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Decay of Magnetic Eigenfunctions on Asymptotically
Hyperbolic Plane

By Shin-ichi SHIRAI

Abstract. We prove a decay estimate for eigenfunctions of the
magnetic Schrodinger operator on two dimensional Riemannian mani-
fold M. We assume that M is simply connected, rotationally symmet-
ric, and asymptotically hyperbolic. The proof is based on a method
developed by S. Nakamura in [Nakl].

1. Introduction and Results

1.1. Main result

In this paper we study the decay property of eigenfunctions of the mag-
netic Schrodinger operators on (the trivial Hermitian line bundle over) a
rotationally symmetric, asymptotically hyperbolic two-dimensional Rieman-
nian manifolds with a pole. Here, we mean by pole a point at where the
exponential map gives a diffeomorphism.

More precisely, we make the following assumptions (M.1)—(M.4) on man-
ifolds.

(M.1) (M, gn) is a two-dimensional smooth Riemannian manifold with a
pole p.

(M.2) In addition, the Riemannian metric gps is expressed as dr ® dr +
g(r)?df ® df in the geodesic polar coordinates (r,0) € (0,00) x S! at
p for some positive C2-function g.

(M.3) The radial curvature K(r) = —g¢”(r)/g(r) is bounded from below on
M.

(M.4) The radial curvature K(r) is non-positive and has a limit
lim, o K(r) = —1. Moreover, the integral [;* |1+ K(r)|dr is finite.
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To formulate our result, we make the following assumptions on the
electro-magnetic fields on M.

(A.1) Let V be a compatible (C!-)connection on the trivial Hermitian
line bundle over M. Moreover, there exists a real-valued, continuous
function B on [0,00) such that B is positive near infinity, and the
curvature 2-form w associated with the connection V takes the form
B(r)g(r)dr A df in the geodesic polar coordinates at p.

(A.2); The scalar potential V is real-valued, continuous function on M (=
{p}U(0,00) x S') and extends to a bounded function V on [0, 00) x S
for some 7 > 0, where we set

S;={2z€C||Imz| <7}
Moreover, V (r, z) is analytic with respect to z € S;.

(A.2)so The scalar potential V' satisfies (A.2), for each 7 > 0. Moreover,
V(r, z) tends to zero as r — oo in each S-.

We now introduce the magnetic Schrédinger operator with scalar poten-
tial
Hy =V*'V+4+V

starting from domain C§°(M), the space of all smooth functions with com-
pact support on M. Then Hy is essentially self-adjoint under the conditions
(A.1) and (A.2); (see Section 2 below). In what follows we shall identify any
essentially self-adjoint operator with its operator closure. We shall denote
by L?(X,p) the L? space on X with measure i, and denote by L2(M) the
L? space with the Riemannian measure dV on M. We denote by C*(X,Y")
the space of all C¥-maps from X to Y.
Throughout this paper, we always assume the following:

(E) A function 1 is a (non-zero) L?-eigenfunction of Hy corresponding to
an eigenvalue E. Moreover, E belongs to the set of discrete spectrum
of Hy (i.e., F is an isolated eigenvalue of finite multiplicity).

The main result of this paper is the following:

THEOREM 1.1. Assume (M.1)-(M.4), (A.1), (A.2)s, and (E). As-

sume that there erists a positive constant By such that lim, .~ |B(r)— By| =
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0 and E < B +1/4. Set p(r) = (B2 + 1/4 — E)'/?r. Then we have the
following two assertions.

1. For any € > 0, the function e=9)Py belongs to L*(M) and the es-
timate |p(r,0)| < Cee= (=) holds on M. Moreover, there exists
¢ > 0 such that

1/2

2
< / (. 6)|2d0> < e (1= /2
0

holds for any r > 0.

2. If we assume further that V is spherically symmetric, then for any
€ > 0 there exist ¢ > 0 and ro > 0 such that

1/2

27
</ ’w(T7 9)|2d9> > ce—(l-l—a)p(r)e—r/Q
0
holds for all r > rg.

REMARK 1.2.

1. We need not to assume the discreteness of the eigenvalue F in the
assertion 2 in Theorem 1.1.

2. The positivity of the constant By is not crucial. In fact, the arguments
in Sections 3-5 below are still valid in the case of By = 0, and we
can reduce the case By < 0 to the case By > 0 via the transform
(r,0) — (r,—0) as in the Euclidean case.

3. A typical example of manifold under consideration is the hyperbolic
plane. In this case, the essential spectrum of the Schrodinger operator
Hy with smooth, asymptotically constant magnetic field and with
scalar potential satisfying (A.2)~ consists of two parts; the continuous
part [B? + 1/4,00) and the discrete part {(2n + 1)By — n(n + 1)}
(0 < n < |Bo| —1/2), where the latter is empty if |By| < 1/2 (see
Inahama and Shirai [I-S] and see also subsection 1.3 below). Thus,
in this case, the number Bg + 1/4 is the lower edge of the continuous
spectrum, therefore our result is valid for the eigenfunctions in all
spectral gaps of the essential spectrum of Hy .
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4. The decay rate of the eigenfunctions as in Theorem 1.1 differs from
that of the Euclidean case. As is known (see subsection 1.2 below),
under conditions similar to (A.1), (A.2),, and (E), any eigenfunction
of the Schrédinger operator Hy with (asymptotically) constant mag-
netic field has the Gaussian decay property at infinity (i.e., decays
like C’e‘”2) in the Euclidian case. This means that the (asymptot-
ically) constant magnetic field cannot bind strongly a quantum me-
chanical charged particle in the case of negative curvature. Note that
the spectrum of the Landau Hamiltonian Hy (= Hy with V' = 0) on
the hyperbolic plane has the absolutely continuous part, and Hy has
the norm-resolvent continuity with respect to the strength By of the
magnetic field (see Inahama and Shirai [I-S]).

5. In the case of the constant magnetic field on the hyperbolic plane, the
presence of non-zero scalar potential V' can produce infinitely many
discrete spectra in the spectral gaps of Hy (see Shirai [Shi]).

The organization of the paper is as follows. In succeeding subsections
1.2 and 1.3, we recall some related works and some spectral properties of the
Schrédinger operator with constant magnetic field on the hyperbolic plane,
respectively. Section 2 contains some preliminary results. In Section 3 we
derive a weighted L2-estimate of the eigenfunction under a slightly general
setting. The proof is based on the method developed by Nakamura [Nak1].
In Section 4 we give a proof of Theorem 1.1. The upper bound estimate
for the eigenfunction follows from the result obtained in Section 3, and the
lower bound estimate follows from an argument in Donnelly [Don2].

Acknowledgment. The author thank Takefumi Kondo and Takuya
Mine for useful discussions.

1.2. Some related results

In this subsection, we recall some related results. The decay properties
of the magnetic eigenfunctions have been studied by many authors, in par-
ticular, in the case of the Euclidean spaces. Here, we refer to a few number
of works very close to ours.

First, we recall some results in the Euclidean spaces. L. Erdés [Erd]
shows the Gaussian upper bound [¢(r, 0)| < Ce= for eigenfunctions 1 of
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the two-dimensional Schrodinger operator %(D — A)? + V with rotationally
symmetric magnetic field B(r) and bounded scalar potential V. He assumes
that B(r) > By > 0 and E < By/2 for some constant By and he put some
assumptions on the Fourier coefficients V,,(r) = fo% e=™V =10V (1, 0)df of
scalar potential V; in particular, he requires that there exists a sequence
{am} such that |V,| < am, >, may, < oo, and a, < C6™ for some
constants D > 0, 6 satisfying 0 < § < 1.

S. Nakamura [Nakl] (see also [Nak2]) proves that any eigenfunctions
of Hy have the Gaussian upper bound in the constant magnetic field case
with the assumptions (A.2); and (E) above. In particular, the estimate
th(r,8)] < Ce=(1=8)Bor*/4 holds for any € > 0 under (A.2)so, where By is
the strength of constant magnetic field. Nakamura’s result is generalized
by V. Sordoni [Sor] to a class of non-constant magnetic fields in higher
dimension.

Their results require more or less some analyticity of the electro-mag-
netic fields. In fact, L. Erdos [Erd] also shows the eigenfunctions decay
slower than Gaussian in general if we drop the condition a,, < D§™ above,
even in the constant magnetic field case.

In non-analytic case, H. D. Cornean and G. Nenciu [C-N] study the
decay property of magnetic eigenfunctions.

Next, we recall some results in the case of (non-compact) Riemannian
manifolds. H. Donnelly studies the properties of eigenfunctions of the
Laplace-Beltrami(-Schrédinger) operators without magnetic fields in a se-
ries of works [Donl]-[Don5|. In [Donl], he studies the decay properties of
the eigenfunctions ¢ of —Ap on the exterior domain {z € D|d(z,0) > ro},
where ro > 0 and D is the Poincaré disk. He shows that if £ < 1/4 there
exists a real analytic function A(#) on [0, 27) such that g'/2(r)ho(r) = é(r, 0)
tends to A(f) as 7 — oo uniformly in 8, where g(r) = sinhr, hg is a solution
to the equation —h"(r) + (F(r) — E)h(h) = 0 and F(r) = 3¢"/g—%(¢'/9)*.
Especially, the estimate |¢(r, 8)| < C'exp (—(1/4 — E)'/?r —r/2) holds. Re-
cently, A. Vasy and J. Wunsch [V-W] show that no eigenfunction of the
Laplace-Beltrami operator (without electro-magnetic fields) decays super-
exponentially in the case of certain class of manifolds with pinched negative
curvature.

In the magnetic case on (non-compact) Riemannian manifolds, it seems
that less results exist. V. Iftimie [Ift] studies the decay of eigenfunctions of
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the magnetic Schrédinger operators of the form Hy = (D; — a;)g”(D; —
a;) + V on manifold (R", g), using the Agmon-type estimates. He assumes
that the metric g=! = (¢g%) satisfies 0 < A(|z|)|€]* < g¥&¢& < A(|z])|¢f?
for some functions A, A, and lim, . r"?A(r) = 0. The assumptions on
regularity of scalar and magnetic potentials are rather milder than ours;
a=(q) € L} (R R"), g~' € L (R",R"), and V € L} (R",R).

Under some additional assumptions, he shows the L2-upper bound esti-
mate ||eP1)|| < oo and the pointwise estimate |1 (x)| < Ce(") for the weight
function p(r) = (2(Hy) — E)'/?r, where r is the geodesic distance with re-
spect to the metric g and X(Hy ) is the infimum of the essential spectrum
of Hy (Theorem 2.4 and Theorem 4.4 in [Ift]). Here, Iftimie assumes that
the eigenvalue F is located below X (Hy ), and in the proof of the pointwise
upper bound he also assumes that the function A above is bounded from
below by some positive constant.

Thus, as we mentioned in Remark 1.2 (see also subsection 1.3 below),
the decay estimate for the eigenfunctions corresponding to eigenvalues in the
spectral gaps of the essential spectrum of Hy does not follow directly from
Iftimie’s result in the hyperbolic case, and the weight function in Theorem
1.1 improves Iftimie’s one for such eigenfunctions.

1.3. The hyperbolic plane

The hyperbolic plane H is a typical example of manifolds we keep in mind
in Theorem 1.1. In this case the Schrodinger operator Hg with constant
magnetic field is called the Landau Hamiltonian or the Maass Laplacian (up
to gauge transform) and has been extensively studied by many authors (e.g.,
[Roe], [Els], [Fay], and [Com]). In this subsection we give some comments
in this case. However, this subsection contains no new results.

We recall some basic spectral properties of the Landau Hamiltonian H
(without scalar potential) from Roelcke [Roe], Elstrodt [Els]. The spectrum
of Hy is given by

M AE B3 +1/4 if By >1/2
Spoo(tty) — | UolEDUIB +1/4.00) it By > 172
(B2 +1/4, 00) if 0 < By < 1/2,
where N is the largest integer less than By — 1/2 and E,, = (2n + 1)By —
n(n 4+ 1). We consider the case of By > 1/2. Each E, is the eigenvalue
of infinite multiplicity, and a complete set {11 }72 . of the eigenfunctions
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corresponding to FE, is given by

-B
1 — tanh ie_ﬁ‘g) 0

n 79 =
Yni(r ) ( 1 —tanh%e\/*_w

xy/Cpi(1 — tanh? g)BO*”e\/*_lke tanh!* g

X2F1 < BQ —n — BO Slgn(k’),|k|Bi—1 n+ BO Slgn(k> + ’k’ ;tanh2 g)

in the geodesic polar coordinates, where 9 F] is the Gauss hyper-geometric
function and C), is the L?-normalizing constant given by

B l(k+ B +n+1)I(k+n+1)

G = 47T (n+ DI(k + 1)20(B, + n + 1)

with 8, = 2By —2n — 1.

We note that the Riemannian manifold (H, R*gy) “converges” to
(R?,4gg.) as R — oo (see Section IV in Comtet [Com]). The decay-
ing factor (1 — tanh?(r/2))%o~" in the expression of v, which has the
asymptotics exp (—(B2 +1/4 — E,)/?r —r/2) as r — oo, is transformed
into (1 — tanh? (r/2R))BoR*~" on the space (H, R2gy), which converges to
the Gaussian factor e=5or*/4 in the flat space limit R — oo.

In the rest of this subsection, we show that the discreteness assumption
in (E) is crucial for Theorem 1.1 in general. More precisely, there exists
an eigenfunction corresponding to the ground state energy Ejy which has no
decay estimate as in Theorem 1.1.

Let {ay}32, be a sequence of complex numbers satisfying > oo |ag|* <
oo and put 99 = > ;2 g agtbor. In the case of n = 0, we have ¢oi(r,0) =
\/C'T]ke\/*_lkapk(l — p2)Bo and Cyp = 4ﬂr(213071) F(Fk(ﬁf)o), where we put t =
tanh(r/2), and the weight function p in Theorem 1.1 is given by (B3 +1/4 —
Eo)'/?r = (By — 1/2)r. For any c satisfying 0 < ¢ < By — 1/2, we have

eo(r,0) = [(1+1)/(1 =)D ary/CopeY HHH (1 —2)
k=0

o0
_ Zak\/c—%eﬁketk(l_t2)BofC(1_}_t)2c,
k=0
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where we used the relation r = 2tanh™1(¢) = log [(1 + t)/(1 — t)]. Then we
have

(11) (e ol Z2qm
B /1 Atdt /27r &0
Jo (1—#2)2

- 4%21%\ Co [ #0120 014ty

Zak /COke\/jlketk(l _t2)B0—0(1+t)2c

k=0

AV

4”2’0%\ COk/ 12 (1 — ¢2)2(Po=e=1) (2¢) d
= 4772]0%‘ COk/ (k+1)— 1( S)(2B0—2c—1)—1d8

- 47TZ lag|?CorB(k +1,2By — 2¢ — 1)

k=0
 T(@2By—2c-1) & . 9 T'(k+2By)
= TT@By—1) kzo (k4 1)° ((k ) S 28, - 2(;))

where we used the Plancherel formula with respect to L?((0,27),df) in the
first equality and changed the variable s = t? in the fourth equality, and
B(z,y) = I'(x)I'(y)/T'(x + y) is the beta function. Given ¢ > 0, we can
find a sequence {ay}32, for which Y72 |ag|? converges but Yoo [ay|?k*
diverges. Then, for such {ay}s, the rhs of (1.1) diverges since the Stirling
formula for the gamma function yields that limy_.o, k~2°T'(k 4 2B) /T (k +
2By —2c) = 1. This shows that e“"1) does not belong to L?(H) for any ¢ > 0.

2. Preliminaries

2.1. Essential self-adjointness of H

We start with the essential self-adjointness of Hy = V*V on Cg°(M).
Throughout this paper, we always assume (M.1)—(M.3) and we identify the
pole p in (M.1) with the origin 0 in the tangent space at p.

Let g and B be as in (M) and (A.1), respectively. We introduce

(2.1) a(r) = /O B(t)g(t)dt.
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LEMMA 2.1. Assume (A.1). Let (x1,22) = (rcos@,rsinf) be the
geodesic coordinates around the pole p and let a be as in (2.1). Put a =
ardry + dgdry = —x2a(r)/r? dxy + x10(r)/r? dxs. Then a defines a C'-
section of T*M and da = (Bg/r)dx1 A dze = Bgdr Adf in this coordinates.

PrROOF. The assertion in the lemma is obvious unless r = 0, since
da(z) = (Bg/r)dz1 A dzo holds if r # 0. We need to consider the behavior
of a at the origin. Note that g(0) = 0 and ¢’(0) = 1 in the geodesic polar
coordinate. The continuity of a at the origin follows from the estimate

iste) — 0 < ) < 1 [ By < s 1B0Ig(0) —0

r ™ Jo 0<t<r
as r — +0. Next we show the existence of the partial derivative 9,,a2(0) =
—B(0)/2. This follows from the definition limy_o(@z(h,0) — a2(0,0))/h =
limy,_o h~2 0|h| B(t)g(t)dt combined with the Taylor expansion of Bg at the
origin, because of the fact that ¢g(0) = 0. Similarly we have 0,,a1(0) =
—B(0)/2, 83,d1(0) = 5,d2(0) = 0. Thus we have da(0) = B(0)dz; A daa,
from which the lemma follows, because of the fact that ¢’(0) = 1. O

Throughout this paper, we denote —v/—19/0r by D,., etc.

LEMMA 2.2.  Under the assumption (A.1), we can find a C*-section a
of ANXT* M satisfying the following properties (i)—(iii).

(i) If we denote by V the connection on M defined by D—a, the operator
V*V is expressed as

1 1
(2.2) ;Dr9Dr+ (Do = a(r))?

in the geodesic polar coordinate at p, where a is as in (2.1).

(ii) The operator V*V is essentially self-adjoint on CS(M).

(iii) The original Bochner Laplacian V*V is also essentially self-adjoint
on C§°(M) and its operator closure is unitarily equivalent to that of V*V
by some gauge transform.

PROOF. We take a as the one in the previous lemma. Then we find
the expression (2.2) by a simple calculation. The essentially self-adjointness
of the operator V*V follows from Theorem 1.1 (with V' = 0) in Shubin
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[Shu] since a € C! by Lemma 2.1. The assertion (iii) follows from the same
argument as in the Euclidean case (see, e.g., the proof of Theorem 1.3 in
Leinfelder [Lei]) since both V and V give the same magnetic field Bgdr A df
by (A.1) and Lemma 2.1. O

In what follows we identify V with V and adopt the expression (2.2),
for the assertions in the main theorems are independent of the choice of
gauge. (The eigenfunction v is transformed into eﬁ)‘zp.) Needless to say,
the perturbed operator Hy also has the unique self-adjoint extension under
the condition (V.2),.

2.2. Diamagnetic inequality

In this subsection we show that the scalar potential V decaying at in-
finity is relatively compact with respect to Hy (see Lemma 2.5 below). The
so-called diamagnetic inequality for Hy is crucial. All the results in this
subsection are well-known (see, e.g., Theorem KI in Briining, Geyler, and
Pankrashkin [B-G-P]). We give, however, a proof for the sake of complete-
ness.

First we recall a basic property of the heat kernel on M. Let Ajps be
the (negative) Laplace-Beltrami operator on M and let p(¢, x,y) is the heat
kernel on M.

LEMMA 2.3. Assume (M.1)-(M.4). Then, for each t > 0, there ezist
positive constants C1 and Cy, which may depend on t, such that the estimate

0 < p(t,z,y) < Cre~C2d@w)”

holds for all (x,y) € M x M, where d(z,y) is the Riemannian distance on
M. Moreover, [,,p(t,xz,y)dV(y) =1 holds for any x € M. Here, By(x)
stands for the geodesic ball centred at x of radius r.

PrOOF. This is a well-known fact in Riemannian geometry. However,
we give a proof for the sake of completeness. Under the assumptions (M.1)—
(M.4), the manifold M is complete by the Hopf-Rinow theorem, and the
Ricci curvature Ricp; of M is bounded below. In fact, Ricys is given by
—(¢"/9)gm- Then M is a Cartan-Hadamard manifold, i.e., a complete,
simply connected manifold with non-positive sectional curvature. In partic-
ular, this implies that the injectivity radius of M is +o00. The completeness
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of M implies that the essential self-adjointness of —A s on C§°(M) by the
classical result of Chernoff [Che], and in this case, the heat kernel p(¢, z,y)
of ™M exists.

It follows from a result at the end of Section 5 in Davies [Dav] that for
any 6 > 0 there exists a positive constant cs such that

0 < plt,z,y) < c5[Vol(Byuz () Vol(Bya (y))] /20Nl dlow)®/ (441

holds for any =,y € M and all t > 0, where X is the infimum of the spectrum
of —Apr. Tt is enough to show that for any ¢ > 0 there exists a positive
constant C; such that Vol(B,1/2(z)) > Cy holds for all x € M.

The Ricci curvature of the two dimensional manifold M coincides with
the sectional curvature of M, so we can use Bishop’s volume comparison
theorem (see e.g., [Cha, Theorem 3 in Section III). Since K(r) < 0, it
follows that for fixed ¢ > 0 the quantity Vol(B,2(x)) is bounded from
below by the volume of a ball of radius t'/2 in R2, which is given by 7t and
this does not depend on the location of the ball.

Finally, it is well-known that [,, p(t,z,y)dV (y) = 1 holds if M is com-
plete and the Ricci curvature is bounded from below (see, e.g., [Chal, The-
orem 5 in Section VIII). O

Let L%(M ) be the space of all L?-functions on M with compact support.
We say f belongs to L3(M )+ L (M) if for any 6 > 0 there exist f; € LZ(M)
and fo € L>°(M) such that f = f1 + fo and || f2|[re < 6.

LEMMA 2.4. Let Ay be the (negative) Laplace-Beltrami operator on
M. The operator Ve!™M is compact if V € LE(M)+LX(M) and 0 < t < 1.
In particular, Vet®M is a Hilbert-Schmidt operator if V € L(M).

Proor. It follows from Lemma 2.3 that

[ ptsgravie) = [ sttty o)
M M
= p(2t,z,x)
< Ct 1 (Vol(Bi(2)) 71,
where we used, in the first equality, the symmetricity of the heat kernel,
which follows from the self-adjointness of the Laplacian, used the semi-group
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property in the second inequality and the estimate mentioned above in the
last inequality. Thus the integral kernel of Ve!®M satisfies the estimate

// V(@)p(t, z,y) 2V (z)dV (y)

M x M

< ot / AV (2)|V () 2 (Vol(By (),
M

which is finite if V' € L2(M) and 0 < t < 1. Thus, Ve is a Hilbert-
Schmidt operator.

In the case of general V =V + Va5 € L3(M)+ L°(M), the lemma follows
from the uniform estimate ||Ve!&M — Vie!&M ||, < [|Va| pe. O

LEMMA 2.5. Let z belong the resolvent set of Hy. Let V € L3(M) +
LX(M). Then the operator V(Hy — z)~! is compact on L?>(M).

PROOF. It is enough to show that Ve *H0 is compact for any t > 0
because of the formula (4 — z)~1 = [ e~ letdt.

We first show the so-called diamagnetic inequality for Hy, following the
line of argument in the proof of Theorem 1 in Simon [Sim]. In order that,
we use Kato’s inequality —Ajs|f| < Re(sgnf)V*V for any f satisfying f,
V*Vf € Li (M), which is a special case of Theorem 5.7 in Braverman,

Milatovic and Shubin [B-M-S]. For any ¢ € D(H)) satisfying ¢ > 0 a.e. and
any u € C5°(M), we have

(2.3) (@, (=Am+Dul)rz < Re(¢, (sgnu)(V'V + Du) 2
< (@ (VIV 4 Dul) 2

by Kato’s inequality. If we set ¢ = (—Ap + 1) for any ¢ € C§°(M)
satisfying 1 > 0, then ¢ > 0 since (—/Aj; + 1)~! is positivity preserving,
which follows from the non-negativity of the heat kernel of —Ajys. Set
f=(V*V+1)u for any u € C§°(M). Then (2.3) implies

(2.4) W, (VY1) e < @, (=D + D)7 f]) e

Since V*V is essentially self-adjoint on C§°(M) by Lemma 2.2, the range
(V*V +1)C8°(M) is dense in L?(M). Then, by a simple density argument,
we obtain |(V*V + 1)7Lf| < (=Ap + 1)7Yf| for any f € L*(M). Using
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the positivity preserving property of (—=Ajs + 1)~! repeatedly, we have
(V*V +1)7"f| < (=Apn + 1) f] for any f € L*(M) and any n € N.
Then we obtain the inequality |[e *H0 f| < et®M|f| by the formula e 4 =
s-limy, oo (A +n/t)™™.

Then it follows from Proposition 3.1 in Doi, Iwatsuka, and Mine [D-I-M]
and Lemma 2.4 that Ve tH0 is a Hilbert-Schmidt operator if 0 < t < 1 and
V € LY(M) since |[Ve tof| < |V|e!®M|f|. For general V € L3(M) +
L>*(M), by the same argument as that at the end of the proof of Lemma
2.4, we conclude that Ve~ is compact if 0 < ¢t < 1. In fact, the conclusion
is true for all ¢ > 0 because of the semi-group property of e *Ho. [

2.3. Fourier transform
Define the Fourier transform F from L?(S!, df) to I2(Z) by

Ff(n) = (2m)~1/2 /O i eV £(6)df.

Naturally, F extends to a unitary operator Id ® F from L%*(M) to
L?((0,00)) ® [*(Z), etc. In the sequel we write F also for such extended

operators for simplicity. (Note that F commutes with any “radial” opera-
tor.) We find that

1 1
FHyF ' = Z ® <—DTgDT + —(n— a)2) +V
nel 9 9

on FCG° (M), where

(2.5) VH)(r,n) = 2m) 2N FV(r,n—m)f(r,m).

meZ

Here, > @ stands for the direct sum with respect to the direct sum decom-
position of Hilbert space L?((0,00)) ® I*(Z) = >, .y ®L*((0,00)).
As in Nakamura [Nakl], we can show the following two lemmata.

LEMMA 2.6. Assume (A.1), (A.2);, and (E). Then there exists oo > 0
such that

(2.6) eIl Fy belongs to L2((0, 0), gdr) @ 12(Z)
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if 0 <o < oy.
If we assume further (A.2)s, it is true that (2.6) for any o > 0.

Proor. This follows from the standard translation-analytic argument
as in the proof of Lemma 3.1 and Lemma 3.2 in Nakamura [Nak1]: For any
e > 0, define a unitary operator 7. on L?(M) by T.f(r,0) = f(r,0 — ¢),
where we regard 6 — € as an element of S! = R/(27Z). We write Hy (¢) for
T.HyT: !, then it follows that Hy (¢) = Hy + (V(r,0 —e) — V(r,0)). Under
(A.2),, the family {Hy(¢)}. extends to an analytic family of type (A) on
{e € C||Im ¢| < 7} (see, e.g., [R-S4]), and the eigenvalue FE is stable for
all € in a small region S,,. Moreover, Lemma 2.5 and (A.2) ensure the
stability of the essential spectrum of Hy (g) for any ¢ € C. The argument
is still valid for any € under (A.2)s. Note that there exists a dense set of
translation-analytic vectors, which is in fact obtained by the pull back of
translation-analytic vectors in L?(IR?), via the unitary operator U,. O

LEMMA 2.7. Let0 < o < 7. Assume (A.2).. Then e?"™|(FV)(r,n)| is
uniformly bounded with respect to (r,n). If we assume further (A.2)s, then
lim,_ o sup,, €™ |(FV)(r,n)| = 0 holds.

PRrROOF. This follows from the standard Payley—Wiener type argument:
FV(r,n) has the expression (2r)~1/2e=l"l fOQTF eVIty (r ¢ F /—10)dt if
+n <0, respectively. By Cauchy’s integral formula, we can show that

e M(FV)(r,n)| < (2r)71/2 /0 T max{|V (r,t+v—10)|, |V (r,t—/—10)| }dt,

using the fact that V (r, z427) = V(r, z) holds for any (r, z) € (0, 00)x S; by
the analytic continuation theorem. Then the lemma follows immediately. [

LEMMA 2.8. Let ro > 0. Assume that the radial curvature K(r) =
—4g"(r)/g(r) is bounded from below on some interval [ro,o0) and assume
that

k> max{|g'(ro) /g(ro)|, sup K_(r)"/?}.

270

Here, we set K_ = —min{0, K}. Then we have the estimate |¢'(r)/g(r)| <
k for any r > rg.
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PrROOF. Let € denote either +1 or —1 and let k£ be as above. Put
G(r) = ee*("=70)  We have

(2.7) (§'Ge — gGL) = —(K + k*)gGe.

In the case of € = +1, we have (¢'G. — gG.)(r) < (¢’Ge — 9gG~)(rp) for any
r > 19, since the rhs of (2.7) is non-positive. Then we have

J)/g(r) < G;<r>/Ge<r>+i](g;?))<g'<ro>/g<ro>—k>

< GUr)/Ge(r) =k,

where we used the fact that k > ¢'(r9)/g(ro) in the second inequality.
Similarly, in the case of € = —1, it follows from (2.7) that

J () /g(r) > Gz<r>/Ge<r>+f’g((if]))<g’<ro>/g<ro>+k>

> GUr)/Ge(r) = —k.

This completes the proof. [
3. L’-Exponential Estimate of the Eigenfunction

In this section, following the line of argument as in Nakamura [Nakl],
we derive an exponential estimate for the eigenfunctions, assuming (A.1),
(A.2),, (E), and

(A.3) Positive, monotone increasing, continuous functions a; and az on
[0, 00) satisfy the following conditions (i) and (ii):
(i) 0 < a1(r) < az(r) < a(r) holds for all » > 0, where a is as in (2.1).
(ii) There exist R > 0 and Cy > 0 such that

ay t(x) 2 — a0 ()2 1/2
/ 2 [M#—F(t)—E] dt < Colx — y
a5 (y) g(t) +
holds if z > y > R, where [z]|; stands for the non-negative part of =

and

_ 14" 1(d(r))*
31 mﬂ_§g@)_1<ﬂﬂ>
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Given aj,ay and a as in (A.3), we take and fix a monotone increasing,
continuous function a3 on [0, c0) satisfying 0 < a1 < a2 < asz < a on [0, 00).
Note that each of a;s has the inverse function aj_l on [0,00). In what follows
we set a;l(n) = 0 for all n < 0 for notational convenience.

For any real-valued function a on [0, 00), we introduce the set
Q(a) ={(r,n) € [0,00) x Z|n < a(r)}.
Then the inequality (n —a)? > (a — a;)? holds on Q(a;) for any j = 1,2,3,
since the condition n < a; implies that n —a < —(a — a;), ie., [n —a| >
| — ajl.
Under the conventions above, we define a weight function

p(r,n)

_ { Jor o l(a(t) = as(£)?/g()* + F(t) — EIY* dt if (r,n) € Q(az),
0 if (r,n) ¢ Q(a2).

LEMMA 3.1. LetV be as in (2.5). Then the operator () ye=op(rn)
is bounded on L*((0,00)) ® I2(Z) if 6Coy < T, where Cy is the constant
as in (A.3) (u). In addition, if we assume (A.2)s, then
limp o ||X{TZR}€6pV6_6pH0p = 0, where X(,~py stands for the character-
istic function of {(r,n)|r > R,n € Z} and || - ||op stands for the operator
norm.

PrROOF. We prove this lemma as in the proof of Lemma 4.1 in Naka-
mura [Nakl]. First, we claim that

ay'(n)

32) Iptrm) —prm| < [ ()~ aa(0) /o0 + PO~ B
holds if n > m. Indeed, p(r,n) — p(r m)_ = 0 if az(r) < m < n, and
lp(r,n) — p(r,m)| = |O - fcf;l( |f 2, () ] if m < as(r) < n, and
p(r,n) — f 2 () 1fm§n§a2(r).

Next, for any o sat1sfy1ng 6Cy < 0 < T, we have

€7V (r, m)f?

2
<Z el =p(rm )I(fV)(T,n—m)f(T,mﬂ)

meZ
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<(2m)~! <Z O (FV) (ryn —m) f(r, m)l)

meZ

<(2m)~"! <s1goz e (FVY(r,m)| D e ol p(p, m>|)

meZ
<(2m) ™" sup |e”I™(FV) (r,m)|?

meZ
« (Z e—(a—600)|n—m|> <Z e—(a—éC’o)\n—m|’f(r7 m)|2>
meZ meZ

=C sup ]e”lm‘(]:V)(r, m)|? Z 6_(0_600)|n_m|‘f(7“7 m)|?,
meZ me7Z

where we used (A.3) (ii) and (3.2) in the first inequality and the Schwarz
inequality in the third inequality. Then it follows that

X sy €2 Ve™® f]| < Csup sup [e”™(FV) (r,m)]|| ],
r>RmeZ

from which we have the result because of Lemma 2.7. [J

Define a unitary operator U, from L*(M,dV) to L*(M, drdf) by U, f =
g'/2f. Then a simple calculation shows that

~ 1
(3.3) UyHyU, ' = D2 + ?(DQ —a) 4+ F+V.

LEMMA 3.2. Let xq be the characteristic function of ) and let a;s be
as above. Assume that 0 < 6 < 1. Then there exists R > 0 such that

(34)  Re XsryXa() " F(Hy — E)F e X000 X (ro Ry
> min{(1 - 6% ((a —a2)?/¢* + F — E),
x(a—a3)?/g> + F — E} Xa(ay) X{r>R)
—Re X{r>R1Xa5) € VE PX O a3) X (>R}

where Re stands for the real part.
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Proor. We have
(3.5)  Ree®F(Hy — E)F e
= Re U, 'e" {Z & D+ (n—a)?/¢®+F—E)+ v} e~try,.

nez

Since p(r,n) vanishes on Q(a3) \ Q(az2), the rhs of (3.5) is bounded from
below by
Z@ ((a—a3)?/¢* + F — E) + Re eSPYe=oP,

where we used the fact that (n — a)? > (a — a3)? holds on Q(a3). On
Q(a2) N {(r,n)|r > R}, the rhs of (3.5) is bounded from below by

Re U;' > @ ((n—a)*/g* + F — E - 6%(0:p)%) U,

+Re U, ' e®Ve 27U,
> Z (1 —6?) ((a — a2)?/g* + F — E) — Re *?Ve™%

if we take R > 0 so large that((a —az)/g)*+ F — E > 0 holds for all 7 > R.
Then the result follows. [

Let R > 0 and let fr be a smooth function on (0,00) X Z satisfying the
following conditions: |9, fg| + |02 fr| is bounded, 0 < fr(r,n) < 1 holds for
all (r,n) and

[ 1 if(r,n) € Qaz) and r > 2R,
Jrlrn) = { 0 if (r,n) ¢ Q(a3) or r < R.

LEMMA 3.3. Let0< 6 <1 and let fr be as above. Then there exists a
constant C = C(R, p,6,9,V,E) > 0 such that

Crlle® frFy|| < Oy

holds for any large R > 0, where we define Cr by
e [ () @)
7glgmm{(l ) )< FEE + F(r) E),
a(r) — as(r))?
o) sl | ) )

_3||X{T>R}€6PV€76pH0p'
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PROOF. In this proof we put
Q = Re (e fpFo, e F(Hy — E)F'e™*0e fRFp).
Then it follows from Lemma 3.2 that ) is bounded from below by

(3.6) (min{(1 - 6%) ((a — a2)?/¢g* + F — E),
(a—a3)?/g* + F — E}e® frFi, e frF2))
~lIxr> Ry Ve P lloplle® frF |1,

where we used the fact that supp fr C Q(a3) and fr - Xq(as) = fr hold.
On the other hand, @) is bounded from above by

(37) (P frF, [F(Hy — E)F, fr]Fy)]
< (€ frFu, [ @gDrgDr, FRIFO)| + (2P frF, [V, frF)]

= \(eﬁﬂfm,eép[zeaéDTgDr,fR]fw
[ (€% frFp, [2PVe0, frle®P Fup)|,

where we used the eigen-equation. Note that

2R

pl(r,n) < ; Vlla—a2)?/g? + F — E] dt

holds on the support of 9, fg or on the support of 1 — fr. The first term on
the rhs of (3.7) is bounded from above by

(38) Cllixsupp o, o F Dol + 10 D€ frF Y|
< C([How || + [4)le’ frFel,
where we used the fact that ||D,¢| < C(||Ho¢|| + [|¢||) and used Lemma

2.8 and the boundedness of 9, fg and 02 fr. The second term on the rhs of
(3.7) is bounded from above by

(3.9)  2lxgrsrye’Ve e frF (e frFw || + 1P (1 — fr)Fl)

< 2gromye Ve[ FRFUI(¥ frF 0l + ( sup O],
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Then the result follows from (3.6)—(3.9).

In fact, we need to regularize the weight function p appropriately, since
p is not bounded. However, the argument above remains valid for such
regularized weights. (For instance, we can use py(r,n) = min{p(r,n), N}
as in [Nakl]. See also Section 4 in [Sor].) O

Let 0 <o <7and 0 < é <1 and put

(3.10) pa(r)
= min{oa;(r), 6/_1

ag (a1(r))

" 1/2

[(a(t) — a2(1))?/g(t)* + F(t) — B][ " dt}.

The main result in this section is the following:

PROPOSITION 3.4. Assume (M.1)-(M.3), (A.1), (A.2);, (A.3), and
(E). Let 6, o, and p1 be as above. Assume that the constant Cr as in
Lemma 8.3 is positive for some R > 0. Then eP1vp belongs to L*(M).

PROOF. Since a; ' (n) < ay*(a1(r)) holds on Q(a1) = {(r,n)|n < a1(r)},
we have

p(r,n) = /1( )[(a —a)?/¢* + F — E]\/?
a2 n
> / [(a—a)?/g* + F — E]}/?
-1
az ' (a1(r))
= p(r).

Let fr be as before and take R > 0 sufficiently large. Then we obtain

(311)  IIxa@) e Fel < lixa@) e "™ Fy|
< |IfrXO(a) e FY|
(L = fR)Xa(an) e "M Fy|
I fre® Y|+ sup LDy,
0<r<2R

IA

which is finite because of Lemma 3.3 and the positivity assumption on Cg.
On the other hand, on Q(a;)¢, we have

(3.12) IXar)e €™ M FY|| < [IXar)-e” ™ Fy],
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which is finite because of Lemma 2.6. Then the results follows from (3.11)
and (3.12). O

The following result is a straightforward generalization of the L2-esti-
mate of eigenfunctions obtained by Nakamura [Nak1] in the Euclidean case.

COROLLARY 3.5. Assume (A.1), (A.2):, (A.3) and (E). Moreover, as-
sume that

(3.13) lim (a(r) — ax(r))/g(r) =

T—00

Then eP11) belongs to L*(M).
Furthermore, if we assume (A.2)s, then we have the same conclusion
replaced p1 by

p2<r>=6/T1(())[(a()—am)/g() F(t)— B dt.

PROOF. The assumption (3.13) implies that the constant Cg is positive
for any large R > 0. Under (A.2), the assertion follows since we can take
7 (and so o) arbitrary large by Lemma 2.6. (]

REMARK 3.6. In the case of spherically symmetric scalar potential V',
the conclusions in Theorem 3.5 are still valid if we replace the function F
by F'+ V and the condition (3.13) by

E < liminf ((a(r) — a2(r))?/g(r)? + F(r) + V(1)) .

r—00

Indeed, in the proof of Lemma 3.3 above, we can replace F' by F + V,
and the last term in (3.6) and the commutator in (3.7) vanish.

4. Proof of Theorem 1.1

4.1. Upper bound

In this section we assume (M.1)-(M.4), (A.1), (A.2)x, (E), and assume
further that the magnetic field B = B(r) approaches to a positive constant
By satisfying E < B2 + 1/4 at infinity. It is known that the assumptions
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on the radial curvature K = —g”/g in Theorem 1.1 ensures the existence of
the two limits

(4.1) ¢y = lim e "g(r) and lim F(r)=1/4

T—00 rT—00

(see Lemma 3.5 in [Don2]).
By the assumption on B, for any ¢ > 0, there exists Ry > 0 such that
|B(r) — By| < ¢ for all r > Ry, so we have

r Ro T
la(r) — By /0 odi] < /0 4 /R OIB0) = Bola(t)
< Oe+5/Tg(t)dt
0

for some constant C. and for all » > Ry. By (4.1), for any € > 0, there
exists Ry > 0 such that (1 —¢)cie” < g(r) < (14¢)c1e” holds for all r > R;.
Hence, for any € > 0, we find that

(1 —e)Bocie" + C_(g) < a(r) < (1+4¢€)Bocie" + Ci(e)

holds for all » > Ry, where C4(¢) are independent of 7.
Let Ry > 0 and 0 < €1 < g9 < 1, which are appropriately chosen below.
We choose a1, ag in (A.3) so that

ejr : >
(4.2) aj(r) . { B001€ J if r = 2R2,

L G/3)alr)  HfO<r< Ry,
and aj;s are continuous and monotone increasing. Then it follows that

(4.3) lim ((a(r) —a;(r)*/g(t)* + F(r)) = Bf +1/4

r—00
for j = 1,2. Note that a; ' (x) = £, ' (log z — log Bycy) for large .

LEMMA 4.1. For any € > 0, there exists N > 0 such that

() [ (a(t) — az(1))’ V2
(4.4) / o [TJrF(t)—E R
< LB B P
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holds if n >m > N.

ProOOF. It follows from (4.3) that, for any € > 0, there exists N > 0
such that, if n > m > N, the lhs of (4.4) is bounded from above by

(1+e)(Bf +1/4~ E)'?(ay ' (n) — ay ' (m))
= (1+e)(BE+1/4—E)/*(e; logn — &5 logm)

1
= E(BE+1/4— B)2log (n/m)
2
1
< B4 14— B) P —ml,
g

since log (X/z) = log(1+ (X —x)/x) < (X —z)/z < X — x holds if X >
x>1.0

All the conditions in (A.3) are now satisfied for our choice of a;s, there-
fore, we can apply Proposition 3.4. In this case, there exists Rs > 0 such
that (a(r) — a2(r))?/g(r)? + F(r) — E > 0 and therefore

" 1/2
p) =0 [ (@)~ aal0)* 90 + F ) - E)
(e1/e2)r

for all 7 > Rg, because of (4.3), (4.2) and the assumption E < B2 + 1/4.

Moreover, there exists R4 > 0 such that

((a(t) — a2(£)*/g(t)> + F(t) = B)'* > (1 = 1)(B3 +1/4 — E)'/?
holds for all t > R4. Finally, it follows that
pa(r) > 6(1 —e1) (1 — (e1/22)) (Bf + 1/4 — E)'/*r

holds for large r > max{R1, R2, R3, R4}, from which we obtain the upper
estimate of v in Theorem 1.1 since we can choose positive numbers €; and
1 — 6 arbitrarily small.

4.2. Upper bound of the L?-spherical average

In this subsection we obtain the upper bound of the L2-spherical average
of the eigenfunction ¢ as in Theorem 1.1 and we obtain also the pointwise
upper bound of .
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LEMMA 4.2. Under the same assumption as in Theorem 1.1, the func-
tion A py(e(1=9Pep) belongs to L*(M) for any e > 0.

PROOF. In this proof we denote the weight function (1 — ¢)p by p for
simplicity. By Kato’s inequality, we have

(45)  —Ap(e|p]) < Re[(sgn(y))V*V(e’)]
= Re(sgn(v))(e’V*VY + [V*V, e]i))]
= Re[(sgn(y))(e”(E — V)¢ + [V'V, e[Y)],

where we used the eigen-equation in the last equality. We can find that

(4.6) [V*V,e?] = [g7'DygD;, €]
— 2AD,p)e’ D, + [(D2p) + (Dyp)le”
+9~ 1 (Drg)(Drp)e’.

Note that g’/g is bounded on M by Lemma 2.8, and also D,.p, D?p and V are
bounded. Then the rhs of (4.5) is bounded from above by Ce?(|D,¢|+ |¢])
for some constant C' > 0.

Then it is enough to show that e”D,1 belongs to L?(M) since we have
already shown that et belongs to L?(M). To see this, we first consider the

case where p is smooth and bounded. Then we have ||e” D,v| < || D, (e”)||+
Clle?)|| and

1D (eP)|P < [IDe(e")]? + llg™ (Do — a)(ey)|”
= (e"Y, V'V ("))
= (MY, e"VIVY) + ("9, [V'V, eY)
< Cle*Diyllle?yl| + Cllefy|?

1
< Sle" Dyl + Cllery?,

where we used (4.6) in the second inequality and used the elementary in-
equality 2XY < X2 + Y? in the last inequality. Thus we have shown that
lle” Dyp|| < C|lePe||. Finally, we have the same conclusion by approximating
the original weight function p by smooth, bounded ones. [

LEMMA 4.3. Assume that (M,g) satisfies (M.1)-(M.4}). Assume that
both f and Ay f belong to L2(M). Then there exists a constant C > 0 such
that f027r |£(r,0)|?d0 < Ce~"/? for all large > 0.
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PrOOF. By (4.1), there exists R > 0 such that g(r) > e"/2 holds for
any 7 > R. Let n be a positive integer. Fix ¢ > 0. Let ¢ € C§°(R) satisfy

the following conditions: 1 < ¢ < 1, ¢(t) = 1ifn <t <n+1, ¢(t) =0
outside [n —e,n + 1 +¢]. For any r € [n,n + 1], we have

100 < [ oot

< ([ 2] awseoemioma)
(2 )" ([ wsc.openrowa)

~ 1/2
(e + 1)esH)1/ 212 ( [Tl 0>¢<tm2g<t>dt> ,

IN

IN

where we used Schwarz’ inequality in the second inequality and used the
fact that n < r <n + 1 in the last inequality. Then we have

an e oy

where we used the facts that || D,f||?> < ||Aaf|/||f]| and that each of the
derivatives of ¢ are bounded in the last inequality. The estimate (4.7) holds
for any r > R+ ¢ since the constant C is independent of n. Then the result
obeys. [J

1/2

IN

Cee™" 2| Dy (&)l L2y

Cle (| An fllzzan + I1f | z2an)s

IN

Then the upper bound of the L?-spherical average of the eigenfunction
1 follows from Lemma 4.2 and Lemma 4.3 with f = e(1=9)7). Note that a
local elliptic argument shows that the eigenfunction ¢ is continuous, hence
bounded on each compact subset of M.

Finally, we show the pointwise estimate of [¢)(r,0)|. We recall Sobolev’s
embedding theorem from Hebey [Heb|, Theorem 3.4: Let (M,g) be a
smooth, complete n-dimensional Riemannian manifold with Ricci curvature
bounded from below and positive injectivity radius. Assume that ¢ > 1,
0 < m < k, integers, and 1/q < (k —m)/n. Then H} (M) C C}}(M). Here,
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the spaces H(M), C(M) are defined by the norms

1/q

k
Ty / iutav |
j=0’M

S sup (Vi) (@),

=0 rzeM

lullem

respectively.

We use this with uw = e=9P¢), ¢ = 2, k = 2, n = 2, and m = 0.
Then the conclusion is that |e(1=5)?4)| is bounded on M. (This estimate can
be also obtained as in the proof of Theorem 5.3 in Donnelly [Don5| using
Lemma 2.3.) This completes the proof of the assertion 1 in Theorem 1.1.

4.3. Lower bound of the L?-spherical average

In this subsection we obtain a lower bound of the L?-spherical average
of the eigenfunction ¢ as in Theorem 1.1, following the line of argument as
in the proof of Theorem 3.6 in Donnelly [Don2]. We may assume that the
eigenfunction 1 is real-valued; otherwise we consider the real and complex
parts of . We note that the discreteness assumption on the eigenvalue E
is not needed in the proof below.

LEMMA 4.4. Letrg € R. Let u € C?([rg,00),R) N L?((rg,0),dr) and
u(rg) > 0. Let f,q € C([ro,)), f >0 and ¢ > 0. Assume that u satisfies
the ODE: v = qu — f on [rg,00). Then u is positive on [rg, o0).

PrROOF. This lemma is elementary and well-known in the theory of
ODE. However, we give a proof for the sake of completeness. We show
this by contradiction. Assume that there exists the first zero r1 (> r¢)
of u. Then we can deduce that «/(r1) < 0 and u is concave at r1, which
implies that u is concave and strictly negative on (11, 00) by the ODE. This
contradicts the fact that u € L2, [J

In what follows we assume that V is spherically symmetric in addition
to (A.2)s. The Plancherel formula with respect to L?(S!) yields that

21
(48) /0 (020 = 3 |(Fe)(r,m)l?

nez

|(F) (r, 5)I”

v
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for any j € Z. Put 1;(r) = g"/%(r)(F1)(r,j). Then, by the assumption on
V', each 1; satisfies the equation

(DF + (7 = a(r))?/g(r)* + F(r) + V(r) = E) ¢(r) = 0

on [0,00) by (3.3). We rewrite this equation as (D2 + p— E + q1) ¢; = 0,
where we put u = B2 +1/4, ¢1 = (j — a)?/¢*> + F +V — . We can find
and fix an integer j for which (F)(-, j) is not identically zero, since ¥ # 0.
Then 1); is real-valued, smooth on [0, 00) and belongs to L?((0, 00),dr).

We claim that there exists 79 > 0 such that v;(r) > 0 holds for all
r > rg. To see this we take 79 > 0 such that y — F + ¢ > 0 holds for
all r > 7, since u — F > 0, ¢t — 0 as r — oo. Moreover, we can find rg
(> 7o) so that 1;(r9) > 0 because of the choice of j; otherwise, we take —1);
instead of v;. Then the claim follows from Lemma 4.4 with u = 1;, f =0,
q=p—E+aq.

Let ¢ be as above and let € > 0 be fixed small enough. We introduce the
auxiliary function v(r) = (1/2)v;(ro) exp (—(u — E +€)/2(r — o)), which
solves the equation (D? 4y — E 4 &)v = 0 on [rg, 00).

We put v = ¢; — v, then v satisfies the equation v/ = (u — E + ¢q1) v —
(e — q1)v with the boundary condition v(rg) = v;(r9)/2 > 0. Again, we
apply Lemma 4.4 with v = v, ¢ = p— E 4+ q1, and f = (¢ — q1)v.
All the assumptions in Lemma 4.4 are satisfied for large o > 0, and so
Lemma 4.4 implies that v(r) > 0 for all large r. This means that ¢;(r) >
(1/2)1(ro) exp (—(u — E + &)Y/%(r —rg)) if r is large enough. Then, by
(4.8), there exists ¢ = ¢(rg) > 0 such that

/027r W (r, 0)|2d0 > cexp (_(u -E+ 5)1/27“) exp (=r/2)

holds for any large » > 0, from which the lower bound estimate in Theorem
1.1 follows. Now we complete the proof of Theorem 1.1.
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