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Nonlinear Transformation Containing Rotation and

Gaussian Measure

By Shigeo Kusuoka

Abstract. The author study the nonlinear transformation of a
Gaussian measure and its absolute continuity and singularity relative
to the original Gaussian measure. The nonlinear transformation con-
sidered contains a rotation part and is not a perturbation of a linear
transformation.

1. Introduction

Let (i, H, B) be an abstract Wiener space, that is, B is a separable real
Banach space, H is a separable real Hilbert space which is densely embedded
in B, and p is a Gaussian measure on B such that

/B exp(v Ly (2, u)p Ju(d2) = exp(— || u %), we B’ CH.

Here B* denotes the dual space of the Banach space B. Then B* can be
regarded as a subset of H*. In this paper, for simplicity of notation, we
identify the dual space H* of the Hilbert space H with H itself.

Let ® : B — B be a measurable map. Our concern is the relation of
the measure p and the image measure po ®~1. The case where there is a
measurable map F' : B — H such that ® = Ig + F' has been studied by
many authors ([3], [9], [4], [10], [5], [13], [15]). Here Ip denotes the identity
in B. In this paper, we consider the case where ® is not perturbation of
identity.

Let £>°(H; H) denote the Banch space consisting of bounded linear op-
erators with the operator norm || - ||o, . Let O(H) denote the set of linear
isomorphisms in H, i.e.,

O(H)={U € LY(H;H); U*U = Iy, UU* = Iy}.
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We regard O(H) as a metric subspace of L>(H; H).

Let U: B — O(H) and F : B — H be measurable maps. We think of
the case where ®(z) = U(z)(z + F(2)), z € B. Such a transformation was
already studied in [14]. But we think of this problem from quite different
viewpoint. Since it is not clear whether ® is well-defined, we start with some
basic results. We study some regularity problems in Sections 2, 3, 4 and 5.
Then we study the relationship between rotation and these regularities in
Section 6. In Section 7 we introduce a new notion related to infinite dimen-
sional Lie groups. The main theorems are given in Section 9 (Theorems 49,
Corollary 51). We give an example in the last Section.

2. Preliminary from Malliavin Calculus

In this section, we remind some known results and make some prepara-
tions. Since we use the notions in Malliavin calculus, we will give definitions
of the Ornstein-Uhlenbeck semigroup, the Ornstein-Uhlenbeck generators,
and so on.

Let E be a separble real Hilbert space. Let P;,t € [0,00), denote the
Ornstein-Uhlenbeck semigroup, i.e.,

Puf(z) = /B fle~ts + (1— e 20\ u(dw), =€ B,

for t > 0 and f € LY(B; E,du). Let £ denote the infinitesimal generator
of the Ornstein-Uhlenbeck semigroup. Let Dj(E), s > 0, p € (1,00), be
a Banach space defined by (I — £)™%/2LP(B; E,du) with a norm || u [|s .
=|| (1 —L£)*"?u lzr(B;Edp) - Let Dy(E), s < 0, p € (1,00), be the dual
Banach space of D;*(E*), 1/p + 1/q = 1. Then identifying D)(E) with
the dual space of DJ(E*), we may regard D5(E) as a subset of DE(E),
—00<t<s<oo,pé€(1,00). We denote Upe(lm) D7 by Di,, s € R.

Also, one can define the gradient opertator D : D5t (E) — Dj(H ® E),
s € R, p € (1,00), and the dual of the gradient operator D* : DZH(H ®
E) — Dj(E), s € R, p € (1,00). Then we have £ = —D*D. We also denote
by B, the set {h € H;|| h ||lg<r}, r>0.

LEMMA 1. Let E be a separable real Hilbert space.
(1) There is an absolute constant C' > 0 such that

e'(1— e )2 | DPf | pemom) < C || f l1e(5:5),
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for any bounded measurable map f: B — E and t € (0,00).
(2) There are absolute constants v > 0 and C > 0 satisfying the following.
If g: B— H ® FE is a measurable function satisfying

| 9(2) lree<1, z€ B, he H,

then

/B exp(1— e~y | (D*Pig)(2) [H)uldz) <€, >0,

PrROOF. The assertion (2) is shown in [5] Theorem(4.8). So we only
prove the assertion (1). Let {h,} and {e,} be a complete orthonormal
basis of H and FE respectively. Let f : B - Fandg: B — H®FE
be arbitrary bounded measurable maps and let f;(z) = (f(2),€j)E, 9ij =
(9(2),hi ® )k, 2 € B. Then by [5] Theorem(4.4), we have

el(1— e 2)Y2(DPf(2), 9(2)) nor
= Z /B (w, hi) g fi(e 7 2+ (1 — e 2w) gy (2) p(dw)

< [ (@ X s Putw)
J i
(2 /B fie™'z + (1= ™) 2w u(dw))!/?
J
<l 9(=) luzell f lzs;E) = a.s.z.
This implies our assertion. []

LEMMA 2. Let E be a separable real Hilbert space and f: B — E is a
measurable map.
(1) For any p € (1,00) and r >0

sup{[| P.f(z+h) |g; h € H, | h|la<r}
<exp((p— 1) W2/ HP(| f2) ()P, t>0, z€B.
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(2) For anyr >0

sup{|| Pif(z+h) |; he H, | h[|lz<r}
< 2P (exp(|| () I3 /2))(z) + 872 t€(0,1], 2 € B.

Proor. First note that

I Pef(z+h) |e< /B I (e (z+h) + (1= ) 2w) || 5 p(dw)

= /B I ez + (1= )V 20) |5 explar(w, h) i — af || b [IF /2)p(dw).
Here a; = (e 24(1 — e=2)~1)1/2 < (2t)71/2. Since

/BeXP(Q(at(w» Wi —ai | h |3 /2)n(dw) = exp(alg = Dai || b | /2),

we have the assertion (1) by Holder’s inequality.
Note that zy < e® +ylog, y, x,y > 0. So we have

zy < 2exp(x?/2) + 4y(log y)l/Q, z,y > 0.

Note that
Gty = a2 11 Iy /2001 explanoo, R = || 1y /2)u(d)

= /B((at(w,h)ffﬂL ai | b |3 /2) v 0)'/2 p(dw)

<ol +al” [ J(wh)lu(do).
This implies the assetion (2). OJ

COROLLARY 3. For any r > 0, there is a C, > 0 such that

[ supll (D) + 1) 15 b€ H. | B 1< rha(a:)

<t7'Co || f ll=(B:m)
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for any t € (0,1] and any bounded measurable map f: B — H® E.

PROOF. We may assume that || f(2) [|[gee< 1, z € B. Then by Lemma
2 we have

/Bsup{ll (BD*Pf)(z+h) [lz; he H, || b |[a<r}p(dz)

< (1 o 6—2t)—1/2,7—1

X (2/Bexp(%(l — 6_2?5) ” D*Ptf(z) H2E)M(dz) N St—1/27,).
By Lemma 1 (2), we have our assertion. [

DEFINITION 4. Let r > 0. We say that (¢(©), (1) is an r-pair, if the
following are satisfied.
(1) ¢ : B — R is measurable, 0 < ¢ < 1, and

6Oz +h) — D@ <l hlln,  z€B heH,

for each ¢ =0, 1.
(2) There are o-compact sets Ag, A; in B such that Ag+ B, C Ay, ) (z) =
0, o —a.e.z € Ay, and o= (2) =0, p —a.e.z € B\ Ay, for i =0 or 1.

LEMMA 5. Let E be a separable real Hilbert space. Then for r,e > 0,
c=-1,0,1, and k =0,1,... there is a constant C > 0 such that

2
,
| @ L*P(pMu) Ipg(£)< Cexp(—3;) | v [pg ()

2t
for any (r + ¢)-pair (¢, M), u € DJ(E) and t € (0, 1].
PrOOF. Let (0@, ™M) be an (r + ¢)-pair. Note that
2w ||123§(E): 2| u ||]22)3(E) + || Du ||]233(H®E)’ u € Dy(E).

So we have

I IBym) = 21 gy + I Do ©ut P Du Iy ey
§4||u||]23%(E), u e Dy(E), i=0,1.
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Also we see that

| cos(sv/=2E)u Iy =l cos(sv/=2L)(1 ~ £)"2u Ipgr

<[l ulpy,  ueDYE).

Since the wave has finite propagation speed, we see that

) cos(svV/—2L)oMu = 0, s| <r+4e/2, uc DYE).
So we have

| 80 Cth( ) ||D1(E
s2

= 2 / T/Q(w) cos(sv/—=2L) (pMu)(2mt) "2 P (s, t) exp(— )ds by (e

[e'e) B 82
< 8 / (2t) V2| Py (s, 1) exp(— 2 )ds) | u llpy()
r4e/2 2t

Here Py(s,t) is a polynomial in s and 1/t of degree 2k. This proves the case
that o = 1.

The proof of the case that ¢ = 0 is similar. Taking dual, we have the
case that ¢ = —1.

This completes the proof. [

For any 6 € [0, 1], we see from [7]that (D3’,D;!);g = Dj. Here (-, %)
denotes the complex interpolation space (see [1]), s = (1 — 0)sp + 6s1 and
1/r =(1-6)/240/p. By virtue of Stein [11] we see that for each p € (1, c0)
there is a constant C' > 0 such that

(1) | LPu HDo )< Ct™! | u ||D2(E), te(0,1], ue Dg(E).
Therefore we see that for any p € (1,00) —00 < s < 00, £ > 0, we have
@) Bt lpgraey< O gy, € (0,1], e D(B).

In particular, there is a constant C’ > 0 depending only on p € (1,00) and
k=0,1,... such that

| e@ L5 P V) oy < Ot 4 | llp-1m,
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for any ¢t € (0,1], u € D;l(E), and any r > 0 and r-pair (), (1),
Therefore as an easy consequence of Lemma 5, we have the following.

PROPOSITION 6. Let E be a separable real Hilbert space. For any p €
(1,00), k=0,1,2,... r,e >0 and v € (0,2((1 —1/p) A (1/p))) there is a
constant C' > 0 such that

2
yr
1@ L*Pi(oVu) [[pgm < Cexp(—<-) 1w llp;1(m),

for any (r + ¢)-pair (¢, M), u € D, '(E), and t € (0,1].

PROPOSITION 7. Let E be a separable real Hilbert space. Then for any
r,e >0 and k, 0 =0,1,..., there is a constant C > 0 such that

2
r
” gD DZEth( ) ||D0(H®Z®E)< Cexp( 2g+2t) H u ”D_1 E)

for any (r + ¢)-pair (0, o), u € D;Y(E) and t € (0, 1].

PROOF. We prove the assertion by induction in ¢. By Proposition 6 we
see that the assetion holds in the case that £ = 0. Suppose that the assertion
holds for £. We have

| ‘P Déﬂﬁkp( U) ||1233(H®<4+1>®E)
= —(<P( )ﬁDeﬁth(CP(l)U)a W(O)Dzﬁkpt(@(l)u))Dg(HW@E)
— (DL LR Py (p (1) ), Dgo(o) ®W(O)Dzﬁkpt(@(l)u))Dg(H®(4+1)®E)
< (Il <P Dzﬁkﬂp( ) ||D0 (H®'®F)
+ ] DzﬁkP( Ju) Ipg(HetsE))
+ || DFLEP(o V) Ipgasenen) | 9O DL PeMu) Ipgrerss)

Here we use the fact that DL = LD — D. So the induction is complete by
Inequality (2) and the assumption of induction. This completes the proof. (]

For any subset A in B, let us define a function p(-; A) : B — [0, 00| by

(3) p(z; A) =inf{|| h ||g; 2+ h € A}, z € B.
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We remark that if K is a compact set in B, then p(; K) : B — [0,00] is
lower-semicontinuous, and that if A is a o-compact set in B, then p(-; A) :
B — [0, o0] is measurable.

PROPOSITION 8. Let r > 0 and (09, oMY be an (r + 2)-pair. Then
there is a 1 : B — R such that (¢, o) be an (r 4+ 1/2)-pair and that

(1= 9(2))¢@ () = 0 and (1 — )(2))Dp0(2) = 0 1 — a.e.2.

PROOF. Form the assumption, there are o-compact sets Ag, A1 such
that Ag + Byyo C A1, ¢D(2) = 0 p—a.e.z € Ay and =) (2) = 0 p —
a.e.z € B\ Ag for i = 0 or 1. Let 9 (2) = (1 — p(z; Ao +Bl/4)) V0, and
YW (2) = (1 — p(z; Ag + B,17/4)) V0, z € B. Then we see that Y@ satisfies
our condition for 4. [

PROPOSITION 9. Let E be a separable real Hilbert space. For k,f =
0,1,... and r > 0, there is a constant C > 0 such that

r2
1 " D L PV u) Ipy(srere < O exp(— 2£+2t) I llps1 gy

for any (r + 2)-pair (9, W), v € D;Y(E) and t € (0, 1].
ProOOF. We have
DD L P (o))
= Dy wDeﬁth(go(l)u) + go?lz/JDﬁlﬁth(go(l)u).

Here 1) is as in Proposition 8. So we have

| 90 DKEth( ) ||D1 (H®'QE)
<|| D L* Py (M) IDy(Hetem)
+2|| D LEP (W), Ipg(Hecvar) -

So we have our assertion from Proposition 7. [J

LEMMA 10. Let E be a separable real Hilbert space. Then we have the
following.
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() For k,¢ = 0,1,..., p € (1,00), 7 > 0 and v € (0,((1 — 1/p) A
(1/p))2=+2)) there is a constant C' > 0 such that

2
yr
| o@D LR Py (M) Ipy(retem) < CeXP(—T) w1 (g

for any (r + 2)-pair (9, W), v € D;Y(E) and t € (0, 1].
(2)For k,£=0,1,...,pe (1,00), 7 >0 and v € (0,(1 — 1/p)2=U+2)) there
is a constant C' > 0 such that

2
* or
| $OD YL P D) gy < Cexp(=L) |l lipt e

for any (r + 2)-pair (¢, M) v e DY (H®* ® E) and t € (0,1].

PROOF. Let us prove the assertion (1) for p € (2,00). Let p' € (p, ),
and let 6 = (2(p" — p))/(p(p — 2)). Then we see that [D3,D;]i_g = Dy,
s € R. By Proposition 9 and Equation 2, we see that there is a constant

C > 0 such that for any (r + 2)-pair (09, ™M) and t € (0,1].

I 80 Déﬁkpt( ) ||D1 (H®'®E)

2
< Cexp(—m) lullpim, — uweDy'(E),
and
| <P Déﬁkpt( ) HDl (H®LRE)
< Ot HR/2 |y |yD;1(E), ue D \(E).

Then we have the assertion (1) by the interpolation theory. The case that
€ (1,2) is similar.
We have the assertion (2) from the assertion (1) by using the duality.
This completes the proof. [

3. CH®* Maps

Remind that B, = {h € H; || h ||g< r}, r > 0. Then, endowing the
weak topology of H on B,, we may regard B,, r > 0, as a compact metric
space.
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Let K be a compact set in B. Then p(; K) : B — [0,00] defined in
Equation (3) is lower-semicontinuous. Let @& : B — R, n > 1, be given by

(4) oK) = 1= (p(= K + By) A1), z€B.

Then one can easily see that (X, 1 — &, 2)is an m + 1/2-pair for any
compact set K in B and n,m € N.

PROPOSITION 11.  For any £,k = 0,1,..., p € (1,2], m?(p — 1) >
20+2pn? n,m € N, and any compact set K in B, there is a constant C' > 0
such that

| sup{|| (2n Par(D*L¥ (1 = 3n12m+0)w)) (- + 1) | ot s
heH, || h||lu<n} |lLe(s)

S||'U’HD1;1(E)7 te(071]7 UEDp_l(E)a
and that
| sup{|| (#2n(Pot(D*) LY(1 = 3nt2m+9)u) (- + h) || &3

heH, | hila<n} o)
<l v llp; (retem) te (0,1, ue D, Y(H* ® E).

PROOF. Since the proofs are similar, we prove only the first assertion.
Let

9(2) = sup{|| (p2nPD"LEP((1 — @3nr2ms0)0)) (= + B | 5
heH, | hlln<n}

Then by Lemma 2 (1) we have
n2

sty — 1)) o3 (P DL P = @antamo)w) () 12,)(2) /.

9(2) < exp(
Note that

@3n+3(2) Pr(|| DLYPA((1 = @sntomro)u) () [I5) ()17
< 203,43(2) Pi((1 — 3ntmr6) (|| DLEP((1 = @ansamro)w)) %) (2) P
+ 2P (|| @3ntmr6D LEP((1 — @3niamro)w)) [5)(2) 7
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Therefore by Lemma 10 we have

| 9 llr(B)
n2
< -
2
m
x exp(—25-) (| D'LEP(1 = @anszmro)u)) by + [ wllp;1).

This completes the proof. [

DEFINITION 12. Let M be a Polish space.
(1) We say that a measurable map f : B — M is a compact HC map, if
f(z++): B, — M is continuous for any z € B and r > 0.
(2) We say that a measurable map f : B — M is a CH map, if there is a
compact HC map f : B — M such that f(z) = f(z) p— a.e.z.

DEFINITION 13. Let M be a Polishi space.

(1) We say that a map f : B — M is H-regular, if f is measurable and
if there is a compact set K in B with p(K) > 0 such that f|xyp, is a
continuous map from K + B, into M for any r > 0.

(2) Let N be a separable metric space. We say that a map f: N x B — M
is H-regular, if f is measurable and if there is a compact set K in B with
p(K) > 0 such that f|ny (x4, is a continuous map from N x (K + B;)
into M for any r > 0.

ProrosiTION 14. Let M,, n € N, be Polish spaces, and f, : B — H,
n € N, be H-regular maps. Then there is a compact set K in B with
w(K) > 0 such that fn|k+B, is a continuous map from K + B, into M, for
allr >0 and n € N.

PrROOF. For each n € N, there is a compact set K,, in B with u(K,,) >
0 such that f,|k,+5, is a continuous map from K, + B, into M,, for any
r > 0. Because of H-ergordicity of p we have u(|y_;(Ky + Bp)) = 1. So
there is an m, > 1 such that u(K, + Bp,) > 1 — 27! Letting K =
Mooy (Ky + Bp,), we have our assertion. [

ProrosiTiON 15. If f : B — M 14s a CH-map, then there is an H-
reqular map f : B — M such that f(z) = f(2), p— a.e.z.
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PROOF. We may assume that f is a compact HC map. For any n > 1
let f, : B — C(By; M) be given by fn(z)(h) = f(z+ h), z € B,h € B,,.
Here C'(By,; M) denotes the Polish space consisting of continuous maps from
B, into M. Since f, is measurable, there is a compact set K, in B such
that u(K,) > 1—3"" and f,|k, : Kn — C(By; M) is continuous. Then we
see that f is a continuous map from K, + By, into M. Letting K = (>, K,,
and f = f, we have our assertion. [

DEFINITION 16. Let E be a separable real Hilbert space. D(L; E)
(resp. D(D; E), D(D*; H® E)) is defined to be a set of measurable maps
u:B — FE (resp. u: B — E,u:B — H®FE ) such that there are a
compact set K in B with u(K) > 0 and a measurable map v : B — E (
resp. v: B— H® E, v: B — E ) satisfying the following.

(1) For each n > 1 ¢Xu € D}, (E), ( resp. ¢iu € Di, (E), pKu €
Di (H®E)).

(2) For each n > 1 pXv € DY (E), (resp. pXv e DY, (H® E), p&v €
DY, (E)).

(3) ¢n Lleniou) = v, (resp. o D(gpiou) = v, o5 D*(gpyou) =
goffv ) in Dl_j(E), n>1.

PROPOSITION 17. v in Definition 16 is uniquely determined pi-a.s.

PROOF. Let u € D(L;E), K', i = 1,2 are compact sets in B, and
v’ : B — E are measurable maps such that ¢X'u € D}Jm(E), oK't €
ng(E), and gofiﬁ(gpfﬁQU) = goffivi, i1 =1,2, n € N. We may assume that
w(K?) >2/3. ‘

Let K = K' N K2 Then we have pfu = goff(cpfbu). So we see that

1

OF vt = oF ,L(eEu) = oK' v, n > 1. So we have v! = v2. The proof for

D and D* are similar. [
We denote the v in Definition 16 by Lu, Du, and D*u, respectively.
PrOPOSITION 18. D(L;E) C D(D; E) and D(L; E) C D(D*; H® E).
PrROOF. Let u € D(L;F) and K is a compact set in B such that

oKXy € D, (E), n € N. Then we have ¢ D(oK, ,u) = oX D (oK ju) for
n > m > 1. Thus there is a measurable map v : B — H x E such that
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oK D(oK, Ju) = pFv. So u € D(D; E). This proves the first assertion. The
proof for the second assertion is similar. []

PROPOSITION 19. Let E be a separable Hilbert space.
(1) Let w € D(L; E) and suppose that Lu € D(L; E). Then Du € D(L; H®
E) and DLu = LDu — Du.
(2) Letu e D(L; H® E) and suppose that Lu € D(L; H® E). Then D*u €
D(L; E) and D*Lu = LD*u + D*u.

PROOF. Since the proofs of the assertions (1) and (2) are similar, we
prove only (1). Similarly to the proof of Proposition 14, we see that there
is a compact set K in B with u(K) > 0 satisfying the following.

oXu, oK Lu e DI(E), ¢XDueDi, (H®E),

R LK yu) = oF Lu, o L(pk, o Lu)
= SOn ‘Cu and QDn D(gpn—&—QU) nKDu

for all n > 1. Note that

1
oK g = 1Py (0 ) + /0 (T — L)@ gu))dt

and so we have

1
n Du = e o DPy(¢y5u) + ¢ DY / ™" Py(ony6(u — Lu))dt)

1
+ /0 oK DP(1 — o) (I — £)( )t

Then by Lemma 10 and the fact that

1
/ e 'Pdt =T —-L)" Y I -e'P),
0

we see that X Du € D}, (H ® E).
Also, we see that
o LP(phogDu) = ¢ LBD (¢, su) — on LP(1 = ¢346) D9y st)
= e' o DP(¢p16(Lu—u))
+e'on DP((1 = ¢py6) (£ = I)(0n51))
—n LP(1 = o) D(phsu)-
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Letting t — 0, we see by Lemma 10 that
on LlenseDu) = ¢ D(onsg(Lu+u) = o D(Lu+u)

in Df_&(H ® E). Since o L(pk,5 — ¢k ) = 0 as an operator from D} to
D;l, we have

oK L(oK oDu) = X D(Lu +u) and & D(Lu +u) € DY,
So we have our assertion. [

DEFINITION 20. Let E be a separable real Hilbert space. We say that
f:B— FEisaCH! map,if f e D(L;E)and f: B— Eand Lf: B — E
are C’H maps.

We say that f: B — E is a CH" map, n > 2, if f is a CH" ! map and
Lf:B — EisaCH" ! map. Also, we say that f : B — F is a CH*> map,
if fis a CH™ map for all n > 1.

PROPOSITION 21.  For any u € D,(E), p € (1,0), s € R, and t > 0,
Py : B — E is a CH®™ map.

PROOF. Since we have L" Pyu = Py j5(L" P, jou)), it is sufficient to prove
that P,f : B— E is CH map for any t > 0 and f € Dg(E). It is easy to see
that P.f : B — E is continuous if f : B — FE is continuous and bounded.
Since the set of bounded continuous functions is dense in Dg(E), we have
our assertion by Lemma 2. []

Our main result in this section is the following.

LEMMA 22. Let E be a separable real Hilbert space.
()If f: B — E be a CH' map, then Df : B — H ® E is a CH map.
(QIf f: B— H®E be a CH? map, then D*f : B — E is a CH map.

We have the following as an easy consequence of Lemma 22 and Propo-
sition 19.

THEOREM 23. Let E be a separable real Hilbert space.
()If f: B— E be a CH*™ map, then Df : B— H ® E is a CH™ map.
(2)If f: B— H® FE be a CH> map, then D*f : B — E is a CH*™ map.
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PrROOF OF LEMMA 22. Since the proofs of the assertion (1) and (2)
are similar and the proof of the assertion (2) is more delicate, we prove the
assertion (2) only. Let f : B — H ® E be an CH?-map. By Proposition 15,
we may assume that there is a compact subset K in B with u(K) > 0
satisfying the following.

() f,Lf,L2%f are continuous on K + B,

(i) i fron Lf € Diy,

and

(ii)) pn £f = o5 Lo f) and o L2f = X Lo}, o L f) for any n > 1.
Then we see that X f, oK Lf and X £2f are bounded. Note that

W%;D*f = ¢§1D*(‘P§L+2m+8f)
= 4/ teizt(PﬁD*(I - £>2P2t(90§%+2m+8f)dt'
0
Let

o0
Un,m.k = 4/2 te_QtD*(I - E)2P2t(90§$1+2m+8f)dt

—k

o0
_ —k+2
= 4Py 111 ( / kte HE2DAI — L) Py g i1 (0homars f)dL).
-

Then we see that u, ,,, : B — E, k € N, are HCY maps and so we may
assume that u,, ,, , is compact HC map. Note that

(I - £)2Pt(90§;+2m+8f)
= (I = £)Pi(@3mi2mie(f — L))
+ (I = L)P((1 = o3ntomt6) I — L) (051 2mrsf))
= Pi(Ohyomya(f —2LF + L7f))
+ Po((1 = @5 romya) I = L) (05 ome(f — £1)))
+ (I = L)P((1 = O3psamse) I — L) (@hniomisf))-

Let
Unm(2;t) = 4tPor D* (1 = @85, 1 om 1 a) (I — L) (084 0m46(f — L))

+4tPoy D* (1 = @5 yomea) = £)(1 = @55 42m-46)
X (I = L)(@5nsamsf))(2).
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and
Wy (2;t) = 4te " P.D* Py(pantomsa K(f —2Lf 4+ L2f))

Note that (I — L) (@8, 1 omi6(f — Lf)) and (I — L£)(08,, 4m4sf) belongs to
D, !(H ® E). Then we have

27k
W%%D*f = Soglun,m,k +/ SogL(Un,m(’»t) + Wn,m (- 1)) dt
0

Let
vy m(25t) = sup{|| @5, vnm (2 + h;t) [l h € Bn},

and
Wy, 1 (23t) = sup{|| wpm(z + h;t) |Bsh € Bp},  z€ B, t>0.

Since @3nromia(f —2Lf + L2f) is bounded, we have by Corollary 3
2—k
/ wy (z;t)dt — 0, u—ae.z, k— oo.
0

By Proposition 11, if (m — 3)2 > 16n2, there is a C; > 0 such that
[ @2n()on(5t) [2< Cr, € (0,1].

Thus we see that

2—k
cpgn(z)/ vy (z;t)dt — 0, w—ae.z, k— oo.
0
Let m,, = 4n + 4. These imply that

Pan(2) SUP{’un,mn,k(Z +h) — un,mn,k’(z + h)l;
he H | hlg<n} —0, kK —oo, p—aez,

for any n € N. Let

An ={z € K + By; sup{|unm, k(2 + h) = upm, i (z + 1);
heH, | hu<n} —0, b} — oo,

n € N. Then we see that u(4,) = u(K + B,) — 1. Let K, be a compact
suset of A, satisfying pu(A, \ K,) < 27" Let u,, : B — E be given by
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Un(2) = liMg—so0 Up m, k(2), 2 € Ky + By, and up(2) =0, z € B\ (K, + By)
Then we see that D*f(z 4+ h) = up(2 + h), p — a.e.z € K, for each h € B,,
and that u,(z + -) : B, — E is continuous for each z € K,,.

Let us take a subsequence {n;} such that u(K,,) >1—27% Let A =
U521 (M Kny), and V be a dense subset of H. Let

Ap={z € A; sup{|un, (z + h) — Un,, (2 + h);
heV,|h|u<t} —0, k k' — oo}

Then we see that p(A;) = 1. Let A =12, Ay, and let u : B — E be given
by u(2) = limg o Un, (2), 2 € A and u(z) = 0, z € B\ A. Then we see that
u is a compact HC-map and D* f(z) = u(z), 4 — a.e.z. So we see that D* f
is an HC map. This completes the proof. [

For separable real Hilbert spaces E;, i = 0,1, let C°°(Ep; E1) be the
space of smooth maps from Ey to Eq, i.e., C*°(Ey; E1) is the space of con-
tinuous maps F': Ey — FE4 such that for all n > 1, eg,e1,... ,e, € Ey, the
map (21,...,2,) — Fleo + Y p_; xkex) is a smooth map from R™ to E;
and that there is a continuous map F(™ from Ej to the space of continuous
n-multilinear maps M, (E{; E1) for which

0

n
mF(eo + > miei)ls=mr=0 = F"(e0)(e1, . ,en).

k=1

Let F € C%(Ey, E1), and (eg, €1, 62) € E1xL%(H; E1)? = By x(H®FE;)?.
Then for any complete orthnormal basis {h;}72;, we see that
P F®)(eq)(é1(hj),é2(h;)) converges in E; and does not depend on the
choice of basis {h;}72 . Thus, we can define (FP)Y : Ey — My((H®Ey)?; E)
to be the sum of this series. Then the map (eg, €1,&2) — (F®)(eo)(é1, é2)
can be an element of C*°(Ey @ (H ® Ey) ® (H ® Ep); Er).

THEOREM 24. Let E;, i = 0,1 be separable real Hilbert spaces and
F € C>®(Ey; E1). If u: B — Ey is a CH®™ map, then Fou: B — Ej is also
a CH map and we have

D(F ou)(z) = FU(u(2))(Du(z)),
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and

L(Fou)(z) = FY(u(2))(Lu(z)) + %(F(z)ﬂu(z))(Du(z), Du(z)), p-a.e.z.

PrOOF. Let u : B — Ej is a CH® map. Then it is obvious that
Fou:B — FEjisaCH map. Let K be a compact set in B such that
phu e DL, (Ey), pfu e DI, (H ® Ep) and o} D(¢k,qu) = ¢} Du, n € N.
Then one can easily see that

N D(pE o (F o)) = oE FW (K yu)(D(E, Hu)).

So we see that F ou € D(D; E;) and D(F ou) = F() o uDu. Similarly we
have D(F ou) € D(D*; H® E;) and

D*D(F ou) = F o w(D*Du) — (F®) o u(Du, Du).

(See the proof of [8] Theorem(1.9).)
By a little discussion we see that F'ou € D(L, Eq) and

(5) L(Fou) = (FO ou)(Lu) + %(<F<2>> o u)(Du, Du).

So we see that Fou : B — FEj is a CH' map. By Equation (5) and
Theorem 23, we see that Fou: B — Ej is a CH" map, n > 1, inductively.
This completes the proof. [

4. Continuity of Stochastic Processes

Let M be a totally bounded metric space with a metric function dj;.
For any ¢t > 0, N(t; M,dys) denote the minimum of cardinals of ¢-dj; nets
of M. Let us define (M, dys) to be

. loglog N (t; M, d)
e(M,dpr) = limsu
(M dar) = Ty 0 == 1 70)

We call €(M,dyr) an e-entropy of the metric space M.
The following is somehow well-known, but we give a proof.
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LEMMA 25. Let (Q,F,P) be a probability space, E be a separable
Banch space and X : M x Q — E be a measurable map. Suppose that
a>e(M,dy), and that there are v > 0 and C' < oo such that

X(x)—X 2
B K@ = X0 I
z,yeM,x#y dM ({E, y)a

)] < C.

Then there is a sequence {c,}52 1 of positive numbers depending only on the
metric space (M,dyr) and a7y, C such that ¢,, — 0,n — oo, and that

Bl SupA{II X(z) = X(y) lgs du(z,y) 27"} <cn,  n21
x,ye

for any countable subset A of M.

Proor. Let N, = N(27"; M,dy;), n=1,2,... We see that

P(| X(x) - X(y) |lg> 1) < Cexp<—dM(”$—y)a>, >0, 2,y € M.

Let B(z,r) ={y € M; dm(y,z) <r}, x € M, r > 0. Then there are z,, 4,
n>1,k=1,2,...,N,, such that

Let Z,,, n > 1, be given by

Zn = max . max { || X(zng) = X(@as1e) |l

dM(xn,kvxn—&-l,K) < 2_(n_1)}
Then we have
P(Zy > t) < NyNpy1Cexp(—t2200—1),

Then we have

IA

ElZ] < — +/°O P(Z, > t)dt

n2 /n2

1 9a(n—1)
< — + Ny Np1 CCexp(—y———),
n n
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where ~
Co = / exp(—7t?)dt.
0

Let Z], n > 1, be given by

Zy= max (Il X(wnp) = X(wne) |55 dar(wn s zng) <2702}

Then we have

9a(n—2)
nt 7

1
E[Z]] < 2 + N2CCy exp(—r

where -
C) = / exp(—y2~%/2)dt.
0

One can easily see that for any countable subset A of B

IS;EPA{H X(z) = X () |e; du(z,y) <277}

< sup{|| X(z) — X(y) || £;

2,y € | J{@mp: k=1,..., N} das(,y) <27}

m=n
o0
§Z7’1—|—22Zk, a.s. n > 1.
k=n

So we have our assertion. [
The following is an easy consequence of the previous Lemma.

THEOREM 26. Let (2, F, P) be a probability space, E be a separable
Banach space and X : M x € — E be a measurable map. Suppose that
a > e(M,dy), and there are v,C > 0 such that

| X(z) — X(y) II3

sup  EPfexp(y L] < oo,

z,yeM,z#ty dpr(z,y)*

Then there is a measurable map X : M x Q — E satisfying the following.
(1) X(-,w) : M — E is continuous for all w € Q.
(2) P(X(x) = X(x)) =1, for all z € M.
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Also, we have the following.

THEOREM 27. Let (2, F, P) be a probability space. Let X : M x Q —
[0,00) be a measurable map such that X (-,w) : M — [0,00) is lower semi-
continuous. Let o > e(M,dpr). If there is a v > 0 such that

P R
sup FE7lexp(y
z,yeM,x#y [ ( dM(1:7 y)a

then

P(sup X(x) < 00) = 1.
xeM

PrROOF. Let A be a countable dense subset of M. Then we see
that sup,cpr X(z) = supycyq X(z). Then we have our assertion from
Lemma 25. J

LEMMA 28. Let Hy, Hi be separable real Hilbert spaces such that Hy
is densely continuously embedded in Hy. Let U = {h € Hy; || h ||g,< 1}.
Assume that (U || - ||m,) < 2. Then the inclusion map i : Hy — Hy is a
Hilbert-Schmidt operator.

PrOOF. Let (2, F, P) be a probability space and let X (h), h € Hy be
mean zero Gaussian system of random variables such that E[X (k)X (h')] =
(i(h),i(h))my, hyh' € Hp. Then we see that

| X (h) = X ()

Elexp(
40 h—=h %,

V<2, hHeH

Since e(nU; || - ||m,) < 2 for any n € N, by Theorem 26 we see that there

isa X : Hy x  — R such that P(X(h) = X(h)) =1, h € Hy, and that
X(-,w) : Hy — R is continuous for all w € €. One can easily check that

P(X(ah +bh') = aX (h) + bX (') for all h,h' € Hy, a,b € R) = 1.

So we may regard X asa H{-valued random variable. Let v be a probability
law in Hj of X. Then (v, Hf, H}) is an abstract Wiener space. Therefore
i* : HY — H{ is a Hilbert-Schmidt operator. This implies our assertion. [
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LEMMA 29. Let Ho, E be separable real Hilbert spaces and By be a
Banach space such that Hy is densely continuously embedded in By. Let
T : By — E be a bounded linear operator. Let U = {h € Ho; || h ||, < 1}
and assume thate(U; || - ||B,) < 2. ThenT'|g, : Hy — E is a Hilbert-Schmidt
operator.

PROOF. Let H{) be the orthogonal subspace of H NkerT in Hy. Define
an inner product (+,-); on H) by (hi,ha)1 = (Th1,The)g, h1,he € H|. Then
this inner product is closable. Let H; be the completion of Hj with respect
to the inner product (-, -);. Then we see that || h ||z, <|| Th |g < C || h || B,,
h € H{, for some constant C' > 0. Therefore we have e(U N H, || - ||a,) < 2.
So we see that the inclusion map i : Hj — H; is Hilbert-Schmidt type. Let
{e/,} and {e,} be complete orthonormal bases of H)) and Hy NkerT. Then
we see that

DoNTe IE+D I Ten 5= Il € lI7, < oo
n n n

So we have our assertion. [
5. Continuity of Stochastic Extension

Remind that £°°(H; H) is the Banach space consisting of bounded linear
operators in H with an operator norm || - ||o, . Let {P,}72, be a sequence
of orthogonal projections such that the image of P,, n > 1, is a finite
dimensional vector subspace in B* and P, T Iy, strongly as n — oo. Then
we can extend the operator P, to a bounded linear operator P, from B into
H. We may assume that

/B | 2= Box |5 p(d2) <27, n=1,2,....

Let A € L(H;H). Then by [7] Theorem(1.14), we see that there is a
measurable map A : B — B such that

| A(@ — AP,z lz— 0, I — a.8.z

By the argument [7] Lemma(1.11), Theorems (1.13) and (1.14), we have the
following.



Nonlinear Transformation Containing Rotation and Gaussian Measure 23

THEOREM 30. There is a v > 0 such that

sup{/B exp(y || A(z) |B)u(dz); A€ L2(H; H), || A |lop< 1} < oo

Moreover, we have the following.

THEOREM 31. Let M be a compact subset in L>(H; H), and assume
that (M, || - |lop) < 2. Then there is a measurable mapping V : M x B — B
and a compact set K in B satisfying the following.

(1) U(A,2) = A(2), u — a.e.z, for any A € M.
(

(2) U(,z2+:): M x H— B is continuous for all z € B.

(3) w(K) >0 and V(A,z+ h) = (A, 2) + Ah for all A€ M, z € K and
heH.

(4) ¥(-,-) : M x (K + B,) — B is continuous for all v > 0.

ProOOF. Let My be a countable dense subset in M. Let g be the set
of z € B such that {Af’nz}%o:l is a Cauchy sequence in B for all A € M.
Then we see that () = 1 and Qo + H = Q.

Let F': My x 29 — B be given by

F(A,z) = lim AP,z, A e My, z € Q.

n—oo

By Theorem 30 we see that there is a v > 0 such that

I A(z) - A'(2) I3 /
Sup{/ exp(y H A ale, )u(dz); A,A" e M} < 0.

So there is a measurable map X : M x B — B such that X (A4, z) = A(2),
u—a.e.z, forany A € M, and X(-,2) : M — B is continuous. Let {21 be the
set of z € Qg such that F(A,z) = X(A,z) for all A € My. Then u(Q;) =1
and F(-,z) : My — B is uniformly continuous for all z € 5. Let Q9 be a o-
compact subset of €} such that p(£22) = 1. Since F'(A, z+h) = F(A, z)+Ah,
z € Qo, h € H, we see that F(-,z) : My — B is uniformly continuous for
all z € Qo + H. So we can extend F(-,z) to be a continuous map from
M to Bforall z€ Qy+ H. Let ¥ : M x B — B by ¥(A,2) = F(A,z2),
Ae M, ze€ Qo+ H,and ¥(A,z) =0, A€ M, z€ B\ (Q + H). Then
U can be regarded as a measurable map from B into C'(M; B). Let K be
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a compact set in B such that pu(K) > 0, K C y, and ¥ is a continuous
map from K into C'(M; B). Then we see that the assertions (1), (2) and (3)
hold. Also, by the compactness of B, in B and the assertion (3), we see
that ¥ : M x (K + B,) — B is continuous.

This completes the proof. [

6. Rotation

Remind that O(H) denotes the set of linear isomorphism in H. Let
A(H) denote the set of anti-symmetric bounded linear operators in H, that
is, A€ A(H) if A is a bounded linear operator in H satisfying A* = —A.

PROPOSITION 32. Let U € O(H). Then the probability law of U(z)
under u(dz) is p.

ProoOF. Note that for any ¢ € B*
[ (/a0 ). 5t

= tim [ exp(vII(B, U € )n(dz) = exp(— | € [y,

n—oo B

Thus we have our proposition. [

Let U € O(H) and FE be a separable real Hilbert space. Then by Propo-
sition 32, we can define an isometric linear operator Tyy in D (E), p € (1, 00),
s € R, by

(Tyu)(z) = u(Uz), z € B.

PROPOSITION 33. Let E be a separable real Hilbert space.
(1) For any U € O(H),

PtTU = TU-Pt and (1 — [r)iSTU = TU(]_ — ,C)*S

in LP(B; E,dup), p € (1,00), t,s > 0.

(2) Let U, € O(H), n > 1, and U € O(H), and assume that U, — U
strongly in H as n — oo. Then Ty, — Ty strongly in D, (E) as n — oo,
p€E(l,0), s €R.
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PROOF. The assertion (1) follows from the following computation.
P(Tuf)(z / FUE 2+ (1 — e 2 2w)) u(dw)
= [ HETE) + (1= ) ) = Ty (P(C).

To prove the assertion (2), it suffices us to prove the case that s = 0
because of the assertion (1). Let V be the set of E-valued functions u such
that there is an m > 1 and a bounded continuous function f : B — E such
that u(z) = f(Pnz), z € B. Then V is dense in LP(B; E,du), p € (1,00).
Since we have

/B (€, U(2)) = (€. Un(2))Pp(dz) =|| U = Upé |50, n— o0, &€ B,

we see that Ty, u converges to Tyu in probability and so in LP for any u € V.
Since Ty is isometric, we have our assertion (2). O

PROPOSITION 34. Let E be a separable real Hilbert space and let u €
D]%(E) for some p € (1,00). Also let A € A(H). Then we have

1
(Toau)(z) = u(z) —/0 (T.ta(D*(ADu)))(z)dt, pH—a.e.z.

ProOOF. Let A € A. Let m > 1 and V,, be the image of P,,. Let
f : Vin — E be a bounded smooth function with bounded derivatives of any
order, and u : B — E be given by u(z) = f(Pnz), z € B.

Let A, = P,AP,, n > m. Then we have

(Toanu)(2) = f(Pme™Pyz), U— a.e.z.
Also, we see that

d N . N
%fu%&Maﬂy:u%AwmujzVﬂawmwja)

= —p((e") 2, AV f(Pret®n P,2)) g
— —(Toan (D" (A Du)))(2),
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since Du(z) = Vf(Pyz) and trace(D(A,Du)(z)) = trace(A, D*u(z)) = 0.
So we have

1
(6) (Toanu)(2) = u(z) — /0 (T,ta, (D*(A,Du)))(2)dt, p— a.e.z.

Then we see that Equation (6) hold for all v € DZ%. Since A,, — A strongly
in H as n — oo, we have our assertion from Proposition 33(2) by letting
n — oo in Equation (6). O

PRrROPOSITION 35. There are v > 0 and C' > 0 satisfying the following.
If o : B — R is a measurable function satisfying

lp(z +h) —(2)] <[ h &, z€ B,heH,

then
/B exp(1t () — (Pip) (=) P)uldz) < C, e (0,1]

PrROOF. Note that

d
—Pyp=—D*DP;p = —e 'D*P,(Dy).

dt
Note that . .
l—et:/ e *ds > —, t €0,1].
0 4
So we have
712l — Pigl

t
< a(2t/2)7( / 21— 2D P(Dy)lds),  t e (0,1].
0

Observing || Dy ||g< 1, we have
-1 2
| explet o - Pigl)a
B

< (2t1/2)1(/0t 31/2ds/BeXp(160(1 — e %)|D*Ps(Dy) })dp),

t e (0,1].
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So by Lemma 1 we have our assertion. [

LEMMA 36. There are v > 0 and C > 0 satisfying the following. If
¢ : B — R is a measurable function satisfying

oz +h) =) <|[hlm,  z€BheH,

then
/Bexp(’Y 1A 15 le(ed(2) — ¢(2)*))u(dz) < C
for any A e A(H) with A#0 and || A ||p< 1.

Proor. Let A € A(H) such that A # 0 and || A [[,»< 1, and let
t =|| Allop - Then we have

< lp(et(2)) - (Prp)(eA(2)] + lo(2) — Prp(2)]
+1(Prp)(eA(2)) — Prp(2))|

D

and
- 1 -
[(Pip)(e(2)) — Pup(2)] S/O t|D*Py(t~ " ADp)(e34(2))|ds

So we have
/B exp(ct 1 p(eA(2)) — (=) u(d=)

<2 / exp(3ct—1p — Pro))u(dz) + / exp(3ct| D* Py(t~ AD)[2)u(dz)
B B

Since || t71ADy ||z < 1, we have our assetion from Lemma 1(2) and Propo-
sition 35. [

By [7]Theorem(4.9) and Proposition 32, we have the following.

ProrosiTiON 37. There are v > 0 and C' > 0 satisfying the following.
If o : B — R is a measurable function satisfying

lp(z +h) —(2)] <[ h |5, z€ B,heH,
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then
/B exp(110(0(2)) — 9(2)2)uldz) < C

for any U € O(H).
By Lemma 36 and Proposition 37, we have the following.

THEOREM 38. There is a v > 0 satisfying the following. If p : B — R
is a measurable function satisfying

oz 4+ 1) — ()| <| h g, z€B.heH,
then
sup /B exp(y | U — I 71 10(0(2)) — 0(2)P)ulde);

UeOH),U + Iy} < .

COROLLARY 39. Let K be a compact set in B with pu(K) > 0. Let M
be a totally bounded subset of O(H) such that e(M; || - ||op) < 1. Then

sup{p(V(U,2); K); U e M} <oo, pu—a.s.z.
Here W s as in Theorem 31.

PRrROOF. Since p(; K) : B — [0,00] is lower semi-continuous, we see
that p(¥(-,2); K) : M — [0, 00] is lower semi-continuous. We also see that

lp(z 4+ 1 K) — p(z K)| <[ b [ -
So by Theorem 38 we see that there is a v > 0 such that
Sup{/B exp(v || U = Vo llop |2(¥(Un; 2); K) — p(¥(Uo; 2); K)|*)u(d2);
Up, Uy € M, Uy # U()} < 0.
Then by Theorem 27, we have our assertion. [

THEOREM 40. Let M be a totally bounded subset of O(H) such that
e(M;] - |lop) < 1. Let N be a Polish space and f : B — N be a CH map.
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Then there is a H-regular map f : M x B — N such that f(U, z) = f(U(2)))
w—a.e.z for all U € M.

PrROOF. Since f : B — N is CH map, we may assume that there
is a compact set K’ in B such that u(K’) > 0 and f : K+ B, — N
is continuous for all » > 0. Also by Theorem 27 we may assume that W :
M x (K'+B,) — B is continuous for all » > 0. Then by Corollary 39 we have
sup{p(¥(U,2); K');U € M} < 00 —a.e.z. Let R > 0 and K be a compact
subset of K’ such that pu(K) > 0 and sup{p(V(U,2); K');U € M,z € K}
< R. Then we see that ¥(U, z2) € K' + Bry, forany U € M, z € K + B,
and r > 0. Let f(U,z) = f(¥(U,2)), U € M, z € B. Then we see that
f:M x (K + B,) — N is continuous for all r > 0.

This completes the proof. [

7. Polish Subgroups

DEFINITION 41. We say that G is a Polish subgroup of O(H), if the
following are satisfied.
(1) G is a subgroup of O(H).
(2) G has a metric function dg such that (G,dq) is a Polish space, the
inclusion map from G into O(H) is continuous, and

da(g1,92) = da(Im,97'92), 91,92 € G.

For a Polish subgroup G of O(H), we define ¢(G) by

e(G) =lime({g € G; do(In.g) < 6} | - llop).

DEFINITION 42. We say that G is a Hilbert-Lie subgroup of O(H), if
G is a Polish subgroup of O(H) and if there is a Hilbert space G satisfying
the following.
(1) G is continuously embedded in A(H) as a vector space.
(2) There are neighborhood Uy of 0 in G and a neighborhood U of Iy in G
such that
(i) ¢ : Uy — Uy given by ¥(A) = exp(A), A € Uy C A, is a homeomorphism
and that
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(ii) for any g € G the map ¥ ~1(gy(-)) : =1 (U1 N gUy) — G is smooth.
We call G the Lie algebra of G.

REMARK. A Hilbert-Lie subgroup G of O(H) is a C* Hilbert manifold
(c.f.[12]).

THEOREM 43. Let G be a Polish subgroup of O(H) such that e(G) < 2.
Then there is a measurable mapping ¥V : G X B — B and a compact set K
in B satisfying the following.

(1) ¥(g, ) §(z), p—a.e.z, for any g € G.

(2) ¥(-,z+-): Gx H— B is continuous for all z € B.

(3) u(K) >0 and ¥(g,z+ h) =¥(g,2) + gh for allg € G and z € K.
(4) U(-,-) : G x (K + By) — B is continuous for all v > 0.

PROOF. By the definition of (G), we see that there is a 6 > 0 such
that e(U, | - ||op) < 2, where U = {g € G; dg(Iu,g) < 6}. Let {gn}7>; be a
dense subset of G. It is easy to see that £(g, U, || - |lop) = (U, ]| - llop) < 2.
So by Theorem 31 there are ®,, : (¢,U) x B — B and compact sets K, in
B,n=1,2..., satisfying the following.

(1) Wn(g,2) = §(2), p — a-c., for any g € gaU,

(2) w(Ky,) >0 and ¥, (9,2 + h) =¥(g,z) + gh for all g € ¢g,U and 2z € K.
(3) U(-,-) : (9nU) x (Ky, + B;) — B is continuous for all r > 0.

We may assume that u(K,) >1—2"0+t) n =12 ... Let Apm, n,m =
1,2,..., be the set of z € B such that ¥, (gi,2) = VU, (gk, 2) for all g €
(gnU) N (gmU). Then we see that p(Ay m) = 1.

Let A= (=1 Anm) N (M2 Kr). Then we have p(A) > 0. Also we
see the following.

U,(9,2) = Win(g, 2) for g € (g.U) N (gnU), z € A, and n,m = 1,2,... ,
U, (g,2+h) =V,(g,2) + gh for g € (goU), z € A,and n =1,2,... , and
U, (,z4+%) : (goU) x H — B is continuous for z € A.

Let K be a compact set in B such that u(K) > 0 and K C A. Let U :
G x B — B be given by ¥(g,z) = 0,if g € G and z € B\ (K + H),
and ¥(g,z) = ¥, (g,2), if g € (g,U), and z € K + H. Then we have our
assetion. []

We have the following by a similar proof of Theorems 40 and 43.
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THEOREM 44. Let Gy be a Polish subgroup of O(H) such that £(G1) <
2 and a measurable mapping ¥V : G1 x B — B be as in Theorem 43. Let G
be a Hilbert-Lie subgroup of O(H) such that Gy is continuously imbedded
in G1 and that €(Go) < 1. Let M be a Polish space and f : B — M be an
H -regular map. Then for any g1 € G1 the map (g,z) — f(¥(gg1,2)) is an
H-reqular map from Gy x B to M.

LEMMA 45. Let G be a Hilbert-Lie subgroup of O(H) with its Lie al-
gebra G such that €(G) < 1. Let E be a separable real Hilbert space. Then
we have the following.

(1) There is a bounded linear operator T : H @ FE — H® G*®@ E =
L%(G;H ® E) such that T(h ® u)(A) = (Ah) @ u, h € H, u € E, and
AeG C AH).

(2) For any CH*™ map f : B — E there is an CH map F': B — G*® E
such that

1
F((eh) (z+h) = f(2) +/0 (F((e) (2 +th))(A)
+ Df((e) (z+th))(h)dt u—a.ez

F(2)(A) = D*(ADf)(2), pn—a.e.z

for any A€ G and h € H.

PrOOF. (1) For each h € H let S(h) be a map from £°°(H; H) into H
given by S(h)(A) = Ah, A € L>(H; H). Then S(h) is obviously a bounded
linear operator.

Let U = {A € G; || A |[g< 1}. Then by the definition of Hilbert-
Lie subgroup and the assumption, we see that e(U;| - [|op) < 1. So by
Lemma 29 we see that the restriction of S(h) on G is a Hilbert-Schmidt
type for each h € H.

Let S be a map from H into EZ(Q;H) & H ® G*. Then by Banach-
Steinhaus’ Theorem, we see that S is a bounded operator. So S ® Ig is a
bounded linear operator from H ® E into (H X G*)®@ E. Letting T = S® I,
we have the assertion (1).
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(2) Similarly to the proof of Proposition 34, we see that

F((e?) (z+h) = f(2) +/0 (D*ADf)((e") (2 + th))
+ Df((e") (z+th))(h))dt p—a.e.z

for any A € G and h € H. By Theorem 23 we see that Df : B — H ® E is
an CH*™ map. So we see that T(Df): B — H® G* ® E is an CH*® map.
Thus again by Theorem 23 we see that D*(T(Df)) : B — G* ® E is an
CH™ map. Letting F' = D*(T'(Df)), we have our assertion.

This completes the proof. [

DEFINITION 46. We say that a Hilbert-Lie subgroup Go of O(H) is
admissible, if there are a Polish subgroup G; of O(H), an abstract Wiener
space (v, Hy, W), a diffeomorphism Ry : Gy — Hy, and Hy-regular maps
S W — Gy, Ry : Go x W — Hy, and Ry : Hy x W — Gy, satisfying the
following.

(1) Go is included in G} continuously, (Gp) < 1 and £(G1) < 2.

(2) S(w+ Ro(g,w)) = gS(w), v — a.ew, for any g € Gy.

(3) Ro(-,w+-) : Go x Hy — Hp and Ri(-,w+ ) : Hy x H — G, are
continuously Frechét differentiable, Ro(R1(h,w),w) = h, w € W, h € Hy,
and Ri(Ry(g,w),w) =g, w e W, g € Gy.

The following is an easy consequence of Theorem 43 and Lemma 45.

THEOREM 47. Let Gy be an admissible Hilbert-Lie subgroup of O(H).
Let (v,Hy, W) be an abstract Wiener space, G1 be a Polish subgroup of
O(H) and an Hy-regular map S : W — Gy be as in Definition 46. Let
W : G1xB — B be as in Theorem 43. Let E be a separable real Hilbert space
and f : B — E be an H-regular CH>-map. Then the map f(¥(S(-),-)) :
W @® B — E is an (Hy ® H)-regular CH'-map.

8. Main Theorems

For a map ® : B — B and a subset A in B, let N(- ; A,®) : B — [0, o0]
be given by

N(z; A, @) = #{ € A;0(2) = 2}, z € B.



Nonlinear Transformation Containing Rotation and Gaussian Measure 33

Here # A denotes the cardinal of the set A.
Then we have the following.

THEOREM 48. Let F: B — H be an H-regqular and CH'-map, and let
®: B — B be given by ® = Ig + F. Then we have

/f Dld(z: F)|u(dz) = /NzA@)f()(dzx

for any non-negative measurable function f : B — R and a Borel set A in
B. Here

d(z; F) = dete(Ig + DF(z)) exp(—D*F(z) — % | F(2) %), 2 € B.

PrOOF. We give only a sketch of a proof, because this theorem is a
version of a change of variables formula and the Sard theorem (c.f. [15]
and its references). Since F' is an H regular and CH!'-map, DF : B — H
is a CH-map by Lemma 22. So there are a compact set K in B and a
measurable map G : B — L2(H;H) such that F : K + B, — H, and
G : K + B, — L%(H; H) are continuous for all R > 0, and that

1
7111%2(F(z—i—th)—F(z)—tG(z)h):O, ze K+ H.
Let M; be the set of z € K+ H for which Iy + DF(z): H — H is bijective,
My = (K+ H)\ M; and let Ny = B\ (K + H). Then by the Sard theorem
(c.f.[6]), we have u(®(My)) = 0. Also, by the change of variables formula,
we see that

/ f(®(2)|d(z F)|p(dz) = / N(z; AN DM, @) f(z)p(dz).
ANM; B
Noting that ®(Ny) C Ny and p(Ny) = 0, we have our assertion. [J

In this section, we extend this theorem.

Let Gp be an admissible Hilbert Lie subgroup of O(H) Let (v, Hy, W)
be an abstract Wiener space, G; be a Polish subgroup of O(H), an Hp-
regular map S : W — G and a diffeomorphism Ry : Go — Hg be as in
Definition 46. Let ¥ : G; x B — B be as in Theorem 43.
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Let U : B — Gg and F : B — H be H-regular maps such that Rggo U :
B — Hy and F are CH™-maps. Let ® : B — B be given by ®(2) =
VU(U(z),z+ F(2)), z € B.

The following is our main thereom.

THEOREM 49. Suppose that Qg be a Borel set in W x B satisfying the
following
(1) Qo+ (Ho® H) = Qo, and (v @ u)(Q) = 1. i
2) ¥(0 US0), ) = WlgS(u).) forany g € G and 1) € .
(3) Qo ={(¥(S(w), 2)); (w,z) € Qo} is a Borel set in B.

Then there is a measurable map 6 : B — [0, 00| such that

/f (dz) /NzAﬂ%,ﬁ@Mw%

for any non-negative measurable function f: B — R and a Borel set A in
B.

PROOF.

Step 1. Let m : W x B — B be defined by n(w,z) = ¥(S(w),
(w, 2) € Wx B. Since oW(g,-)~" = p, g € G1, we see that (v@u)or~! =
Also, let G : W x B — Hy, and F : W x B — H be given by G(w, 2)
Ro(U(m(w, 2)),w), and F(w,z) = S(w) 'F(n(w, 2)), (w, z) € W x B. Then
we see that G and F are (Hy @ H)- regular CH!-maps.

Let ® : W x B — W x B be given by ®(w, z) = (w+G(w, 2), z+F(w, 2)).
Then by Theorem 48, we see that there is a measurable map §:W xB—
[0, 00) such that

/A F(B(w, 2))8(w, 2)v(dw) ® pu(d=)

= N((w, 2); A, ®) f(w, 2)v(dw) @ p(dz)
WxB

z),
Lb.

for any measurable function f : W x B — [0,00) and any Borel set A in
W x B.

Step 2. We will prove the following.

Cram. (i) If (w',2) € W x B and (w,2) = d(w',7') € Qo, then
(W', 2") € Qp and ®(w(w', 7)) = w(w, 2) € Q.
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(ii) If (w,z) € Qo, £ € Qo and ®(€) = 7(w, 2), then there is a unique
(k,h) € HQ@H such that m(w+k,z+h) = £ and <I>(w+k z+h) = (w,2).

Let( Z') € W x B, and (w, z) = ®(w',2') € Q. Then we see that
(w' )GQO+(H0®H) Qo. Sowehave

m(w,z) = w(é(w’ ) = V(U (r(w',2))S(w'),z + S(w)  F(r(w, 2)))
V(U(n(w',2")), (S(w'), z + S(w') " F(n(w', 2))))
Y(U(n(w', 2),m(w',2) + F(r(w', 7)) = o(x(w', ).
Thus we have the Claim (i).
Let (w,z) € Qo, & € Qp, and assume that (I>(§) = m(w, z). Then there is

a (wo, z0) € Qo such that & = m(wy, z0). Let w' = w + Ro(U(€)~!, w), and
2 = z—S(w) " F(£). Then we see that (w’,2') € Q. Moreover we see that

m(w',2) = W(U(E) ' S(w),2) — F(§) = ©(UE) ", m(w, 2)) — F(£)
= W(U©) ™, W(U(€), ¥(S(wo), 20) + F(£))) = F(€)
71'(1110,2:0) 5
Note that

S(w) = U(€)S(w') = S(w' + Ro(U (&), w'))
= Rl(w, —w+ RO(U(§)7wl)7w)S(w)‘

Since Ro(-,w) : Hy — O(H) is one to one, we see that w = w’'+Ro (U (§),w’).
So we have

d(w',2) = (w' + Ro(U(r(w', 2),w), 2 + S(w") " F(n(w', 7)) = (w, 2)

So we see that the existence of such (k,h) € Ho @ H in the Claim (ii).
Let (k,h) € Hy ® H and suppose that w(w + k,z + h) = £ and ®(w +
k,z+ h) = (w, z). Then we have

S(w)=S(w+k)+ Ro(U(m(w+k,z+h)),w+k)) =U(§)S(w+ k).
So we have
S(w+k) =U(€) "' S(w) = S(w + Ro(U(§) ", w)).
So we see that k = Ro(w,U(&)™!). Also, we see that

z=(z+h)+S(w+k) 'Fln(w+k,z+h) =2z+h+Sw+k)LFE).
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So we see that h = —S(w + k)1 F(¢). This shows the uniqueness of (k, h).
This completes the proof of our Claim.

Step 3. Now we prove our theorem. Let A be a Borel set in B and
f: B —[0,00) be a measurable function. Let A = 7=!(A), and f = fom.
Then our Claim implies that

N((w,2); AN Qy, ®) = N(r(w,z); AN Qo, ®)

for any (w, z) € Q. Then we have
JREYRLRONONTS
= / N(m(w,z); AN Qo, @) f(7(w, 2))v(dw) @ pu(dz)
WxB
—/ N((w, 2); A1 O, &) f(w, 2)(dw) @ p(dz)
WxB

= [ F@(w )i, vlde) @ uidz) = [ F@)Eu).
Here 6 : B — [0, 00] is given by 6 o = E”®“[6]7T(-)].
This completes the proof. [

THEOREM 50. There is a o-compact set Qo in W x B satisfying the
following.
( ) QQ+(HO@H) Qo, and (V®M)(Q0):1.
(2) U(g,¥(S(w), 2)) = ¥(gS(w), 2) for any g € Gy and (w, z) € Q.
(3) Qo = {(¥(S(w), 2)); (w,2) € U} is a o-compact set in B.

PROOF. We see that there is a compact set K1 in B such that pu(K;) >
0, ¥: Gy x (Ky 4+ B,) — B is continuous for any r > 0, and ¥(g,z + h)
= U(g,z) + gh, g € G1, z € K1, h € H. Also, there is a compact set K
in W such that v(Ky) > 0, S : Ky + B, — G is continuous for » > 0 and
S(w+ k) = Ri(k,w)S(w), w € Ko, k € Hy. Here B. = {k € Ho; || k ||, <
r}.

From the definition of £(Gp), we see that there is a countable open
covering {Up}72; of Gg such that e(Uy; || - |lop) < 1. Then similarly to the
proof of Corollary 39, we see that

p(sup{p(¥(g9g, =), K1);9 € Up} < o0, for alln > 1) =1,
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for any g € G1. So we see that
(v @ p)(sup{p(¥(gS(w),2), K1);9 € Up} < o0, foralln>1)=1.

Hence there is a compact set K in W x B such that (v ® pu)(K) > 0, K
C Koy x Ky and sup{p(¥(¢9S(w),2),K1);9 € Up} < oo for any n > 1 and
(w, z) € K. Then we see that a map ¥(-, U(S(-),-)) : G x (K+(B.x B,)) —
B is continuous for any r > 0. It is obvious that

U(gS(w+k),z+h)="(g,V(S(w+k),z+h)), v@p—ae.(w,z)

for all (g,k,h) € G1 x Hy x H.
So there is a compact set Ko in W x B such that (v @ u)(Ko) > 0, Ko
C K and

U (gS(w),z) = ¥(g, ¥(S(w),2)),
for all (g, k,h) € G1 x Ko+ (B. x B,.), r > 0. Letting Qo = Ko+ (Ho ® H),
we have our assertion. [

From Theorems 49 and 50, we have the following.

COROLLARY b51. There is a o compact set g and a measurable map
6 : B — [0, 00| satisfying the following.
(1) u(Q) =1 and Qo + H = Q.
(2) For any non-negative measurable function f : B — R and a Borel set
A in B,

/f 1(dz) /NzAﬂQo, ) (2)u(dz).

9. Example

Let d be an integer. Let B = {z € C([0,1];R%); 2(0) = 0}, i be the
standard Wiener measure in B and H be the Cameron-Martin space of pu,
i.e.,

H = {h € B;h(t) is absolutely continuous in ¢, / |— (t)|?dt < oo}.
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Then (u, H, B) is an abstract Wiener space. We take this as a basic abstract
Wiener space.

Let O(d) be the set of d x d orthogonal matrices, and o(d) be the space
of d x d skew symmetric matrices. We introduce an inner product on o(d)
by (Ao, A1) = trace (AjA1). Let W = {w € C([0, 1];0(d)); w(0) =0} and v
be the standard Wiener measure on W, i.e., v is a mean 0 Gaussian measure
with

/W(w(t%Ao)(w(S),Al)l/(dw) = (Ao, A1) (t A s),
t,s € [0, 1], AQ,A1 S O(d)

Let Hg be the Cameron-Martin space of v, i.e.,
Hy = {h € W;h(t) is absolutely continuous in ¢ / |—(t)|?dt < oo}.

For each g € C%([0,1];0(d)), we denote g(t)~ 1d9 by % Then % €
C([0,1]; 0(d)). Let G1 denotes the set of g € Cl([O 1];0(d)) such that
9(0) =1y and J € W. For each h € H and g € Gy, we define

(gh)(t) = /0 o) (s)ds,  te0,1)

Then we may regard G as a Polish subgroup of O(H). Moreover, we see
that the map h — gh in H can be extended a bounded linear operator in
B. Let Gg be the set of g € GG such that 2¢ ¢ Hy. Then we see that Gy
is a Hilbert-Lie subgroup of O(H). By [2 ], we see that £(Go) = 1/2, and
e(Gy) = 1. Let S(w) = {S¢(w); t € [0,1]}, w € W, be the solution of the
following ODE.

%SM Sp(w)w(t), t 0,1, So(w) =0,

Then the map S : W — (7 is continuous. Note that

(9181 (w)) = (9(1)Su(w))(w(t) + Si(w) ™ DL (1)1 (w)),

dt
g € Go, weW.
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So we see that

-1D9

S(w+ S.(w) g7

()8 (w)) = gS(w), g€ Go, weW.
These show that G is admissible. So we have the following from Theo-
rem 49.

COROLLARY 52. LetU : B — Gg and F : B — H be H-regular maps
such that % :B— Hyand F: B— H are CH™-maps. LetV : B — B
be defined by V(z) = U(z)(z + F(z)), z € B. Then there is a measurable
function 6 : B — [0, 00] such that

/ F(®(2))8(2)u(dz) = / N(z; A, ®) f(2)u(dz).
A B

for any non-negative measurable function f : B — R and a Borel set A in
B.
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