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Optimal Portfolio of Low Liquid Assets

with a Power Utility Function

By Koichi MATSUMOTO

Abstract. When an asset is completely liquid, an investor can
realize his desirable strategy. But when the asset is not sufficiently lig-
uid, the investor cannot trade the asset continuously and his strategy
is restricted. He has to consider the risk of the failure of the trade.

In this paper a risky asset is traded at the random times and an
investor has a power utility function. In this situation we solve an
optimal portfolio problem. We propose an asymptotic expansion of
the optimal strategy. Further we discuss convergence of the value
function when the asset becomes liquid.

1. Introduction

As various assets are traded in the financial market, the risk becomes
diversified and the liquidity risk becomes more important. Many people
study the liquidity risk from various points of view. First, Leland[6], Boyle
and Vorst[1], Kusuoka[5] analyze the replication strategy of the derivatives,
using the transaction cost. Secondly Subramanian and Jarrow[4] consider
the liquidation strategy, using the price impact and the execution delays.
In this paper we consider the liquidity risk from a different perspective. We
represent the liquidity by the success rate of the trade and consider the
optimal portfolio problem between the risky asset and the saving account.

We assume that an investor has a power utility function and he can
trade at the random times which are exponentially distributed. When the
investor trades the asset continuously, Merton|[7] solves the optimal portfolio
problem and gives the optimal strategy. But the investor cannot realize the
Merton’s strategy in our setting because he does not know when and how
many times he can trade. We show how different the optimal strategy is
from the Merton’s strategy.
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688 Koichi MATSUMOTO

This paper is organized as follows. The next section provides the setting
of the market and the main results of this paper. Section 3 shows the value
function and the optimal strategy. An asymptotic expansion of the optimal
strategy is discussed in Section 4. Finally convergence of the value function
is explained in Section 5.

The author wishes to express my deepest thanks to Prof. Sigeo Kusuoka
for the encouragement in this study. He is grateful to General Manager Sisou
Kataoka, Dr. Takashi Yasuoka and other members of Treasury Division,
The Mizuho Corporate Bank, Limited, for their considerable assistance of
this study. The author thanks also the anonymous referee for assistance in
revising the paper.

2. Main Results

Let (Q,F,P,{F;;0 <t < T}) be a filtered probability space satisfying
the usual condition. Under P, {B(t);0 < ¢t < T,B(0) = 0} is a {F:}-
Brownian motion and {P(¢);0 < ¢t < T, P(0) = 0} is a {3 }-Poisson process
with intensity A. We denote by ((t) the saving account and by S(t) a price
of a risky asset. They are assumed to be governed by 3(0) = 1, S(0) = Sy,

ap(t) = rp(t)dt,
dS(t) = pS(t)dt+ oS(t)dB(1)

where Sp, 7, ¢ and ¢ are positive constants and r < u. The investor invests
a part of wealth in the risky asset and the rest in the safety asset. Let the
amount invested in the risky asset be Wj(¢) and the amount invested in
the safety asset be Wy(t). The investor tries to trade the risky asset worth
of V(t) at ¢t but the trade succeeds only at the jump times of the Poisson
process. We fix constants wi, wg. For any predictable locally bounded
process V', we consider the following stochastic differential equations

dp(s)
B(s)

(2.2) Wl(t) = U)1—|—/0 Wﬂs—)?;i?-l—\/(; V(S)dP(S)

21) W) = wo+/0 Wo(s—) —/O V(s)dP(s),

Then these stochastic differential equations have a unique solution Wy(t),
Wi (t) by Theorem 14.6 of Elliot[3].
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We say V is an admissible strategy if V' satisfies
Wi (t—) < V(t) < Wy(t—)

for 0 <t <T. This means that the investor cannot make a short sale of the
low liquid risky asset and must not invest more risky asset than his total
asset. If V' is admissible, then Wy(t) and W;(¢) are nonnegative.

We denote by W (t) the total asset and by X () the fraction of the wealth
invested in the risky asset, i.e.,

W(t) = Wo(t) + Wi(t),
Wi(t)
Wo(t) + Wi(t)

Let v(t) be given by

V(t) + Wi(t—)

O = e T W)

By the It6 formula, we have
t
(2.3) W) = wo+wn +/0 Ws—)((j — )X (s—) + r)ds
t
—i—/o W(s—)X(s—)odB(s),
wi

(24) X(t) = ——— + /0 X(s=)(1—=X(s=))(u—r—0*X(s=))ds

+/0 X(s—)(1 - X(s—))odB(s)
_l’_

/ (v(s) — X(s-))dP(s).

0

We define a set of processes by
V[t,T] = {v|v is predictable and 0 < v(s) < 1 for t < s < T}.

If V is admissible, then v € V[0, T].
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For any v € V[0,7], (2.3) and (2.4) have a unique solution X (t), W ()
by Theorem 14.6 of Elliot[3]. We can show 0 < X (¢) < 1. Then

Wo(t) = W(H)(1 - X)),
Wit) = W(HX(),
V() = (u(t) - X({E=)W(t-)

is a solution of (2.1), (2.2) and V is admissible. Therefore there is a one-
to-one correspondence between Wy(t), Wi(t), V() and W(t), X (t), v(t).
Further, V' is admissible if and only if v € V[0, T]. Therefore we consider
W (t), X(t), v(t) and we call v a strategy instead of V. When we emphasize
that a process depends on v, we denote W (t), X (t) by W(t;v), X (t;v).

We take a power-utility function. Then our problem is to find an optimal
strategy v* which maximizes E[W (T;v)%] among v € V[0,T] for 0 < a < 1.
And the value function of the investor is given by

VAt z,w) = sup E[W(T;0)*|F| x0).w0)=(e0)-
veEVIL,T]
Let xg be
/J/ —Tr
T0= ————=
0 (1—a)o?

and we assume that 0 < xg < 1. When the risky asset is completely liquid,
the investor can trade the risky asset continuously and the optimal portfolio
problem can be solved explicitly. In fact, the optimal strategy v* and the
value function V*°(t, z, w) are given by

v>e(t) = =xo,
VO 2 w) = waexp<a<7’+2((1’u__7;§;> (T—t)>.

For the details, see Merton[8], Duffie[2], etc. In this case, v*°(t) is constant
and V*>°(t,z,w) does not depend on z. On the other hand, the optimal
strategy and the value function are more complicated when the risky asset
is less liquid.

Let A*(t,2) be a solution of

t
(2.5) AMt, z) = / D(t — s,2)e M=INANs)ds + D(t, z)e
0
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where
ANty = sup ANt x),
0<z<L1

D(t,y)=E [efé f(Yy(s»ds} 7

Fy) = alu =)y + ar — Sa(l - )%y’

and Y¥(t) is a solution of

dy¥(t) = YY) QA =YY(t))(u—1r —o?(1 —)Y¥(t))dt
+YY(t)(1 = Y¥(t))odB(t),
YY(0) = .
Note that Y¥(¢) has a unique solution by Theorem 14.6 of Elliot[3]. If

0<y<1,then 0 <Y¥Y(t) <1. Specially if y = 0 or 1, then Y¥(¢) =y. In
this paper we prove the following theorems.

THEOREM 2.1. The optimal strategy exists and the value function is
given by

VAt z,w) = w*AMT —t,z).

Specially if A is sufficiently large, an optimal strategy is unique and satisfies

1
[ (t) — 20| < Coy, 0<t<T

where Cy is some constant.

THEOREM 2.2. For all N € N there exists an approrimation of the
optimal strategy, vj}, such that

(2.6)  |urt) —un(t)] < Cn 0<t<T, \>An,

>\N+1’

DAt on (T — 1))

(2.7) o~

<Cn 0<t<T, A= An,

)\N+2’

. 1
(2.8)  |AMNt) — AMt,on(T —1)| < CNW’ 0<t<T, A>An
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for some constants Cn and Ay .

REMARK 2.1. We show how to construct vf{, recursively in Section 4.
Further we give v{‘ and vg‘ concretely by Corollaries 4.1 and 4.2.

THEOREM 2.3. For0<t<T,

VAt @, w) — VO, w)

and
(2.9) AV (t 2, w) = VAL, @, w))
— %wo‘a(l — a)o?el @)(T=1)

x ((x — m9)? + 23(1 — 20)?0c*(T — 1)) >0
as A — oo uniformly in 0 < x < 1.

3. Value Function and Optimal Strategy

In this section, we show the existence and the uniqueness of the optimal
strategy. After we show some lemmas, we prove Theorem 2.1.
By the definition we have D(0,z) =1 and

0D(0,x)

o f(=).

Since

—r \? a —7r)?
f(x):—%a(l—a)UQ <m—( a 2) +2( (p 2) +ar < f(xo),

1—a)o l—a) o
we have
(3.1) 0 < eminU O W < Dt 2) < f (0],
. oD(0,x
min((0), £(1)) < 2P0 < pa).

LEMMA 3.1. There exists a unique solution AMt) of

t
(3.2)  AMt) = sup /D(t—s,x)e_’\(t_s))\A’\(s)ds+D(t,w)e_/\t.
0<z<1 J0
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Further AMt) satisfies

(3.3) 0 < AMNt) < ef @,

PrROOF. Let
B = e,

t
ANt) = sup / D(t — s,2)e MINAN | (s)ds + D(t,z)e™, n>1.
0<z<1.Jo

Note that A}(t) is non-negative. By the definition and (3.1),

A - AD
< sup / D(t — 5, 2)e MDA () = Ay (s))ds
0<z<1
< [ TN NIN | (5) = ) (o) ds.
Substituting

ad(t) = |AN(t) — A (t)|eP T @)t

in the above inequality, we get

t t tn—1 to
aj(t) < )\/ ah_1(s)ds < )\”‘1/ / / ay(ty)dty - - - dty_odt, 1.
0 0 JO 0

By the definition and the integration by parts,
e

af(t) = sup E[/t(f(a:o) — f(Y®(t — S)))e—.lo Sf(xo)—f(Y”(u))due)\sds]

0<z<1

< K/ eMds

where K = supg<,<; f(20) — f(z). Therefore we obtain

t prtn—1 t1
AR / / / eModty - dty_odty_1
0 0 0

K, S0k
- X(eA_Z k! )

k=0

a)(t)

IN
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Then we have
n—1 k
A A K T - (At)
|@@_@4ngmw«yfﬂz7;>
k=0
Because the right side converges to 0, A)(t) has the limit A*(t) > 0 satis-

fying (3.2).
Suppose that A*(t) is a second solution of (3.2). Since

t
|AMNt) — AMNb)| < / ef(xo)(tf@e*(t*su‘AA(S) — AMNs)| ds,
0
we get
t
|AN(t) — ANE)|ePf@a)t < ) / eQf@)s | AX(5) — AMN(s)| ds.
0

Then we obtain )
() — (0] =0

by the Gronwall inequality. Therefore fl)‘(t) is a unique solution.
By (3.2), we have

t
CO-FE AN < 1+A/ewﬁmmgy$@.
0

By the Gronwall inequality, (3.3) is proved. OJ

REMARK 3.1. By Lemma 3.1 (2.5) has a unique solution. Similarly we
can show that when xp < 0 or 1 < zg, (2.5) has a unique solution.

LEMMA 3.2. The optimal strategy exists and the value function is given
by
VAt z,w) = wrANT —t,z).

PROOF. We denote the generator of Y*(t) by L. Since D(t,x) €
C2([0,T] x [0,1]),

LD(t,x) = z(1—x)(u—7r—0%1— a)x)%
—l—%ﬁ(l —z)?%0? 782252’ 2) .
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Let

04Nt @)

MA(t,w,U) = ot

Since D(t,z) is a solution of

0D(t,x)
ot

and D(0,x) = 1, we get

— LD(t,z) + f(z)D(t,z)

AN, x)
ot

Therefore we obtain

= LAt z) + f(2) AN, z) + MANE) — ANt 2)).

sup pa(t,z,v) =0
0<v<1

for0 <z <1.
Using the It6 formula, for v € V[0, T],

d(W (t;0)* ANT — t, X (t;v)))
= W(t—)"ua(T —t, X(t-),v(t))dt
+W (t—)%aX (t—)ANT — t, X (t—))odB(t)

WX ()1 X () AT —= X)) s

+W (t—=)(AMT — t,v(t)) — ANT —t, X (t—)))(dP(t) — \dt).

Since pa(T —t, X (t—),v(t)) < 0, we obtain

E[W (T3 0)*| Filx (0, (1) = () < w*ANT — t, ).

695

+ LANt, x) + f(2) ANt ) + M(AP (¢, v) — ANt ).

Because AT —t,x) is continuous with respect to z, there exists 9(¢) which

satisfies

ANT —t,0(t)) = sup ANT —t,z).
0<z<L1

Because v is a deterministic process and satisfies

E[W (T;9)*| F| (x (0w (6) =) = W*ANT — t, ),

A

v” is an optimal strategy. The result follows. [
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By Lemmas 3.1 and 3.2,

w® AN (t) V(T —t,0,w)

>
> E[W(T;0 = 0)*Fri]lx(r—=o,w(r—t)—w = 0™

and then
(3.4) AMNt) > et > 1.
Let
Bn:sup{ % OSiSn,OStST,OSwSI},

t
L,(t) —/ s"e ds,
0
At . 5
My(\t) = / e (ANt - )~ 1)ds
0

for i,5,n > 0. Also g*(t, ) is defined by

MNAME, ) — Mo(\,t) — 1)

(3.5) 9t ) Mi(\,t) + Lo(Xt)

Note that g*(t,x) has an absolute maximum at the same point as A*(t, z).
By (3.4) and Lemma 3.1,

(3.6) 0< Mp(At) < (eF@) — 1)L, ().

Also we can show

n ,
At)*
0 < Ly(At) =n! (1 —e M E Q) < n!
7!
i=0

and

L, (\t) < n!

L, (Xt) — m!

(3.7)

for 0 <m < n.
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LEMMA 3.3. Suppose that
2H,
A > OHy, 2L
max( 2 H3 )
where
1
H = Byel @)
! a(l — a)o? ’
H, = 1 2B4ef(x0)T,
a(l —a)o
Hs = min (1 — zg, o).

Then there uniquely exists h(t) which satisfies

Further h\(t) satisfies

Proor. By (2.5)

(3.8) AMt,z) =

By Taylor’s theorem,

A (t, w0 + WA (1))
ox

hA(t) < Hs.

= 0,

P (t) < 2H1§.

t
)\/ D(t — s,2)e M=) AN(s)ds + D(0, z)
0

t
+/e
0

At

s O0D(s, )

_ —AsD
Y e (s,z)ds

Ymeu (A -y -
; D()\,J:)e (A (t )\) 1)du
1 ™Mo _u
— —D(— - 1.
+)\ T ()\,x)e du +

1+ f@:)% + (9)2 /01(1 - 8)8—2D(s%,x)ds,

A ot*
u [1 o U
f(z) + X, ﬁD(SX’x)ds'

697
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Therefore we obtain

ANt z) = My(\t) +

At

(Mi(A, 1) + Lo(At)) f ()

>| =

ule (A’\(t — %) - 1) /01(1 —5)—5 & D(s Z,x)dsdu

by ot?

0
1 At B 1 82 U
+F/0 ue “/0 @D(sx,x)dsdu—i—l.

By (3.5) we have

(39) Pler) = F@) + (o) + gde)

where

e = [T (Da--1)

1 2 u
< [a-y (f Dl a)dsdu | (0.0 + Lo(A0),

At 2
Ptr) = / w [ ‘9—D( z )dsdu/(Ml()\,t)+Lo()\t)).

Differentiating ¢g*(, z) with respect to x and substituting x = x¢ + h,

89)‘(75, ro+h) dgr (t,xo + h) ﬁgg‘(t, xo+ h)
Ox = —ha(l — a)o” + A Ox Ox ’
y (3.6) and (3.7), we have
095 (t,x) By My(\ 1)
ox 2 My(\t)+ Lo(At)

Bs (/@) — 1)Ly(At)

< B(ef@0t — 1),

= 2 Lo(\t) =
g3 (t, x) Li(\t)
< .
Ox = B?’Ml()\,t) T Lo(At) — Bs

Similarly we get
gita)| < Baef0) —1),

(3.10) B(ta)| < B
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and
2 A
8 gal (27 x) S B4(ef(xo)t o 1)7
T
2g (t
(3.11) % < Bu.
We solve

A (t, zo + h)

=0
ox
by the successive approximation. Let
h(t) = 0,
1
hn(t) = ———
a(l —a)o
A A
(2tm b ®) | Ot @)\ L
Ox ox A
Then

|ha(t) = m(@)] =

1 (agw,xo) agéa,:co))l
* X

a(l —a)o? Ox Ox
Bze/ @)t 1 1

< — - < Hi—-.

T a(l—-a)e? X T )

We assume that for 2 < k <n
1
A (1) — h—1(2)] < F|h2(t)|~

From the assumption and (3.11), we get

| Pt x) | Pt 2)
Boe1(t) — hp(B)] < ———— 5 ) ’
[Fn1(t) @ a(l — a)02 ogggl Oz 22

xSl ®) = b1 (0)
1

a(l —a)o

IN

1
5 Bae o (8) = 1 1)
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< Hoglhn(t) b1 (0] < g lhn(t) — o a(1)

1
Sy ha (0]

Therefore we have for all n > 2,

<

Since

1 1
< ZFV&(W < 2lha(t)] < 2817,

we obtain for all n > 2,

Then h,,(t) has the limit h(t) satisfying

99 (t,x0 + h(t))

ox =0

and )
[h(8)] < 2H1+ < Hy.

Suppose that k() is a second solution which satisfies

9g™(t, zo + h(t))

ox =0
and )
|h(t)| < Hs.
By (3.11) we obtain
- Byel @0t 1 - Hy ~
|h(t) = h(t)] < mﬂh(t) —h(t)] < T|h(t) — h(t)]
< 1\h(t) — h(t)).

2
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Therefore h(t) is a unique solution and the results follow. [J
LEMMA 34. Forall0<t<T and <z <1
P t2) — ()| < Bael @7,
that is, g*(t,x) converges to f(x) uniformly when X tends to oc.
PROOF. By (3.9) and (3.10),
9(62) — £@)] < o) t,2) + (6. 2)]5 < Bael T LD

PRrROOF OF THEOREM 2.1. By Lemma 3.2 we have shown the first half
of Theorem 2.1. Let

1
T 504(1—04)02H§: sup  f(zo) = f(2),
|zr—z0|<H3
H, = QBzef(IO)T/El'

If A > Hy, by Lemma 3.4 we obtain

€1
Mt2) - 1 @) < 5
Suppose that
2H
A > max <2H2, —1,H4> .
Hj

If |z — zo| > Hs, then f(zo) — f(z) > €1 and then

Plan) ~ta) > (f) - 3a) - (1) + 5a)

> (f(xo) — f(z)) — e > 0.

Therefore g*(t,z) has a maximum in |r — zg| < H3. From Lemma 3.3
xo + kM (t) is a unique extreme point of ¢g*(t,z) in |z — x9| < Hs. The result
follows. [

REMARK 3.2. By the above proof, the optimal strategy can be repre-
sented by

oMT —t) = o + R\(t).
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4. Asymptotic Expansion of the Optimal Strategy

In this section we propose a procedure of an asymptotic expansion of h*
and then we give the poof of Theorem 2.2.

Let o
o 8I+JD(O,3:0)
” otoxd
Then we have
Doy = 1,
Dor = 0, k=>1,
o (u=r)?
_D = =
1,0 f(IO) 2(1 — Oé) 0_2 + ar,

D171 = f/(w()) = 0,
D1 2 = f”(.’]:'()) = —a(l — a)02,
Dl,k‘ = 07 k > 37

2
Dy = (2(101 ) (u ;QT)Q + ar> + %a(a — D)a3(1 — )30,
Doy = ala— 1)zl —x0)(1 — 2x0)0*
since
OIDUD) gy (ey)els 1070
821;(;, ) _ E[f(Y"(£))2e]s F07(s)ds

+ 11 (e (@)elo OOy () (1 - v (1))
X(u—r—0’(1-a)Y*(t))
+%f//(yac(t))€fot f(Yz(s))dsyac(t)Q(l . Yx(t))QO’Q].

For I,m,N € N and 0 < xg + h < 1, by Taylor’s theorem,

0" HD(t,zo +h) = 1 n -
otmox! Z n! Z < > t°h kDm—i—k,l—i—n—k + Ry(t,h,m,l)
n=0
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where

YN
_ kp N—k
Ry(t,hym0D) = > < L >t h
k=0
/1 (1 — )N o™t N D (st, 2 + sh)
o (NI gttt
Differentiating (3.8) with respect to x and substituting the above equations,

OANt, o + h)

X ds.

(4.1)

oz
1 & U ek
- [ (ZgZ( ) (3) 1 D
n=0""" k=0
—u [ AA _E .
+RN+1()\ h,0, 1)) (A (t-5) 1) du
1AM 1 u *
n—k
+ X/o (Z mZ( i ) <X> ™" Digg1n—kt1
n=0 = k=0
u _
—l—RN(XJz,l,l))e “du
N n n—k
h
= Z — Dkn—k+1
n=2 k=1 A
" n \ Mi(At) n n—1"7Y\ Lg_1(At)
k n! E—1 ) (n—1)!
—i—SN()\,t,h,l)
where
At i,
Sn(Mt R = /0 RNH(/\ h,0,1)e (A (t—x)—l) du
1 M U
— —,h, 1, e "du.
+>\/() RN()\’ ) 7)6 U
Since

NN 1
ENGRTEESD Sf G FATTE0 NS
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we get by (3.6) and (3.7)

SN()‘atahal)
4.2 _
(42) ‘ Lo(At) ‘
Byyt s/ N1\ [RNTEE ML (AL
> (N+ 1)[ — k )\k Lo()\t)
| By i N [ANTF Ly ()
NU 2\ k) 3T L)
< _DBnu NN (N1 [pNEIE S 0 g
= (N+1) k G

Suppose that 17, T, ... are independently uniformly distributed in [0, 1]
under P. Let

S0k
JANt:h) = e_)‘tZ—F(n—l—l,t;h),

F(n,t;h) = Eu[[[ DET:, w0 + h(tT1))]

where 2o +h € V[0,T], T; = 1 = Y/_| Tj and E,[] = E[| Y., T, = 1]. By
(3.1),

0 < emin(f((]),f(l))t S F(n,t, h) S ef(mo)t
(43) O < ernin(f(()),f(l))t S J)\(t’ h) S ef(ivo)t.

LEMMA 4.1.  AMt) satisfies

(4.4) ANt) = JNE D).
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PrROOF. By the definition
t
ANt) = / D(t — s, 20 + W) e A INAN5)ds + D(t, zo + h M (t))e ™.
0

Therefore we get for all N € N,
’\tOAA(tO) D(to, zo + h*\(t0))

+Z A" /to /tn 1 (” 1 —tit1,T0 + hA@z’)))

xD(tn,azo + 2 (tn))dty, - - - dty

to tn N A
+)\N+1/ / HD(ti—tH_l,-T()‘i‘h (tz))
0 0 i=0

XeAtN'*'lA)\(tN_H)dtN_,_l s dtl.

to tn—1 n—l
)\n/ / HD(ti —ti+1,$0+h)\(ti))
— 0 0 i=0

X D(tp, xg + h*(tn))dt, - - - dty

+oo to tn—1
Z)\n/ / ef@togs .. qt,

_ z Ao pwolto < (T Go))to.

n!

By (3.1),

IN

n=1

By (3.3),

N
0 < AN+L to... B HD(t'—t' A+,
= i i+1,To + h (tz))
0 i—0

Xe/\tN+1A>\(tN+1 Ydtni - - dty

t
)\N-Fl/ /N (zo)to )\tN+1dtN+1 d

X 1 n
—  f(@o)to (ehto _ Z a()\to) )

n=0

IN
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and the right side tends to 0 when n goes to co. Therefore we obtain

eMo A (to) = D(to, zo + h(tg))

+§An/t° /(Hm a4 W >>)

xD(tn,xo+h (tn))dty, - - - dty.
Since

D(to, xo 4+ hto)) = E1[D(toT1, z0 + b (toT1))] = F(1,t )

and
to tn—1 ” 1
/ / — tis1,m0 + B ()
xD(tn,a:Q + hA(t Ndty, - - - dty
n n+1 tn
= 0Em4IIDmEam+MmT»k:%Fm+1mhh,
i=1 ’
we get
to
Mo AN (tg jg:‘x" SF(n+ 1,0,

The result follows. [

By Taylor’s theorem,

1
log D(t, xo + h) = <D1’0 + §D172h2> t+ Z(t, xo + h)tQ

where

Z(t,2) :/0 (1—s) (%D(st,w)— <%> )/D(st,x)st.

Let
0" Z(t, )

A 0§i§n,0§t§T,0§x§1}.
ot'ox" "

L = sup{
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LEMMA 4.2. Let
hg(t) =0
for0<t<T. Then

1
(4.5) JNt; b)) — ef (@)t < Cy 0<t<T A=\,

(4.6) AN(t) = JA(E; hg)

1
30—2, OStSTv)\Z)\Oa
A

(4.7) ANt) — ef@0)t| < 0%, 0<t<T, A> X

for some constants C' and Ag.

PrOOF. By the definition,
F(n,t;h) = Eplexp <Z log D(tT;, xo + h(t]})))]
=1

n
1
eDl,otEn [exp (Z §D172h(tTi>2tT%
i=1

+Z(tTi, 0 + h(tﬂ))t222>]-

Since E1[>),_, T?] = 1 and for n > 2

(2

n
2
4.8) E § T?] =nE T2:n!/ Bdty_q---dt; = ,
4 n[¢:1 2 7] bdettaa<l n+1

we have

]eDlvOt—F(n,t; hy)| = eProt

exp (0) — E,[exp <Z Z(tT;, 330)75211'2) ]‘

=1

IN

n
€D170t+Zot2 Zot2En [Z Tf?]
=1

2
. €D170t+Zot Z()t2

n+1



708 Koichi MATSUMOTO

Therefore we get

leProt — JA(t; hE)| < Atz yDlot F(n+1,t;h%)|

n+1 In42

2
< 26D1,0t+Z0t Zo~

n+1
D1 ot+7Zot? 57 tf)\t n+1
< 2¢Protto /\ Z
t
- A
and then yields (4.5). For xg + ho, o + h1 € V[0, T,
(4.9)  |F(n,t;h1) — F(n,t; ho)|
n
1
< eP1ot B [exp (Z 5\Dmyho(tTi)Q V hy (8T T; + Zot2T3>

i=1

"1
Z §D1,2(h1(tTi)2 — ho(tT3)*)tT;

=1

+ (Z(tTy, o + hi(tT})) — Z (LT, 20 + ho(tT))))t2T2]

n
1 2 D
S e(D1,0+2‘D172|)t+Z0t En[i ‘ 27
=1

+ Z1|h1(tTi) — ho(tﬂ)‘tQTf].

(tT;)% — ho(tT})?|tT;

By Theorem 2.1 we get
|F(n,t; k) — F(n,t; hY)|

n

1
< e(D1,0+%|D1,2‘)t+Z0t2En[Z 5 ’D172|h>\(tTi)2tn + Zl‘h)\ (tT’z)’tQTE]
=1

C 2
< o(D1o+3]D12|)t+Zot? D —t Al P .
< e ’ 1 2‘ + A n+1

for some constant Cy. Therefore we get

PACI SR A]

e (0" ;
<MY T |F(n+ 1,60 = Fln+ 1, b))
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1 ca C, = ()1
< eDro+31D12D)t+Z0t> [ 21 1204 4 97 204 At
e 2’ 1,2|)\2 + 1>\2e 7;)(”+1)!n+2

1 C
< cOrorbDD A (LD iy + 224 ) S

By Lemma 4.1 we get (4.6). (4.7) is an immediate consequence of (4.5) and
(4.6). O

Let A
Glz,p) =+ > gz F

1=2 k=2

where v; ., 2 < k <4 are constants. We seek a formal power series of

U(z) = Z hjzj
j=1

such that
G(z,¥(z)) =0.

The solution of this problem is given by solving the equations in terms of
the coefficients of

oo 1
U(z) + Z Z'yi’kzk_llll(z)i_k = 0.
i=2 k=2
These equations are of the form

hT:_fYZ,Qu
Bt = Py b2 <k<i<j+1LI<j—1), j>2

where P; is a polynomial with positive integer coefficients. Therefore we
can solve recursively for the coefficients h7,j > 1 and they are uniquely
determined.

Replacing v; . by

Dy i—pt1 << i >%+( i—1 > Br—1 >
D172(a1+ﬂ0) k 7! k—1 (i—l)! ’
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Since h;f depends on a1, ...,aj4+1, Bo, - .., 3;, we denote h;‘f by
h;(9;)
where 19j = (051, sy Oy, 50, PN ,ﬂj).

LEMMA 4.3. For alln € N if there exist M,y, : [0, 00) x [0,T] — R for
0 <m < n+1 satisfying

(4.10)  (min(1,e’ M) — 1)L, (M) < Mp(\t)
< (@ _ 1)L, (M), 0<t<T,

there exists a constant Cy such that for 0 <t <T, X >0,

(4.11) [y, (0 (A1) < Cn,

i—k
n+l 1 n * )
(4.12) ZZFiyk(]\Z/k()\,t),Lk_l()\t))% (Z W) < Ang

J
i=2 k=1 j=1 A

where

I k(co, Bo) = Dri—kt1 << ]Z > % + < ;:11 > G f01)1> :
On(\t) = (My(\ 1), ..., Myi1(\ 1), Lo(At), ..., Ly(AL)).

PrOOF. By (4.10),

Mi(\t) + Lo(At) (min(1, /M) — 1)L (At) + Lo(At)

>
> min(1,e’MH L (At) > 0.

By (3.7) we have for 2 < k <i<n+1,

i k(Mi(\ 1), Li_1 (A1)
To1(My(At), Lo(At))
< ’Fi,k(Mk()‘a t)v Lk—l()‘t))’
~ |D12] min(l,ef(l)t)Ll()\t)
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( i > (ef @t _1)E!
k ) i'min(1, e’ M)

i—1 (k—1)!
+< kE—1 > (i—l)!min(l,ef(l)t)>

— |Dk,i—k+1|€f(x0)t
Dy o|(i — k) min(1, /D)’

Dy i
< ’ ki—k+1
D19

Since A} (6, (A, 1)) is a polynomial of

Fz,k(Mk()‘v t)v Lk—l()‘t))
Toq(Mi(M 1), Lo(At))

2<k<i<n+l,

we get (4.11). By I';1 = 0 for ¢ > 3 and the definition of A},

i—k
n+1

3 Ty x(My(\, ), Li—1 (1)) 1 Z”:hj

i=2 k=1 Ty 1(Mi(Mt), Lo(Mt))

COREO;(0 1) T STk (Mi (M 1), L1 (M) 1
= 2~ +ZZ (M (M 1), Lo(At)) AF1
=1 i=2 k= 1 0
i—k
= 5 (0;(\1))
2: JNTINTD
X ( 7)\j
j=1
. Ca
— )\’rH—l

for some constant C,, and then we get (4.12). O

LEMMA 4.4. Suppose that there exist My, n(\,t) satisfying

(413)  (min(1, M) — 1)L, (M) < My, x(M, 1)
< (eF@I DL, (M), 0<t<T,
(414) |Mn()"t) - Mn,N(Aat”

Lo(\t
<C ‘;(N), 0<t<T, 1<n<N+1
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for some constant C' and N > 1. Let
O n(Nt) = (MinAt), ..., My n(At), Lo(At),. .., Ly(At)).
Then for 1 < n < N there exist C,, and A\, such that
(4.15) |hy (O NN 1) < Cpy, 0<t<T, A > Ay,
" (O n (Nt
(4.16) |pMt) = > hiBin 1) Ai( )

i=1

0<t<T, A\> A,

(117) |22 o+ i hiOin A t)

. <C,
ox P A

0<t<T, \> A,

)\n+2 ’

(@18) [0 - ez + 3 M>'
i=1

<,

< Cnggggy 0<EST A2

PROOF. (4.15) is an immediate consequence of Lemma 4.3. We use
the mathematical induction to prove (4.16), (4.17) and (4.18). By Theorem
2.1, (4.1) and (4.2),

No n 1
@10 Y 0800 L0
n=2 k=1
DANt, zo + A (L))
Ox

No n h)\(t)n—k
_ Z Z T]_—‘mk(Mk(/\, t)7 kal()‘t))
n=1 k=1

Cny Lo(\t)
— )\No—‘rl

for some constant C’NO. Substituting 2 for Ny,

HhA(t)DLg (Mi (M 1) + Lo(M)) + %DM <M2(2A’ b, Ll(At)) ‘

_ CaLo(M)
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By (4.14) and the definition of A}, we have

1 1 My(\,t

SO O ) D12 (60 8+ Lo + 53 Dan (257 4 a0 )

R (01 (M 1) Dia
)\2

Doy (Mo n(At)

A2 2

Lo(At)

)\N—Q—Q

<

(Mi,n (A ) + Lo(At))

Lo(At)

+ +L1()\t)>'+01W

-

for some constant C'j. Therefore we get

‘3 <hA(t) - M) D (Mi(A\ 1) + Lo(M))

A A
1 1 My(\, ¢
< ‘Xh’\(t)Dl,z (Mi(A,t) + Lo(At)) + PDQ’I <% + Ll()\t)) ‘
1
+ ?hi(gl,N(/\,t))Dm (M1 (A, t) + Lo(At))
| M(, 1)
—D L
+>\2 2,1 ( 5 T 1(/\75)>'
Lo(At)
< O 33
for some constant C{. By (3.6) and (3.7),
L.OW) L)
4.2 < <n!
(420 O = M0+ LoOd) = Lo ="
and then
* ! /
w0 GiLOn 1 ¢ 1
A [D12| (Mi(A ) + Lo(At)) A* — D12 A
When

o C1Lo(Mt) 1
W) = Ol < 5L ) + LoD X
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we have

OANt, o + h(t)) ‘

OAME 30+ h(t) DAt mo + H(E) ‘

Ox Ox a ox
h(t) — k(¢ 1
< hit) — W(E) 3 ( )Dl,z (M1(A,t) + Lo(At)) +C{'F
! 1 1
< (G + CI)F
for some constant C7. Then we get
9AN hi (018 (M 1)) 1
E(t,xo t—— )] = (C1+ Ci’);
and
At a0+ 1) — A1, + O AD),
< h)\(t) _ hi (917]\[()\,0) ‘
A
AN,z + h) ' N Ch Lo(\t) 1
X ———=|||P(t) = R < —
“m{ or | |" M S DL GRO + Lo00) ¥

ci(ci+cy) 1
- |Dia] X
The assertion holds for n = 1.

Suppose that the assertion holds for n < N; < N — 1. Substituting
Ni + 2 for Ny in (4.19),

CN1+2LO()\t)
)\NH—S ’

Ni+2 n 1
3 Z_k )L k(M (A 1), Li—1 (At))| <

By Lemma 4.3 and (4.14), we have

Sy (MHWN&NMJ»

n—k
> Y EZ‘L—jr——> Lo k(Mi(A, 1), L1 (M)

n=2 k=1
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Ni+2 n Ni+l 4 g n—Fk
<Y = 3 (Z W) Lk (Mi, N (A1), Li—1(At))

n=2 k=1
Lo(At)
HomSER

Lo(At)
)\Nl —+3

< Cy,

for some constant Cy, and C}Vl. By the induction hypothesis (4.16), we
obtain

Ni+1 5 4
s (/ﬁ(t) -y M) Dia (Mi(\,1) +L0<At>>‘

i=1 A’
Ni+2 n 1
< DD SR T k(MM ), L1 (ML)
n=2 k=1 A
Ni+2 n Ni+1 4 n—k
HE Y w2 PONID ) b 1), s (M)
n=2 k=1 A A
Ni42 n Ni+41 n—k
1 n—k hi (0i,n (A t))
P3Py Ui (Z R
n=3 k=1 i=1
X Fn,k(Mk()‘7t)7Lk—1(>‘t))
" LO()‘t)
- N AV1+3

for some constant C; . By (4.20),

MYPRIR S UM X)) Ch o) 1
i=1 X = [Dig| (My(A,t) + Lo(At)) \N1+2
Cy, 1
| Dy o] \M1H2°
When

Cy, 1

Mt — h(t)] < —2 __—
W) =~ hO] < T
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we have

OAMt,zo + h(t))|
ox o
Ni+2 n

Z Z G (hA — h(t )nfk) ka(Mk()\,t),Lk_l()\t))‘

n=2 k=1

_|_C/// 1 " 1
N1 )\N1+3 = ~N )\N1+3

DAt w0+ h(t)  OANE,mo + h(1))
ox ox

for some constants C, and C/. Then we get

814)‘ gl h*(ez N()\ t)) " 1
B (bt 2, T = i
and
N1+1
ANt o + WA (E)) — ANtz + Z S (2, t)>))‘

Ni+1

hA(t) i Z h:((e%N()‘a t)) |

(]
i=1 A
X sup {

DANt, zo + h)
C C//// 1

ox
’D1,2| A2(N1+1)+3°

Cn, 1
A
w0 - nl < " MM}

The assertion holds for N7 + 1 and then it holds for all 1 <n < N. [

LEMMA 4.5. Suppose that X is sufficiently large and h(t) satisfies
0 < xo+ h(t) <1, 0<tgﬂ
[PA(t) = h(t)] < C—xgg, 0<t<T

)\NJrl’

for some constant C'. Let

At
" _ n_—u Y E,~ -
Ma(\8) _/0 ule (J (t=53h) 1) du.
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Then
(4.21)  (min(1, e’ M) — 1)L, (At) < M, (A, )
< (ef@ DL, (M), 0<t<T,
4.22) | M, () M, () <CLO(>\t) <t<T
(' ) | n( 7t)_ TL( 7t)|— n)\N+2’ O_t

for some constant C,,.

PROOF. By (4.3), we get (4.21). By (4.8) and (4.9),

|F(n,t;h*) — F(n,t; h)|
< 6(D1,o+%|D1,2|)1t+zot2

n 1 B B
X En[Y 5 1D1allhA(ET;)? = h(ET;2 [T + Za [ W (ET) — R(ET) |17
i=1

< o 1 1 #
— 1 )\N—|—2 + >\N+1n+1

for some constant C. Therefore we get

oo n
[0 = TMNER) < ey %rﬂn +1,6:8Y) = F(n+ 1,8 1)
n=0 :

L O G Ee_’\ti M)+ 1
> /\N+2 )\N—H)\ — (n+1)!n+2
< Ci(1+1T)

— )\N+2

and then

|Mn()‘7 t) - Mn()‘7 t)‘

At m u ~
< / ue™ | JMt — < hY) — JMNt — —;h)|du
0 A A
Ci(1+T n!Ci(1+7T
< Ln(At)% < Lo(”)%

The result follows. [J
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PrROOF OF THEOREM 2.2. We use the mathematical induction. Let
M1\ t) = (ef (w0}t _ 1) Ln(\).
By Lemma 4.2,

| My, (A, t) — Mp 1 (A, )]

At
< ue " J)‘t—g;h)‘ —1)du
| e (e = Say -1)
At
_ / o <€f(xo)(t*%) _ 1> Ju
0
N Fwo)(t— 1) Fao)t
+/ ue (el VFONTX) — 1) du — (e — 1 Ln)\t‘
0 ( ) du— ) Ln ()
< 0, L) + Lua (M)

A

for some constant C. By Lemma 4.4 the assertion holds for N = 1.
Suppose that it holds for N < Nj. Let hf‘vl (t) = Uj\vl (T —t) —xp and

u

At
Myt = [ e (P -
0

) — 1) du.
By Lemma 4.5

(min(1, e’ M) — 1)L, (M) < My vy 11(\ 1)
< (ef@ _ 1)L, (At), 0<t<T,
’Mn(Av t) - Mn,N1+1()\a t)‘

< Oy 0<t<T, 1<n<Ni+2

)\Nl +27
for some constant Cy,+1. By Lemma 4.4 the assertion holds for N = N; +1
and then the result follows. [

REMARK 4.1. By the arguments before Lemma 4.3 we have shown how
to determine hj, recursively. Further we have shown how to construct M, n
successively by the proof of Theorem 2.2. Therefore we can construct vj},
successively. In the following corollaries we give vi\ and v%.
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COROLLARY 4.1. Let

Doa(a2/2+ )
Dis(ar + Bo)

Mai(Mt) = (ef<w0>t—1) Lu(Mt),
B11(\t) = (Mii(A\t), Ma(\t), Lo(At), L1 (A)).

hj{(alv O‘Z)B()vﬂl)

Let vf‘ be given by

hi(011(A 1))
A
= x9—02xo(1 — x0)(1 — 220)

(eﬂfﬂo)t - 1) Lo(A\t)/2 + Ly (ML)
(ef (z0)t _ 1) Li(M\) + Lo(Mt)

vi‘(T—t) = o+

X

>| =

for 0 <t <T and v} (T) = zo. Then v} satisfies (2.6), (2.7) and (2.8) for
N =1.

Note that A} and (z¢o — 1/2) have same signs. Also when we invest for
a short period, h3(61,1(X,t))/A becomes negligible since

hi(01,1(A 1)) ‘ < Dy

D12

(e @)t _ 1) Lo(At)/2 + Ly (M)
Lo(At)

lim
t—0

lim
t—0

=0.

A

>| =

COROLLARY 4.2. Let

h;(ala a2, a3, 507 ﬁla ﬁ2)
as

« *
Dy 5 (72 + 51) hi(oa, a2, o, B1) + D3 <3, + %)

D 2(a1 + fo) ’

At Y
) = /0 ue " <J/\(t -V hy) — 1) du,

h(t) = (T —t) — o,
) = (Mis(\t), Masz(At), Lo(At), Li(At)),
) = (Miz(At), Maz(At), M33(A,t), Lo(At), L1(At), La(At)).
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Let vﬁ‘ be given by
2

Ry (0 3(\ t
v%(T—t):a:o—i-Zil( /3\5 )
=1

for 0 <t < T and va(T) = zo. Then vy satisfies (2.6), (2.7) and (2.8) for
N =2.

5. Limit of the Value Function

In the previous section, we have shown that the optimal strategy con-
verges to xg when X tends to oo. In this section we show the limit of the
value function.

PrROPOSITION 5.1. There exist C > 0 and Ao > 0 such that

8A)‘(t, xo)
ox

1

(1) 5

<C 0<t<T, A> N,

1
(5.2) ’A)‘(t,:co + hAt)) — AMNt, zo)| < CF’ 0<t<T, A> X

PROOF. By Theorem 2.1 when X is sufficiently large, |h*(t)| < Co/A
for some constant Cy. When |h(t)| < Cy/\, we have by (4.1) and (4.2)

DAN(t, xo + h(t)) 1
< _
Ox = Co A2
for some constant C{y. Therefore we get
A A
0A%(t,xo + R (1)) SC’S%
Ox A

and

OANt, xo + h)

ANt + 1A(1) = A(tao)| < RO sup =

|h|<Co+

1
< COC{)F. O
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LEMMA 5.1. There exists C1 > 0 such that
1

Since

t
JNt; h) — <ef(x°)t + QZ(o,xO)ef(“)tX) ’ <Oy o 0stsT
PRrROOF. In the similar way to (4.8), we have
E [Zn: T?’} - #
niil ! (n+2)(n+1)’
= 24
B TY = .
[; i (n+3)(n+2)(n+1)
! 1
By TiTy] = / 11— t)%dty = —,
0 30
E,[T{T5] = (n—1)! / tsdtn 1 - dty
ty ot 1<1
4
= n >3,

(n+3)(n+2)(n+1)n’ -

we have for all n > 2

Since

22 _ 4
EOL] = Ggmsamson
En[(Zﬂ?) | = nE,T{]+ (n® —n)Eu[T{T3),

we get

2
]

- 28n — 4
Ed(;]’f) - n+3)(n+2)(n+1)

for all n > 1. Therefore we obtain

2 *
eProt (1 + Z(0, l‘o)t2n—+1> — F(n,t; hg)

2 n
— Dot |1 4 Z(O’xo)tzn——i—l — E,lexp (Zl Z(tT5, $0)t2Tz’2>]‘
1=
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n

— Dot En[Z(Z((),»TO) o Z(tTi, xo))tQTiQ
=1
n 2 1 n
- (Z Z(tﬂﬁxo)tQTf) / (1 —s)exp <SZ Z(tTi,xo)tQTl?) ds]
=1 0 i=1
< €D1’Ot21t3 Z T3 D1 Otz2t4 exp Z[)t (Z T2>

eD1.0t43 (6Z1 + 14th exp (ZotQ)) !

CEDICES
Then we get

% n 9
_ (At) 2t i}
e Atz —n' eDl,Ot 1 4 Z(OaxO)n _ JA(t, ho)
n=0

+2
e (M)
e nl
n=0

2
D10t <1 + Z(0, xo)t ?> — F(n+1,thf)

TL+2
< (o 4 10t () P e 0 SO

< (62 + 14Z5t exp (Zot?)) eDl»Ot%,
Since

n—+ 2

Dy ot ¢ e A" b 21°
e 1o <1+2Z(0,:p0)x —e Z e LR 1+ Z(0,20)

n+1
< 22(0,x0)e"" Ot —e M Z Q)™ ntl

( DIn+2

=22(0,z0)e™ Ot ‘MZ " < 22(0, zg)ePr0t

we have

t
J)\(t; hS) _ eDl,Ot (1 + 22(0,$0)X) ‘

< (621t + 14Z5t% exp (Zot®) +2Z(0,20)) Dot L
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The result follows. [J

LEMMA 5.2. There exists Ch > 0 such that

DJN(t; hiy)

o — flxo)ef @)t <

PROOF. By the definition, J*(t; b)) satisfies

t
T RE) = A / Dt — s, 20)e ) 7N (51 ) ds + D(t, z0)e ™.
0

Differentiating this with respect to t,

317)‘((92; ho) )\/Ot oD(t (;ts’xO)e_Mt_s)J)‘(s;hE’;)ds " 8Dg£$0)e_/\t'
By Lemma 4.2,
RS Dy
ot ’
< ‘)\/t Me—,\(t—s)eDmsds + Me—)\t - D, OeDl,ot
0 ot ot ’
1
+ CX
_ ‘—/(;t (_82D(tat—25,xg) N dD(t gts,xO)Dw) A=) D05 g
1 1
+05 < C’X

for some constants C' and C’. The result follows. [J

PROOF OF THEOREM 2.3. By (2.5) and Lemma 4.2,

t
1
‘A)‘(t,x) - (/ D(t — s,2)e MINJN (s; b)) ds + DI, x)e”) ’ < C’F
0
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for some constant C'. By the integration by parts,

‘A)‘(t,x) - (JA(t; hy) /Ot (—L(t 58 i)

ot
N[ . L*
ot
1
< C?.

By Lemmas 4.2, 5.1 and 5.2,

ANt x) — ef @It _27(0, :Eo)ef(mo)t§

t —
— / <w&c(m)s — D(t — s, x)f(xo)ef(x°)5> e M9 g
0

1
!
SO
for some constant C’. Then

lim AMt,z) = ef(@o)

A—00

and

lim A(ANt,z) — f@)ty = 22(07xo)ef<xo)tt+%emo)t

A—00 t
~ D(0,)f (xg)e! )"
= 22(0,0)e! 't + (f(2) = f(wo))e! .

By the definition we have

1
flx) = f(zo)— §a(1 — a)o?(z — x0)?,
1 Dy oDy — D 1
2(0,30) = / (1— 522000 = Fio g Lip, —p2)
0 DO,O
1 2 4

The results follow. [J




Optimal Portfolio of Low Liquid Assets 725

REMARK 5.1. When 0 < ¢ < 1 is not satisfied, the optimal strategy is
trivial, regardless of liquidity of the risky asset. When zg < 0, the optimal
strategy is v* = 0 since f(z) < f(0) for 0 < z < 1. Also when zg > 1, the
optimal strategy is v* = 1 since f(x) < f(1) for 0 < 2 < 1. In both cases,
the value function is represented by the form of (2.5) and when the asset is
completely liquid,
waear(T—t), z < 0,

Vet z,w) = { w® exp ((a,u — %a(l — a)02> (T — t)> , x> 1.

Note that the optimal strategy does not depend on .
Suppose that zg < 0. Since

t
P = /ef(O)(t—s)e—A(t—s))\AA(S)ds_i_ef(o)te—At’
0

we obtain A*(t) = /(0. By the integration by parts, we get

t
Atz = O / _OD(t—5,2) o)
’ 0 ot

+ D(t — s, a:)f(O)ef(O)S> e M=9) g,
Therefore we obtain for 0 <t < T

VAt x,w) — wel OT—=t) — Vou(t, z,w),
AV®(t z,w) — V)‘(t,ac,w)) — w*(f(0) — f(x))ef(o)(T—t) >0

as A — oo uniformly in 0 < x < 1.
Suppose that x¢g > 1. Similarly we get for 0 <t < T

VAL, x,w) — wef DT = vt 2 w),
)\(Voo(t,l', w) — V)‘(t,x,w)) — wo‘(f(l) _ f(x))ef(l)(T—t) > 0

as A — oo uniformly in 0 < x < 1.
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