2j+k+1)

(−j − k)

(i,j)

(−1)j+1d−→ · · · ,(10.1.14;j)

where (∗, ∗) below the sheaf above means the bi-degree. On the other

hand, grPk−1W
A
•
X is isomorphic to

⊕
j+1≥max{−k+1,0} (10.1.15;j+1), where

(10.1.15;j + 1) is

· · · (−1)j+2d−→ W
Ω
i−j−k
◦
X(2j+k+2)

(−j − k)

(i,j+1)

(−1)j+2d−→ · · · .(10.1.15;j + 1)

By the same proof as that of [M1, 4.12], we have the following commutative

diagram for l ≤ m:

grPl+1W
Λ̃
m+1
X

Res
∼−−−→ W
Ω

m−l
◦
X(l+1)

θ�∧
� �(−1)m−lρ

grPl W
Λ̃
m
X

Res
∼−−−→ W
Ω

m−l
◦
X(l)

.

(10.1.16)

Hence the morphism (−1)iθ
∧ : grPk W
A
ij
X −→ grPk−1W
A

i,j+1
X [1] is iden-

tified with a morphism (−1)i(−1)(i+j+1)−(2j+k+1)ρ = (−1)j+kρ. Hence,

by the commutative diagram (10.1.13), the morphism d′
v : K•j{−j} −→
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I•j+1{−j − 1} is induced by (−1)j+kρ. Now, as in (10.1.9), let us make the

following identifications:

H•(
◦
X(2j+k+1), (W
Ω

•
◦
X(2j+k+1)

{−2j − k}, (−1)j+1d))(−j − k) =(10.1.17)

H•(
◦
X(2j+k+1),W
Ω

•
◦
X(2j+k+1)

{−2j − k})(−j − k),

H•(
◦
X(2j+k+2), (W
Ω

•
◦
X(2j+k+2)

{−2j − k}, (−1)j+2d))(−j − k) =(10.1.18)

H•(
◦
X(2j+k+2),W
Ω

•
◦
X(2j+k+2)

{−2j − k})(−j − k).

Under these identifications, the desired vertical morphism

Hh(
◦
X(2j+k+1),W
Ω

•
◦
X(2j+k+1)

{−2j − k})(−j − k) −→

Hh(
◦
X(2j+k+2),W
Ω

•
◦
X(2j+k+2)

{−2j − k})(−j − k)

is (−1)j+kρ.

Finally, we consider the Frobenius compatibility. By the commutativity

of (9.9.5) and (10.1.16), the following diagram

grP2j+k+2W
Λ̃
i+j+2
X

Ψ̃
(i;i+j+2)
�−−−−−−→ grP2j+k+2W
Λ̃

i+j+2
X

(−1)iθ�∧
� �(−1)iθ�∧

grP2j+k+1W
Λ̃
i+j+1
X

Ψ̃
(i;i+j+1)
�−−−−−−→ grP2j+k+1W
Λ̃

i+j+1
X

(10.1.19)

is identified with the following commutative diagram

W
Ω
i−j−k
◦
X(2j+k+2)

(−j − k)
Φ�−−−→ W
Ω

i−j−k
◦
X(2j+k+2)

(−j − k)

(−1)j+kρ

� �(−1)j+kρ

W
Ω
i−j−k
◦
X(2j+k+1)

(−j − k)
Φ�−−−→ W
Ω

i−j−k
◦
X(2j+k+1)

(−j − k).

(10.1.20)

Therefore we have proved (10.1). �
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Remark 10.2. (1) The description (10.1.2;�) is not the same as the p-

adic analogue of Rapoport-Zink’s description of the boundary morphism of

the E1-terms of the l-adic weight spectral sequence in [RZ, (2.10)] because

their Čech-Gysin morphism [RZ, p. 39] corresponds to −G in [M1, p. 324].

If we wish to have the same description in the p-adic case as that in [RZ,

(2.10)], we need to make the following identification for example:

Hh(X, grPk W
A
•
X)(10.2.1)

Res
∼−→

⊕
j≥max{−k,0}

Hh−2j−k(X, (W
Ω
•
◦
X(2j+k+1)

, (−1)j+1d))(−j − k)

=
⊕

j≥max{−k,0}
Hh−2j−k(X, (W
Ω

•
◦
X(2j+k+1)

, d))(−j − k)

=
⊕

j≥max{−k,0}
Hh−2j−k

crys (
◦
X(2j+k+1)/W
)(−j − k)

⊕
j≥max{−k,0}

(−1)j+k×
−→

⊕
j≥max{−k,0}

Hh−2j−k
crys (

◦
X(2j+k+1)/W
)(−j − k)

for all h, j and k such that j ≥ max{−k, 0}. Here we have used the

Convention (6) for the second equality.

However the description of the boundary morphism in [RZ, (2.10)] is

mistaken in signs if we use the resolution [RZ, (2.6)], the formula

ar∗Rb!rΛ = ar∗b
!
rI

• = ar∗Λ(−r)[−2r] (r ∈ Z>0)

in [loc. cit., p. 37] and the double complex C in [loc. cit., p. 38]. See

[Nakk4] for the details and for the description using the formula above and

for another description.

(2) Let the notations be as in [M1, p. 323]. The formula ResJIq(ω) =

α ∧ d log xiq |DIq
in [M1, p. 323, l. -9] is miswritten; the correct one is:

ResJIq(ω) = (−1)q−1α ∧ d log xiq |DIq
.

(3) The morphism (−1)j+kρ : W
Ω
i−j−k
◦
X(2j+k+1)

(−j − k) −→
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W
Ω
i−j−k
◦
X(2j+k+2)

(−j − k) does not induce a morphism of complexes:

(−1)j+kρ : (W
Ω
•
◦
X(2j+k+1)

{−2j − k}(−j − k), (−1)j+1d)

−→ (W
Ω
•
◦
X(2j+k+2)

{−2j − k − 1}(−j − k), (−1)j+2d).

(4) Let us point out six mistakes in [M1, 4.13, 4.14] and correct them.

In this remark, as in [M1, 3.8], let us consider a double complex WnA
••
X

with boundary morphisms (2.2.3;n). Let WnA
•
X be the single complex of

WnA
••
X . The mistakes in [loc. cit.] are as follows:

(a): The sign (−1)j−1 before the term G in [loc. cit.] is necessary; be-

cause the horizontal boundary morphism WnA
ij
X −→WnA

i+1,j
X is (−1)jd(=

(−1)j−1(−d)), signs of the horizontal boundary morphism grPk+1WnA
••
X −→

grPk WnA
•+1,•
X [1] and that of the usual boundary morphism

d : grPk′+1WnΛ̃
•
X −→ grPk′WnΛ̃

•
X [1] (k′ ∈ Z) are different.

(b): Grj+1W•A• and GrjW•A•[1] in the diagram of [M1, 4.13] have to

be replaced by Grk+1W•A• and GrkW•A•[1], respectively.

(c): The sign (−1)k+1 before the term ρ in [M1, 4.13] must be replaced

by (−1)k; the number of the preweight filtration P on the source of the

boundary morphism grPk+1WnA
•
X −→ grPk WnA

•
X is k + 1 but not k.

(d): The Poincaré residue isomorphism in the diagram in [M1, 4.13] are

not isomorphisms of complexes.

(e): The Frobenius on the pro-system grPk W•A•
X is not considered.

(f): The two shifts [∗] and {∗} are considered as the same operators (we

can find this confusion in many references).

By putting the above together and by the proof of (10.1), [M1, 4.14] is

corrected in a stronger form than [loc. cit.] as follows: the following diagram

is commutative:

Hh(X, grPk+1WnA
•
X)

d1−−−→∥∥∥⊕
j≥−k−1
j≥0

Hh−2j−k−1
crys (

◦
X(2j+k+2)/Wn)(−j − k − 1) −−−→

(10.2.2)
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Hh+1(X, grPk WnA
•
X)∥∥∥⊕

j≥−k
j≥0

Hh+1−2j−k
crys (

◦
X(2j+k+1)/Wn)(−j − k),

where the lower horizontal morphism is∑
j≥max{−k−1,0}

[(−1)j−1G{−2j − k}+ (−1)kρ{−2j − k − 1}](10.2.3)

and the two vertical identities are canonical isomorphisms.

(5) I do not understand why [M1, 4.13] is obviously obtained by [M1,

4.11, 4.12]: the notion of double complexes do not exist in a derived category.

Let i be a fixed non-negative integer. Next, we consider the boundary

morphism

Hh(X, grPk W
A
i•
X{−i}) −→ Hh+1(X, grPk−1W
A

i•
X{−i})(10.2.4)

arising from the following exact sequence

0 −→ grPk−1W
A
i•
X{−i} −→ (Pk/Pk−2)W
A

i•
X{−i}(10.2.5)

−→ grPk W
A
i•
X{−i} −→ 0.

Let the notations be as in the proof of (10.1). Then we have the resolu-

tions I•i•, J•i• and K•i• of grPk−1W
A
i•
X , (Pk/Pk−2)W
A

i•
X and grPk W
A

i•
X ,

respectively. As in the proof of (10.1), we make the same convention on

signs of, e.g., the boundary morphisms J lij −→ J l+1,i,j and J lij −→ J l,i,j+1.

Then we have the following commutative diagram:

0 −−−→ s(I•i•){−i} −−−→ s(J•i•){−i}� �
0 −−−→ grPk−1W
A

i•
X{−i} −−−→ (Pk/Pk−2)W
A

i•
X{−i}

(10.2.6)

−−−→ s(K•i•){−i} −−−→ 0�
−−−→ grPk W
A

i•
X{−i} −−−→ 0.
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Here s means the single complex of a double complex. We consider the

usual boundary morphism

d1 : Hh(X, grPk W
A
i•
X{−i}) = Hh(Γ(X, s(K•i•){−i})) −→(10.2.7)

Hh+1(Γ(X, s(I•i•){−i})) = Hh+1(X, grPk−1W
A
i•
X{−i})

of the lower exact sequence of (10.2.6).

Let {Xn}Mn=1 be the smooth irreducible components of
◦
X. For positive

integers 1 ≤ n0 < · · · < nk−1 ≤ M , set X(n0···nk−1) := Xn0 ∩ · · · ∩ Xnk−1
.

Let l be an integer. Let

G
n0···n̂j ···nk−1
n0···nk−1

: H l(X(n0···nk−1),W
Ω
i
X(n0···nk−1)

)(−1) −→

H l+1(X(n0···n̂j ···nk−1),W
Ω
i+1
X(n0···n̂j ···nk−1)

)

be the Gysin morphism of the closed immersion X(n0···nk−1)
⊂−→

X(n0···n̂j ···nk−1) which is defined in §4. Set

G :=
∑

1≤n0<n1<···<nk−1≤M

k−1∑
j=0

(−1)jG
n0···n̂j ···nk−1
n0···nk−1

:(10.2.8)

H l(X(k),W
Ω
i
X(k))(−1) −→ H l+1(X(k−1),W
Ω

i+1
X(k−1)).

Let

ι
n0···n̂j ···nk−1∗
n0···nk−1

: H l(X(n0···n̂j ···nk−1),W
Ω
i
X(n0···n̂j ···nk−1)

) −→

H l(X(n0···nk−1),W
Ω
i
X(n0···nk−1)

)

be the induced morphism by the closed immersion X(n0···nk−1)
⊂−→

X(n0···n̂j ···nk−1). Set

ρ :=
∑

1≤n0<n1<···<nk−1≤M

k−1∑
j=0

(−1)jι
n0···n̂j ···nk−1∗
n0···nk−1

:(10.2.9)

H l(X(k−1),W
Ω
i
X(k−1)) −→ H l(X(k),W
Ω

i
X(k)).
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Theorem 10.3. Let the notations be as above. Then the morphism

d1 : Hh(X, grPk W
A
i•
X{−i}) −→ Hh+1(X, grPk−1W
A

i•
X{−i})

in (10.2.7) is identified with the following morphism:∑
j≥max{−k,0}

[(−1)jG{−2j − k + 1}+ (−1)j+kρ{−2j − k}] :(10.3.1;�)

⊕
j≥max{−k,0}

Hh−i−j(
◦
X(2j+k+1),W
Ω

i−j−k
◦
X(2j+k+1)

)(−j − k) −→

⊕
j≥max{−k+1,0}

Hh−i−j+1(
◦
X(2j+k),W
Ω

i−j−k+1
◦
X(2j+k)

)(−j − k + 1).

Proof. By noting the sign in (10.1.3;G) and the remark (4.6), the

proof is the same as that of (10.1). �

Remark 10.4. If we use the boundary morphisms of the p-adic Steen-

brink complex in (2.2.2; �), there exists the following spectral sequence

E−k,h+k
1 =

⊕
j≥max{−k,0}

Hh−2j−k
crys (

◦
X(2j+k+1)/W
)(−j − k)(10.4.1;�)

=⇒ Hh
log-crys(X/W
).

Set

ρ′ := (−1)•ρ : W
Ω
•
◦
X(2j+k+1)

−→W
Ω
•
◦
X(2j+k+2)

.(10.4.2;�)

Then the boundary morphism E−k,h+k
1 −→ E−k+1,h+k

1 in (10.4.1;�) is iden-

tified with ∑
j≥max{−k,0}

[−G{−2j − k + 1}+ ρ′].(10.4.3;�)

Though ρ′ is not a usual induced morphism of log de Rham-Witt complexes,

the convention (2.2.2; �) makes us free from the convention on the work for
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signs in (10.1). However, because (2.2.1; �) is naturally related to a left cup-

product θ∧ in the lower exact sequence of a commutative diagram (11.8.1; �)

below, we have used (2.2.1; �) in this paper.

We conclude this section by giving the proof of the correction of the

duality in [M1, 4.15]:

Proposition 10.5. Assume that
◦
X is of pure dimension d. Then the

following hold:

(1) Let n be a positive integer. Let {E••
r,n}r≥1 be the Er-terms of the

preweight spectral sequence (9.10.2). Then the Poincaré duality pairing

〈 , 〉 : E−k,2d−h−k
1,n ⊗Wn Ek,h+k

1,n −→Wn(−d)(10.5.1)

induces the following perfect pairing

〈 , 〉 : E−k,2d−h−k
2,n ⊗Wn Ek,h+k

2,n −→Wn(−d).(10.5.2)

(2) The analogue of (1) for the weight spectral sequence (9.11.1)⊗W K0

of H•
log-crys(X/W )⊗W K0 holds.

Proof. (1) By (9.10.2) we have

E−k,2d−h−k
1,n =

⊕
j≥max{−k,0}

H2d−h−2j−3k
crys (

◦
X(2j+k+1)/Wn)(−j − k)

and

Ek,h+k
1,n =

⊕
j≥max{k,0}

Hh+2k−2j+k
crys (

◦
X(2j−k+1)/Wn)(−j + k)

=
⊕

j≥max{−k,0}
Hh−2j+k

crys (
◦
X(2j+k+1)/Wn)(−j).

Since (2d− h− 2j − 3k) + (h− 2j + k) = 2 dim
◦
X(2j+k+1) and since −(d−

2j − k) − (j + k) − j = −d, we have indeed the Poincaré duality pairing

(10.5.1).
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Set dj,k := dim
◦
X(2j+k+1). Let d−k,h+k

1,n : E−k,h+k
1,n −→ E−k+1,h+k

1,n be

the boundary morphism of the E1-terms of the preweight spectral sequence

(9.10.2). The morphism d−k,2d−h−k
1,n is given by the following diagram

H
2dj,k−(h−2j+k)
crys (

◦
X(2j+k+2)/Wn)(−j − k)

(−1)j+kρ

�
H

2dj,k−(h−2j+k)
crys (

◦
X(2j+k+1)/Wn)(−j − k)

(−1)jG

�
H

2dj,k−(h−2j+k)+2
crys (

◦
X(2j+k)/Wn)(−j − k + 1).

(10.5.3)

By (10.1.2;n), the morphism dk,h+k
1,n is given by

[(−1)j+kG + (−1)jρ] :
⊕

j≥max{−k,0}
Hh−2j+k

crys (
◦
X(2j+k+1)/Wn)(−j) −→

⊕
j≥max{−(k+1),0}

Hh−2j+k
crys (

◦
X(2j+k+2)/Wn)(−j).

Hence the morphism dk−1,h+k
1,n is given by the following diagram

Hh−2j+k−2
crys (

◦
X(2j+k+2)/Wn)(−j − 1)

(−1)(j+1)+k−1G

�
Hh−2j+k

crys (
◦
X(2j+k+1)/Wn)(−j)

(−1)jρ

�
Hh−2j+k

crys (
◦
X(2j+k)/Wn)(−j).

(10.5.4)

Using the adjoint property of G and ρ, we have

〈d−k,2d−h−k
1,n (∗), ∗∗〉 = 〈∗, dk−1,h+k

1,n (∗∗)〉.(10.5.5)

Hence we obtain (1).

(2) immediately follows from (1). �
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Remark 10.6. (1) In [M1, (4.15)], we have to kill the torsions of the

Er-terms in [loc. cit.] since the Poincaré duality does not hold over W

in general. Furthermore we have to make a restriction r ≤ 2 in [loc. cit.]

since the E2-degeneration was not proved in [loc. cit.] (we do not need the

restriction in this paper thanks to (3.6)). The upper indexes of the Er-terms

of the duality in [loc. cit] are mistaken; there exist proper SNCL surfaces

over κ such that E10
2 ⊗W K0 � K0 but E12

2 ⊗W K0 = 0. See [Nakk4] for the

examples.

(2) If we make the identification (10.2.1), we have the formula

〈d−k,2d−h−k
1,n (∗), ∗∗〉 = −〈∗, dk−1,h+k

1,n (∗∗)〉.(10.6.1)

instead of (10.5.5). The description (10.1.2;�) is better than the description

of d−k,h+k
1,n by the use (10.2.1).

11. p-adic monodromy operators

In this section, we define a complex (WnΛ̃
•
X)′′ which is a correction of

(Wnω̃
•
X)′ (n ∈ Z>0) in [HK, (4.20)]. Next we establish a relation between

(WnΛ̃
•
X)′′ and WnΛ̃

•
X which has been denoted by Wnω̃

•
X in [Hy2] and [M1].

There is a similar relation in [HK, (4.20)] in a case where X is the special

fiber of a semistable family over a complete discrete valuation ring of mixed

characteristics with residue field κ; but our relation in (11.1) below is dif-

ferent from the relation in [loc. cit.] a priori even in the semistable case.

In (11.5) (2) below, our relation will show that the monodromy operator

in [HK, §3] coincides with that in [Hy2, Introduction] via a canonical iso-

morphism; the proof of the coincidence in [M1, 2.3] is mistaken; see (11.12)

(2) below for the reason. This coincidence gives a right proof of the inter-

pretation of the p-adic monodromy operator of Hyodo-Kato by a canonical

operator ν of the p-adic Steenbrink complex; this claim in [M1, 3.18] is also

mistaken since ν in [M1, 3.13] is not a morphism of complexes if dimX ≥ 2:

see (11.9) (1) below for details.

(11.5) (2) below is necessary for the proof of the p-adic monodromy-

weight conjecture for a proper SNCL curve over a log point ([M1]; see also

(11.13) below), for a proper semistable family of surfaces over a complete

discrete valuation ring with simple normal crossing special fiber ([Nakk4])

and for other cases ([Nakk3], [Nakk4]). Of course, if one considers the p-adic

monodromy operator in [Hy2, Introduction] as the definition (cf. (11.3.8)
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below), then (11.5) (2) is not necessary for proving the p-adic monodromy

weight conjecture in the cases above; the analogous proof in [M1, 3.18]

is enough for proving it in the cases above if one considers the Frobenius

action into consideration in [Hy2, Introduction] and [M1, 3.18] (cf. (11.7.1;�)

below), and if one makes a correction in (11.9) below (cf. (11.8.1) below).

However, the definition in [Hy2, Introduction] is obviously valid only when

the base scheme is the spectrum of a perfect field or at most a perfect

scheme, and hence it is not very good to consider the p-adic monodromy

operator in [loc. cit.] as the definition of it; in a future paper we shall give

the definition of a p-adic monodromy operator in the same way as that in

[HK, (3.6)] for a more general base scheme by using the crystalline complex.

Let X be an SNCL variety with log structure M over s. Let α : M −→
OX be the structural morphism. Consider two abelian subsheaves F̃n and

G̃n in

(Wn(OX)⊗Z

i∧
(Mgp/α−1(κ∗)))(11.0.1)

⊕ (Wn(OX)⊗Z

i−1∧
(Mgp/α−1(κ∗))) :

the sheaf F̃n is, by definition, generated by the forms of the types (7.0.2),

and G̃n is, by definition, generated by the forms of the type (7.0.4). Set

(WnΛ̃
i
X)′′ := {(Wn(OX)⊗Z

i∧
(Mgp/α−1(κ∗)))(11.0.2)

⊕ (Wn(OX)⊗Z

i−1∧
(Mgp/α−1(κ∗)))}/(F̃n + G̃n).

For the time being, we consider (WnΛ̃
i
X)′′ only as an abelian sheaf on Xzar.

We define a boundary morphism d : (WnΛ̃
i
X)′′ −→ (WnΛ̃

i+1
X )′′ by the same

formula as that of (7.7.6). Thus we have a complex (WnΛ̃
•
X)′′ of abelian

sheaves. Set (W Λ̃•
X)′′ := lim←−n(WnΛ̃

•
X)′′. The Frobenius of X induces a

morphism

Φ̃′′

 : (W
Λ̃

i
X)′′ −→ (W
Λ̃

i
X)′′ (� = n ∈ Z>0 or nothing ).

Let us also recall the Frobenius

Φ̃
 : W
Λ̃
i
X −→W
Λ̃

i
X (� = n ∈ Z>0 or nothing )
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defined in (9.11.2).

Let e be a global section of the log structure Ms of s whose image in

Γ(s,Ms/O∗
s) is a generator. Let τ be the image of e in Γ(X,M). Let

d log τ
 be the image of 1 ⊗ τ ∈ Γ(X,W
(OX) ⊗Mgp) in Γ(X, (W
Λ̃
1
X)′′).

Then d log τ
 is independent of the choice of e.

Theorem 11.1. (1) There exists a canonical isomorphism

s̃n : (WnΛ̃
•
X)′′

∼−→WnΛ̃
•
X

which makes the following two diagrams commutative:

0 −−→ (WnΛ•
X)′′(−1)[−1]

d log τn∧−−−−−→ (WnΛ̃•
X)′′ −−→ (WnΛ•

X)′′ −−→ 0

sn, �
� s̃n, �

� sn, �
�

0 −−→ WnΛ•
X(−1)[−1]

θn∧−−→ WnΛ̃•
X −−→ WnΛ•

X −−→ 0,

(11.1.1;n)

(Wn+1Λ̃
•
X)′′

s̃n+1∼−−−→ Wn+1Λ̃
•
X

proj.

� �π
(WnΛ̃

•
X)′′

s̃n∼−−−→ WnΛ̃
•
X .

(11.1.2)

(Note that, in (11.1.1;n), we have taken the left wedge products d log τn∧
and θn∧, and we have shifted the two left complexes in (11.1.1;n) by [−1]

in order that the horizontal sequences in (11.1.1;n) are exact sequences of

complexes.)

(2) The two projections proj : (Wn+1Λ̃
•
X)′′ −→ (WnΛ̃

•
X)′′,

proj : (Wn+1Λ
•
X)′′ −→ (WnΛ

•
X)′′ and the other two projections

π : Wn+1Λ̃
•
X −→ WnΛ̃

•
X , π : Wn+1Λ

•
X −→ WnΛ

•
X induce a morphism from

(11.1.1;n + 1) to (11.1.1;n).
(3) There exists the following commutative diagram:

0 −−−→ (WΛ•
X)′′(−1)[−1]

d log τ∧−−−−−→ (W Λ̃•
X)′′ −−−→ (WΛ•

X)′′ −−−→ 0

s, �
� s̃, �

� s, �
�

0 −−−→ WΛ•
X(−1)[−1]

θ∧−−−→ W Λ̃•
X −−−→ WΛ•

X −−−→ 0,

(11.1.1)
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Proof. (1): For the time being, we ignore the Frobenius action. Fol-

lowing [HK, (4.9)], we first construct a morphism s̃n locally. Let M be

the log structure of X. Assume that
◦
X is affine. Let (Y,X ) be an admis-

sible lift of X. Assume that
◦
Y is formally etale over Spf(W{x0, . . . , xd})

with structural morphism Spf(W{x0, . . . , xd}) −→ Spf(W{t}) defined by

t �−→ x0 · · ·xr (r ≤ d). Let MY be the log structures of Y associated

to a morphism Nr+1 � (0, . . . , 0,
i
1, 0, . . . , 0) �−→ xi−1 ∈ OY . Let MX

be the pull-back of MY to
◦
X . Let MXn be the pull-back of MX to

◦
X n :=

◦
X ⊗W Wn. Let Ω•

Xn/Wn
(logMXn) be the log de Rham complex of

Xn/(Spec(Wn),W
∗
n). Set Λ̃•

n = OXn⊗OYn
Ω•

Yn/Wn
(logXn). Then the natural

surjection Ω•
Yn/Wn

(logXn) −→ Ω•
Xn/Wn

(logMXn) induces an isomorphism

Λ̃•
n

∼−→ Ω•
Xn/Wn

(logMXn).(11.1.3)

As in [HK, (4.9)], we define three morphisms

s̃n(0, 0) : Wn(OX) � (a0, . . . , an−1) �−→
n−1∑
i=0

piãp
n−i

i ∈ H0(Λ̃•
n),(11.1.4)

s̃n(1, 0) : Wn(OX) � (a0, . . . , an−1) �−→
n−1∑
i=0

ãp
n−i−1
i dãi ∈ H1(Λ̃•

n),(11.1.5)

d log : Mgp � b �−→ d log b̃ ∈ H1(Λ̃•
n),(11.1.6)

where ãi ∈ OXn and b̃ ∈MXn are lifts of ai and b, respectively. Then, by the

same proof as that of [loc. cit.], s̃n(0, 0), s̃n(1, 0) and d log are well-defined.

As in [loc. cit.], we have a morphism s̃n : (WnΛ̃
i
X)′′ −→ WnΛ̃

i
X (i ∈ N) of

abelian sheaves. It is a routine work to check that s̃n induces a morphism

s̃n : (WnΛ̃
•
X)′′ −→WnΛ̃

•
X of complexes.

Next, we claim that s̃n is independent of the choice of the admissible

lift of X. Let (Y ′,X ′) be another admissible lift of X. Let Y ′′
n be a scheme

over Wn[t] constructed in, e.g., [M1, 3.4]: the scheme Y ′′
n is obtained by the

reduction mod pn of an open scheme of a blow up of the product Y×Spf(W )Y ′
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along certain closed formal subscheme of the product [loc. cit.]. Then Y ′′
n

is a smooth scheme over Wn with relative SNCD X ′′
n defined by t = 0 and

such that there exists a commutative diagram

X
⊂−−−→ Xn −−−→ Yn −−−→ Spec(Wn[t])∥∥∥ � � ∥∥∥

X
∆n,⊂−−−→ X ′′

n −−−→ Y ′′
n −−−→ Spec(Wn[t])∥∥∥ � � ∥∥∥

X
⊂−−−→ X ′

n −−−→ Y ′
n −−−→ Spec(Wn[t]).

(11.1.7)

Here the morphism ∆n : X
⊂−→ X ′′

n is an exact closed immersion obtained

by the reduction mod pn of the strict transform in Y ′′ of the image of

the diagonal embedding X
⊂−→ Y ×Spf(W ) Y ′. Let Dn be the usual di-

vided power of the exact closed immersion ∆n. Let Λ̃′′
n
• be the log de

Rham complex of a morphism of log schemes X ′′
n −→ (Spec(Wn),W

∗
n).

Let s̃′n : (WnΛ̃
•
X)′′−→H•(Λ̃′

n
∗) be an analogue of s̃n for the admissible lift

(Y ′,X ′). Let p1 : (Y ′′
n,X ′′

n ) −→ (Yn,Xn) and p2 : (Y ′′
n,X ′′

n ) −→ (Y ′
n,X ′

n) be

the “projections”. By [M1, 3.4] (cf. [Hy2, p. 247–248]), p∗
1 and p∗

2 induces

an isomorphism

p∗
1 : H•(Λ̃∗

n)
∼−→ H•(ODn ⊗OX′′

n
Λ̃′′
n
∗),

p∗
2 : H•(Λ̃′

n
∗)

∼−→ H•(ODn ⊗OX′′
n

Λ̃′′
n
∗).

It suffices to prove that the following diagram is commutative:

(WnΛ̃
•
X)′′

s̃n−−−→ H•(Λ̃∗
n)∥∥∥ �p∗1

(WnΛ̃
•
X)′′ H•(ODn ⊗OX′′

n
Λ̃′′
n
∗)∥∥∥ �p∗2

(WnΛ̃
•
X)′′

s̃′n−−−→ H•(Λ̃′
n
∗).

(11.1.8)

Let s̃′′n : WnΛ̃
•
X −→ H•(ODn⊗OX′′

n
Λ̃′′
n
•) be a morphism defined as in (11.1.4),

(11.1.5) and (11.1.6) by using the “diagonal” exact closed immersion



642 Yukiyoshi Nakkajima

∆n : X
⊂−→ X ′′

n (s̃′′n is well-defined as in [HK, (4.9)]). By the symmetry,

it suffice to prove the commutativity of the following diagram

(WnΛ̃
•
X)′′

s̃n−−−→ H•(Λ̃∗
n)

s̃′′n

� �p∗1
H•(ODn ⊗OXn

Λ̃′′
n
∗) H•(ODn ⊗OXn

Λ̃′′
n
∗).

(11.1.9)

Since p1◦∆n is the given exact closed immersion X
⊂−→ Xn and since s̃n and

s̃′′n are defined by lifts of sections of Wn(OX) and Mgp, the commutativity

of (11.1.9) follows from the well-definedness of the morphism s̃′′n, which

is proved by the same argument as that of [HK, (4.9)]. Therefore s̃n is

independent of the choice of the admissible lift of X.
As in [HK, (4.20)], by [Hy2, (1.4.3)], we have the following commutative

diagram with exact rows:

(WnΛ•
X)′′[−1]

d log τn∧−−−−−→ (WnΛ̃•
X)′′ −−−→ (WnΛ•

X)′′ −−−→ 0

sn

�� s̃n

� sn

��

0 −−−→ WnΛ•
X [−1]

θn∧−−−→ WnΛ̃•
X −−−→ WnΛ•

X −−−→ 0.

(11.1.10)

Because sn is an isomorphism, so is s̃n.

The compatibility of the upper row of (11.1.1;n) with the Frobenius is

obvious. Because sn is compatible with the Frobenius ((9.1.2)), we have

only to prove that s̃n is compatible with the Frobenius. This follows from

the local description of s̃n and from the proof of (7.1).

Using (6.28) (8), we can prove the commutativity of (11.1.2) by the same

proof as that of (7.1).

(2): (2) follows from the commutativity of (11.1.1;n), that of (11.1.2)

and (7.1).

(3): (3) follows from (1) and (2). �

Corollary 11.2. The sheaf
⊕

i≥0(W
Λ̃
i
X)′′ (� = n or nothing) has a

natural module structure over the Cartier-Dieudonné-Raynaud algebra of κ.

Proof. Since the sheaf
⊕

i≥0 W
Λ̃
i
X has a module structure over the

Cartier-Dieudonné-Raynaud algebra of κ,
⊕

i≥0(W
Λ̃
i
X)′′ also has it by

(11.1). �
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Corollary 11.3. (1) Let p′′ : (WnΛ̃
•
X)′′ −→ (Wn+1Λ̃

•
X)′′ be the in-

duced morphism by the multiplication by p : (Wn+1Λ̃
•
X)′′ −→ (Wn+1Λ̃

•
X)′′.

Then p′′ fits into the following commutative diagram

(WnΛ̃
•
X)′′

s̃n
∼−−−→ WnΛ̃

•
X

p′′
� �p

(Wn+1Λ̃
•
X)′′

s̃n+1
∼−−−→ Wn+1Λ̃

•
X .

(11.3.1)

(2) The abelian sheaf (W Λ̃iX)′′ (i ∈ Z) on Xzar is torsion-free.

Proof. (1): (1) follows from (11.1.2) and the obvious analogue of

(7.8.1).

(2): By the injectivity of p : WnΛ̃
i
X −→ Wn+1Λ̃

i
X ([Hy2, (2.2.2)]),

lim←−nWnΛ̃
i
X is torsion-free. Hence (2) follows from the commutative dia-

gram (11.3.1). �

Let h be an integer. We define a monodromy operator as the boundary

morphism of the upper exact sequence of (11.1.1;n):

(NdRW,n)
′′ : Hh(X, (WnΛ

•
X)′′) −→ Hh(X, (WnΛ

•
X)′′(−1)[−1][1])(11.3.2)

= Hh(X, (WnΛ
•
X)′′)(−1).

As in [Hy2, Introduction], we define a monodromy operator as the boundary

morphism of the lower exact sequence of (11.1.1;n):

NdRW,n : Hh(X,WnΛ
•
X) −→ Hh(X,WnΛ

•
X(−1)[−1][1])(11.3.3)

= Hh(X,WnΛ
•
X)(−1).

As in [HK, (3.6)], let ((X•,M•), (Y•, N•)) be an embedding system

(recall (7.20)) of a composite morphism (X,M) −→ (Spec(κ), L) −→
(Spec(Wn[t]),L), where L is the log structure associated to a morphism

N � 1 �−→ t ∈Wn[t]. Let CX/Wn
and CX/(Wn,Wn(Ms)) be the crystalline com-

plexes with respect to the embedding system above and ((X•,M•), (Y•⊗Wn[t]

Wn, N• ⊗Wn[t] Wn)), respectively. Let

η : X̃•zar −→ X̃zar(11.3.4)
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be a natural morphism of topoi. Then we have a triangle

Rη∗(CX/(Wn,Wn(Ms)))(−1)[−1]
d log τn∧−→ Rη∗(Wn ⊗Wn〈t〉 CX/Wn

)(11.3.5)

−→ Rη∗(CX/(Wn,Wn(Ms)))
+1−→

by [HK, (3.6)], and let

Ncrys,n : Hh
log-crys(X/Wn) −→ Hh

log-crys(X/Wn)(−1)(11.3.6)

be the boundary morphism of the triangle above(cf. [loc. cit.]). By the upper

exact sequence of (11.1.1), we also have the following monodromy operator:

(NdRW)′′ : Hh(X, (WΛ•
X)′′) −→ Hh(X, (WΛ•

X)′′)(−1).(11.3.7)

Similarly, by the lower exact sequence of (11.1.1), we obtain the following

monodromy operator:

NdRW : Hh(X,WΛ•
X) −→ Hh(X,WΛ•

X)(−1).(11.3.8)

Then the following hold:

Theorem 11.4. (1) Via the identification Hh(X, (W
Λ
•
X)′′)

s�
∼−→

Hh(X,W
Λ
•
X) in (7.5), (NdRW,
)

′′ = NdRW,
 (� = n or nothing).

(2) Via the identification Hh
log-crys(X/Wn) = Hh(X,WnΛ

•
X) in (7.19),

NdRW,n = Ncrys,n

Proof. (1): (1) is obvious by (11.1).

(2): Let the notations be as before (11.4). Moreover, the embedding

system (X•,M•)
⊂−→ (Y•, N•) can be assumed to factor through the

exact closed immersion (X•,M•)
⊂−→ (Wn(X•),Wn(M•)). Let⊕

i≥0 ΛiWn(X•)/Wn,[ ] be a differential graded algebra over Wn which is a

quotient of
⊕

i≥0 ΛiWn(X•)/(Wn,W ∗
n) divided by a Wn-submodule (not a Z-

submodule) generated by the local sections of the form da[j] − a[j−1]da

(a ∈ Ker(Wn(OX) −→ OX), j ≥ 1). Then we have a morphism CX/Wn
−→

Λ•
Wn(X•)/Wn,[ ] of complexes of Wn-modules. This morphism factors through

a morphism Wn⊗Wn〈t〉CX/Wn
−→ Λ•

Wn(X•)/Wn,[ ]. As in [HK, p. 251], by us-

ing (7.4), we see that there exists a unique morphism Λ1
Wn(X•)/(Wn,W ∗

n) −→
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η−1(WnΛ̃
1
X) of Wn(OX)-modules such that da (a ∈ Wn(OX•)) is mapped

to s̃n(1, 0)(a) and such that d log b (b ∈ M•) is mapped to d log b̃. This

morphism induces a morphism

ψ̃n :
⊕
i≥0

ΛiWn(X•)/Wn
−→

⊕
i≥0

η−1(WnΛ̃
i
X).

By (11.3) (2), by the same proof as that of [HK, (4.19)] and by the obvious

analogue of the commutative diagram (7.18.2), ψ̃n induces a morphism of

complexes

ψ̃n : Λ•
Wn(X•)/Wn,[ ] −→ η−1(WnΛ̃

•
X).

Hence we have a morphism

Wn ⊗Wn〈t〉 CX/Wn
−→ η−1(WnΛ̃

•
X).(11.4.1)

By [HK, (3.6)], by (11.1) (1) and by the construction (11.4.1), we have the
following commutative diagram of triangles:

Rη∗(CX/(Wn,Wn(Ms)))(−1)[−1]
d log τn∧−−−−−→ Rη∗(Wn ⊗Wn〈t〉 CX/Wn) −−−−→� �

WnΛ•
X(−1)[−1]

θn∧−−−−→ WnΛ̃•
X −−−−→

Rη∗(CX/(Wn,Wn(Ms)))
+1−−−−→ · · ·�

WnΛ•
X

+1−−−−→ · · · .

(11.4.2)

Hence we have (2). �

Corollary 11.5. The following hold:

(1) Ncrys,n = N ′′
dRW,n.

(2) Let the notations be as before (11.4). Set

Hh
log-crys(X/W ) := Hh(X,R lim←−

n

Rη∗(CX/(Wn,Wn(Ms))))

and d log τ ∧ ∗ := R lim←−n(d log τn ∧ ∗). Let

Ncrys : H
h
log-crys(X/W ) −→ Hh

log-crys(X/W )(−1)
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be the boundary morphism of the following triangle

R lim←−
n

Rη∗(CX/(Wn,Wn(Ms)))(−1)[−1](11.5.1)

d log τ∧∗−→ R lim←−
n

Rη∗(Wn ⊗Wn〈t〉 CX/Wn
)

−→ R lim←−
n

Rη∗(CX/(Wn,Wn(Ms)))
+1−→ · · ·

in D+(
◦
f−1(Wn)). Here

◦
f :

◦
X −→ Spec(Wn) is the structural morphism.

Then Ncrys = NdRW.

Proof. (1): (1) immediately follows from (11.4) (1), (2).

(2): Since the transitive morphisms of the projective system

{(WnΛ
•
X)′′}n are surjective and since (WnΛ

i
X)′′ (i ∈ N) is a sheaf of quasi-

coherent Wn(OX)-modules, we have

R lim←−
n

(WnΛ
•
X)′′ = lim←−

n

(WnΛ
•
X)′′.

Hence (2) follows from the obvious analogue (for ψ̃n) of the commutative

diagram (7.18.1) and from the commutative diagram (11.4.2). �

Definition 11.6. (1) Let � be a positive integer n or nothing. For

a non-negative integer k, the double complex W
A
•∗
X (−k) is, by definition,

W
A
•∗
X (−k) := W
A

•∗
X with Frobenius action pkΦ̃•∗


 ((9.8), (9.9), (9.11)).

The complex W
A
•
X(−k) is defined in a similar way.

(2) The morphism ν
 : W
A
•
X −→ W
A

•
X is, by definition, the induced

morphism by a morphism (−1)i+j+1proj. : W
A
ij
X −→ W
A

i−1,j+1
X . (It is

easy to check that ν
 is indeed a morphism of complexes with the convention

(2.2.1; �).) We call ν the p-adic quasi-monodromy operator of X.

Proposition 11.7. (1) The p-adic quasi-monodromy operator ν
 of X

is a morphism of complexes which is compatible with the Frobenius:

ν
 : W
A
•
X −→W
A

•
X(−1).(11.7.1;�)

(2) Let k be a positive integer. Under the identification (9.9.3) and

(9.10.1)

Hh(X, grPk W
A
•
X) =

⊕
j≥max{−k,0}

Hh−2j−k(X,W
Ω
•
◦
X(2j+k+1)

)(−j − k),



p-Adic Weight Spectral Sequences of Log Varieties 647

the induced isomorphism

νk
 :
⊕

j≥max{−k,0}
Hh−2j−k(X,W
Ω

•
◦
X(2j+k+1)

)(−j − k)
∼−→

⊕
j≥max{−k,0}

Hh−2j−k(X,W
Ω
•
◦
X(2j+k+1)

)(−j − k)

by the isomorphism νk
 : grPk W
A
•
X

∼−→ grP−kW
A
•
X(−k) is the identity if k

is even and (−1)h+1 if k is odd.

Proof. (1): We have only to prove that the following diagram is com-

mutative:

W
A
i−1,j+1
X

proj.←−−− W
A
ij
X

pΦ̃
(i−1,j+1)
�

� �Φ̃
(ij)
�

W
A
i−1,j+1
X

proj.←−−− W
A
ij
X .

(11.7.2)

This immediately follows from (9.8.22).

(2): The complex grP−kW
A
•
X is equal to⊕

j≥k
grP−kW
A

•j
X {−j} =

⊕
j≥0

grP−kW
A
•j+k
X {−j − k},

and the complex grP−kW
A
•j+k
X (−k){−j − k} is isomorphic to the following

complex:

· · · (−1)j+k+1d−→ W
Ω
i−j−k
◦
X(2j+k+1)

(−j)(−k)

(i−k,j+k)

(−1)j+k+1d−→ · · · .(11.7.3;j + k)

The morphism νk
 induces a morphism ((−1)i+j+1)k : (10.1.14;j) −→
(11.7.3;j + k). First, assume that k is even. Then the complexes (10.1.14;j)

and (11.7.3;j + k) are the same and νk
 = id. Next, assume that k is odd.

Then (11.7.3;j + k) is equal to

· · · −(−1)j+1d−→ W
Ω
i−j−k
◦
X(2j+k+1)

(−j)(−k)

(i−k,j+k)

−(−1)j+1d−→ · · · .(11.7.4;j + k)
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and νk
 = (−1)i+j+1. The rest of the proof follows from the lemma below. �

Lemma 11.8. Let (E•, d) be a complex of objects in an abelian category

A. Let f• : (E•, d) −→ (E•,−d) and g• : (E•,−d) −→ (E•, d) be morphisms

of complexes defined by f l = gl := (−1)l+1 : El −→ El (l ∈ Z). Then the

composite morphisms

Hh((E•, d))
Hh(f•)−→ Hh((E•,−d)) Convention (6)

= Hh((E•, d))

and

Hh((E•, d))
Convention (6)

= Hh((E•,−d)) Hh(g•)−→ Hh((E•, d))

are the multiplications by (−1)h+1.

Proof. The proof is easy. �

Our conventions (2.2.1; �) and (11.1.1; �) lead us to change the bound-

ary morphisms of the double complex W
B
••
X as follows (cf. [St1, p. 246],

[M1, p. 318]): the (i, j)-component WnB
ij
X (i, j ∈ Z≥0) is, by definition,

WnA
i−1,j
X (−1)⊕WnA

ij
X . The horizontal boundary morphism d′ : WnB

ij
X −→

WnB
i+1,j
X is, by definition,

d′(ω1, ω2) = ((−1)jdω1, (−1)j+1dω2)

and the vertical one d′′ : WnB
ij
X −→WnB

i,j+1
X is

d′′(ω1, ω2) = ((−1)iθn ∧ ω1 + νn(ω2), (−1)iθn ∧ ω2).

Here we have omitted a notation mod Pj+1 in the definition of d′′ for sim-

plicity. It is easy to check that WnB
••
X is indeed a double complex. Let

WnB
•
X be the single complex of WnB

••
X .

Let λn : : WnΛ̃
•
X −→ WnB

•
X be a morphism of complexes defined by

λn(ω) := (ω mod P0, θn ∧ ω mod P0) (ω ∈ WnΛ̃
•
X). Then, by the lower

exact sequence of (11.1.1;n), there exists the following commutative diagram
(cf. [loc. cit.]):

0 −−−−→ WnA
•
X(−1)[−1] −−−−→ WnB

•
X −−−−→ WnA

•
X −−−−→ 0

(θn∧∗)[−1]

� λn

� θn∧
�

0 −−−−→ WnΛ•
X(−1)[−1]

θn∧−−−−→ WnΛ̃•
X −−−−→ WnΛ•

X −−−−→ 0.

(11.8.1;n)



p-Adic Weight Spectral Sequences of Log Varieties 649

Set WB•
X := lim←−nWnB

•
X . Moreover, by (8.1.2), [Hy2, (2.2.3)] and (8.4) (2),

there also exists the following commutative diagram:

0 −−−→ WA•
X [−1](−1) −−−→ WB•

X −−−→ WA•
X −−−→ 0

(θ∧∗)[−1]

� λ

� θ∧
�

0 −−−→ WΛ•
X [−1](−1)

θ∧−−−→ W Λ̃•
X −−−→ WΛ•

X −−−→ 0.

(11.8.1)

Note that, in the proof of [M1, 3.18], the Frobenius action is not considered.

Remark 11.9. As in [M1, 3.8], let us consider the p-adic double Steen-

brink complex (WnA
••
X , d′, d′′) with boundary morphisms in (2.2.3;n) in this

remark.

(1) As in [M1, 3.13], let us consider a morphism

νijn : WnA
ij
X � ω �−→ (−1)i+j+1ω mod Pj+1 ∈WnA

i−1,j+1
X (i, j ∈ N).

Then

(νi+1,j
n ⊕ νi,j+1

n )(d′ + d′′)(ω) = ((−1)idω, (−1)i+jω ∧ θ)

and

(d′ + d′′)νijn (ω) = ((−1)idω, (−1)i+j+1ω ∧ θ).

Hence the family {νijn } does not induce a morphism

(WnA
•
X , d′ + d′′) −→ (WnA

•
X(−1), d′ + d′′)

of complexes nor

(WnA
•
X , d′ + d′′) −→ (WnA

•
X(−1),−(d′ + d′′))

if dimX ≥ 2 and if p �= 2 or if n ≥ 2. (If dimX = 1, then
∑

ij ν
ij
n ◦ (d′ +

d′′) = 0 = (d′ + d′′) ◦
∑

ij ν
ij
n and hence

∑
ij ν

ij
n happens to be a morphism

(WnA
•
X , d′ + d′′) −→ (WnA

•
X(−1),±(d′ + d′′)) of complexes.) In particular,

if dimX ≥ 2 and if p �= 2 or if n ≥ 2, {νijn } does not induce a morphism

Hh(X,WnA
•
X) −→ Hh(X,WnA

•
X)(−1) of cohomologies.

(2) Große-Klönne pointed out to me that the sign in the operator in νn
in [M1, 3.13] is mistaken in the following point.

In the diagram in [M1, p. 319], two [−1]’s has been used as {−1} in this

paper.
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Let (WnB
••
X , d′, d′′) be the double complex defined in the proof of [M1,

3.18]. The morphism d′′ has been defined by the following formula:

d′′(ω1, ω2) = (ω1 ∧ θn + νn(ω2), ω2 ∧ θn) ((ω1, ω2) ∈WnB
••
X ).

As in [loc. cit.], let Ψ: WnΛ̃
i
X −→ WnB

i0
X (i ∈ N) be a morphism defined

by Ψ(ω) = (ω mod P0, ω ∧ θn mod P0). In the proof of [M1, 3.18], it is

claimed that Ψ induces a morphism of complexes. This does not hold: since

d′′ ◦Ψ(ω) = (2ω∧ θn mod P0, 0) ∈WnB
i1
X for an odd positive integer i, the

composite morphism d′′ ◦ Ψ is not the zero in general. Hence one has to

change signs in νn in [M1, 3.13].

Thus, let us consider a map ε : N × N −→ {±1}, a new morphism

νijn : WnA
ij
X � ω �−→ ε(i, j)ω mod Pj+1WnA

i−1,j+1
X (i, j ∈ N) and a new

vertical morphism

d′′′ : WnB
ij
X � (ω1, ω2) �−→ (ω1 ∧ θn + νijn (ω2), ω2 ∧ θn) ∈WnB

i,j+1
X .

Then, two relations d′′′ ◦Ψ = 0 and (d′′′)2 = 0 implies that ε(i, 0) = −1 for

i ≤ dimX − 1 and ε(i, j + 1) = −ε(i, j) for i + j ≤ dimX − 2. Hence we

have ε(i, j) = (−1)j+1 for i + j ≤ dimX − 1.

Thus we have to change the sign in νn in [M1, 3.13] as follows: we define

a new morphism µijn := (−1)j+1proj : WnA
ij
X −→ WnA

i−1,j+1
X (i, j ∈ N).

Große-Klönne has proposed this morphism; the elimination of the other

possibility for signs explained above is due to me.

Furthermore I would like to give the following remark: the family µn :=

{µijn } does not induce a morphism (WnA
•
X , d′+d′′) −→ (WnA

•
X(−1), d′+d′′)

of complexes if dimX ≥ 2 and if p �= 2 or if n ≥ 2 as in (1); however

µn induces a morphism (WnA
•
X , d′ + d′′) −→ (WnA

•
X(−1),−(d′ + d′′)) of

complexes. Therefore, by using the Convention (6), µn induces a morphism

µn : Hh(X, (WnA
•
X , d′ + d′′)) −→ Hh(X, (WnA

•
X(−1),−(d′ + d′′)))

= Hh(X, (WnA
•
X , d′ + d′′))

of cohomologies unconditionally. By the identification

Hh(X, grPk W
A
•
X) =

⊕
j≥max{−k,0}

Hh−2j−k(X,W
Ω
•
◦
X(2j+k+1)

)(−j − k)
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by the use of the Convention (6), µkn induces an isomorphism

µkn :
⊕

j≥max{−k,0}
Hh−2j−k(X,W
Ω

•
◦
X(2j+k+1)

)(−j − k)
∼−→

⊕
j≥max{−k,0}

Hh−2j−k(X,W
Ω
•
◦
X(2j+k+1)

)(−j − k).

If k is an odd (resp. even) positive integer, µkn is equal to
⊕

j≥max{−k,0}
(−1)j+1

(resp. the identity).
Let WnC

••
X be a double complex defined as follows: the (i, j)-component

of WnC
ij
X (i, j ∈ N) is, by definition, WnA

i−1,j
X (−1) ⊕ WnA

ij
X . The hori-

zontal (resp. vertical) boundary morphism d′ : WnC
ij
X −→ WnC

i+1,j
X (resp.

d′′ : WnC
ij
X −→ WnC

i,j+1
X ) is, by definition, d′(ω1, ω2) = ((−1)jdω1,

(−1)jdω2) (resp. d′′(ω1, ω2) = (ω1∧θn+µn(ω2), ω2∧θn). (We have to check

that WnC
••
X is indeed a double complex.) Let ρn : WnΛ̃

i
X −→ WnC

i0
X be

a morphism defined by ρn(ω) = (ω mod P0, ω ∧ θn mod P0). Let WnC
•
X

be the single complex of WnC
••
X . Then ρn : WnΛ̃

•
X −→ WnC

•
X is clearly

a morphism of complexes. Moreover, we have the following commutative
diagram with exact rows:

0 −−−−→ WnA
•
X(−1){−1} −−−−→ WnC

•
X −−−−→ WnA

•
X −−−−→ 0

(∗∧θn){−1}
� ρn

� ∧θn

�
0 −−−−→ WnΛ•

X(−1){−1} ∧θn−−−−→ WnΛ̃•
X −−−−→ WnΛ•

X −−−−→ 0.

(11.9.1;n)

In conclusion, we have solved the problem of signs in [M1, 3.13] by using µn
(resp. WnC

••
X ) instead of ν (resp. B••

n ) in [loc. cit.] (resp. [loc. cit., 3.18]).

(3) We can also solve the problem in (2) in the following way.

We use the shift [−1] as [−1] in the Convention (2).

Consider a morphism

ξijn : WnA
ij
X � ω �−→ (−1)i+1ω mod Pj+1 ∈WnA

i−1,j+1
X (i, j ∈ N).

Then it is easy to check that ξn := ⊕ijξijn is a morphism (WnA
•
X , d′+d′′) −→

(WnA
•
X(−1), d′+d′′) of complexes. As in (2), we define the following objects:

(a): a double complex WnD
••
X : WnD

ij
X := WnA

i−1,j
X (−1)⊕WnA

ij
X (i, j ∈

N);

d′(ω1, ω2) = ((−1)jdω1, (−1)j+1dω2),
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d′′(ω1, ω2) = (−ω1 ∧ θn + ξn(ω2), ω2 ∧ θn).

(b): χn : WnΛ̃
i
X � ω �−→ ((−1)i+1ω mod P0, ω∧θn mod P0) ∈WnD

i0
X .

Then we have the following commutative diagram of complexes with exact
rows:

0 −−−−→ WnA
•
X(−1)[−1] −−−−→ WnD

•
X −−−−→ WnA

•
X −−−−→ 0

(∗∧θn)[−1]

� χn

� ∧θn

�
0 −−−−→ WnΛ•

X(−1)[−1]
θn∧−−−−→ WnΛ̃•

X −−−−→ WnΛ•
X −−−−→ 0.

(11.9.2;n)

Proposition 11.10. Let � be a positive integer n or nothing. Then

there exists the following commutative diagram:

Hh(X,W
A
•
X)

ν�−−−→ Hh(X,W
A
•
X)(−1)

θ�∧, �
� �θ�∧, �

Hh(X,W
Λ
•
X)

NdRW,�−−−−→ Hh(X,W
Λ
•
X)(−1).

(11.10.1)

In particular, the p-adic quasi-monodromy operator ν
 can be identified with

the p-adic monodromy operator in (11.3.6).

Proof. (11.10) immediately follows from the commutative diagram

(11.8.1; �). �

As in [M1, 3.19], we obtain the following:

Corollary 11.11. The monodromy operator

Ncrys : H
h
log-crys(X/W ) −→ Hh

log-crys(X/W )(−1)

is nilpotent.

Proof. (11.11) immediately follows from (11.5) (2) and (11.10) since

the p-adic quasi-monodromy operator ν is nilpotent. �

Remark 11.12. (1) Let f : Y −→ ∆ be a proper semistable family

of analytic varieties over the open unit disk. Let X := f−1(0) be the

special fiber of f . Let ∆∗ be the punctured disk. Let h be an integer. The
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anticlockwise generator of π1(∆
∗, t) (t ∈ ∆∗) acts on Hh(Yt,C). This action

extends to an automorphism of Rhf∗Ω•
Y/∆(logX) ([St1, (2.18), (2.20)], [D2,

II (5.4)]). Let T0 be the induced action on Hh(X,Λ•
X/C). Consider the

following exact sequence (cf. [St1, (2.19)])

0 −→ Λ•
X/C(−1)[−1]

d log t∧−→ Ω•
Y/C(logX)⊗OY

OX(11.12.1)

−→ Λ•
X/C −→ 0.

Let N0 be the boundary morphism of (11.12.1) (cf. the Convention (5) in

§1):

N0 : Hh(X,Λ•
X/C) −→ Hh(X,Λ•

X/C(−1)[−1][1])(11.12.2)

= Hh(X,Λ•
X/C)(−1).

Then, by [D2, II (1.17)] (cf. [St1, (2.21)]), T0 = exp(−2π
√
−1N0).

The exact sequence in [St1, (2.20)](=(11.12.1)) and the commutative
diagram [St1, (4.22)] are slightly confusing: we have to consider [−1] in
[St1, (2.19)] as [−1] in this paper, and to consider [−1] in [St1, (4.22)] as
{−1} in this paper, and to consider the following commutative diagram:

0 −−→ A•
C{−1} −−→ B•

C −−→ A•
C −−→ 0

∧d log t

� η

� ∧d log t

�
0 −−→ Λ•

X/C(−1){−1} ∧d log t−−−−→ Ω•
Y/C(logX)⊗OY

OX −−→ Λ•
X/C −−→ 0.

(11.12.3)

We have to mention a very obvious fact that the two shifts [−1] and {−1}
are not the same; there are many literatures in which this distinction is not

made. Moreover, in [St1, (4.22)], there is no explanation for a claim that

the boundary morphism of (11.12.1) and that of the following complex

0 −→ Λ•
X/C(−1){−1} ∧d log t−→ Ω•

Y/C(logX)⊗OY
OX(11.12.4)

−→ Λ•
X/C −→ 0

are the same. We need the following explanation: by the Convention (5), the

boundary morphisms of (11.12.1) and (11.12.4) are the induced morphisms

of the following morphisms of derived categories, respectively:

Λ•
X/C −→ Λ•

X/C(−1)[−1][1] = (Λ•
X/C(−1), d),(11.12.5)
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and

Λ•
X/C −→ Λ•

X/C(−1){−1}[1] = (Λ•
X/C(−1),−d).(11.12.6)

The point is that the two shifts {1} and [1] are not the same operations.

The right hand sides of (11.12.5) and (11.12.6) are identified as complexes

by the following isomorphism:

(−1)i× : ΛiX/C
∼−→ ΛiX/C (i ∈ N).(11.12.7)

By using this identification, the boundary morphisms of cohomologies in-

duced by the exact sequences (11.12.1) and (11.12.4) are the same.

Since the upper and the lower exact sequences in (11.1.1;n) and (11.1.1)

are literal p-adic analogues of (11.12.1), we formulate NdRW,
, Ncrys,
 and

N ′′
dRW,
 as in (11.3.2), (11.3.3), (11.3.6) and (11.3.7); we have not followed

the formulations of [Hy2, Introduction] and [HK, (3.6)], though we eas-

ily establish the relation between our monodromy operators and those in

[loc. cit.] as above.

(2) The explanation in [M1, 2.3] is very incomplete because a morphism

C(X,M)/(Wn,triv) ⊗Wn〈t〉 Wn −→Wnω̃
•
X

in the notation of [loc. cit.](= the second vertical morphism in (11.4.2))

has not been constructed. Since (X,M)/(Wn,W
∗
n) is not log smooth, [HK,

(4.19)] is not useful for the construction of the morphism above. Note that

the commutative diagram in [M1, p. 311] is different from that in [HK,

p. 262]; the complex Wnω̃
•
X in [M1, 2.3] is more general than that in [HK,

p. 262]. Moreover, even in the case of the semistable family, we need a

proof for a fact that Wnω̃
•
X in [M1, 2.3] in a local case is identified with that

in [HK, p. 262]: the commutative diagram in [HK, p. 261] and (11.1.1;n)

enable us to identify two Wnω̃
•
X ’s. In addition, note that the crystalline

complex in [M1, 2.1.2, 2.3] is different from that in [HK, (2.19)]: the former

crystalline complex is the higher direct image of the latter by the natural

morphism (11.3.4) of topoi.

(3) By (11.5) (2) and (11.10) (cf. [M1, 3.18], (11.9)), we can use the strat-

egy of Steenbrink-Rapoport-Zink (cf. [St1], [RZ], the proof of [M1, 3.33]) in

order to investigate the relation between the p-adic monodromy filtration

and the p-adic weight filtration.
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I am not sure that the proof of the p-adic monodromy-weight conjecture

for a proper SNCL curve over a log point in [M1, 5.3] is perfect: I cannot

understand the implication “on déduit que νQ: E−12
2Q (1) −→ E10

2Q est un

isomorphism” in [loc. cit., p. 329, l. 19–20]. For this reason I give the proof

of the following proposition, though the argument in the proof is well-known

(cf. [St1, p. 254]).

Proposition 11.13. Let X be a proper SNCL curve over s =

(Spec(κ),N⊕κ∗). Then the monodromy filtration defined by the monodromy

operator

Ncrys : H
1
log-crys(X/W )⊗W K0 −→ H1

log-crys(X/W )(−1)⊗W K0

and the weight filtration on H1
log-crys(X/W )⊗W K0 coincide.

Proof. By (11.7) (2), the morphism

ν : E−12
1 = H0

crys(
◦
X(2)/W )(−1)⊗W K0

−→ E10
1 (−1) = H0

crys(
◦
X(2)/W )(−1)⊗W K0

is the identify. By (11.5) (2), by (11.10) and by the definition of the

monodromy filtration, it suffices to prove that the induced morphism

ν : E−12
2 −→ E10

2 (−1) is an isomorphism. By (10.1), the boundary mor-

phisms d−12
1 : E−12

1 −→ E02
1 and d00

1 : E00
1 −→ E10

1 are identified with

G : H0
crys(

◦
X(2)/W )(−1)⊗W K0 −→ H2

crys(
◦
X(1)/W )⊗W K0

and

ρ : H0
crys(

◦
X(1)/W )⊗W K0 −→ H0

crys(
◦
X(2)/W )⊗W K0,

respectively. By using the Q-structure as in [M1, 5.3], we see that the

Poincaré duality perfect pairing

〈 , 〉 : (H0
crys(

◦
X(2)/W )⊗W K0)⊗K0 (H0

crys(
◦
X(2)/W )⊗W K0) −→ K0

satisfies the following property: if 〈v, v〉 = 0 (v ∈ H0
crys(

◦
X(2)/W ) ⊗W K0)

and if v is Q-rational, then v = 0. Now (11.13) follows from the lemma

(11.14) below by setting A = Q in (11.14). �
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Let A be a commutative ring with unit element. Let ρ : L −→ M be a

morphism of A-modules. Set L∗ = HomA(L,A) and M∗ = HomA(M,A).

Let 〈 , 〉L : L⊗AL∗ −→ A be the natural perfect pairing. Let 〈 , 〉M : M ⊗A
M −→ A be an A-linear perfect pairing. Using 〈 , 〉M , we have an identifi-

cation ι : M � y �−→ (x �−→ 〈x, y〉M ) ∈M∗. Then the following holds:

Lemma 11.14. Assume that, if 〈v, v〉M = 0 (v ∈M), then v = 0. Then

the following composite morphism

Ker(ρ∗ : M∗ −→ L∗)
⊂−→M∗ ι−1

−→M −→ Coker(ρ : L −→M)(11.14.1)

is injective. In particular, if A is a field and if M is a finite dimensional

vector space over A, then the morphism (11.14.1) is an isomorphism.

Proof. Let 〈 , 〉′M : M ⊗A M∗ −→ A be the natural perfect pairing.

Then we have 〈v1, v2〉M = 〈v1, ι(v2)〉′M . Let v be an element of M such that

ι(v) ∈ Ker(ρ∗) and such that v = ρ(w) (∃w ∈ L). Then we have

〈v, v〉M = 〈v, ι(v)〉′M = 〈ρ(w), ι(v)〉′M = 〈w, ρ∗(ι(v))〉L = 0.

Hence v = 0 by the assumption. Therefore (11.14.1) is injective. �

We conclude this paper by stating the following:

Remark 11.15. (1) There exist counter-examples of [M1, 6.2.4]: in

[Nakk4], we have constructed proper SNCL surfaces over the log point s such

that dimK0 E
−12
2 �= dimK0 E

10
2 and dimK0 E

−14
2 �= dimK0 E

12
2 . Therefore

the proof of [M1, 6.2.3] for the first and third log crystalline cohomologies

is mistaken. The surfaces above cannot be special fibers of algebraic proper

semistable families over any complete discrete valuation ring of neither equal

characteristic nor mixed characteristics with residue field κ, though they

are special fibers of formal proper semistable families over Spf(W ). These

examples are also counter-examples of the conjecture in [Ch2, Introduction].

See [Nakk4] for more details.

(2) In [Nakk4], we have proved the p-adic monodromy-weight conjecture

for an algebraic proper semistable family of surfaces over a complete discrete

valuation ring of equal characteristic and mixed characteristics.
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IV-2, 3, 4, IHES Publ. Math. 24, 28, 32 (1965), (1966), (1967).



658 Yukiyoshi Nakkajima

[Ek1] Ekedahl, T., On the multiplicative properties of the de Rham-Witt
complex. I, Ark. för Matematik 22 (1984), 185–239.

[Ek2] Ekedahl, T., On the multiplicative properties of the de Rham-Witt
complex. II, Ark. för Matematik 23 (1985), 53–102.

[Fa] Faltings, G., F -isocrystals on open varieties: Results and conjectures,
The Grothendieck Festschrift II, Progr. Math. 87, Birkhäuser, (1990),
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[T] Tsuji, T., Poincaré duality for logarithmic crystalline cohomology,

Comp. Math. 118 (1999), 11–41.

(Received November 10, 2004)



p-Adic Weight Spectral Sequences of Log Varieties 661

Department of Mathematics
Tokyo Denki University
2–2 Kanda Nishiki-cho Chiyoda-ku
Tokyo 101–8457, Japan
E-mail: nakayuki@cck.dendai.ac.jp


