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1. Introduction

In this paper we generalize local class field theory from the viewpoint
of class field theory for (fractional fields of) complete local rings. First,
we review briefly the history of higher-dimensional class field theory. For
one-dimensional complete regular local rings having finite residue field, class
field theory for their fractional fields is classical. On the other hand for two-
dimensional complete regular local rings such as F,[[X1, X2]] or Z,[[X1]],
their class field theory was successfully obtained by A. N. Parshin in [Pal]
and S. Saito in [Sal] independently by using Milnor K2/-idele class group.
Such generalizations of local class field theory by using Milnor K-groups
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originate in the celebrated papers [Kal], [Pal], [Pa2] of K. Kato and A. N.
Parshin who established so-called higher dimensional local class field the-
ory. Soon thereafter, S. Bloch succeeded in proving class field theory for
arithmetic surfaces in [Bl] by the elegant approach through algebraic K-
theory. By using this result of Bloch, K. Kato and S. Saito established
two-dimensional global class field theory in [Ka-Sal], where the above re-
sult of S. Saito in [Sal] played an important role. Here, we also remark that
in positive characteristic case, two-dimensional global class field theory was
also announced by A. N. Parshin in [Pa3].

In [Ka-Sal], fractional fields of such complete local ring as F,[[X1, X>]]
or Zp[[X1]] are called semi-global fields (there exist other different types
of semi-global fields. For more details, we refer [Ka-Sal]). By generalizing
techniques developed in [Bl] or [Ka-Sal], Kato and Saito finally accom-
plished so-called higher dimensional global class field theory in [Ka-Sa2]
(there, class field theory for arbitrary finitely generated fields over prime
fields are proved and established). But surprisingly, they no longer used
class field theory of semi-global fields obtained as fractional fields of com-

plete local rings F, [ X1, ... , X,]] for n > 3. So, the motivation for our study
can be explained to prove class field theory of fractional fields of complete
regular local rings Fy[[ X1, ..., X,]] with arbitrary n > 3. In this paper we

treat the case n = 3, and the general case n > 4 is to be established in the
forthcoming paper [Ma2]. We explain more closely our formalism of class
field theory. Let us take a three-dimensional complete regular local ring
A: =TF,[[X1, X2, X3]] and denote by K its fractional field. We consider the
maximal abelian extension K2 of K in the fixed algebraic closure K of
K. Then, we construct the Milnor Ké\/[ -idele class group Ck and the reci-
procity map pg: Cx — Gal(K?P/K) through which Gal(K?/K) should
be approximated by Ck.

We define the idele class group C'x in Section 1, where at the same time
we put a certain nice topology on it. An interesting fact is that our Milnor
Kéw -idele class group Cx quite a lot resembles those of two-dimensional
global fields constructed by Kato-Saito (cf. loc.cit.). The reciprocity map
pr is defined in rather traditional way in Section 5. For this, we must
prove reciprocity laws enjoyed by various local fields Ky or Ku in Propo-
sition 5.3 (for the definition of Ky, Km, see the notation in Section1). In
Sections 5,6, px is proved to describe Gal(K®”/K) in a desirable manner.
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That is, our Milnor Ké” -idele class group C'i contains all informations of
Gal(K?P/K) as all previous successful cases. We will state our main results.

THEOREM 1.1 (THEOREM 5.1). Let A: = F,[[X1, X2, X3]] and K be
its fractional field. We assume ¢ = p™, hence K has characteristic p > 0.
Then, by using the topological idele class group C'x mentioned above, it holds
the following dual reciprocity isomorphism:

Pt Hoa(K, Qp/Zy) = Homeont (Cre, Qp/Zyp),

where Homeont(Cr, Qp/Zy) denotes the set of all continuous homomor-
phisms of finite order from Ck to Q,/Z,.

This theorem is the most essential part in this paper and is established
in Section 5 by using the simple commutative diagram (5.71) obtained by
using all results in previous sections. In (5.71), the top exact sequence
which is proved in Theorem 5.5 plays a crucial role. Next we state prime to
p parts.

THEOREM 1.2 (THEOREM 6.1). Let A, K be as above and | # p be an
arbitrary prime. Then under the Bloch-Milnor-Kato conjecture (see below),
1t holds the dual reciprocity isomorphism

Pl He (K, Q1/Z;) = Homeont (Crc, Qi/Zy).

We explain the Bloch-Milnor-Kato conjecture. For an arbitrary field
F and a natural number m, it asserts the bijectivity of the Galois symbol
KM(F)/n = HEL(F, u@™) for an arbitrary natural number n prime to
ch(F). For the proof of Theorem 1.2, we use this conjecture with F' = K
and m = 3,n = I¥ (k > 1). The proof of Theorem 1.2 is much easier than
that of Theorem 1.1 except for using some non-trivial results in algebraic K-
theory or using Saito’s Hasse principle for two-dimensional (not necessarily
regular) normal local rings. Combining Theorem 1.1 and Theorem 1.2, we
get the following class field theory of K:
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THEOREM 1.3 (THEOREM 6.2). Let A, K be as in Theorem 1.1. Then
under the Bloch-Milnor-Kato conjecture for K, we have the following dual
reciprocity isomorphism:

Pk H(llal(K, Q/Z) = Homeont (Cx, Q/Z) --- (0)

where Homeony denotes the set of all continuous homomorphisms of finite
order.

This theorem proves class field theory for K in a satisfactory manner. In
fact, the isomorphism (¢) involves the existence theorem which is treasured
in class field theory.

COROLLARY 1.4 (COROLLARY 6.3). Let A, K be as in Theorem 1.1.
Then under the Bloch-Milnor-Kato conjecture for K, the reciprocity homo-
morphism

px: Cx — Gal(K**/K)
has the dense image in Gal(K?"/K) with the Krull topology.

Finally we show that for certain finite abelian extensions of K, we have
the following explicit reciprocity isomorphisms which are familiar in local
or global class field theory:

COROLLARY 1.5 (COROLLARY 6.4). Let A, K be as in Theorem 1.3
and we assume the Bloch-Milnor-Kato conjecture for K. Then, for an ar-
bitrary finite abelian extension L/K such that the integral closure of A in
L is regular, we have the reciprocity isomorphism

PK: CK/NL/K(CL) = Gal(L/K),
where N, /i denotes the norm for Milnor K -groups.

This result can be seen as the first successful explicit description for the
Galois group of finite abelian extension of semi-global fields in the sense of
Kato-Saito (cf. loc.cit.).

CONVENTION. Through the paper, for an arbitrary commutative ring,
we always denote by P}'% the set of height 7 prime ideals of R.
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2. Construction of the Idele Class Group Ck

In this section we introduce the Milnor K-theoretic topological idele
class group C'x which plays the central role in this paper. First, we review
basic results. Recall that for an arbitrary field k&, the n-th Milnor K-group
KM (k) is defined by

DEFINITION 1. We define Minor’s K-group K2/ (k) for a field k as

Kt (k) o= ((k*)%9)/J,

where J is the subgroup of the g-fold tensor product (k*)®* of k* (as a Z-
module) generated by elements of the form a; ®. ..®a, satisfying a;+a; = 1
for some i # j. For a discrete valuation field F', we will define Kato-
filtrations U KM (F) for i > 0 as

(2.1)  U'KM(F):={Image: 11 @22 @ - @z, — KM(F) |
s.t. T1 € U(i)(F),xg,... Ty € K™},

where U (F) denotes the multiplicative group (1 +ut. Op)* C O%. Here,
ur and Op denote the uniformizing parameter and the valuation ring of F,
respectively.

Next, we recall class field theory for n-dimensional local fields established
by K. Kato and A. N. Parshin in [Kal], [Pal]. For this, we first give the
definition of higher dimensional local fields.

DEFINITION 2. A complete discrete valuation field k,, is said to be n-
dimensional local if there exists the following sequence of fields k; (1 <i <
n):

each k; is a complete discrete valuation field having k;_; as the residue
field of the valuation ring Oy, of k;, and ko is defined to be a finite field.

For n-dimensional local field k,,, K. Kato and A. N. Parshin established
its class field theory as follows:

THEOREM 2.1 (Kato, Parshin). For an arbitrary n-dimensional local
field k,,, there exists the canonical reciprocity map

Pro Ko (k) — Gal(ky /Kn)
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which satisfies the following two conditions:

i) for an arbitrary finite abelian extension k' /ky, pk, induces an isomor-

phism

set

Pro K (kn) [Ny i, (B (K')) = Gal(K' /),

ii) the correspondence k' — Ny, (KM (K')) is a bijection between the
of all finite abelian extensions of ky, and the set of all open subgroups of

KM(k,) of finite index.

For the convenience, we fix the following notation:

Notations

Pfl: = the set of all height 2 primes of A,

P} : = the set of all height 1 primes of A,

Pl: = the set of all height 1 primes of A,

pm: = element of P},

Am:=lim, Ay /m"™ (A is a localization, where all elements outside

m are invertible),

Ap: = limn, Ay /p",
Ampm: = My, Am(p,) /P (this is a complete discrete valuation ring)
Km: =FracAm, Kp:=FracAp, Kmpy,: = Frac Amp,,

REMARK 1. In the above notation, Ay becomes a two-dimensional

complete regular local ring whose residue field x(m) is one-dimensional lo-

cal.

We also remark that Ky, is a three-dimensional local field explained

in Definition 2.

We will introduce a notion of modulus M.

DEFINITION 3. A modulus M is a formal sum

of prime divisors (p) defined by (p = 0) in Spec A, and the integer coefficient
ny is zero except for finitely many ps.
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Next, for an arbitrary modulus M and each m € Pf‘, we define the group
Cm(M) by

(2.2)
Crm(M)

diagonal
= Coker | K3 (Km) "2 @D (K3 (Keupu) /UM PV EY (Kinp)) |
pmePIIn

where pm denotes a height one prime of two-dimensional complete local ring
Am and the positive integer M (pm) is defined to be ny if pm — p under the
canonical map Spec Amp,, — Spec A. Gathering Cm(M) over all elements
m € P3, we define the group Cg (M) /n for n > 2 as

(2.3) Cg(M)/n:= Coker | @ K3"(Kyp) — €D Cm(M)/n |,

peP} meP3

and put the discrete topology on Cg(M)/n. The reason why we take
modulo n in (2.3) is that we should prove its well-definedness. That is,
the image of each group K3 (Kp) in [] e P2 Cm(M)/n actually lives in the
direct sum. We prove this as the following lemma:

LEMMA 2.2. For each p € P, the image of Ké\J(Kp) in
Hmer,nDp Cm(M)/n lies in EBmer,mDp Cm(M) /n.

Proor. We will only treat the case n = p to fix ideas. Hereafter, we
will denote by k3 (K) the group K2 (K,)/p and by Uk} (K)) the image
U'KM(K)) in kKM (K)).

Take an arbitrary height one prime A € P}r Then, each element of
KM (K,)/p lands in only such component Cy(M)/p of HmePfl Cm(M)/p as

m D A. So, we have only to prove that an arbitrary element a € kéw (Ky)
vanishes in Cy(M)/p for almost all m which contains A. If we denote by ny
the coefficient of (p) in M, the definition of Cy(M)/p immediately shows
that U™ k2 (K,) vanishes in Cpy(M)/p. On the other hand, Theorem 2.7 at
the end of this section shows the surjection k3 (K) — kM (K,)/U™ kM (Ky),

which allow us to consider a € k3 (K). So, we can write

(2.4) a = (al,b1,01> (ambnacn)
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with a;,b;,¢; € K. Further as A is uniquely factorized domain, we may
1

assume that all a;,b;,¢; lie in A[ﬁ, e ,m] with finitely many height
one primes p; (j = 1,...,m). The problematic height two primes can be
classified into the following three types:

i) height two prime m which lie over both A and some p; (# A).

ii) height two prime m such that A splits into several primes in Ap.
Indeed, this is the case if the curve A has the nodal singularity at m (we can
consider A as a curve in the surface SpecA \ my4).

iii) height two primes which lie over both A and some height one prime
p having its modulus number ny > 0.

We will exclude these three cases in the below. The point is that only
finitely many height two primes are candidates for each of these three types.
So even in total, only finitely many height two primes are excluded. In the
next Sub-lemma, we prove that except for finitely many ms excluded just
now, an arbitrary element o € k3 (K) vanishes in Cm(M)/p.

The situation is as follows: « € k3 (Am[}]), M (pm) = 0 for every height
one prime pm in Ay except for A (A remains prime because we excluded the

type (ii)).

SUB-LEMMA 2.3. For an element m € P%, the group k3 (Am[3]) van-
ishes in Cem(M)/p if each modulus M(p) is zero for all pm € PL such that

Pm # A

Proor. Consider the Gersten-Quillen complex

25) K (Anly) — ) "B @D B (s(pm) — 0,
PmFAA

where Oy, is the boundary map Opn: k3 (Kmpm) — k3 (k(pm)) in alge-
braic K-theory. By Theorem 2.7 below, the kernel of each boundary map
Opem coincides with Uk (Kmp,,). So the above sequence (2.5) shows that
k3 (Am[}]) lies in Uk (Kmpy,) for all pmsuch that pm # A. So immediately
follows that if we move an arbitrary element o € k3 (Am[3]) C k3! (Km»)
into Py,.2x (k3 (Kmpw) /UK (Kmpy,)) using the diagonal image of o €
kM (Km) in C(M)/p, a becomes 0 in k3 (Kmpy) /UK (Kmpy) for all pm
such that pm # A. Hence, we get the desired assertion in the sub-lemma. []
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We are in the stage to define the idele class group Ck for K.
DEFINITION 4. We define the topological idele class group Cx by
(2.6) CK:: @M,nzg CK(M)/H,

where lim js is taken by the surjection C (M')/n — Cg(M)/n if M' — M
is effective (& ngj —np > 0), and we endow the inverse limit topology on
Ck induced from the discrete topology on each Cx(M)/n (by definition,
the fundamental open subsets of Cx are the inverse images of all subgroups
of Cx(M)/n in Ck with M running over all moduli and n > 2).

We have a useful lemma.

LEMMA 2.4 (Explicit Representation of Ck). The above idele class
group C'i can be also represented explicitly as follows:

(2.7) CK/nl@MDK,n/FMDKvn,

mPpm
fined in (2.2)) and D, is defined by

where FM Dy ,,:= Image H/ UM KM (K pe) — DK’n> (M (pm) is de-

Dgpi= I[I K (Kmpw/n /HmePQKy(Km)Hpeleé”(Kp)-
meP}, pmE P 4 !

<H/ Kéw(Kmpm)/n> is the subgroup of the direct product
mpm

<H Kéw(Kmpm)/n> such that an arbitrary element a €
mpm

H/ K (Kmpw) | satisfies the following two conditions:
mpm
1) there can be associated the set S of finitely many height-one prime
ideals of A such that (m, pm)-component ampy, of a lies in UC K (Kmpy)/n
if pm+— p such thatp ¢ S,
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2) for any element p € Pj, (m,pm)-component ampn of a lies in
K%(Am[ﬁ])/n for almost all pm such that pm— p.
Finally, it also holds that

(2.8) Drn/FM Dy = Cre (M) /.

PrOOF. This is easily observed in the similar way as in Sub-lemma
2.3. 0

Next, we define the subgroup F°Ck of Ck which plays an important
role in Section 5.

FOCn(M):=Tmage | @ UK} (Kmpy) — Cua(M)

PmE P
(2.9) FOCx(M)/n:=Tmage | @ F'Cun(M) — Cx(M)/n
meP?

By an easy check, we see an isomorphism FODKyn/FMDK,n =~ FOCK (M) /n.
Using this, we have

DEFINITION 5. We define FOCy by the inverse limit

(2.10) FOCk :=1im a1, =2 F°Cic (M) /n.

In Section 5 and Section 6, it is proved that this group F°Cg corre-
sponds to the maximal unramified extension of K by the reciprocity map
pK - So, if the residue field of A is g, it follows that Coker(F°Cy — Ck) =
Gal(F,/F,) = Z.

Here, we also review the Bloch-Milnor-Kato conjecture which plays an
important role in the proof for prime to p part in Section 6.

CONJECTURE (Bloch-Milnor-Kato). For an arbitrary field K and a
natural number n prime to the characteristic of K, there holds the following
Galois symbol isomorphism:

KN (K)/m = Hga(K, "),
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For this conjecture, recent development of motivic cohomology by Vo-
evodsky or Rost and others seems to bring the final solution in the near
future. For the p primary version of this conjecture, we have

THEOREM 2.5 (Bloch-Gabber-Kato). For an arbitrary field K of posi-
tive characteristic p, the following differential symbol becomes an iso-
morphism:

Ké\/[(K)/pm - Hgal(K7 VVanK7 10g)7
where Wy, Qg log denotes the logarithmic Hodge- Witt sheaves of length m.

This theorem works often useful at several places in Section 5. We also
review the purity theorem for Logarithmic Hodge-Witt sheaves established
by Shiho.

THEOREM 2.6 (Shiho [Sh2], Theorem 3.2). Let X be an arbitrary reg-
ular scheme X of dimension n such that any closed point © € X™ satisfies
[k(x): k(z)P] = p'. Then, for any reqular closed subscheme Z — X of
codimension c, it holds the following purity isomorphism:

HL(Z, QgﬁggC) H (X, Q}ﬁgg)

This theorem is also indispensable in Section 5 in proving isomorphisms
between local cohomologies of henselian local rings and those of complete
local rings.

Finally, we recall Kato’s calculation of Milnor K-groups for discrete
valuation rings which are basic throughout this paper.

THEOREM 2.7 (Kato [Kal]ll, Lemma6, p.616). Let L be a discrete
valuation field with residue field F such that (F : FP) = p% and
KM(L),U'KM(L) be as in Definition 1. We denote by kM (L) the group
KM(L)/KM(L)P, and denote by U'kM (L) the image of U'KM (L) in kM (L).
Then, each sub-quotient GrikM (L): = UM (L)/ U KM (L) is calculated
as follows:
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(1) There exists an eract sequence

2 KM (F) =0

n

0 — KM(F) — KM(L)/U KM (L)

and Ker(KM (L) LA KM (F)) coincides with UU KM (L). Consequently, it
holds

U'KMLy/UrKM(L) = KM(F).
Hereafter, we assume i > 0, and 7, denotes a uniformizing parameter of

the valuation ring O, of L.

(2) if pti, there exists an isomorphism

&Gt S aried (L),

where & sends w = sdty/ty A ... Ndtp—1/tn—1 — (1+ swi,tl, ceiytp_1) €
GrikM(L).

(3) if p|i, there exists an isomorphism
G QL e QR /ay 2y = GrkyY (L),

where Q%d:o denotes the set of d-closed i-forms of F. & sends w € Q}_l
in the same way as in (2) and sends w = sdt1/ty A ... Ndtp_o/tn_o
(I+smh t,... ,ty_o,m1) € GrikM(L).

(4) if ch(k) =0 and i =ep/(p— 1), there exists an isomorphism

€ep/(p—1) U 1/(1 +aC)Q7;“ 0D 2/(1 +ac)9?d20 - GrlkM( )

where a:= 7, “p is the residue class of w7 °p in F, and maps are defined in
the same way in the above.

REMARK 2. In this paper, We use Theorem 2.7 for d = 2,n = 3. So
in this case, the term Qf~ Lan- F y o in (3) vanishes, which follows from the
fact all two-forms in Q% are d-closed (note that (F: FP) = p?).
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3. Duality for Two Dimensional Complete Gorenstein Local
Rings

In this section, we establish explicit duality results for two-dimensional
complete normal Gorenstein local rings having finite residue field. We begin
with the Grothendieck duality theorem.

THEOREM (Grothendieck [Ha], Theorem 6.2, p.278). For an arbitrary
normal local ring R over a field k and an arbitrary finite R-module M, the
following isomorphisms hold:

(3.1) Exty' (M, D) ®r R = Homp(Hpy,, (R, M), Ir)
(3.2) Hi (R, M) = Homp(Ext ' (M, Dg), Ir),

where D%, Ir denote the normalized dualizing complex and the injective hull
of R, respectively. For a gorenstein local ring R, we have D}, = Q7 [n] and
for a regular local ring R, Ig is given by Ir:= lim > R/m}é. Hence for a
gorenstein local ring R, (3.1) reads

(3.3) Ext (M, QF) ©r R = Homp(HS, (R, M), Ig).

The following corollaries are very useful which follow from the definition
of I R:

COROLLARY 3.2. Under the same assumption in Theorem 3.1, if R is
Gorenstein, it holds

Exty (M, Q%) ®@r R = Hom(Hy, (R, M), k(mp)),

where Hom denotes the set of all homomorphisms between discrete groups
and kK(mg):= R/mp.

COROLLARY 3.3. Under the same assumption in Corollary 3.2, it holds
Hip (R, M) 2 Homeons (BExtly (M, Q), k(mg)),

where cont means the set of continuous homomorphism with respect to mp-
adic topology on Ext’y, ' (M, ).
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By using these results, we will prove

THEOREM 3.4. Let R be an arbitrary two-dimensional normal Goren-
stein local Ting with residue field Fy, and F' be its fractional field. We attach
the discrete group

Dy: = Coker | 03 2% (N (vaq/%q) ,
qe P

where Fy, Rq denote completions of F', R at height one prime q, respectively.
Then with this module, we have the following canonical isomorphism:

(3.4) R = Hom(Dy, Z/p),
where Hom denotes the set of homomorphisms between discrete groups.

ProOF. We will use Corollary 3.2. We put M = Q%,n = 2,4 = 2.
Then, it reads

R = Hom(Hy, (R, O%), F,) = Hom(Hy, (R, QF), Z/p),

where the second isomorphism comes from trace homomorphism Tr: F, —
Z/p. Thus, the proof of the isomorphism (3.4) is reduced to

CLAM 3.5. There holds an isomorphism Hg, (R, QF) = Dy.

PrROOF. Let us consider the following localization sequence which is
exact:

- —Hp, (Spec R, Qpocp) — H' (Spec R, Bpeep) — H'(X, %) —
(35) H\%(IR(SpeC R7 Q%pecR) - HQ(SpeC R7 Q%pec]’%) - H2(X7 Q%() T

where X = Spec R\ mp with the maximal ideal mp of R. We see that both
groups H'(Spec R, Q%pecR) and H?(Spec R, Q%peCR) in (3.5) vanish, so we
obtain the isomorphism

(36) Hl (X> Qg() = HI%nR(SpeC R7 Q%pecR)'

We analyze the group H'(X, Q% ). First we notice that the Krull dimension
of X is 1. By considering the localization sequence in étale cohomology of X
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with the attention to the fact that each height one prime of X corresponds
bijectively to the unique height one prime of R, we obtain the following
exact sequence:
S HO(X, %) — HO(F, Q3) —
D HyX, 9%) - H'(X, 0%) — 0,
gex @
where the final 0 is obtained by replacing the group H'(F, Q%) by 0. From

this sequence, we can find that the group H'(X, Q%) is explicitly expressed
as

HY(X, %) = | @ HyX, 0%) |/ (H(F, Q%) /H (X, %)) .
gex @

By replacing H°(F, Q%) and H°(X, Q%) with Q% and Q% respectively, we
obtain

(3.7) HY(X, %) = | B Hq(X, 9%) | /(9% /%)
gex @)

We have Hé(X, 03%) Hé(Speth, Q%peCR}&), where ngl denotes the
henselization of R at q. So, it holds that

(3.8)  Hg(X, O%) = Hy(Spec Ry, O pu) = Qo /W = O /O,

where Rq, Fq denote the completion of R}c‘l, F C}II at g, respectively. From (3.6),
(3.7) and (3.8), the desired isomorphism Hy, (R, Q%) = D; follows. [J

Next, we state the duality theorem for R/RP.

THEOREM 3.6. Let R be same as in Theorem 3.4. We will define the
discrete module Do by

diagonal
Dy: = Coker | Q} "5 @) (2, /(U 4—or k)
qe Py
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Then, there exists the following isomorphism:

(R/RP) = Hom(Da2, Z/p).

PROOF. For the proof, we need the Cartier operator C. Let us consider
the exact sequences

P

(3.9) 0—-R"—- R—R/RF -0
* C
(3.10) 0— (B/R) — | P (9h/9%,) | /9%
qeP}
P (9k,/9%,) | /9% o0,

qeP}

where (3.10) is obtained by taking the Pontryagin dual of (3.9) together
with Theorem 3.4. But the property of the Cartier operator C' shows that

(3.11) Ker(C: QF, — OF ) = dQp, = (Q}pq/Q}% d0)
(312 Ker(C: 03— 03) = dh = O/ sy)
where d denotes the differential operator. So by (3.11), it follows that

Now from (3.12) and (3.13), easy arguments show
(314)  Ker(C: (€D (9,/%)/% — (D (93,/%,)/9%)

qePt qePL

= | D b/ ( Qg az0: y)) | /2
qepP}

where the right hand side of (3.14) is nothing but Dy. Thus, we get the
following commutative diagram:

0o —— R — R/RP — 0
|
|
1

1R

|

1R

|
|
1
0 —— Hom(D1, Z/p) —— Hom(D:, Z/p) ——— Hom(D2, Z/p) ——— 0
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from which we get the desired bijectivity R/RP = Hom(D2, Z/p). O

Here, we state the duality theorem for F'; F//FP where F is the fractional
field of R. For this, we explain the differential idele class groups. It is defined
by

(3.15) Er:= (] 9%,)/9%
qePh
(3.16) Ey:= ( H (g /Qrga=0))/ (Qp/Qrazo)s
qeP}

where Q%, (QL/QL ) are embedded diagonally into the numerators of
(3.15) and (3.16), respectively. The restricted product in (3.15) is defined

by the condition that any element in it lies in the group (quU Q%q) S5

<@q§ZU Q%q) for some open U C Spec R. The restricted product in (3.16)
is in the same way defined as (3.15).

REMARK 3. We want to mention that the above defined differential
idele class groups Ej, Es are also defined in terms of the differential idele

class groups Dy, Do. For this, we will prepare the modulus M:= )" ngq(q),
qe P}
where ng = 0 for almost all g. Then, E1, E» are given by

. di 1
Ey = lim pCoker 02 TR @ (Q%q/q”@%q)
qe Py

By 2 lim y Coker | OF "5 () (QF, /(Qh, am0, 4"90k,) |
qePy

agonal

. di
where we put the discrete topology on Coker (Q% e @qu}%X

(Q%q / q”qQ%q)) and put the inverse limit topology on F;. We also treat in
the same manner for Fs. The proof of these isomorphisms are understood
without difficulty by direct calculation.

The duality results for F', F'//FP are stated as follows:
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THEOREM 3.7. Let R be the same ring as in Theorem 3.4 and F' be its
fractional field. Then, there exists the following isomorphism:

F = Hom.(E1, Z/p),

where Hom, denotes the set of homomorphism  : (qupl Q%q )/Q% — Z/p
R
such that x annihilates q”qQ%q Jor each q with some nq > 0 and almost all

THEOREM 3.8. For an arbitrary complete local ring R with fractional
field F' which satisfies the condition in Theorem 3.4, there exists the follow-
ing canonical isomorphism:

(F/F?) = Home(Ey, Z/p),
where Hom. denotes the same meaning as in Theorem 3.7.

These theorems are immediately obtained from Theorem 3.4, Theo-
rem 3.6 respectively by considering the fact that F' = li_n>1feRR[%] and
the isomorphisms explained in Remark 3.

4. The Complete Discrete Valuation Field Ky

In this section, we will devote ourselves to prove the following class field
theory for Kp:

THEOREM 4.1. For each height one prime p of A, we consider the com-
plete discrete valuation field Ky (cf. Notations in page 5). Then, the filtered
topological idele class group F'Ck, (i > —1) can be associated for Ky and it
holds the following dual reciprocity isomorphism:

(4.1) Picy: H(Ap, Z/p) = Homeou (F*Crc,, Z/p),

where Homeont denotes the set of continuous homomorphisms of finite or-
ders.

We begin with the definition of the idele class group Cf,, for Ky. Firstly,
we define the three-dimensional local field Ky 4 for each height one prime
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q of two-dimensional complete normal local ring m (A\/?J denotes the nor-
malization of A/p). Kpq is the complete discrete valuation field defined
uniquely up to isomorphism by the following two conditions:

1) Kp C Kpgqand mg, OKkypq = MK, 4o Where mg, and mg, , denote the
maximal ideals of the valuation rings Ok, and Ok, ,, respectively.

2) The residue field Okpq / mp, 4 of the valuation ring Ok, , of Ky g co-
incides with the fractional field x(p)q of the complete discrete valuation ring
(m)q = lilnn(XZ/Jp)(q) /q". Equivalently explained, x(p)q is the completion
of k(p) at q.

We consider the Milnor K-group K3 ((;17]/3) gllup)]) of the two-dimen-

sional complete local ring (M)q[[up]] and put the filtration
F’Kéw((A/p)q[[up]]) for an integer i > 0 by

PR (A/p) llupl)):= Ker (K37 ((A7p)qllupl)) — K37 ((Ap)g/a") [upl])) -
More explicitly, we have
(4.2)

P (Afp)gllupl)) = {1+ a'(A/p)gllupl), (A/P)qllupl]*, (A/p)qllupl]*}
which, for example, is obtained by faithfully following arguments of Denis-
Stein [De-St] who proved Ker (K3'(R) — K2'(R/a)) = {1+ a R, R*}. We

return to the definition of C,,. For an arbitrary modulus M:= > nq(q)
Lxrp

of 27]/3 (ng is 0 except for finitely many primes) and the integer i > 0, we
introduce the group C, (M, i) by

(4.3)  Ckp(M, i):= Coker <K§W (Kp)

di@al @ ( NKéV[(KP,CI) ))
Frafi gt ((A/p)qllupl) NUIKS! (Kp.q)

cpPl
<0

where we consider F”qKéw((/m)q[[up]]) C KM (Ky,q) by taking its image
induced from the natural map

(4.4) (A/p) gllupl] = £ (p)qllupl] = r(p)q((up)) = Kpg.
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Now we can give

DEFINITION 6. Our topological idele class group is defined by
(4.5) Ckp = lm ap,i>0 Ck (M, 1),

where M runs over all moduli of 27]/3 For the topology, we put the discrete
topology on each Ck,(M, i) and endow the induced inverse limit topology
on CKp.

REMARK 4. This idele class group Cf, resembles that of complete
discrete valuation fields having global residue fields. In fact, for such c.d.v.f.
as has [F,(X) as its residue field, Kato gave the definition of its idele class
group in [Kal] III and proved its class field theory. It is found that our way
of construction is essentially equivalent to Kato’s one.

The next task is to construct the reciprocity pairing

(4.6) H(Kp, Z/p) x Ck,/p — Z/p.

First, choose isomorphisms

(47)  Kp=a)((up),  wlp)g=Frac((A/p)q) = Fy((sq))((tq)).
Then Kp q is explicitly rewritten as

(4.8) Kyp,q = Fy((s9))((tq))((up)).

On the other hand, for each three-dimensional local field Ky g, there exists
the following residue pairing by Kato-Parshin:

(4.9) H(Kpg, Z/p) x K3 (Kpq)/p — Z/p

defined by (Xp,q, (ap,q: bp,q; qu)) — Res%q/\%/\i_ug(Xp q%ﬁ A %M‘; A
dccpq ) € Z/p, where Resd:p A%ICIAC% denotes Trg, /, (c-1,-1,-1) € Fp. Here,
Try /E, is the trace operator and c_1 _1,_1 is the coefficient of =22 ds /\ diq A d—uc;qt
in the three-form (xp g daappqq A Cébppqq A dccppqq) € Q3 . Fix x € HGal(KP7 Z/p).
Then, by using the restriction homomorphlsm

(4.10) Tp,q: Héal(va Z[p) — Héal(Kp,q» Z[p)
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in Galois cohomology, we can consider the above pairing by Kato-Parshin
for each q. After gathering over all q, except for the reciprocity law which we
will prove just below, it is found that the gathered pairings factor through
Ckp(M, i) for some M and i which depend on y. viz;

(4.11) X x Ck,(M,i)/p — Z/p.

By considering all x in the left hand side which is equivalent to consider
the inductive limit for all x, the corresponding right hand side in the pair-
ing (4.11) turns out to be the inverse limit over all M, i, that is,
lim ps,i>0 Ck (M, 7)/p = Ck,/p. Thus, we get the desired pairing (4.6).
As mentioned above, we will prove the following reciprocity law:

PROPOSITION 4.2. For an arbitrary elements a € K3i'(Kp), x €
1 _ .
H¢ . (Kyp, Z/p), the sum quP1(A7p)(rp’q(X)’ a)qg = 0, where ryp q is defined
in (4.10) and ( , )q denotes the Kato-Parshin pairing (4.9).

Proor. First, we remark that we can take an integer ¢ > 0 such that
Tp.q(x) annihilates the subgroup U'K (K q) for all . We can see The-
orem 2.7 shows that any element (ap,bp, cp) € K21 (Kp)/p can be written
as

(412) (ap7 bp7 Cp) = (1 + OéU{J, 67 PY)

with a, 8,7 € k(p) modulo UiKév*’(Kp,q). On the other hand, the repre-
sentation of Kp in (4.7) allows us to interpret each xp € H{, (Kp, Z/p) =

Kp/(B—1)Kp ((B—1)z:=2af —z) as

Xp = D Onu,

n>>>—o0o

where each 6, € r(p) and 6, uf denotes the image of 6, uy in Kp/(P—1)Kp.

But for n > 1, it is easily seen that the pair (6n uf, (ap, by, cp)> goes to 0
under the pairing (4.11). Thus, we have only to check the above proposition
in the case

£
o3
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for an arbitrary n > 0. Using the representation (4.12), we find the residue
pairing ((Z—%), (1+ au{J, 0, 7)) = 0 if j ¥ n. Otherwise, n = kj and then it
becomes

(4.13) ((%), 1+ aup, B, 7)>

p
17— k4B dy
— Z ReSdiq/\ciiq <(—1)]C 1](5@(0/“7 A 7))
1 sq q
qGPA'/p

But if we consider (—1)%71j6;; € k(p) and oF d—ﬁﬁ A d,y—” € Qi(p)? the claim

that the right hand side of (4.13) = 0 is nothing but the reciprocity law (in
the class field theory) for x(p), which is proved by Kato (cf. Proposition 7
in [Ka3]). Hence, we are done. [J

Next, we give the definition of filtrations on Ck, and Héal(Kp, Z/p).

DEFINITION 7. For an arbitrary positive integer ¢ > 0, we define the
decreasing filtration F* Ck, on (g, and the increasing filtration
NiHY (K, Z/p) on Hby(Kp, Z/p) by
(414) 1) F'Ck,:=Ker (CKp — lim a7 Ce, (M, i))

2) NiHga(Kp, Z/p) := {Im: 2 (Kp /(P ~ DEp) | = € Ky
satisfies vy, (7) > —i}, where (f — 1)
is defined by (P —1) () = af — z.

For N;H{,.,(Kp, Z/p), we see an isomorphism
(4.15) Noo Ha(Kp, Z/p)/NoHea (K, Z/p) = Hy(Ap, Z/p)

(NowHL, (Kp, Z/p) = Hi,, (Kp, Z/p)) which immediately follows from the
(exact) localization sequence

0 — He(Ap, Z/p) — Héa(Kp, Z/p) — Hi(Ap, Z/p) — 0.
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We also consider the filtration F*(Cg,/m) on Ck,/m for an arbitrary inte-
ger m > 0 by
(4.16) Fi(CKp/m):: Image (FiC’Kp — Cgp/m)
and take the following graded-quotients:

(417)  Gr'(Cg,/p):= F'(Cky/p)/F" (Ck,/p)
(4.18)  GriHg,(Kp, Z/p):= NiHg(Kp, Z/p)/Ni-1Héa(Kp, Z/p).

For these graded-quotients, we have

LEMMA 4.3. There hold the following isomorphisms:
(4.19) L if pti, £(p) = GriHg(Kp, Z/p)

a
by k(p) > ar (F) € GriHy(Kyp, Z/p)
p

(4.20) 2. if pli, k(p)/r(p )p = GriHg(Kp, Z/p)
by k(p)>a— ( ) € GriH(Kp, Z/p).

-t;s

This lemma is checked without any difficulty by explicit calculation.

LEMMA 4.4. Fori > 0, there exist the following surjections:
(421) 1. GTO(CKP/p) = 0.
(4.22) 2. if pti, H 0 /92 — Gr'(Ck,/p).
qepjvp
(4.23) 3. if p|i(>0),
(I g/ Py, =00/ Uiy /ey, a=0) = G (Cicy/p).
qu:\/p
As an important fact, each left hand side of (4.22), (4.23) coincides with
the differential ideles defined at (3.15), (3.16), respectively.

Proor. By Kato’s Theorem 2.7, (4.22) and (4.23) follow by consid-
ering the definition of Ck, in Definition 6 (one should pay our attention
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to the fact that in the definition of Ck,, the filtration F*Cf, is taken
into account). Thus, only the case 1 requires the proof. It suffices to
prove Gro(K} (Kpq)/p) = 0 for each component of Ck,/p- According
to Theorem 2.7 again, we have Gr'(K3! (K q)/p) = K31 (Okp o/ Mip.q) /D>
where mg,, , denotes the maximal ideal of the valuation ring Of,, ;. But the
residual field Ok, ,/mk, , is, by definition, x(p)q which is two-dimensional
local field of characteristic p > 0. Thus we have isomorphisms
GrOKY (Kpa)/p) = K3 (Orcpa/micy o) b = K3 (5(p)q) /p. But thanks to
Bloch-Gabber-Kato Theorem 2.5, we have K2 (k(p)q)/p = Qi(p)q, log Which
is zero considering that fact that the number of p-bases of k(p)g, which is
two-dimensional local field, is two. [

Now, we are in the stage to prove Theorem 4.1.

PROOF OF THEOREM 4.1. First, we see that the pairing (4.6) induces
the pairing

(4.24) Hg(Ap, Z/p) x F°(Ck,/p) — Z/p
from which we obtain the dual reciprocity homomorphism

(4.25) Hy(Ap, Z/p) — Homeont (F° (Ck,/p) . Z/p).

We will prove that (4.25) is an isomorphism. For the proof, we will define
the filtration on Hg(Ap, Z/p) induced from those on Hg,,(Kp, Z/p) by us-
ing (4.15). We denote by the same symbol Nng (Ap, Z/p) these filtrations.
Thus, we have

(4.26)
GroHy(Ap, Z/p) =0, GriHp(Ap, Z/p) = GriHo(Kp, Z/p) (i > 0).

We consider the following pairing between each gr-quotients:
(4.27) GrnHy(Ap, Z/p) x Gr"(Ck,/p) — Z/p

which is induced from the pairing (4.24). The well-definedness of this pair-
ing is easily checked. It is also found that the pairing (4.27) induces the
homomorphism

(4.28) Gran(Ap, Z[p) — Homeont(GT"(CK,/p), Z/p),
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where we put the induced topology on Gr"(C,/p) from that on Ck,. The
key result is

CrLAM 4.5. The homomorphism (4.28) is an isomorphism.

PROOF. We treat the case p 1 n (the case p | n is also proved without
any change). Let us consider the commutative diagram

GTan(Ap, Z/p) — Homcont<Grn(CKp/p)7 Z/p)

(4.29) = |n

/{(p) ; Homcont(( H Qi(p)q)/gi(p)a Z/p)7
qepPL
Alp
where the left vertical isomorphism follows from Lemma 4.3 together with
the fact that Gran(Ap, Z[p) = Grp,HL, (Kp, Z/p) and the lower hori-
zontal isomorphism follows from Theorem 3.7. Finally, the right vertical
inclusion follows from Lemma 4.4 together with the fact that for an arbi-
trary continuous homomorphism x € Homeont (GT™(Ck,/p), Z/p), the com-

position (] Qz(p) )/Qi(p) — Gr'"(Ck,/p) X, Z/p becomes the contin-
= q

uous homomorphism of (] Qi(p) )/ Qi(p) in the sense of Theorem 3.7.
et q
qu:i
/p

Now, the commutativity of the diagram (4.29) shows the desired bijectivity
of (4.28). O

We prove Theorem 4.1 by downward induction, which is the original
method by Kato in his proof of higher dimensional local class field the-
ory [Kal]. We begin the proof. First, we see that the injectivity of (4.25) fol-
lows immediately from Claim 4.5. So, we will show the surjectivity of (4.25).
Let us take an arbitrary element x € Homcont (F° (CK,;. /p), Z/p). By the
continuity of y, x annihilates some filtration FJ (CKP/ p) on Ck,/p- So,
if we will restrict y to the subgroup F7—! (C’Kp / p), we have the induced
homomorphism y: Gr/~! (CKp/p) — Z/p. But Claim 4.5 shows that such
continuous homomorphism always comes from Grj_ng(Ap, Z/p). Thus
we may take some element x;_1 € Nng(Ap, Z/p) such that x;_1 = x on
Fj_l(CKp/p). We proceed this way taking the new character (x —x;—1) on
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FI72(Ck,/p). In the same way, we have (x — xj—1): Gr/ *(Cg,/p) — Z/p
and this comes from Nj_ng(Ap, Z/p). That is, we have x;j—2 = (x — Xj—1)
on Fj_QCKp/p, where xj_o2 € Nj,ng(Ap, Z/p). By the inductive pro-
cedure, it is easily found that there exist elements x;_1, xj—2, ..., X1 €
Nng(Ap, Z]p) C Hg(Ap, Z/p) (Nj is the increasing filtration) such that

(4.30) X =Xj-1+Xj-2+ ..t x1 on F' (Crp/p) .

But as proved in Lemma 4.4, Gr(Ck,/p) = 0, which shows that
FO (CKp/p) = F! (C’Kp/p). So from (4.30), it follows that x € Hg(Ap, Z/p),
which shows the desired surjectivity of (4.25). Thus the bijectivity of (4.1)
is established. [J

5. Proof of the Existence Theorem (p-Primary Parts)
The following existence theorem for p primary parts is our aim:

THEOREM 5.1. Let A:=TF,[[X1, X2, X3]] and K be the fractional field
of A. Then there exists the canonical dual reciprocity isomorphism

(5-1) P*K5 Hé‘.al(Ka Qp/Zp) = Homcont(CKa Qp/Zp)7

where Homeony denotes the set of all continuous homomorphisms from Cg
to Qp/Z, of finite order.

The proof of Theorem 5.1 is given at the end of this section by using
the key commutative diagram (5.71). For the dual reciprocity homomor-
phism pj., its definition mod p, i.e.pj};/p is given at (5.14). The idea of
constructing general pj./p™ goes same way, and the reason why we focus
our consideration to pj;/p is explained by the following lemma

LEMMA 5.2.  The isomorphism (5.1) is deduced from the isomorphism

(52) p?{/p: Héal(Ka Z/p) = HomCODt(CKv Z/p)

ProoF. From the short exact sequence

0— Z/p" — Z/p"*" — Z/p — 0,
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we get the long exact sequence of the Galois cohomology
0— Héal(Kv Z/pn) - Héal(Ka Z/pn+1) - H(llal(K7 Z/p) - 07

where the vanishing Hg,,(K, Z/p) = 0 comes from the well-known fact that
Galois cohomology with p-torsion coefficients vanishes for fields of charac-
teristic p > 0. On the other hand, we have the exact sequence

Ck/p— Cg/p" — Ckg /p" — 0.

So, by taking the Pontryagin dual of this exact sequence, we get the exact
sequence
0— Homcont(CK/pna Z/pn) - Homcont(CK/pn+la Z/pn+1>
— Homeont (Cr /0, Z/p).
Now, let us consider the commutative diagram
0—  HL, (K, Z/p™)  — HY, (K, Z/p" ) - Hi, (K, Z/p)  —0
iﬂx*/p” imx"/p””rl }pr*/p
0—Homeont ((Crx /p™), Z/p™)—Homeont (Cr /p" 1), Z/p" 1) —Homeont ((Ck /p), Z/p)-
Applying the snake lemma to this diagram, we see that the bijectivity of
pr*/p" L is deduced from those of pi*/p™ and px*/p. O

By this lemma, we have only to prove the bijectivity of (5.2). We will
begin to construct the (dual) reciprocity map pj /p, which is the key to
analyze the Galois group Gal(K?/K). First, we construct the reciprocity
pairing

(5.3) Ha(K, Z/p) x Cx/p — Z/p
which is the special case of the reciprocity pairing
Hé (K, Z/p™) x C /o™ — L/p"

for an arbitrary m > 1. The idea of constructing this pairing is to iden-
tify the group of characters of Gal(K?"/K) with the quotient W,,(K)/(1 —
Y)W (K), by which we mean the isomorphism H{,, (K, Z/p™) =
Win(K)/(1 — v)Wp(K). The next task is to construct the pairing
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Win(K) /(1 =)W (K) x Ck /p™ — Z/p™. We also want to put the stress
on the fact that these pairings were first introduced by A. N. Parshin and
K. Kato in their celebrated papers (loc.cit.) completely independently. Es-
pecially, Parshin’s geometric exposition in [Pal] is highly understandable.
For details on the reciprocity pairing, we refer the paper of Parshin. As
stated above, we have only to construct the pairing (5.3). Take an arbitrary
X € Hl, (K, Z/p). Then, by the restriction map rmpm: Hy (K, Z/p) —
H} (Kmpw Z/p) in Galois cohomology, we can send x into
H{, (Kmpm Z/p). Recall the following canonical reciprocity pairing by
Kato-Parshin in three-dimensional local field Kmp,,:

(5.4) He o (Kpe Z/p) % K3 (Kwpe) /P — Z/p

by which for Ympm € Hey(Kmpm Z/p) and (Gmpm bmpm Copm) €
Ké\/j(Km:pm)/pv the pair (merm (am,}:‘ma bmpmv Cmpm)) goes as

(mem’ (ampnv bmpmv Cm;pm))

dam dbm dcm
— Res dspm  dtpm , dupm (mem P A b Pm A pm)'
Spm’ tpm’ Upm ampm mpm Cmpm

Gathering the pairing (5.4) for all Ky p,,, we get the pairing

et po i 8 B 9) = 2/

(5.5)  Hia(K. Z/p) x (H

which can be explicitly written as

(X7 (am»Pm’ bm:pm’ Cmpm)mpm)

dampm , dbmpw , demp
— ReS dspy , dtpm » dupm (Xmp = A = A ).
Zmpm sp::/\ tp::/\ up: " Ampm bm,pm Cmpm
By conditions 1), 2) of (H;nePﬁ pmeP,%iKéM(Kum)/p) stated in Lemma

2.4, the above pairing (5.5) is maybe well defined. Now, we prove the very
important reciprocity property.

RECIPROCITY PROPOSITION 5.3. Both K (Kw)/p and K} (Kp)/p,
if embedded diagonally into H;mGP%Ké\/[(Kmpm)/p, H;WPKé‘”(Kmpm)/p
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<C H;nePf, pmeP}“Kéw(Kmpm)/p)f respectively, are annihilated by an arbi-
trary element x of H}, (K, Z/p) in the pairing (5.5).

PrROOF. We begin with K2 (Kp)/p. In this case, we have to prove
that in the pairing

(5.6) Hl(Km, Z/p) x [] K3 (Kwmpw)/p — Z/p,
PmEPh

where [ is defined by pprcomponent ap,, lies in UK (K p,,,) for almost
all pm € PL, the diagonal image of K3/ (Ky)/p into HpmeP}nKéM(Kmpm)/p
is annihilated by an arbitrary ym € H, (Km, Z/p). But this is nothing
but Kato’s reciprocity law for two-dimensional complete normal local rings
whose residue fields are higher dimensional local fields which was already
established as Proposition 7 in [Ka3].

Next, we prove the reciprocity law for Kp. In this case, we have to prove
that any pair (va (ap, by, cp)> with xp € H(l;al(Kp, Z/p) and (ayp, by, cp) €
Kéw(Kp)/p goes to zero under the pairing (5.5). By using Bloch-Gabber-

: 3
Kato Theorem 2.5, we can consider (ayp, by, cp) € QKp,log' So, by the cup
product

Héal(KW Z/p) X Hg‘rzﬂ(KP? Q%(p,log) - Héal(va Q%(p,log)?

3

Ky log)- Now we can see

we can consider (Xp, (ap, by, c,;.)) € HL., (Kp, ©
that the reciprocity law for Ky is equivalent to the existence of the following
complex:

CLAIM 5.4. There exists a natural complex

1 3 1 3 dditi
HGal(KP7 QKp,log) - @ HGal(KmPrm QKmpm,log) = Z/p,

PmE Pl PP
mepP?

where the first map is the restriction homomorphism in Galois cohomology.
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Proor. Consider the coniveau-spectral sequence

EPT= D HEY(SpecA, 0% ,,[-3]) = HET(SpecA, 03 ,,[-3]),
€ (SpecA)(®)

where (SpecA)(p) denotes the set of primes of codimension p. By the FEj-
term sequence

1adyt o4 dPt 34
Ey” — B — E — 0,

1 1
we get
(57) @ Hg(A}]:ll? Q?‘Llog) - @ Ht%‘L(Av Qi},log)
peP} meP?
- HﬁlA(SpeCA7 Q?S)pecA, log) — 0.
Purit;i\Theorem 2.6 shows HﬁlA (SpecA, Q%pecA, log) = H/,(SpecF,, Z/p) =
Hom(Z, Z/p) = Z/p. Next we analyze the group Hg(A}ﬁ, Q?‘L 1Og). From the

localization sequences for Ag, we see an isomorphism HE(AE, 03 ) =

Al log
i)
1 h O3 2 3 ~ 771 3
HGal(Kp’ QK};,log)‘ In the same way, Hp(Ap, QAp,lOg) = He o (K, Qvalog),

where Ay, Kp denote the completion of A}ﬁ, Kg, respectively. But Theo-

rem 2.6 shows Hg(AE, Qi%log) =~ Hl(k(p), Qi(p)7log) = Hg(Ap, QSAp,lOg)' So

putting all together, we have an isomorphism

HE(AE» Qi}ﬁ,log) = H(l}al(KP’ Q%(p,lOg)?

by which we can rewrite (5.7) as

(58) @ Héal(Kpa Q%(p,log) - @ Hgl(A7 Qi))él,log) - Z/p — 0.
peP} meP?

12

We will analyze the group H3\(A, Qi’l, log)- BY excision, H3\(A, Qi’uog)
H3 (AL QZ% log) and by Theorem 2.6, it holds H3 (AR, Qi}r,m 1Og) &
H} (k(m), Qfli(m)710g) > HY(Am, Q3 ), where Apm denotes the comple-

Am, log
tion of AL at m. So we can change the henselian ring Al to the complete
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local ring Am. By considering the localization sequence on Ap, we see an
isomorphism

(5'9) H%(Ama Qim,log) = Hé?t (Tm’ Q%“m,log)v

where Tin: = SpecAm ~\ {m}. We will calculate the group HZ (T, Q%“m,log)‘

Consider the localization sequence

(5.10)
H(l}al(Kmv Q?(m, log) - @ Hgm(Tnb Q%ﬂm,log)_)HéQt(Tm7 Q%m,log) — 0.

pmeEPh

In this sequence, we can replace each Hgm(Tm, Qgi’pmlog) by Hzm(T&pm,

3 h o~ h 2 (h 3 ~

QT&pmJOg), where Tryyp. & SpecApp.. S0, Hp (T QT&pmlog) =

Hgm(Spec A?npm? Q‘Zk‘,n pmulog)' It also follows from Theorem 2.6 that
2 h 3 ~ 772 3

Hy (Spec Ap ps QA?npm,log) = Hj,.(Spec Ampp, QAmpmJOg)’ where Amp,,

is the completion of A{;’pm at pm- Moreover, the localization sequence
for A p,, shows an isomorphism Hgm(Spec Ampms Qimpm’log) =~ Hi (Kmpm

Qi{mpm,log)' Putting all together, we have
(511) Hgm(va Q%m,log) = Hélt(Kmpm’ Q%(mpm,log)v

where Kmyp,, denotes the fractional field of the complete discrete local ring

Ampm:
From (5.9), (5.10), (5.11), the complex (5.8) is rewritten as

(5'12) @ Héal(Kpa Q?{p,log) - @ @ Hé}t(Kmpma Q%(mpm,log)
peP} mEP} pmEPhy

adﬂon Z/p 0.

From this, we can take out the desired complex in Claim 5.4 by focusing

our attention to the component H}, (Kp, Q3 ) in (5.12). That is, we

Kp,log
can deduce

addition
HCl}al(va Q%(’p,log)_> @ Hélt(Kmpnv Q:}(mpm,log) - Z/p. 0

PmE Py, Pro—p
meP?
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By Reciprocity Proposition 5.3, the above pairing (5.5) factors as

/

619 a2/ < ([T o B <Kmpm>/p) /

H K3 (Km)/p Hp Pl KP)/
— Z/p,

where the right hand side of the pairing (5.13) is Dk /p defined in (2.).
Further, it is found that each element x € H(, (K, Z/p) annihilates FM Dy
for some modulus M. So, by taking the limit on M, we get the reciprocity
pairing

Héa(K, Z [p) x lim o (Dg /FMDg)/p — Z/p.
The isomorphism in (2.7) rewrites this as

Hia (K, Z/p) x Ck/p — Z/p.

By considering the dual, we at last get the dual reciprocity homomorphism

(5.14) ¥ /p: Héal(K, Z/p) — Homeont(Cx, Z/p).

We prove the bijectivity of (5.2). First, we explain briefly our approach.
We consider the scheme X = Spec A \ {m4} which is the regular excellent
scheme of Krull-dimension two. Then, we consider the closed subscheme
Z = Uj=1.mm; of X where each m; is a closed point of X (hence Z is
codimension two). For the pair (X, Z), we consider the localization se-
quence ((5.16) below) in the étale cohomology with Z/p-coefficient. This is
the first step.

In the second step, we consider the localization sequence obtained from
the pair (X \ Z, W \ Z), where W = U;—1_, (p;) is the union of finite
codimension one closed sub-schemes of X ((p;) denotes the closure of p;
in X). This is (5.17) below. Under these settings, we consider the limit
(Um;) — P% and (Up;) — P} set-theoretically, where m; and p; run over
all height two primes of A and all height one primes of A, respectively. As
an important fact, under the limit of the above procedure, the localization
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sequence (5.17) below turns out to involve the very important Galois co-
homology group H, (K, Z/p) which is nothing but the Pontryagin dual of
Gal(K?"/K)/p. The following is the key theorem in this section:

THEOREM 5.5. There exists an exact complex

(5.15) 0— Z/p— HY(K, Z/p) — €D Hp(Ap, Z/p)
peP}

— @ HOm(Ké\/[(Am)a Z/p)

2
mePA

Proor. We will prove this theorem by several steps and it is completed
by Lemma 5.12. Consider the following localization sequence:

(5.16) o — P Hy(Xer, Z/p) —

i=1...n

HY(X, Z/p) — HLY(X \ Uimy, Z/p) —
@ Hg‘li(Xeta Z/p) -

i=1..n

HZ(X, Z/p) — HZ(X \ Uimy, Z/p) —
D 1 (Xt 2/p) —

i=1..n

Hg, (X, Z/p) — Hy(X \ Uimi, Z/p) —
Also consider the following second localization sequence:

(5.17) = P Hpw,my X\ (Uimi)) = HL (X \ (Uimy)) —

j=1l..m

He (X ((Uimi) U (U;85))) —

B HE\my (X \ (Uimy)) = HE(X\ (Uimy)) —
j=1l..m

HZ(X\ (Uim;) U (U; 1)) —
where HJy(X\ (Uymy):= HE(X\ (_U  my). Z/p) and HY(X \ ((Uim) U

(Uj 7)) :=HL(X\ (( 71 mz) U ( 71U p;)), Z/p), respectively. We put
(5.18) Lk: lim ¢, HE (Uy, Z/p),
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where Uy runs over all open subschemes of X such that each complement
X \ Uy is a closed subscheme of X of codimension two. Then, under the
increasing limit of (Um;) — P3%, (Up;) — PJ, we get the following exact
sequence from (5.17):

(5.19)
P Hy(4y, Z/p) > L' — HY(K, Z/p) - € Hy(Ap, Z/p) — L —0,
peP} peP}

where the final 0 is obtained by replacing H (K, Z/p) with 0 (cf. [SGA4], X),
and we define Hfj(Ag, Z/p): = h_n)lngH{J(U, Z/p), where U runs over all
open subschemes of X containing p and Ag denotes the henselization of A
at p. We remark H%(Ag, Z/p) = 0.

LEMMA 5.6. L'2=7Z/p.

PrROOF. First, we see anl (Xet, Z)p) = H,JW(AE%, Z/p) by excision.
We will now check that this group vanishes for ¢ = 1,2. Consider the exact
sequence

Hy, (O%,) = Hu, (Z/p) — Hg, (O,) — Hiy (Of)
— H3 (Z[p) — Hy (O,) = Hy (Oh),
where we abbreviate the cohomology group Hi, (AL, O Ay, ) as Hi, h (O8)

in the above. We can see, using Corollary 3.3 with M = O Ay, and n = 2,

that Hi, ((’)h ) = 0 for j = 0,1. Further, we see that the map tm, is
injective. This follows from the surjectivity of the homomorphism (1 —
C): Q2 — 92 (Cf. proof of Lemma 5.8 below). Consequently, it holds

that H} (Xet, Z/p) H2, (Xet, Z/p) = 0 for an arbitrary height two prime
m;. Hence by (5.16), we have

(5.20) L'~ HL(X,Z/p).
But we have the localization sequence

(5.21)  Hpy, (A, Z/p) — Hy(A, Z/p) — Hey(X, Z/p) — Hy, (A, Z/p)
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and in the same way, it holds that Hy, (A, Z/p) = Hg, (A, Z/p) = 0 (this
can be seen, for example, by considering the long exact sequence

0 — Hy, (A, Z/p) = Hy, (A, Oa) — Hy, (A, Oa)
— Hy (A, Z/p) — Hp, (A, O4)

together with the vanishing Hy, (A, O4) = 0 (i = 0,1,2) obtained by
Corollary 3.3). By (5.21), we get HY (X, Z/p) = HL(A, Z/p) = Z/p, which
together with an isomorphism (5.20) furnishes lemma. [

Next, we analyze L?. For this, we have the following result:

PROPOSITION 5.7. There exists a canonical injection

L? — @ Hom(K3! (Aw), Z/p),

meP3
where we consider K3 (Aw) as an abstract discrete module.

PROOF. We use the localization sequence (5.16). First, we state a
lemma.

LEMMA 5.8. We have H% (X, Z/p) = H3, (A, Z/p) = 0.

ProOOF. The isomorphism in the statement of lemma follows from
(5.16) together with the theorem by M. Artin on the cohomological dimen-
sion of affine schemes of characteristic p for p-torsion sheaves (cf. loc.cit.).
We begin the proof. Consider the commutative diagram

(5.22)
0 —H3,, (A, Z/p) — H,, (Spec A, Op)— Hy, (Spec A, Oa)— Hy, (A, Z/p)  — 0

| = = |

1 1 1 1
0— Homcont(Qiy Z/p)_)Homcont(Qip Z/p)_)HomCOnt(Qz’log7 Z/p) - 07

where the extreme left and right zeros in the upper row are obtained from the
vanishings Ha,, (SpecA, O4) = Hy,, (SpecA, O4) = 0 which follows directly
from Corollary 3.3. The vertical isomorphisms also come from Corollary 3.3
noticing the fact that the residue field of x(my4) is a finite field. Further,



724 Pierre MATSUMI

the bottom exact sequence is obtained by considering the Pontryagin dual
of the short exact sequence

1-C
0— Q‘Z,bg — Q‘E‘ — Qi — 0,

where the surjection Q‘Z =g Q‘Z is proved by the explicit calculation (we
put the my-adic topology on Q%). The desired vanishing Hy,, (A, Z/p) = 0
follows from the diagram (5.22) immediately. [J

By Lemma 5.8, the exact sequence (5.16) provides the injection L? —
@ H3(X, Z/p). Further, the excision theorem in étale cohomology pro-
vides isomorphisms

where the final isomorphism between henselian local ring A% and the com-
plete local ring A is assured by Hartshorne (cf. [Hal]). So, Proposition 5.7
follows from

LEMMA 5.9. There exists the following injective homomorphism:

Hiy(Am, Z/p) — Hom(K3" (Am)/p, Z/p).

P —x

PrROOF. From the Artin-Schreier sequence 0 — Z/p — Oa,, —
O4a, — 0, we deduce the long exact sequence

(5.23)
HZ(Am, Z/p) — Hi(Amy, Oa) “F HA(Am, Ouy) — Hi(Am, Z/p) — 0

of the local cohomology, where the final 0 is obtained by the vanishing
H3(Am, O4,,) which follows from Corollary 3.3. We need a Sub-lemma.

SUB-LEMMA 5.10. We put the inverse limit topology on Apm induced
from each locally compact group Am/m™ (notice that each Am/m™ (n > 1)
is a finite vector space over one dimensional local field k(m), hence has the
natural induced topology). We can also induce the topology on Qi"m from
the above mentioned topology on Am. Then, we have

(5.24) H2(Am, Oa,) = Homeont (2, Z/p).
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Proor. By Corollary 3.3, we have an isomorphism
(5.25) Hi(Am, Oan) = Hottoons (V4 (my» #(m)),

where Homont considers the set of all continuous homomorphisms with
respect to "my-adic topology” on Ap. As k(m) is the usual one-dimen-

~Y

sional local field, the residue pairing shows an isomorphism k(m) =
Homcont(ﬂ}i(m), Z/p), where we put the usual locally compact topology on
Ql

K(m)
have

induced from that of x(m). Inserting this isomorphism in (5.25), we

(5.26)  Hip(Am, Oap) = Homeons (0% £(M))

= Homcont(Qim/n(m), Homcont(Q,lg(myZ/p))
= Homcont(Q,%xm/n(m) ®H(m)Q}i(m)’Z/p)’

where we put the product topology on Q%m/n(m)®n(m)§2}i(m). But it is not
difficult to see an isomorphism

(5.27) O (o) @) D my = Dk

between topological groups, where Qim has the topology mentioned in Sub-
lemma 5.10 (we can also see that Q‘Zm is the absolute differential module
over Z). Now the isomorphism (5.24) follows from (5.26) and (5.27). O

We return to the proof of Lemma 5.9. By considering the exact sequence
3 3 1=C 3
0 - QAm,lOg - QAm - QAm7

we get the following commutative diagram:

- i l

Homcont(Qima Z/p) HHomcont(Q?Amy Z/p) - Homcont(ﬂim]og: Z/p)—>0,
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where we endow on Qim the topology stated in Sub-lemma 5.10. The top
horizontal exact sequence comes from (5.23) and the vertical isomorphism
is (5.24) stated in Sub-lemma 5.10.

From this diagram, we get the isomorphism

H21<Am7 Z/p) = HomCOnt(Qim7log7 Z/p>

As Homcom(Q‘Zmlog, Z]p) C Hom(Qimlog, Z/p) (Hom denotes the set of

all homomorphisms between discrete abelian groups), we have the injection
Hyy(Am, Z/p) = Hom( 1050 Z/D)-

Thus, Lemma 5.9 follows from this injection together with the following
claim:

CrAM 5.11. There exists a canonical injective homomorphism

Hom(2% ,10g: Z/p) — Hom (K3 (Am), Z/p).

PRrOOF. By considering dual, we prove that there exists a surjective
homomorphism

(528) Kéw(Am)/p - Q?le,log

between discrete modules. Consider the localization sequence on Ty =
Spec Am ~\ {m}

0— @ Hom(va Q%“m,log) - Hgt(Tm’ Q%“m,log) - Hgt(Km’ Q?(m,log) -

mePtln
@ Hlm(Tm7 Q%“m,log) - Helt(Tm7 Q%m,log) - Helt(Kn'b Q?(m,log) B
pme Pk

From the vanishing HY_(Tm, Q%’m,log) =0 and the equality HZ,(Tm, Q%mlog) =

3
Q Amlogs WE deduce the exact sequence

3 3 1 3
0— QAm,log - QKm,log - @ H m(Tm? QTm,log)'
pmeptln
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But Purity Theorem 2.6 rewrites this sequence as

(5-29) 0— Qzj)élm,log - Q%{m,log - @ Qi(pm),log‘
Pmeprln

On the other hand by works of [Pan|, [Gra], [Pol], [So], the following
Gersten-Quillen complex is known to be exact:

(5.30)
K3 (Am)/p — K3"(Kw)/p — € K3 (5(pm))/p — K" (5(m))/p — 0.

mePrln

Combining (5.29) and (5.30), we get the commutative diagram
K3 (Am)/p — E3'(Kw)/p — @ppepy, K3 (5(pm))/p

" -

— 03

3 2
0 QAm, Kmlog @mePrln Q/{(pm),log )

log

where the vertical isomorphisms follow from Theorem 2.5. From this di-
agram, it is easily seen that the extreme left vertical arrow is surjective,
which is nothing but our desired surjectivity (5.28). Thus, we finished the
proof of Claim 5.11, Lemma 5.9. Consequently, Proposition 5.7 is proved
completely. [

By Lemma 5.6 and Proposition 5.7, the exact sequence (5.19) can be
rewritten as

0— Z/p— HY(K, Z/p)
— @ HAAL, Z/p) — € Hom(KY (An), Z/p).

peP; meP3;

From this, the existence of the exact complex (5.15) immediately follows
once we show

LEMMA 5.12.  For each henselian discrete valuation ring AR, we have
an isomorphism

Hg(Aga Z/p) = Hg(Alb Z/p)a
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where Ay is the completion of AE at p.

ProoOF. By using the localization sequence
0 — Hyy(Ay, Z/p) — H(Ky, Z/p) — Hp(Ay, Z/p) — 0,
we get the isomorphism
(5.31) Hy(Ay, Z/p) = Homeont (Gal((Kp)™ /(Kp)™), Z/p),

where (K B)ur denotes the maximal unramified extension of K. 11; In the same
way, we get the following isomorphism:

(5.32) Hg(Ap, Z/p) = Homeon (Gal(K§° /K", Z/p),

where K" denotes the maximal unramified extension of Kp. But, Artin’s
approximation theorem in [A] provides the isomorphism

(5.33) Gal(KB/KD) 2 Gal(Ky/Ky).

Now, the isomorphism in Lemma 5.12 immediately follows from (5.31)
and (5.32) by (5.33). O

Now, we finish the proof of Theorem 5.5. Next, we state another key
complex.

THEOREM 5.13. There exists a complex
(534) 0— Z/p - Homcont(OK/p7 Z/p)
- @ Homcont CKp/p) Z/p @ HOIII K3 (Am) Z/p)

pEPl mEP2
which is exact at Z/p and Homeont (Cx /p, Z/D).

PROOF. The existence of the complex (5.34) is proved by the following
two steps:

Step 1. There exists a complex

(5.35)

0— Z/p - Homcont(CK/p7 Z/p @ Homcont CKp/p) Z/p)
]JGPA
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which is exact at Z/p and Homeont (Ck /p, Z/p).

Step 2. There exists a complex

(5.36) Homcont (Ci /p, Z/p) — €D Homeon(F*(Ck,/p), Z/p)
pEPA
— P Hom(K3'(Aw), Z/p).
meP?

ProOOF OF STEP 1. We first prove the exactness of
(5.37) F%Cx — Cx — Z — 0.
By definition of FOC in (2.10), it is sufficient to prove the exactness
(5.38) FCx (M) — Cx(M) — 7 — 0
for each modulus M. But this is rewritten as

(5.39) Coker | @D UK} (Kp) — €D FOCm(M
peP} meP3

— Coker @ KM (Kyp) — @ C(M)] —Z.

peP} meP?
For each m € PE‘, we have the canonical isomorphism

(5.40) Coker (FOCm(M) — Cin(M)) & k(m)*,

M
which immediately follows from the isomorphism W =
UPK3" (Kmmy)
KM (k(pm)) (cf. Theorem 2.7 (1)) together with the following exact Gersten-

Quillen complex for An established by Panin (loc.cit.):

(5.41) — P K (5(pm)) — K(m)* — 0.

mePm
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Hence, the proof of the exactness of (5.39) is reduced to that of

(5.42) P & (Kp) — P sm) — Z.

peP} mepP?

dlagonal KM (Kmmy) ~ KM(Kp) diagonal
As Co]\l;er (K3 (Kp) — EB;W_UOKM Kmmp)) = Coker (m —

KM(K .

L, Miﬁ)) together with an isomorphism K3 (Ky)/UKY (Kp) =
KM (k(p)) in Theorem 2.7 (1), we can replace K2!(Ky) with K3 (k(p)).
Thus, the aiming sequence in (5.42) becomes

(5.43) P K& (5(0) = P s(m)* — 2.
peP} meP?

But this is nothing but the Gersten-Quillen complex of A proved to be
exact by Panin (cf. loc.cit.), which shows the exactness of (5.37). By putting
Q7 Z/p to (5.37) and taking the Pontryagin dual, we get the exact sequence

(5.44) 0 — Z/p — Homeont (Cx /1, Z/p) — Homeon (FOC /p, Z./p).

The proof of the existence of the complex (5.35) is obtained immediately
from (5.44) and the following proposition:

PROPOSITION 5.14. For each height one prime p € P}v we have the
homomorphism

(5.45) Up: FOCk, — F'Ck,

which, being gathered over all elements in P}p gives the surjective homo-
morphism

(5.46) IT @ [[FCky, — FOCk.
peprl

Further, in the dual homomorphism Vy: Hom(F°Ck /p, Z]p) —
Hom(F°Cr,/p, Z/p) of (5.45), it holds \I/;g(Homcont(FOCK/p, Z]p)) C
Homcont(FOOKp/pa Z/p)

PRrOOF. We begin with constructing each homomorphism Wy FOC Kp—
FC¥. By Definition 6, it suffices to construct the homomorphism for each
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g-component of FOC Kyp» by which we mean to construct the homomorphism
Upq: U'KM(Kpq) — FOCk. We recall that Kp g is the complete discrete
valuation field having x(p)q as its residue field. We need the following result
by Nagata:

THEOREM (Nagata, cf. [Na], Cor.37.6, 37.9, 37.10). For an arbitrary
complete (henselian) integral local Ting R, there exists a one-to-one corre-
spondence between mazimal ideals of the normalization R of R and prime
ideals of zero of the completion R of R at its maximal ideal mp.

We will use this theorem of Nagata to (A/p)m) defined now. By taking a
height two prime ideal m of A which contains p, we consider the localization
of the ring A/p at its prime ideal m, where m is the image of m in A/p.
Note that all elements outside the maximal prime ideal m are made to be
invertible in (A/p)em. This is our ring. We will complete this local ring
(A/p)w at m obtaining (A/p)m. Le.,

(A/p) @) : = localization of A/p at m (m denotes the image of m in A/p).
(A/p)m:= completion of (A/p)m at m.

If we denote by (A/p)m the normalization of (A/p)sm), then the above
theorem of Nagata asserts the following one to one correspondence:

{maximal ideals of (A /p)(ﬁ)}
LL {prime divisors of 0 in (A/p)eg} - (4)

It is found that the normalization (A/p)m) is the direct sum of localizations

of Z\/Jp at qi, ..., q;, respectively, where each q; is a height one prime ideal
of ;17]/3 lying over m. Moreover, we can check that each prime divisor of 0 in
the complete local ring (A/p) corresponds to each height one prime ideal
pm of Am, which lies over p. By considering (#) for all m € P? containing
p, we get

(5.47)
{ height one prime gs of ;1\//13} PIEY {(m, pm)|m € P3, pm € Prs.t.-pm — p}
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Moreover by the correspondence (5.47), we have an isomorphism

(5.48) Cq: K (p)g = K(Pm),

which consequently shows that both Kp g and Kyyp,, are complete discrete
valuation fields of positive characteristic with isomorphic residue fields.
Thus, we can choose isomorphisms

(549) ¢q2 Kp7q = K\'“,pm
(5.50) vq: K3 (Kpq) = K3' (Kmpw)
(5.51) (hence U'K3! (Kp,q) = U K3 (Kmpy,) for i > 0),

where (5.50) is induced from (5.49). By combining this isomorphism with
the natural map U°K} (Kmp,) — F°Ck which follows from Definition 5,
we get

(5.52) Upq: UK (Kypq) — FOCk.

This, we will define, is the g-component of ¥y, in (5.45). As for the surjectiv-
ity of (5.46), it is obvious by considering each isomorphism U° K3 (K pq) =
UK} (Kmpy,) in (5.51) and the definition of F'Ck, and F°Ck. We re-
mark that the well-definedness of the product homomorphism in (5.46) is
assured by Lemma 2.4.

Now, we will show the most essential part in Step 1. That is, each
induced homomorphism

(5.53) Upox: FO(Ck,/p) — Z/p

associated to an arbitrary continuous character Y € Homeon (FOCr /p, Z/p)
is also a continuous character of F*(Ck,/p). By the continuity of x, we can
assume that x factors as y: FOCk — FOCk(M,) — Z/p for some modulus
M, . Let us denote it explicitly by

(5.54) My:= > np(p).

pepP;

By the above mentioned isomorphism K3/ (Kpq) = K (Kmpy,), it is im-
mediately found that x o W annihilates each subgroup U KM (Kp,q) for
all q. We consider the composite map

(5.55) N K3 ((AJp)llupl]) — F°Cre, ™ Z/p,
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where Ké\/[((;l\/;a)q[[up]]) natural FYCk, is obtained by (4.4). We will show
that \q annihilates the subgroup F"qKé\/[((m)q[[up]]) of Ké\/[((m)q[[up]])
for some integer ng > 0, and nq = 0 for almost all g. This should prove
X o ¥y is continuous. For the convenience of the proof, let us introduce an
invariant Nq as follows: by the correspondence of Nagata in (5.47), we can
associate the couple (m, pg) to q. Choose an arbitrary height one prime
ideal py of Am, and associate a height one prime p of A by considering the

image of pm in Spec Am — Spec A. We will take the coefficient ny of (p) in
the modulus My, and define ny,: = np. Then, Ny is given by

(5.56) Ne:= Y fpu

meP}‘ mvpm#po

The well defined-ness of (5.56) is understood from nyp = 0 for almost all p.
We will prove

THEOREM 5.15. If N > Nq is an integer sufficiently bigger than Ny,
the character x o Wy in (5.53) annihilates 1q (FNKé\/I((A/p)q[[up]])> (thq is
defined in (5.50)).

PrROOF. The actual size of N will be understood in the course of the
proof of Claim 5.16 below. Let us focus our attention to the homomorphism
Aq (5.55). By assumption, x factors as x: Cx — Cg(My) — Z/p and it
suffices to show that the kernel

(5.57) g K3((A/p)gllupl]) = F°Cie, — Cic — Cre(My) /p

contains FN KM ((m)q[[up]]) for sufficiently largef\JX > Ng. We will exam-

ine the kernel of Agq /. The homomorphism Ké\/l((A/p)q[[up]]) — Ck factors
_ Ya

as Kéw((A/p)q[[up]]) — KéW(KRq) = Ké\/[(Kmpo) — Ck. So, it suffices to

show that the kernel of

(5.58) Eponr: K3 (Kmp,) — Cx — C(My)/p

contains ¢q(FNK§V[((;{—7J/J)q[[UpH)) We show this by using the fact that
the homomorphism K é\/[ (Kmp,) — Ck factors through the idele class group
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Crkn for K. That is, &y, s factorizes as

(5.59)

Kg (Km)

Eponr: K3 (Kmpy) —> — Ok — Ck(My)/p,

where tp, denotes the embedding of K2 (Kmp,) to po-component of
Hp 1 K} (Kmpm). Now, the definition of Cx (M) in (2.3) shows that
Upwer}

each subgroup U™mKM (Kmyp,) C KM (Kmp,,) is annihilated in Cx (M,).
So (5.59) is rewritten as

I ) ( Kéw(gmpm) )
Lpo,pr =—=PmEP UmPmK S (Kmpm)
Eponr: K3 (Knp,) — AmKM(K ; =L — Ok (My)/p.
3 m

We are interested in the kernel of

11 ( K3 (Kmpm) )
Upcpy \TPmEI (Kmp)

K3 (Kw)

(5.60) bpo,ar - Kéw(KmPo) -

Recall that Kato-filtration is given by U™m KM (K p,.) = {1+pnpm OKm prs
K;me’ mpm} We promise as in Theorem 2.7 that UmPmkd (Kyp.): =
{14 ppP™ Ok oy pens K pw Kip /p- We can take mod p in (5.60) and put

(5.61) Vis{l+ TLpat™Am, Ko Ko} /p © k3! (Kumpo)-

We claim that V' goes to zero by iy, ,,. This is because we can use ele-
ments of the group k3 (Km), which is diagonally embedded into

kéw (Kmpm)
Hpme P (U"pmky (Kmp) ) For example, take an element a € V. Then a

is sent to the restricted product as an element (1,..,a,..,1), where a sits in
po-component and all other component is 1. This latter element is changed
to (e, ..,1,..,a” '), where this time only po-component has 1. But a~! lies
in the group Umpmkd (K p,.) for all pm(# po) by definition of V. Thus it
goes zero in Cx(My). Now, we have the following claim which furnishes
our proof:



Class Field Theory 735

Cram 5.16.  For sufficiently large N > Ngq, V' satisfies

(5:62) Vg (FYR(A) flupl))  mod UK (Kmnp,).

ProOOF. The idea is to use Theorem 2.7. For the 3-dimensional local
field K py, what Theorem 2.7 tells us is that any element a € k3 (Kmpy,)
is written as

(5.63) a= Z Yo {t+agn By,

7 csNp— 1.7 17 Mg

modulo U™k (Kmp.), where aij, i ,%; € w(pm) and @i, Bij,7i; de-
note their liftings to Ok, Tespectively. We will prove our claim using
the explicit representation (5.63). So let us take an arbitrary element a €
FNky((/fl\//p)q[[uP]]) The explicit representation FNKéM((m)q[[up]]) =

{1+ qV (A/p) gl lupl)), (A/p)gllupll*, (A/p) gllup]]*} in (4.2) shows
(5.64) oy € 1+aV(A/p)g and By, %) € (A/p)g:

We will show that elements «;; and (5, v € (;17]/3); in (5.64) are also
expressed as in (5.61). First, we check f3;;, 7ij. Let us recall that the com-

plete discrete valuation field x(p)q is the fractional field of (m)q, which is
the completion of (A/p) at q. As is stated in (5.48), Nagata’s correspon-
dence provides us with an isomorphism k(p)q = k(po) = Amp,/Po- So, it
holds (A/p)q C k(p)q" = K(p0)* = (Ampo/P0)". But Amp,/po ={fractional
field of Am/po}, so we can find some lifting ﬂ” of Bi; € k(p)q such that

Bij € Km(C Kmpy,)- By the same reason, this is true for v;;. Thus we get
the desired assertion for 3;;, v;;.

Next, we check that any element a;; € 1+ qN(Zl\/Jp)q in (5.64) is also
written in the form (5.61). That is, for sufficiently large N > Ng, it holds

5.65 M (pe) "™ Am > gV (A/p)..,
(5.65) pWépo(aam) m D q" (A4/p)g

where Am:= Am/po which is the image of A, in the residue field x(pg) and
Pm also denotes the image of pm in Ay, First it holds Am C (A/ p)q and each
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image P, of prime ideal py in Ay, generates an ideal Py, (/flﬁa)q by extending
to (;171/3)01 If it generates whole ring, the inclusion (5.65) easily follows.

Otherwise it is a proper ideal, and we may assume g (Pp)™P™ C q> "Pm =
pm#Po

qNa. This shows b gp (Pm)"P™ = ¢™ for some m > Ng. Consequently for
m7~ 0
N1 > m > N, it holds

5.66 T (pg)"Pm > g,
(5.66) pano(pm) q

Next we observe that (m) g coincides with the normalization Am of Ay
which follows from Nagata’s correspondence (5.47). As the normalization
is finite, it holds

(5.67) Am D a2 (A/p),

for sufficiently large integer Ny. Putting (5.66) and (5.67) together, we have
finally

(5.68) ook (Pm)"Pm A g N2 (A)p)

So if we take N > N; + Ny, we have the desired inclusion (5.65). The
procedure of the proof also tells us that we can take N = 0 for almost all
g. Thus Theorem 5.16 is established, which proves Theorem 5.15, hence
Proposition 5.14.

ProoOF oOF STEP 2. For the proof, we wuse the explicit
representation of C in Lemma 2.4. According to (2.9), F'Ck/p is
explicitly given by F°Ck/p = mMDK,p/FMDK,p (Dgp: =

( I1 UOK?],V[(KMPm)/p> /HmePgKiy(Km)HpeP}‘K:y(KP)) We in-
meP? pmePh,

troduce the auxiliary group FEk,: = ( Hl U'KM (Kmpw)/p |/
meP3,pmePh
HpeP}‘Kéw(KP)’ where H/ has the same meaning as in Dg ,. Moreover,
[T Yp: [1F°Ck,/p - F°Ck/p factors as
peP}
(5.69)
[1F°Cxky/p = lim s Excp/ FM Efcpp — lim v D/ F Dic p = F*Cie /.
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Also by the explicit construction of ¥y, each embedded group K é\/l (Am) C
II FOC’KP, after being sent in @MEK,p/FMEK,p in (5.69), coincides with
the diagonal embedding

diagonal
(5.70) K (Am) "5 T (UKD (K /UM P K (i)
pme Pk
But such diagonally embedded group K2/ (Ay,) vanishes automatically after

being sent into F°Cy /p which is immediately understood from the reci-
procity for Ky in (2.2). This completes the proof of Step 2. [

By using Theorem 5.5 and Theorem 5.13, we can prove our main The-
orem.

PROOF OF THEOREM 5.1. By (5.15) and (5.34), we have the commu-
tative diagram

(5.71)
0—Z/p — Hiy(K, Z/p) — @ Hp(Ap Z/p) — © Hom(K3"(Am), Z/p)
peP) we P}
I L pxc* /o = I
0 —Z/p — Hom(Ck /p, Z/p) — @ HomC(FO(CKp/p), Z/p) — @ Hom(Ké”(Am), Z/p),
per) e

where the vertical isomorphism comes from Theorem 4.1. The top row
is exact by Theorem 5.5 and the bottom row is exact at Z/p and at
Hom.(Cx/p, Z/p) by Theorem 5.13. The desired bijectivity of px*/p fol-
lows immediately by the diagram chase in (5.71). OJ

6. Proof of the Existence Theorem (/-Primary Parts)

In this final section, we will prove the bijectivity of p7- modulo arbitrary
natural number m which is prime to the characteristic of K. Let us state
our purpose in this section.

THEOREM 6.1. Let A: = Fy[[X,Y,Z]] and K be its fractional field.
Then for an arbitrary prime | # p under the Bloch-Milnor-Kato conjecture
for K (see Conjecture in page 8), it holds the dual reciprocity isomorphism

(6.1) pic: Hé (K, Q/Z;) = Hom (Cre, Qi/7).
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As stated in the introduction, we need the holding of Bloch-Milnor-
Kato conjecture in the shape K3/(K)/I™ = H? (K, uj). By combining
Theorem 5.1 and Theorem 6.1, we get the class field theory for K.

THEOREM 6.2. Let A, K be as above. Then under the Bloch-Milnor-
Kato conjecture for K, we have the following dual reciprocity isomorphism:

(6.2) pic: Hya(K, Q/Z) = Hom(Ck, Q/ Z),

where Hom(Crx, Q/Z) means the set of all continuous homomorphisms of
finite order from Ck to Q/Z.

Here, we give some corollaries of Theorem 6.2.

COROLLARY 6.3. Let A and K be as above. Then under the Bloch-
Milnor-Kato conjecture, the canonical reciprocity map

(6.3) pr: Cx — Gal(K?/K)
has its dense image in Gal(K/K) by the Krull topology.

ProoF. This follows perhaps from the injectivity of (6.2) by consider-
ing dual. [

Next, we give explicit isomorphisms for certain finite abelian extensions.
COROLLARY 6.4. Let A, K be as above. We assume the Bloch-Milnor-
Kato conjecture for K. Then for an arbitrary finite abelian extension LK

such that the integral closure of A in L is reqular, there exists a canonical
reciprocity isomorphism

(6.4) prc: Ok /Npk(Cr) = Gal(L/K).

ProoOF. Consider the following commutative diagram:

0 — Hom(Gal(L/K), Q/Z) —  Hky(K, Q/Z) — Hly(L, Q/Z) —0

| I E

0 —Homc(Cx /Nr/k(CL), Q/Z) —Hom.(Ck, Q/Z)—Hom(Cr, Q/Z).
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From this, we get the bijectivity of the extreme left vertical arrow. Corollary

follows by taking Pontryagin dual of Hom.(Gal(L/K), Q/Z) —
Hom(Cx /Ny k(CL), Q/Z) proved just nmow noticing that the group

Ck /N k(Cp) is discrete because Ny x(Cp) contains Ker(CK — C’K(M))
for some modulus M (this follows from [Kal],II'). O

REMARK 5. For a general abelian extension L/K that does not sat-
isfy the above condition in Corollary 6.4, there may occur the inequality
|Ck /Nr/k(CL)| > [L : K]. Indeed, in the case of class field theory for two-
dimensional complete regular local rings (i.e. n = 2), such examples were
given and studied by Shiho in [Sh1].

PROOF OF THEOREM 6.1. For verifying the isomorphism (6.1), we
have only to prove

(6.5) P/l Hy (K, Z/1) = Home(Cr, 7)1 )

for an arbitrary prime [ # p (the isomorphism of pj /" for m > 1 is proved
in the same way to the case m = 1 without any essential change). As [ is
prime to the characteristic K, the group Ck /I becomes discrete. By norm
arguments, we may assume p; € K, where p; denotes the group of [-th
power of unity. By Kummer theory, we have the isomorphism

(6.6) H (K, ) = K*/K*.
Moreover, as A is a unique factorial domain, we have the factorization
(6.7) K* /K 2By F % @y’

peP}

where up denotes the regular parameter of the prime ideal p. We consider
the following exact sequences:

(6.8) FCk )l -Ck [l — 7]l — 0,
(6.9) 0— Fg*/F* — HE (K, ) — €D 2/1— 0,
pepP}

where the exactness of (6.8) is obtained by putting @, Z/l to the exact
sequence (5.37). The exactness of (6.9) is obvious from (6.6) and (6.7).
Now, we have the key theorem.
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THEOREM 6.5. There exists a canonical isomorphism

0 ~
(6.10) FOCg /1 = Hper 1.

The proof of this theorem is given below, and we check that Theorem 6.1
is easily deduced from Theorem 6.5. In fact, F,* /Fq*l X ZJl — py is the
perfect pairing considering the duality of finite fields. Next for each height

. . 7)1 .
one prime p, we have the duality py x uy’ — ;. This also follows from the
isomorphism Gal(K (u;lg/ l) /K) = p; which is an easy corollary of Kummer
Theory. Now substituting F°C /I in (6.8) by (6.10), and comparing two
short exact sequences (6.8) and (6.9), the above mentioned duality results
yields the desired bijectivity (6.5). O

Now, we begin to prove Theorem 6.5.

PrROOF OF THEOREM 6.5. Recall the definition in (2.1
that F°Ck: = lim y F°Cg (M),  where F°C (M)
Coker (@pepi U'KM(Kp) — Gamer FOCm(M)). So for the proof of The-

orem 6.5, it suffices to show the following isomorphism for each modulus
M:

R =

(6.11) F°Ci(M)/l = Coker [ P U K3 (Kp)/l — €D FOCm(M)/1
peP} mepP?

- Hpepj'u r
We begin with the following result:

ProPOSITION 6.6. We have an isomorphism

(6.12) FOCn(M)/1= D, _ K5 (5(pm))/1
for an arbitrary modulus M.
PROOF. By (2.9), F'Cm(M)/l: = Image (Am: By pp UK

diagonal

(Kmpw)/l—Cm(M)/1), where Ci(M): = Coker (Ké”(Km) 290
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KM(K UMpw) M (¢ as in (2.2). From this represen-
) 3 mPm, 3 mpm
mePm

tation, it is found

diagonal

(6.13) Ker Am = Ker (K:,{V[ (K) "8 KM (K gy pe) JUCKM (Kmpm)) /.
On the other hand, the Gersten-Quillen complex

(6.14) K3 (Am) — K3'(Km) = @ K3 (x(p))

meP}‘m

together with an isomorphism K3 (Kmp.)/UCKY (Kmpw) = KM (k(p))
(cf.Theorem 2.7) shows that the right hand side of (6.13) comes from
KM(Aw)/l. But it holds

LEMMA 5.7.  We have the vanishing K} (Am)/l = 0.

ProoF. We will prove by the explicit calculation. As Ay, has positive
characteristic and also complete, we may assume that the residue field x(m)
of Ay is (non-canonically) contained in Ay. Any element a € Ay, is written
as a = a6 where a is the image of a in the residue field x(m) and 6 €
(1+mAp), which implies an isomorphism A}, 2 k(m)* X (1+mAy). But as
is easily seen, we have (1 +mAm)! = 1 +mAp, so modulo I, we may assume
that KM (Am)/l = K} (k(m))/l. But x(m) is one-dimensional local field, so

it is well-known that K2/ (k(m))/l =0 (cf. proof of Lemma 6.8 below). [J

By Lemma 6.7, we see that the kernel of Ay, is zero, by which we get

(6.15) FCu(M) /1= P UK (K p) /-

pme Pk
By using (6.15), the proof of Proposition 6.6 will be completed by

LEMMA 6.8. We have an isomorphism

UKy (Kmpw) /1 = K3 (k(pm)) /1.
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ProoOF. By Theorem 2.7 (1), we have the exact sequence
UK (Kmpr) = UPKS (Kmpw) — K3 (5(pm)) — 0.
By putting @7 Z/1 to this, we have
(6.16)  UK5" (Kmpw) /I = UK5" (Kmpw) /1 = K3 (5(pm) /1 = 0.
But as U' KM (K p,,) is -divisible, we have U' K§! (Kmp,,)/l = 0. Thus by

considering (6.16), we have the desired isomorphism in Lemma 6.8. O

By combining Proposition 6.6 together with the following theorem, we
obtain the desired isomorphism (6.11):

THEOREM 6.9. For each p € P}p it holds an isomorphism

(6.17)  Coker [ U'K3'(Kp)/l — B K (kw1 | =

pme Am’PmHP
meP?

PROOF. We again use the correspondence (5.47) by Nagata. From
the isomorphism r(pm) = £(p), stated in (5.48), we have KM(k(pm))/l =
Kéw(/@(p)q)/l >~ KM (k(q))/!l and it also holds UK (Kp)/l = KM (k(p)) /L.
Thus, we can rewrite (6.17) as

(6.18) Coker | K3'(x(p))/l = @ K3'( =yne

cpPl
q Alp

We can use the following cohomological Hasse principle by S. Saito:
THEOREM (S. Saito, [Sal]). For an arbitrary two-dimensional excellent

normal complete local ring R with finite residue field, the following sequence
1S exact:

0 = (Z/m)™® — Hey(F, p?) — €D Hea(k(a), pm) — Z/m — 0
qeP}
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for an arbitrary natural number m prime to the characteristic of R, where F
denotes the fractional field of R, P}% denotes the set of all height one primes
of R, and rg is the rank of R (for details, we refer the original paper).

This theorem by Saito provides, when m = [ and R D py, the exact
sequence

(6.19) H3(F, u*) — @ HZ(k(q), pf?) — i — 0.
qeP}

Now, we have the Bloch-Milnor-Kato isomorphism K2 (k(p))/l =
HGal( k(p), u??’) by assumption, or Merkur’ev-Suslin isomorphism

KM(k(q))/1 = HZ,(5(q), u?). So if we replace each term in (6.19) with
these isomorphisms, we get the exact sequence

(6.20) P/l - @ K3 (k(a))/1 — u — 0.
qeP}

By putting R = Z\/Jp in (6.20) and noticing the isomorphism F = k(p),
we get the desired isomorphism (6.18). Thus, we finally established the
existence theorem for prime to p parts. [J
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