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L2-estimates and Solvability of the ∂̄

System on Weakly q-convex Dihedrons

By Luca Baracco and Pier Nicola Bettiol

Abstract. The weighted L2 estimates are here exploited to solve
the ∂̄ problem on q–pseudoconvex dihedrons of C

n.

Introduction

In this paper we prove local solvability of the ∂̄ system in degree ≥ q on

a weakly q-convex dihedron of C
n. The basic method in the proof are the a

priori L2 estimates for ∂̄ and ∂̄∗ which provide both the existence and the

regularity of the solutions. This method is very classic and goes back to

the celebrated papers by KOHN [7] and HÖRMANDER [5]. In particular

it yields solvability of ∂̄ in any degree ≥ 1 on pseudoconvex domains Ω of

C
n. To this end one is lead to introduce a weight e−φ in the L2 norms for a

strictly plurisubharmonic exhaustion function φ of Ω. In the present paper

we do not require any more Ω to be pseudoconvex and allow ∂̄∂φ , instead,

to take negative eigenvalues. Our main contribution consists in finding

a q-subharmonic exhaustion function for a non–smooth domain starting

from the geometric assumption of q-convexity of its boundary. We owe to

ZAMPIERI [8] a part of the techniques exploited in this contest. If, instead

of a dihedron, we consider a C2 half space, our results on solvability of the

∂̄ system are already stated by HO in [3]. However our approach is original

both for a new way of stating the relation of q-convexity of a domain and

its boundary and for a simplified use of the L2-estimates.

The authors wish to thank the referee for many remarks which improved

the general expository quality of the paper.

§1. Basic Definitions

Let ρ1, ρ2 : C
n → R, be functions of class C2 with C-transversal differ-

entials that is ∂ρ1 ∧ ∂ρ2 �= 0.
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Definition 1. A domain W of C
n defined by W = {z ∈ C

n : ρ1(z) <

0, ρ2(z) < 0} is said to be a dihedron with edge S = {z ∈ C
n : ρ(z) =

0, ρ2(z) = 0}.

Note that the edge S is generic. We will often focus our attention at a

point zo ∈ S and consider wedges which are only defined in a neighborhood

B of zo (that is we require z ∈ B in Definition 1). In this case we talk

about local wedges at zo. We denote by Mh h = 1, 2 the manifolds defined

by Mh = {z ∈ C
n : ρh(z) = 0}, and by M+

h the closed manifolds with

boundary M+
h = {z ∈ Mh : ρk ≤ 0 for k �= h}. The latter are the faces of

W .

We will consider vectors w = (wJ)|J |=q for multiindices J = (j1, . . . , jq)

of total length q, with alternate coefficients. Often we will take, instead,

vectors with coefficients having only ordered indices J that is verifying

j1 < j2 < · · · < jq. When taking sums over ordered indices we will use

the standard notation
∑

J
′. We often play with the alternate and ordered

notations. In particular we rewrite vectors of the form (wJ)J for J ordered

of length q, in the form 1
q (wiK)iK , K ordered of length q − 1. (Recall

that if J and iK are related by a permutation σ, then wiK = sgn(σ)wJ .)

Let LMh
be the Levi form of Mh that is the Hermitian form ∂̄∂ρh|TCM

where TCM is the complex tangent bundle to Mh. (For z ∈ Mh this

is defined by TC
z Mh = {u ∈ C

n : 〈∂ρh(z), u〉 = 0}.) Let us denote by

λh1 ≤ λh2 ≤ · · · ≤ λhn−1 the ordered eigenvalues of LMh
.

Definition 2. A dihedron W is said to be weakly q-convex if for h = 1

and h = 2 we have

(1)

q∑
j=1

λhj (z) ≥ 0 ∀z ∈ M+
h .

It is obvious that condition (1) is invariant under complex orthonormal

transformations in C
n. One can also check (cf. [3. Lemma 2.2]) that
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condition (1) is equivalent to

(2)
∑

|K|=q−1

′ n∑
i,j=1

∂̄zj∂ziρh(z)wiKw̄jK ≥ 0 ∀z ∈ M+
h ,

∀(wiK)iK with |K| = q − 1 and
n∑
i=1

∂ρh
∂zi

wiK = 0.

Indeed the equivalence of the two above condition is immediate once one

proves that the second is invariant under orthonormal complex transfor-

mation (cf. [3]).) We similarly define the notion of q–subharmonicity for

a real function φ on C
n. We denote by µ1 ≤ µ2 ≤ · · · ≤ µn the ordered

eigenvalues of ∂̄∂φ.

Definition 3. φ is said to be q-subharmonic if and only if

(3)

q∑
j=1

µj ≥ 0.

Again, it is possible to check (cf. [3, Lemma 1.3]), that (3) is equivalent to

(4)
∑

|K|=q−1

′ n∑
i,j=1

∂̄zj∂ziφwiKw̄jK ≥ 0.

We point out the main diffence between the two above Definitions 2 and

3. In the first case only restricted Levi forms such as ∂̄∂ρh|TCM , of size

(n− 1) × (n− 1) appear, whereas in the second case, the entire Levi form

∂̄∂φ of size n×n enters into play. The main content of subsequent Theorem

5 will consist in relating positivity of forms of such different size.

Definition 4. A real function φ defined on W is said an exhaustion

function for W when φ−1([0, c]) ⊂⊂ W for any positive c.
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§2. q–convexity of the Boundary and q–subharmonicity of a

Defining Function

Let W be a dihedron of C
n in a neighborhood of a point zo of its edge

S.

Theorem 5. Let W be weakly q-convex at zo. Then there exists an

exhaustion function φ defined on B∩W (for a suitable spheric neighborhood

of zo) which is q-subharmonic.

Proof. We shall find two q-subharmonic functions φ1, φ2 defined on

B ∩ W , such that φh(z) → +∞ for z → Mh, h = 1, 2. If we then take a

subharmonic exhaustion function ϕ for B, it is clear that

(5) φ := φ1 + φ2 + ϕ

will serve the purpose. Let us construct φ1 and φ2. Let TzoM
+
1 and TzoM

+
2

be the tangent spaces to the manifolds with boundary M+
1 and M+

2 re-

spectively. Since S ⊂ M+
h , h = 1, 2, we have, for suitable v1, v2 that

TzoM
+
1 = TzoS⊕R

+v1 and TzoM
+
2 = TzoS⊕R

+v2 with �e〈∂ρ2(zo), v1〉 < 0

and �e〈∂ρ1(zo), v2〉 < 0. Set w = v2 − εv1 with ε > 0 small, and consider

the map
G : M+

1 × R
+ → C

n

(z, λ) �→ z + λw.

We show that for a convenient neighborhood V of zo over M+
1 and for δ > 0

G(V × (0, δ]) ⊃ B(zo, r) ∩W.

To this end it is enough to show that G′(TzoM
+
1 × ToR

+) ⊃ TzoW . In fact

G′(TzoM
+
1 × ToR

+) = {v + λw such that λ > 0, v ∈ TzoM
+
1 }

= {s + λw + µv1 such that λ > 0, µ > 0, s ∈ TzoS}.

On the other hand

TzoW = {s + µ1v1 + µ2v2 such that µ1, µ2 > 0, s ∈ TzoS}.
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Clearly TzoW ⊂ G′(TzoM
+
1 ×ToR

+). It follows that the image of G contains

B ∩W for B small.

We can assume, under a unitary change of coordinates, that the direction

of w is ∂y1 . Under this assumption we can choose an equation for M1 of the

form y1 − g(x1, z
′) = 0; the manifold G(M1 × {λ}) will then have equation

y1−g(x1, z
′) = λ. We set ρ1 = −y1 +g and φ1 = − log(−ρ1)+C|z|2, where

C is a big positive constant. We claim that φ1 is q-subharmonic. To see this,

we decompose each vector w = (wiK)iK , with K ordered, as a sum w =

wt+wn of a tangential and normal component to ρ1 = λ respectively. (This

simply means that for each fixed K we take the decomposition in tangential

and normal components for the vectors in C
n: (wiK)i = (wiK)ti + (wiK)ni ,

and then take the collection over K ordered for these decompositions.) We

also write w·K instead of (wiK)i and so on. We then have for each K

∂∂̄φ1(w·K , w̄·K) =
1

ρ2
1

∂ρ1 ⊗ ∂̄ρ1(w·K , w̄·K)

− 1

ρ1
∂∂̄ρ1(w·K , w̄·K) + C|w·K |2

≥ 1

2ρ2
1

|wn·K |2 − 2�e
1

ρ1
∂∂̄ρ1(w

n
·K , w̄t·K)

− 1

ρ1
∂∂̄ρ1(w

t
·K , w̄t·K) + C|w·K |2

Since the Levi form at the point z = (x1 + iy1, z
′) coincides with the Levi

form at the boundary point (x1 + ig(x1, z
′), z′) (and since ρ1 < 0 on W ),

we have that ∑
|K|=q−1

′ (
− 1

ρ1
∂∂̄ρ1(w

t
·K , w̄t·K

)
� 0

(as a consequence of the definition of q-pseudoconvexity). Note now that

�e∂∂̄ρ1(w
n
·K , w̄t·K) ≥ −D|wt·K ||wn·K | for some constant D � 0. We then

choose our constant C such that C ≥ 2D2. Hence the remaining terms

in the above expression for ∂∂̄φ1(w·K , w̄·K) are bounded from below by

C|w·K |2 − 2D
|ρ1| |w

t
·K ||wn·K | + 1

2ρ21
|wn·K |2 ≥ | 1√

2|ρ1|
wn·K −

√
2Dwt·K |2 > 0. This

implies that φ1 is q-subharmonic. In the same way we construct φ2. We

finally take ϕ, strictly subharmonic exhaustion function for the sphere, and

define φ by means of (5). �
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§3. Solvability of the ∂̄ Operator on q–convex Dihedrons of C
n

Let W be a dihedron of C
n, and zo a point of its edge. We will deal with

the ∂̄–complex over forms with coefficients in C∞(W )zo the space of germs

at zo of infinitely differentiable functions on W . We denote by C∞(W )kzo the

space of forms f =
∑′

|J |=k
fJdz̄J with fJ ∈ C∞(W )zo . (It will be understood

all through the paper that the fJ ’s are alternate in J whereas the sum
∑

J
′

is taken over ordered indices.) We then consider the ∂̄–complex

(6) · · · → C∞(W )k−1
zo

∂̄→ C∞(W )kzo
∂̄→ C∞(W )k+1

zo → . . .

Theorem 6. Let W be a dihedron which is weakly q–convex in a neigh-

borhood of a point zo of its edge. Then for any form f ∈ C∞(W )kzo of degree

k ≥ q which verifies ∂̄(f) = 0 there is a form u ∈ C∞(W )k−1
zo which solves

the equation ∂̄u = f .

Proof. If B is a small sphere with center at zo, we still denote by W

the intersection B ∩W . According to Theorem 5, there exists a global q–

subharmonic exhaustion function for this new W , that we will still denote by

φ. We will then prove global solvability of ∂̄ on W . Along with forms with

C∞(W ) coefficients, we will also consider forms whose coefficients fJ belong

to the space L2
φ(W ), that is which have finite integrals

∫
W e−φ|fJ |2dV . We

will adopt the above integrals as norm in the space L2
φ(W ) and also denote

it by ||fJ ||φ. We then switch from the complex (6) to the new complex of

closed densely defined operators

(7) · · · → L2
φ−2ψ(W )k−1 ∂̄→ L2

φ−ψ(W )k
∂̄→ L2

φ(W )k+1 → . . . ,

where ψ is a new function which will be chosen later on. We write ∂j and ∂̄j
instead of ∂zj and ∂̄zj respectively. We denote by ∂̄∗ (resp. δj) the adjoint

of ∂̄ (resp. ∂̄j). The following inequality holds (cf. [3, pages 83-84]):∑
|K|=k−1

′ ∑
i,j=1..n

∫
e−φ(δifiKδjfjK − ∂̄jfiK ∂̄ifjK)dV

+
∑
|J |=k

′ ∑
j=1..n

∫
e−φ(∂̄jfJ)

2dV

≤ 2‖∂̄∗f‖φ−2ψ + ‖∂̄f‖2
φ + 2‖∂ψf‖2

φ ∀f ∈ C∞
c (W ).

(8)
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We also have the commutation relations :

(9) δi∂̄j − ∂̄jδi = ∂̄j∂iφ.

Let us denote by (I) the two first double sums in (8). By discarding the

second sums which are positive, we get by the aid of (9): I ≥
∑

K
′∑

i,j ·∫
e−φ∂̄j∂iφf̄jKfiKdV . On the other hand, since φ is q–subharmonic and

therefore satisfies (4), we then have

(10)
∑
K

′∑
i,j

∫
e−φ∂̄j∂iφf̄jKfiKdV ≥ λ‖f‖2

φ,

for some λ ≥ 0. Thus in conclusion: I ≥ λ‖f‖2
φ. This yields, in combination

with (8):

(11) λ‖f‖2
φ ≤ 2‖∂̄∗f‖2

φ−2ψ + ‖∂̄f‖2
φ + 2‖∂ψf‖2

φ ∀f ∈ C∞
c (W )k.

We first want to remove the restrain “f ∈ C∞
c (W )” in (11). To this end let

D∂̄ , D∂̄∗ be the domains in (7) of ∂̄ and ∂̄∗ resp. If we choose ψ according to

the density Lemma 4.1.3 by [4], then (8) will be true for any f ∈ D∂ ∩D∂̄∗ .

Note that for all K ⊂⊂ W the above ψ can be chosen with the property

ψ|K = 0. Finally we want to put in better form (11). Define K(= Kt) =

{z ∈ W ;φ(z) ≤ t}. We replace φ by χ ◦ φ+ 2|z|2 where χ has the following

properties {
χ(t) ≥ 0, χ′(t) ≥ 0, χ(t) = 0 ∀t ≤ c

χ′′ ≥ 0, χ′(t) ≥ supKt 2(|∂ψ|+eψ)

λKt

By this new φ we then conclude

(12) ‖f‖2
φ−ψ ≤ ‖∂̄∗f‖2

φ−2ψ + ‖∂̄f‖2
φ ∀f ∈ D∂̄ ∩D∂̄∗ .

Once the estimate (12) is established the proof of Theorem 6 follows from

classical lines. For reader convenience we give its outline.

Sketch of end of proof of Theorem 6. Let f ∈ L2
loc(W )k with ∂̄f = 0.

We wish to find a form u ∈ L2
loc(W )k−1 such that ∂̄u = f or equivalently:

(13) (∂̄u, g) = (u, ∂̄∗g) = (f, g) ∀g ∈ D(∂̄∗).
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We define an antilinear functional on R(∂̄∗), the range of ∂̄∗, by:

(14) ∂̄∗g �→ (f, g).

(14) is well defined and, besides, we have

|(f, g)| ≤ C‖f‖‖∂̄∗g‖,

whenever g belongs to ker ∂̄ (this follows from (12) ). If g lies in the orthogo-

nal of ker ∂̄, then the inequality trivially holds. Hence we can extend (14) to

an antilinear functional on L2 and thus we get that there exists u such that

(13) is satisfied. Note that u can be chosen up to an element of ker ∂̄. In

particular, we can choose u in the orthogonal complement of ker ∂̄ namely

R(∂̄∗). As ∂̄∗ ◦ ∂̄∗ = 0 we can find a solution u such that ∂̄∗u = 0. This

equation together with ∂̄u = f will yield regularity. It can be proved that

if ∂̄u and ∂̄∗u are both L2-forms, then u ∈ W 1 the Sobolev space of index

1. By an induction argument we can say that for each f ∈ W s
loc(W ) there

exists u ∈ W s+1
loc (W ) which solves the Cauchy Riemann system. To get the

C∞ solution, we have just to observe that
⋂
s≥1 W

s
loc(W ) = C∞(W ). �
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