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An Integral Formula of Mellin’s Type and

Some Applications to Microlocal Analysis

By Shota FUNAKOSHI and Kiyoomi KATAOKA

Abstract. We introduce an integral formula of Mellin’s type for
holomorphic functions without any growth order restriction. We apply
this formula to solve some partial differential equations in complex
domains. These equations appear in the study of the second microlocal
analysis along Lagrangian submanifolds. As an important application,
we have an extension of Funakoshi’s solvability theorem in [3] to the
case without any growth order restriction.

1. Introduction

We introduce an integral formula of Mellin’s type for holomorphic func-
tions defined in D x 2 C (CZ/_l x C,, , where Q is an angled domain with
a corner z, = 0 in C. We apply this formula to solve the following partial
differential equations in D x €:

> Ga(2)0 (200,)u(z) = £(2),

la|<m

where a,(z) are holomorphic functions with condition:

o/ o!
(a(a’,O) (l‘ 70)> 7é 07 a(O,...,O,m) (J} 70) 7& 0.

la!|=m
These operators appear in the study of the second microlocal analysis along
Lagrangian submanifolds. As an important application, we have an exten-
sion of Funakoshi’s solvability theorem in [3] to the case without any growth
order restriction for f(z); for example, this extension directly implies the
solvability of the equation

S (@) (@00s, ) u() = f(2)

la|<m
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o!
in the space of hyperfunctions for any given hyperfunction f(z) at (x,0)
under the transversally elliptic condition:

1S aa@) /m0) 0| ~ (al + [ ral)™

|laf=m

We give the plan of this paper.

In Section 2, we introduce our main results; an integral formula of
Mellin’s type for holomorphic functions and the solvability theorems for
some partial differential equations. We also review the theory of second mi-
crolocal analysis, some existence theorems for the 0 operator and a Cauchy-
Kovalevski theorem with a large parameter.

In Sections 3 and 4, we give the proofs of our main theorems.

2. Statements of the Main Theorems

2.1. An integral formula of Mellin’s type for holomorphic func-
tions
We denote by O the sheaf of holomorphic functions on C"™* = CZ,*l xC,,,
and by D’ the sheaf of Schwartz distributions on CZ,_l x R, x Ryp. Let
D, D' ¢ C* ! be pseudoconvex domains with D’ € D and let r, at+ be
constants with 0 < r < 1, 0 < a- — a4 < 2r. We set I} = (0,7/2),
I =(-7/2,0).

THEOREM 2.1. Let D, D’ r,ay be as above. Let f(z) be a holomorphic
function on D x{z, € C;0 < |z,| <7, ay < argz, < a_}. Then there exist
functions fo(z) € O(D' x {z, € C;|z,| < r}) and g+ (2, \) € D'({(#',p,0) €
D' x R x I.}) with X\ = pe' satisfying the following integral formula for
2 e D and z, € C with 0 < |z,| <71, ay < argz, < a_:

(2.1) £(2) + Y / eI g (1 \) dA.
o=%+1
Here, distributions g+ satisfy the following conditions:
(1) suppgs C {(#,p,0) € D' x R x Iy;p > 0}.

(2) (p0/0p+i0/08)g+ =0, 0g+/0Z; =0 forj =1,...,n—1; in particular,
g+ are holomorphic functions of (2, \) in {\ # 0}.
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(3) There exists a positive constant C., which is a locally bounded function
of € on (0,7/2) such that we have |g+(2',pe”®)| < Cjg| for 2’ € D',
p>1,0€el,.

(4) g+ (2, pe®) converge to limits g+ (2, pe**™/?) as e — 41/2 respectively

in the space of holomorphic functions on D' with values in S'(R,).

Further we choose the infinite paths I'y as follows:
(2.2) Ii: A= Xx(p) = pe® ) (peR),
where each 01 (p) € C°(R) satisfies the following conditions respectively:

0<04:(p) <m/2,
(2.3) £0.(p) 1 0, F04.(p) L O as p— oo,
p~llog Cloy(p) — 0 as p— +oo.

As for the uniqueness of this decomposition, we have the following:
Under the above conditions (1) ~ (4), another system of distributions

gi”(z’, A) € D'(D' xR x 1) satisfies (2.1) for f(z) and fo(z) if and only if

(2'4) Z U@iaap(ggl)(zl7p6iﬂa/2) _ga(zljpeirra/Q)) =0
o==+1

holds on D’ x R.

REMARK 2.2. i) Though g4(2,pe??) are given as distributions of
(Rez',Im 2/, p,#), we use these notations in a symbolic sense. ii) The precise
definitions of integrals in (2.1) are given as follows:

o0

[ Gy g s [0 g (A () ),
+

—00

where w = logz,. Indeed, in p > 0, the integrands are smooth func-
tions of (Rez’,Im 2, p) estimated by the following when |04 (p)| < 7/4 and
+(arg z, — ay) > 0:

Cloy (o)) - (1 + [p0(p)]) exp (¥ Im ((w — iai)ewi(p)>p> <

log C|
|p9i(P)| )] '

arg z, — o
(1-+ 08 0)) exp [ = p( B2 1, 5) o -



142 Shota FUNAKOSHI and Kiyoomi KATAOKA

Hence, these integrals converge locally uniformly on D' x {z, € C;z, #
0, +(arg z, — ay) > 0}, where they are holomorphic in (2/, z,,), respectively.
Further, as for the convergence of such integrals we can weaken the condition
(3) on the uniform-boundedness for |g4(z’,\)|: For example, we have the
following (3') instead of (3);

(3") For any € > 0 there exists a positive constant C- such that we have
lg+(2', pe'®)| < C.eP for 2/ € D', p>1, (1/2) —e > |0] > e.

Ezample 2.3. We did not succeed in giving an explicit decomposition
(2.1) for f(2) = z)° with a constant \g ¢ {0, 1,2,...}. Instead, it is easy to
give some examples of g+ (2', ) € D'({(#, p,0) € D' xRx1}) satisfying the
conditions (1) ~ (4) (or (3') above) of Theorem 2.1. We omit the parameters
z' and write z, = z. Let G4(\) be holomorphic functions defined in a
neighborhood of

{A€C;ReA>0,+£ImA > 0} U {0}

satisfying the following estimates respectively: There exist some positive
constants £, C such that

Galpe®) < Cep (p> 1, 16] > ).

Then the distributions g+ (\) := G+ (pe?)Y(p) satisfy the conditions (1), (2),
(3"),(4), where Y(p) is the Heaviside function. For example, if we set
g+(A) = c+Y(p) with constants ci, we have the following decomposition
formula satisfying all the conditions in Theorem 2.1:

iC+ te— —ig \IoA
= 7 Y (p))dA.
log z — ia. * ia_ —log z 021 /U(ze ) (eaY(p))

2.2. Solvability theorems of some partial differential equations

We apply Theorem 2.1 to the explicit construction of microlocal solu-
tions for some differential operators treated in Funakoshi [3, 5]. Let V and
¥ be the following regular involutive and Lagrangian submanifolds of 77, X
with M = R", X = C" respectively:

V ={(x;in) € Tyy X;m = -+ = np—1 = 0},
Y ={(z;in) e Ty X;m =+ =np_1 =z, =0}.
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We use the following notations for variables: z = (2/, x,), 2z = (Z/, z,,) with
' = (x1,...,xn-1),2 = (21,..-, 2n—1), the complex dual variables ¢ = £ +
in = (¢',¢,) with ¢ = (¢4, .+, (1) and multi-indices o = (/, o) with
o = (a1, ..., p_1).

Let p = (3%,2?]) be a point of ¥ with z = (%I,O),% = (0,...,0,1). After
Funakoshi [3] we consider the following differential operator of order m with
analytic coefficients defined in a neighborhood of T

(2.5) P(2, Dy, 2 Da,) = > aa(z)DY (20 Da,)",

laj<m

where D, = 0/0x; (j =1,...,n). The operators of this type with our main
condition

(2.6) (a0@) ,_ #0, ag_am(@) #0

o’ |=m

cover the transversally elliptic operators along ¥ treated by Grigis-Schapira-
Sjostrand [6] at least as for the symbols. Indeed this class of operators has
an essential importance in our theorems. Firstly we consider the following
Cauchy problem for holomorphic functions:

2 {P@Dm%DMMQZf@,

aglu(‘%bz% "'7Zn) = hj('zQ? e Zn) .7 = Oa ey T — 17

where P(z, D/, z, D) is the complexification of P at (2.5). We set complex
submanifolds Y, X', Y’ of X as follows:

(2.8) Y ={z¢€X;z, =0},
(2.9) X ={zeX;z=2} DY =YNX ={2€ X2, =0}

We denote by 79, a—,ay some real constants such that rg > 0,04 < a—
with o — oy < 2.

THEOREM 2.4. Let P(z,D,,z,D,,), T be as above. We assume that
the coefficients aq(z) of P are holomorphic in {z € X;|z — %\ < ro} with
condition

o

(210) a(m707m,0) (.73‘) 7é 0.
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Then there exist positive constants r1 (< ro) and K satisfying the following:
For any holomorphic functions f(z) € O{z € X \Y;|z — ﬂ%\ < 7o, ay <
argz, < a_}) and hj(z2,....,2,) € O({z € X'\ Y';|z — 2| < ro, ay <
argz, < a_}) (j =0,...,m — 1), we have a unique solution u(z) of Cauchy
problem (2.7), which is holomorphic in

(2.11) {ze X \Yiz—x| <ry,

o + K|z —1| <argz, <a_ — K|z — 2|}

REMARK 2.5. We can obtain this result only by the Cauchy-Kovalevski
theorem and analytic continuation. The advantage of our proof is to give an
integral expression of u(z); indeed we use only once the Cauchy-Kovalevski
theorem with a large parameter due to Funakoshi [3] and we obtain the
domain (2.11) directly from this integral expression of u(z).

The domain (2.11) is essentially smaller than the original domains of
holomorphy of f, hg,...,Am—1 because of the terms +K|z — 3%\ However
under a stronger condition (2.6) we can remove these terms about the solv-
ability property. The following theorem is our second main result, which is
a generalization of Funakoshi [3].

THEOREM 2.6. Let P be the following differential operator of order m
o o/
defined in a neighborhood of v = (x ,0) € M:

(2.12) P(2,D.,2nDz,) = > aa(2)DY (20 Ds,)"",

|o|<m
where aq(2) are holomorphic in {z € X;|z — x| < ro} with condition:
(@) L A0 a0 (@) #0.

Then there exists a small constant r1 > 0 satisfying the following: For any
holomorphic function f(z) € O({z € X\Y;|2—z| < ro, ay < argz, < a_})
we have a solution u(z) of Pu = f, which is holomorphic in

(2.13) {ze X\Y;|z—2| <ri, ay <argz, <a_}.
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REMARK 2.7. In Theorem 3.2 of the former paper of Funakoshi [3],
he essentially treated the case that a; = 0,a_ = 7 under an additional
hypothesis concerning the growth order of f(z):

[f(2)] < ClTm 2, [

for some ¢ € (0,1) as Imz, — +0. We can remove this condition by
the new idea in the decomposition of holomorphic functions as stated in
Theorem 2.1.

Before giving the statements of microlocal versions of Theorems 2.4, 2.6,
we recall 2 sheaves related to second microlocal analysis: The sheaf C£1§| x
on Ty X of holomorphic microfunctions defined by

(2.14) C%X = NY(OX)H]?
and the sheaf A%/ on V of second analytic functions defined by
(2.15) Ay = un(O0x)[1]lv,

where Y = {z € X;z, = 0}, N = {z € X;Imz, = 0}. Here we denote
by p«(+) the microlocalization functor by Kashiwara-Schapira [9, 10]. Both
sheaves are defined on ¥ and we have natural inclusion morphisms:

Cixle = Abls < Culs,
where Cjs is the sheaf on T3, X of microfunctions. Indeed, the stalks at
]O) = (%, idx,) with T = (53,, 0) are given as follows:
(2.16)

CE I, = ( lim O({z € C*Tmz, > —r|Rezy|, |z — &] < r}))/@]% ,
r——+0

(217) A} = ( lim O({z € C"Imz, > 0,]z — | < r}))/(’)|§ .
r——+0

Further we set

(2.18) ¥ ={(29, ..., 20;C2y o, () €T X ;Imzg = -+ - =Imz, 1 =0,
Zn=0,="=(1=Re¢ =0} =xna 1(X)
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with a natural projection 7 : T*X — X. The following theorems are direct
corollaries of Theorems 2.4 and 2.6.

THEOREM 2.8. Let P(z,D,/,2,D., ), X", Y/, >/, p be as above. We sup-
pose the condition (2.10) for P. Then for any germs

f(z) € c§1§|x|;5 s h(22, 0 20) € Cxler (G=10,0,m = 1)

;/
of o o

with p = (T2, ..., Tn_1,0;idxy,) € Ty, X' the Cauchy problem (2.7) has a

unique solution u(z) € C§‘X|§. In other words, we have the following exact

sequence and tsomorphism in a neighborhood ofgoy:

P P
(2.19) 0— C&X b —>C1H§|X‘E — Cg\xfz — 0,

P ~ m
(220) CQ%X |Eﬂw—1(X’) — (C§’|X’) |E’,

where C%XP = kernel(C’%X il C§|X) and a natural trace morphism:

R m
€ (CY’|X’) |Z’.

m—1

C§‘X|EQW71(X/) S u(z) — (8glu(g%1,22, ...,zn)>j:0

REMARK 2.9. According to Professor M. Uchida, this result is obtained
also by the usual Cauchy-Kovalevski theorem and the method of the micro-
support theory. However, our aim is to give an explicit formula for the
solution (also see Remark 2.5).

PRrROOF. Choose some holomorphic functions F(2), H;(22,...,2n) (j =
0,....m — 1) such that f = [F],h; = [H;] (j = 0,...,m — 1): Here, F €
O{z € X\Y;|z—2| < ro,—6 < argz, < 7+ 6}) and H; € O({z €
X'\Y'|z—2] < ro,—6 < argzy, < m+6}) (j = 0,...,m — 1) for some
small positive constants rg,. By Theorem 2.4 we get a solution U(z) of
the Cauchy problem (2.7) where u, f and hj (j = 0,...,m — 1) should be
replaced by U, F and H; (j = 0,...,m — 1) respectively. Then there exists
a sufficiently small 71 > 0 such that the domain (2.11) of holomorphy of U
includes

o 6 6
{zeX\Y;|z—m\<r1,—§<argzn<7r+§}.
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Therefore u = [U] is a solution of (2.7) in Cg% X\;}. The uniqueness of u

follows directly from the Cauchy-Kovalevski theorem for holomorphic func-
tions at 2. [J

THEOREM 2.10. Let P(ZL‘,Dm/,J)ann),]% be as above. We suppose our
main condition (2.6) for P. Then we have the following exact sequence and

isomorphism in a neighborhood ofgo):

(2.21) 0— AQVP!E — A s -z Al — 0,

P ~ P
(2.22) G I = A s
where .A%/P := kernel(A% £, A2).

REMARK 2.11. The last isomorphism is already obtained in Theorem
3.1 of Funakoshi [3]. We quoted it here for the reader’s convenience. Further,
as in Remark 2.7, Funakoshi [3] obtained also the surjectivity of (2.21) under
a growth order restriction.

PROOF. We have only to prove the surjectivity of P : A%|c — A% ..
P P
A germ f(x) of A%/]]% is expressed as an equivalence class f(z) = [F(z)] by

using some holomorphic F'(z) defined in
{ze X\Y;|z—2| <rg, 0<argz, <n}

with a small 79 > 0. By Theorem 2.6 we get a holomorphic solution U(z)
of PU = F defined in a domain similar to the above. Hence [U(z)] € A%/];)
is a solution of Pu = f. I

Together with Funakoshi’s former results concerning the solvability in
small second microfunctions in [5], we obtain the following theorem as a
direct corollary of Theorems 2.8 and 2.10.

THEOREM 2.12. Let P(m,DI/,:anxn),;), X, Y'Y be as above. We
suppose the transversal ellipticity for the principal symbol o(P):

(2.23) o (P) (@, i [0y iwn)| ~ (len] + 10" /1 )™
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in a neighborhood ofjg in Ty, X. Then we have the following exact sequence

and isomorphisms in a neighborhood of;):
(2.24) 0 — Cu¥ls — Culs =5 Curls — 0,

(2.25) Cor” |smm—1(xr) < Cﬂyﬁx lsAre—1(x7) — (CQ@/\X) |5,
where Cyrt = kernel(Cyy £, Cnr)-

PrROOF. By the solvability result in small second microfunctions of
Funakoshi [5] for a transversal elliptic equation Pu = f, we have the iso-
morphisms

A2 s e, (A%//PA%/)IZ - (CM/PCM>|E

in a neighborhood of ]OJ We remark here that condition (2.23) implies our
main condition (2.6) and also the condition (2.10) for P. Therefore the
exactness of (2.24) follows from Theorem 2.10. Further the isomorphisms
(2.25) follow from Theorems 2.10 and 2.8. [J

REMARK 2.13. The operators of the above class are called transver-
sally elliptic operators along the Lagrangian submanifold ¥. In [6, 19],
Grigis-Schapira-Sjostrand proved a propagation theorem on analytic wave-
front sets of solutions for those operators by using their FBI-method [18].
On the other hand, as for the solvability property of those operators, we had
a Funakoshi’s result in small second microfunctions for more general oper-
ators ([5]), and also a Wakabayashi’s result for some class of transversally
elliptic operators ([21]). However, to get a solvability theorem in micro-
functions or hyperfunctions Funakoshi needed also any solvability result in
second analytic functions .A%/. Our last theorem covers most of transver-
sally elliptic operator along X, but we restricted the lower order parts of
such operators in some special forms. We refer to [1, 2, 4, 8, 10, 11, 12, 13,
14, 15, 16, 17, 20] for second microlocal analysis in hyperfunction theory.

2.3. Preliminaries on existence theorems for the 0 operator and
a Cauchy-Kovalevski theorem with a large parameter

Let €2 be an open set in C™ and ¢ a real-valued continuous function in

Q. Recall the L?(Q, ) space of Hérmander, that is, f € L?(f2,¢) if and
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only if
172 = /Q fPe v (z) < oo.

Here the symbol dV(z) is the standard Euclidean volume element on C".
This is a subspace of the space L?(£,1oc) of functions in Q which are locally
square integrable with respect to the Lebesgue measure, and it is clear that
every function in L?(£2,1loc) belongs to L2(Q, o) for some ¢. By L%p,q)(Q7 ®)
we denote the space of forms of type (p, q) with coefficients in L?(£2, ¢),

=" S frgddt naz,
=p 17=a

where >’ means that the summation is performed only over strictly in-
creasing multi-indices. We set

! !
2= STl IR = / fReeav = S 2.
I1,J 1,J

Note that L?(€,¢) is a Hilbert space with this norm. Similarly we define
the space L%p q)(Q, loc).
The following theorem is of fundamental importance.

THEOREM 2.14 (Hormander [7]). Let 2 be a pseudoconver open set
in C" and ¢ any continuous plurisubharmonic function in Q. For every

g€ L%pﬂtl)(ﬂ, ©) with Og = 0 there is a solution u € L%p,q)(Q,loc) of the

equation Ou = g such that

/]u!2e_“’(1+]z|2)_2dV§/ lg[Ze=* V.
Q Q

Next, we consider the Cauchy-Kovalevski theorem with a complex pa-
rameter A for equations

P(Za Dz’7 ZnDzn + i)‘)Ui(zv >‘) = Gi(za )‘)7
where P is the differential operator at (2.5). First of all we set

Q ={zeC|z—1z| <r}
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for r > 0. We suppose that the coefficients {a(z)}a of P are holomorphic
in ,, with some r; > 0, and that

o

Am.0,....0)(T) # 0.

Note that the principal symbol of P(z, D,/, z,D,, £i)) does not depend on
the parameter A. Let I'y be the infinite paths defined at (2.2), and G4 (z, A)
be functions in L% (2, X I'y) satisfying the following conditions on €, x I'y

for some positive valued function M (X) € LS (I'y):

loc

1Ga(2, M) < M(A) (ReA > 0).

Then we consider the Cauchy problem:

(2.27) P(z,Dy,2,D., £ i\Uy(2,)) = G1(2, ),
. DglUi(%l,ZQ,-..,Zn) =0 57=0,...m—1.

PRroOPOSITION 2.15 (Funakoshi [3]). There exist some positive con-
stants ro, K which are depending only on r1 and P such that the Cauchy
problem (2.27) has a unique solution Uy € L5 (S, x I'y) satisfying the
following conditions on €., X I'y:

228) {@Ui(z, A) =0,

Us(2,\)| < KM(\)eflz=2ReA (Re )\ > 0).

REMARK 2.16. In the paper of Funakoshi [3], this result is stated in

= Ce ®ReA with some

a more specialized version. That is, for any M(\)
positive constants C, 6§, we have a sufficiently small ¢’ > 0 and a positive
constant ¢’ such that |Ux(z,\)| < C'e=¥ReA (ReX > 0). However after
replacing G+ (z,\) by M(A)71G4(2,\) we can directly obtain the result
above from the original proof of Funakoshi based on the method of majorant
series.
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3. Proof of Theorem 2.1

We can suppose from the beginning that 0 < ay < a— < 27. Further
we choose a pseudoconvex open set D" as D' @ D" @ D. We set:

Up = {zn e G ‘2n| < 7"},
U =P\ {2, €C;lz,| <7, a_ <argz, < ay + 27}

PROPOSITION 3.1.  We can find functions f;j(z) € O(D x Uj) for j =
1,2 such that f = fo+ f1 in D x {z, € C;0 < |z <7, oy < argz, < a_}
and f1(2',00) = 0.

PROOF. Note that the open set (D x Up) U(D x U;) C C" 1 xP!is a
Stein manifold. Therefore we can find the above functions by the solvability
of the first Cousin problem. []

Next, choose the system of local coordinates (2/,w) = (21,...,2p-1,w)
with

w=1logz,, a4 <argz, <a_,

and set w = u + tv. Then we will decompose the second function f;(z/,e")
into a sum fy(2',w)+ f—(2/,w) of holomorphic functions f1 € O(D” x Q)
satisfying some growth order conditions. Here we set:

Q ={weC;Rew >logr or ay <Imw < a_},
Q" ={w e C;Rew >logr or Imw > a,},
Q" ={w e C;Rew >logr or Imw < a_},

To this end, we will solve a d-equation under some growth order condition
as follows: We choose a C*°-function ¢: R — R such that 0 < ¢)(v) <1 for
Yo € R, ¢(v) =0 for Yo < a4 + 61 and (v) = 1 for Yo > a_ — 61, where
61 > 0 is a small constant. Using this function, we define:

o w) = 5= (R €)b(w) = S () ()
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for ay < v < a—. We can consider ¢g(z',w) as a C*°-function on D x C by
setting g(2',w) =0 for Imw € R\ (ay,a_).

LEMMA 3.2. There exists a C®-function x: R — R such that
g(2,w) € L2 (D" x C,x), X'(u) < 0, x"(u) > 0 for any u € R and that
x(u) =1/2 —wu for u > 0.

PROOF. Because of the fact that f; € O(D x U;) and that f1(2/,00) =
0, there exists a constant C; such that we have the inequality

If1(2)] < Cilza|™ for 2 e D", |z,|>1.
Then we have the inequality:
(3.1) iz, e")| < Cre™ for 2/ e D", u>0.

We set x(u) =1/2 —u for u > 0. By (3.1), we get for u >0
—x(u 1 w — U 1 —1/2—u
9/ ) PeX) = L () fi(, ) P2 < Tl (o) PO

On the other hand, we can extend x(u) to u < 0 so that x/(u) < 0,
X" (u) > 0 and we have the inequalities

sup{|f1(z,e?)|; 2 € D", oy + 6 < v < a_ —6;} < CoeX(W+u)/2

with some constant Cy > 0. Then we have an inequality for v < 0 similar
to the above:

1
l9(=', w) P X < Sy (0)PCe . O

LEMMA 3.3. There exists a subharmonic function p(w) € C?(C) such
that p(w) > x(u) for ay + 6 <v < a_ —6; and p(w) =0 for w & {w €
Ciu<l,apr <v<a_}.

PRrROOF. We construct ¢(w) as the product p(w) = &(u)¥(v) of real
and non-negative-valued C2-functions @(u) and ¥(v). Choose ¥(v) €
C*®(R) so that 0 < ¥(v) < 1forv e R, ¥(v) =0forv < aporv>a_
and ¥(v) =1 for ax + 61 < v < a_ — 6;. Since we can choose ¥ so that
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U”(v) > 0 in a neighborhood of {v € R;¥(v) = 0}, we may suppose that
" (v)/¥(v) is bounded from below. Hence, there exists a positive constant
('3 such that

(3.2) V' (v)+ C3¥(v) >0 for veR.
Assume a O2-function @(u) satisfies the conditions:

(1) @"(u) — C3®(u) > 0 for u € R.

(2) @(u) =0 for u > 1.

(3) @(u) > max{x(u),0} for u € R.
In this case, we have by (3.2)

Ap(w) = D" (u)¥(v) + &(u)¥" (v) > 0

and then we can obtain the required function p(w) = @(u)¥(v). So it is
enough to construct a C?-function @(u) with these properties. Let Cy and
(5 be positive constants. We define

B(u) = Cye” /7 (0<u<1), &(w) =0 (u>1).

Setting Cs = 14+ /1 + C3, we have for 0 <u < 1

C2 —2C5(1 —u)
@// _ P — —C5/(1—u) 5 5 _
(u) — C3P(u) = Cye 1) Cy

1 C2 —2C5 — Gy

> —Cs5/(
= Cae (1 —u)?

=0.

Hence @(u) satisfies the condition (1) for w > 0. Moreover, if we choose a
sufficiently large constant Cy, we have:

1 —ocs 1
b (2> Cye Z 5 x(0)

Therefore ®(u) satisfies the condition (3) for u > 0.
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Next, we construct @(u) for u < 0. We consider the ordinary differential
equation:

&' (1) = ((13 + f{ ((u“))) B(u)

P'(0) = —C4Cse~5
D(0) = Cye 5.

(3.3)

There exists a unique solution @(u) € C?((—00,0)) of (3.3), since x(u) > 0
for u < 0. In this case, we have ®(u) > 0, &"(u) > 0 and

&' (u) — Cs(u) = YD) > 0

for u < 0. Furthermore, we have

(X (@)@ (u) = X' (w)@(w))" = x (1)@ (u) = x" (u)P(u) = Csx(wW)(u) = 0

and
1
x(0)®'(0) — x'(0)®(0) = 046—05(—505 +1)<o0.

Then we obtain x(u)®'(u) — x'(u)®(u) < 0 and (x(u)"'®(u))’ < 0 for
u < 0. From the fact that (x(0)~ 1915( )) = 2C4e=% > 1 for a sufficiently
large constant Cy, we can get x(u) '®(u) > 1 for u < 0. Therefore ®(u)
satisfies the conditions (1) and (3) for u < 0.

Finally, we can claim that ®(u) € C?(R) because of the equality C2 —
205 —C3=0. 0

From Lemmas 3.2 and 3.3, it follows that g(z/,w) € L?*(D" x C, ).
Then we can apply Theorem 2.14 due to Hormander [7] to g(2',w)dw €
L%o,l)(D” xC, <,0)i that is to say, there is a solution h(z’,w) € L?*(D" x C, loc)
of the equation 0h = g dw such that

/ e (14 (<, w)?) 2 dvg/ lg2e=¢ av.
D”XC D”X(C

In fact, h € L2(D" x C, ¢), where ¢(2',w) := p(w) + 2log(1 + |(2/, w)|?).
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Set:

fr (2 w) = iz, e”) (1 =9 (v)) + h(Z, w),
f- (2,7 w) =fi (2,7 ew)¢(v) - h(z,7 ’U)).

We find immediately that fy € O(D” x QF) and that
fiZ,e") = fo(Z w) + f-(¢,w) for (2,w)e D" x.
Now we estimate values of the holomorphic functions f.

PROPOSITION 3.4. There exist positive-valued locally bounded func-
tions Cét on {0 < £6 < 7/2} such that we have

| fe (2 w)| < CF (L+|w®*) forVz' € D', w=iox £ (n+ iv)e
with p € R, v > 0.
PRrROOF. Take an arbitrary 6 € {0 < 60 < 7/2}. Set:
02 = 62(0) := %min{dis(ﬁ’,@D”), |logr|sin |0],1}
ViE = {iar £ (u+iv)e @ e Ciu e R, v > —62(0)} C OF
We can claim that
Felpreye € L3(D" x V5=, ¢).

Indeed, we have h € L?(D" x Vf, ¢), and by the inequality (3.1):

/ (L —p)Pe? v
DXV,

<

| f1]%e® dV+/ |fi]?e=? dV

/;”X{wEV+;u§0,v§a_61} D" x{weCu>0}

< / |f1|267¢ dV
D" x{weV; u<0,v<a_—61}

+/ Cie ™" (14 02)_2 dV < +oo0.
D" x{weCu>0}
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Here, since D" x {w € V,";u <0, v <a_ — 6} € D x €, the first integral
is finite. Thus, we get f+‘D”xV9+ € L?(D" x V,©,¢). It is all the same to
the case of f*|D”><V9"

Since fy is holomorphic on D” x Q% we have

1
vol(B((2, ws), 2))

felehywe) = I GG
Z0,Wo ),02

for any (2, w.) € D' x QF with wo = iax + (u+iv)e ™, p € R, v > 0.
Here we set the open ball:

B((Zé,wo),éz) = {(Zlvw) € Cn; |(Z/,U)) - (Zgaw0)| < 52}
Note that B((2},ws),82) C D" x V;=. Then we have the inequalities:

vol(B((z o), 02 / i i
’i (& / (& / d
1( (( éaw )a )) B((zg,wo),62)| |

. 1/2 1/2
< fel2e®av | - / e dv
vol(B(0, 62)) </B((zé7wo),62) B((24w0).82)

1
< "
~ vol(B(0, 62))1/2 HfﬂD xVy©

| (25, wo)| <

. sup{ed’/Z; (', w) € B((2],ws),8)}.

From Lemma 3.3 and the fact that e?/2 = e#()/2(14|(2, w)[?), there exists
a constant A > 0 such that

sup €2 <supef/2. 4 (14 |wol?).
B((ngw0)762) V:gi

We note here that the maximum of (w)/2 over V;* is taken on a compact
set Vgi N{u <1,ay <v < a_}. Therefore if we set

A
C:I: — p(w)/2 p
0 VOI(B(O, 52(0)))1/2 S‘llipe Hf:t|D ><V9i

)

@
6

we can get the required inequalities. Further, we easily find the locally-

boundedness on {0 < +60 < 7/2} as functions of 6 by these explicit defini-

tions of C;t. U



An Integral Formula of Mellin’s Type 157

Now, we define the following holomorphic functions:

fi (Z/v w)

(34) Fa(#,w) = (w—iag +i+1)%

By Proposition 3.4, we can get the following estimates.

COROLLARY 3.5. There exist positive-valued locally bounded functions
Cét/ on {0 < £6 < 7/2} such that we have

+/
CG

| < T2 for 2 €D w=riox + (u+iv)e ?

‘Fi(Z,,w)
with p € R, v > 0.

DEFINITION 3.6. We define

(3.5) G+(Z,\) = 67;9/ Fiu(2ios + pe™®)e ™0 dp,

—00

for 2/ € D', A = pe'? with p € R, § € {0 < +0 < 7/2}.

Note that the integrals in (3.5) absolutely converge by Corollary 3.5 and
that these functions are continuous in (2’, p,#). Note, moreover, that G4
are written as:

(3.6) Gele N =% [ Fu( )N du,
v+ (0)

where v (0) is the path v (0): w = iax + pe™, p € R.
LEMMA 3.7.
(1) supp Gy C {(2,p,0) € D' x R x I1;p > 0}.

(2) (p0/0p+10/00)G+ =0, 0G+/0Z; =0 for j=1,...,n—1; in partic-
ular, Gy are holomorphic functions of (2, ) in {\ # 0}.

(3) |GL (2, pe®)| < wCFE" for ¥/ ,¥p, V8 € {0 < +0 < 7/2}.
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PrOOF. (1). We can deform the path of integration in (3.6) into w =
iat £ (p+iv)e ™™, u € R for any v > 0. Therefore we have:

(3.7) Gi(Z )\ = e—z'e/ Fu(+ o & (ju+ iv)e )= itine gy,

—00

Then we have by Corollary 3.5

o0 , o o' g
G (2, 0] < / P (2, ias £ (u+ iv)e )¢ du < e”p/ 0 4
—00 R )

Hence G4 (2, \) = 0 for p < 0, since v is arbitrary as long as v > 0 in the
preceding inequalities.
(2). We get the equalities:

<p2 + 2g> (Fi(z', iy £ ue_w)e_i(“p"'e))

op 00
_(OFy i »
B (%(z vios + pe™) (£pe”™)
+ Fe(2 o & pe™™)(1 - mp))e—i(upw)
= % (Fi(zl,iOé:t 4 Me—ia)'ue—i(up—l,-&))
and

0 o —i0\ ,—i(up+0) | _ .
3—2]'<Fi(z’mii“€ Je )—0, j=1,...,n—1

Then we have the required equalities immediately.
(3). Tt is easy to get the required inequality by the estimation in Corol-
lary 3.5. [

DEFINITION 3.8. We set the distributions g1 (2, \) € D'({(#,p,0) €
D' x R x I.}) with A\ = pe? in the statement of Theorem 2.1 by

/ _i —ieé A4 /
(3.8) 9+(2/\ ) = o (e 6p+1;@) Go(2, ).

Further we give the constant C; by

4! 1
. Ce = —
(3.9) 27 <min{sin(§),Sin(ﬂTQ€)}

4
+ 2> -sup{ﬂCgcl;g < 0| < g}
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for 0 < e < /2. Note that ﬂCét/ < Cjg-

Then, since pd, + 10y commutes with e_wap, we obtain the conditions
(1) ~ (3) for g+ in Theorem 2.1 directly from Lemma 3.7 and the Cauchy
estimates. Further, e ™ Fy (2 iax + pe®) converges as § — +m/2 respec-
tively in the space of holomorphic functions on D’ with values in L?(R,,)
because of the uniform estimates in Proposition 3.4. Therefore the distribu-
tions g+ (2, pe??) induced by e ™ Fy (2 ias + pe?) converge as 6 — +7/2
respectively in the space of holomorphic functions on D’ with values in
S’(R,). Thus we also obtain the condition (4) for g4+ in Theorem 2.1.

Hereafter, let I'y be any paths satisfying conditions (2.2), (2.3).

LEMMA 3.9. For any 2 € D', w = ia+ + (u + iv)e™™ with p € R,
v >0 and with 6 € I+, we have in a classical sense

60 [e'e) ' ' 4
(3.10) Fi( w) = ;—/ G (2, pe)e e gp.

T —00
Further by the change of the path of the integration we finally obtain that

1 &° )
311)  Fu(,w) = — / G (2, pet®+0))
2 J_&
x eFi(w—ias)pe (") (1+ ip@i(p))ewi(p)dp
for any 2’ € D' Jw € {£Imw > tay}.

PROOF. By (3.7) we have the equations

o0
VPTG L(Z N = / Fy(2iag + (p+iv)e e " dy.

—00

Further by Lemma 3.7 we find that e *?*9G L (2, pe'?) are integrable with
respect to p over R (because v > 0). Therefore we obtain the equali-
ties (3.10) by the inverse transformation. Since supp Gy C {p > 0}, we
have

1

Fi(z w) = —

/oo Gy (Z,, peiO)e:I:i(w—iai)pew . eide’
0
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where 2/ € D',w € {Rew > 0} U{£Imw > +a4} and any constant 6 € I+
satisfying +Im((w — iay)e®?) > 0. Note that G (', pe™¥) are holomorphic
functions of pe in {p > 0} and that they are continuous at {p = 0}. Thus,
for 2/ € D', w € {+Im(w — iax) > 0} we obtain

(3.12) Fi(2,w) =

lim ( / RGi (o), peit=(p)) gilw—iaz)pe = (1 +ipt (p)) ¢00) g
R—+o00 0 ’ 2
1 Reiei(R)

- DY ii(wfiai))\dA).
27 Retf Gi(z, )e

The integrand of the first term is estimated by

1+ pld” _ ;
(p)l. ( p27r:|:(p)|) exp(IFIm <(U)-ZO[;|:)€ Oi(p)>p>

< L+ 0l:(0)]) p;i;(O)D exp [ - ﬂ( +Im ((w — z’ai)ewi(p)) _ 198 %)l C'pgi(p” )}

+
WCei

Hence, the first integral converges locally uniformly on D’ x {£Im(w —
iag) > 0} to the left side of (3.11) as R — +o0o. Taking the path of the
second integral of (3.12) on a circle |A\| = R, we have the following estimate
for the second term of (3.12):

TR
97 -2 P
R
4

{TrC;EIeXp (ZF RIm((w — iai)ei‘p));iGi(R) <zp < :I:Q}

< —exp [ - R(| Im(w — iay)| cos

log C|
— | Re(w — i) sin 6| — w)}

R

for any sufficiently large R. Since |f| can be chosen small enough for each w,
the second term of (3.12) converges to 0 as R — +o00. Thus we completed
the proof of the lemma. [
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Here, recalling the relationship (3.4) between fi and F4, we have

:/ i mwp)( Fiv 2o

-

Since

OplG+(2, A (p))] = [0,G= (2, pe”) + 0L ()G (2", pe)]lo0. (1)
= [0,G= (2, pe®) + ipbl (p)0,G= (2, pe®)]lg=o. (1)
e =N, (0)[0,G1 (2", pe)lo=os (1)

(w —dog i+ 1D)FL(Z, w)

1 0
+(2', Ax(p)) - < :FZ— _p> Fi(w—iost Ai(p)dp

BE
( 06 (.0 (0)) o

Fi(w—ia+)A+(p) | ( v 1( )88) G;l:(Z >\:|:( ))dp

we have

Ne(0) T 9V (G A ()] = (€770, G (2, pe)]lg=p (p)-
Hence we get

(LFi+Ne(p)10p) Ge(2' Ak (p))

=1 Fi+e 9, Gx(Z, pe™)lo—p, () = 279+ (', Ax(p)).

Therefore we have

(e w) = / Wi (0) L g (1 AL (p)) Ve (p)dp

—00

- / eFiw=ia)A g (2 N)dA.
I’y

Thus we obtain our main decomposition formula (2.1). Let g$ )(z’ JA) €
D'(D’ xR x I1) be another system of distributions satisfying the conditions
(1) ~ (4) in Theorem 2.1. Then, the equation (2.1) is equivalent to the
following:

(313 Y / o) (gL, ) g (X)) dA = 0

o=+1
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for any z € D' x{z, € C;0 < |z,| <7, ay < argz, < a_}. Since each term
of (3.13) is holomorphic in D" x {z, € C;z, # 0, ay < argz, < a_}, the
equation (3.13) reduces to the one for any z € D’ x {z, = ettila+te-)/2 ¢
C;u > 0}:

. (a_—ay)
(3.14) Z / plo =A== (g((,l)(z/, ) — g0 (7, )\)) d\ = 0.
o==+1 4

Since Re(icAu — AMa- — a4)/2) = —p(|sinf| - u + cos - |a— — a4|/2) for
any 0 € I, we can deform the path I, to {\ = pe’?™/?;p € R} under the
conditions (1) ~ (4) in Theorem 2.1. Therefore the left side of (3.14) is
equal to

+oo . (a_—ay) - o - O
(3.15) Y io / e PuTiopT— (gf))(z’,pelT) —gg(Z’,pelT)) dp.
o=%1 -

Because each term of (3.15) extends holomorphically with respect to u to
{w € C;Rew > 0}, the equation (3.14) is equivalent to

(3.16)
+oo . . (a_—ay) 1 , o ' o
> 0/ e iPvTiorTy <g§)(z e’ T ) — gz ,,0617)) dp =0
o==+1 —©

for any (2/,v) € D' x R. It is clear that the equation (3.16) is equivalent to
(2.4). This completes the proof of Theorem 2.1.

4. Proofs of Theorems 2.4, 2.6

Firstly we prove Theorem 2.4. Replacing f(z) by

—

o

o (21 — 1)

£(z) = P(z, Dy, anZn)(
j=0

hj(za, ..., zn)),

we can take the Cauchy data 02, u(z1, 22, ..., z4) (j = 0,...,m—1) as 0. Then
by Theorem 2.1 we have a decomposition for f(z):

f(2) =fo(2)+/ (znei“*)“g+(2’a/\)d>\+/ (zne ") g (2, A)dA

I _
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in {2/ € C" 1|2 — %/| <11} x{z € C\{0}; |2n] < r1,a4 < argz, < a_}
for a smaller positive 7, (< 7). Here, fo(2) is holomorphic at z = (z ,0),
g+ (2, pe?) € D'({|7 — :C;:/| <r} xRx {0 < 40 < w/2}) are distributions
satisfying conditions (1) ~ (4) in Theorem 2.1, and I’y are infinite paths
introduced at (2.2). It is sufficient to find holomorphic functions Ui (z)
which are defined in a domain like (2.11) such that

(4.1) P(z,D,, 2, D,, UL (2) = fFi (zpe~ i) E gL (2, N)dA,
' N UL(Z1,22,.,20) =0 (j=0,....m—1).

Choose a function ¢(p) € C*°(R) as

(4.2) 0<pp) <1, olp)=0(p=<1), wlp)=1(p=2).

and set
1 [ | | i
(4.3) he(',0) = 5= /R(is%gi(z’,pewi(p))(l +ipt(p))e®=Pdp.

211 Jr A — peifx

Then, it is easy to see that h(z’,\) are holomorphic in
(ZeC LY — &) <) x (C\ A= pe™00 < p < 2}).

Therefore we can divide [ I (zpe~tE)Firg (2, N)d) into sums:

/F (2% 0D () g () A (p))dAs ()

+ / (zne ) F X (2 N)dA,
FO

+

where I') are some closed curves turning around {\ = pef+(P).0 < p <2}
counter-clockwise, respectively. Then after the method in Funakoshi [3] we
put the solutions Uy (z) of the form

(zne_mi)ii)‘Vi(z,)\)d)\—i—/ (zne ") EAWL (2, \)dA

0
i

(1.4) Usts) = [

I’y
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for (4.1). Then, it is sufficient to pose the following conditions:

0.Vi(z,Ax(p)) =0,
(4.5) P(z,DZ/,anzn + i)\i(p)>Vi(z, As(p) = @(p)g= (2, s (p)),
Vi1, 22, 2 A (p)) =0 (j=0,....,m—1),

and

0, Wy(z,\) =0,
(4.6) P(z,sz,anzn + z'A) Wiz, \) = ha(2, N,
N Wo(Z1, 20,20, A) =0 (j=0,...,m—1),

for any (A, p,2) € I'? x R x {z € C"; |z — &| < ro} with a smaller positive
ro < 1. Since ¢(p)g+(2', A+ (p)) is a continuous function on {2’ € C*~1; |2/~
:(r):/| < r1} x R, with support in {p > 1} satisfying an estimate by Cg, (,)
respectively, we can solve (4.5) by Funakoshi’s Proposition 2.15. Further, we
can directly apply Cauchy-Kovalevski theorem to the problem (4.6) because
the parameter A\ moves only over compact sets I'{. Therefore, there exist
some positive constants o (< 1), K and solutions Vi (z, A+ (p)) € LS ({z €

loc

C™; |z — 2] < ro} xR), Wa(z,A) € O({z € C*; |z — 2| < 1o} x I'?) such that

supp V4 (2, A+(p)) C {p > 1},
(4.7) 9:Vi(z,Ax(p)) = 0,
Vi (2, At (0)] < K Clg (py IFmoRere(0),

Hence, the integrals at (4.4) converge locally uniformly on
{zeX\Y;|z—2| <ro,oap + K|z — 2| < argz, < a_ — K|z — z|}.

This completes the proof of Theorem 2.4.
Secondly we prove Theorem 2.6. By Theorem 2.1 we have a decomposi-
tion for f(z):

f(2) = fo(z) + / (zne ™) g4 (2, N + / (zne™ ") A9 (2, A)dA

Iy _

/
in {2/ € C" |2 =2 | < r1}x{z, € C\{0}; |2n| < 71,04 < argz, < a_} for
a smaller positive 7, (< o). Here, fo(z) is holomorphic at , g+ (2, pe'?) €
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D'({lZ — 5:/| < rip x Rx {0 < +0 < 7w/2}) are distributions satisfying
conditions (1) ~ (4) in Theorem 2.1, and Iy are infinite paths introduced
at (2.2). Choosing a cut-off function ¢(p) as in (4.2), we can use the cut-off
arguments in the proof of Theorem 2.4. Hence we have only to find some
holomorphic solutions U4 (z) of

P(z, Dz, zn D5, )Ux(2) = / (e~ %) 0o (p) g1 (2, As (p))dA (p)-
I’y
Setting U4 (z) in the form

(4.8) Us(2) = /F (2195 EM, (2, A)d,

we will find some solutions Vi (z, A+(p)) € LS. ({z € C™; |z — I <} xR o)
of the equations

5ZV:|:(27 )\:t([))) =0,

U\ P (2D zuDe, £ 0 (0)) V(2,5 0) = #l0)s (2, Ak (0)

for a sufficiently small o > 0. By performing some suitable linear coordinate
transformation in 2’ under the condition (2.6) we may assume that

(4.10) A(m,0,..0)(2) # 0, aq,. om)(z) #0 in{|z — | <7}
Write
m—1
P(Z,Dzl,anzn iz’)\) = ago,..m (2 ( (0™ + 3 (£iA) )),
7=0

where Pj(z, D,) is a differential operator of order < m — j for every j. After
Funakoshi’s method of asymptotic solutions in [3], we set

(4.11) z Fid+(p)) " X{ak<p} (P)
k=0
> j—m ko o(p) ,
><( jzo(iz)\i( p)) Pj(Z,Dz)) (mgi(z,)\i(f))))
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with a large positive constant A. Note that ¢(p)g+(2', A+(p))/a,....m)(2)
have uniform infra-exponential growth orders as p — 400 since we have

uniform estimates on {|2/ — z | < 1} x {p > 0}:

o) ( Aslp)] < exp [p(“EL20L)].

Therefore by the propositions on some Cauchy-estimates in Section 4.2 of
Funakoshi [3] we obtain the following lemma:

LEMMA 4.1. There exist a small constant ro > 0, and a large constant
Ay > 0 such that for any A > Ao and any p € R the series at (4.11)

converge absolutely and uniformly on {z € C"; |z — x| < ry} with estimates:
log Cyg

(4.12) VD (2, p)| < Agexp [p(%)} (p > 0).

Further, the differences

Re(2,) = 9(p)g= (2 As(p)) = P2 Dor, 20 Ds, £ iXe(p) ) VA (2, )

—Z a(o,....m)(2)X{A(k=1)<p< Ak} (P)

( :nz:iw‘i Jij(@Dz))k(%gi(zﬁAi(P)))

have some uniform exponentially decreasing estimates
(4.13) |R+(z,p)| < Ape™® (p>1)

on{z € C" |z—z| < ry} with a constant § > 0 independent of p, respectively.

The proof of this lemma goes in the same way as in Funakoshi [3]. Note
that Rs(z,p) € L% ({z € C% |z — | < 79} x R,) satisfy 9,Rx(z,p) = 0.
Therefore by the condition (4.10), we can apply Proposition 2.15 to get a
solution Vf)( p) € L2 ({z € C" |z — T < r3} x R,) of

(iVi(Q)(z,p) =0,
P(2 Du, 20D, £ ide(p) )V (2,0) = Ra(2,p),
821Vj(:2)('%1)227"'72nap) :0 (]:0,,m—1)
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satisfying the uniform exponentially decreasing estimates
(4.14) V& o)l < die™2” (p=1)

on {z € C";|z — 2| < r3} for some positive constants r3 (< ra), A1 (> Ag).
It is clear that supp (Vf)(z, p)) C {p > 1}. Hence, we get some solutions
Vi(z, Ax(p)) == f)(z, p) + Vf)(z,p) of (4.9), which are holomorphic in z
and have supports contained in {p > 1}. By (4.12), (4.14) we also have the
following estimates:

log Clo., (p)
P )] (p=1)
Thus the functions Ui (z) defined at (4.8) are holomorphic in {z € X \

Y|z — 2| < rs, +(argz, — o) > 0} respectively. This completes the proof
of Theorem 2.6.

Vi(z A ()] < (Ao + A exp |
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