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Special Solutions of the Hamiltonian System

on an Elliptic Curve

By Yoshikatsu Sasaki

Abstract. Special solutions of Hamiltonian systems defined on
an elliptic curve are studied; those solutions are reduced to the ordi-
nary differential equation of the first order. The first integral of the
equation is given in terms of a ratio of elliptic theta functions. Two
cases of degeneration of the elliptic curve are also investigated. The
functions describing the first integrals are similar to those given as
solutions of Bruschi-Calogero equation.

Introduction

The present article concerns a Hamiltonian system on an elliptic curve.

This system is obtained in [O2] by means of holonomic deformation of a

linear differential equation defined on an elliptic curve.

The theory of holonomic deformation, or monodromy preserving defor-

mation, has been considered mainly on the projective line CP
1. It is well-

known that the Painlevé equations are obtained by holonomic deformation;

cf. [O1]. In particular, a Hamiltonian structure associated with the Painlevé

equations is defined in a natural manner; the sixth Painlevé equation PVI

is written in the form :

t(t− 1)
dq

dt
=
∂H

∂p
, t(t− 1)

dp

dt
= −∂H

∂q
,

with the Hamiltonian function

H = q(q − 1)(q − t)p2

−{κ0(q − 1)(q − t) + κ1q(q − t) + (θ − 1)q(q − 1)}p
+κ(q − t),

κ =
1

4
[(κ0 + κ1 + θ − 1)2 − κ2

∞].
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When κ = 0, we obtain special solutions of PVI, given by:

t(t− 1)
dq

dt
=

∂H

∂p
,

p = 0,

which is reduced to the Riccati equation:

t(t− 1)
dq

dt
= −κ0(q − 1)(q − t) − κ1q(q − t) − (θ − 1)q(q − 1).(1)

Moreover, (1) can be linearized by the use of Gauß Hypergeometric Func-

tions.

The holonomic deformation of a linear ordinary differential equation

of the second order, defined on an elliptic curve E, is also governed by a

Hamiltonian system. We begin with recalling results obtained by [O2].

Let Ω be the lattice generated by two complex numbers 2ω1, 2ω3 such

that Im(ω3/ω1) > 0. We denote by ℘(x) Weierstraß ℘-function with the

fundamental periods 2ω1, 2ω3, and by ζ(x) Weierstraß ζ-function. By iden-

tifying an elliptic curve E with C/Ω , we represent a linear ordinary differ-

ential equation defined on E as an equation whose coefficients are elliptic

functions.

Consider the linear differential equation

d2y

dz2
= p(z; t)y(2)

defined on E, such that

p(z; t) = ν + a0℘(z) + a1℘(z − t)(3)

+
3

4
℘(z − λ1) +

3

4
℘(z − λ2)

+Hz(z; t) − µ1z(z;λ1) − µ2z(z;λ2)

where z(λ;µ) is the function :

z(λ;µ) = ζ(λ− µ) − ζ(λ) + ζ(µ)

=
1

2

℘′(λ) + ℘′(µ)

℘(λ) − ℘(µ)
.
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Equation (2) is of the Fuchsian type and the Riemannian scheme of (2)

reads: 


z ≡ 0 z ≡ t z ≡ λk (k = 1, 2) mod.Ω

1

2
(1 + c0)

1

2
(1 + c1)

3

2

1

2
(1 − c0)

1

2
(1 − c1) −1

2



,

where a0 = 1
4(c0

2 − 1), a1 = 1
4(c1

2 − 1).

We make the following assumption :

(H) none of λk + Ω (k = 1, 2) is a logalithmic singularity.

Considering the holonomic deformation of (2)-(3) under Assumption

(H), we obtain the following result:

Proposition 0.1 ([O2]). The holonomic deformation of (2)-(3) is

governed by the Hamiltonian system :

dλk
dt

=
∂H

∂µk
,

dµk
dt

= − ∂H
∂λk

; k = 1, 2 ,(4)

with the Hamiltonian H :

H =M{(µ1
2 − µ2

2) + (µ1 + µ2)N − P}.

Here we put :

M = {ζ(λ1 − t) − ζ(λ2 − t) − ζ(λ1) + ζ(λ2)}−1

N = z(λ1;λ2) = ζ(λ1 − λ2) − ζ(λ1) + ζ(λ2)

P = a0{℘(λ1) − ℘(λ2)} + a1{℘(λ1 − t) − ℘(λ2 − t)}.

Moreover, consider the linear equation :

d2y

dz2
= q(z; t)y,(5)
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such that

q(z; t) = ρ+ r0
2t2℘(z)2 + r1t℘

′(z)(6)

+
3

4
℘(z − λ1) +

3

4
℘(z − λ2)

+K℘(z) − µ1z(z;λ1) − µ2z(z;λ2).

(5)-(6) is the linear differential equation with an irregular singularity; we

obtain this by means of coalescence of two singularities of (2)-(3). It is

known that :

Proposition 0.2 ([O2]). The holonomic deformation of (5)-(6) is

governed by the Hamiltonian system as follows:

Dλk =
∂K

∂µk
, Dµk = − ∂K

∂λk
; k = 1, 2 , D = t

d

dt
,(7)

with

K = L{(µ1
2 − µ2

2) + (µ1 + µ2)N −Q}.

Here we put:

L = {℘(λ1) − ℘(λ2)}−1

N = z(λ1;λ2)(= ζ(λ1 − λ2) − ζ(λ1) + ζ(λ2))

Q = r0
2t2{℘(λ1)

2 − ℘(λ2)
2} + r1t{℘′(λ1) − ℘′(λ2)}.

The aim of the present article is to consider special solutions of (4) in

the case: a0 = a1 = 0, and those of (7) with r0 = r1 = 0. For Hamiltonian
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system (4), we have from Proposition 0.1 the following expressions:


∂H

∂µ1
=M(2µ1 +N)

∂H

∂µ2
=M(−2µ2 +N)

∂H

∂λ1
=M

{
(− ∂

∂λ1

1

M
)H + (

∂

∂λ1
N)(µ1 + µ2)

− a0℘
′(λ1) − a1℘

′(λ1 − t)
}

∂H

∂λ2
=M

{
(− ∂

∂λ2

1

M
)H + (

∂

∂λ2
N)(µ1 + µ2)

+ a0℘
′(λ2) + a1℘

′(λ2 − t)
}

Then, when a0 = a1 = 0 , (4) admits particular solutions given by :

µ1 + µ2 = 0,
dµ1

dt
=

dµ2

dt
= 0,

and then

dλ1

dt
=

dλ2

dt
=M(N + h),(8)

where h(= 2µ1 = −2µ2) being a constant.

We will show below (Theorem 1) that (8) admits a first integral

F1(λ1, λ2, t). Here we say that F is a first integral of (8) if the function

takes a constant value along a particular solution of (8). That is, the gen-

eral solution of (8) is given by:

λ1 − λ2 = 2a,(9)

F1(λ1, λ2, t) = b,(10)

where a, b are arbitrary constants.

To give an explicit form of F1, we fix a moduli of E as follows:

a) (elliptic case) 2ω1 = 1, 2ω3 = τ , Im τ > 0.

Moreover, we will consider equations of the form of (8), also on a rational

curve obtained from the elliptic curve E by the degenerations:



674 Yoshikatsu Sasaki

b) (trigonometric case) Im τ → ∞,

c) (rational case) ω1 → ∞, ω3 → ∞.

Then we have the

Theorem 1. (8) admits a first integrals given as follows:

a).Elliptic case.

F1(λ1, λ2, t) = eκ1tϑ0(x− c)ϑ0(u− c)
ϑ0(x+ c)ϑ0(u+ c)

b).Trigonometric case.

F2(λ1, λ2, t) = eκ2t (e
2π

√
−1x − γ)(e2π

√
−1u − γ)

(e2π
√
−1x − δ)(e2π

√
−1u − δ)

c).Rational case.

F3(λ1, λ2, t) = eκ3t (x− d)(u− d)
(x+ d)(u+ d)

Here we introduce variables x, u as follows:

x =
λ1 + λ2

2
,

u = t− λ1 + λ2

2
,

and ϑ0 is the elliptic theta function, c, d, γ, δ, κ1, κ2, κ3 being constants.

On the other hand, consider a class of integrable dynamical systems

characterized by the equations:

q̈j =

n∑
k=1
k �=j

q̇j q̇kv(qj − qk), qj = qj(t), j = 1, 2, · · · , n,

v being a function. This is called Ruijsenaars-Schneider system ([RS]),

which can be written in the Lax form ([BC1]) :

L̇ = [L,M],
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where L and M are the n× n matrices such that:

Ljk = δjkq̇j + (1 − δjk)(q̇j q̇k)1/2α(qj − qk),

Mjk = δjk

n∑
m=1
m�=j

q̇mβ(qj − qm) + (1 − δjk)(q̇j q̇k)1/2γ(qj − qk).

Here the function α(z) satisfies the equation:

α(z)α′(w) − α′(z)α(w) = (α(z + w) − α(z)α(w))(η(z) − η(w)),(11)

which is called Bruschi-Calogero equation.

Let α and η be holomorphic functions defined on a punctured disk {z ∈
C; 0 < |z| < r} for some r > 0. It is shown recently by [KS] that if they

satisfy Bruschi-Calgero equation, then they are equal to one of the following

functions.

0-1) α(z) = 0 or eρz (ρ ∈ C),

η :arbitrary,

0-2) α(z) = Ceρz (C, ρ ∈ C, C �= 0, 1),

η :constant,

1) α(z) = eρz
σ(µ)σ(ν + λz)

σ(ν)σ(µ+ λz)
,

(
ρ, µ, ν, A ∈ C, λ, ω1, ω3 ∈ C\0,

Imω3/ω1 > 0, µ, ν /∈ Z(2ω1) + Z(2ω3)

)

η(z) = λζ(λz) − λζ(λz + µ) +A,

σ(w) = σ(w;ω1, ω3) being the σ-function of Weierstraß;

2) α(z) = eρz
a(e2z/λ − 1) + b

c(e2z/λ − 1) + b
,

(
λ, ρ, a, b, c, A ∈ C, λ �= 0,

b(a− c) �= 0, a �= 0 or b �= c, c �= 0 or a �= b

)

η(z) =
2λ−1e2z/λ

e2z/λ − 1
− 2λ−1ce2z/λ(e2z/λ − 1) + b+A,



676 Yoshikatsu Sasaki

3) α(z) = eρz
az + b

cz + b
, (ρ, a, b, c, A ∈ C, b(a− c) �= 0)

η(z) =
b

z(cz + b)
+A.

Let F1 = F1(λ1, λ2, t) be the function given in Theorem 1. Since

ϑ0(v) = exp(−2η1ω1v
2)ϑ0(0)σ3(2ω1v),

σ3(z) = exp(−η3z)σ(z + ω3)/σ(ω3),

we have

F1 = eκ1te8cω1(η1t+η3)σ(2ω1x+ (ω3 − 2cω1))σ(2ω1u+ (ω3 − 2cω1))

σ(2ω1x+ (ω3 + 2cω1))σ(2ω1u+ (ω3 + 2cω1))
,

where σ3 is the Weierstraß co-σ-function. By putting

ν = −2ω1x− ω3 − 2cω1,

µ = −2ω1x− ω3 + 2cω1,

and then using the pseudo-periodicity of σ-function, we obtain the following

expression:

F1 = e(κ1+8cω1η1)tσ(µ)σ(ν + 2ω1t)

σ(ν)σ(µ+ 2ω1t)
.

This shows that a first integral of (8) solves Bruschi-Calogero equation (11).

A mathematical meaning of this fact is not yet clear.

When considering (7) which is the Hamiltonian system of confluent type

with r0 = r1 = 0, we have a special solution of the form:

µ1 + µ2 = 0,
dµ1

dt
=

dµ2

dt
= 0,

t
dλ1

dt
= t

dλ2

dt
= L(N + h),(12)

where h(= 2µ1 = −2µ2) being a constant. We can give an explicit form of

a first integral of (12); in fact we have the



Special Solutions of the Hamiltonian System 677

Theorem 2. (12) admits first integrals as follows:

a).Elliptic case.

G1(λ1, λ2, t) = t
σ(x− a)σ(x+ a)

σ(x− b)σ(x+ b)

b).Trigonometric case.

G2(λ1, λ2, t) = tκ2
e2π

√
−1x − C−1

e2π
√
−1x − C

× exp

{
c1

e2π
√
−1x − C−1

+
c2

e2π
√
−1x − C

+
c3

(e2π
√
−1x − C−1)2

+
c4

(e2π
√
−1x − C)2

}
,

c).Rational case.

G3(λ1, λ2, t) = t
(x− ā)(x+ ā)

(x−
√
−3ā)(x+

√
−3ā)

,

Here x = λ1+λ2
2 , and σ denotes the σ-function of Weierstraß, κ2, a, b, C,

ā, ci(i = 1, 2, 3, 4) being constants.

We will verify the theorems in the following two sections. In Section 1

we consider (8) and (12) in the elliptic case; Section 2 is devoted to an

investigation of the degeneration cases.

1. First Integrals

In this section, we study differential equations (8) and (12) in the elliptic

case; the degeneration cases are investigated in the next section. Consider

the equation:

(8)
dλ1

dt
=

dλ2

dt
=M(N + h),

where

M = {ζ(λ1 − t) − ζ(λ2 − t) − ζ(λ1) + ζ(λ2)}−1,

N = ζ(λ1 − λ2) − ζ(λ1) + ζ(λ2).
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It is clear that

a =
λ1 − λ2

2

is independent of t.

We show:

Lemma 1.1. (8) has a first integral of this form:

F1(λ1, λ2, t) = eκ1tϑ0(x− c)ϑ0(u− c)
ϑ0(x+ c)ϑ0(u+ c)

where ϑ0(µ) is the elliptic theta function. Here we put:

x =
λ1 + λ2

2
,

u = t− λ1 + λ2

2
,

κ1, c being constants.

Proof of Lemma.

dλ1

dt
=

dλ2

dt
=

dx

dt
=M(N + h),

that is, M−1dx = (N + h)dt, we have:

M−1dx = (N + h)dx+ (N + h)du.

On the other hand, we compute:

N = ζ(λ1 − λ2) − ζ(λ1) + ζ(λ2)

= ζ(2a) − ζ(x+ a) + ζ(x− a)
= −z(x− a;x+ a),

z(u; v) being the function defined in Introduction, and then

M−1 −N = ζ(λ1 − t) − ζ(λ2 − t) − ζ(λ1 − λ2)

= ζ(a− u) − ζ(−a− u) − ζ(2a)
= −ζ(2a) + ζ(u+ a) − ζ(u− a)
= z(u− a;u+ a).
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It follows that:

dx

z(x) − h +
du

z(u) − h = 0,(13)

where we put:

z(w) =
def.

z(w − a;w + a).

Using the addition formulae of elliptic functions, we can show

z(z) = −1

2

℘′′(a)

℘′(a)
− ℘′(a)

℘(z) − ℘(a)
,

then we have:

1

z(z) − h =
α

℘′(a)

{
1 +

α

℘(z) − β

}
,

where

α = − 2℘′(a)2

2h℘′(a) + ℘′′(a)
,

β = ℘′(a) − 2℘′(a)2

2h℘′(a) + ℘′′(a)
= α+ ℘′(a).

Now we need some constants, related to the elliptic curve E:

ω2 = −(ω1 + ω3),

eν = ℘(ων), ην = ζ(ων), ν = 1, 2, 3

ρ =
√
e1 − e3, k =

√
e2 − e3
e1 − e3

.

Then we define a constant q by:

−k2 sn2q =
e3 − β
ρ2

.

Here we denote by snq Jacobi elliptic function, which is related to the

Weierstraß ℘ as follows:

℘(z) = e3 +
e1 − e3
sn2(ρz)

. �
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Proposition 1.2. By using the notations given above, we have:

dw

z(w) − h = d

({
1 + 2ϕ

σ′3(c)

σ3(c)

}
w + ϕ log

σ3(w − c)
σ3(w + c)

)
,

where ϕ =
1

2

α

ρ3k2 snq cnq dnq
, c =

q

ρ
, σ3(w) being the Weierstraß co-σ-func-

tion.

Lemma 1.1 follows from the Proposition; in fact, we obtain:

dx

z(x) − h +
du

z(u) − h

= d

({
1 + 2ϕ

σ′3(c)

σ3(c)

}
(x+ u) + ϕ log

σ3(x− c)σ3(u− c)
σ3(x+ c)σ3(u+ c)

)
.

It follows that, if we put;

F1(λ1, λ2, t) = eψt
σ3(x− c)σ3(z − c)
σ3(x+ c)σ3(z + c)

,

ψ =
1

ϕ
+ 2

σ′3(c)

σ3(c)
,

then dF1 = 0, along a solution of (8). the Weierstraß co-σ-functions are

related to theta functions as follows:

σj(λ) = e2η1ω1µ2 ϑj+1(µ)

ϑj+1(0)
; j = 1, 2, 3 , (ϑ0(µ) = ϑ4(µ))

µ =
λ

2ω1
.

Then, by normalizing as 2ω1 = 1, we obtain the following expression for the

first integral:

F1(λ1, λ2, t) = eκ1tϑ0(x− c)ϑ0(u− c)
ϑ0(x+ c)ϑ0(u+ c)

,

where κ1 = ψ − 4η1c(= 2ω1ψ − 4η1c).
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Proposition follows from the following formula on elliptic integrals of the

third kind:

k2 snq cnq dnq

∫ w

0

sn2w

1 − k2 sn2q sn2w
dw =

1

2

σ3(x− c)
σ3(x+ c)

+
σ′3(c)

σ3(c)
x,

with w = ρx, q = ρc. The left hand side of this formula is often denoted

as Π(w, q), called the Jacobi-Π-function ([E], [HC]). Lemma 1.1 has been

established.

Next we investigate the equation

t
dλ1

dt
= t

dλ2

dt
= L(N + h),

L = {℘(λ1) − ℘(λ2)}−1,

N = z(λ1;λ2)(= ζ(λ1 − λ2) − ζ(λ1) + ζ(λ2)).

We deduce from (12) the equation

dt

t
+
℘(x+ a) − ℘(x− a)

z(x) − h dx = 0,

where we put:

x =
λ1 + λ2

2
, a =

λ1 − λ2

2
.

Note that a is constant and recall the identity:

1

z(z) − h =
α

℘′(a)

{
1 +

α

℘(z) − β

}
,

α = − 2℘′(a)2

2h℘′(a) + ℘′′(a)
,

β = ℘′(a) − 2℘′(a)2

2h℘′(a) + ℘′′(a)
= α+ ℘′(a).

By the use of the addition formulae, we have

℘(x+ a) − ℘(x− a) = − ℘′(a)℘′(x)

{℘(x) − ℘(a)}2 ,
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and then

− 1

L(N + h)
=
℘(x+ a) − ℘(x− a)

z(x) − h

=
α

℘′(a)

{
1 +

α

℘(x) − β

} −℘′(a)℘′(x)
{℘(x) − ℘(a)}2

= −℘′(x)
{

1

℘(x) − β − 1

℘(x) − ℘(a)

}
.

Then it follows that:

dt

t
− dx

L(N + h)

=
dt

t
−
{
℘′(x)dx

℘(x) − β − ℘′(x)dx

℘(x) − ℘(a)

}
=d (log t− log{℘(x) − β} + log{℘(x) − ℘(a)}) .

We arrived at the first integral of (12):

G1(λ1, λ2, t) = t
℘(x) − ℘(a)

℘(x) − β .

Since

℘(x) − ℘(a) = −σ(x− a)σ(x+ a)

σ(x)2σ(a)2
,

by defining b by ℘(b) = β, we have the

Lemma 1.3. (12) has the first integral

G1(λ1, λ2, t) = t
σ(x− a)σ(x+ a)

σ(x− b)σ(x+ b)
.

2. Degeneration of the Elliptic Curve

Firstly we consider the trigonometric case: 2ω1 = 1, Im τ → ∞. Put:

x =
λ1 + λ2

2
, u = t− λ1 + λ2

2
, a =

λ1 − λ2

2
,

X = e2π
√
−1x, U = e2π

√
−1u, A = e2π

√
−1a.
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For the trigonometric case, the Weierstraß ℘-functions reduce to the func-

tion:

℘(x) = π2

{
1

sin2 πx
− 1

3

}
,

℘′(x) = −2π3 cosπx

sin3 πx
.

Then we have:

℘(x− a) = π2

{
−4e2π

√
−1(x−a)

(e2π
√
−1(x−a) − 1)2

− 1

3

}
= π2

{ −4AX

(X −A)2
− 1

3

}
,

℘(x+ a) = π2

{
−4e2π

√
−1(x+a)

(e2π
√
−1(x+a) − 1)2

− 1

3

}
= π2

{ −4AX

(AX − 1)2
− 1

3

}
,

℘′(x− a) = 8π3
√
−1

eπ
√
−1(x−a) + e−π

√
−1(x−a)

(eπ
√
−1(x−a) − e−π

√
−1(x−a))3

= 8π3
√
−1
AX(X +A)

(X −A)3
,

℘′(x+ a) = 8π3
√
−1

eπ
√
−1(x+a) + e−π

√
−1(x+a)

(eπ
√
−1(x+a) − e−π

√
−1(x+a))3

= 8π3
√
−1
AX(AX + 1)

(AX − 1)3
.

(See [S].)

Lemma 2.1. For the trigonometric case, the equation

dλ1

dt
=

dλ2

dt
=M(N + h)

has the first integral

F2(λ1, λ2, t) = eκ2t (X − γ)(U − γ)
(X − δ)(U − δ) ,

κ2, γ, δ being constants.

Proof of Lemma 2.1. Note that

A = e2π
√
−1a = e2π

√
−1

λ1−λ2
2
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is not depending on t. Since dX = 2π
√
−1Xdx, we obtain

dx

z(x) − h =
dx

ζ(x+ a) − ζ(x− a) − ζ(2a) − h

=

{
1

2

℘′(x− a) + ℘′(x+ a)

℘(x− a) − ℘(x+ a)
− h
}−1

dx

=
m

2π
√
−1

dX

X

1 +X2 − ξX
1 +X2 − ηX ,

where we put:

m = − A(1 −A2)

2hA(1 −A2) − 2π
√
−1A(1 +A2)

,

ξ = − 1 +A2

A(1 −A2)
,

η =
2h(1 −A2) + 2π

√
−1(1 − 6A+A4)

2hA(1 −A2) − 2π
√
−1A(1 +A2)

.

We define constants γ, γ′, δ, δ′ by:

ξ = γ′ + δ′,

η = γ + δ,

γδ = γ′δ′ = 1;

hence we obtain:

(1 +X2) − ξX
(1 +X2) + ηX

=
(X − γ′)(X − δ′)
(X − γ)(X − δ)

= 1 +
(γ + δ) − (γ′ + δ′)

γ − δ

(
X

X − γ − X

X − δ

)
.

By putting:

κ2 =
γ − δ

(γ + δ) − (γ′ + δ′)
,
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we rewrite the equation as follows:

2π
√
−1

m

{
dx

z(x) − h +
du

z(u) − h

}
=

dX

X
+

1

κ2

(
dX

X − γ − dX

X − δ

)

+
dU

U
+

1

κ2

(
dU

U − γ − dU

U − δ

)

= d

(
logXU +

1

κ2
log

(X − γ)(U − γ)
(X − δ)(U − δ)

)
.

We thus obtain the integral:

F2(λ1, λ2, t) = eκ2t (X − γ)(U − γ)
(X − δ)(U − δ) .

For the rational case: 2ω1 → ∞, 2ω3 → ∞, a first integral of (8) is given

by the following Lemma:

Lemma 2.2. (8) has the first integral

F3(λ1, λ2, t) = eκ3t (x− d)(u− d)
(x+ d)(u+ d)

Here we put

x =
λ1 + λ2

2
,

u = t− λ1 + λ2

2
,

and define the constants κ3, d as follows:

κ3 = −
√

(2ah+ 1)(2ah− 3)

2a
, d = a

√
2ah− 3

2ah+ 1
for a =

λ1 − λ2

2
.

Proof of Lemma 2.2. In the rational case, we have:

ζ(z) =
1

z
.
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Then

z(z) = ζ(z + a) − ζ(z − a) − ζ(2a)

=
1

z + a
− 1

z − a − 1

2a

= − z2 + 3a2

2a(z2 − a2)
;

therefore

dz

z(z) − h =

(
− 2a

1 + 2ah
+

8a3

(1 + 2ah)2
1

z2 + 3−2ah
1+2aha

2

)
dz

= d

(
− 2az

1 + 2ah
+

4a3d−1

(1 + 2ah)2
log

1 − d−1z

1 + d−1z

)
,

where

d = a

√
2ah− 3

2ah+ 1
.

By putting

κ3 = −1 + 2ah

2a2d−1
,

we have

dx

z(x) − h +
du

z(u) − h

= d

(
−2a(x+ u)

1 + 2ah
+

2a

κ3(1 + 2ah)
log

(1 − x
d )(1 − u

d )

(1 + x
d )(1 + u

d )

)
,

from which we have the integral:

F3(λ1, λ2, t) = eκ3t (x− d)(u− d)
(x+ d)(u+ d)

.

We have computed the proof of Theorem. For confluent type equation (12),

Theorem 2 can be established in a similar manner; we do not enter into

detail of verification. �
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