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Let X be a proper and smooth scheme over C, and let U C X be the
complement of a divisor with normal crossings D on X. In its simplest
form, the Riemann-Hilbert correspondence sets up an equivalence between
the category of local systems of C-vector spaces of finite dimension on the
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analytic space Uy, associated to U and the category of vector bundles on U
equipped with an integrable connection V regular along D (i. e. extending
to a vector bundle on X equipped with an integrable connection with log
poles along D) (see Deligne ([D2], II 5.9) ; the (now common) terminology
“Riemann-Hilbert correspondence”, which does not appear in (loc. cit.),
was introduced later). Under this equivalence unipotent local systems (in
what follows we will say “local systems” for “local systems of C-vector
spaces of finite dimension”) on Uy, correspond to connections with log poles
whose residues along the branches of D are nilpotent. M. Saito’s theory of
mixed Hodge modules ([Sail], [Sai2]) provides far reaching amplifications
and generalizations of this correspondence. On the other hand, in [KtNk]
Kato and Nakayama presented a generalization of a more modest but rather
different nature. They define an extension of the correspondence to certain
log schemes over C. For simplicity, consider a proper and log smooth log
scheme X over C (a scheme X as above, with the log structure given by D, is
an example). Let U be the largest open subset of X where the log structure
is trivial (in the above example, this is X — D). Then, in [KtNk] there is
constructed a “log Riemann-Hilbert” equivalence ® between the category
of unipotent local systems on U,, and the category of vector bundles on
X, equipped with an integrable connection (in the log sense) with nilpotent
residues. This equivalence involves passing through a certain topological
space X'°8 mapping to Xan by a proper map 7, which is a homeomorphism
over Uy, (more generally with fiber 7=!(z) homeomorphic to (S*)" if r
is the rank of the log structure at z), and such that the corresponding
open inclusion of Uy, into X'°8 is (locally at the boundary) a homotopy
equivalence (in particular, local systems on U,, extend uniquely to local
systems on X'°8). This space X'°8 is defined more generally for any fs log
analytic space X and comes equipped with a sheaf of rings (’)l;;g, generated
by analytic functions on X and logarithms of sections of M®P. The purpose
of the present paper is to address two questions left open in (loc. cit.) : (1)
how does the log Riemann-Hilbert equivalence ® extend to quasi-unipotent
local systems ? (2) how does it behave with respect to maps X — Y 7

The answer to question (1) is rather easy : ® extends to an equiva-
lence between the category of quasi-unipotent local systems on U,, and the
category of vector bundles on the “Kummer étale ringed site” X*°t of X
endowed with an integrable connection satisfying a condition of nilpotence
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of the residues on this site ; the Kummer site is generated by Kummer log
étale maps of target X (whose prototype is A! — Al t ") ; see Theorem
4.4 for a precise (and more general) statement (formulated in the analytic,
rather than algebraic context). As a byproduct we obtain a (perhaps more
canonical) description of the so-called “canonical extension” ([D2] II, 5.5).
Let us also mention another generalization of ® due to Ogus [02], which
uses a “Lorenzon algebra” instead of the Kummer site, and works for local
systems with arbitrary (i. e. non necessarily quasi-unipotent) monodromies.

Question (2) is more delicate, and we have only partial answers. Our
main results (6.2, 6.3, 6.4) concern a proper, separated, log smooth mor-
phism f: X — Y of fs log analytic spaces. We have to assume in addition
that f is exact (roughly speaking, does not involve any log blow-up) or that
Y is log smooth. For simplicity, let us consider here this second case (so
that X is also log smooth). Let L be a quasi-unipotent local system on the
open subset of triviality U of the log structure of X (which is contained in
but can be strictly smaller than the inverse image by f of the open subset
of triviality V of the log structure of Y') and let E be the vector bundle
with connection associated with it via the log Riemann-Hilbert correspon-
dence. Then, for all q, R?f.L is a quasi-unipotent local system on V', and
the vector bundle associated with it via the log Riemann-Hilbert correspon-
dence is R? ffetw')’(k/e;(E) endowed with the Gauss-Manin connection (here
fret . xket _ yket ig the extension of f to the Kummer étale sites, and

ka/e;,(E) the corresponding relative de Rham complex of E).

Let us now briefly describe the contents of the paper. In Section 1 we
review the definition of X'°¢ and the log Riemann-Hilbert correspondence
of [KtNk]. The Kummer étale (ket, for short) sites and the extended ring
Ol){(log on X% are defined in sections 2 and 3. The log Riemann-Hilbert
correspondence in the quasi-unipotent case is constructed in Section 4, in a
way quite analogous to the unipotent case of (loc. cit.). The main tool for the
functoriality results sketched above is a “log Poincaré lemma” for log smooth
maps in the ket context, established in Section 5. It generalizes results of F.
Kato [KtF], Matsubara [M] and Ogus [O1], [O2]. The functoriality results
are then stated and proven in Section 6, using the log Poincaré lemma and
a key result on higher direct images of local systems, due to Kajiwara-
Nakayama [KjNk].

Sections 7 and 8 present some natural complements to the previous
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results. Section 7 is of a more algebraic flavor. For a proper and exact log
smooth map f: X — Y of fs log schemes of finite type over C, we know, by
a special case of the main theorems of Section 6 (for L the constant sheaf
C), that the higher direct images R"™ ffe'“w')’(k/e; are locally free of finite type

on Yt We show that the relative Hodge to de Rham spectral sequence

E{)q _ qufetwg(,l;‘if - Rerqf))lfetw;(k/e}t/
degenerates at F and that its E; terms consists of vector bundles on y ket
as well. This generalizes results of Deligne [D1], Steenbrink [Ste2], Illusie
[I1], Cailotto [C], and Fujisawa [Fjs1]. The proof combines some results of
Section 6 (to reduce to the case where the base Y is a reduced point) with
the standard mod p? techniques of Deligne-Illusie [DI]. One basic theorem
of Steenbrink [Stel] is that for a map X — Y, where Y is the unit disc,
which is semistable and smooth outside the origin, the relative (log) de
Rham complex wy, (of the log space X over the log point) calculates the
complex of nearby cycles R¥(C). In Section 8 we generalize this to higher
dimensional bases. It is known that, because of the possible presence of
blow-ups, there is no “good” theory of nearby cycles on bases of dimension
> 1 (“good” meaning in particular preserving constructibility in a suitable
way). Some definitions and results, however, were sketched in [L]. Here
we present a different approach (whose relation with that of [L] remains to
be investigated). For a map f : X — Y of fs log analytic spaces and a
bounded below complex L of abelian sheaves on the space X'°8 (which can
be thought of some substitute for the generic fiber), we define a complex
of nearby cycles RU!°6L, on a certain space X'I°¢ playing the role of the
special fiber (see 8.1 for a precise definition). When the base is a disc and
L is a locally constant sheaf, it is easy to recover the classical RV L from
this more sophisticated object. In general, for f log smooth and exact and
L a quasi-unipotent local system, we obtain a comparison theorem a la
Steenbrink between the (ket) relative de Rham complex associated to L by
the log Riemann-Hilbert correspondence and the complex of nearby cycles
RV [, (8.6). This yields an alternate proof of one of the main results of
Section 6. Finally, in the appendix we collect some technical results (used
in sections 6 and 7) inspired by Tsuji’s theory of “saturated maps” [T1].
For example, we show how to render an exact log smooth map saturated by
Kummer extensions of the base.
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We wish to thank A. Ogus for useful discussions on these topics.

[¢]
Notation. For a log analytic space X, we denote by X its underlying
(o]
analytic space. By abuse of notation, we denote by X (sometimes by X)

the log analytic space X endowed with the trivial log structure.
1. Log Riemann-Hilbert Correspondences (Review)

We review the results in [KtNk| on log Riemann-Hilbert correspon-
dences.
Let X be an fs log analytic space with log structure Mx.

(1.1). In (1.1)-(1.3), we review the ringed space (X8, Ol)?g) over the
ringed space (X, Ox), defined in [KtNk].

It is constructed as follows.

Any fs log analytic space is covered by open fs log analytic subspaces Uy
having the following property: There exists an fs monoid & such that U, is
isomorphic to a locally closed analytic subspace of Spec (C[S])an endowed
with the log structure associated to S — Op,. Here C|[S] denotes the
semi-group ring.

Step 1. First assume X = Spec (C[S])an with the log structure associ-
ated to S — Ox. As a topological space, X is identified with Hom (S, C),
where C is regarded here as a multiplicative monoid. In this case,

XlOg = Hom (S,RZO X Sl)

(R>0 = {r € R;r > 0} regarded as a multiplicative monoid here, and
S! = {2z € C;|z| = 1} regarded as a multiplicative group) with the natural
topology. We have a canonical continuous map 7 : X6 — X induced by
the homomorphism R>g x S! — C;(r,u) — ru. The sheaf of rings Ol)?g
is defined as follows. Let U = Spec (C[S5P])an = Hom (S8P, C*) regarded
as an open fs log analytic subspace of X. Then the log structure of U is
trivial and U is non-singular. The inclusion map j : U — X factors as
70418 where j°6 : U — X'°8 is induced by C* — Rxq x Stiru — (r,u)
(r € Rsg,u € S'). Since S C [(U,05) = T(X"8, j5(0))), the con-
stant sheaf S|y on X8 can be viewed as a subsheaf of jiog((’)lxj).
As a subsheaf of rings of jiog(OU), Ol)?g is generated by 771(Ox) and
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log(S®P| yiog ), where log(S8P| x10e) denotes the inverse image of S8P|yi0g un-
der exp: ¥%(Oy) — JOH(OF).

Step 2. Next assume that X is a locally closed analytic subspace of
Y = Spec (C[S])an endowed with the log structure associated to S — Ox.
Then

X% = Xy Y8, O = Oy @y, OF.

Step 3. Finally any fs log analytic space X is covered by open fs log
analytic subspaces which are as in Step 2. The ringed space (X'°8, (’)l)?g) is
constructed by glueing those constructed in Step 2. The reason why we can
glue is seen by the categorical definition of (X8, Ol)(gg) given in (1.3) below.

(1.2). We give a categorical definition of X'°8. Let F be the functor
from the category of topological spaces over X to the category of sets defined
as follows. For a topological space T over X, F/(T) is defined to be the set
of all homomorphisms ¢ : M$|r — Cont r(—, S') such that c(f) = f/|f]
for f € O%|r. Here |7 means the inverse image on T' of a sheaf on X, and
Cont (—,S?) is the sheaf on T of continuous maps into S'. This functor
F is represented by the topological space X'°8 over X. The canonical map
X'°g — X is denoted by 7.

For § and X as in (1.1) Step 1, Mx (resp. M%) is the subsheaf of
J«(Of;) generated, as a sheaf of monoids (resp. groups), by O and S (resp.
S8). The map ¢ for T = X'°¢ = Hom (S,R>g x S!) in (1.1) Step 1 is
induced from the evident homomorphism S — Cont r(—, St).

An explicit construction of X'°8 is given in [KtNk] as follows. As a set,

X' = {(x,h)|r € X,h € Hom (M, S,

@)
"= 15

for any f € Ox ,},

and 7 : X' — X is the projection (x,h) — z. The topology of X'°8 is
described as follows locally on X. Locally X has a chart. If X has a chart
S — Mx with S an fs monoid, the topological space X'°¢ is embedded in
X x Hom (S88P,S1) as a closed subset, by (x,h) +— (2, hs) where hg is the

composition S& — ML’ " S!. From this, we see that 7: X8 — X is a
proper map.
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PROPOSITION (1.2.1). Let X be a log smooth fs log analytic space over
C. Then any point of X'°8 has a basis of neighborhoods whose intersection
with Xiny 98 contractible.

Proor. By [02] Theorem 3.1. O

REMARK (1.2.2). In the above proposition, X'°¢ is actually a topolog-
ical manifold with the boundary X'°& — X;,. This is proved in [KjNK]
Lemma 1.2. Cf. [KtNk] (1.5.1).

(1.3). We give a categorical definition of the ringed space (X'°8, Ol)?g)
over (X,0x). Let G be the functor from the category of ringed spaces
(T, Or) over (X,Ox) such that all stalks of Or are non-zero rings, to the
category of sets, defined as follows: G(T', Or) is the set of all triples (log, ¢, ¢)
where log is a homomorphism M| — Op/Z(1) (Z(1) denotes Z-2mi) such

that the composition log o exp : Ox|r —> M3P|p Los, —> Op/Z(1) coincides
with the evident map, ¢ is a homomorphism M| — Cont T( ,S1) such
that ¢(f) = f/|f] for f € O%|r, and ¢ is an isomorphism £ — L’ of ex-
tensions of M§P|p by Z(1), where £ is obtained from the exact sequence
0 — Z(1) — Or — Or/Z(1) — 0 by pull-back by log, and L' is ob-
tained from the exact sequence 0 — Contr(—,Z(1)) — Cont 7(—,R(1)) —
Cont7(—,S') — 0 by c¢. Then G is represented by (X8 (’)E?g). The pro-
jection (log, ¢, 1) — ¢ corresponds to forgetting Ol)?g.

For S and X as in (1.1) Step 1, (log,c,:) for (T,0r) = (X8, (’)k’g)
in (1.1) Step 1 is described as follows; log is induced by log : jlog((’) ) —
J08(Oy)/Z(1), ¢ is already described in (1. 2) L is identified with the sub-
sheaf of j1°8(Op) additively generated by 7~ 1(Oyx) and log(S®P| e ), and ¢

is induced by Oy — Cont y(—, R(1)); f — 3(f — f).

For another construction of Ol)cég, see [KtNKk].

We give some basic facts about Olog

The canonical map 7~ 1(Ox) — O Xg is injective.

Denote by Lx the sheaf £ on X'°8 in the above categorical definition
of (Xlog,Ol)c(’g). Then the canonical homomorphism Lx — Ol)?g is injec-
tive, and we regard Lx as a subsheaf of Ol)?g via this injection. We have
1 Ox) C Lx C (’)log. The canonical surjective homomorphism Lx —
=1 (M), which we denote by exp, extends exp : 77 1(Ox) — 7 1HO%).
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For z € X and y € 77 1(x), if (I;)1<i<, is a family of elements of Ly,
such that (exp(l;) mod O% )i<i<r is a Z-basis of M5 /O% ., we have an
isomorphism of rings

OX,:E[Tla "'7T7‘] — O})?"gy ; E = ll

(1.4). For an fs log analytic space X, let L(X) be the category of
local systems of finite dimensional C-vector spaces on X°8 and let Linip(X)
be the full subcategory of L(X) consisting of the objects L satisfying the
following condition: for any y € X'°8 and any element g € 71(77 (7 (y))),
the action of g on L, is unipotent. The category Lunip(X) is denoted by
Lumip(X™°8) in [KtNK].

DEFINITION (1.5). (Cf.[O1], [02].) An fslog analytic space X is called
ideally log smooth if X is locally a closed subspace of a log smooth fs log
analytic space defined by a log ideal, more precisely, if X satisfies the con-
dition in [KtNk] (0.4), i.e. if there exist an open covering (Uy) of X, fs
monoids Py, and an ideal X of Py for each A, such that U, is isomorphic
to an open analytic subspace of Spec (C[P,]/(Z A)),, endowed with the log
structure associated to Py — Oy, .

Let X be an ideally log smooth fs log analytic space. Let V4, (X) be the
category of vector bundles V' on X endowed with an integrable connection V
with log poles satisfying the following condition locally on X: There exists a
finite family of O x-subsheaves (V;)o<i<p of V satisfying V(V;) C w}(/c R0
V;such that 0=V, Cc Vj C --- C V,, =V, and such that for each 1 < i < n,
V;/Vi—1 is a vector bundle and the connection induced on V;/V;_; does not
have a pole. Here we say that the connection of V' does not have a pole if the
image of V is contained in the image of Qﬁ(/c ®oyV — w}(/c ®oy V, with
Q}( o the usual sheaf of differential forms. Note that Vpu,(X) is denoted
by Dyiip(X) in [KtNKk].

Now we review the log Riemann-Hilbert correspondences obtained in
[KtNk].

THEOREM (1.6). Let X be an ideally log smooth fs log analytic space.
Then there is an equivalence of categories

(b/: Lunip(X) ;> nilp(X)7



Log Riemann-Hilbert Correspondences 9

given by ®'(L) = T*(Ol)?g ®c L), whose inverse ® is defined by ®(V) =
((’)E?g ®r-1(0y) 771 (V))V=0. Further, for an L € Lupnip(X), corresponding
to V€ Vaip(X), there is a natural identification

Ol)(;g ®c L = Ol;()g ®oy V,
where Ol)(;g ®oyx V = Ol)?g ®r-1(0x) T H(V).

The two categories Lynip (X ) and Vyip (X) are abelian categories because
Lunip(X) is clearly abelian. The functors ® and @', being equivalences of
abelian categories, preserve exact sequences. Further they are compatible
with tensor products.

2. Analytic Ket Sites

In this section we introduce the Kummer log étale site on an fs log ana-
lytic space. This is nothing but the analytic correspondent to the Kummer
log étale site on an fs log scheme introduced in [Fjw], [FK], and [NC1] (see
also [I3]). See [KtNk] Section 1 for the definition of fs log analytic spaces
etc.

DEFINITION (2.1). (Cf. [KtK1] (4.6) and [NC1] (2.1.2).) Let h: Q@ —
P be a homomorphism of fs monoids.

(1) h is said to be ezact if Q = (h8P)~1(P) in Q#P.

(2) h is said to be Kummer if h is injective and for any a € P, there
exists an n = 1 such that a" € h(Q).

A Kummer homomorphism is exact.

DEFINITION (2.2). Let f: X — Y be a morphism of fs log analytic
spaces.

(1) (Cf. [KtK1] (4.6) and [NC1] (1.4), (2.1.2).) f is said to be strict
(resp. exact, resp. Kummer) if, for any x € X, the homomorphism of fs
monoids (My /Oy ) ¢(z) — (Mx/Ox ). is an isomorphism (resp. exact, resp.
Kummer).

(2) (Cf. [KtK1] (3.2).) f is said to be a strict closed immersion if f is
strict and if the underlying morphism of analytic spaces is a closed immer-
sion.
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(3) (Cf. [KtK1] (3.3).) f is said to be log smooth (resp. log étale ) if for
any commutative diagram

T 5 . X

i |7

T —— Y

of fs log analytic spaces such that i is a strict closed immersion whose ideal
of definition I satisfies I? = (0), there exists locally on T (resp. there exists
a unique) g: T'— X such that gi = s and fg = t.

(4) f is said to be Kummer log étale if f is Kummer and log étale.
Sometimes we call such an f Kummer étale (or even ket) for short.

THEOREM (2.3). (Cf. [KtK1] (3.5).) Let f: X — Y be a morphism
of fs log analytic spaces. Then f is log smooth (resp. log étale, resp. Kummer
log étale) if and only if locally on X and on'Y', there exists a chart (My «—
Q rp Mx) of f with Q and P fs satisfying the following conditions
(1) and (2) :

(1) h8P is injective (resp. h8P is injective and Cok (h8P) is finite, resp. h
is Kummer);

(2) The induced morphism X — Y X(spec CQ)an (SPEC CP)an is a (strict)
open immersion.

PRrOOF. The first two cases are proved in the same way as [KtK1] (3.5).
The last case is easily reduced to the second case. []

(2.4). Let X be an fs log analytic space. The Kummer log étale site
(or simply Kummer étale site) X*°* of X is defined as follows. The category
of X¥et is the category of fs log analytic spaces U over X whose structural
morphisms are Kummer log étale. The topology is the one associated to
the pretopology defined by surjective families (u;: U; — U);es (surjective
means that U is set theoretically the union of the images of the u;). Since a
Kummer morphism of fs log analytic spaces is universally surjective in the
category of fs log analytic spaces (the proof of this is the same as in the
algebraic context in [NC1] Section 2), X** is indeed a U-site, where U is a
fixed universe. We denote by the same symbol X*e* the induced topos.

The structural sheaf U — Oy (U), U € Ob Xkt of Xkt is denoted
by Oxxee = O%'. The sheaf U — My (U) (resp. MP(U)) is denoted by
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MY (vesp. M )g(pket). (The proof of the fact that the presheaves O yket,
Mkt and M ;‘%pket are actually sheaves relies on an unpublished result in
[KtK2] that the ket topology is coarser than the canonical topology ; in
fact, Oxxet (resp. M}}et) is represented by the affine line X xgpecz Ay, (resp.
X Xgpecz Spec Z[N]) ; the case of M §pket is reduced to that of M}‘(et. See
also [I3] Section 2.) We have (Mket)er =, Af gphet,

If the log structure of X is trivial (i.e., Mx = O%), then X*' is identified
with the usual topos of open sets of the underlying space of X, and O yket
is the same as the usual Oyx.

Problem (2.4.1). N. Nakayama (|[NN]) introduced the category of 0-
spaces (X, B) as a localization of the category of pairs of a complex analytic
space X and its nowhere-dense closed analytic subset B. He also introduced
the 0-étale topology on (X, B). Compare this with the ket topology. For
example, let X be an fs log analytic space that is log smooth over C. Let X
be the d-space (X, X — Xuiv). Then the functor X*¥** 5 U % (U, U — Uyyiv)
preserves fiber products (cf. Example in p.470 of [NN]) so that it induces a
morphism of topoi from X¥ to the d-étale topos. Is it an equivalence of
topoi?

(2.5). Let f: X — Y be a morphism of fs log analytic spaces. Then
f induces a morphism of topoi f = fket: Xket . yket (the proof of this
fact is the same as in the algebraic context in [NC1] (2.4)). In particular

[} o
if f is the natural map € from X to X, where X denotes the underlying
analytic space of X endowed with the trivial log structure, £ induces a

natural morphism of topoi X** — X also denoted by ¢ in the sequel.
Note that the morphism Ox — €,0 yket is an isomorphism.

(2.6). A wector bundle on X* is a locally free O yxet-module V' of
finite rank; locally here means ket locally, that is, there is a ket covering
(X; — X); such that V|y, is OXZket—free.

An example of a vector bundle of rank one (i.e. a line bundle) on Xt is
obtained as follows, from a divisor with Q-coefficients. Let X be a smooth
analytic space over C, let D be a divisor on X with normal crossings, and
endow X with the log structure associated to D. Let E be a divisor with
Q-coefficients on X whose restriction to X — D is with Z-coefficients (i.e.,
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the non-integer coefficients can appear only along D). Then we have a line
bundle O yiet(E) on Xkt defined as follows. For an object f : U — X of
Xkt O et (B)(U) is the set of all meromorphic functions g on U such that
div(g) + f*E = 0. For instance, if X is the projective line and D is the
divisor ¢ = 0 (¢ is the coordinate function), then Oywet(1 D), n > 2, is the
line bundle which is, ket locally, generated by t~w around D. This is an
n™ root of Ox (D), which doesn’t exist for the classical zariski (or étale)
topology, since the class of D in H?(X,Z/nZ(1)) is nontrivial.

3. Relation between X8 and Xket
Let X be an fs log analytic space.

(3.1). We define a morphism of topoi 7X¢* : X8 — Xket,

For a ket morphism U — X of fs log analytic spaces, the induced map
U'°e — X198 is etale, i.e. a local homeomorphism ([KtNk] (2.2)). The func-
tor U +— U8 from the ket site X*°' to the category of etale topological
spaces over X°2 is continuous and preserves fiber products, and induces a
morphism of topoi 7Kt : Xlog —, xket,

We have an (essentially) commutative diagram of topoi

ket
Xlog T Xket

N\ le
X.

3.2). We define a sheaf of rings 0% on X! by
X

klog _ log ket—1 ket

x)

We have a commutative diagram of ringed topoi

(Xlog7 01;(10%) (Xket, Ol){gt)

l |

(X5, 0%) —— (X,0x).

Both diagrams are functorial with respect to X.
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The sheaf (’)l;og admits a description similar to that of (’)l;(’g in (1.1), as
follows.

Step 1. First assume X = Spec (C[S])an with the log structure associ-
ated to S — Ox, let U = Spec (C[S®P])an = Hom (S8, C*) regarded as
an open fs log analytic subspace of X, and let j°% : U — X'°8 be the map
defined in (1.1). Then as a subsheaf of rings of ji%(Oyp), Ol;(log is generated
by 771 Ox), log(S8P| x1es), and by n-th roots of local sections of S|yis for
n > 1. When § 2 N” for some r > 0, this is the ring of the Nilsson classes
([D2] IIT 1).

Step 2. Next assume that X is a locally closed analytic subspace of
Y = Spec (C[S])an endowed with the log structure associated to S — Ox.
Then

OR% = Ox ®o, OP%.

Step 3. Finally any fs log analytic space X is covered by open fs log
analytic subspaces which are as in Step 2. Again, thanks to the categorical
definition explained below, the sheaf Olg(bg is constructed by glueing those
constructed in Step 2.

There are several other equivalent definitions of (’)l)((log. In fact each of

the following properties of Oljclog characterizes it.

1. We have a categorical definition of the ringed space (X8, Ol;(log) over
the ringed topos (X, O yiet) as in (1.3), by just replacing the ringed space
(X,0Ox) in (1.3) by the ringed topos (X***, Oyiet), M |7 by M5, |7, and
OX|T by OXkct‘T.

2. Ol){(log is defined also as follows (exactly in the same way as the def-
inition of (’)l)?g in [KtNk] (3.2)). The proof of the equivalence is left to the

reader. Define a sheaf £X°2 of abelian groups on X'°8 by
[klog _ @(Con‘c (—,R(1)) P Cont (-, Sl) £ (Tket)q(M;etgp))’

where ¢ is the homomorphism induced by the maps M{(U) —
Cont (U8, 8") , a — ((u, h) — h(ay)) for objects U of X*°'. Since there is
the commutative diagram

() O 2 (75 (O%)

‘| a

exp

Cont (—,R(1)) —— Cont (—,S?),
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where a is induced by the maps Oy (U) — Cont (U8 R(1)) , f ~
Im(f) (Im is the imaginary part), and b = coa™! is by Opy(U)* —
Cont (U8, SY), f + f/|f], we have a homomorphism h: (75t)~1(Okt) —
LK% of sheaves of abelian groups, which fits into the commutative diagram
with exact rows

0 —— Z(1) —— (7<) (Okt) 2T (her)=1 (0

| | |

0 Z(l) [klog eXp (Tket)—l (Mé;etgp) 0

H | l

0 —— Z(1) —— Cont (—,iR) —2- Cont(—,S') —— 0.

) —— 0

Consider commutative (75¢%)~1(O yiet)-algebras A on X'°¢ endowed with a
homomorphism £ — A of sheaves of abelian groups which commutes
with h. Then (’)l;(log is the universal one among such A.

More explicitly, (’)l)((log is defined by

O := (7)1 (O ar) 7 Symy (£1°%)) /0,

where Symy(£X°8) is the symmetric algebra of £X°8 over Z and a is the
ideal of (7%¢)~1(O et ) ®7 Symg (LK198) generated locally by local sections
of the form

f®1—1®h(f) for f alocal section of (Tket)_l(ol){ft)-

Here 1 means the 1 € Z = Sym?(£X°8), whereas h(f) belongs to £kl°8 =
Sym!(L£klog).
3. Olj(bg is the sheaf on X'°8 associated to the separated presheaf U —

limI(U, f *1(’){%), where the limit runs over the category of the pairs of an
\%

object V € Xkt and a continuous map f: U — V!°8 over X'°8. This is
seen as follows. First note that the above f is an open immersion. Then
the natural map is induced by the maps I'(U, f_l(’)%?g) =T'(f(0), O%?g) —

o

L(f(U), Oi(/log) — I(U, Ol){gog). This is an isomorphism at stalks.

REMARK (3.2.1). A. Ogus constructed a ring (51;3 in [O2], which is
similar to our Ol;(log and which controls the log Riemann-Hilbert corre-
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spondence with arbitrary monodromies, as (’)l;{log controls that with quasi-

unipotent monodromies. See (4.4.1).

(3.3). For each point x of an fs log analytic space X, let y be a point
of X'°8 lying over z. Then we have a functor X*¢* — (Sets) defined by
F — Fppp = ((7**)71F),, which does not depend on the choices of y
up to non-canonical isomorphisms because this functor can be defined also
as in [NC1] (2.5) via log separably closed fields. (For example, in case of
X = (SpecC,N @ C*), taking an element (y,), € LiLnX,lfg with ¢y = y,
we have an isomorphism lim F'(X,,) =, Frog) - Here X, := (SpecC, N# @
C*),n > 1 and the source does not depend on the choices of y.) These
functors (=), are points of X5 and the family {(—)s(, ; * € X} is
conservative.

REMARK (3.3.1). Let x be a point of X. There always exists a local
chart P — I'(X', Mx) around z (X’ is an open neighborhood of z) such
that the induced map P — Mx;/O% , is an isomorphism (the proof is
the same as in the algebraic context in [NC1] (1.6)). When we fix such

a chart, we have Fy ., = lim(e«(F|yket))s,, Where Xy, := X X(specCP)
n>1

an

(Spec CP%)an, and x, is the unique point of X, lying over x.
The action of 7 (2'°8) = Hom (M$/O% )4, Z(1)) = Hom (P, Z(1)) on
Fi o) » Where Z(1) = Z - 2i, extends to a continuous action of my(z*t) :=
Hom((M_gXp/O)X()x,i(l)) on Fy., , where Z(1) = lim{u € C; u" =
n>1
1}. Here m(2'°8) is regarded as a subgroup of 7 (z*)

exp: Z(1) — Z(1).

via the injection

Notation (3.4). Let X be an fs log analytic space and let X —
(Spec CP)an be a chart with P an fs monoid. Then we write X X (gpeccp)

(Spec CP%)an as X,, for each n > 1.

an

ProrosSITION (3.5). (Cf. [KtNk] (3.3)) Let X be an fs log analytic
space, x € X, y a point of X'°¢ with image x in X, and let P := (Mx /0% ).

(1) Fiz a homomorphism P — Mx , such that P — Mx , — P is
the identity. Then we have an Ox z-isomorphism

O = Oxae ®cir] CIP ©x Qzol,
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where P QN Q>0 = U P
- n>1

(2) Let (ti)1<i<n be a family of elements of the stalk L, whose image un-
der exp is a Z-basis of (M /O% )z, where L is the non-ket version of LKlog,

introduced in [KtNk]. Then, as an O -algebra, O'log 45 isomorphic to
X2 (log) Xy
the polynomial ring Oljftz(log) [Ty, ,T,] in n variables by
Kl
O o [Th - Tn] — OX%E 5 Ty = ;.

: klog . ket
In particular, Oy is flat over OF".

PrOOF. (1) We may assume that P — My, comes from a chart
P —1> (X, Mx). By (3.3.1), it is enough to show Ox, », = Ox Qc(p]
C[P=], where x, is the unique point of X,, lying over x. We may as-
sume that X = (Spec C[P])an. Then, by taking a presentation N" =
N* — P (exact), we reduce this equality to the case where P is free,
which is clear. (That a finitely generated monoid is finitely presented is
of course well known, but it’s still good to recall an argument. Let P =
(1, yxn; f(x1, . xn) = gx(1, ... ,2n), A € A) be a presentation of a
finitely generated monoid. Then there are finite number of A1,... , A, such
that Z[P] = Z[x1,... ,x0)/(fa—grx; AEA) =Z[x1, ... ,20]/(fr;—9x; 5 1 <
J < m) = Z[P'], where P' = (x1,...,2n ; fr, = g5, ; 1 < j < m). This
equality implies P = P'.)

(2) is proved as in [KtNk] (3.3). Note that the equality (M x8Pket/
O%iet)zony = (MY /0%)z ®z Q implies that Q ®z Symy, ((Mx8Pket/
O;(ket)ai(log)) = Q ®z Symgy ((M§§)/O§)x) O

LEMMA (3.6). Let f: X — Y be a strict morphism of fs log analytic
spaces. Then
(1) ORE = (f1°5) "L OYE @ (4 10y T Ox.
( ) Oket (fket) loket ®(f€) 10y € OX
3) 0 = (o) 10k O(fr)-10y T 10x
_ (flog) loglog ®((f7_)ket)flo%(/et ( ket)—l@l;{et'

PROOF. These are checked stalkwise by [KtNk] (3.3) and the proposi-
tion above. [
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PROPOSITION (3.7). Let X be an fs log analytic space.

(1) Let « be a point of X and F a sheaf of Z-modules on X**. Then
R, F), = HI (7 (k) Fy,, or any q, where the right hand side is the

(log)

cohomology of the pro-finite group w1 (x*) (3.3.1).

(2) For a sheaf M of Q-vector spaces on X*¢*, Rie, M = 0 for any q > 0.

(3) For an Ox-module M, the natural homomorphism M —
RT*(OI)(;g ®oy M) is an isomorphism.

(4) For an Oxxei-module M, the natural homomorphism M —
RTi(et(Ol){(log ®0Xkct

(5) For an Ox-module M, the natural homomorphism M —
Re. (O ®p, M) is an isomorphism.

M) is an isomorphism.

PRrROOF. (1) is proved similarly as [NC1] (4.1). The point is that in the
notation in (3.4), U, xy U, is the disjoint union of n copies of U, over U
as in the proof of [NC1] (4.1).

(2) is deduced from (1), since the cohomology of degree > 1 of a profinite
group is a torsion group.

The case of (3) where M is a vector bundle was proved in [M1] 4.6.

For reader’s convenience, we recall its proof in the case where X consists of
only one point and M = Oy, which will be used below. In this case X8 is
homeomorphic to (S')", where r = rankz (M5 /0%), and Ol)(;g is a locally
constant sheaf whose local value is C[T1,--- ,T,], T;’s are indeterminates,
and the action of m(X'°8) on the stalk can be described as g;(T}) = Tj +
6;52m/—1 (1 <i,j <r) in taking a suitable (7}); and (g;); such that the set
{g1,-- ,gr} generates 71 (X'°8). It is enough to show that HI(X'°8, Ol)?g) =
0 for ¢ > 0 (resp. = Ox, for ¢ = 0). The case where r = 1 is deduced from
the exactness of 0 — Ox , — Ox ;[T1] g-id Ox z[Th] — 0. The general
case is reduced to this case by the Kiinneth formula.

Now we prove (3). Let « be a point of X. Since 7 is proper (= univer-
sally closed) and separated, by proper base change theorem, (RT*((’)I)?g ®oy
M)), = RT*(OI)?g\TA(I)@oX,xMx). But Ol)zg\fl(x) = Oicog®ozyz(’)x,x, where
x is regarded as an fs log analytic space endowed with the inverse image log
structure from X. Since O, , = C, we can proceed as RT*(OI)?g|T_1($) R0y,
M,) = R, (0% ©¢ M,) = Rr.(O%8) @c M, = M, by the special case
explained above.

(4) Let = be a point of X. Take a local chart P — Mx around z
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as in (3.3.1). Then, by proper base change theorem, (RqTfEt(Ol){(log ®o

M)>$(log) = llqu( log’ (Ol;;:g@(f)
n>1
where x is regarded as an fs log analytic space as in the proof of (3). On

the other hand, the inclusion maps 7'_15*(M|X71§et) — (Tket)_l(M|X%et) for
all n > 1 induce an isomorphism

xket

M| yiet) | 1o ) in the notation in (3.3.1),

X’,l%et

limH (218, (O%F @0, ex(M|xxet)) | glos)

n>1
~ 1
= h_r)nH‘I (:L‘l‘l)g, (O;éi ®ox, M|Xhet) ’mlﬁ)g).
n>1
In the target group, note that Ol;i ®oy, — = Ol;(l:g Bpket —- By (3),
the source group, which is viewed as li_ng(RqT* ((91;(’% R0y, ex(M| Xket)))x ,
n>1
vanishes for ¢ > 0 and is equal to lim(e«(M|xxet))s, for ¢ = 0, which is
n>1

nothing but Mz, -
(5) for a locally free M is a consequence of (2). We use only this case
later. See Appendix (A.1) for the proof of general case. O

(3.8). Let f: X — Y be a morphism of fs log analytic spaces. Then
we have a morphism of ringed topoi with log structures (X ket M}‘(et) —

(Yket Met)) and we define the complex w Xl;ey

forms with log poles in the ket sense exactly in the same way as in [KtNk]
(1.7) and (1.9). Further, let wg’(’l/d;g = (’)1;(10 Bpket le;Y for each p > 0.
Then we have the canonical derivation d: (’)klog }(l/d;g

WS of (/1°%) 7 (OF*F)-modules as in [KENK] (3.5).

on X¥e of relative analytic

and the complex

4. Quasi-Unipotent Log Riemann-Hilbert Correspondences

(4.1). For an fs log analytic space X, let Lqunip(X) be the full sub-
category of L(X) (1.4) consisting of the objects L satisfying the following
condition: for any y € X8 and any element g € 71(771(7(y))), all the
eigenvalues of the action of g on L, are roots of the unity.

LEMMA (4.2). For an object L of L(X), the following three conditions
(i)—(iii) are equivalent.
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(i) L belongs to Lqunip(X).

(ii) The following holds locally on X: There exists a finite family of C-
subsheaves (Lj)o<j<n of L such that 0 = Lo C Ly C --- C L, = L, and
such that for each 1 <i <mn, L;/L;_1 is isomorphic to the inverse image of
a local system of finite dimensional C-vector spaces on Xt

(iii) The following holds locally on X*°t: There exists a finite family of
C-subsheaves (Lj)o<j<n of L such that 0 = Ly C Ly C --- C L, = L, and
such that for each 1 <i <mn, L;/L;_1 is isomorphic to the inverse image of
a local system of finite dimensional C-vector spaces on X.

ProOOF. The implications (ii) = (iii) and (iii)= (i) are clear. We prove
that (i) implies (ii). Let z € X. We may work locally on X at z, and so
we may assume that there is a chart § — Mx of Mx such that § —
Mx ,/O% , is an isomorphism. Let Y = Spec (C[S])an and endow Y with
the log structure associated to S — Oy, and let f: X — Y be the induced
morphism. Since m(2'°8) — 71(Y18) is an isomorphism, there exists a
local system of finite dimensional C-vector spaces L' on Y8 whose pull
back on z!°% is isomorphic to the pull back of L. By the proper base change
theorem, (T*Hom((flog)_l(L’),L))w — Hom ((f98) 71 (L')| ytog, L 0¢) is an
isomorphism. From this we see that L and (f°8)~!(L’) are isomorphic on
U8 for some open neighbourhood U of z in X. Hence we may assume L =
(f°8)=1(L"). Since the actions of 71('°8) on the stalks of L],z are quasi-
unipotent, the actions of 71(Y1°8) on the stalks of L' are quasi-unipotent.
Hence we may assume that there exists a finite family of C-subsheaves
(L})o<j<n of L' such that 0 = Lj C L} C -+ C Lj, = L', and such that for
each 1 < ¢ <mn, L}/L, | comes from a representation of a finite quotient
group of 71 (Y!°8). Then L./L’_; clearly comes from Y*et. [J

(4.2.1). Let L € Lqunip(X). Then, by the above lemma and (3.7) (4),
&' (L) := 75 ON® @ L)

is a vector bundle on X*¢* (2.6). (For example, ®'(C) = Oyue.) Further
this vector bundle is endowed with the integrable connection with log poles
Xt (d®id), where d: Ol)((log — w}él/(gg is the canonical derivation explained
in (3.8). Thus @’ defines a functor from Lqunip(X) to the category of vector
bundles V on X¥* endowed with an integrable connection with log poles
v . V _ wl,ket ® V

: X/C ¥Oxket ¥+
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(4.3). Let X be an ideally log smooth fs log analytic space (1.5). Let
Vanilp (X)) be the category of vector bundles V' on X ket andowed with an
integrable connection V with log poles satisfying the following condition
locally on X*et: There exists a finite family of O yxei-subsheaves (V;)o<i<y, of
V satisfying V(V;) C w;l/{ét R0 et Vi suchthat 0=V cViC---CV,=V,
and such that for each 1 < ¢ < n, V;/V,_; is a vector bundle and the
connection induced on V;/V;_; does not have a pole. Here we say that the
connection of V' does not have a pole if the image of V is contained in the
image of Q¢ ®oyx V — W& @pier V, with Q) ¢ the usual sheaf of

differential forms.

THEOREM (4.4). Let X be an ideally log smooth fs log analytic space.
Then @' induces an equivalence of categories

(I)/Z Lqunip(X) — qnilp(X))
whose inverse ® is defined as ®(V) = (Ol)((log O (rket)=1(0 ket ()~

(V)V=0. Purther, for an L € Lqunip(X), corresponding to V€ Vynilp(X),
there is a natural identification

Olg(log ®c L = Olg(log Ko V.

xket

The above relates to its non-ket version (1.6) as follows: The fully faithful
functor * from the category of vector bundles on X to that for X** induces
an equivalence between Vyi,(X) and the full subcategory of Vinip(X) con-
sisting of the objects (V,V) such that V', as a vector bundle on X**, is the
pull back of a vector bundle on X by e*. Further, €*: Vi (X) — Vinip(X)
is compatible with the inclusion Lynip(X) C Lqunip(X) via both correspon-
dences.

The functors ® and @' are compatible with tensor products and are
equivalences of abelian categories, so that they preserve exact sequences.

PROOF. First, for an L € Lqunip(X), ®'(L) belongs to Vyniip(X), the
natural functorial homomorphism 08 @ ®'(L) — 0% @ L induced by
the adjunction map (7%¢*)~1®'(L) — (’)l;(log ® L is an isomorphism, and
this isomorphism induces a functorial isomorphism ®®'(L) = L. This is
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reduced to the equality ®’'(C) = Oxxer by ket localization with (4.2), and
devissage with (3.7) (4).

Next we show that for a V' € Vinip(X), ®(V) belongs to Lqunip(X).
By ket localization, we may assume that there exists a filtration (V;)o<i<n
in (4.3). Then the natural homomorphism O%' ®o, &,V — V is an
isomorphism, as seen by reducing to the case V = Ol)‘(et by devissage. By
(1.6), it is enough to show that the natural homomorphism

h: (08 0y e.V)V0 — (V) = (018 o, e,V)V=0

is an isomorphism because €,V belongs to Vyip(X). Since the stalks of the
target of h is described as the limit of the groups of the horizontal sections
of (’)1;% ®o,, g'e«V, where g: X’ — X is ket, we reduce this to the fact
that the log Riemann-Hilbert correspondences in (1.6) commute with the
pull-backs.

We also see that the natural functorial homomorphism Ol)((log R®(V) —
Ol}log ® V is an isomorphism by reducing to the case that V comes from
Vailp(X) as above, which is seen by tensoring Olj(bg with the identification
in (1.6). Applying 75, we have a functorial isomorphism ®'®(V) = V by
(3.7) (4).

We already proved the last statement when we saw that h is an iso-
morphism in the above. Finally, let (V,V) € Vguip(X) and assume that
V = e*Vp for some Vj. Then Vy = &,V and (V,V) = ¢*(Vp, Vp), where
Vo is the induced connection on Vj. Now note that (Vp, Vo) belongs to
Vailp(X) if and only if L := ®(V') belongs to Lunip(X). The rest is to prove
that these equivalent conditions are satisfied. First we may assume that
X =SpecC. Put P:=T'(X, Mx/O%). We may further assume P = N be-
cause Hom (P, N - 27i) generates m (X'°8) = Hom (P8P, Z(1)). It is enough
to show that any subsystem L’ of L of rank one belongs to Lypnip(X). Let V’

correspond to L'. Let z be the generator of P = N. Then A := (’)l)‘ftm(log) is

identified with ( C[z%])/(z) (3.5), where X =: {x}. Let o be the genera-
n>1

tor of 7 (X1°8) such that o(2P) = e*™P2P, p € Q. Let ™4, ¢q € (0,1]NQ, be
the eigenvalue of the action of ¢ on L’. Then the stalk of V' is isomorphic
to Ae, where e is a basis of L' and ¢,V = Cz'~%. Since e*¢,V/ — V' is
injective, 1 —q = 0. 01

REMARK (4.4.1). A. Ogus also generalizes (1.6) in [O2]. His equiva-
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lence works for the modules with arbitrary monodromies. (He does not use
ket sites.)

Ezample (4.5). Let X = C with the coordinate function z, and endow
X with the log structure associated to the divisor D = {0}. Let a be a
rational number. Consider the vector bundle of rank 1 on Xi4, = C* with
a basis e endowed with a connection V which sends e to a - dlog(z) ® e, let
L € Lqunip(X) be the unique extension of the local system Ker (V) on Xy,
and let V' be the corresponding object of Vypnip(X). Then

V - OXket (aD)e,

where Oyt (aD) is as in (2.6). Locally on X*¢*, V has a basis 2% which
belongs to the kernel of the connection, and L is the inverse image of the
local system Cz % on Xt Let V' = ,(V) and let V’ be the induced
connection on V’. Then V' = Ox(|a|D)e, where |a]| is the greatest integer
which is not strictly bigger than a, and the basis z~l%e of V' satisfies
V'(z7lele) = (a — |a])dlog(z) ® z~l%e. (Note that for a meromorphic
function g on X, div (¢) + aD > 0 if and only if div (¢g) + |a]D > 0. Hence
£4(Oxret (aD)) = Ox(la]D).) This (V/,V’) is the canonical extension of
(Ox,...6, V) on Xy to X, in the sense of [D2] II, 5.5, with respect to the
unique section 7 of the projection C — C/Z such that 0 < Re(7) < 1.
More generally we have the following.

PROPOSITION (4.6). Let
A={zeC;lz] <1}, A*=A-{0}.

Let myn > 0, X = A" X* = (A*)" x A™, and endow X with the log
structure associated to the divisor X — X*. Let Y; = {z € X;z; = 0} for
1 <i<mn sothat X — X* = Ui<i<nY;. Let L be an object of Lqunip(X),
let V' be the corresponding object of Vanilp(X), and let V! = e, (V). Then as
a vector bundle on X with a connection with log poles, V' is the canonical
extension of V|x+ in the sense of [D2] 11, 5.5 with respect to the section T
of C — C/Z such that 0 < Re (1) < 1, which means that for any 1 <i<mn
and for any eigenvalue a of the residue Res;(V') of the connection V' of V'
along Y;, a is a rational number satisfying 0 < a < 1.
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PrROOF. By (4.2), we may assume that L is the inverse image of a
locally constant sheaf L; on X**. In this case,

V = 150%® @c L) = O ®c L.

The stalks of Ol)‘(et ®c L1 are generated by [[; <j<n z;j ® [ over Ox, where
a; are rational numbers such that 0 < a; < 1 and where [ € L. We have

V]I z7en= Y adlogzx)® [] =@l

1<j<n 1<k<n 1<j<n

and hence
Res; (V)( H Z @) = a; H 7 @l
1<5<n 1<j<n

on Y;. U

Deligne-Manin’s canonical extension L +— V' is not compatible with
tensor products, while our L — V is ; note that there is no contradiction
because €, is not compatible with tensor products.

5. Log Poincaré Lemma

In this section we prove the following (holomorphic) Poincaré lemma
for log smooth morphisms. See [M1], [KtF], [O1] and [O2] for its non-ket
analogue.

THEOREM (5.1). Let X and Y be fs log analytic spaces and let
f: X — Y be a log smooth exact morphism. Then the natural map

(5.1.1) (flos)~1(Oklsy w;{l}l}()fg

18 a quasi-isomorphism.

REMARK (5.1.1). For a non-exact f, the above is not necessarily valid.
For example, let f be a log blow-up along the log structure (6.1.1), then

w')’(l;l;ig = Olg(log and (5.1.1) is not necessarily an isomorphism (cf. [KtF]

(1.2)).

We will need the following lemmas.
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LEMMA (5.2). LetS and S’ be fs monoids such that S* = (§')* = {1},
and let 8" — S be an exact injective homomorphism. Let A be a finite set,
let A" be a subset of A, let

X = Spec (C[S])an x C4
with the log structure associated to S, and let
Y = Spec (C[S'])an x CV

with the log structure associated to S'. Consider the natural projection
X — Y. Let x be a point of X'°8 lying over the origin of X (= the
point of X defined by the map C[S] — C sending S — {1} to 0 and by
the origin of C4), and let y € Y8 be the image of x. Then the map
(5.1.1),: Oi(,l’zg — w}’(l;l;),,gx is a homotopy equivalence of complexes of Oi{/{zg-
modules.

LEMMA (5.3). Let f: X' — Y’ be a log smooth exact morphism of fs
log analytic spaces. Let p' € X', and ¢’ its image in'Y'. Then locally on X'
and on Y’ there is a commutative diagram

(X/’p,) - <X7p)

! l

Y',¢) —— (Y.q)

of pointed fs log analytic spaces with i being a strict closed immersion, where
X — Y is as in 5.2, and p and q denote the origins of both spaces, such
that the induced morphism X' — X xy Y’ is a strict open immersion.

First we show that 5.1 follows from 5.2. In fact, let f: X — Y be as
in 5.1 and let = be a point of X°8, and y € Y!°8 be the image of . Then
we see by 5.3 that (X, z) — (Y, y) is obtained locally on X and on Y from
(X,z) — (Y,y) in 5.2 by a base change with respect to a strict closed
immersion. Since the homotopy survives under the base change, 5.2 implies
5.1.

Next we prove 5.3. By (2.3) (see also [NC2] (A.2)), we may assume that
there exist a chart by an injection h: Q & Z° — P @& Z" for f such that
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Q — (My'/O5,)y and P — (Mx:/O%,), are isomorphisms, such that
Y' — (Spec C[Q®BZ?])an is a strict closed immersion, and such that X’ —
Y X (8pec ClQ@z#])an (SPeCC[P @ Z"])ay is a strict open immersion. Since

* = {1}, the induced map Z®* — P is zero. We will reduce the problem
to the case where Q) — Z" is also zero. Since hg: () — P is injective by
the exactness, there exists an n > 1 such that Q — Z" — %ZT factors
through hg. Since (Spec C[P & (Z" — 2Z")])ay is a local isomorphism of
log spaces, we may assume that () — Z" factors through hg. Then by
twisting the map P & Z" — T['(X’, Mx) with some P — Z" that induces
Q — Z" via hg, we may assume that the induced map Q — Z" is zero.
Thus we can write h = hg @ hy for some hy: Z°5 — Z". Factor h; into

hl h/l
Z° < G — Z", where G = Z° and b is split. Since (Spec C[h])an is a
local isomorphism of log spaces, we may assume that hy is split. Thus the
conclusion follows. [

(5.4). Our proof of 5.2 is a simple modification of the following proof
of the fact that for R = C[Th,---,T,] (n > 0), C — Q¢ is a homotopy
equivalence of complexes of C-vector spaces.

For ¢ > 1, let s,: Q‘}%/ Q?{/C be the C-linear map which sends

n
[T dTy A AdTuggy  (m(i) > 0,w(1) < -+ < w(g))

to 0 if m(z) # 0 for some ¢ < w(1), and to

m (i) . ; . m(w(1))+1 ' o

if m() =0 for all i < w(l). Let s: R — C be the C-linear map which
sends H " ( () > 0) to 0 if m(i) # 0 for some 4, and to 1 if m(i) =0

for all i. Then dsq+sq41d for ¢ > 1 and s+ s1d are the identity maps. Hence
s: Qp /c C is an inverse of C — (1, /c up to homotopy equivalences
of complexes of C-vector spaces.

Next we sketch the proof of the case of 5.2 where X is as in 4.5 and
Y = SpecC with the trivial log structure. Take a point z of X'°¢ lying
over 0 € X. Take an element [ € Eklog such that exp(l) = z. Then the C-

. . 1lklog klog m 1 gm+1 ym
linear map si: Wy, OX@ Wthh sends ["'dl to 77! and 27I™dl
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m

(v € Qo) to 2:0( 1)iy=3= 1(m7f'3) 27™~7 is well-defined. Further ds; and
J:

5 + s1d are the identity maps, where s is the C-linear map Oy

-, klog
Xz T C is the

log C

which sends 271" to zero unless v = m = 0. Thus s: w
desired inverse.

Now we prove 5.2.

Fix a Q-basis B of §%° ® Q containing a Q-basis B’ of (S§')8P ® Q.
For w € A, let I, be the coordinate function of C# corresponding to w.
For w € B, fix an element [, of £§?§ such that exp(l,) = w. (Note that
lw is not the logarithm of the coordinate function for w € A. This unusual
notation is for the simplification of the following calculations.)

Let

S=Js"csreq, = cE@)req.

n>1 n>1
Then, by (3.5),

Oxo = C{S x N4} c 0%, = C{S x N"},

C O%% = C{S x N1}[NP] = C{S x N4}[l,, ; w € B],
Oyy = C{S' x NV} c OF! = C{§' x N}

C OF% = C{8' x NV}NP| = C{8' x N*}iy 5 w e B,

(Here Ox , denotes the stalk of Ox at the image of z in X, and Oljftx
denotes the stalk of O5' (= Oyuet) at the point of the topoi of sheaves on
Xkt defined to be the image of z. For w € S, we identify w!/" € S with
exp(2 - 1,) € (’)ket { } means convergent series which will be described
below.)

Let C = (A— A)[](B— B’) and endow C with a structure of a totally
ordered set. For a subset I = {w(1), - ,w(q)} (w(l) < --- < w(q)) of C,
let

nr = dlw(l) JANRERIVAN dlw(q).

When I ranges over all subsets of C' such that (/) = ¢, nr forms an O log

q,klog

basis of WYy

Let B
A =38 x N4B,
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For A = (v,m) (y € §,m € N4UB) € A, let

kI
th=7- ] ™ eoye.
weALB

Then (’)l;(lof (resp. wgél/d;i ) coincides with the set of all formal power series

ZaA-tA (resp. Z axr-tx-nr)

AEA AEA,ICC
8(I)=q

with ay € C (resp. ay € C), satisfying the following (i)—(iii).

(i) There exists an integer M > 0 such that if A = (v, m) and a) (resp.
ax) # 0, then m(w) < M for any w € B.

(ii) There exists an integer N > 0 such that if A = (y,m) and ay (resp.
axr) # 0, then v € SN,

(iii) There exists a homomorphism ¢ from the multiplicative monoid
{tx; A € A} to the multiplicative group R~¢ such that ¢(l,) = 1 for any
w € B and such that >, |ax| - o(tx) (vesp. Dy ;lax 1] - ¢(tr)) converges.

We define (’)?‘;g—linear maps

. .gklog q—1,klog

S¢*Wx)vae T WXy (¢=1)
. mklog klog

s: OXJ — OYJJ .

For ¢ > 1, define s, by
b)) -ty - =X ty -
Sq(/\Ja)\,I A 771) )\Ja)\,lsq( A 771)7

where s4(ty - 1) is as follows.
Write

A= (v,m), v = [ w"™ (ye8,me N nw) e Q),
weB

and for w € A[[ B, let

taw = lZ}(w) if we A, taxw = w”(w)l:ﬁ(w) if we B.
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Thus ty = [[ taw- Let v be the smallest element of I. If ¢y, # 1 for
weAUB
some w € C such that w < v, let sq(ty-nr) = 0. If ty, =1 for any w € C

such that w < v, let

g(tx-n1) = H taw) - /tk,vdlv)’nl—{v}v

wEAI_lB
wWH#v
where )
tapdly = ———— - )+
/ M o) 41

in the case v € A or in the case v € B and n(v) = 0, and

m(v) |
boodly = S (=1)n(o)i-1 . — WL n)ymi)-i
/. 2, V)

in the case v € B and n(v) # 0. Note
(5.4.1) d(/ thodly) =ty pdly.

We define s: (’)};(lof — O?Zg by

Yay-ty— X ay-t
aea N TATT G EATA T

where A’ = &' x NAUB" < A,
Then s, and s send convergent series to convergent series. We prove this

for sq4. The proof for s is similar. For an element v = ), yaxr -ty -7y of

q,klog 7
YX/Y,x
tx-nr. Then the conditions (i)(ii) are satisfied for s4(v) clearly. Take ¢ with
which (iii) is satisfied for v. We show that (iii) for s,(v) is satisfied with the

same . Let M and N be as in (i)(ii) for v. Then by the definition of s,

we have
D loaal-o(ta) < e lansl - o(t)
Wi N

(g > 1), write s¢(v) in the form of a formal power series >, ;bx s -

where
¢ = max(p(ly) (w € A), M(M + 1)NM+1),
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Hence (iii) for s4(v) is satisfied.
We prove that dsg + sq+1d (¢ > 1) and s + s1d are the identity maps.
First we prove ds; + sg41d is the identity map for ¢ > 1. Let A =
(v,m) € A, I C C, #(I) = ¢, and let v be the smallest element of I. If
trw # 1 for some w € C such that w < v, then dsy(ty-n7) =0. If ty,, =1
for any w € C such that w < v, then by (5.4.1),

dSq(t,\ . 77[) =

o+ > I ) (/t)\,vdlv) s dtxw AN 1—{}-

weEALUB ueAUB
wH#Y  uFvw

On the other hand,

d(ty - = X = t - dt ANg.
( A 77[) weALIwa’ T (uegluB )\,u) Aw NI
uFwWw

Assume first ¢y, # 1 for some w € C such that w < v, and let v/ be the
smallest element of {w € C ; ty,, # 1}. Then for w € A[[ B,

Sqt1(Tw) =tx-mr if w=1/,

Sqt1(Tw) =0 if w#,
and hence

dsq(tx-n1) + sqr1d(ty-nr) =0+1tx-nr =t\-nr

in this case. Assume next ty,, = 1 for any w € C such that w < v. Then
for w e AJ] B,

Sq+1($w) = _( H t/\ﬂL) : (f t)x,vdlv) : dt}\,w A Nr—{v} if w 7& v,
ue#AI_IB

Sq+1(Tw) = 0if w =v.

Hence dsq(ty - nr) + sq+1d(tx - mr) =ty - 0y also in this case.

We next prove s + s1d is the identity map. For A € A, since 8’ — S is
exact, SN (8')8 ® Q = &', and hence s1dty = ty if A does not belong to A’
and s1dty = 0 if X belongs to A’.

Hence s(ty) + sidty =t for any \ € A.

This proves 5.2.
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6. Functoriality of Log Riemann-Hilbert Correspondences

PROPOSITION (6.1). Let f: X — Y be a proper separated log smooth
morphism of fs log analytic spaces. Let L be an object of Lqunip(X). Then
for any q € Z, quiogL is an object of Launip(Y').

DEFINITION (6.1.1). Let P be an fs monoid, I its ideal, and X :=
(Spec C[P])an- Then X is by definition the saturation of the blow-up with
the natural log structure of (Spec C[P])., along the ideal generated by I,
i.e. (Proj(@(I)™))%**. This is the toric variety with the natural log structure

n

associated to the finite polyhedral cone decomposition of Hom (P, Q>¢) de-
fined by I ([KKMS] I). Note that X is covered by (Spec C[P[a~I]5%])an,
a € I, where P[a~'I] is the monoid generated by é, i € 1,in PP, We say
a morphism f: X — Y of fs log analytic spaces is a log blow-up (along the
log structure) if locally on Y, f is the base change with respect to a strict
Y — Yy := (Spec C[P])an of some (Yy); — Yo, where P is an fs monoid
and [ is its ideal.

To prove 6.1, we need the following lemma.

LEMMA (6.1.2). Leta: X' — X be a log blow-up along the log struc-
ture between fs log analytic spaces. Then for any x € X, there exists v’ € X'
such that a(z') = x and (M /O%)z — (M$/O%.)s is an isomorphism.

Proor. Taking a chart, we reduce to the case where X = (Spec CP)ay
and X’ = ((Spec CP)1)an. Here P is an fs monoid, I = (ay,... ,ay) is its
ideal, and we may assume that P/P* — (Mx/O%), is an isomorphism.
It is enough to show that there exists a; such that (P[a;'I]%)* = P*
(because an extension Pla; 'I]*** — C of P - C gives an 2'). To see
this, we may assume that P* = {1}. Then the convex hull C of I in ng is
a rational convex polyhedral set (the convexity here is taken over Q as in
the proof of (A.3.2.2)), and we see that the set of vertices of C' is contained
in {ay,...,ay} by reducing to the case where n = 1 because any vertex of
the convex hull of the union of two rational convex polyhedral sets P; and
P is a vertex of either P, or P,. Take a vertex a; of C' and a supporting
hyperplane H of {a;} for C. Then (Pla; 'I]%**)* = {1} because a; 'T — {1}
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is contained in one of the open half spaces determined by the hyperplane
a; 'H so that Pla; "I Na; 'H = {1}. O

PROOF OF 6.1. Since RYfI°®L belongs to L(Y) (1.4) by [KjNk] Corol-
lary 0.2, it is enough to treat the quasi-unipotency. First we reduce to the
case where f is exact. Since the problem is local on Y, we may assume by
(A.4.4) that we have a cartesian diagram

X % X/

fl lf’

Y — Y,

where a, b are blow-ups along log structures such that f/ is
exact. Further, by (6.1.2), for any y € Y, we can choose y' € Y’
lying over y such that (My/Oy)i® = (My:/O5,)5) (so that 7y (y'o8) =
Wl(yllog))_ Since Rfilog(alog)flL — (blog)fleLOngilog(alog)flL —
(b°8)~1R flog pgloe (a'°8)~1L = (p'°&)~'R floe, (the first and the last equal-
ities are due to [KjNk| Proposition 5.3 (2) and (1) respectively), showing
the quasi-unipotency for RY ingL at y reduces to that for RYf/1°8(qlo8) =1,
at y'.

We will now prove 6.1 assuming that f is exact. By proper base change,
we may assume that Y = Spec C. Factor f into X —— X’ 7, Y with
being identity and f’ strict, and consider the spectral sequence

q /1 I +q ¢l
EoP? = RP fI°8RIY18 [, = RPHIflog ],

The sheaf R9v1° L is called the sheaf of log nearby cycles, and the commu-
tative group 71 (Y1°8) acts naturally on it because, in virtue of the exactness
(or the log injectiveness) of f, RI/EL on (X')os = X x Ylog s locally on
Y8 the pull-back of a sheaf of X. The log nearby cycles will be studied
systematically in the last section.

Since the above action of 71(Y1°8) is clearly compatible with that on
RPT4 ingL, it is enough to prove that there exist positive integers n, [ such
that (T™ — 1)) = 0 on R%,%L for any T € 7 (Y'°8). Let 2 € X. Then,
by proper base change theorem, the stalk of R¢ V8L at a point lying over
x is isomorphic to the ¢-th cohomology group H? of a fiber of the map
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218 —— 2/1% with coefficient L, where x (resp. 2') is {x} endowed with
the inverse image log structure from X (resp. Y). Take a chart of X by
P = MX’m/O)X(,x, recall that we write as ,, 1= T X (gpec CP)., (SPEC CP%)an
(3.4), and take an integer n > 0 such that L io¢ is unipotent. Let 7 be the

projection 2, —> . Then L| s — m8 (L] ox) is a split injection and

the above HY is a direct summand of the g-th cghomology group of a fiber
of Z® — /18 with coefficient L] jos. Putting | := dim L[, We have

(T™ — 1) = 0 on (R7AL)| 5. In virtue of (4.2), the compactness of X

o
implies that the above n can be chosen to be bounded over X. [

THEOREM (6.2). Let f: X — Y be a proper separated log smooth
morphism in (fs log analytic space). Assume either that Y is log smooth
over C or that f is exact. Let L be an object of Lqunip(X) and let V =

o' (L ket(Oklog ®c L) (cf. (6.2.2) (1) ). Then for any q € Z, we have:
qulogL is an object of Lqunip(Y').

) =
(1)

(2) R fkety, Xie;(V) is locally free.

(3) OF* @ RAZL = 07 @pie RELWT(V).

(4) In case that 'Y is ideally log smooth, qukethl;e}t,(V), endowed with
the Gauss-Manin connection, is an object of Viniip(Y'), which corresponds

to quiogL with respect to the log Riemann-Hilbert correspondence in (4.4).

Proor. (1) is by (6.1).
Consider the “log Poincaré map”

() OFFe L —wihEv),

which is induced by the equality Oy kog o I = (’)klog ®V.

If f is exact, (i) is an 1somorphlsm This is reduced to the log Poincaré
lemma (5.1) by ket localization and dévissage.

Let W := RTketRflog( Kog @ L). By (1), (3.7) (4), and the projection
formula, we have that W = Tket(Oklog ® RfI°8L) and that the m-th coho-
mology sheaf of it is isomorphic to ®'(R™ fi°8 (L L)), that is, the vector bundle
on Y*et corresponding to R™ fi°8(L), and hence is locally free. By applying

ketRflog RfXtR7Eet to (i) (we apply Lh.s. to Lh.s. and r.h.s. to r.h.s.
and use (3.7) (4) in r.h.s.), we obtain a canonical map
{) W — R WET(V)),
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which is an isomorphism if f is exact. Further (ii) is an isomorphism in
the case where Y is log smooth also. This is reduced to the case where f
is exact by log blow-up as follows: We may assume that there is a com-
mutative diagram as in the proof of (6.1). We already know that R™ ingL
corresponds to H"' (W) via the log Riemann-Hilbert correspondence. Hence
(blo8)~1R™ flo8 [, — Rm f/108(glo8) =1L, corresponds to b™*H™(W). Hence
bkt M (W) = R™ f;ket(w')’(lfjg/, (a***V)) by the exact case. By applying
bket to this and using (6.2.3) below, we obtain H™ (W) = R™ fket (wxl;e;(V))
Hence (ii) is an isomorphism. Thus we have (2) and (4).

Next let (iii) be the isomorphism obtained from (ii) by applying
(’);log ket — Consider also the canonical map

(iv)  OF*™® @ W — Oy @ RAE(L).

This is also an isomorphism by H™(W) = &'(R™ ing(L)) for any m.
By composing (iii) and (iv), we obtain (3). [

Problem (6.2.1). We assumed in (6.2) either that Y is log smooth over
C or that f is exact. Find a unified condition under which the conclusions
of (6.1) (2)—(4) hold.

REMARKS (6.2.2). (1) In (6.2), note that Lqunip(X) was defined for
any fs log analytic space X in (4.1). (When L =C, V = Ol)‘ft on any X.)
When X is ideally log smooth, V' is the corresponding object in Vnip (X).

(2) We can prove the case of (6.2) where f is exact without the use
of (6.1) as follows: First we prove (3). For simplicity we explain here the
case of (3) where L = C. By log Poincaré lemma (5.1) and the projection
formula, we have Ol;,log ®RfI8C = R fiogw}’(l;l;g. Since f is saturated af-
ter ket localization by (A.4.3), we deduce (3) from the above equality and
(8.6.6). For general L, see (8.6.2). Once we have (3), the rest follows: Since
RIf1°6L € L(Y) for any q by [KjNk] Corollary 0.2, (3) implies (1). Further,
by (1), (3), and (3.7) (4), ®'(RI£FL) = RIS T(V). Thus we have
(2) and (4). ((2) can be deduced from (3) also by (A.2) without the use of
quasi-unipotency.)

LEMMA (6.2.3). Leta: X' — X be a log blow-up along log structure
between log smooth fs log analytic spaces. Then Ol)‘(et — Ral;et(’)l)‘f,t s an
isomorphism.
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Proor. By [KKMS] I, Corollary 1 ¢) to Theorem 12, GAGA ([SGA 1]
XII 4.2), and (3.7) (2). O

THEOREM (6.3). In (6.2), assume that f satisfies the condition that
for any x € X, the cokernel of M. /OYf @ Mg /(’)XI is torsion

free, and that L is in Lynip(X). Let V = T*(Ol;()g ®c L). Then for any
q € Z, we have:

(1) RISEL is in Lynip(Y).

(2) qu*wk/Y(V) is locally free.
(3) O® @c RAZL = Oy @0, Rfwy )y (V).

(4) In case that Y is ideally log smooth, qu*wk/Y(V), endowed with
the Gauss-Manin connection, is an object of Vi (Y'), which corresponds to

quiogL with respect to the log Riemann-Hilbert correspondence in (1.6).

PrOOF. First (1) is proved similarly to (6.1): By the torsion freeness
assumption, the n in the proof of 6.1 can be taken to 1 ; note that the torsion
freeness of the cokernel of f~1(M{F/O5) — M /O% is stable under base
change with respect to log blow-ups. In fact the assumption that Y is log
smooth or that f is exact is not necessary for (1).

Next, writing L7 := R7fI°6 L, we sec that T*(Oifg@)Lq) — €*T5et(0§</log®
L%) is an isomorphism by (1), (3.7) (3), (4), and (5). On the other

hand, by (6.2) (3), e.rf(OY @ L1) = eRIfeiwfy (V) 372)
R4 f*s*le;it,( e*V) = qu*wX/Y(V) =: V4. Thus we have (2), (4), and a
natural isomorphism O%?g ® L1 = O;?g ® V1 for any q. The rest is to con-
struct a natural map between both sides of (3). As in (6.2), let W be
T*(Og)g ® RfI°®L). Then we have a map W — Rf*(w‘X/Y(V)). By com-
posing 7* of it with the isomorphism (’)i?g ®Roy W =, O%})g ®R ingL, we
obtain the required map. [J

REMARK (6.3.1). The torsion freeness condition in (6.3) was intro-
duced in [KtF]. As [KtF], (6.3) may be directly proved by the “non-ket
version of the log Poincaré lemma” not via (6.2). We do not pursue it in
this paper.

REMARK (6.3.2). This (6.3) is a generalization of results of T. Mat-
subara [M1], [M2], [M3], F. Kato [KtF], and S. Usui [U1], [U2].
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REMARK (6.3.3). Here let f: X — Y be a log smooth morphism of
fs log analytic spaces. When f is integral, the torsion freeness condition in
(6.3), that is,

(a) for any x € X, the cokernel of ij’pf(x)/(’);f(x) — MY,/0%x, is
torsion free

is equivalent to

(b) each fiber of ]? is reduced;
and is equivalent also to

(c) f is saturated ((A.4)).

For a general (not necessarily integral) log smooth f, (¢) implies (a) and
(b). These are corollaries of Tsuji’s results in [T1]. See Appendix (A.5) for
the proofs. We remark that for general log smooth f, neither (a) nor (b)
does not imply the other.

THEOREM (6.4). In (6.2), assume that each stalk of My /Oy is a free
monoid. Then qu*w'X/Y(V) is locally free for any q.

PROOF. As in the proof of (6.3), 5*qufetw')’(l;§t/(e*‘/) =RIfiwy,y (V).

Thus 6.2 (2) together with the following lemma implies the theorem. [

LEMMA (6.4.1). Let X be an fs log analytic space such that each stalk
of Mx/O% is a free monoid. Then for a locally free Oxiei-module F of
finite rank on X*°t, £, (F) is a locally free Ox-module of finite rank.

Proor. It is sufficient to prove that the stalk e, (F), is flat over Ox
for any z € X. We may assume that there are a chart P — Mx and an
integer n > 1 such that P = N" for some r > 0 and such that the pull
back of F' on the ket site of X;, = X X (gpeccP)., (SPeC CP%)an comes from
a locally free Oy, -module F’ of finite rank on X,,. Let G = Aut (X,,/X).
Then e.(F"), is identified with the G-invariant part of &, Fy where y ranges
over all points of X,, lying over x. Since F; are flat over Oy, , for all y and
since the underlying morphism of analytic spaces X,, — X is flat, eBngj is
flat over Ox ,. The G-invariant part is a direct summand over Oy ., and

hence it is also flat over Ox ;. [
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7. Log Hodge to de Rham Degeneration

Recall the following classical result, due to Deligne ([D1], 5.5). Let Y be
a scheme of characteristic zero and let f : X — Y be a proper and smooth
morphism. Then the relative Hodge to de Rham spectral sequence

BV = RIS = RPTUE Qg y

degenerates at F; and the sheaves RY f*ﬂﬁ( Jy are locally free of finite type
(so that their formation commutes with any base change). Variants of this
result for Hodge and de Rham cohomology with log poles were given first by
Steenbrink ([Stel], [Ste2]), then much later by Illusie [I1] and Cailotto [C] us-
ing the method of [DI], and by Fujisawa [Fjs1]|, Kato-Matsubara-Nakayama
[KMN] and Kawamata [Kw] using different approaches. We give here a
generalization of these, based on the method of [DI], combined with the
results of Section 6. Before stating it, recall that to any fs log scheme X
is associated the Kummer étale site of X, denoted Xy, whose objects are
fs log schemes which are Kummer étale over X ([NC1], [I3]). There is a
natural morphism of ringed sites

€1 Xyet — Xoet,

where X¢¢ denotes the classical étale site of the underlying scheme. For a

p

Xy the sheaf of relative

map f: X — Y of fs log schemes, we denote by w
p-differential forms, and we put

p . * D
WX/Vket T & Wxyye

If U is Kummer étale over X, then % ., .|[U = w[,,,. We denote by
WXV ket the corresponding de Rham complex. If f : X — Y is a map of fs
log schemes, we still denote by f the induced map on Kummer étale sites.

THEOREM (7.1). LetY be an fs log scheme of characteristic zero, and
let f: X —Y be a proper, log smooth and exact morphism.

Then :

(1) The sheaves R? f*w§( /Y ket OT€ locally free of finite type over Yiet and
commute with base change by any morphism g : Y' — Y of fs log schemes
(i. e. if f': X' — Y is the fs pull-back of f by g, the canonical base change
map g*qu*wI;(/Yyket — quiwg(’/)”,ket is an isomorphism).
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(2) The relative Hodge to de Rham spectral sequence
Efq = qu*w])O(/Y,ket = Rp+qf*wX/Y,ket
degenerates at Ej.

We prove this theorem.
(7.1.1). First observe that by the argument in 3.7 (1) (or Kummer
étale descent, using ([I3], 3.6)), the adjunction map

Ox — Re, Ox xet

is an isomorphism, hence, by the projection formula, so is the adjunction
map

P p : .
Wy y — RewWy y e (resp. wy y — Rewwy/yket)-

It follows that the sheaf RY f*wl))(/Y,ket (resp. R" f*w'X/Y’ket) on Yiet
is the sheaf associated to the presheaf U — Hq(XU,wg(U /YU) (resp.
H"(XU,w'XU/YU)). In particular, if § is a log geometric point of Y, and
Y5 denotes the strict log localization of Y at g and X5 = X Xy Y(3), then
we have

)

(qu*wg(/yvket)ﬂ = Hq(X(ﬂ)’ w?(/Y ‘X(§)>

and a similar formula for the stalk of de Rham cohomology sheaves.

(7.1.2). We first treat the case where the underlying scheme of Y is
SpecC. Since f is of finite type, it follows from A.4.3 that after a Kummer
étale extension of Y, f becomes saturated. So we may assume that f is
saturated. Choose a chart of Y modeled on a sharp fs monoid P. Since the
ket site of YV is generated by the Y,, = (SpecC, %P), in view of 7.1.1 it then
suffices to show :

(2’) The Hodge to de Rham spectral sequence

B = HY(X, W% ) = HE(X)Y)

degenerates at Ej.

We prove (2’) by the method of ([DI] 2.7). We may assume X connected,
of dimension d. Fix a chart P — C of Y with P* = 1. By the standard
technique of spreading out (cf. [T2] 4.11.1), one can find an fs log scheme )



38 Luc ILLusiE, Kazuya KATO and Chikara NAKAYAMA

with a chart P — Oy, a — 0 if a # 1, whose underlying scheme is of finite
type over Z, a proper, log smooth and saturated map f : X — Y of relative
dimension d, a strict map g : Y — ), and a closed point y of ) having the
following properties :

(i) X/Y is the pull-back of X/Y by g ;

(ii) the characteristic p of y is > d ;

(iii) the map y = Speck(y) — Y extends to Wa(y) ;

(iv) the sheaves RIf,w", /y (resp. R™'fw)y /y) are locally free of finite type
(hence commute with any strict base change), and are of constant rank.

Since f is saturated, the fiber f, : X, — y is of Cartier type by ([T1],
IT 2.14). Thanks to (ii) and (iii), the Hodge to de Rham spectral sequence
of X, /y degenerates at E; by ([KtK1], (4.12)(3)) (in (iii) of (loc. cit.), as
a lifting of (X,)" over Wa(y) (with log structure induced by that of Y, i. e.
the Teichmiiller one) one can take the pull-back of Xy, (,y by the Frobenius
endomorphism of Ws(y)). The degeneration (2’) then follows from (i) and
(iv).

Let us now prove (7.1) in the general case. We follow the method
of ([D1], 5.5). By the Lefschetz principle and standard limit arguments,
we may assume that the underlying scheme of Y is the spectrum of a C-
algebra A of finite type. Since f is proper, it follows from 7.1.1 that the
sheaves R f*wé’( /Y ket (resp. R"fuwy /Y’ket) on Yyt are of finite presenta-
tion (as Oy ket-modules) and (ket locally) of the form ¢*R? f*wg( Iy (resp.
6*R”f*w'X/Y). Moreover, by (6.2) the sheaves Rnf*wX/Y,ket are locally free
of finite type, hence commute with any strict base change. Therefore, we
may further reduce to the case where A is an artinian C-algebra, and it
suffices to show that, for any n, we have

(*) lgA(R" fewx jy yer) = Z Iga RYfu )y por-
pt+q=n

Here lg 4 denotes the length of an A-module. Since the sheaves R" fiwy /Y ket
are locally free of finite type, we have

() IgA(R" fiwx yket) = (18 A) kR (fy)swiy, /y st )

where y is the spectrum of the residue field of A with the induced log
structure. On the other hand, by the remark above on the structure of the
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sheaves qu*w’)’(/Yket and (EGA III, (6.10.5)), we have

( * *) lga qu*wz))(/Y,ket < lg(Aﬁk(CRq(fy)*w])?(y/y,ket'

Now, by the particular case already treated, we have

(* * ok ) rkC(Rn(fy)*wa/y,ket) = Z rkCqu*wg(y/y,ket'
ptg=n

Putting (**), (***), (****) together we get the desired formula (*).

COROLLARY (7.2). Under the assumptions of (7.1), the Hodge to de
Rham spectral sequence

EP = qu*wg(/y - Rp+qf*wX/Y

degenerates at Ey. If we assume moreover that each stalk of My /Oy is a
free monoid, then EY? is locally free of finite type for any p and q.

PrROOF. By (7.1.1) we have
Rnf [ab] _ R Rnf [a,b] _ Rnf [a,b]
«Wxy = D& Wiy yper = Exft TeWx )y ket
for any interval [a, b]. Therefore the degeneration of the Hodge to de Rham
spectral sequence follows from the (ket) one. The last assertion is a conse-
quence of a variant of (6.4.1). O

REMARKS (7.3). (a) In the case of generalized semistable reduction
over a disc, statements essentially equivalent to (7.1) were proven by Steen-
brink ([Ste2], (2.9), (2.10)). The proof of (7.2) as a corollary of (7.1) is
similar to the deduction of ([Ste2] (2.11)) from those results. The case of
semistable reduction along a divisor with normal crossings was considered
in [Fjs1] and [I1]. The case of weakly semistable morphisms was dealt with
in [Kw]. Let us also mention that versions of 7.2 in the semistable reduc-
tion case over log points were proven (independently) by Steenbrink ([Ste3],
4.13) and Kawamata-Namikawa ([KwNm], 4.1).

(b) See [KMN] for analytic versions of (7.1) and (7.2) with coefficients.

(¢) We don’t know whether (1) and (2) of 7.1 hold when Y is log smooth
and f is proper and log smooth, but not necessarily exact. (They hold
when Y is log smooth and f is projective, vertical and log smooth, but
not necessarily exact ([KMN]). See also [Fjs2|, which treats some nonexact
cases.)
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8. The Nearby Cycles Functor and the Log de Rham Complex

We recall the definition of the classical nearby cycles functor ([SGA 7]
XIV). Let X be an analytic space over the open unit disc A and let F' €
DT (X*,Z), where X* = X xp A* = X — X (X denotes the fiber of X
on 0 € A). Let A* be the universal cover of A*, X* = X xa A*. We
denote by i and j the natural maps Xo — X and X* — X respectively.
Let I = m(A*). Then the nearby cycles complex RUF € Dt (X, Z[I]) is
defined by i*Rj.j*F endowed with the natural action of I. Here the last j
means the natural map X* — X* by abuse of notation.

In this section we define the nearby cycles functor for any morphism of
fs log analytic spaces.

). Let f: X — e a morphism of fs log analytic spaces. Let
8.1). L X Y b hi ffsl lyti L
X =Y X o X = ()%, fO*My) Consider the commutative diagram of fs log

analytic spaces, with cartesian square

x = ox X
o\ ! L f
Y — Y

By functoriality of (—)°8, we get a commutative diagram of topological
spaces with cartesian square

Xlog & X log l )2',
flog\‘ l l f
Ylog N }3
TY

where the composite of the upper row is 7x. In particular, v'°¢ is a proper
map. For F € D(X'"8, Z), the complex

(8.1.1) RU'E

oy (F) = RU®F € DT (X8 Z)

is called the complex of log nearby cycles of F' with respect to f. We call

R\III;EY: Dt (X8 Z) — DT (X198 Z) the log nearby cycles functor.

(8.2). Take for Y the unit disc A with the log structure defined by
the origin and let f : X — A be a vertical morphism, where X is log
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smooth over C. In this case, Ayiy = A* = A — {0} and the verticality of f
means that X = X — Xo = X*. As X is log smooth over C, this implies
that the log structure of X is the direct image of the trivial one on X*
(and in particular is determined by the map of analytic spaces underlying
f). Since f’ : X' — A is a strict map, the topological space X"1°8 (resp.
X}l is deduced from X (resp. Xo) by pull-back by Al°® — A (resp.
{0}oe =St = {z € C*; |2| = 1} — {0}):

X'os = Alg xn X, X(°8 = S! x X,

We also have (trivially) X"18 — X/l°8 = X*. Let FF € D*(X°8 Z). By
proper base change applied to the cartesian square

1
XOOg Xlog ’

| |

X(/) log X/log
where the vertical maps are given by '°%, we have a canonical isomorphism

R\I/bg

X/A(F)‘X(/)log — RU®

lo
Xoyt0y(F1%0™)-

We shall compare R\Ifl)?ﬁ (0} (F ]X(l)og) with the classical nearby cycles com-
plex RY(F|X™) in the case F is a locally constant abelian sheaf. Recall
that if j : X* — X denotes the inclusion, (5'°)* induces an equivalence
from the category of locally constant sheaves on X!°% to that of locally con-
stant sheaves on X* (1.2.1), with inverse given by j},f)g. In order to state
the comparison result we need to relate D(Xp, Z[I]) and D(X}!°8 Z), to
which RU(F|X*) and RU'% (F|X°%) respectively belong. View I as the

Xo/{0}
automorphism group of the universal cover of S! :

e:R — St exp(2mit).

The pull-back by Id x e sends sheaves on X}'°¢ = X x S! to sheaves on
Xy X R endowed with an action of I compatible with that of I on Xg x R
through the second factor. The push-out by Id x p, where p : R — {0} is
the projection, sends I-sheaves on Xy x R to I-sheaves on Xy. Denote by
o the composite

o= R(Id x p). o (Id x e)* : DY (X{}'°8, Z) — DT (X, Z[1]).
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THEOREM (8.3). Let F be a locally constant abelian sheaf on X'°8.
There is a natural isomorphism in D(Xo, Z[I])

o RU®

¥ 1oy (FIX0®) = RU(F|X7).

. lo
In particular, O’R‘leﬁ/{o}(ZX(l)og) ~ RVU(Z).
PROOF. Let A8 be the universal cover R>g x R of Al°8 = R x S!,

and let A* be the inverse image of A* = A — {0} in A%, Consider the
diagram (we call this diagram the big diagram)

DH(X*) — DH(X* xax A¥) — DH(X*)
pu pus
l push (1) l push (2) l push
D*(X'o8) — D (X8 x y1op Alo8) — Dt (X'o8)
l pull (3) l pull (4) l pull
DH(Xy®)  —  DY(Xp*xsR)  — DF(Xp®)
pull push
l push (5) l push (6) l push
DT (X, x Sh) — DT (Xy x R) — D* (X, x Sh)
pu pus
l push
D*(Xo)

The squares (1), (2), (3), (5), (6) are commutative. ((1) is commuta-
tive since the pull backs in (1) are pull backs by etale morphisms. (5) is
commutative by the proper base change theorem applied to the proper map
X(l)Og — X x S!. The commutativities of the squares (2)(3)(6) are clear.
The square (4) is not commutative, and this point will be considered in
8.3.1.)

By definition, the functor RV is the composite

DH(X*) — DT(X* xa+ A*) — DH(X) — DT (Xp).
pull push pull
By the proper base change theorem applied to the proper map X8 — X
this composite coincides with

(composite of right vertical arrows) o (composite of upper rows)

in the big diagram.
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On the other hand, since X is log smooth over C and F is locally
constant, the image of F|y« in DT(X'8) is F ((1.2.1)).

By the following (8.3.1), we have that the image of F|x+ under

(composite of right vertical arrows) o (composite of upper rows)
coincides with the image of F'|x+ under

(push to DT (X)) o (composite of lower rows) o (composite of left vertical
arrows) in the big diagram.

Hence RU(F|x+) is canonically isomorphic to the Lh.s. of the isomor-
phism in (8.3). It is clear that this isomorphism preserves the action of the
group Z = m1(A*) = m(S). O

LEMMA (8.3.1). For locally constant sheaves on X8 the two compos-
ites
D+(X10g) N D—i—(X(l)Og) :
(right of (4))o (upper of (4))o (upper of (3)) and
(lower of (4)) o (lower of (3))o (left of (3))

in the big diagram coincide.

PRrROOF OF (8.3.1). We have a canonical morphism of functors

(right of (4)) o (upper of (4)) o (upper of (3))
— (lower of (4)) o (lower of (3)) o (left of (3))

and we are showing that this morphism gives an isomorphism when it is
applied to a locally constant sheaf on X'°8. This can be checked locally on
X2 Since X% x 105 Al°% is an etale Galois covering of X'°% with Galois
group Z, locally on X'°8, the composites

(upper of (4)) o (upper of (3)) and
(lower of (4)) o (lower of (3))

send a sheaf F to RMap(Z, F).

Further X'°# is a topological manifold with the boundary X(l)og by (1.2.2).
So both X8 and X(l)og are locally contractible. Hence, if F is locally con-
stant, the stalk of RMap(Z,F) = Map(Z,F) at a point is Map(Z, the
stalk of F). This proves the lemma. [J
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The above (8.3) is equivalent to the next.

THEOREM (8.4). Let X — A be as in (8.2). Let F be a locally con-
stant sheaf on X*. Then the image of F' under

Dt (X*) — D*(X'8) — D (X *8) — D (X x S!) —
push pull push pull

DT (Xo x R)

is canonically isomorphic, as an object with an action of Aut(R/S') =
m1(SY) = Z, to the pull back of RU(F) under Xo x R — Xj.

(Here, as before, the map X(l)Og — Xo x St is 98 for X, — 0, and
R — S! is defined by t — exp(2mit).)

(8.5). We prove the equivalence of (8.3) and (8.4). First, by the fol-
lowing lemma, (8.4) implies (8.3).

LEMMA (8.5.1). Let X be a topological space, and F an abelian sheaf
on X. Let p be the first projection X x R — X. Then I =, Rp.p*F.

Proor. It follows from [KS] 2.7.8. O

We prove that conversely (8.4) is deduced from (8.3). Let G be the
image of F' in D" (X x S') under the composite in (8.4), let G be the pull
back of G in DT (Xy x R), and let p: Xg x R — X be the projection.
The isomorphism R (F) 2 Rp.(G) of (8.3) induces p*R¥(F) — G. Our
task is to prove that the last morphism is an isomorphism. By (8.5.1) and
(8.5.2) below, each cohomology sheaf H4(G) of G satisfies R*p,/HI(G) = 0

for all s # 0. Hence H?(Rp«(G)) = pHI(G). Again by (8.5.1) and
(8.5.2), Q*p*Hq(GZ = HI(G). Hence p*RIV(F) ~i> PHI(Rp.(G)) =
p*pHY(G) =2 HY(G). This proves that p*RW¥(F) — G is an isomorphism.

LEMMA (8.5.2). For each q € Z, H1(QG) is isomorphic to the pull back
of a sheaf on Xo by p.

PROOF OF (8.5.2). By [KS] 2.7.8, it is sufficient to prove that for each
r € Xp, the pull back of H4(G) to p~!(z) = R is a constant sheaf. Hence
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it is sufficient to prove that for each x € Xj, the pull back of HY(G) to
771(z) = S! is a locally constant sheaf. By proper base change theorem
applied to the proper map X(l)Og — X x S!, the pull back of H?(G) to S!
is isomorphic to the g-th cohomology sheaf of the image of ' under

(8.5.2.1) Dt (X*) — DH(X'°8) — D*(X*8) — D ({z}"8)
push pull pull
— DT (Sh).
push

Let P = My /O% . Then {z}°¢ = Hom (P#P, S!), and the map {z}'°¢ —
S! is the map Hom (P&P,S!) — S! induced by the canonical map Z =
Mpao/Ox g — Mx,2/O% ,, hence is a locally trivial fibration.

This shows that the h{gher direct images of a locally constant sheaf on
{x}°¢ under {x}'°¢ — S! are locally constant sheaves. Since the image of
F in Dt ({x}'°8) is a locally constant sheaf, this shows that the cohomology
sheaves of the image of F' in D*(S!) under (8.5.2.1) are locally constant
sheaves. [

THEOREM (8.6). Let the notation be as in 8.1. Assume that f is log
smooth and exact. Let L be an object of Lqunip(X) (4.1) and let V =
TRt (O @ L) (¢f. (6.2.2) (1)). Then we have

klog log 1 ~ mklog - ket/Y rlog
Oy ° ®c Ry 2L = Oy Dpket Wy (V) on X"°8

where wg(’l/“;ﬁ/y(V) is defined as (X% > U v T'(U xx X, wg(’l/{'iﬁ(V))), that

. ket
is, as V}fetwg(’/(;(‘/).

Proor. This is obtained by the isomorphisms

Lhs. = Ryiog((’)l;log ®c L)
-, klo
= Ryiog(wx/yg(v))

kl ke - ket
e Oyog ®Ol}</et I/*eth/e}/(V)
Here the first isomorphism is by the projection formula, the second is
induced by the isomorphism (i) in the proof of (6.2), and the last one is by
the equality RviogOlggog = Oi‘}og B ket vketOket . This equality is by (8.6.6)
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and (8.6.3) (1). The fact that v is saturated after ket localization is by
(A.3.3), (A34) and (A.4.2) of T. Tsuji as follows: By (A.3.3), there is
locally a chart of f by a Q-integral homomorphism h. This h gives also
a chart of v. By (A.3.4) and (A.4.2), after ket localization, h becomes
saturated so that v becomes saturated. [

REMARK (8.6.1). In the case of a semistable family of (8.4) (resp. in
the situation of (8.8) (1)), by restricting the isomorphism in (8.6) to a
fiber of )2'0 x St — 8! (resp. X xSl — S!), tensoring it with C by
the C-homomorphism Of°® — C, and using (3.6) (2) and (8.6.5) (1),

we revisit the (non-canonical) isomorphism (in D+()c()' 0,C)) of Steenbrink
in [Stel] (4.14) (defined by ¢ and ¢ in loc. cit. 2.6): R¥(C) = W, /o
(resp. the isomorphism of Kawamata-Namikawa in the proof of [KwNm]
4.1: Rp,C; = w}(/o).

REMARK (8.6.2). We can deduce the case of (6.2) (3) where f is exact
from (8.6) (cf. (6.2.2) (2)) by applying Rf/1¢ to the isomorphism in (8.6),
where f’ is the induced morphism X’ — Y. In fact Rf/1¢ of L.h.s. of (8.6)
is that of (3) by the projection formula. On the other hand, Rf/1°8 of r.h.s.
of (8.6) is Ol;log okt R ! 10g(7}‘(e,t)_lyfetw')’{l;e;(1/) by the projection formula,
which coincides with r.h.s. of (3) by (8.6.4) and (8.6.3) (1).

Here we prove facts referred in the above proof.

PROPOSITION (8.6.3). Let f: X — Y be a morphism of fs log analytic
spaces. Assume that the underlying morphism of f is finite. Then the
following hold.

(1) For a sheaf M of Q-vector spaces on X*¢*, RIfXM = 0 for any
q > 0.

(2) quiog(’)l;(log =0 for any q¢ > 0.

PrOOF. (1) This is a generalization of (3.7) (2), and easily reduced to
it by ket localization on Y. Note that the underlying morphism of any base
change morphism of f in the category of fs log analytic spaces is also finite.

(2) We may assume that the underlying morphism of f is an isomor-
phism. We prove the vanishing in the stalk at + = y € X. Let P :=
(My /O5)y, Q := (Mx /O%)s, and P; := Image (Pg” — Qg)NQ (C Qg)-
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Then h: P — Q factors into P 2% Py 2. Q so that Hom (h, S!) is the
composite of Hom (h;,S'), i = 1, 2. Since Hom (h1,S') is a finite map,
the rest is to prove (’)l;(log is acyclic for Hom (hg,S'). Since the cokernel
of h§P is torsion free, the stalk of the direct image sheaf at a point over z
is HY(Ker (Hom (ho, Z(l))), OXJ X C[Q RON on] [ll, R ,lr]), where 7 is
the rank of (8P. This vanishes by the next lemma. [

LEMMA (8.6.3.1). Let Q be an fs monoid with Q* = {1}. Letly,... I,
be a basis of Q%P. Let A be a C[Q]-module, n > 1, B := A®C[Q]C[Q%], and
M := B®c Clli,...,l], where ly,... I, are considered as indeterminates,
endowed with a C-linear action of Q) := Hom (Q,Z(1)) defined by g - (a ®
t@[117) =a© et [+ g(l;)™, g€ Q, a € A, t € Qw, m; >0,
1 <45 <r. Letgi,...,gr € Q be the dual basis of l1,...,l., and K :=
(g1y---,9s), 0<s<r. Then
(1) HO(K, M) = BX ®¢ Cllss1,... ,1,].

(2) Hq(K M) =0 for any ¢ > 0.

PrOOF. (1) This is proved by induction on s. The case s = 0 is
clear. To proceed from s to s + 1, it is enough to show that the equality

ST bgl? = S (g-bg)(14-270)%, by € BX | implies by = 0, d > 0. Here we write
d>0 d>0

l =ls41, g = gsy1 for simplicity. Assume that by =0 for d’ > d > 1. Then
bq is g-fixed and by_1 = 2mid -by+ g - bg—1 in B. This shows b; = 0 with the
fact that any b € BX is uniquely written as the sum of b),... b/, ; € BX
such that g-bj, = e n b}, 0 <k <n—1.

(2) It is enough to show that g;41 —id is a surjective endomorphism on
Mt9v93) for j = 0,...,5 — 1. Let G := {(g1,...,g;). By (1), it is enough
to show that bl%, b € B%, d > 0, belongs to (g — id)(M%), where we write
I =141, g = gj4+1 for simplicity. We proceed by the induction on d. Writing
b="by+ -+ by_1 as in the proof of (1), we may assume that b = by for
some k. In case k = 0, observe (g — id)(bl%H1) = b((l + 2mi)@+1 — [4+1).
Then any bl¢ belon%s to the image. The case £ > 0 is also done with
(g —id)(bl?) = ble ™ (14 2mi)? —19). O

PROPOSITION (8.6.4). Let f: X — Y be a strict proper separated
morphism in (fs log analytic space). Then the natural morphism
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(7‘ket)_1Rf,£‘et — Rfiog(Tket)_l of functors from D+(Xk6t,Q) to
DT (Y8, Q) is an isomorphism.

PROOF. Let ¢ > 0 and F a sheaf of Q-modules on X*°t. It is enough
to show that the stalk of (7Xt)"1RIfket p —, R4 flO8(7ket) =1} 4t a point
y of Y'°8 is an isomorphism. Let y be the image of ¥/ in Y. We may
assume that there is a chart P — I'(Y, My) such that the induced map
P — My,/ (’){;’y is an isomorphism. Let g, be the unique point of Y,

lying over y and let (y,, € Y,%Og)n be their compatible liftings such that
vy = v'. Then the stalk of the source is isomorphic to (RIfketF Jyor) =
lim (R fvc (Fx,))y, = lmHI(Z,, (en(Flx, )|z, ), where fu: X, — Ya,

n n

and Z, = (fi%®)~1(y.) = f-'(yn). Here the first equality comes from
(3.7) (2), and the second one is by proper base change theorem. On the
other hand, the stalk of the target is isomorphic to HI(Zy, ((7%*)~1F)|z,).
Thus, identifying compact Hausdorff spaces Z,, n > 1, by the natural
homeomorphisms Z,, — Z; =: Z, we can reduce the problem to the
equality lim (e.(F|x,))z = ((r%*)~1F)|z. This is checked stalkwise as

n

h_r>n(€*(F’Xn))wn = FCC(IOg)?‘T € fﬁl(y)‘ U

n

In the propositions below, we use the theory of saturated morphisms.
See (A.4) for their definition and basic properties.

PROPOSITION (8.6.5). Let f: X — Y be a saturated morphism of
fs log analytic spaces. Assume that the underlying morphism of f is an
isomorphism. Then

(1) Ot = ROk,
(2) OF = RASOR™.

ProOOF. By (8.6.3), the cohomologies of higher degrees of r.h.s. of (1)
and (2) vanish.

(1) We show Ofet = fket@ket Tt Y/ — Y be a ket morphism. Then
the fiber product X’ := X xy Y’ in the category of log analytic spaces is
already saturated by (A.4) (2). Thus I'(Y’, Oy) = (X', Ox).

(2) We show Olf/log & fiog(’)l;(log. We adopt the same notation in the proof
of (8.6.3). Since the cokernel of heP is torsion free by (A.4.1), the stalk of
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fiog(’)l;(log at a point over z is HY(Ker (Hom (h, Z(1))), Ox . @cjg] ClQ ®n
Q>o][l1,-..,1;]). The rest calculation is reduced to (8.6.3.1) (1) and the
next lemma. []

LEMMA (8.6.5.1). In the situation of (8.6.3.1), let P be an fs sub-
monoid of Q. Assume that P — Q is saturated and P8 = (ls41,... ,1;).
Then A Qcp CP» — BX js an isomorphism.

PrOOF. First we show BE = {3 a,®coq; q€ Qr, aqg € A, g(q) €
q

Z(1) in LZ(1) for any g € K}. For any element b= Y. a,® q of B, we

1
qeQn
can associate a decomposition b= > bi to the decomposition as sets
ke(Z/nZ)s
1 1 1 1 k.
Qn = [I @, where Q ={q€Q~; gj(q) = #271'\/—1 mod Z(1)

k‘=(k‘1,... 7ks)

1
for 1 < j < s}. Then b is K-fixed if and only if b = by because for ¢ € Q,
271'\/jlkj .
gira=e o q(l<j<s). 1
Next we show P bQ — Qg is surjective. Let a € Qg. Then a is
considered as an element of Hom (Q*,1Z(1)), inducing a homomorphism

K % Z(1). Take an extension Q* —- Z(1) of /. Then pa~' € (Q%)gp
kills K, so that (pa—1)™ € Q8P belongs to P&P. Thus pa~! € (P%)gp, and a is

int 1

in the image of (Ple)gp @ QeP. By [T1] I Proposition 3.8, P DpQ — Qn
is exact, where int means that the push out in the category of integral
monoids. Thus a is in the image of P P Q.

The rest is to show A ®cp CPr — A ®cQ CQ% is injective. Since
Qap P — Q% is injective and exact by saturatedness and (A.4.1), we
reduce the problem to

CramM. Let h: P — @ be an exact injection of integral monoids.
Then CJ[h] is universally injective in the category of CP-modules.

PROOF OF CLAIM. Let M be a CP-module. Let s: M@cpCQ — M
be the homomorphism which sends m ® ¢ (¢ € Q) to gm if ¢ € P, and to 0
if ¢ ¢ P. This is well-defined by the exactness of h and so (idys ® C[h]) is
the identity. [
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PROPOSITION (8.6.6). Let f: X — Y be a proper separated morphism
of fs log analytic spaces. Assume that, ket locally on'Y , f is saturated, that
is, there is a ket covering Y' — Y such that the base change morphism
X xvY' — Y’ is saturated. Then

o)

kl kl
RfZOYE — Op% @ope RO

PROOF. Since the problem is ket local on Y, we may assume that
f is saturated. Further f = f’or as in the proof of (6.1). Applying
(8.6.5) to v, we may assume that f = [’ that is, f is strict. Then

Lhs. "L R % (O @0 OFt) = OX @ppen RFE (744 1OKE = s,

by (8.6.4). O

(8.7). In this subsection we collect some variants in the preceeding
results (8.3) and (8.4). The first is suggested by A. Ogus to the authors:
Let Y be the polydisk A™ endowed with the log structure given by A" —
(A*)™. Let b — (A*)™ be a universal cover of (A*)", where h denotes
the upper half plane. Let f: X — Y be a vertical morphism of fs log
analytic spaces. Let I be an abelian sheaf on X* = f~1((A*)") and let
RY(F) := i 'Rj,Rp.p ' F, where i: Xq < X and j: X* — X are strict
immersions (Xo — 0 is the special fiber of f) and p is the base change
map X Xaxyn b — X

PROPOSITION (8.7.1). In the above, assume that X is log smooth over
C, that for any x € X, (My /Og) ¢(z) — (Mx/O% )z is injective and that
F is locally constant. Then

(1) The complex of log nearby cycles Rl/;?og/{o}*((ilog)*ljiogF) is
endowed with the natural action of m1(Y'°8) = 71(0°8), and coincides
with  RY(F) paired with the action of w(Y'°®), that is,
RTiRp*p_lRuiog((ilog)_ljiogF) =, RU(F) as objects with actions of
71(0°8), where 7' is the natural map (Xo)'%¢ — ()%0)’ = )%0 (Xo)' is
as in (8.1)) and p is the projection Xog x R" — Xy x 0°8 (R" is regarded
as a universal cover of 0°8).

(2) p~RUB((i°8) 18 F) = p~ L7/ ~1RU(F) as objects with actions of
w1 (Y1o8).
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PrOOF. (1) and (2) are variants of (8.3) and (8.4) respectively. The
proofs are similar. We use the injectivity assumption when we show that the
higher direct image of (i'°8)~1ji°8 F| 10y by 218 — 2/8 (2 € X, 2/ = v(z))
is locally constant in the proof of the statement generalizing (8.5.2): By the
assumption, ' — 2/1°¢ is homeomorphic to Hom (h, S') for some injec-
tion h of abelian groups, hence a topological fibration. Hence the associated
higher direct image functors preserve local constantness. [

The proof for the next is essentially a part of that for the above.

PROPOSITION (8.7.2). LetY be an fs log analytic space whose under-
lying analytic space is Spec C. Let R" — Y18 be a universal cover. Let
f: X — Y be a morphism of fs log analytic spaces. Assume that for any
r € X, (My/Og) ) — (Mx/O%)s is injective. Let F be a locally con-
stant sheaf F on X'°% and let RU(F) := Rr.Rp.p ' F, where p is the base
change map X'°& xy10s R — X198, Then

(1) The complex of log nearby cycles RV;?%Y*F 18 endowed with the nat-
ural action of w1 (Y'°8), and coincides with RY(F) paired with the action of
71 (Y198), that is, RTLRp*p_IRV}FOgF =, RY(F) as objects with actions of

71 (Y198), where 7/ is the natural map X'°8 — X' =X (X' is as in (8.1)).
(2) p'RUVEF = p~t7'"LRU(F) as objects with actions of w1 (Y'°8).

REMARK (8.7.2.1). In case of normal crossing varieties over the stan-
dard log point ((8.8) (1)), the above RW¥ was introduced in [FN] as a nearby
cycles complex.

REMARKS (8.8). (1) Y. Kawamata and Y. Namikawa made a similar
construction to our (8.1) in the proof of 4.1 in [KwNm]: Let 0 be the
standard log point. Let f: X — 0 be a morphism of fs log analytic spaces
which is, locally on X, isomorphic over 0 to the special fiber of a semistable
family endowed with the natural log structure (such an f is called a normal
crossing variety in [KwNm]). For such an f, they 1ntr0duced the object

Rp+Z ; on X as a complex of nearby cycles, where p: X — X is the base
change of /'°¢ by the inclusion {1} — S so that Rj.Z ¢  is the restriction of

RViOgZ. (Note that in this situation, Ry}kogZ is an object on X'1°8 = )% X Sl.)
(2) Clearly the construction in (8.1) can be done in an l-adic setting:
Let f: X — Y be a morphism of fs log schemes, n an integer invertible
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on Y, and F in D" (Xyet, Z/nZ). Then we can define as R\Ill;gy(F) =
R(yg‘ffy)*F € DT ((X")ket, Z/nZ), where X' and vy/y are defined similarly
as in (8.1). When Y is locally of finite type over C and f is log injective
in the sense of [NC1] (5.5.1), the comparison theorem [KjNk] Theorem C.1
implies

e 1 Rwle

Wy (F) = RUY:

Xan/yan(s_lF)a
where ¢ denotes the morphism of topoi (Xae€)™ — (Xiet)™ or (Yac®)™ —
(Yiet)™. A problem to be investigated is to compare the algebraic log nearby
cycles here with the one studied in [NC2], [Vil] and [Vi2] (see also [I3]). A
partial answer can be found in [NC3] A.2, which is an l-adic analogue of
(8.3) and in which RvEY(Z/nZ) for a log smooth family over a trait first
appeared.

(3) As explained in 8.2, by proper base change theorem, the composite
DT(X"8) — DT(X, x S!) in (8.4) coincides with the composite

D*(X'o8) — DT (X xa Al®) — D*(Xy x SY).
pus pu

(4) It is probable that there is a non-ket analogue of (8.6) under some
additional assumptions (cf. (6.3)). We do not pursue it here (cf. (6.3.1)).

Problems (8.9). (1) In (8.1), the dimension of the base Y is arbitrary.
In [L], G. Laumon also defined a vanishing cycles functor over any base
(scheme). What is the relationship of these two? Further, exact morphisms
could be a log geometric analogue of morphisms without blow-ups in C.
Sabbah’s [Sab]. Compare our R¥!°8 for exact morphisms with the one in
[Sab] for morphisms without blow-ups.

(2) Does R¥'°8 preserve the constructibility or perversity in a suitable
sense (cf. [GM])? More specifically, can 8.4 be generalized to the case that
F' is an analytically constructible sheaf in the sense of [Ve2] 2.1.1 or that
F is a weakly R-constructible object of D?(X*, Z) in the sense of [KS] 8.4?
How about the commutativity of RW!°8 with the Verdier’s dualizing functor
([Vel])?

(3) Compare the isomorphism in (8.6) with results of M. Kashiwara in
[Ks].
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Appendix

(A.1). Here we prove (3.7) (5). By (3.7) (2), it is enough to show that
M — e.e*M is an isomorphism. Let x € X, n > 1, and by (3.7) (1) and
(3.5) (1), it is enough to show that M, = HO(mket(2), M, ®cp CP%) is an
isomorphism, where P is as in (3.5). This is by (8.6.5.1) in taking P, {1},
and M, as ), P, and A there.

The next is mentioned in (6.2.2) (2).

PROPOSITION (A.2). Let X be an fs log analytic space and V an Ox-
module (resp. an O xxei-module). If the Ol)?g-module T*V' (resp. the Ol;(log-
module T***V' ) is locally free of finite rank, then so is V.

Proor. We will prove the case where V' is an Oljft—module. The other

case is similar and simpler. Let y € X'°5, and = = 7(y). Since O’ (1og)

01;(1?5 has a ring-theoretic section by (3.5) (2), we have an isomorphism
Vatosy = (OX,200g)%" (1 > 0) as Ox g, -modules. Extend it on a ket

neighborhood U of x: (O%!|r)®" N Vv, and consider the homomorphism
Tket £ of locally free (’)ll}log—modules. To prove V|y is locally free of finite
rank, we may assume that X = U. Since 75°**f is an isomorphism at
each point of 77!(x), so is on a neighborhood W of 7~!(z). Hence f is an
isomorphism on 7(W) (take a section again), which is a neighborhood of x
because 7 is a closed map. [J

(A.3). Here we collect basic facts on Q-integral homomorphisms. See
also the book [O3].

DEFINITION (A.3.1). Let h: P — @ be a homomorphism of integral
monoids.

(1) ([T1]12.2) his said to be integral if for any homomorphism P — P’
of integral monoids, the push out of P’ «+— P — (@ in the category of
monoids is integral.

(2) h is said to be Q-integral if h @ Q>0 is integral.

(3) h is said to be GD (it means “going-down”) if for any q € Spec @
and p € Spec P such that p C h=!(q), there exists q’ € Spec Q lying over p
such that ¢’ C g.
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(4) h is said to be weak GD if for any q € (Spech) }(P — P*),
Spec (P — Qq) is surjective.

An integral homomorphism is Q-integral by the next criterion (A.3.1.1).
A local Q-integral homomorphism of saturated monoids are exact (local
means that the inverse image of the maximal ideal is the maximal ideal).
Further, a Q-integral homomorphism h: P — @ and for submonoids S
and T of P and @ respectively such that h(S) C T, Ps — Qr is also
Q-integral; the composite of Q-integral homomorphisms is Q-integral (cf.
[T1] I Propositions 2.8, 2.7 and 2.3).

PrROPOSITION (A.3.1.1). A homomorphism h: P — @Q of integral
monoids is integral (resp. Q-integral) if and only if for any ai, as € P,
b1, ba € Q such that h(a1)by = h(az2)be, there exist (resp. there exist an in-
teger n > 1,) a3, ag € P and b € Q such that by = h(a3)b and ajas = azay
(resp. b = h(az)b and atas = alay).

Proor. By [KtK1] (4.1). O

PROPOSITION (A.3.2). Let h: P — @ be a homomorphism of integral
monoids. Let P’ := Py-1(gx). Consider the following conditions.

(i) (¢f. [T1]12.11) (P'/P"* — Q/Q*)®N Q>0 is injective and for any
b € Qq.,, there exists b € Qq., such that h%’(Pép)bﬁQQZO = h%)(P(,QZo)b/’
where (—)qQ., and (—)q denote (—) ®N Q>0 and (—) ®z Q respectively.

(ii) h is Q-integral.

(iii) For any q € SpecQ, (P,-1(q) — Qq) ®N Q>0 is ezact.

(iv) h is GD.

(v) PP — @ is weak GD.

Then

(1) we have (i) = (i) = (iii) = (iv) = (v);

(2) when P and @ are fine, all the conditions are equivalent.

REMARKS. (a) All the implications in (1) are strict.

(b) (iii) is satisfied if

(iii)" Spec C[h] is exact.

When P is saturated, (iii) is equivalent to (iii)’. (These are proved easily.
Cf. (A.3.2.1) below.)
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PRrROOF. (1) (i)=(ii). Since P — P’ is integral, we may assume that
P = P’. By replacing h with hq.,, we may assume that P and Q are Q>¢-
monoids (= monoids on which Qsg acts). (Here we use (P/P*) ®n Q>0 =
Pq.,/(Pq.,)* for any monoid P.) Further, by replacing P and @) with
P/P* and Q/Q*, we may assume that P* = Q* = {1} (|T1] I Proposition
2.5) so that h is injective. Now let a1, as € P, by, by € @ such that
h(a1)by = h(az)be. Then there exist as, ay € P and b € @ such that
b1 = h(asz)b and by = h(as)b. Hence h(ajasz) = h(azas), which implies
ajas = agay because h is injective. Thus h is integral by (A.3.1.1).

(ii)=(iii). For any q € Spec Q, P,-1(g) — Qg is local and Q-integral so
that exact after tensoring with Q> ([T1] I Proposition 2.8).

(iii)=-(iv) is seen by applying the next lemma (1) to P,-1(5 — Qq for
each q € Spec Q.

(iv)=(v). Since Spec (P — P’) is injective, P" — @ is GD.

(2) (v)=(i). We may assume that P = P’ and that P* = Q* = {1}.
(Note that Spec P/P* =, Spec P (P is a monoid) is a natural equivalence
of functors from the category of monoids to that of lattices.) Then Spec (h)
is surjective by the assumption. Hence h%" is exact by the next lemma (2).
Thus h is injective and h &N Q>¢ is also. Since ¢: Spec (Pq.,) = Spec P
(P is a monoid) is another natural equivalence of functors to the category
of lattices, we see that the problem is reduced to the following (A.3.2.2) (1)
by replacing h with h ® Q>¢. [J

LEMMA (A.3.2.1). Let h be as in (A.3.2). Consider the following con-
ditions.

(i) h @~ Q>0 is ezact.

(1)’ B is exact.

(ii) Spech is surjective.

Then

(1) we have (i) & (i) = (ii);

(2) when P and Q are fine, (i) = (i).

REMARKS. (a) The implication (i)’ = (i) in (1) is strict.

(b) When P and @ are fine, the above conditions are equivalent also to

(iii) Hom (h, Q>0) is surjective.

Here Q> is regarded as a monoid by addition. (This equivalence is not
used in our text.)
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PrOOF. (1) It is easy to see (i)« (i)’. To prove (i) = (ii), we may
assume that P and @) are saturated by replacing h with h%*. (Note that
Spec P = Spec P for any integral monoid P.) Let p € Spec P and we have
to show that p is in the image of Spec h. Replacing h with Py — Qpp—p),
we may assume that p is the maximal ideal P — P*. It is clear that an exact
homomorphism is local.

(2) We may assume that P and @ are fs and that P* is trivial. By
replacing Q by (h#P)~1(Q), we may further assume that Q C P&P. By
the assumption, dim P < dim Q = rankz(Q®P/Q*) so that Q* = {1}. If
P #£ @Q, there exists a proper face of P that contains an interior point of ).
Thus Spec h is not surjective. [J

PROPOSITION (A.3.2.2). Let h: P — @ be a local homomorphism of
integral Q>o-monoids that are finitely generated as Q>o-monoids. Assume
that P* = Q* = {1} and that h is weak GD. Then the following hold.

(1) (¢f. [T1]12.11) For any b € Q, there exists (a unique) b’ =: w(b) € Q
such that h&P(P8P)b N Q = heP(P)V' .

(2) The map m: Q@ — Q defined in (1) satisfies the following.

(2a) The image of w is the union of the faces F' of Q such that FNP =
{1} (or equivalently F'® N PP = {1}). Here and hereafter we identify P
with h(P).

(2b) Q is the union of its submonoids FP for such F'’s.

(2¢) For such an F, F' x P — FP is an isomorphism of monoids and
m|rpp corresponds to the first projection. In particular, w|pp is a homomor-
phism of monoids.

PrROOF. We identify P with its image h(P).

(1) Let C := bP#P N Q. This is a (rational) convex polyhedral set (= the
intersection of finite number of affine half spaces) in bP28P. (We omit the
adjective “rational” in this paper. All the objects in the geometry of convex
bodies are being considered rationally.) Let vy, ... ,v, be all the vertices of

C.

CLAIM. For any facet (= a face of codimension one) F of P, there exists
a hyperplane H in bP®P which is parallel to F& such that C' is contained
in an affine half space in bP®P determined by H.
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PRrROOF OF CLAIM. Let F’ be the minimal face of () that contains F'.
By the assumption, Spech is surjective, so that F/ N P = F. In particular,
F' # Q. Let H' be a supporting hyperplane of F’ for Q. Then H' N P =
F'NP=F. Hence H' N P& = F8 and H := H' N bP%P has the required
property. [

By the claim, we have a unique facet Cr of C' which is parallel to F*¢P.
Assume that C is not simply generated as a P-set. Then there is a facet F' of
P such that v := v; ¢ Cp. (Otherwise, v € (|Cp implies C' C vP). Let Fj

F

be the minimal face of @ that owes v. Then we prove FyN P = {1}. To see
it, it is enough to show that p | v in @ implies p = 1. Since v is a vertex of C,
vP~' N C = {v}. This implies the above. Now by the assumption of being
weak GD, there exists a face F} of Q such that F} D Fy and FiNP = F.
Since Fy 2 v, we have Fy; D vF. Then F; D C because v € Cr. Hence
Fy D aP, where a is any element of C, and F; D P, that is a contradiction.

(2) In the notation of (1), 7(b) = v € Fy and Fy N P = {1}. We will
show that for any face F' of @ such that FF N P = {1} and for any b € F,
b=m(b). Let f € bP®PNF C bP®P N(Q = m(b)P. Then there exists a p € P
that satisfies f = 7(b)p. Since F is a face, F > pand p € FNP = {1}.
Hence f = 7w(b) and bPs? N F = {m(b)}. In particular b = m(b). Further
Fe&P N pPeP = {1} is shown as follows: it is enough to show that fip; = fapo
implies f1 = fo (fi € F, p; € P, i =1, 2). This is because 7(fip;) = fi,
i =1, 2. This argument also shows F' x P = F'P. Thus we have (2a) and
(2¢). Finally (2b) is by (2a). O

PROPOSITION (A.3.3). Let f: X — Y be an exact log smooth mor-
phism of fs log analytic spaces. Then there exists locally on X and on

Y a chart T(Y,0y) «— P N Q — T'(X,0x) of f with P and Q
fs such that h is Q-integral and such that the induced morphism X ——
Y X(Spec CP)an (SPEC CQ)an is a strict open immersion.

ProOOF. Let z € X, y = f(z), and let P — I'(Y,Oy) be a chart of
Y with P fs such that P/P* — (My/O}),. Take a chart (Y, Oy) «—
p- Q — T'(X,0x) of f with P and @ fs such that the induced mor-
phism X Sy X (Spec CP)an (SP€C CQ)an is a strict open immersion (cf.

[KtK1] (3.5)). Localizing @ if necessary, we may assume that Q/Q* =,



58 Luc ILLusiE, Kazuya KATO and Chikara NAKAYAMA

(Mx/O%)z. Then, by the assumption that f is exact and the fact that the
image of the induced morphism ¢ is an open set, the local homomorphism
P — @ satisfies the condition (v) in (A.3.2). Hence it is Q-integral by (2)
there. [

REMARK. A morphism f: X — Y of fs log analytic spaces is said
to be Q-integral if for any x € X, the homomorphism My7f(x)/0;f(z) —

Mx /0% , is Q-integral. In general, there are the implications
integral = Q-integral =- exact = log injective.

Further, we have log smooth + log injective = Q-integral. A. Ogus commu-
nicated to the authors that A. Gray showed that when each stalk of My /Oy
is a free monoid, then the Q-integrality implies the integrality.

PROPOSITION (A.3.4). Leth: P — Q be a Q-integral homomorphism
of fs monoids. Then there exists an integer n > 1 such that the cobase
change map P, — Q'; p— [p,1] of h with respect to n: P — P =: P, in
the category of fs monoids is integral, where Q' := h_H)l(P &P — Q) and
[p, q] denotes the element represented by p € P, and q € Q.

PROOF. Replacing P with Pj,-1gx), we may assume that h is lo-

n

cal. Further we may assume that P* = Q* = {1} since lim(P/P* «—
P/P* — Q/Q*) = Q'/A, where A = [P, Q%] is the group generated
by the images of P and @ ([T1] I Proposition 2.5). In the following,
we denote P = P ®n Q>o, @ = @ N Q> for short. By (A.3.2.2), we
have the map =: @ — @ The image of () by this 7 is the union of the
1mages of QN PF by the homomorphisms 7|, for faces F' of Q such that
F NP = {1}, which are finitely generated submonoids of Q. Thus there
exist finite number of elements ay, ... , an, € 7(Q) such that the submonoid
of Q generated a1, ... ,am over ) contains (Q).

CrLAM 1. There exists an integer n > 1 such that
~ 1
(A) For each j, a;lQ NP C Pn.
(B) Q%P N PP C (P%)gp. (Here and hereafter we denote P, by P%)
Proor or CLAIM 1. For each a = a; or 1, there exists an n > 1 such

that ¢~ QP N P8P C (P%)gp. Thus (B) follows. Since Pn (P%)gp = P%,
(A) follows. O
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CLAIM 2. Q= Q'/tors = Q N (P )8 - Q&) in QFP.

PROOF OF CLAIM 2. InQf° = ((P%)gp @ pe» QFP) /tors = (p%)gp.@gp,
Q~1 is the saturation of the submonoid generated by P and Q. Then
QNEFP)"CQ,and Q1 =QNQF =rhs O

CLamM 3. 7(Q) C Q1.

PROOF OF CLAIM 3. It is enough to show that each a; belongs to Q.
Since a; € m(Q), there exists p € P, ¢ € Q such that a;p = ¢. By (A),
pE P . Hence aj € (P%)gp -@8P. By Claim 2, aj € Q1. U

Now we prove that pr M Q1 is integral. We will use the next propo-
sition. Tt is easy to see Q@ = {1} and A’ is injective. Let b € Q1. Then,
by the assumption of Q-integrality and (A.3.2) (2), PbN Q = PV, where
b = w(b) belongs to Q; because m(Q1) = 7(Q) C @1 by Claim 3. We will
show (P%)gpbﬂ Q= Pul. Let a € (P%)gp such that ab € Q1. Then there
exists a’ € P such that ab = a'b/. Since bb'~! € Q% = (P%)gp - Q®P, there
exist ¢ € (P%)gp and d € Q% such that a’a™! = cd. Since a’a™! € PP,
d e Q&P N PP C (P%)gp by (B). Hence @’ = acd € (P%)gp NP = Pn. Thus
we conclude that A’ is integral by the next proposition (2). [J

ProPOSITION (A.3.4.1). (Cf. [T1]12.11) Let h be as in (A.3.2). Let
P = Pp,-1(gx)- Consider the following conditions.

(i) P'/P™ — Q/Q™ is injective and for any b € Q, there exists b/ € Q
such that h&P(PP)b N Q = heP(P"Y .

(i) h is integral.

Then

(1) we have (i) = (ii);

(2) when P and Q are fine, (i) = (i).

REMARK. The implication in (1) is strict.

PrROOF. This is a slight modification of a result of T. Tsuji ([T1] I
Proposition 2.11). The proof of (1) is similar to (1) (i) = (ii) in (A.3.2). (2)
is easily reduced to the case where h is local and to the result of T. Tsuji
mentioned above. [J
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Next we collect basic facts on saturated morphisms.

PROPOSITION AND DEFINITION (A.4). (1) ([T1] I Definition 3.12) A
homomorphism h: P — @ of integral monoids is said to be saturated if h
is integral and quasi-saturated.

(2) When P and @ are saturated, h is saturated if and only if A is integral
and for any homomorphism P — P’ of saturated monoids, the push out
of P/ «— P — @ in the category of monoids is saturated.

(3) (Cf. [T1] II Definition 2.10.) A morphism of fs log analytic spaces
f: X — Y is said to be saturated if, for any x € X, the homomorphism of
fs monoids (My /Oy ) y(z) — (Mx/O%), is saturated, or equivalently the
homomorphism of saturated monoids My s,y — Mx , is saturated.

Proor. (2) [T1] I Proposition 3.14. Use [T1] I Proposition 3.16 for
the equivalence in (3). O

A saturated morphism of fs log analytic spaces admits local charts by
saturated homomorphisms. Conversely, a morphism of fs log analytic spaces
admitting a chart by a saturated homomorphism is saturated ([T1] I Propo-
sitions 3.16 and 3.18).

LEMMA (A.4.1). Let h: P — Q be a saturated homomorphism of fs
monoids with Q* = {1}. Then the cokernel of h®P is torsion free.

PrROOF. We may assume that h is local, and that P* = {1}. Then
Q = P @p Q satisfies Q' = {1} for any prime number p. Let b € Q°P,
and a € PP such that P = h&P(a). It is enough to show that b € h&P(P8P).
Consider the element [a%, b~1] of Q'8P. Since it maps to 1 € (Q%)gp by [h%,
inclusion|: @ — @ , the definition of quasi-saturatedness implies that
[a%,b_l] € Q" ={1}. Thus ar =bin Q'8P and there is an element of PP
whose image by h&P coincides with b. [

THEOREM (A.4.2) (T. Tsuji). Leth: P — @ be an integral homomor-
phism of fs monoids. Then there exists an integer n > 1 such that the cobase
change map P, — Q'; p— [p,1] of h with respect to n: P — P =: P, in
the category of fs monoids is saturated, where Q' := lim (P &P — Q)
and [p, q] denotes the element represented by p € P, and q € Q.
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Proor. [T1] I Corollary 5.4. [J
Together with (A.3.3), (A.3.4), we have the following.

PROPOSITION (A.4.3). Let f: X — Y be an exact log smooth mor-
phism of fs log analytic spaces. Then locally on X and on'Y, after suitable
ket base change Y' — 'Y, f becomes saturated.

To make a general map exact, we use the following lemma.

PROPOSITION (A.4.4). Let h: Q — P be a morphism of fs monoids.
Let f: X — Y be the induced morphism (Spec C[h])an of fs log analytic
spaces. Then there is a non-empty, finitely generated ideal I of Q) such that
the base change X Xy Yy — Y7 in the category of fs log analytic spaces is
exact, where Y7 is defined in 6.1.1.

PROOF. Fix a prime p € Spec P. Let Q' be the inverse image of Py in
Q5P by h#P. Take a set of generators Z,... 4 of Q' (q1,... ,qn, 5 € Q)
and let J = Jy be the ideal of ) generated by qi,... ,qn,s. If we show that
X' = X xy Yy — Yj is exact at each point 2’ € X’ lying over p € Spec P,
then I := HpespecP Jp is the desired ideal. Let z € X, y € Y and ¢ € Yy
the images of 2/, and let P, := (Mx/O%). = Pp/Py, Qy := (My/Oy),,
and Q, = (My,/ O}X,J)y/. We claim that s divides all the ¢; in Q.. To prove
this, we may assume that some ¢; divides the other ¢; and s in @Q,/. Since
s divides ¢; in Py, ¢; = s in Py = (Mx//O%,),. This implies ¢; = s in Qy
so that the claim follows. (Alternatively we can use some general facts to
prove this claim. See [NC1] (2.2.5.1) and (2.2.6) (i).)

Now we show that Q,, — P,/ is exact. Let a € Qg? and suppose that

the image of a belongs to P,y in P5’. Then we have (1,a™) = (p,q') in
PgP Dger Qf}’ for some m 2 1, p € P, and ¢’ € Q,. Hence there is an
element ¢ € Q$P that maps to p and a™¢ L. By the definition of @', ¢ is in
the image of Q". Thus the above claim implies a™¢'~! € @,y and a € Q. O

(A.5). Here we prove facts announced in (6.3.3). Let the notation be
as in there. First assume that f is saturated. Let z € X, y = f(z) and
h: P — @ a (local) chart of f around z and y with P and @ fs such that

P = (My/OY), and Q/Q* — (Mx/O%),. Then h is saturated and
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A = C[Q]/(P — {1}) is reduced by [T1] I Theorem 6.3 (1)=-(8). Since a
neighborhood of x in the fiber f~!(y) is an open subspace of (Spec A).y, it
is reduced. On the other hand, since hp: P/F NP — Q/F is saturated
for any face F of @, the cokernel of h%Y is torsion free by (A.4.1). Thus we
proved (c¢)=(a) and (b).

Next assuming that f is integral, we will prove (a)=(c) and (b)=(c).
Take x, y, and h: P — @ as above. Then h is integral. [T1] I Theorem
5.1 and I Theorem 6.3 (9)=-(1) tell us that to prove that h is saturated, it
is enough to check that for any facet F' of @) such that P ¢ F, Q8P /PeP FeP
is trivial or that Spec (CQ/(P — 1)) satisfies (R,)). When (b) is satisfied,
Spec (CQ/(P — 1))an is reduced at least at the origin. Then the latter
condition for saturatedness follows. When (a) is satisfied, we have that
QP / PEPF'eP is torsion free for any face F’ of @ such that F' N P = {1}.
We will prove the above condition on the facets. We may assume that
Q* = {1}. Then we reduce the problem to the next claim.

CrAIM. Let F be a facet of @@ such that P ¢ F. Then there exists a
subface F’ of F such that F' N P = {1} and Q%P /PSP F'P is torsion.

Proor or CLAIM. We reduce this to the similar claim of Qx>¢-monoids
by tensoring with Q>¢. For simplicity, we use the same symbols P, ), and
so on for the Q>p-monoids. By (A.3.2) (1), we can apply (A.3.2.2) to
h. Let F' be a face of the maximal dimension among faces contained in
7w(F). Then F/ C n(F) C F and F'8? N P8P = {1}. The rest is to show
dim F' + dim P = dim Q. But we easily see that we can apply (A.3.2.2)
also to h': PN F — F and that = for /’ is compatible with 7 for h, and
(A.3.2.2) (2a) for A/ implies dim F’' = dim F' — dim(P N F'), which equals to
dim @ — dim P. (I
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