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Abstract. We are studying some aspects of the action of the Ga-
lois groups on torsors of paths on an elliptic curve minus a point. We
construct objects whose behaviour is similar to the classical polyloga-
rithms on the projective line minus three points.

0. Introduction

0.1. Let E be an elliptic curve defined over a number field K and given

by an equation

(0.1.0) y2 + a1 xy + a3 y = x3 + a2 x
2 + a4 x+ a6 .

Let us fix a prime number �.

We shall study the Galois action on the �-completion of the étale fun-

damental group π1(EK\{0},
0) and on the π1(EK\{0},
0)-torsor of �-adic

paths π(EK\{0}; z,
0), where z ∈ E(K)\{0} or z is a tangential base point

at 0 defined over K.

After a linear change of variables we can assume that the elliptic curve

E is given by an equation

(0.1.1) y2 = 4x3 − ax− b
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with ∆ = a3 − 27 b2 �= 0.

Let 0 be the point at infinity. Let us set t = −x
y and w = − 1

y . Then the

point 0 has coordinates (t, w) = (0, 0) and t is a local parameter at 0. Let

0 be the tangential base point at 0 corresponding to the local parameter t.

Let us fix an embedding K ⊂ C. Let E(C) be a set of complex points

of E. We can assume that there is a lattice L ⊂ C such that a map

C/L → E(C) given by z → (P(z,L),P ′(z,L)) is an isomorphism. Let

L = Zω1 + Zω2. Let x1, x2 ∈ π1(E(C)\{0},
0) be two canonical generators

corresponding to ω1 and ω2 respectively. Let u ∈ π1(E(C)\{0},
0) be a

small loop around 0 such that

u = (x1, x2)
−1 .

Observe that for any σ ∈ GK , we have

(0.1.2) σ(u) = uχ(σ) .

To study the action of GK on the �-completion of the étale fundamen-

tal group π1(EK\{0},
0) and on the π1(EK\{0},
0)-torsor of �-adic paths

π(EK\{0}; z,
0) we shall embed them both into the Q�-algebra of non-

commutative formal power series in two variables. Then we can use the

full power of linear algebra to study these actions.

Let

k : π1(EK\{0},
0) ↪→ Q�{{X1, X2}}

be a continuous multiplicative embedding into non-commutative formal

power series such that k(xi) = eXi for i = 1, 2.

The action of GK on π1(EK\{0},
0) induces an action of GK on a Q�-

algebra Q�{{X1, X2}},

(0.1.3) GK → Aut (Q�{{X1, X2}}) .

Let us set ̂E(K)\{0} := (E(K)\{0}) ∪ tangential base points at 0 de-

fined over K. Let z ∈ ̂E(K)\{0}, p ∈ π(EK\{0}; z,
0) and σ ∈ GK . Then

we define

σ(p) := σ · p · σ−1, lp(σ) := p−1 · σ(p)

and

Λp(σ) := k(lp(σ)) .
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Lemma 0.1.4. Let τ, σ ∈ GK . Then

Λp(τ · σ) = Λp(τ) · τ(Λp(σ)) .

Now we shall embed the π1(EK\{0},
0)-torsor π(EK\{0}; z,
0) into the

Q�-algebra Q�{{X1, X2}}. Let

tp : π(EK\{0}; z,
0) → π1(EK\{0},
0)

be given by tp(q) := p−1 · q. Observe that the composition

k ◦ tp : π(EK\{0}; z,
0) → Q�{{X1, X2}}

is an embedding.

Let GL (Q�{{X1, X2}}) be a group of linear automorphisms of a Q�-

vector space Q�{{X1, X2}}. The action of GK on π(EK\{0}; z,
0) induces a

linear action of GK on Q�{{X1, X2}},

(0.1.5) ( )p : GK → GL (Q�{{X1, X2}})

given by

σp(ω) := Λp(σ) · σ(ω) .

We describe briefly the contents of the paper.

In section 1 we consider the action of the Galois group GK on the Q�-

algebra Q�{{X1, X2}} induced by the action of GK on π1(EK\{0},
0). Most

results we have obtained can be found in [5]. However we shall give proofs

because these results are very important in our study of the Galois actions

on torsors of paths.

In section 3 we study the action of GK on the torsor of paths

π(EK\{0}; z,
0). It follows from Lemma 0.1.4 that the function

GK � σ → Λp(σ) ∈ Q�{{X1, X2}}

is a cocycle. Coefficients of Λp usually are not cocycles. We are looking for

conditions when linear combinations of such coefficients are cocycles. This

is closely related to the Zagier conjecture about polylogarithms.
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Section 2 has motivic character. We are studying motivic version of the

coefficients of the power series Λp.

In section 4 we are looking for an explicit arithmetic formula for the

coefficients of the power series Λp(σ). In the special case p = xi (i = 1, 2)

these coefficients are calculated in [5] and in a general case we are only

reinterpreting the results of Nakamura from [5].

In section 5 we show that the coefficients of Λp(σ) satisfy functional

equations analogous to function equations rm−1
∑

ξr =1

Lim(ξz) = Lim(zr) of

the classical polylogarithms.

The present paper is an elliptic version of our long paper “On �-adic

iterated integrals, I, II and III” (see [6]). In [6] we are studying similar

questions for a projective line minus several points. Detailed motivations of

new definitions and constructions introduced in the present paper one can

find in [6] and also in [5].

We point the reader attention to papers [2] and [4]. We should explain

the relation between these papers and our work, however we are not able

to give a precise relation. The fiber of the �-adic realization of the elliptic

polylogarithm sheaf from [2] over a point z of an elliptic curve is a Galois

representation. The coefficients of this Galois representation, which are

functions from a Galois group to Q�, should be related to functions βn
z,p

from Definition 3.3.0 in our work. We are preparing a paper ”On �-adic

periods” where we hope to relate the polylogarithmic sheaf of Beilinson-

Deligne on a projective line minus three points to �-adic polylogarithms

defined and studied in [6].

1. Galois Action on the Fundamental Group

1.0. In this section we are studying the action of the Galois group GK

on the Q�-algebra of non-commutative formal power series Q�{{X1, X2}}
induced by the action of GK on π1(EK\{0},
0) via the embedding k :

π1(EK\{0},
0) → Q�{{X1, X2}}.
Let G (resp. L) be a group (resp. a Lie algebra). The subgroups ΓnG

(resp. Lie subalgebras ΓnL) of G (resp. L) are defined recursively by

Γ1G = G (resp. Γ1L = L), Γn+1G = (ΓnG,G) (resp. Γn+1L = [ΓnL,L])

for n = 1, 2, . . . .
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We denote by Lie(X1, X2) a free Lie algebra over Q� on two genera-

tors X1 and X2. Let L(X1, X2) := lim←−
n

Lie(X1, X2)/Γ
n Lie(X1, X2) be a

completed free Lie algebra on X1 and X2. The elements of Lie(X1, X2)

and L(X1, X2) we identify with Lie elements in Q�{X1, X2} (algebra of

polynomials in non-commuting variables X1 and X2) and in Q�{{X1, X2}}
respectively.

We shall use the following notation. If A and B belong to a Lie algebra

then [...A,B0] := A and [...A,Bj ] := [[...A,Bj−1], B] for j > 0.

We define an element U of L(X1, X2) by the equality

k(u) = eU .

Observe that U = log(eX2 · eX1 · e−X2 · e−X1). It follows from 0.1.2 that

(1.0.1) σ(U) = χ(σ) · U .

Let us set L′ := [L(X1, X2), L(X1, X2)] and L′′ := [L′, L′]. The elements

[. . . [. . . U,Xi
1], X

j
2 ] for i, j ≥ 0 form a linear topological base of L′/L′′. Let

Q�[[u1, u2]] be a Q�-algebra of formal power series in commuting variables u1

and u2. We introduce on L′/L′′ a structure of a Q�[[u1, u2]]-module setting

u1 · [. . . [. . . U,Xi
1], X

j
2 ] := [. . . [. . . U,Xi+1

1 ], Xj
2 ]

and

u2 · [. . . [. . . U,Xi
1], X

j
2 ] := [. . . [. . . U,Xi

1], X
j+1
2 ]

and extending linearly (with respect to infinite sums) to the continuous ac-

tion of Q�[[u1, u2]] on L′/L′′. Observe that L′/L′′ is a free Q�[[u1, u2]]-module

generated by U. Hence L′/L′′ is also a free Q�[[u1, u2]]-module generated by

[X1, X2].

Let K(E(�∞)) be an extension of K obtained from K by adding coor-

dinates of all �n-torsion points of E(K) for all n. Let us set

G(E) := Gal(K(E(�∞))/K)

and

H� := (π1(EK\{0},
0)/Γ2π1(EK\{0},
0)) ⊗ Q .

Observe that H� is a G(E)-module and a GL(H�)-module and G(E) ⊂
GL(H�).
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The groups G(E) and GL(H�) act on the tensor algebra T (H�) :=
∞⊕

i= 0

H⊗ i
� and on the completed tensor algebra T̂ (H�) := lim←−

n

(T (H�)/(
∞⊕

i=n+ 1

H⊗ i)). The map H� → Q� · X1 + Q� · X2, xi → Xi, for i = 1, 2 identifies

the completed tensor algebra T̂ (H�) with the Q�-algebra Q�{{X1, X2}}.
Hence the groups G(E) and GL(H�) ≈ GL2(Q�) act on the Q�-algebra

Q�{{X1, X2}}. The action of G(E) on the Q�-algebra Q�{{X1, X2}} we

denote by

η : G(E) → Aut (Q�{{X1, X2}}) .

The Lie algebras Lie(X1, X2) and L(X1, X2) as well as the degree n

part Lie(X1, X2)n of the Lie algebra Lie(X1, X2) are preserved by this ac-

tion of G(E). Observe that Lie(X1, X2)1 = Hl, Lie(X1, X2)2 =
∧2 Hl,

Lie(X1, X2)3 =
∧2 Hl ⊗ Hl and Lie(X1, X2)4 =

∧2 Hl ⊗ S2Hl as G(E)-

modules. We have also the following lemma.

Lemma 1.0.2. Let Vn be a vector subspace of L′/L′′ spanned by ele-

ments [...[...U,Xi
1], X

j
2 ] with i+ j = n− 2. Then Vn =

∧2 Hl ⊗ Sn−2Hl as a

G(E)-module.

The actions of GK on Q�{{X1, X2}} defined in 0.1.3 and 0.1.5 are pro-

unipotent only for σ ∈ GK(E(�∞)). We shall modify these actions in such a

way that they will be pro-unipotent for any σ ∈ GK .

We define a map

φ : GK → Aut (Q�{{X1, X2}})

by setting

φ(σ) := σ ◦ η(σ)−1 .

We define a map

ψp : GK → GL (Q�{{X1, X2}})

by setting

ψp(σ) := σp ◦ η(σ)−1 .
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Lemma 1.0.3. For any σ ∈ GK the automorphisms φ(σ) and ψp(σ)

are pro-unipotent. For any τ, σ ∈ GK we have

(∗) φ(τ · σ) = φ(τ) ◦ (η(τ) ◦ φ(σ) ◦ η(τ)−1)

and

(∗∗) ψp(τ · σ) = ψp(τ) ◦ (η(τ) ◦ ψp(σ) ◦ η(τ)−1) .

Proof. We shall prove only the first identity. The proof of the second

identity is similar. We have φ(τ · σ) = τ ◦ σ ◦ η(τ · σ)−1 = τ ◦ σ ◦ η(σ)−1 ◦
η(τ)−1 = τ ◦η(τ)−1◦η(τ)◦σ◦η(σ)−1◦η(τ)−1 = φ(τ)◦(η(τ)◦φ(σ)◦η(τ)−1). �

Remark. The two equalities of Lemma 1.0.3 have the following inter-

pretation. Let us consider the action of GK on Aut (Q�{{X1, X2}}) and

on GL (Q�{{X1, X2}}) given by σ(f) = η(σ) ◦ f ◦ η(σ)−1. The equal-

ities (∗) and (∗∗) mean that φ : GK → Aut (Q�{{X1, X2}}) and ψp :

GK → GL (Q�{{X1, X2}}) are 1-cocycles on GK with values in GK-groups

Aut (Q�{{X1, X2}}) and GL (Q�{{X1, X2}}) respectively.

1.1. We shall study the action

GK → Aut (Q�{{X1, X2}})

deduced from the action of GK on π1(EK\{0},
0). Let σ ∈ GK . Then there

are αi
1(σ), αi

2(σ) ∈ Z� such that

σ(xi) ≡ x
αi

1(σ)
1 · xα

i
2(σ)

2 mod Γ2π1(EK\{0},
0)

for i = 1, 2. Hence there are f1(X1, X2)(σ) and f2(X1, X2)(σ) in L′ such

that

(1.1.0) σ(eXi) = eα
i
1(σ)X1 +αi

2(σ)X2 · efi(X1,X2)(σ)

for i = 1, 2. Therefore there are w1(X1, X2)(σ) and w2(X1, X2)(σ) in L′

such that

(1.1.1) σ(Xi) = αi
1(σ)X1 + αi

2(σ)X2 + wi(X1, X2)(σ)
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for i = 1, 2.

We recall that K(E(�∞)) is an extension of K obtained from K by

adding coordinates of all �n-torsion points of E(K) for all n. Let σ ∈
GK(E(�∞)). Then

σ(xi) ≡ xi mod Γ2π1(EK\{0},
0) for i = 1, 2.

Hence we get that

σ(eXi) = eXi · efi(X1,X2)(σ)

for i = 1, 2. It follows from 0.1.2 that

(1.1.2) (e−X2 · ef1(X1,X2)(σ) · eX2) · ef2(X1,X2)(σ) =

(e−X1 · ef2(X1,X2)(σ) · eX1) · ef1(X1,X2)(σ) .

Let us denote by © the product in L(X1, X2) given by the Baker-Campbell-

Hausdorff formula. Then in L(X1, X2) we have

(1.1.3) ((−X2) © f1(X1, X2)(σ) ©X2) © f2(X1, X2)(σ) =

((−X1) © f2(X1, X2)(σ) ©X1) © f1(X1, X2)(σ) .

From now on we shall work modulo L′′. It follows from 1.1.3 that in

L′/L′′ we have

(1.1.4) ((−X2) © f1(X1, X2)(σ) ©X2) © (−f1(X1, X2)(σ)) =

((−X1) © f2(X1, X2)(σ) ©X1) © (−f2(X1, X2)(σ)) .

Using the Q�[[u1, u2]]-module structure on L′/L′′ we get

(1.1.5) (eu2 − 1) f1(X1, X2)(σ) = (eu1 − 1) f2(X1, X2)(σ) .

Hence there is F (X1, X2)(σ) ∈ L′ such that

(1.1.6) fi(X1, X2)(σ) = ((−Xi) © F (X1, X2)(σ) ©Xi)

−F (X1, X2)(σ) modL′′

for i = 1, 2.
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Lemma 1.1.7. Let σ ∈ GK(E(�∞)). Then we have

σ(Xi) ≡ Xi + [Xi,−F (X1, X2)(σ)] modL′′

for i = 1, 2 and for some F (X1, X2)(σ) ∈ L′.

Proof. It follows from 1.1.0 and 1.1.6 that σ(Xi) = Xi ©
fi(X1, X2)(σ) ≡ Xi © ((−Xi)©F (X1, X2)(σ)©Xi © (−F (X1, X2)(σ))) ≡
F (X1, X2)(σ)©Xi©(−F (X1, X2)(σ)) ≡ Xi+[Xi,−F (X1, X2)(σ)] modL′′.
It follows from the considerations before the lemma that F (X1, X2)(σ) ∈
L′. �

Lemma 1.1.8. Let σ ∈ GK(E(�∞)). We have

(log σ)(Xi) ≡ [Xi,−F (X1, X2)(σ)] modL′′

for i = 1, 2 and for some F (X1, X2)(σ) ∈ L′.

Proof. Observe that σ([X1, X2]) ≡ [X1 + [X1,−F (X1, X2)(σ)],

X2 + [X2, −F (X1, X2)(σ)]] = [X1, X2] + [X1, [X2,−F (X1, X2)(σ)]] +

[[X1,−F (X1, X2)(σ)], X2] ≡ [X1, X2] modL′′. Hence σ acts trivially on

L′/L′′. We have (log σ)(Xi) = (σ − Id)(Xi) − 1
2 (σ − Id)2(Xi) + 1

3 (σ −
Id)3(Xi) . . . ≡ [Xi,−F (X1, X2)(σ)] − 1

2([Xi + [Xi,−F (X1, X2)(σ)],

σ(−F (X1, X2)(σ))] − [Xi,−F (X1, X2)(σ)]) + · · · ≡ [Xi,−F (X1, X2)(σ)]

modL′′. �

We recall that

σxi = LΛxi (σ) ◦ σ ,

where Lg ∈ GL (Q�{{X1, X2}}) is a left multiplication by g.

Lemma 1.1.9. Let σ ∈ GK(E(�∞)). Then we have

(log σxi)(1) ≡ fi(X1, X2)(σ) modL′′

for i = 1, 2.

Proof. It follows from 1.1.0 that Λxi(σ) = efi(X1,X2)(σ). Therefore

log(LΛxi (σ) ◦ σ) = Lfi(X1,X2)(σ) + log σ + 1
2 [Lfi(X1,X2)(σ), log σ] + · · ·.
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The derivation log σ acts trivially on L′/L′′. Hence (log σxi)(1) ≡
fi(X1, X2)(σ) modL′′. �

We recall that L′/L′′ is a free Q�[[u1, u2]]-module generated by U . The

element −F (X1, X2)(σ) ∈ L′/L′′, hence

−F (X1, X2)(σ) =
∞∑

n= 2

∑
i+ j =n− 2

Fij(σ)[. . . [. . . U,Xi
1], X

j
2 ]

=

∞∑
n= 2

αn(X1, X2)(σ) ,

where αn(X1, X2)(σ) =
∑

i+ j =n− 2 Fij(σ)[. . . [. . . U,Xi
1], X

j
2 ]. It follows

from Lemma 1.0.2 that αn(X1, X2) is a function from GK(E(�∞)) to
∧2 Hl⊗

Sn−2Hl.

Lemma 1.1.10. The map

GK(E(�∞)) � σ → αn(X1, X2)(σ) ∈
2∧
H� ⊗ Sn− 2 H�

is a homomorphism.

Proof. Let τ, σ ∈ GK(E(�∞)). We have

log(τ · σ) = log τ + log σ +
1

2
[log τ, log σ] + · · · .

This implies

log(τ · σ)(Xi) = log τ(Xi) + log σ(Xi) +
1

2
[log τ, log σ](Xi) + · · · .

Observe that [log τ, log σ](Xi) = log τ(log σ(Xi)) − log σ(log τ(Xi)) = log τ

([Xi,−F (X1, X2)(σ)]) − log σ([Xi,−F (X1, X2)(τ)]) = 0 because log τ and

log σ act trivially on L′/L′′. Therefore we get

log(τ · σ)(Xi) ≡ log τ(Xi) + log σ(Xi) modL′′ .

Hence it follows from Lemma 1.1.8 that F (X1, X2)(τ ·σ) ≡ F (X1, X2)(τ)+

F (X1, X2)(σ) mod L′′. This finishes the proof of the lemma. �
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The map αn : GK(E(�∞)) →
∧2 H� ⊗ Sn− 2 H� given by σ →

αn(X1, X2)(σ) is a homomorphism, hence it factors through

αn : Gab
K(E(�∞)) →

2∧
H� ⊗ Sn− 2 H� .

The Galois group G(E) = Gal(K(E(�∞))/K) acts on Gab
K(E(�∞)) in the

following way. Let τ ∈ G(E) and let τ̃ be a lifting of τ in GK . We set

τ(σ) := τ̃ · σ · τ̃−1 for any σ ∈ GK(E(�∞)). Observe that the class of τ(σ) in

Gab
K(E(�∞)) does not depend on a choice of a lifting τ̃ of τ.

Proposition 1.1.11. The homomorphism αn belongs to

HomG(E)(G
ab
K(E(�∞)),

2∧
H� ⊗ Sn− 2 H�) .

Proof. Let τ ∈ GK and σ ∈ GK(E(�∞)). We have

log(τ · σ · τ−1)(Xi) ≡ [Xi,−F (X1, X2)(τ · σ · τ−1)] modL′′ .

On the other side

log(τ · σ · τ−1)(Xi) = (τ ◦ log σ ◦ τ−1)(Xi)

= τ(log σ(αi
1(τ

−1)X1 + αi
2(τ

−1)(X2) + ωi(X1, X2)(τ
−1)))

≡ τ([αi
1(τ

−1) ·X1 + αi
2(τ

−1)X2,−F (X1, X2)(σ)]) modL′′

by 1.1.1 and Lemma 1.1.8. Observe that

τ(αi
1(τ

−1)X1 + αi
2(τ

−1)X2) ≡ Xi mod L′

and

τ(αn(X1, X2)(σ)) = τ
( ∑
i+ j =n− 2

Fij(σ)[. . . [. . . U,Xi
1], X

j
2 ]
)
≡

∑
i+ j =n− 2

Fij(σ)[. . . [. . . χ(τ)U, (α1
1(τ)X1 + α1

2(τ)X2)
i],

(α2
1(τ)X1 + α2

2(τ)X2)
j ] modL′′.
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Hence we get

αn(X1, X2)(τ · σ · τ−1) = τ(αn(X1, X2)(σ))

where on the right hand side we have an action of G(E). �

We shall define filtrations of the Galois group GK associated with the

action of GK on the fundamental group π1(EK\{0},
0) and on the

π1(EK\{0},
0)-torsor π(EK\{0}; z,
0). The action of GK on π1(EK\{0},
0)

induces

GK → Aut (π1(EK\{0},
0)) .

We set

Gn := Gn(EK\{0},
0)

:= ker (GK → Aut (π1(EK\{0},
0)/Γn+1π1(EK\{0},
0))) .

Let z ∈ E(K)\{0} and let p be a path from 
0 to z.

We set

Hn(z,
0) := Hn(EK\{0}; z,
0) := {σ ∈ Gn | lp(σ) ∈ Γnπ1(EK\{0},
0)}

and

H∞(z,
0) := H∞(EK\{0}; z,
0) :=

∞⋂
n=1

Hn(z,
0) .

Let S ⊂ E(K) \ {0} be a finite subset. We define subgroups of GK setting

Hn(S,
0) := Hn(EK\{0};S,
0) :=
⋂
z ∈S

Hn(z,
0)

and

H∞(S,
0) := H∞(EK\{0};S,
0) :=

∞⋂
n=1

Hn(S,
0)

Observe that G1 = H1(z,
0) = H1(S,
0) = GK(E(�∞)).

In the above definitions we can replace EK\{0} by EK\S, where S ⊂
E(K) is a finite set. The corresponding subgroups of GK we denote by

Gn(EK\S, v), Hn(EK\S; z, v) and Hn(EK\S;S, v), where v is a (possibly

tangential) base point and S ⊂ E(K)\S is a finite set.

These filtrations were studied in [6], section 3 for a projective line minus

a finite number of points.
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1.2. In this section we shall use the automorphism − id : EK\{0} →
EK\{0} to study the action of GK on π1 := π1(EK\{0},
0).

Lemma 1.2.1. Let σ ∈ GK . Then we have

σ(xi) = x
αi

1(σ)
1 · xα

i
2(σ)

2 · (x1, x2)
− 1

2
αi

1(σ)·αi
2(σ)+ 1

2
(αi

2(σ)−αi
1(σ)) + (−1)i−1 χ(σ)

mod Γ3π1

for some αi
1(σ), αi

2(σ) ∈ Z� and for i = 1, 2.

Proof. The map f = − id induces

f∗ : π1(EK\{0},
0) → π1(EK\{0},−
0) .

Let s be a path from 
0 to −
0. We can choose s such that ls(σ) = u
χ(σ)−1

2 .

We have

s−1 · f∗(x1) · s = (x−1
1 , x−1

2 )−1 ·x−1
1 and s−1 · f∗(x2) · s = x−1

2 · (x−1
1 , x−1

2 ) .

Let us define functions αi
1, α

i
2, β

i for i = 1, 2 from GK to Z� by equalities

σ(xi) = x
αi

1(σ)
1 · xα

i
2(σ)

2 · (x1, x2)
βi(σ) mod Γ3 π1

for i = 1, 2. The action of GK commutes with f∗ hence we get

σ(f∗(xi)) = f∗(σ(xi)) .

Therefore σ(s−1 · f∗(xi) · s) = σ(s)−1 · f∗(σ(xi)) · σ(s) = σ(s)−1 ·
f∗(x

αi
1(σ)

1 · x
αi

2(σ)
2 · (x1, x2)

βi(σ)) · σ(s) = ls(σ)−1 · (x1, x2)
αi

1(σ) ·
x
−αi

1(σ)
1 · x−αi

2(σ)
2 · (x1, x2)

−αi
2(σ) · (x−1

1 , x−1
2 )β

i(σ) · ls(σ) = x
−αi

1(σ)
1 · x−αi

2(σ)
2 ·

(x1, x2)
βi(σ) + (αi

1(σ)−αi
2(σ)) mod Γ3 π1. On the other side σ(s−1 · f∗(xi) ·

s) =

x
−αi

1(σ)
1 · x−αi

2(σ)
2 · (x1, x2)

−βi(σ)−αi
1(σ)·αi

2(σ) + (−1)i+1 χ(σ) mod Γ3 π1 .

Comparing exponents at (x1, x2) we get

βi(σ) = −1

2
αi

1(σ) · αi
2(σ) +

1

2
(αi

2(σ) − αi
1(σ)) +

1

2
(−1)i+1 χ(σ) .
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Corollary 1.2.2. Let σ ∈ GK . Then

σ(Xi) = αi
1(σ)X1 + αi

2(σ)X2 +
1

2
(αi

2(σ) − αi
1(σ) + (−1)i+1 χ(σ)) [X1, X2]

mod Γ3L(X1, X2)

for i = 1, 2.

Lemma 1.2.3. The map

cs : π1(EK\{0},−
0) → π1(EK\{0},
0)

given by cs(ω) = s−1 · ω · s commutes with the action of GK(E(�∞)).

Proof. Let σ ∈ GK(E(�∞)). Then σ(s) = s. Hence we get σ(s−1 · ω ·
s) = σ(s)−1 · σ(ω) · σ(s) = s−1 · σ(ω) · s. �

The composition cs ◦ f∗ induces a homomorphism of Q�-algebras

ϕ : Q�{{X1, X2}} → Q�{{X1, X2}}

given by

ϕ(eX1) = (e−X2 , e−X1) · e−X1 = e−X2 · e−X1 · eX2

and

ϕ(eX2) = e−X2 · (e−X1 , e−X2) = e−X2 · e−X1 · e−X2 · eX1 · eX2 .

Hence we get

ϕ(X1) =

∞∑
n= 0

1

n!
[...−X1, X

n
2 ] and ϕ(X2)

=
∑

m,n= 0

1

n!m!
[...[...−X2, X

n
1 ], Xm

2 ] .

The homomorphism ϕ commutes with the action of GK(E(�∞)), hence ϕ

commutes with log σ for σ ∈ GK(E(�∞)). One computes easily that

(1.2.4) (log σ)(ϕ(Xi)) = [Xi, F (X1, X2)(σ)] modL′′ .
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We recall that

−F (X1, X2)(σ) =

∞∑
n= 2

αn(σ) in L′/L′′ .

Observe that

ϕ(eX2 ·eX1 ·e−X2 ·e−X1) = (e−X2 ·e−X1)2 ·(eX2 ·eX1 ·e−X2 ·e−X1)·(eX1 ·eX2)2 .

Hence

ϕ(U) = U+
∑

i1 + i2 + j1 + j2 > 0

1

i1! i2! j1! j2!
[. . . [. . . U,Xi1 + i2

1 ], Xj1 + j2
2 ] modL′′ .

Let σ ∈ Gn. Then

(1.2.5) (ϕ ◦ log σ)(Xi) = (−1)n+1[Xi, αn(σ)]

+ terms of degree 1 in U and degree > n− 1

in L′/L′′. Comparing 1.2.4 and 1.2.5 for σ ∈ Gn we get the following result.

Proposition 1.2.6. Let σ ∈ G2n+ 1. Then α2n+ 1(σ) = 0.

2. Mixed Motives

2.0. We assume that there exist the categories of motives and mixed

motives. We assume that these categories have all good required proper-

ties such as in [1] and [3] for example. We do not know if the recent

constructions of Voevodsky and others are sufficient for our purpose.

Let ME be the tannakien category of pure motives over SpecK gener-

ated by H := H1(E). Let ω : ME → VectQ be the fiber functor of Betti

realizations. Let G be the fundamental group of ME and let G := ω(G).

Then the categories ME and Rep(G) are equivalent.

Let MME be the tannakien category of mixed motives M over Spec k

such that Gr∗W M ∈ ME . We denote also by ω : MME → VectQ the fiber

functor of Betti realizations on MME . The fiber functor ω : MME →
VectQ prolongs ω : ME → VectQ. Let Π be the fundamental group of

MME and let Π := ω(Π). Then the categories MME and Rep Π are

equivalent.
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The inclusion ME ↪→ MME induces surjections

Π → G and Π → G .

Let us set

U := ker(Π → G) and U := ker(Π → G) .

Then U is a pro-algebraic, pro-unipotent group scheme over Q. The exten-

sion

U � Π � G

induces

Uab � Π/(U,U) � G .

The group G acts on Uab by conjugations and Uab is a semi-simple G-

module. The extension Uab � Π/(U,U) � G is a semi-direct product

Uab � Uab ×̃G � G .

2.1. Let B ∈ ME and let

e : B � F � Q (0)

be an extension of Q (0) by B in MME . Let

ρe : Π → Aut(ω(B) ⊕ Q),

Π(Q) � g �→
ω(B) Q

ω(B)

Q

(
ϕB(g) µe(g)

0 1

)
∈ Aut(ω(B) ⊕ Q)

be the corresponding representation. The equality

ρe(g g1) = ρe(g) ρe(g1)

implies

µe(g g1) = µe(g) + ϕB(g)µe(g1) ,

where

µe : Π(Q) → Hom(Q, ω(B)) = ω(B) .

Observe that µe is a cocycle and

Ext1MME
(Q (0), B) = H1(Π;ω(B)) .
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Let u, u1 ∈ U(Q) and g ∈ Π(Q). Then µe(u · u1) = µe(u) + µe(u1) and

µe(g · u · g−1) = ϕB(g)µe(u). Hence µe induces a G-homomorphism

µ(e) : Uab(Q) → ω(B) .

Having a G-homomorphism µ : Uab(Q) → ω(B) we can construct a repre-

sentation ρµ of Uab ×̃G setting

ρµ((u, g)) =

(
ϕB(g) , µ(u)

0 , 1

)
and a cocycle µ′ : Uab(Q) ×̃G(Q) → ω(B) setting µ′((u, g)) = µ(u). Hence

we have shown that

Ext1MME
(Q (0), B) ≈ HomG(Uab(Q), ω(B)) .

Let LieU be the Lie algebra of the pro-algebraic, pro-unipotent group

scheme U . We have

Uab = (LieU)ab

and

HomG(Uab, ω(B)) ≈ HomG((LieU)ab, ω(B)) .

Let us set

LieU := grW LieU .

LieU is the associated graded Lie algebra. We have

HomG((LieU)ab, ω(B)) = HomG((LieU)ab, ω(B)) .

The Lie bracket [ , ]LieU : LieU ∧ LieU → LieU is a G-morphism. Let

f ∈ HomG(LieU, ω(B)). We define a map

d : HomG(LieU, ω(B)) → HomG(LieU ∧ LieU, ω(B))

by setting

d(f) := f ◦ [ , ]LieU .

We have

HomG((LieU)ab, ω(B)) = {f ∈ HomG(LieU, ω(B)) | d(f) = 0} .

Hence we get

(2.1.1) Ext1MME
(Q (0), B) = {f ∈ HomG(LieU, ω(B)) | d(f) = 0} .
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2.2. Let T (ω(H)) be the tensor algebra on ω(H) and let T̂ (ω(H)) be the

completed tensor algebra on ω(H) with respect to the augmentation ideal.

Let Lie(ω(H)) be the free Lie algebra over Q on ω(H) and let L(ω(H)) be

the completion of Lie(ω(H)) with respect to the lower central series.

Let p be a path from 
0 to z ∈ ̂E(K)\{0}. We recall that in section 0 we

have defined a Galois representation

( )p : GK → GL(Q�{{X1, X2}}) .

Passing to Lie algebras and then to associated graded Lie algebras we get

morphisms of Lie algebras

Lie( )p : Lie(H1(z,
0)/H∞(z,
0)) → LL(X1,X2) ×̃Der(L(X1, X2))

and of associated graded Lie algebras

gr(Lie( )p) : gr Lie(H1(z,
0)/H∞(z,
0)) → LLie(X1,X2) ×̃Der(Lie(X1, X2)) ,

where LL(X1,X2) ⊂ End(Q�{{X1, X2}}) is the Lie algebra of left multipli-

cations by elements of L(X1, X2) and LL(X1,X2) ×̃Der(L(X1, X2)) is the

semi-direct product of Lie algebras. Similarly is defined the target of the

second arrow.

Observe that the representation gr(Lie( )p) depends only on z. It does

not depend on a choice of a path p.

We shall assume that there exists a representation

ρz,$0 : Π → GL(T̂ (ω(H))) .

Passing to Lie algebras and then to associated graded Lie algebras we get

morphisms of Lie algebras

Lie(ρz,$0) : LieU → End (T̂ (ω(H)))

and of associated graded Lie algebras

gr Lie(ρz,$0) : LieU → End (T (ω(H))).

We recall that ω : ME → VectQ is the fiber functor of Betti realizations.

Hence we can identify T (ω(H)) ⊗ Q� with Q�{X1, X2} sending the class of

the loop xi onto Xi for i = 1, 2.
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We shall assume that the representation gr(Lie( )p) is an �-adic realiza-

tion of the representation gr Lie(ρz,$0), i.e.,

(gr(Lie( )p) ⊗ IdQ) ◦ ν = gr Lie(ρz,$0) ⊗ IdQ�
,

for some surjective morphism of Lie algebras

ν : LieU ⊗ Q� → gr Lie(H1(z,
0)/H∞(z,
0)) ⊗ Q.

Hence it follows that the representation gr Lie(ρz,$0) factors through

gr Lie(ρz,$0) : LieU → LLie(ω(H)) ×̃ Der(Lie(ω(H))) �

Lie(ω(H)) ×̃ Der(Lie(ω(H))).

Let π : Lie(ω(H)) ×̃ Der(Lie(ω(H))) → Lie(ω(H)) be the projection on the

first factor.

The Lie algebra Lie(ω(H)) is a graded Lie algebra, i.e., Lie(ω(H)) =

⊕∞
i=1 Lie(ω(H))i, where Lie(ω(H))i is the degree i part. Notice that each

Lie(ω(H))i is a G-module.

For any G-equivariant projection β : Lie(ω(H)) → ω(B) we define a

symbol [z,
0]β setting

[z,
0]β := β ◦ π ◦ gr Lie(ρz,$0) .

We recall that d([z,
0]β) = [z,
0]β ◦ [ , ]LieU , where [ , ]LieU is the Lie

bracket of LieU . We denote by [ , ] the Lie bracket of the Lie algebra

Lie(ω(H)) ×̃ Der(Lie(ω(H))) as well as the Lie bracket of the Lie algebra

( Lie(ω(H)) ×̃ Der(Lie(ω(H)))) ⊗ Q� ≈ Lie(X1, X2) ×̃Der(Lie(X1, X2)).

Observe that

d([z,
0]β) = β ◦ π ◦ [ , ] ◦ gr Lie(ρz,$0) ∧ gr Lie(ρz,$0).

This allows to calculate d of symbols [z,
0]β.

In small degrees decomposition of Lie(ω(H)) into a direct sum of G-

modules is as follows

Lie(ω(H))1 = ω(H) , Lie(ω(H))2 =
2∧
ω(H) ,
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Lie(ω(H))3 =
2∧
ω(H) ⊗ ω(H) , Lie(ω(H))4 =

2∧
ω(H) ⊗ S2ω(H) ,

Lie(ω(H))5 =

2∧
ω(H) ⊗ S3ω(H) ⊕

2∧
ω(H) ⊗

2∧
ω(H) ⊗ ω(H).

We point out that
∧2 H = Q(1) - the Tate motive.

Proposition 2.2.1. Let prH : Lie(ω(H)) → ω(H) be the obvious pro-

jection. Then

d([z,
0]prH ) = 0 .

Proof. Observe that

d([z,
0]prH ) = prH ◦ π ◦ gr(Lie ρz,$0) ◦ [ , ]LieU

= prH ◦π ◦ [ , ] ◦ (gr(Lie ρz,$0) ∧ gr(Lie ρz,$0)).

Let σ and τ belong to GK(E(�∞)). One easily shows that

log σp = L(log σp)(1) + log σ

in End(Q�{{X1, X2}}) (see also [6] Proposition 5.1.7.). Let us set s =

(log σp)(1) and t = (log τp)(1). After short calculations we get

[log σp, log τp] = L[s,t]+(log σ)(t)−(log τ)(s) + [log σ, log τ ].

It follows from Lemma 1.1.8 that (log σ)(Xi) ≡ 0 mod Γ2L(X1, X2) for any

σ ∈ GK(E(�∞)) and i = 1, 2. Hence we get

(prH ⊗IdQ�
) ◦ (π ⊗ IdQ�

) ◦ [ , ] ◦ (gr(Lie( )p) ⊗ IdQ∧ gr(Lie( )p) ⊗ IdQ) = 0.

At the beginning of section 2.2 we have assumed that the representation

gr(Lie( )p) is an �-adic realization of the representation gr(Lie ρz,$0) in the

sense that there exists a surjective morphism of Lie algebras

ν : LieU ⊗ Q� → gr Lie(H1(z,
0)/H∞(z,
0)) ⊗ Q

such that

(gr(Lie( )p) ⊗ IdQ) ◦ ν = gr(Lie ρz,$0) ⊗ IdQl
.
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This implies immediately the proposition. �

It follows from 2.1.1 that

(2.2.2) Ext1MME
(Q (0), H) = {f ∈ HomG(LieU, ω(H)) | d(f) = 0} .

On the other side

(2.2.3) Ext1MME
(Q (0), H) = E(k) ⊗ Q .

The composition of isomorphisms 2.2.3 and 2.2.2 is given by

E(k) ⊗ Q � z ⊗ 1 → [z,
0]prH ∈ {f ∈ HomG(LieU, ω(H)) | d(f) = 0} .

Proposition 2.2.4. Let pr∧ 2 H : Lie(ω(H)) →
∧2 ω(H) be the projec-

tion on the degree 2 part. Then we have

d([z,
0]pr∧ 2 H
) = [z,
0]prH ∧ [z,
0]prH .

Proof. The proof is the same as the proof of Proposition 2.2.1. We

need only to notice that (log σ)(Xi) ≡ 0 mod Γ3L(X1, X2) for any σ ∈
GK(E(�∞)). But this follows from Lemma 1.1.8. �

3. �-adic Realization of Mixed Motives

3.0. Let p be a path from 
0 to z. The equality

(3.0.1) Λp(τ · σ) = Λp(τ) · τ(Λp(σ))

implies that the function

(3.0.2) GK → Q�{{X1, X2}}∗ given by σ → Λp(σ)

is a 1-cocycle on GK . Similarly the equality

(3.0.3) ψp(τ · σ) = ψp(τ) · (η(τ) · ψp(σ) · η(τ)−1)

implies that the function

(3.0.4) GK → GL(Q�{{X1, X2}}) given by σ → ψp(σ)
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is a 1-cocycle on GK . The restriction of this cocycle to GK(E(�∞)) is a

homomorphism

(3.0.5) GK(E(�∞)) → GL(Q�{{X1, X2}})

given by σ → σp.

We shall study coefficients of these cocycles. We want to know when

a linear combination of such coefficients is a cocycle. We shall begin our

investigations with coefficients of Λp(σ) in degree 1 and 2.

3.1. Let us define functions a1
z,p, a

2
z,p and bz,p from GK to Q� by the

following congruence

(3.1.0) log Λp(σ) ≡ a1
z,p(σ)X1 + a2

z,p(σ)X2 + bz,p(σ) [X1, X2]

mod Γ3L(X1, X2) .

We define functions

αz,p : GK → H� and βz,p : GK → Λ2H�

setting

αz,p(σ) := a1
z,p(σ)X1 + a2

z,p(σ)X2 and βz,p(σ) := bz,p(σ) [X1, X2] .

Proposition 3.1.1. The function αz,p : GK → H� is a 1-cocycle. The

class of αz,p in H1(GK , H�) does not depend on a choice of a path p from

0 to z. The map a : E(K) → H1(GK , H�) given by a(z) := [αz,p] is a

homomorphism of groups, where [αz,p] is the cohomology class of the cocycle

αz,p.

Proof. It follows from 3.0.1 that

αz,p(τ · σ) = αz,p(τ) + τ(αz,p(σ)) .

Therefore the function αz,p is a cocycle.

Let q be another path from 
0 to z. Then there is S ∈ π1(EK\{0},
0)

such that q = p · S. The equality

ΛpS(σ) = k(S)−1 · Λp(σ) · k(S) · ΛS(σ)
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implies that

αz,pS(σ) = αz,p(σ) + (σ(Y ) − Y )

for some Y ∈ H�.

The class of αz,p in H1(GK , H�) we denote by a(z). Hence we get a map

a : E(K) → H1(GK , H�).

Let z ∈ E(K). We chose a compatible family { z
�n }n∈N of �n-th division

points of z. We define a function k(z) : GK → H� setting

σ
( z

�n

)
=

z

�n
+ kz1(σ)

ω1

�n
+ kz2(σ)

ω2

�n

and

k(z)(σ) :=
(
kz1(σ)

ω1

�n
+ kz2(σ)

ω2

�n

)
n∈N

∈

lim←−
n

(Zω1 + Zω2)/�
n(Zω1 + Zω2) = H� .

One easily verifies that k(z) is a cocycle.

Let z1, z2 ∈ E(K). Observe that { z1
�n + z2

�n }n∈N is a compatible family of

�n-th division points of z1 + z2. Therefore k(z1 + z2) = k(z1) + k(z2).

We shall show that the cohomology class of k(z) is equal a(z). Let

�n : C/L → C/L be a map induced by a multiplication by �n. This is

a covering of C/L. The generator xi ∈ π1(EK ,

0) maps 0 ∈ C/L by the

monodromy action into ωi
�n . We shall calculate the action of p−1 · σ · p · σ−1

on 0 ∈ C/L. We have σ−1(0) = 0 because 0 is defined over K. The lifting

of p maps 0 to z
�n . Acting by σ on z

�n we get z
�n + kz1(σ) ω1

�n + kz2(σ) ω2
�n .

Returning along the lifting of the path p−1 we get kz1(σ) ω1
�n +kz2(σ) ω2

�n . This

implies that a(z) = [k(z)]. �

We recall that π(EK\{0}; z,
0) is a π1(EK\{0},
0)-torsor. The group

π1(EK\{0},
0) is a pro-� group. Let π1(EK\{0},
0) ⊗ Q be its rational

completion. We denote by π(EK\{0}; z,
0) ⊗ Q the corresponding

π1(EK\{0},
0) ⊗ Q-torsor. Let p be a fixed path from 
0 to z. The set

π(EK\{0}; z,
0) ⊗ Q we identify with the set p · π1(EK\{0},
0) ⊗ Q.

Lemma 3.1.2. Let p be a path from 
0 to z. Let Y ∈ H� ⊗ Q. Then

there is a path p′ from 
0 to z in π(EK\{0}; z,
0) ⊗ Q such that

αz,p′(σ) = αz,p(σ) + σ(Y ) − Y
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for any σ ∈ GK .

Proof. The element Y ∈ H� ⊗ Q corresponds to y ∈ π1(EK\{0},
0)⊗
Q, whose image in π1(EK\{0},
0)ab ⊗ Q is Y . We have Λpy(σ) = k(y)−1 ·
Λp(σ) ·k(y) ·k(y)−1 ·σ(k(y)). This implies αz,py(σ) = αz,p(σ)+σ(Y )−Y . �

Corollary 3.1.3. The restriction of αz,p to GK(E(�∞)) is a homomor-

phism, which does not depend on a choice of a path p from 
0 to z.

Proof. The corollary follows from the proof of Proposition 3.1.1. �

3.2. Now we shall study the coefficient bz,p(σ) of log Λp(σ).

Lemma 3.2.1. Let z1, . . . , zn ∈ E(K) and let A be a Q-linear subspace

of E(K) ⊗ Q generated by z1, . . . , zn. Then we can choose paths pi from 
0

to zi in π(EK\{0}; zi,
0) ⊗ Q for i = 1, . . . , n such that the map

A � zi → αzi,pi ∈ Z1(GK , H�)

is a homomorphism.

Proof. We can assume that z1, . . . , zr, r ≤ n is a base of the Q-vector

space A. Let us fix paths qi from 
0 to zi for i = 1, . . . , n. We set pi = qi for

i ≤ r. Let k > r. If mk zk =
r∑

i= 1
mi zi for mk and m1, . . . ,mr in Z, then

[αzk,qk ] =
1

mk

r∑
i= 1

mi[αzi,pi ] .

It follows from Lemma 3.1.2 that there is a path pk in π(EK\{0}; zk,
0)⊗Q
such that

αzk,pk =
1

mk

r∑
i= 1

mi αzi,pi .

This finishes the proof of the lemma. �

Proposition 3.2.2. Let z1, . . . , zn ∈ E(K) and let m1, . . . ,mn ∈ Q�.

If
n∑

i= 1
mi zi = 0 in E(K)⊗Q� and if

n∑
i= 1

mi zi⊗zi = 0 in E(K)⊗E(K)⊗Q�
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then there are paths pi ∈ π(EK\{0}; zi,
0) ⊗ Q for i = 1, . . . , n such that
n∑

i= 1
mi bzi,pi is a cocycle on GK with values in Q�(1).

Proof. We recall from Corollary 1.2.2 that

σ(Xi) = αi
1(σ)X1 + αi

2(σ)X2 +
1

2
(αi

2(σ) − αi
1(σ) + (−1)i−1 χ(σ)) [X1, X2]

mod Γ3 L(X1, X2) for i = 1, 2. Let us set

di(σ) =
1

2
(αi

2(σ) − αi
1(σ) + (−1)i−1 χ(σ))

for i = 1, 2. It follows from Lemma 0.1.4 that

(3.2.3) bz,p(τ ·σ) = bz,p(τ)+χ(τ) bz,p(σ)+ d1(τ) · a1
z,p(σ)+ d2(τ) · a2

z,p(σ)+

1

2
(a1

z,p(τ), a
2
z,p(τ)) ∧

α1
1(τ) α2

1(τ)

α1
2(τ) α2

2(τ)

 a1
z,p(σ)

a2
z,p(σ)

 .

Let A be a vector subspace of E(K) ⊗ Q generated by z1, . . . , zn. It follows

from Lemma 3.2.1 that we can choose paths pi ∈ π(EK\{0}; zi,
0) ⊗ Q for

i = 1, . . . , n such that the map ϕ : A → Z1(GK , H�), given by ϕ(zi) = αzi,pi ,

is a homomorphism. This implies that

(3.2.4)
n∑

i=1

mi dk(τ) a
k
zi,pi(σ) = 0 for k = 1, 2 .

Let us consider the following map

φ : A⊗A⊗ Q� → Z1(GK , H�) ⊗ Z1(GK , H�)

given by φ(z ⊗ z′) = ϕ(z) ⊗ ϕ(z′) and

ψ : Z1(GK , H�) ⊗ Z1(GK , H�) → Maps (GK ×GK , H� ∧H�)

given by ψ(α1 ⊗ α2)(τ, σ) = α1(τ) ∧ τ (α2(σ)). Both maps are homomor-

phisms. Hence we get

(3.2.5)
n∑

i= 1

mi(a
1
zi,pi(τ), a

2
zi,pi(τ)) ∧

α1
1(τ), α2

1(τ)

α1
2(τ), α2

2(τ)

 a1
zi,pi(σ)

a2
zi,pi(σ)


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=
n∑

i= 1

mi αzi,pi(τ) ∧ τ (αzi,pi(σ)) = 0 .

It follows from 3.2.3 and 3.2.4, 3.2.5 that

n∑
i= 1

mi bzi,pi(τ · σ) =

n∑
i=1

mi bzi,pi(τ) + χ(τ)

n∑
i= 1

mi bzi,pi(σ) . �

3.3. Now we are looking for conditions when a linear combinations of

coefficients of arbitrary degree of log Λp(σ) is a cocycle.

Let σ ∈ GK . Let us set

log Λp(σ) ≡ a1
z,p(σ)X1 + a2

z,p(σ)X2

+

∞∑
n= 2

 ∑
i+ j =n− 2

bi,jz,p(σ)[. . . [. . . U,Xi
1], X

j
2 ]

 mod L′′.

Definition 3.3.0. We define functions βn
z,p from GK to

∧2 H� ⊗
Sn−2H� setting

βn
z,p(σ) :=

∑
i+ j =n− 2

i,j ≥ 0

bi,jz,p(σ)[. . . [. . . U,Xi
1], X

j
2 ] .

We recall that αz,p : GK → H� is given by αz,p(σ) = a1
z,p(σ)X1 +a2

z,p(σ)X2.

Let τ ∈ GK . We recall from section 1 that

τ(Xi) = αi
1(τ)X1 + αi

2(τ)X2 + ωi(τ) ,

where ωi(τ) ∈ Γ2L(X1, X2). Hence we get that

τ(αz,p(σ)) = a1
z,p(σ)(α1

1(τ)X1 + α1
2(τ)X2)

+ a2
z,p(σ)(α2

1(τ)X1 + α2
2(τ)X2)

+ a1
z,p(σ)w1(τ) + a2

z,p(σ)w2(τ) .

We define the degree n-part of τ(αz,p(σ)) setting

τ(αz,p(σ)) ≡
∞∑
n=1

τ(αz,p(σ))n mod L′′
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and requiring that τ(αz,p(σ))n belongs to a Q�-vector subspace generated

by [...[...U,Xi
1], X

j
2 ] for i+ j = n− 2.

Notation. The n-th symmetric power of E(K) we shall denote by

E(K)
n.

Proposition 3.3.1. Let z1, . . . , zn ∈ E(K) and let m1, . . . ,mn ∈ Q�.

Let A be a Q-linear subspace of E(K) ⊗ Q generated by z1, . . . , zn. Let

pi ∈ π(EK\{0}; zi, 
0) ⊗ Q for i = 1, . . . , n be paths from 
0 to zi such that

the map

A � zi → azi,pi ∈ Z1(GK , H�)

is a homomorphism. Assume that

i)
n∑

i= 1
mi(zi ⊗ zi) ⊗ z
N − 2

i = 0 in E(K) ⊗ E(K) ⊗ E(K)
N − 2 ⊗ Q�;

ii)
n∑

i= 1
mi zi ⊗ z
 k

i = 0 in E(K) ⊗ E(K)
 k ⊗ Q� for k = 0, 1, . . . , N − 1;

iii)
n∑

i= 1
mi z


 k
i ⊗ βN − k

zi,pi = 0 in E(K)
 k ⊗ Map(GK ,
∧

2 H� ⊗ SN − k− 2 H�)

for k = 1, . . . , N − 2.

Then
n∑

i= 1
mi β

N
zi,pi is a cocycle on GK with values in

∧
2 H�⊗SN − 2 H�,

i.e., it belongs to Z1(GK ,
∧

2 H� ⊗ SN − 2 H�).

Proof. Let τ, σ ∈ GK . It follows from Lemma 0.1.4 that

log Λp(τ · σ) = log Λp(τ) ◦ τ(log Λp(σ)) .

Comparing terms in degree N we get

βN
z,p(τ · σ) = βN

z,p(τ) + τβN
z,p(σ) + τ(αz,p(σ))N

+
1

2
[αz,p(τ),

τβN − 1
z,p (σ)] − 1

2
[τ(αz,p(σ))1, β

N − 1
z,p (σ)]

+
1

2
[αz,p(τ), τ(αz,p(σ))N − 1] +

a linear combination with rational coefficients of terms of the form

(3.3.2) [. . . [[αz,p(τ), τ(αz,p(σ))1], αz,p(τ)] . . . τ(αz,p(σ))1] ;
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(3.3.3) [. . . [[αz,p(τ),
τβN − k

z,p (σ)], αz,p(τ)] . . . τ(αz,p(σ))1] ,

[. . . [[βN − k
z,p (τ), τ(αz,p(σ))1], αz,p(τ)] . . . τ(αz,p(σ))1] ;

(3.3.4) [. . . [[αz,p(τ), τ(αz,p(σ))N − k], αz,p(τ)] . . . τ(αz,p(σ))1] .

Hence we get that

(3.3.5)
n∑

i= 1

mi β
N
zi,pi(τ · σ) =

n∑
i= 1

mi β
N
zi,pi(τ) +

n∑
i= 1

mi
τβN

zi,pi(σ)

+
n∑

i= 1
(linear combination with Q-coefficients of terms of the form 3.3.2 +

linear combination with Q-coefficients of terms of the form 3.3.3 for k =

1, . . . , N − 2 + linear combinations with Q-coefficients of terms of the form

3.3.4 for k = 1, . . . , N − 2.

Let τ1, . . . , τN ∈ GK . Let us consider a map φτ1,...,τN : A⊗A⊗A
N − 2⊗
Q� →

∧2 H� ⊗ SN − 2 H� given by

x1⊗x2⊗(x3⊗. . .⊗xN ) → αx1,q1(τ1)∧αx2,q2(τ2)⊗αx3,q3(τ3)�. . .�αxN ,qN (τN )

where each pair (xi, qi) ∈ {(z1, p1), . . . , (zn, pn)}. The map φτ1,...,τN is a

homomorphism. Therefore if we apply the map φτ1,...,τN to
n∑

i= 1
mi(zi ⊗

zi) ⊗ z
N − 2
i we get 0 by the assumption i). Hence in the expression 3.3.5

terms of the form 3.3.2 vanish.

Let τ1, . . . , τk, σ ∈ GK . Let

χτ1,...,τk,σ : A
 k ⊗ Map(GK ,

2∧
H� ⊗ SN − k− 2 H�) →

2∧
H� ⊗ SN − 2 H�

be a map given by

χτ1,...,τk,σ(x1 � . . .� xk ⊗ f) = pr(αx1,q1(τ1) � . . .� αxk,qk(τk) ⊗ f(σ)) ,

where pr : Sk H�⊗
∧2 H�⊗SN − k− 2 H� →

∧2 H�⊗SN − 2 H� is the natural

projection. The map χτ1,...,τk,σ is a homomorphism. Therefore the assump-

tion iii) implies that if we evaluate the map χτ1,...,τk,σ on
n∑

i= 1
mi z


 k
i ⊗βN − k

zi,pi

we get 0. Hence in the expression 3.3.5 terms of the form 3.3.3 vanish.
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Let τ, τ1, . . . , τk, σ ∈ GK . Let

ψτ,τ1,...,τk,σ : A⊗A
k ⊗ Q� →
2∧
H� ⊗ SN−2H�

be a map given by

ψτ,τ1,...,τk,σ(x⊗ x1 ⊗ . . .⊗ xk) = pr(τ(αx,q(σ))N−k

⊗αx1,q1(τ1) � . . .� αxk,qk(τk)) .

The map ψτ,τ1,...,τk,σ is a homomorphism. Therefore if we apply ψτ,τ1,...,τk,σ

to
n∑

i= 1
mi zi ⊗ z
k

i we get 0 by the assumption ii). Hence in the expres-

sion 3.3.5 terms of the form 3.3.4 vanish.

Hence we get

n∑
i= 1

mi β
N
zi,pi(τ · σ) =

n∑
i= 1

mi β
N
zi,pi(τ) + τ

( n∑
i= 1

mi β
N
zi,pi(σ)

)
. �

Corollary 3.3.2. Let z ∈ E(K) be a m-torsion point. Then there

is a path p from 
0 to z such that βN
z,p is a cocycle on GK with values in∧2 H� ⊗ SN − k− 2 H�.

Proof. It is enough to show that there is a path p ∈ π(EK\{0}; z,
0)⊗
Q such that αz,p = 0. We shall use the function k(z) : GK → H� which

appears in the proof of Proposition 3.1.1. If � does not divide m then we

can choose a compatible family of �n-th division points of z contained in

E(K). Then it follows immediately that k(z) = 0.

In a general case a (suitably chosen) compatible family of �n-th division

points of z defines an element Y of H�. Hence k(z)(σ) = σ(Y ) − Y. The

function k(z) is equal αz,p′ for some path p′. The cocycle αz,p′ is a cobound-

ary hence by Lemma 3.1.2 we can replace p′ by another path p such that

αz,p = 0. �

4. Measures

4.0. In this section we shall calculate explicitly the functions βn
z,p. In

fact they are already calculated in [5] and we only adopt calculations of

Nakamura to our more general picture.
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We recall from section 0 that E(C) = C/L. Let us set

Em := C/�m L .

Let pm : Em → E(C) be induced by the identity map of C. It is a Z/�m ×
Z/�m-covering.

Let us set

E0 := E(C)\{0} and Em
0 := Em\p−1

m (0) .

The restriction of the map pm to Em
0 ,

pm : Em
0 → E0

is also a Z/�m × Z/�m-covering. We have the following exact sequence

1 −−→ π1(E
m
0 ,
0m)

(pm)∗−−−−→ π1(E0,
0)
fm−−→ Z/�m × Z/�m −−→ 0 ,

where (pm)∗ is the map induced on fundamental groups, (pm)∗(
0m) = 
0 and

fm(x1) = (1, 0), fm(x2) = (0, 1). We recall that

π1(E0,
0) = 〈x1, x2, z | (x1, x2) z = 1〉

and

π1(E
m
0 ,
0m) =

〈
x�

m

1 , x�
m

2 , zab ; 0 ≤ a, b < �m∣∣∣∣ ∏
0≤ a,b< �m

za,b ∈ (π1(E
m
0 ,
0m) , π1(E

m
0 ,
0m))

〉
,

where zab := x−b
2 · x−a

1 · z · xa1 · xb2 for 0 ≤ a, b < �m.

We recall that the elliptic curve E is defined over a number field K. Let

σ ∈ GK . Then

x
−a2

z,p(σ)

2 · x−a1
z,p(σ)

1 · lp(σ) ∈ π1(E
m
0 ,
0m)
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for any m. Hence there are κma,b(σ) ∈ Z� such that

(4.0.0) x
−a2

z,p(σ)

2 · x−a1
z,p(σ)

1 · lp(σ) ≡
∏

0≤ a,b< �m

(a,b) �= (0,0)

(zab)
κm
a,b(σ)

mod (π1(E
m
0 ,
0m) , π1(E

m
0 ,
0m)) .

Assume that m′ < m. Then we have a commutative diagram

1 −−→ π1(E
m
0 ,
0m) −−→ π1(E0,
0) −−→ Z/�m × Z/�m −−→ 0� ‖

�
1 −−→ π1(E

m′
0 ,
0m′) −−→ π1(E0,
0) −−→ Z/�m

′ × Z/�m
′ −−→ 0 .

Hence we get a map

hmm′ : π1(E
m
0 ,
0m)ab → π1(E

m′
0 ,
0m′)ab .

Lemma 4.0.1. Let 0 ≤ a′, b′ < �m
′
and (a′, b′) �= (0, 0). Then we have

κm
′

a′,b′(σ) =
∑

0≤ a,b< �m

(a,b)≡ (a′,b′) �m′

κma,b(σ) −
∑

0≤ a,b< �m

(a,b)≡ (0,0) �m
′

(a,b) �= (0,0)

κma,b(σ) .

Proof. Observe that hmm′(za,b) = za′,b′ if (a, b) ≡ (a′, b′) mod �m
′
. If

(a, b) ≡ (0, 0) mod �m
′

then hmm′(za,b) = −
∑

0≤ a′,b′ <�m
′

(a′,b′) �= (0,0)

za′,b′ . The lemma

follows by applying hmm′ to both sides of 4.0.0. �

The system (κma,b(σ))m; 0≤ a,b< �m does not form a measure. To get a

measure we must modify it. To simplify the notation we set

κm0,0(σ) = 0 for m > 0 .
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Let 0 ≤ a, b < �m. Let (a, b) be such that (a, b) ≡ (0, 0) mod �r. Hence we

can write

(a, b) = (ar, br) �
r + (ar+1, br+1) �

r+1 + · · · + (am−1, bm−1) �
m−1 ,

where 0 ≤ ai, bi < �. For such pair (a, b) we set

κ
m,(r)
a,b (σ) := κma,b(σ) − κm(a,b)− (ar,br) �r

(σ) .

(κm(a,b)− (ar,br) �r
means κma−ar�r,b−br�r

).

Lemma 4.0.2. The system

(κ
m,(r)
a,b (σ))m>r

0≤ a,b< �m, (a,b)≡ (0,0) �r

is a measure on �r(Z� × Z�) which vanishes on �r+ 1(Z� × Z�).

Proof. It is clear from the definition of κ
m,(r)
a,b (σ) that it vanishes

on �r+1(Zl × Zl). Hence it is enought to show that we get a measure on

�r(Z� × Z�) \ �r+ 1(Z� × Z�).

Let m > m′. Using Lemma 4.0.1 we get∑
0≤ a,b< �m

(a,b)≡ (0,0) �r

(a,b) �≡ (0,0) �r+1

(a,b)≡ (a′,b′) �m
′

κ
m,(r)
a,b (σ) =

∑
0≤ a,b< �m

(a,b)≡ (0,0) �r

(a,b) �≡ (0,0) �r+1

(a,b)≡ (a′,b′) �m
′

(κma,b(σ) − κm(a,b)− (ar,br) �r
(σ)) =

κm
′

a′,b′(σ) +
∑

0≤ a,b< �m

(a,b)≡ (0,0) �m
′

(a,b) �= (0,0)

κma,b(σ) − κm
′

(a′,b′)− (ar,br) �r
(σ) −

∑
0≤ a,b< �m

(a,b)≡ (0,0) �m
′

(a,b) �= (0,0)

κma,b(σ) =

= κm
′

a′,b′(σ) − κm
′

(a′,b′)− (ar,br) �r
(σ) = κ

m′,(r)
a′,b′ (σ) . �

Hence we have measures

κ(0)(σ) := (κ
m,(0)
a,b (σ))m> 0

0≤ a,b< �m
on Z� × Z� which vanishes on �(Z� × Z�) ;
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κ(1)(σ) := (κ
m,(1)
a,b (σ))m> 1

0≤ a,b< �m

(a,b)≡ (0,0) �

on �(Z� × Z�)

which vanishes on �2(Z� × Z�) ;

...

...

κ(r)(σ) := (κ
m,(r)
a,b (σ))m>r

0≤ a,b< �m

(a,b)≡ (0,0) �r

on �r(Z� × Z�)

which vanishes on �r+1(Z� × Z�) ;

... .

Problem 4.0.3. Is
∑∞

i=0 κ
(i)(σ) a measure on Z� × Z� ?

Remark. If the sum∑
0≤ a,b< �

κ
1,(0)
a,b (σ) +

∑
0≤α,β < �

(a,b) = (�α,�β)

κ
2,(1)
a,b (σ) +

∑
0≤α,β < �

(a,b) = (�2α,�2β)

κ
3,(2)
a,b (σ) + . . .

converges then
∑∞

i=0 κ
(i)(σ) is a measure on Z� × Z�.

Let (a, b) ∈ Z/�m × Z/�m. Then we can write

(a, b) = (a0, b0) + (a1, b1) �+ (a2, b2) �
2 + · · · + (am− 1, bm− 1) �

m− 1

where 0 ≤ ai, bi < �. We set

sk(a, b) := (ak, bk) �
k + (ak+ 1, bk+ 1)�

k+ 1 + · · · + (am− 1, bm− 1) �
m− 1 .
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Lemma 4.0.4. We have x
−a2

z,p(σ)

2 · x
−a1

z,p(σ)

1 · lp(σ) =
∏

(a,b) 
≡ (0,0) �

(za,b)
κ
m,(0)
a,b (σ) ·

∏
(a,b)≡ (0,0) �

(a,b) �≡ (0,0) �2

za,b· ∏
(α,β) �≡ (0,0) �
s1(α,β) = (a,b)

zαβ

κ
m,(1)
a,b (σ)

· . . . ·
∏

(a,b)≡ (0,0) �r

(a,b) �≡ (0,0) �r+1za,b· ∏
(α,β) �≡ (0,0) �r

sr(α,β) = (a,b)

zαβ

κ
m,(r)
a,b (σ)

· . . . ·
∏

(a,b)≡ (0,0) �m−1

(a,b) �≡ (0,0) �mza,b· ∏
(α,β) �≡ (0,0) �m−1

sm−1(α,β) = (a,b)

zαβ


κ
m,(m−1)
a,b (σ)

.

Proof. Let (a, b) ≡ (0, 0) mod �r and (a, b) �≡ (0, 0) mod �r+ 1. Then

we have κma,b(σ) = κ
m,(r)
a,b (σ)+κ

m,(r+1)
sr+1(a,b)(σ)+ · · ·+κ

m,(m−1)
sm−1(a,b)(σ). This implies

the lemma. �

4.1. We shall calculate coefficients κma,b(σ) defined in 4.0.0. Let us fix

N > m. Let f0,0
m,N (z) be an elliptic function on C/�m+ 1 +NL which has

a pole of order 12 (�2 (N + 1) − 1) at 0 and zeroes of order 12 at points of

�m L\{0}. Let 0 ≤ a, b < �m. Let us set

fa,b
m,N (z) := f0,0

m,N (z − aω1 − b ω2) .

In the next lemma we shall describe monodromy of functions (fa,b
m,N (z))1/�

N
.

Lemma 4.1.1. Let 0 ≤ a, b < �m and let 0 ≤ x, y < �m+ 1 +N . The

action of π1(E
m+ 1 +N
0 ,
0m+ 1 +N ) on functions (fa,b

m,N (z))1/�
N

is given by

i) zx,y : (fa,b
m,N (z))1/�

N → ξ12
N (fa,b

m,N (z))1/�
N

if (x, y) ≡ (a, b) mod �m;

ii) zx,y : (fa,b
m,N (z))1/�

N → (fa,b
m,N (z))1/�

N
if (x, y) �≡ (a, b) mod �m.

Proof. The function fa,b
m,N (z) has a pole of order 12 (�2(N + 1) − 1)

in aω1 + b ω2. Hence za,b acts on (fa,b
m,N (z))1/�

N
as a multiplication by

ξ
−12 (�2(N+1) − 1)

�N
= ξ12

�N
. At each point xω1 + y ω2 such that (x, y) ≡
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(a, b) mod �m and (x, y) �≡ (a, b) mod �m+ 1 +N the function fa,b
m,N (z) has a

zero of order 12. Therefore zx,y acts on (fa,b
m,N (z))1/�

N
as a multiplication

by ξ12
�N

. �

Proposition 4.1.2. Let σ ∈ GK(E(�∞)) and let p be a path from 
0 to

z0 ∈ ̂E(K)\{0}. Then the coefficient 12κma,b(σ) is given by the Kummer

character

GK(E(�∞)) � σ

→
σ−1−Id(fa,b

m,N (0)1/�
N

) · σ(fa,b
m,N (z0)

1/�N )

σ−1−Id((a−12(�2(N+1)−1))
1/�N ) (f

a−a1
z0,p

(σ),b−a2
z0,p

(σ)

m,N (z0))1/�
N

·
(f

a1
z0,p

(σ),a2
z0,p

(σ)

m,N (z0))
1/�N

σ(f0,0
m,N (z0)1/�

N )
∈ µ�N ,

where a−12(�2(N+1)−1) is a leading coefficient of f0,0
m,N (z) expressed as a power

series of a parameter t at 0 on E0.

Proof. We consider the elliptic function ϕ0,0
m,N (z) on E, which has

a pole of order 12(�2(N+1) − 1) at 0 and zeroes of order 12 in points of
1

�1+N L\L. Let 0 ≤ a, b < �m. We set

ϕa,b
m,N (z) := ϕ0,0

m,N

(
z − a

ω1

�m+1+N
− b

ω2

�m+1+N

)
.

The elliptic functions ϕ0,0
m,N (z) and ϕa,b

m,N (z) (as functions of x = PL(z) and

y = P ′
L(z)) are defined over K(E(�∞)). On E at the point 0 we have a

local parameter t = −x
y . The functions ϕ0,0

m,N (z) and ϕa,b
m,N (z) expressed as

formal power series of the variable t have coefficients in K(E(�∞)).

Let f : E → E be a multiplication by �m+1+N . The functions ϕ0,0
m,N (z)

and ϕa,b
m,N (z) are elliptic functions on the source of the map f : E → E.

We shall consider them as multivalued functions on the target and we shall

study them as power series of the variable t on the target.

We shall study the action of τp(σ) := x
−a2

z0,p
(σ)

2 ·x−a1
z0,p

(σ)

1 ·p−1·σ·p·σ−1 on

these power series. The function ϕ0,0
m,N (z) has a pole of order 12(�2(N+1)−1)
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at 0. Let a−12(�2(N+1)−1) be a leading coefficient of ϕ0,0
m,N (z) expressed as a

power series of the parameter t on the target.

The action of σ−1 on the power series (ϕa,b
m,N (z)/ϕ0,0

m,N (z))1/�
N

is as fol-

lows

σ−1 : (ϕa,b
m,N (z)/ϕ0,0

m,N (z))1/�
N

→
(σ−1−Id)(ϕa,b

m,N (0))1/�
N

(σ−1−Id)((a−12(�2(N+1)−1))
1/�N )

· (ϕa,b
m,N (z)/ϕ0,0

m,N (z))1/�
N
.

Next by the analytic continuation along the path p we are in the point z0

and σ acts on the corresponding power series of a local parameter at z0 in

the following way:

σ : (ϕa,b
m,N (z)/ϕ0,0

m,N (z))1/�
N →

σ(ϕa,b
m,N (z0/�

m+1+N ))1/�
N

σ(ϕ0,0
m,N (z0/�m+1+N ))1/�N

·
(ϕ

−a1
z0,p

(σ),−a2
z0,p

(σ)

m,N (z0/�
m+1+N ))1/�

N

(ϕ
a−a1

z0,p
(σ),b−a2

z0,p
(σ)

m,N (z0/�m+1+N ))1/�N

·
(ϕ

a−a1
z0,p

(σ),b−a2
z0,p

(σ)

m,N (z))1/�
N

(ϕ
−a1

z0,p
(σ),−a2

z0,p
(σ)

m,N (z))1/�N
,

because σ(z0/�
m+1+N ) = z0/�

m+1+N + a1
z0,p(σ) ω1

�m+1+N + a2
z0,p(σ) ω2

�m+1+N .

Hence we get that τp(σ) acts in the following way:

(4.1.3) τp(σ) : (ϕa,b
m,N (z)/ϕ0,0

m,N (z))1/�
N →

σ−1−Id(ϕa,b
m,N (0))1/�

N

σ−1−Id(a−12(�2(N+1)−1))
1/�N

·
σ(ϕa,b

m,N (z0/�
m+1+N ))1/�

N

(ϕ
a−a1

z0,p
(σ),b−a2

z0,p
(σ)

m,N (z0/�m+1+N ))1/�N
·

(ϕ
−a1

z0,p
(σ),−a2

z0,p
(σ)

m,N (z0/�
m+1+N ))1/�

N

σ(ϕ0,0
m,N (z0/�m+1+N ))1/�N

· ((ϕa,b
m,N (z)/ϕ0,0

m,N (z))1/�
N
.

By the definition 4.0.0 we can write

τp(σ) = (
∏

0≤ a,b< �m

(a,b) �= (0,0)

∏
0≤ x,y < �m+1+N

(x,y)≡ (a,b) �m

(zx,y)
κm+1+N
x,y (σ))
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·
∏

0≤α,β < �m+1+N

(α,β)≡ (0,0) �m

(α,β) �= (0,0)

(zα,β)κ
m+1+N
α,β (σ)

mod [π1(E
m+1+N
0 ;
0m+1+N ), π1(E

m+1+N
0 ;
0m+1+N )].

Let 0 ≤ a, b < �m and let (a, b) �= (0, 0). It follows from Lemma 4.1.1 that

the monodromy of functions (fa,b
m,N (z))1/�

N
and (f0,0

m,N (z))1/�
N

along τp(σ)

is given by

τp(σ) : (fa,b
m,N (z))1/�

N → ξ

12

( ∑
(x,y)≡(a,b)�m

κm+1+N
x,y (σ)

)

�N
· (fa,b

m,N (z))1/�
N

and

τp(σ) : f0,0
m,N (z))1/�

N → ξ

12


 ∑

(x,y)≡(0,0)�m

(x,y) �=(0,0)

κm+1+N
x,y (σ)




�N
· (f0,0

m,N (z))1/�
N
.

Hence Lemma 4.0.1 implies that

(4.1.4) τp(σ) : (fa,b
m,N (z)/f0,0

m,N (z))1/�
N →

ξ
12κm

a,b(σ)

�N
· (fa,b

m,N (z)/f0,0
m,N (z))1/�

N
.

We have a commutative diagram

Em+1+N g←− E

pm+1+N ↘ ↙ f

E

where g is induced by a multiplication by �m+1+N of C. The map g is

an isomorphism of elliptic curves and it identifies functions ϕa,b
m,N (z) with

fa,b
m,N (z). The proposition follows from 4.1.4 and 4.1.3. �

4.2. The function f0,0
m,N (z) can be explicitly defined as

1/f0,0
m,N (z) = θm+1(z)·θm+2(z)

�2 ·. . .·θm+1+N (z)�
2N

=
θ(z, �m+1+NL)�

2(N+1)

θ(z, �m L)
,

where θm(z) := θ(z,�m L)�
2

θ(z,�m−1L)
and θ(z,L) is the fundamental theta function (see

[5] p. 203-204).
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4.3. We recall that we defined an inclusion

k : π1(E0,
0) → Q�{{X1, X2}} .

We recall from section 1 that the element U ∈ L(X1, X2) is defined by the

equality

k(u) = eU ,

where (x1, x2) · u = 1.

Lemma 4.3.1. We have

U ≡
∞∑

n= 1,m= 1

(−1)n+m−1

n! ·m!
[. . . [. . . [X1, X2], X

n−1
1 ], Xm−1

2 ] modL′′ .

Proof. Observe that

[. . . [. . . [X1, X2], X
α−1
1 ], Xβ−1

2 ] = (−1)α−1 Xα
1 ·Xβ

2

+ terms, which do not contain monomial Xα
1 ·Xβ

2 ,

when we decompose the Lie bracket as a sum of monomials. Hence we shall

calculate the coefficient of log(eX1 · eX2 · e−X1 · e−X2) at Xα
1 ·Xβ

2 . Observe

that taking into account only terms containing Xα
1 ·Xβ

2 we have

eX1 · eX2 · e−X1 · e−X2 = e

∞∑
n=0

(−1)n

n!
[X2,Xn

1 ]
· e−X2

=

e

∞∑
n=0

1
n!

Xn
1 ·X2

· e−X2 = (1 + eX1 · (eX2 − 1)) · e−X2 =

e−X2 + eX1 − eX1 · e−X2 = 1 − (eX1 − 1) · (e−X2 − 1) =

1 −
∞∑

n= 1,m=1

(−1)m

n!m!
Xn

1 ·Xm
2 .

This implies that

U =

∞∑
n= 1,m= 1

(−1)n+m−1

n!m!
[. . . [. . . [X1, X2], X

n−1
1 ], Xm−1

2 ] modL′′ . �
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Let a1, . . . , am ∈ Q�. Then there is a ∈ Q� such that a1, . . . , am ∈ Z� · a.
Let x, y ∈ Z� · a. We say that x ≡ ymod �n if x− y ∈ �n Z� · a.

Let us define coefficients Bi,j
z,p(σ) ∈ Q� by the following equality:

(4.3.2) log k(x
−a2

z,p(σ)

2 · x−a1
z,p(σ)

1 · lp(σ)) =

∞∑
i,j =0

Bi,j
z,p(σ) [. . . [. . . U,Xi

1], X
j
2 ] modL′′ .

The coefficients Bi,j
z,p can be expressed by bi,jz,p. For example B0,0

z,p = b0,0z,p −
1
2a

1
z,p · a2

z,p.

In the next proposition we shall work in Z� · a for some a. We shall not

give a explicitely but it will be clear from the proof that such a exists.

Proposition 4.3.3. Let σ ∈ GK . For any natural number n we have

Bi,j
z,p(σ) ≡

∑
0≤ a,b< �n

(a,b) �= (0,0)

κna,b(σ)
ai bj

i! j!
mod �n

in Z� · a for some a independent of n.

Proof. Applying the map k and then log to
∏

0≤ a,b< �n

(a,b) �= (0,0)

(za,b)
κn
a,b(σ)

(see 4.0.0) we get that the coefficient at [. . . [. . . U,Xi
1], X

j
2 ] is

∑
0≤ a,b< �n

(a,b) �= (0,0)

κna,b(σ) ai·bj
i! j! . To calculate the coefficient Bi,j

z,p(σ) we should understand

the contribution from the commutator [π1(E
n
0 ,
0n), π1(E

n
0 ,
0n)]. We have

three types of generators in the commutator subgroup: (x�
n

1 , x�
n

2 ), (x�
n

i , za,b)

and (za,b, zc,d). The elements (za,b, zc,d) have no contribution to the co-

efficient of log k(x
−a2

z,p(σ)

2 · x−a1
z,p(σ)

1 · lp(σ)) at [. . . [. . . U,Xi
1], X

j
2 ]. We have

log k((x�
n

1 , za,b)) =
∑

h=1, d=0, e=0

(−�n)h

h! · ad

d! · be

e! [. . . [U,Xd+h
1 ], Xe

2 ] modL′′,

hence the contribution to the coefficient Bi,j
z,p(σ) is in �n Z� · a.

It follows from Lemma 4.3.1 that log k((e�
nX1 , e�

nX2)) =
∑

α=1, β=1

(−1)α+β

α!β!

(�n)α+β [. . . [. . . [X1, X2], X
α−1
1 ], Xβ−1

2 ] modL′′. Assume that [. . . [. . . [X1,
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X2], X
α−1
1 ], Xβ−1

2 ] =
∑

i=α−1, j=β−1

aα,βi,j [. . . [. . . U,Xi
1], X

j
2 ]. We replace U by

the expression given in Lemma 4.3.1. Let us replace [. . . [. . . [X1, X2], X
i−1
1 ],

Xj−1
2 ] by si · tj . Then we get the equality of power series in commuting

variables s and t

sα · tβ = −(e−s − 1)(e−t − 1)

 ∞∑
i=α−1, j=β−1

aαβi,j s
i tj

 .

Hence we get

∞∑
i=α−1, j=β−1

as,ti,j s
i · tj = − s

e−s − 1
· t

e−t − 1
· sα−1 · tβ−1 .

These calculations allow us to determine a. Therefore the contribution of

(X�n
1 , X�n

2 ) to the coefficient Bi,j
z,p(σ) is in �n Z� · a. Hence we have proved

the proposition. �

Using Lemma 4.0.4 we can express the coefficient Bi,j
z,p(σ) as an infinite

sum of integrals.

Proposition 4.3.4. Let σ ∈ GK . We have

Bi,j
z,p(σ) =

∫
Z2
�\�Z2

�

xi · yj
i! j!

dκ(0)(σ) +

∫
�Z2

�\�2Z2
�

xi · yj
i! j!

dκ(1)(σ)+

∑
0≤α,β < �

(α,β) �= (0,0)

∫
�Z2

�\�2Z2
�

(α + x)i (β + y)j

i! j!
dκ(1)(σ) + . . .

∫
�rZ2

�\�r+1Z2
�

xi · yj
i! j!

dκ(r)(σ)+

∑
0≤α,β < �r

(α,β) �= (0,0)

∫
�rZ2

�\�r+1Z2
�

(α + x)i · (β + y)j

i! j!
dκ(r)(σ) + . . . .

We shall express the coefficients Bi,j
z,p as Kummer characters. First how-

ever we need the following lemma.
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Lemma 4.3.5. Let n be a natural number. Then
∑

0≤ a,b< �n

(a,b) �= (0,0)
aibj is

divisible by l2(n−1).

The proof of the lemma is elementary so we left it to the reader.

Proposition 4.3.6. Let σ ∈ GK(E(l∞)). Let i and j be two non nega-

tive integers. Let n and N be natural numbers such that n < N < 2(n−1).

The coefficient 12Bi,j
z,p(σ)i!j! mod �n−n0 is given by the exponent of the root

of 1,

∏
0≤ a,b< �n

(a,b) �= (0,0)

σ−1
((fa,b

n,N (0)
aibj

�N )

(fa,b
n,N (0))

aibj

�N

·
σ((fa,b

n,N (z)
aibj

�N )

(f
a−a1

z,p(σ),b−a2
z,p(σ)

n,N (z))
aibj

�N

∈ ξ
Z/�N

�N

taken mod �n−n0 for some n0 depending only on i and j.

Proof. The proposition follows from Proposition 4.1.2, Proposition

4.3.3 and Lemma 4.3.5. �

Corollary 4.3.7. The assumptions are the same as in Proposition

4.3.6. The coefficient 12Bi,j
z,p(σ)i!j! mod �n−n0 is given by the exponent of

the root of 1 ∏
0≤ a,b< �n

(a,b) �= (0,0)

σ−1((θ(−aω1 − bω2, �
nL)

aibj

�N )

θ(−aω1 − bω2, �nL)
aibj

�N

·
∏

0≤ a,b< �n

(a,b) �= (0,0)

σ((θ(z0 − aω1 − bω2, �
nL)

aibj

�N )

θ(z0 + (a1
z0,p − a)ω1 + (a2

z0,p − b)ω2, �nL)
aibj

�N

.

Proof. The corollary follows from 4.2 and Proposition 4.3.6. �

Remark. The corollary generalizes the formula (3.11.5) from [5].
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5. Functional Equations

5.0. Let m : EK → EK be the multiplication by a positive integer m.

Let E
(m)
0 := EK\m−1(0) and E0 := EK\{0}. We assume that K contains

coordinates x and y of all m-torsion points of E(K). This implies that E
(m)
0

is also defined over K. We have

π1(E0,
0) = 〈x1, x2, u | (x1, x2) · u = 1〉

and

π1

(
E

(m)
0 ,

1

m

0

)
= 〈y1, y2, za,b ; 0 ≤ a, b < m, (a, b) �= (0, 0)〉 ,

where y1 = xm1 , y2 = xm2 and za,b = x−b
2 · x−a

1 · u · xa1 · xb2 for 0 ≤ a, b < m.

Let z ∈ E(K(E(�∞)))\{0} and let p be a path from 1
m

0 to z, i.e., p ∈

π
(
E

(m)
0 ; z, 1

m

0
)
. Then m(p) is a path from 
0 to mz; m(p) ∈ π(E0;mz,
0).

The map induced by m on fundamental groups

m∗ : π1

(
E

(m)
0 ;

1

m

0

)
→ π1(E0,
0)

is an inclusion. We have

(5.0.1) m∗(lp(σ)) = lm(p)(σ) .

We define a multiplicative embedding

k : π1

(
E

(m)
0 ,

1

m

0

)
→ Q�{{Y1, Y2, Za,b | 0 ≤ a, b < m, (a, b) �= (0, 0)}}

sending yi to eYi and zab to eZa,b . The homomorphism of fundamental

groups m∗ induces a morphism of Q�-algebras

m∗ : Q�{{Y1, Y2, Za,b | 0 ≤ a, b < m, (a, b) �= (0, 0)}} → Q�{{X1, X2}}

given by

m∗(Yi) = m ·Xi for i = 1, 2 and m∗(Zab) =
∞∑

i,j = 0

ai · bj
i! j!

[. . . [. . . U,Xi
1], X

j
2 ]
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for 0 ≤ a, b < m and (a, b) �= (0, 0). The map m∗ is obviously compatible

with Galois actions.

We assume that the degree of Y1, Y2 and X1, X2 is one and the degree

of Za,b for 0 ≤ a, b < m is two. The map induced by m∗ on the associated

graded Lie algebras we denote also by m∗. This map

m∗ : Lie(Y1, Y2, Za,b | 0 ≤ a, b < m, (a, b) �= (0, 0)) → Lie(X1, X2)

is given by

m∗(Yi) = mXi , m∗(Zab) = [X2, X1] .

Let i+ j = n− 2. Then we get

(5.0.2) m∗([. . . [. . . Za,b, Y
i
1 ], Y j

2 ]) = mn−2[. . . [. . . [X2, X1], X
i
1], X

j
2 ]

and

(5.0.2) m∗([. . . [. . . [Y1, Y2], Y
i
1 ], Y j

2 ]) = mn[. . . [. . . [X1, X2], X
i
1], X

j
2 ]

on the associated graded Lie algebras.

5.1. Let ω = a ω1
m + b ω2

m (0 ≤ a, b < m, (a, b) �= (0, 0)) be an m-torsion

point of EK . Let

ia,b : E
(m)
0 → E0

be the composition of the inclusion E
(m)
0 ↪→ EK\{ω} and the translation

EK\{ω} → EK\{0}, z → z − ω. Let qω be a path from 
0 to −ω. Let

cqω : π1(E0,−ω) → π1(E0,
0)

be given by cqω(γ) = q−1
ω · γ · qω. Let

jω : π1

(
E

(m)
0 ,

1

m

0

)
→ π1(E0,
0)

be the composition jω := cqω ◦ (ia,b)∗. We have

jω(yi) = xi , jω(zab) = u , jω(zc,d) = 1 if (c, d) �= (a, b) .

The map jω induces

jω : Q�{{Y1, Y2, Zab | 0 ≤ a, b < m, (a, b) �= (0, 0)}} → Q�{{X1, X2}}
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given by jω(Yi) = Xi, jω(Za,b) = U , jω(Zcd) = 0 if (c, d) �= (a, b). The

induced map on associated graded Lie algebras

jω : Lie(Y1, Y2, Za,b | 0 ≤ a, b < m, (a, b) �= (0, 0)) → Lie(X1, X2)

is given by

jω(Yi) = Xi , jω(Za,b) = [X2, X1] , jω(Zc,d) = 0 if (c, d) �= (a, b) .

Let i+ j = n− 2. Then we get

(5.1.1) jω([. . . [. . . Za,b, Y
i
1 ], Y j

2 ]) = [. . . [. . . [X2, X1], X
i
1], X

j
2 ] ,

jω([[[Y1, Y2], Y
i
1 ], Y j

2 ]) = [[[X1, X2], X
i
1], X

j
2 ] and jω([[Zc,d, Y

i
1 ], Y j

2 ]) = 0

if (c, d) �= (0, 0) on the associated graded Lie algebras.

Finally we consider the inclusion i0,0 : E
(m)
0 ↪→ E0. Let q0 be a path

from 
0 to 1
m

0. Let j0 : π1

(
E

(m)
0 , 1

m

0
)

→ π1(E0,
0) be the composition

j0 := cq0 ◦ (i0,0)∗. The induced map on the associated graded Lie algebras

is given by

j0(Yi) = Xi and j0(Zα,β) = 0 .

Let i+ j = n− 2. Then we get

(5.1.2) j0([...[...Zα,β , Y
i
1 ], Y j

2 ]) = 0 ,

j0([...[...[Y1, Y2], Y
i
1 ], Y j

2 ]) = [...[...[X1, X2], X
i
1], X

j
2 ] .

We have

(iab)∗(lp(σ)) = lia,b(p)(σ)

and

lia,b(p)·qω(σ) = q−1
ω · lia,b(p)(σ) · qω · lqω(σ) .

Hence we get

(5.1.3) jω(lp(σ)) = cqω((iab)∗(lp(σ))) = lia,b(p)·qω(σ) · (lqω(σ))−1 .

It follows from 5.0.2, 5.1.1 and 5.1.2 that on the associated graded Lie

algebras modulo double commutators in degree n we have

(5.1.4) m∗ −mn−2

 ∑
ω = a

ω1
m + b

ω2
m

0≤ a,b<m

jω

 = 0 .
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We recall from 3.3 that

βn
z,p(σ) :=

∑
i+ j =n− 2

i,j ≥ 0

bi,jz,p(σ)[. . . [. . . U,Xi
1], X

j
2 ] .

The element U equals log(eX2 · eX1 · e−X2 · e−X1). Hence it follows that

U ≡ [X2, X1] mod Γ3L(X1, X2). Let Bn
z,p(σ) be the degree n part of βn

z,p(σ),

i.e.,

Bn
z,p(σ) :=

∑
i+ j =n− 2

i,j ≥ 0

bi,jz,p(σ)[. . . [. . . [X2, X1], X
i
1], X

j
2 ] .

Hence each Bn
z,p is a function from GK to

∧2 H� ⊗ Sn−2H�.

We recall that at the end of section 1.1 we have defined filtrations

{Gn(E
(m)
0 , 1

m

0)}n∈N and {Hn(E

(m)
0 ; z, 1

m

0)}n∈N of the Galois group GK .

Definition 5.1.5. Let z belong to ̂E(K)\{0}. Let r be a path from 
0

to z. Let us set

sn(z) := Bn
z,r |Hn(E

(m)
0 ;z, 1

m
$0)

for n ≥ 2.

One can easily show that sn(z) does not depend on a choice of a path

from 
0 to z (see [6] Theorem 5.3.1, where a related result is proved).

Theorem 5.1.6. Let z ∈ E(K)\{0} and let n ≥ 2. Then we have

sn(mz) = mn−2
∑

mω = 0

(sn(z + ω) − sn(ω)) .

(
sn(0) := sn(
0)

)
.

Proof. It follows from 5.0.1 and 5.1.3 that

(5.1.7) m∗(log Λp(σ)) = log Λm(p)(σ)

and

(5.1.7) jω(log Λp(σ)) = log(Λia,b(p)·qω(σ) · Λqω(σ)−1).
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Let σ ∈ Hn(E
(m)
0 ; z, 1

m

0). It follows from 5.1.4 and 5.1.7 that

log Λm(p)(σ) ≡ mn−2

 ∑
ω = a

ω1
m + b

ω2
m

0≤ a,b<m

( log Λia,b(p)·qω(σ) − Λqω(σ))


mod Γn+1L(X1, X2) + L′′.

This implies immediately

sn(mz) = mn−2
∑

mω = 0

(sn(z − ω) − sn(−ω))

= mn−2
∑

mω = 0

(sn(z + ω) − sn(ω)) ,

because sn(
0) = sn( 1
m

0). �
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