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A Remark on Whittaker Functions on Sp(2,R)

By Tomonori Moriyama

Abstract. Let π be a principal series representation of G =
Sp(2,R) induced from the maximal parabolic subgroup of G with non-
abelian unipotent radical. We show that Whittaker functions on G
corresponding to a certain K-finite vector of π have simple integral
expressions of Mellin-Barnes type. As an application, we compute the
real component of Novodvorsky’s zeta integral for GSp(2)×GL(2) in
a special case.

§0. Introduction

Whittaker functions on real reductive groups play fundamental roles

in the (archimedean local) theory of automorphic forms. Hence various

aspects of them are studied by many authors. Among them, Bump [B,

Ch.II] presents an explicit formula of the Whittaker function on GL(3,R)

arising from the spherical principal series representation. His formula is

given by a certain integral of Mellin-Barnes type.

Our aim in this paper is to remark that Whittaker functions on the

symplectic group G = Sp(2,R) of rank two have the same kind of inte-

gral expression if they arise from the P1-principal series representation of G

(actually we shall discuss a special case, because the other cases are essen-

tially the same). Here the P1-principal series representation is the principal

series representation of G induced from the maximal parabolic subgroup

P1 of G with non-abelian unipotent radical. Note that Miyazaki and Oda

([M-O1], [M-O2]) have already obtained an integral expression of Eulerian

type for the Whittaker function on G associated with the P1-principal series

representation. They deduced their formula by constructing a system of dif-

ferential equations satisfied by the Whittaker function. Our explicit formula

(Theorem 3) is obtained from the same system of differential equations, too.

The explicit formula that we present here seems natural from the view-

point of automorphic L-functions. To illustrate the utility of our formula, we
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compute the local component of Novodvorsky’s zeta integral for GSp(2) ×
GL(2) ([No1],[No2, §3]) at the real place in §3 (We add §3 in the process of

revising this paper).

§1. Preliminaries

(1.1) The symplectic group. Let G be the real symplectic group

Sp(2,R) of rank two, which is defined by

Sp(2,R) :=

{
g ∈ M(4,R)

∣∣∣ tgJ4g = J4 =

(
0 I2

−I2 0

)}
.

Here, I2 is the identity matrix of degree 2. We denote the Lie algebra of G

by g. We fix a maximal compact subgroup K of G as follows:

K :=

{(
A B

−B A

)
∈ Sp(2,R)

∣∣∣A,B ∈ M(2,R)

}
.

It is isomorphic to the unitary group U(2) := {g ∈ GL(2,C)| tgg = I2}.
Take a maximal split torus A of G as A = {diag(a1, a2, a

−1
1 , a−1

2 )|ai >

0 (i = 1, 2)}. We also fix a maximal unipotent subgroup N of G as follows:

N :=



n(n0, n1, n2, n3) =




1 n0

1

1

−n0 1




·




1

1

n1 n2

n2 n3

1

1




∣∣∣ni ∈ R




.

Then we have an Iwasawa decomposition G = NAK.

(1.2) Whittaker functions. Let η be a character of N . It is written

as

η : N 	 n(n0, n1, n2, n3) 
→ exp(2π
√
−1(c0n0 + c3n3)) ∈ C

(1)

with some c0, c3 ∈ R. Throughout this paper, we assume that η is non-

degenerate, that is, c0c3 = 0. We denote by C∞
η (N\G) the space of C∞-

functions W : G → C satisfying

W (ng) = η(n)W (g), for all (n, g) ∈ N ×G.
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By the right regular action of G, C∞
η (N\G) is a smooth G-module. Let

(π,Hπ) be an (irreducible) admissible representation of G. We denote its

underlining (g,K)-module by the same symbol. By an algebraic Whittaker

functional, we understand a homomorphism ψ of (g,K)-modules

ψ : Hπ → C∞
η (N\G).

Definition 1. Let ψ : Hπ ↪→ C∞
η (N\G) be an algebraic Whittaker

functional for π. For a K-finite vector v ∈ Hπ, we call its image Wv :=

ψ(v) ∈ C∞
η (N\G) by ψ a Whittaker function corresponding to v ∈ Hπ.

(1.3) P1-principal series representations of G. The simple Lie

group G = Sp(2,R) has, up to conjugation, two maximal parabolic sub-

groups: one with abelian unipotent radical and the other with non-abelian

unipotent radical. The latter is called the Jacobi parabolic subgroup of G

and denoted by P1. A Langlands decomposition P1 = M1A1N1 of P1 is

given by

M1 :=







ε

a b

c

ε

d




∣∣∣∣∣ε ∈ {±1},
(
a b

c d

)
∈ SL(2,R)




;

A1 := {diag(t, 1, t−1, 1)|t > 0}; N1 := {n(n0, n1, n2, 0) ∈ N |ni ∈ R}.

A discrete series representation (σ, Vσ) of the semisimple part M1 of P1 is

of the form σ = ε � Dk(|k| � 2), where ε : {±1} → C
∗ is a character, Dk

is the discrete series representation of SL(2,R) with Blattner parameter k,

that is, the extremal weight vector v of Dk satisfies

Dk(

(
cosx sinx

− sinx cosx

)
)v = e

√
−1kxv, x ∈ R.

For each ν1 ∈ C, we define a quasi-character exp(ν1) of A1 by

exp(ν1)(a1) = tν1 , for a1 = diag(t, 1, t−1, 1) ∈ A1.

We call an induced representation

I(P1;σ, ν1) := C∞-IndG
P1

(σ ⊗ exp(ν1 + 2) ⊗ 1N1)
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the P1-principal series representation of G. The representation space of

I(P1;σ, ν1) is given by{
F : G −→ Vσ| C∞-class, F (m1a1n1g) = σ(m1) exp(ν1 + 2)(a1)F (g),

∀(m1, a1, n1, g) ∈ M1 ×A1 ×N1 ×G
}
,

on which G acts by right translation. Set γ1 := diag(−1, 1,−1, 1) ∈ G. We

say the P1-principal series representation I(P1; ε ⊗ D−k, ν1) is even (resp.

odd) if ε(γ1) = (−1)k (resp. ε(γ1) = (−1)k+1).

§2. Explicit Formulae of Whittaker Functions

Throughout this section, suppose that π = I(P1, ε⊗D−k, ν1) (k � 2) is

an even P1-principal series representation of G. Then there exists a unique,

up to constant multiple, non-zero element v0 of Hπ satisfying

π(

(
A B

−B A

)
)v0 = det(A +

√
−1B)−kv0, ∀

(
A B

−B A

)
∈ K.

We call v0 ∈ Hπ the corner vector of π. Let Wv0 be a Whittaker function on

G corresponding to v0 ∈ Hπ. By the Iwasawa decomposition G = NAK, the

function Wv0 is uniquely determined by the restriction Wv0 |A to A. Miyazaki

and Oda construct a system of partial differential equations satisfied by

Wv0 |A. In order to write the system, we introduce a new coordinate x =

(x1, x2) on A = {diag(a1, a2, a
−1
1 , a−1

2 )|ai > 0 (i = 1, 2)} by

x1 :=
√

4π3c20|c3| a1, x2 :=
√

4π|c3| a2.

Let ∂i := xi
∂
∂xi

(i = 1, 2) be the Euler operators for this coordinate.

Proposition 2 ([M-O1, Proposition 7.1, Theorem 8.1]). (i) Let

Wv0 ∈ C∞
η (N\G) be a Whittaker function corresponding to the corner vector

v0 ∈ Hπ. Define h(x) ∈ C∞(A) by

Wv0

(
diag(a1, a2, a

−1
1 , a−1

2 )
)

= xk+1
1 xk2 exp(sgn(c3)x

2
2/2)h(x1, x2).

Then h(x) satisfies[
∂1∂2 + 4(x1/x2)

2
]
h(x) = 0;(1)

[(∂1 + ∂2 + k − 1 + ν1)(∂1 + ∂2 + k − 1 − ν1)(2)

+2 sgn(c3)x
2
2∂2

]
h(x) = 0.
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(ii) If c0 = 0, c3 < 0, then the system of differential equations (1) and (2)

has a unique, up to constant multiple, solution h(x) ∈ C∞(A) such that the

corresponding Wv0(g) is of moderate growth. The solution is given by

h(x) =

∫ ∞

0
t−k+1/2W0,ν1(t) exp

(
− t2

16x2
2

− 16x2
1

t2

)dt
t
.(3)

Here W0,ν1(t) is the usual Whittaker function ([W-W,Ch.16]).

(iii) If c0 = 0, c3 > 0, then there are no solutions for the system of differen-

tial equations (1) and (2) such that the corresponding Wv0(g) is of moderate

growth.

We shall supply another integral expression of (3), which is the main

result of this paper:

Theorem 3. Assume c0 = 0, c3 < 0 and let h(x) be the solution of the

system of differential equations (1) and (2) with the property in Proposition

2 (ii). Take a pair (σ1, σ2) of two real numbers satisfying

Re(σ1 + σ2 ± ν1 − k + 1) > 0, and σ1 > 0 > σ2.(4)

Then we have

h(x) = C × 1

(2π
√
−1)2

∫
L(σ1)

∫
L(σ2)

M(h; s1, s2)x
−s1
1 x−s2

2 ds1 ds2(5)

with some constant C ∈ C
× and

M(h; s1, s2) := Γ
(s1 + s2 + ν1 − k + 1

2

)
Γ
(s1 + s2 − ν1 − k + 1

2

)
(6)

× Γ
(s1

2

)
Γ
(−s2

2

)
.

Here, the path of integration L(σj) (j = 1, 2) is the vertical line from σj −√
−1∞ to σj +

√
−1∞.

Proof. We begin with recalling that for any real numbers α, β satis-

fying 0 < α < β there exists a constant Cα,β > 0 such that

|Γ(σ +
√
−1τ)| � Cα,β exp

(
−(π − ε)|τ |/2

)
,(7)

∀(σ, τ) ∈ [α, β] × R, ∀ε > 0.
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This is an easy consequence of the Stirling formula (see [A, Ch.5, §2.5]).

From this, we know that the integral (5) converges absolutely and does not

depend on (σ1, σ2) satisfying (4). Further, by virtue of the formula (7),

we can interchange differentiation and integration legitimately. Hence, the

differential equations (1) and (2) are transformed into

s1s2M(h; s1, s2) + 4M(h; s1 + 2, s2 − 2) = 0,

and

(s1 + s2 − k + 1 − ν1)(s1 + s2 − k + 1 + ν1)M(h; s1, s2)

+ 2(s2 + 2)M(h; s1, s2 + 2) = 0,

respectively. It is easy to see that M(h; s1, s2) in the Theorem is a solution

of these difference equations. By using (7) again, we know that for each

(σ1, σ2) satisfying (4) there exists a constant Cσ1,σ2 > 0 such that

|h(x1, x2)| � Cσ1,σ2x
−σ1
1 x−σ2

2 .(8)

Hence the function Wv0(g) corresponding to the solution (5) is of moderate

growth. �

Remark. (i) We can prove this theorem from (3) by computing

∫ ∞

0

∫ ∞

0

{∫ ∞

0
t−k+1/2W0,ν1(t) exp

(
− t2

16x2
2

− 16x2
1

t2

)dt
t

}
xs11 xs22

dx1

x1

dx2

x2
.

(ii) Suppose that (π,Hπ) is an odd P1-principal series representation of G

or a large discrete series representation of G. Then the Whittaker function

corresponding to a certain K-finite vector in Hπ satisfies essentially the same

system of differential equations as that in Proposition 2 (see [M-O2],[O,

Lemma (8.1)]).

§3. An Application to Novodvorsky’s Zeta Integral for GSp(2) ×
GL(2)

We shall recall the definition of the real component Z(∞)(s) of Novod-

vorsky’s zeta integral for GSp(2) × GL(2) in a rather special setting. For

more details, see [No1],[No2], and [S].
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Let (π,Hπ) = I(P1, ε ⊗ D−k, ν1) (k � 2) be an even P1-principal se-

ries representation of G and v0 ∈ Hπ the corner vector of π. We take an

algebraic Whittaker functional ψ : Hπ → C∞
η (N\G) such that ψ(v0)(g)

is of moderate growth, which is unique up to constant multiple. With-

out any loss of generality we may assume that (c0, c3) = (−1,−1). Put

WG(g) := ψ(v0)(g). This is nothing but the Whittaker function considered

in the previous section. We introduce the group G1 = GSp+(2,R) by

G1 = GSp+(2,R) := {g ∈ GL(4,R)| tgJ4g = ν(g)J4 for some ν(g) > 0}.

We extend the function WG to a function WG1 on G1 by setting WG1(tg) :=

WG(g) for g ∈ G and t > 0. We also need a Whittaker function on G′ =

GL+(2,R) := {g′ ∈ GL(2,R)|det g′ > 0}. We extend the discrete series

representation Dk of SL(2,R) to a representation of G′ by letting

(
t

t

)

(t > 0) act on the representation space of Dk trivially. This extended

representation is denoted by D̃k. Define a function WG′ on G′ by

WG′(

(
1 x

0 1

)(
y1y2 0

0 y2

)(
cos θ sin θ

− sin θ cos θ

)
) := e2π

√
−1xy

k/2
1 e−2πy1e

√
−1kθ,

for x ∈ R, y1, y2 > 0, and θ ∈ R. We find that WG′ is a Whittaker

function on G′ corresponding to the extremal weight vector in D̃k. Then

the real component Z(∞)(s) (s ∈ C) of Novodvorsky’s zeta integral for

GSp(2) ×GL(2) is defined by

Z(∞)(s) :=π−s−k/2Γ(s +
k

2
)

∫ ∞

0
ys−2
1

dy1

y1

∫ ∞

0
y2s−2
2

dy2

y2

×WG1

(


y1y

2
2

y1y2

1

y2



)
WG′

((y1y2

y2

))
.

By using Theorem 3, we obtain the following

Proposition 4. The integral Z(∞)(s) converges absolutely for

Re(s) > |Re(ν1)|/2 and is, up to constant multiple, equal to

ΓC

(
s +

ν1

2

)
ΓC

(
s− ν1

2

)
ΓC

(
s +

ν1

2
+ k − 1

)
ΓC

(
s− ν1

2
+ k − 1

)
.
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Here we set ΓC(s) := 2(2π)−sΓ(s).

Proof. It is readily seen that

Z(∞)(s) =C × π−s−k/2Γ(s +
k

2
)

∫ ∞

0
y
s+3(k−1)/2
1

dy1

y1

∫ ∞

0
y2s+k−1
2

dy2

y2

× exp(−4πy1)h(
√

4π3y
1/2
1 y2,

√
4πy

1/2
1 ),

with some constant C ∈ C
×. By the estimate (8), we know that Z(∞)(s)

converges absolutely for Re(s) > |Re(ν1)|/2. To prove the second assertion,

we may assume that Re(s) is sufficiently large. Then we have, up to constant

multiple,

Z(∞)(s) =
π−s−k/2Γ(s + k

2 )

(2π
√
−1)2

(4π)−s−3(k−1)/2

×
∫ ∞

0
y2s+k−1
2

dy2

y2

∫
L(σ1)

π−s1y−s1
2 ds1

×
∫
L(σ2)

M(h; s1, s2)Γ(s +
3(k − 1) − s1 − s2

2
)ds2.

We can evaluate the integral with respect to ds2 by using Barnes’ first lemma

([W-W, p.289]). The rest of computation is easy. �

Remark. The analogous computation for the spherical principal series

representations of GSp(2) and GL(2) is carried out by Niwa ([Nw, Theorem

3]).

References

[A] Ahlfors, L. V., Complex analysis, Third edition, McGraw-Hill (1978).
[B] Bump, D., Automorphic forms on GL(3,R), Lecture Notes in Mathemat-

ics 1083, Springer-Verlag (1984).
[M-O1] Miyazaki, T. and T. Oda, Principal series Whittaker functions on Sp(2,R)
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