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A Remark on Whittaker Functions on Sp(2,R)

By Tomonori MORIYAMA

Abstract. Let m be a principal series representation of G =
Sp(2,R) induced from the maximal parabolic subgroup of G with non-
abelian unipotent radical. We show that Whittaker functions on G
corresponding to a certain K-finite vector of m have simple integral
expressions of Mellin-Barnes type. As an application, we compute the
real component of Novodvorsky’s zeta integral for GSp(2) x GL(2) in
a special case.

§0. Introduction

Whittaker functions on real reductive groups play fundamental roles
in the (archimedean local) theory of automorphic forms. Hence various
aspects of them are studied by many authors. Among them, Bump [B,
Ch.IT] presents an explicit formula of the Whittaker function on GL(3,R)
arising from the spherical principal series representation. His formula is
given by a certain integral of Mellin-Barnes type.

Our aim in this paper is to remark that Whittaker functions on the
symplectic group G = Sp(2,R) of rank two have the same kind of inte-
gral expression if they arise from the P;-principal series representation of G
(actually we shall discuss a special case, because the other cases are essen-
tially the same). Here the Pj-principal series representation is the principal
series representation of G induced from the maximal parabolic subgroup
P, of G with non-abelian unipotent radical. Note that Miyazaki and Oda
([M-O1], [M-02]) have already obtained an integral expression of Eulerian
type for the Whittaker function on G associated with the Pj-principal series
representation. They deduced their formula by constructing a system of dif-
ferential equations satisfied by the Whittaker function. Our explicit formula
(Theorem 3) is obtained from the same system of differential equations, too.

The explicit formula that we present here seems natural from the view-
point of automorphic L-functions. To illustrate the utility of our formula, we
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compute the local component of Novodvorsky’s zeta integral for GSp(2) x
GL(2) ([Nol],[No2, §3]) at the real place in §3 (We add §3 in the process of
revising this paper).

8§1. Preliminaries

(1.1) The symplectic group. Let G be the real symplectic group
Sp(2,R) of rank two, which is defined by

Sp(2,R) = {g e M(4,R)( tyJag = Ju = (_012 13) } .

Here, I5 is the identity matrix of degree 2. We denote the Lie algebra of G
by g. We fix a maximal compact subgroup K of G as follows:

K = {(_f; i) = Sp(Z,R)‘A,B = M(Z,R)} .

It is isomorphic to the unitary group U(2) := {g € GL(2,C)|'gg = I>}.
Take a maximal split torus A of G as A = {diag(a1,a2,a;"',a5")|a; >
0 (i =1,2)}. We also fix a maximal unipotent subgroup N of G as follows:

1 no
1
N = n(no,n17”2,”3) = 1
—ng 1
1 ny Ny
1
n2 s n; € R
1
1

Then we have an Iwasawa decomposition G = NAK.

(1.2) Whittaker functions. Let 1 be a character of N. It is written
as
n: N 3 n(ng,n1,n2,n3) — exp(2mv/—1(cong + csng)) € CH

with some cy,c3 € R. Throughout this paper, we assume that 7 is non-
degenerate, that is, cocs # 0. We denote by CP°(N\G) the space of C°-
functions W : G — C satisfying

W(ng) =n(n)Wi(g), forall (n,g) € N xG.
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By the right regular action of G, Cp°(N\G) is a smooth G-module. Let
(m, Hz) be an (irreducible) admissible representation of G. We denote its
underlining (g, K )-module by the same symbol. By an algebraic Whittaker
functional, we understand a homomorphism ¥ of (g, K)-modules

1 Hy — CX(N\G).

DEFINITION 1. Let ¢ : Hy — Cp°(N\G) be an algebraic Whittaker
functional for m. For a K-finite vector v € H,, we call its image W, :=
Y(v) € C°(N\G) by ¢ a Whittaker function corresponding to v € Hy.

(1.3) Pi-principal series representations of G. The simple Lie
group G = Sp(2,R) has, up to conjugation, two maximal parabolic sub-
groups: one with abelian unipotent radical and the other with non-abelian
unipotent radical. The latter is called the Jacobi parabolic subgroup of G
and denoted by P;. A Langlands decomposition P; = M;A; Ny of P; is
given by

a b

M, = € € {£1}, <c d) € SL(2,R) ;;

Ay = {diag(t, 1,1, 1)|t > 0}; Ny := {n(ng,n1,n2,0) € N|n; € R}.

A discrete series representation (o, V,) of the semisimple part M; of Pj is
of the form o = ¢ X Dy(|k| > 2), where € : {1} — C* is a character, Dy,
is the discrete series representation of SL(2,R) with Blattner parameter k,
that is, the extremal weight vector v of Dy, satisfies

Dk(< cos & smx))v = eV 1kay, x e R.

—sinx coszx
For each 11 € C, we define a quasi-character exp(v;) of A; by
exp(v1)(a1) =1, for ap = diag(t,1,t7%,1) € Ay.
We call an induced representation

I(Py;0,1) = C’OO—IndIG;1 (c ®@exp(v1+2)®1n,)
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the Pji-principal series representation of G. The representation space of
I(Py;0,v1) is given by
{F : G — V| C*°-class, F(miainig) = o(my) exp(vq + 2)(a1)F(g),
V(mi,a1,n1,9) € My x A1 x Ny x G},
on which G acts by right translation. Set v; := diag(—1,1,—1,1) € G. We

say the Pj-principal series representation I(Pj;e ® D_g,vq) is even (resp.
odd) if e(y1) = (=1)* (resp. e(v1) = (=1)**1).

§2. Explicit Formulae of Whittaker Functions

Throughout this section, suppose that 7 = I(P1,e ® D_g,v1) (k > 2) is
an even Pj-principal series representation of G. Then there exists a unique,
up to constant multiple, non-zero element vy of H, satisfying

w(<_AB i) Joo = det(A + v=IB) Fvy, V¥ (_AB i) €K

We call vg € Hy the corner vector of m. Let W,,, be a Whittaker function on
G corresponding to vg € H;. By the Iwasawa decomposition G = NAK, the
function W, is uniquely determined by the restriction W, |4 to A. Miyazaki
and Oda construct a system of partial differential equations satisfied by
Wyola. In order to write the system we introduce a new coordinate x =
(z1,22) on A = {diag(a1,az,a;*,a5")|a; >0 (i =1,2)} by

r1 = \/Am3Bles| a1, m2 = \/AT|es| as.

Let 0; := xia%i (i = 1,2) be the Euler operators for this coordinate.

ProrosiTION 2 ([M-O1,Proposition 7.1, Theorem 8.1]). (i) Let
Wy, € CR°(N\G) be a Whittaker function corresponding to the corner vector
vo € Hy. Define h(x) € C*°(A) by

W, (diag(ar, as,ay ' ay')) = ook exp(sgn(cs)zd/2)h(z1, 2).

Then h(x) satisfies

(1) [8182 + 4((51/([2)2] h((L‘) = 0;

(2) (01 + 02+ k—=1+11)(O1+02+k—1—v1)
+2sgn(c3)z302] h(z) = 0.
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(ii) If co # 0,c3 < 0, then the system of differential equations (1) and (2)
has a unique, up to constant multiple, solution h(x) € C*°(A) such that the
corresponding Wy, (g) is of moderate growth. The solution is given by

> 2 16x%\dt
3 hz)= [ Y20, (t (—— - —1>—.
3) @ =/ oo (e (=~ 1) G
Here Wy ,, (t) is the usual Whittaker function ([W-W, Ch.16]).
(iii) If co # 0,3 > 0, then there are no solutions for the system of differen-
tial equations (1) and (2) such that the corresponding W, (g) is of moderate
growth.

We shall supply another integral expression of (3), which is the main
result of this paper:

THEOREM 3. Assume co # 0,c3 < 0 and let h(zx) be the solution of the
system of differential equations (1) and (2) with the property in Proposition
2 (ii). Take a pair (o1,02) of two real numbers satisfying

(4) Re(o1+o9+v1 —k+1)>0, and o1 >0>09.
Then we have

(5)  h(z)=C M (h; s1,s2)x] oy * dsy dsg

),
Xi
27V =1)? JL(o1) JL(0n)

with some constant C € C* and

(6) M(h;51782>::F(81+82+2V1 k + )F(81+82 2yl k‘—l—)

<D(F)0(2).

Here, the path of integration L(oj) (j = 1,2) is the vertical line from o —

V=100 to o ++/—10o0.

PROOF. We begin with recalling that for any real numbers «, 3 satis-
fying 0 < o < 8 there exists a constant C, g > 0 such that

(7) ID(o + V=17)| < Cagexp(—(m = €)|7]/2),
V(o,7) € [, B] x R, Ve > 0.
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This is an easy consequence of the Stirling formula (see [A, Ch.5, §2.5]).
From this, we know that the integral (5) converges absolutely and does not
depend on (o1,09) satisfying (4). Further, by virtue of the formula (7),
we can interchange differentiation and integration legitimately. Hence, the
differential equations (1) and (2) are transformed into

s189M (h; s1,82) +4M(h;s1 + 2,59 —2) =0,

and
(s1+s2—k+1—v1)(s1+s2—k+1+wv1)M(h;s1,s2)
+ 2(s2 +2)M (h; s1,582 +2) =0,

respectively. It is easy to see that M (h;si,s2) in the Theorem is a solution
of these difference equations. By using (7) again, we know that for each
(01, 09) satisfying (4) there exists a constant Cy, 5, > 0 such that

(8) (1, 22)| < Coyonwy 7y .

Hence the function W, (g) corresponding to the solution (5) is of moderate
growth. [

REMARK. (i) We can prove this theorem from (3) by computing

oo oo 00 t2 16 2 dt da1 d
/ / {/ W, () exp (- — L) T Lapap S22,
0 0 0 16.’E2 t t 1 X9

(ii) Suppose that (m, H;) is an odd P;-principal series representation of G
or a large discrete series representation of G. Then the Whittaker function
corresponding to a certain K-finite vector in H, satisfies essentially the same
system of differential equations as that in Proposition 2 (see [M-02],[O,
Lemma (8.1)]).

§3. An Application to Novodvorsky’s Zeta Integral for GSp(2) x
GL(2)

We shall recall the definition of the real component Z(>)(s) of Novod-
vorsky’s zeta integral for GSp(2) x GL(2) in a rather special setting. For
more details, see [Nol],[No2], and [S].
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Let (m,Hz) = I(P1,¢ ® D_g,v1) (kK > 2) be an even P;j-principal se-
ries representation of G and vy € H; the corner vector of m. We take an
algebraic Whittaker functional ¢ : Hy — Cp°(N\G) such that 1 (vo)(g)
is of moderate growth, which is unique up to constant multiple. With-
out any loss of generality we may assume that (cp,c3) = (—1,—1). Put
Wea(g) := ¥ (vp)(g). This is nothing but the Whittaker function considered
in the previous section. We introduce the group G; = GSp™(2,R) by

G1 = GSpT(2,R) := {g € GL(4,R)| *gJsg = v(g)J4 for some v(g) > 0}.

We extend the function We to a function Wg, on G by setting Wg, (tg) :=
Wea(g) for g € G and ¢t > 0. We also need a Whittaker function on G’ =
GLT(2,R) := {¢’ € GL(2,R)|detg’ > 0}. We extend the discrete series

t
representation Dy of SL(2,R) to a representation of G’ by letting < t>

(t > 0) act on the representation space of Dj trivially. This extended
representation is denoted by Dy. Define a function Wg on G’ by

L z\ (y2 0 costl  sinb\, _ onTTu k/2 2my TTk6
WG/(<O 1)( 0 y2> <—sin9 cos )i=e Yo € ’
for x € R, y1,y2 > 0, and # € R. We find that Wy is a Whittaker
function on G’ corresponding to the extremal weight vector in Dj. Then
the real component Z(®)(s) (s € C) of Novodvorsky’s zeta integral for

GSp(2) x GL(2) is defined by

k. [ d e d
209(s) im0 (s ) [Ty [y
2" Jo v1 Jo Y2

Y193
Y1Yy2 Y1y2
ool P ),

Y2

By using Theorem 3, we obtain the following

PROPOSITION 4. The integral Z(®)(s) converges absolutely for
Re(s) > |Re(11)|/2 and is, up to constant multiple, equal to

(s + 2)Te(s — %

%1 1241
5 )F@(s+5+k‘—1)l“(c(s—5—|—k—1).
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Here we set T'c(s) := 2(2m)*T'(s).
Proor. It is readily seen that
2 () =C x 75 F/2T (s + g)/ yf“’(k_lw@/ i

0 0

Y1 Y2
x exp(—4my1)h(V 47r3y%/2y2, vV 47ryi/2),

with some constant C' € C*. By the estimate (8), we know that Z(>)(s)
converges absolutely for Re(s) > |Re(rv1)|/2. To prove the second assertion,
we may assume that Re(s) is sufficiently large. Then we have, up to constant
multiple,

TR0 (s + %)

(2my/=1)?

o d
X/ ygsﬁ—k—lﬂ/ 7_‘_781y2—51d51
0 Y2 JL(o1)

— 1) — 51 —
X M(h; s1,s2)'(s + Sk—1) —s1 -5
L(o2) 2

Z(OO)(S) — (47r)—s—3(k—1)/2

)dSQ.

We can evaluate the integral with respect to dso by using Barnes’ first lemma
([W-W, p.289]). The rest of computation is easy. [J

REMARK. The analogous computation for the spherical principal series
representations of GSp(2) and GL(2) is carried out by Niwa ([Nw, Theorem

3)).
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