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Formal Symbol Type Solutions of
Fuchsian Microdifferential Equations

By Kiyoomi KATAOKA and Yoshiaki SATOH

Abstract. We construct a basis of solutions for a micro-differ-
ential equation with Fuchsian singularities in microfunctions with one
holomorphic parameter. More precisely, we construct solutions writ-
ten by formal symbols with one holomorphic parameter. For such an
equation of order m, we get (m—1)-regular formal symbols and one sin-
gular formal symbol; the latter is not holomorphic along the Fuchsian
singularities but has boundary values in the sense of microfunctions.

1. Introduction

Let X be a complex manifold C,, x C? and Z, M be its submanifolds
Z={(w,2) € X;Imz =0}~ 28> M = {Imw = 0,Im z = 0}.

Here ZR is the underlying real manifold of Z. We denote by (w, z; 7, () the
coordinates of T*X;

w=u+weC, z=ax+iyeC", 71€C, (={+ine C".
Then the sheaf COz on
T7X ={(w,z,7,¢) € T"X;7 =0,Imz = 0,Re( = 0}
of microfunctions with a holomorphic parameter w is defined by
COyz = {f(u,v,x) € Cyr; 0y f = 0}.

Here Cyr is the sheaf of usual microfunctions on ZR, and it is well-known
that COz is identified with the sheaf Cz x of relative microfunctions as
Ex-modules. Setting N =R} C C? =Y, we denote by p a projection:

(1.1) p:T7X 3 (w,x;in) — (x;in) € TRY.
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566 Kiyoomi KATAOKA and Yoshiaki SATOH

Let us consider the following microdifferential equation for a section f(w,x)
of COy around p = (0, z;i1) € T7X with n # 0:

m
(12)  P(w,z, Dy, Dy)f(w,x) i= (Y Ax(w,z, Dy, D) DR ) f =0,
k=0
where Dy, = 0/0w and D,; = 9/0x; (j = 1,..,n). We suppose that
P(w, z, Dy, D,) has Fuchsian singularities along {w = ¢(z,in)}; that is,
Ag(w, z, Dy, D,)’s are microdifferential operators defined at ](3 satisfying the
conditions:

ord(Ag) <0 (k=0,...,m),
(1.3) 00(A0)(p) = 0, duo ( 0)(p) # 0,
00(A1)()/Dw00(A0) (D) & Z.

Therefore by the Spéath type theorem for £x in Sato-Kawai-Kashiwara [13]
(hereafter, referred to as S-K-K [13]) we can write

(1.4) Ao(w, z, Dy, D) = a(w, z, Dy, D, )(w — ®(2, Dy, D>)).

Here a(w, z, Dy, D), ®(z, Dy, D,) € 5X|§ are operators of order 0 with
5) {@,Du =0, 00(®)(2,0,¢) = (2.0,
oo(a)(p) # 0, ¢(z,in) = 0.

Since the equation (1.2) is microlocally equivalent to D] f(w,z) = 0 in
{w — ¢(z,in) # 0}, the solution sheaf in COz of the equation (1.2) is
isomorphic to p~!C on {w — ¢(x,in) # 0}. The subject of this article
is to study the behavior of solutions in COz around the singular locus
K = {w — p(z,in) = 0}. Precisely, we have the following (Theorem 5.8):

THEOREM. We can construct a system {U®) (w,z,D,);0 =1,....,m} of

formal symbols of microdifferential operators defined around ]% satisfying the
following conditions:

(1) UM is a multivalued section of Ex over {(w,x;in) € THX;0 < |w —

o(z,in)| < r |z —xz| < r|np—mn <r} for some small + > 0, and
U e 8X|;) fort=2,...m
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(2) UO(w,z,D,) (£ =1,...,m) commute with w.
(3) P(w, 2, Dy, D)UY (w,2,D,) =0 (modEx - Dy) for £ =1,...,m.

(4) ordUY) = 0 for £ = 1,..,m, and holomorphic functions
{UO(U(E))(w, xz,im); 0 =1,...,m} give a complete system of solutions in
{w — p(x,in) # 0} of the following linear ordinary differential equa-
tion :
m 8mfk

(1.6) LU := (ZJO(Ak)(w, 2,0, in)W)U =0
k=0

(5) For any microfunction f(x) € CN|p(;)); U (w,z,D,)f(x) has a mi-
crofunction boundary value at w = (x,in); that is, a microfunction
boundary value from any side of any R-conic and real analytic hyper-
surface H of T3 X passing through K = {w — ¢(z,in) = 0}.

The precise meaning of the condition (5) will be given in Section 3.
As a direct consequence, we have a unique decomposition of a solution
f(w,z) € COyz around p of (1.2) into a sum:

(1'7) f(wvx) = ZU(E)(wavax)fZ(x),

(=1

where fy(x) € CN’p(;)) (¢ = 1,...,m) are uniquely determined by f(w,z).
Further, we conclude from the condition 5 that any solution f(w,x) has a
microfunction boundary value at w = ¢(x,in); this fact will be applied to
a construction of microlocal solutions for some differential equations with
variable multiplicities discussed in Yamane [16], Kataoka [11].

This article consists of 5 sections as follows:

In Section 2, after giving a brief survey on formal symbols, we transform
our P into the normal form under some quantized contact transformation
preserving 77 X. Further we prepare some estimates for holomorphic so-
lutions of Fuchsian ordinary differential equations, which will be used in
Section 4.

Section 3 is devoted to give an elementary proof of the invariance of CO
under quantized contact transformations preserving 77 X. The key theorem
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is Theorem 3.9 on the structure of holomorphic contact transformations
preserving 17, X: That is, holomorphic contact transformations preserving
T7,X are essentially generated by the holomorphic functions of the following

type:
25 = ho(z,2") + (¥ (w, z,w*, 2*))?,

where z*" = (27,..., 2} _1), and holomorphic functions U(w, z, w*, z*'),
ho(z, 2*') satisfy the following conditions:
(1) O(w,z, w*, 2*) = 0,0,V £ 0, 8y ¥ £ 0.
(2) hg is real-valued for real (z,2*'), and {x} — ho(z,z*") = 0} gives a real
analytic contact transformation S": (z;n) — (x*;n*).

At the same time, we justify our definition of microfunction boundary
values of sections of COyz from one side of an R-conic and real analytic
hypersurface H of T7;X. As direct consequences, we can reduce our P to
the normalized operator obtained in Section 2 for the equation P f(w,z) = 0
in CO.

In Section 4, we construct formal symbols U = Z?:—oo Uj(w, z, () sat-
isfying PU = 0 (mod Ex - D,,) by successive approximation. The key idea
here is in applying some suitable formal norms of Boutet de Monvel and
Krée’s type to prove the convergence. Once we establish some inequali-
ties on those formal norms, we easily obtain a priori estimates for U. The
difficulty appears only when we construct the non-regular type formal sym-
bols related to Fuchsian singularities. To deal with this case, we introduce
weighted sup-norms for holomorphic functions with Fuchsian singularities
and modifications of the formal norms by these weighted sup-norms.

In Section 5, before we deal with our main theorem, we prove under some
growth order conditions near a boundary that a classical formal symbol of
pseudo-differential operators has a microfunction boundary value. That is,
the following is another main result of this article (Theorem 5.5):

THEOREM. LetU =39 Uj(w, z,() be a classical formal symbol of

j=—00
a pseudo-differential operator with order < 0 defined in an R-conic open set

W, E{(w,z;*,C) eT*X;Imw > 0, |w| < r,|z| <k,

GGl < plGal (1 £ V) <0 —1),|Re Gl < 6Tm o |
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for some r,k,p,6 > 0(6 < 1). We suppose that U; € O(W,) (Vj < 0) and
that there exists some constants C,pu > 0 satisfying the following inequali-
ties:

U—p(w, 2,0)| < CPFipl| Imw|P7HIC|™F on W, (Vp 2 0).

Then for any microfunction f(z) € Cn|(0:ida,), @ section U(w,z, Dy) f(x) €
I'{w € C;Imw > 0,|w| < r} x {(0;idzy,)};COZz) has a microfunction
boundary value at (0,0;idzy,) from Imw > 0.

Further, we show by a counter-example that the growth condition above
is the best possible in some sense.

2. Preliminaries
2.1. Formal symbols and quantized contact transformations

DEFINITION 2.1. A microdifferential operator Q(w, z, Dy, D) € Ex at

q= (&1, 27, () € T*X of order < m(€ Z) is identified with a formal sum

m
Q(waz’D’uth): Z Qj(wasz’waDz)-
Jj=—00

m

of holomorphic functions {Q;(w,z,,() o

satisfying the following:

There exist an R-conic neighborhood W of 8 in T* X and a positive constant
C such that each Q;(z,x,(,¢) is holomorphic in W, and homogeneous of
degree j with respect to (7,{) € C x C", and that we have the following
estimates on W:

21) Qw27 Ol < (m = NICH (|| + ¢ (V5 < m).

The formal sum 77 Qj(w,2,7,¢) is called the formal symbol of
m/ /
j=—o0 @i

Q(w,z,Dy, D). The composition of two formal symbols >
ZT:/LOO Q7 is defined by a formal symbol Zm/+m// @} with

j:*OO
" _ 1 ak+|a|Q;/ ak+|a|Q.,7//,
CONN TS D D A A2

§'+5"~k~lal=;
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where k € NU{0}, o = (aq,...,a,) € (NU{0})". Note that the summation
is performed on some finite terms for each j and that {Q7'}; satisfy some
estimates like (2.1). It is well-known that this composition rule is associative
and gives the operator product Q'(w, z, Dy, D) X Q" (w, z, Dy, D) ([6, 5],
[13]).

REMARK 2.2. This definition naturally extends to the classical defini-
tion of formal symbols of pseudo-differential operators @) € 85‘ due to Boutet
de Monvel and Krée [6, 5]. That is, a formal sum )" Q; is said to be

j=—00

a classical formal symbol at ¢ = (w, z; 7, 2) € T*X of pseudo-differential
operators of order < m(€ Z) if there exist an R-conic neighborhood W of q
in 7" X and a positive constant C' such that each Q;(z, z, ¢, &) is a holomor-
phic function in W satisfying (2.1) (not necessarily of homogeneous degree
j with respect to ((,&)). Then the most of arguments for formal symbols
of £x extend to the arguments for classical formal symbols of 5§. Only
one difference is the non-uniqueness of expressions; we cannot determine
the j-th order term for a pseudo-differential operator with finite order in
general.

REMARK 2.3. We mean by a classical formal symbol of a pseudo-differ-
ential operator the following: The definition domain of j-th term of the
formal symbol does not depend on j, and that they satisfy some inequalities
like (2.1) there. On the other hand, in Aoki’s modern definition [2] of
formal symbols such domains may decrease when j — —oo. Indeed, their
intersection may be void. Aoki’s definition of formal symbols of pseudo-
differential operators is much simpler, and easy to handle. Further a classical
formal symbol canonically induces a formal symbol of Aoki’s type, and
for micro-differential operators these definitions coincide with each other.
However, one cannot define the formal norms for Aoki’s formal symbols,
which are successfully introduced by Boutet de Monvel and Krée [6] for the
theory of (classical) formal symbols. In our construction of formal symbol
type solutions we essentially use some variations of formal norms. Hence
we employ the classical definition of formal symbols for pseudo-differential
operators.

Before constructing the solutions of (1.2) we reduce P to a simpler
microdifferential operator by using some quantized contact transformation
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preserving 7, X.

PROPOSITION 2.4. Let W*(w, z,7,() be a holomorphic function de-
fined atz% of homogeneous degree O with respect to (1,¢) satisfying

W*(p) =0, 8,W*(p) # 0.

Then there exists a holomorphic contact transformation:

(23) S {w* =W w,27,¢), 7 =7"(w,z7()
zj = zp(w, 2,7,C), G =Cwz() (k=1,...,n)

defined in a neighborhood Of]% satisfying

ZZ|T:0:Z]€7 C]:|T:O:Ck (k=1,...,n).

(24) {T*’TZO = 07 87'7_*(]%) 75 07

PROOF. Solve the following Cauchy problem for x = x(w, z,7*,(*)

aT*X = W*(w,%an?azX)?
X|T*:0 =z-C"

Then the unique holomorphic solution x at ]% is of homogeneous degree 0
with respect to (7%,(*), and generates the desired contact transformation:

o [wr == =,

Applying Proposition 2.4 to W* = w—o¢(®)(z, 7, () for ® at (1.4), we get
a holomorphic contact transformation S satisfying (2.3). Since the solution
x has the form x = wr* 4+ z - (* + ¥(z,7%,(*) in this case, we know that
7" = 7. Therefore by the theory of quantizations of contact transformations
due to S-K-K [13] we have an isomorphism between sheaves of rings

S: Silgx = Ex
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such that
S(Dy+) = Dy, S(w*) =w —D(z, Dy, D).
Thus we obtain
m
S7THP) = o (w*, 2", Dye, Do )w* D + Y~ Aj(w*, 2%, Dy, Do) Dt
k=1
Here, o* = S (), A} = S71(4) € EX’S(Z) (k =1,...,m) are operators

of order < 0, and «o* is an elliptic operator at S (]%) of order 0. Note that
S preserves Ty X = {(w,2;7,() € T*X;7 = 0,Imz = 0,Re( = 0}; that
is, in a neighborhood of E) we have S(T5X) C T5X. Further the ordinary
differential operator L at (1.6) associated with P is transformed into

=Y ) (5a) T = (e s ) (o)
k=0

Therefore the conditions (1.3) are also satisfied for S~!(P) because

[e]

(00(A1)/0ur00(A5) ) (S(B)) = 00(A41)(B)/70(”)(S(5))
= 00(41) (3)/0(0) (7) = (0(A41)/Duo0(A0) ) ().
We strengthen this reduction as follows:

LEMMA 2.5. Set K = {09(4o) =0} NT;X = {(w,z;in) € T; X;w =
o(x,in)}. Let H be any R-conic and real analytic hypersurface in THX
passing through K. Then there exist a holomorphic contact transformation
S and a quantization S of S defined in a neighborhood]% such that

25) S(K)={w*=0}NTyX < S(H)={lmw"=0}NTEX,
' S(TyX) < TuX

and that
(2.6) ST (Dy) € Ex - Dy,
(2.7) STHP) = a*w* Dy + > AyDpF.

k=1
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Here, o*, A} € 8X|S(§) (k =1,...,m) are operators of order < 0, and o*

is an elliptic operator at S(p) of order 0. Further S™1(P) also satisfies the
conditions (1.3) at S(p).

REMARK 2.6. As a direct consequence of (2.6) we have the following
equivalence for a microdifferential operator U € £ X|§ of order < 0:

PU =0 (mod Ex - Dyy) <= S (P)U* = 0 (mod Ex - D)
with U* = S71(U). In particular, we get
oo(U)(w,z,0,in) = oo(U")(w", 2", 0,in")

under the correspondence S : (w, x;0,in) — (w*, z*,0,in*) and the ordinary
differential equations:

L(oo(U)|r=0) =0, L*(00(U")|r+=0) = 0.

ProOOF. By the arguments above we may suppose that Ay = a-w with
an elliptic operator a(w, z, Dy, D,) € 8X|Io) of order 0. Hence K = {w =

0} NT%X and H is written locally as
H={w=T(tz,n);t € R}

in T;X. Here T(t,x,n) is some C-valued real analytic function defined at

(0, %, 1%) of homogeneous degree 0 with respect to 7 such that

T(0,2,1m) =0 and 8,T(0,z,7) # 0.
Find a holomorphic function F(w, z,() of homogeneous degree 0 with re-
spect to ¢ satisfying T'(F(w, x,in),z,n) = w by the implicit function theo-

rem. Then we apply Proposition 2.4 to W* = F(w, z,(). Hence we get a
holomorphic contact transformation S satisfying (2.5) and

w* = F(w,z,() = B(w, z,)w, 7" =~v(w,z,7,{)T
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with some non-vanishing holomorphic functions 3, of homogeneous degree
0 with respect to (7,¢). Choose a quantization S : S™'€x = £x of S such
that

(2.8) {S(W*) =w- fB(w,z,D;) + 6(w, z, Dy, D),

S(D’W*) = ﬁ)/(wv Za D’wa DZ)D’U)7

where 6 € Ex ]; is an operator of order < —1. Then, we have

STHP) = a* X (G* D)™ + Y Aj(G* Do) ¥,
k=1
where o = S71(a),\* = S7Hw),G* = S71(y7Y),4; = S7H(A4) (k =
1,...,m) are operators of order < 0. Write
(G*Dy+)! = (G*)/ Dl +> " GyDL,.
=0

with some Gj; € Ex| 5@ of order < 0. Therefore we have

m
STHP)=>_A; Dyt
k=0

with
AE;/ _ Q*)\*(G*)m,
k—1
P = ARG A Gk + N Gk
j=1
for k = 1,...,m. Since oo(Af) = w*ao(a*)oo(SHB)) L oo(G*)™, we can

write A(’Sl as follows:
A = a*/(w*,z*,Dw*,Dz*)(w* n \Il(z*,Dw*,Dz*)>,

where o, ¥ € 5X’S(Z)’ ord(a*) = 0, ord(¥) < —1 and o is an elliptic
operator. Find an elliptic operator k(z*, D+, D,+) € 5X|S(1°)) of order 0
satisfying

kL (w* + U(2", Dy, Dz*)>:‘£ = w",
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and define a modification S’ of S:

(2.9) S'(Q) = S(kQr™1).
Then, &' is also a quantization of S and &' *(P) gives the normalized
form (2.7) of P.  Further, since oo(4}) = oo(AN)oo(G*)™ 1 +

w*o(a*)oo(STHB)) Loo(Gmm—1), we have

o

(0(A7)/0ue00(45)) (S(3))
= (o0(AD)/(o0(a")a0(STH(B) " o0(G)) ) (S(3))
= (o0(AD)70(B)o0(1)/70(@) ) () = (00(A1)/0u0(A0) ) (P)

We used at the last step that (ag(ﬁ)ao(’y)) (p) = 1, which is a conclu-

sion from the commutation relation [D,-,w*] = 1 for the equations (2.8).
Therefore 8! (P) also satisfies the conditions (1.3). This completes the
proof. [J

2.2. Fuchsian ordinary differential operators
For an € > 0 we set D, € C C as follows:

(2.10) D ={weC;|lw| <1},
(2.11) N={2€C0< |w| <1, |argw| <7 —¢€}.

Let L be an m-th order ordinary differential operator of the form
m
L= ap(w)ay*,
k=0

where ap(w) = w and each ai(w) is holomorphic in a neighborhood of D.
Then, we obtain estimations for solutions of

LU = f
for two cases: Holomorphic functions f(w) on D and also on £.

DEFINITION 2.7. For a holomorphic function U(w) in a neighborhood
of D, we define two norms as follows:

(2.12) Ul =sup [U@w)], [UI'= suw |[UV(w)]
D weD,0<5<m
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and define another two norms with weight u € R by

(2.13) Ul = sup [wl*|U(w)],
(2.14) Ul = sup  fw~ U (w)|
weN,0<j<m

for a holomorphic function U(w) defined in a neighborhood of €2 .

LEMMA 2.8. We suppose that a1(0) #0,—1,—2,.... Set

m
(2.15) M =1+ sup lag(w)| < 400,
weD )
(2.16) 6 =min{[p+a1(0);p=0,1,2,...} > 0.

Then we have a positive constant C' depending only on M and 6, which
satisfies the following estimations:

(1) Regular case: For a f(w) € O(D), any solution U(w) € O(D) of
LU = f satisfies

(2.17) IO < CLIAI+ 1T )] + -+ U2 (0)]}.

(2) Non-regular case: For a f(w) € O(R), any solution U(w) € O(R)
of LU = f satisfies

(2.18) U1, < C{If e + U@ + -+ [U™ D ()]}
with Yu > M +m + 1.

REMARK 2.9. It is well known by the theory of Fuchsian differential
equations that under the assumption a1(0) # 0,—1,—2,..., there exists a
unique solution for any given (U(0),...,U™=2(0)) or (U(1),...,
Um=1)(1)) for both cases.

PrROOF. Put an m x m-matrix

0 w 0 0
0 0 w
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and two m-dimensional vectors

U(w) 0
U'(w) :
xw=| | Bw=|
U= (w) f(w)
Then, LU = f reduces to
d);fuw) _ %A(w)X(w) + %B(w)

Hence,

Cn|+—~

(219)  X(w) = X (wp) /w ds+/w L B(s)ds.

Firstly we consider the non-regular case. We introduce the following norms

for m x m matrix X = (X;3)7%_; and m-vector B = (B;)7:

1X| = jnax Z\XJH |B| = jnax |Bj|.

e m ,m

Therefore we have |A(w)| < M on D. We put w = ¢ and wy = 1 in (2.19)
and we get the following integral inequality for § € [0, 7 — ¢]:

, 0 , o
(2.20) X(e)] < |X(1)] + / MIX(€9)]dp + / ()| dg
0
< X+ 7l + /0 MIX () |de.

Further putting w = re?® and wy = € we get the following for |§] < 7 — ¢
and r € (0, 1]:

1 1 i
(2:21) !X(re“’)|§|X(ei9)|+/ ¥|X(sew)|ds+/ If(sse Mas
1
+/ %X(seia)\ds.

<X ()] + =
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Now we apply Gronwall’s lemma to (2.21) for y > M + m + 1:

i i rht—1
X(re®) < X+ 2,
! oy =1 M tM
b [ R e [ Y as)ar
r p t r 8
'r‘_u

< MIX ()] + 1l < r=MX )]+ 7M1 f

w—M

In the same way, we obtain from (2.20) that

0
X ()] < (X + 7 £, +/0 (X)) + 7 fll .} MM dp
< MTIX )] + 7l |-
The last inequality holds for |#| < m — e. Therefore we have

X re”)| < r MM )] + (T MaeMT )| £
<+ M) ([l + X (D))

Thus we obtain the inequalities:

U (w)] = w] ™! - | = ar(w)U™ D (w) = -+ = am(w)U (w) + f(w)]
< Jw[ M+ 7T ([ 1]+ X D)),

and
(2.22) U (w)] < X (w)] < [w|™(1+7eM) (|| fllu + X (1)])
for j =0,1,...,m—1. Hence for j = m, m—1 we have the uniform estimates

of |w|*+7=m+170) (w). Further by using (2.22) for j = m —1,m — 2 and an
integral expression

1
[m=2) (i) = [7(m=2) (¢i0) _/ U= (5¢)ei s,

we get a similar uniform estimate for j = m — 2. Hence by repetitive argu-
ments we have the estimate (2.18).
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To deal with the regular case we expand A(w), B(w), X (w) into power
series:

Aw) =Y AP, Bw)=> B, X(w)=)» Xyur.
p=0 p=0 p=0

Hence we have the following equations for the coefficients:

o) {BOFT IO OO 1O

(p— Ao)X, = Z:I AgXp—q+ By (p=1)

By the Cauchy estimates we obtain |Ay| < M, |B,| < ||f|| (p > 0). Further
(p — Ag)~ ! is given by

. .
1 1 )
=) = T @) 2
0 0 p+a(0) 0
—am(0) o oo —as(0) p

for p > 1. Therefore we have

P
X, < [(p— Ao)Y] <Z Al Xl + |pr>

q=1

1 p+laz(0)] + -+ lam(0) ( ©
< max {1 221202 L }(;MlqulﬂfII)

p—1
< K(MZrer+ Hf\)

q=0

with K = max{1, M/é}. Thus, adding Zg;é | X4| to both sides we get

p p—1
ST 1X] < (KM 4 1) S X + K] f]
q=0 q=0
KM+1P -1
< P21 4+ (KM + 171Xl

- M
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Since we obtain from the first equation of (2.23) that |U™~D(0)| <
(1/6)(M|U=2)(0)] + -+ + M|UD(0)] + || f]]), we have

|Xo| < K(U™2(0)] + -+ + [UC©0)] + [I£11)-
Consequently

X0 < M+ 2] (G + B+ K(UO)] 4+ 072 0)) }

for Vp > 0, and so we have

sup { X 21 = g b= 2(5+ 57) (191 +:§|U<f><o>|).

Putting ro = 1/{2(MK + 1)} < 1, we get an integral inequality similar to
(2.21) for r > g :

. . 1 M .
X (re’)| < |X (roe”)| + IIfHIOB;%Jr/ ;!X(Sew)\dé‘-
)

Hence by Gronwall’s lemma we obtain for r € [rg, 1] that

e < (2) ot ioe 1) +§|U<J’><o>|)

7o

Therefore,

sup () < ()" o+ 1y s L (i +§|U<”<o>|)

Note that

sup [U™ (w)| = sup
weD Jw|=1

< M sup | X(w)|+[[f]-
weD

= 2t i (w)U™ ) (w) + f(w) ‘

w

Therefore since M > 1,

m—2
Il < M Stelng(’w)\ + 1 < C<||fH + ) !U(j)(0)1>
w =0
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with
M 1
C= M{Q(KM+ 1)} [2(K+ 77) Tlog {2(KM + 1)} | +1

and
K = max{1, M/6}.

This completes the proof of Lemma 2.8. [
3. Quantized Contact Transformations for Sheaf COy

Before introducing quantized contact transformations for sheaf COz, we
investigate the structure of holomorphic contact transformations preserving
T7X.

DEFINITION 3.1. Let S :T*X 5 T*X be a holomorphic contact trans-
formation defined in a neighborhood of p € T*X \ X. Then the anti-graph
of S is defined by the following G:

G ={(w,z,w*, 2" 7,(,—7",—C") € T"(X x X)},
T:T"(X xX)DGE—-7n(G)C X xX.

Here (w*, z*;7*,(*) = S((w, z;7,¢)) and (w, z; 7, () moves over a neighbor-
hood of 107, and 7 denotes the natural projection. It is clear that G becomes
an R-conic and complex Lagrangian submanifold of 7*(X x X).

S is said to be of generic type if and only if the projection 7(G) becomes
a complex hypersurface of X x X; more precisely, there exists either one of

coordinates 27, ..., z;, for example 2, such that we have
(3.1) 7(Q) ={g =z — h(w, z,w*, 2*") = 0}
with some holomorphic function h. Here 2* = (27,...,2%_,).

REMARK 3.2. We can get such an expression (3.1) if the complex sub-
manifold G with dimension 2n+2 has (w, z, w*, z*/, () as a local coordinate
system in a neighborhood of (13), 20k, 2T ¢, —7* —(¢*). It is the most im-
portant in this case that G coincides with the conormal (line) bundle of
m(G):
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That is, we have the equations:
2k = h(w, z,w*, 2*')

(3.2) T = —(;0w+h, G = —G;0::h (k=1,...,n—1),
T = () 0wh, G =Coh (j=1,...,n).

Further, a holomorphic function h(w, z, w*, z*') in (3.1) induces a local con-
tact transformation if and only if

OuOurh, ByOaerh, Oyh
(3.3) det (0@0*}% OOk 8zh>7é0'

A contact transformation preserving 75X also preserves {r = 0}. As
for these transformations we have the following lemma:

LEMMA 3.3. Let S : T*X 3 (w,z;7,() — (w*,2z%7"(") € T*X
be a holomorphic contact transformation defined in a nez’ghborhood]% =
(17),2;0,0 with ¢ # 0. We suppose that S preserves {T = 0}; that is,
S({r=0}) Cc{r* =0}. Let S be given by the holomorphic functions

w* - W(w7 Z? T7 C)? T* - T(w7 Z? T7 C)?

Z;( :Zj(w,Z,T,C), Cj :Ej(w,Z,T,C) (.7: 17‘“7”)'
Then, Zj(w, z,0,¢),E;(w, 2,0, () do not depend on w for j =1,...,n. Hence
S induces a holomorphic contact transformation

(3.4) S T 3 (2:¢) — (Z(%,2,0,0);E(x,2,0,()) € T*Y.

Proor. By the assumption we have

n n

D dZ(w, 2,0,¢) AdZj(w, 2,0,¢) = > d¢; Adz;.
j=1 j=1

Therefore we obtain a system of equations for k = 1,...,n:

n

0Z;0=; OZ;0Z;
;(% 810] - 82;: awj> o0
" 0Z:0%; O=;0Z;
Z(ag‘; o ag,z auf) P

J=1
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Since the (2n) x (2n)-matrix

<aZj/8zk7 BE]//sz)
0Zj /0, O0Zjt Ok ) o s

is non-singular, we have that

8Ek . 8Zk o _
aw (’U],Z,O,C) - 0’ aw (’(U,Z,O, C) =0 (k - la 7n) 0

Ezample 3.4. Let o € C be a non-zero constant. Set 2 generating
functions gg, g1 by

n—1
1
(3.5) go = 25 — zp + Z zjzi + %(w* —w)? (n>1),
j=1
n—1
(3.6) G=a =t Y %57+ (2 - 2) (W —w) (n>2).
j=2

Then the contact transformations Sy, Sy corresponding to {go = 0}, {g1 =
0} respectively are given as follows:

T =T, w* =w+ a(1/¢),
G=Co 2=+ (CnTt G /G — $(7/Ca)?

=1, w* = w+ (C1/Cn),

G=0, ZA=2+(/0)

C;:anja Z;:_Cj/qn (j=2,...,n—1),
Gi=Cn 2n= o (2R Gan) /G — (7C1/GR)-

It is clear that Sy, 51 are holomorphic contact transformations of generic

type preserving T5X. Further if @ € R\ {0}, Sp, S1 also preserve T}, X;
that is, real contact transformations.

(38) Sl :

As we see in the next theorem, Sy is a typical example of the generic
and normal case, and S is a typical example of the generic and non-normal
case.
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THEOREM 3.5. Let S : T*X = T*X be a holomorphic contact trans-
formation defined in a neighborhood of p = (1?),57;0,2‘7%) € T; X with n+#0
preserving T, X. We assume that S is of generic type and that the anti-
graph is given by the conormal bundle of {z = h(w, z,w*,z*)} like (3.1).
Set S(]%) = p* = (13)*,3%*;0,2’7%*). We suppose 707;'; # 0 and the following
condition (the normal case condition):

A2 h(w,z, w*, z*) # 0.
Then h has a form:
(3.9) h = ho(z, 2*') 4+ U(w, z,w*, 2*')?,

where holomorphic functions ¥ (w, z,w*, z*'), ho(z, 2*') satisfy the following
conditions:

(1) O(w,z, w*, 2*) = 0,0,V £ 0, 8y ¥ £ 0.

(2) ho is real-valued for real (z,2*'), and {z} — ho(z,z*") = 0} gives a
real analytic contact transformation S : (z;m) — (x*;n*), which is
the induced transformation in the sense of Lemma 3.3.

Conversely, if U, hy satisfy these conditions, then the hypersurface {z} =
ho(z, 2*") + U (w, z, w*, 2*')?} generates a holomorphic contact transforma-
tion preserving T, X.

PrROOF. Since S preserves 17X, we have a nowhere-vanishing holo-
morphic function ¢(w, z, w*, 2*') satisfying

(3.10) Ouwh = e h.

Here we note that d,h = dy+h = 0 at (5),%,13)*,;*’). By the assumption
ai*h(&, z,w*,*') # 0 we can find a holomorphic function w* = ¥ (w, z, 2*')
satisfying

O My = 0, (w0, 2,2) = w*.

Thus, by expanding h into a power series of w* — ¢ (w, z, 2*'), we know that
any branch
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is a holomorphic function satisfying 9,,+¥ # 0 at (5),;,73)*,2*' ). We note
here that the critical value

ho = h(w, z, ¥ (w, 2, 2*'), 2*)
does not depend on w. Because

Owho = (Owh)|w = + (Owh)|w=v - OV

Therefore we can write h in the form (3.9). Further, on {¥ = 0} we know
that the determinant of the matrix (3.3) is equal to

\I’w\lfw* det (0z82*/h0, azho) .

Hence we directly obtain the conditions (1), (2) and the converse state-
ment. [

LEMMA 3.6. Let S :T*X — T*X be any holomorphic contact trans-
formation defined in a neighborhood of p = (w,x;0,i1) € T;X with n#0
preserving T3 X . Suppose that the induced transformation S': T*Y — T*Y
for S is equal to the identity map. Then for the contact transformation Sp in
(3.7) with a sufficiently large positive number a, the composition Sy o S be-
comes a holomorphic contact transformation preserving T, X of the generic
and normal case type in the sense of Theorem 3.5.

ProOOF. We may assume that %n % 0. We write
S (w,z7,¢) = (W', 2577, (),

In order to get an expression {z}* — h(w, z,w**, 2**’) = 0} for the projection
of the anti-graph of Sy o S, It is sufficient to show that

_ Orw**, 872**/, aTC;;,*

**/)

at ]o) Here 2™ = (2{*,...,2}* |) is a row vector, and J¢ denotes the column
vector of the gradient here. For any function F'(w*, z*,7*,(*) we have that

O, (F o 8) = 0w* - 0, F + 0 F (j =1,....n)
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on {7 = 0}. Therefore at p we have

7= det <3Tw*+(a8ﬁ*)/<;‘;, 0:C* 0 (—CF CE). aTg;;>

8@“11)*’ 84* (_C*//C:;), 3(*@"{
~ det (371”* +(a0,7) /G = O, w0, G, —<aTc*'>/<;:>
Oerw, —En_1/G
= (=)' (2 + (00 /G~ DD 0w 0rG).
j=1

Here E,_; is the identity matrix of size n — 1. Since 9,7*(p) # 0, we have
I # 0 for any sufficiently large o« > 0. Note that ai**h(z%,u%,ﬁ)**,:%**/) #*
0 is equivalent to Dy« # 0, where O means the differentiation in the
coordinates (w, z, w**, z**',(**). On the other hand we have

n—1

87—7'** _ 8Tw**5w**7-** + Z aTZ;*gz;*T** + 07(2*54;5*7**,
7j=1
n—1

8<7'** = 8<w**8w**r** + Z 8@}“*@;*7** + 8CC:L*8C;§*T**~
j=1

Hence we obtain

~ 1 *k *k/ *%
aw**T** _ fdet <67—7_ 5 87'2 y 87'Cn >

Since J¢7* = 0 on {7 = 0}, we get

3 *x 0,7 */ [ % * G
et = = et (0-(—C7/G), 9:63) = gyt #0

at ]% This completes the proof. [

THEOREM 3.7. Let S be a holomorphic contact transformation defined
in a neighborhood ofzg € Ty X\Z preserving T; X, and S be any quantization
of S. Then, there exists a sheaf isomorphism

Ts:S71CO; = COy
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satisfying
15(Qf) = S(Q)Ts(f)

at any point q neargg for any germs f € COz|s), Q € Ex|s()- Further
such a Ts is determined up to a constant by S.

REMARK 3.8. This result is proven in a general situation in [8, 9]. We
introduce here a more elementary proof based on Theorem 4.2.17 of [10] for
clarifying a definition given later.

PRrROOF. We have only to prove this theorem for some quantization S
of S because other quantizations are written as the composition of S and
some inner automorphisms similar to (2.9). Further by the preceding lemma
we can reduce S to the following 3 cases:

(1) S is of the generic and normal case type.

(2) S =Sy, where Sy is the one at (3.7).

(3) S is induced by a (tangential) real analytic contact transformation
S"TRY — TXY; that is, w* = w, 7" = 7.

The third case is a trivial case. Further the second case belongs to the first
case because S s generated by

n—1
1 *
(3.12) glzz:;zn;zj ;’-‘—%(w —w)?.

Hence we have only to deal with the first case. Using the form (3.9) for h,
we consider the following integral transformation

n

(3.13) (Tf)(w,z) = /(5(1:* — h(w, z,w*, ")) f(w*, 2*)dw*dx*

for a section f(w*,x*) of COz. This integral has no meaning because the
values of h are not limited to real numbers when w, x, w*, 7, ..., x) _; move.
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However we can formally modify this integral as follows:

(3.14) Tf= /f * h(w, z, w*, ™)) dw*dz*’
/f * ¥ ho(z, ) + U(w, z, w*, z*)?)dw* dz*’
/f (w,z, t, '), 2% ho(z, z*') + t2),W*dtdz™’,

where W*(w, z,t, 2*') is a holomorphic function satisfying

t=U(w,z, 0", 2" )=, W*w,z,0,2%) = w*.
Then the last integral of (3.14) has a meaning as an integral for microfunc-
tions of (Rew, Imw, x,t,x*') with respect to (¢,2*'). Further it is clear that
this integral becomes a section of COyz as a microfunction of (Re w, Im w, z).
Then, by the well-known method in [13], we can show the following: There
exists a quantization S of S such that this integral transformation 7 induces
a desired sheaf isomorphism 7g : S~1CO,; = COy for S. O

We give here the precise meaning concerning boundary values of sections
of COz. Let K be a real analytic submanifold of 77 X with codimension 2,
and H be a real analytic hypersurface in 77, X passing through K given as
follows:

K = {(w, ;i) € Tz X;w = P(z,n)}
CH={(u+1w,x;in) € T;X; ®(u,v,z,n) = 0}.

Here v (z,n) is a complex valued analytic function of (x,n) with homoge-
neous degree 0 with respect to 1, and ®(u,v,x,n) is a real-valued analytic
function of (u,v,z,n) of homogeneous degree 0 with respect to n satisfying
the following:

VP40 on®=0, Poy=0.

By Lemma 2.5, we can choose a holomorphic contact transformation S
defined in a neighborhood E) € K such that

(3.15) S(K)={w*=0}NT;X C S(H)={Imw* =0} NTEX
' S(TyX) < TiX.
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Set o = the signature of S*(dIm w*)/d®, where S*(w) denotes the pull-back
of a differential form w by S. We denote by 7 : T*X — X the canonical
projection, and by BOz = COz|z the sheaf on Z of hyperfunctions with a
holomorphic parameter w.

DEFINITION 3.9. Let p = (5),%,@707) be a point of K, and f(w,z) be a
section of COz on {® > 0} NU with an R-conic neighborhood U C T3 X of
p. Then, f(w, z) is said to have a boundary value at p from ® > 0 if there

exist a small neighborhood U’ of p and a section F(w*,z*) € I'({o Imw* >
0} N#7(S(U")); BOy) satistying

(Ts ' N (w*,2%) = [F(w",2")]

as sections of I'({oc Imw* > 0} N S(U’); COy). Here Ts is a quantization of
S introduced in Theorem 3.7.
Though the boundary value [F'(u* + i00, z*)] itself depends on a choice

of 7g, this definition neither depends on a choice of S nor 7g (shown as
below).

REMARK 3.10. A germ of COy is represented by a germ of BOyz. How-
ever it is well-known that a section of COz cannot be represented globally
by a section of BOz in general. Indeed, the cohomological boundary value
(75 ' f)(u* +i00, 7*) defines a second hyperfunction on ¥ = {(w*,z*;in*) €
T3 X;Imw* = 0}. On the other hand the sheaf B% of second hyperfunctions
is essentially larger than the sheaf Cps|s. Here M = {(w,2) € X;Imw =
0,Im z = 0}. Hence the definition above is equivalent to the following:

(7:S_1f)(u* +i00, l'*) € CM|S(107)

Further this boundary value is equal to [F(u* 4100, z*)] as a microfunction
of (u*, z*) at S(p). The uniqueness of this boundary value [F(u*+ic0, z*)] €
CM‘S(}’;) for a section (’Z;Tlf) (w*, x*) is justified by Schapira’s N-regularity
property of d,-operator. We refer to [3, 4] as for the second microlocal

analysis, and to [14] as for the N-regularity of d,-operator. Further as for
a self-contained proof of the equivalent fact, see Proposition 4.1.11 of [10].

A holomorphic contact transformation S generated by (3.9) preserves
H = {Imw = 0} if and only if the holomorphic function ¥(w, z,w*, z2*') is
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real-valued on {Imw = Imw* = 0,Im z = 0,Im 2*' = 0}. Hence the explicit
formula in (3.14) for 7 together with the partial flabbiness of BO leads to
the following lemma, which is also due to Theorem 4.2.17 of [10].

LEMMA 3.11. Let H = {(w,z;in) € T4 X;Imw = 0}, and S : T*X =
T*X be a holomorphic contact transformation defined in a neighborhood of
p € H. We assume that S preserves T3 X,H respectively. Let F'y(w*,z*)
be sections of BOz on {xImw* > 0} Nw(U) for a neighborhood U in T X
of ]%, respectively. Then for any quantization Ts : ST'CO; = COz of
S, each (Ts|Fs))(w,z) has a boundary value at S~1(p) from +Imw > 0.
That is, there exist a neighborhood U’ of S~(p) and sections G+(w,z) €
I'{£Imw > 0} Nw(U'); BOyz) such that

(Ts[Fy))(w, z) = [G4(w, )] on {£Imw > 0} NU".

By Lemma 2.5 and this lemma, we can reduce our equation Pf = 0 to
the case

m

(3.16) P=wDy + Y Ap(w,z Dy, D)D"
k=1
with some operators Ay € Ex ]10) (k=1,...,m) of order <0.

4. Construction of Solutions of Formal Symbol Type

4.1. An iteration scheme
As seen in Section 3 we can assume P has the form (3.16); that is,
Ap(w, z, Dy, D,) = w. Write

0
Ap(w, 2, Dy, D2) = Y Aj(w, 2, Dy, D),

j=—00

where Aj,(w, z,7,() is the j-th order part of A; with homogeneous degree
j in (7,¢) for each k. Hence the ordinary differential operator defined at
(1.6) is given by

L=wdy +> A(w,z oy ",
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Here A(w, z,¢) = Ao x(w, 2,0,(¢) satisfying

A9(0,z,in) ¢ Z.

DEFINITION 4.1. For a formal symbol U = $° Uj(w, z,() of order

j=—00 “J
<0 at ]3, we define linear operators L, £ by

0

(1) LU= Y (LU wz),

0

(4.2) LU= Y ( >

j=—00 " —lalt+g=j
0<k<m

1 (6% m— (6%
aac A%(w, z,()0y, ’“az Uy(w, z, C))

Here L operates on each holomorphic function U; as an ordinary differential
operator with parameters (z,(). It is easy to see that the results of these
operations also become formal symbols of type V = Z?:_m‘/j(w,z,g).
Indeed, LU coincides with the operator composition (mod. Ex D, ):

(ZA w,z,D,)Dyy~ k)U(w,z,Dz) = (LU)(w, 2z, Dy).
Further let R be a microdifferential operator of the form

(43) {R(w,z,Dw,Dz) = Y1ty Ri(w, 2, Du, D)D",

Rk(U),Z,T, C) = 771_00 Rjk(U),Z,T, C)
Here each Ry is a formal symbol of order < —1 defined at f) Then we define
an operator Ro by

—1 (020¢ Ryx) (w, 2,0, ()

RoU= Y ( > T s!a!’ - a;"k+saqu(w,z,g)>.

j=—00 N —Ja|—s+l+q=j
0<k<m

Indeed R o U becomes a formal symbol of type V = Z Vj(w, z,() of

order < —1 satisfying

]7—00

RoU = R(w, z, Dy, D,)U(w, z,D,) (mod. ExDy,).
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Then, our successive approximation process for formal symbols Uy =
ZQ Ujk(w,2,¢) (k=0,1,2,...) is formulated as follows:

j=—00

(4.4) LUy =0,
' LUpi1 = {(L—L) = Ro}U, (k=0,1,2,...).

Indeed, if Y 72 Uy converges as a formal symbol, the sum U(w, z, ()
satisfies the following equation (mod. ExD,,):

(4.5) (ZA (w, z, D) D™ * 4 R(w,z,Dw,DZ))U(sz)EO

Further since we have
(4.6) ord((L - L)U) <ord(U) — 1, ord(RoU) < ord(U) — 1,

we can choose Uy’s satisfying ord(Uy) < —k (Vk > 0). That is, the j-degree
component of Y72, Uy, is determined only by Uy, ..., Uji-
We set

(4.7)

A—l,k (U), 2, T, C) + (Ao,k+1(U1, 2, T, C) - AO,k+1(w7 2, O’ {)) /T

Rjk - (] = _1)7
Ajk('LU,Z,T, C) (.7 < _2)

Then R4 = Y7, Zj_:l_oo RﬁC (w, z, Dy, D,)D™~* is a microdifferential op-

erator at p satisfying the conditions in (4.3). Further if we set R = R4
in our successive approximation process (4.4), the corresponding equation
(4.5) is just equal to P(w, z, Dy, D,)U(w,z,D,) = 0. Consequently our
program reduces to a construction of ‘convergent series’ > 7 U, of formal
symbols satisfying (4.4).

4.2. Formal norms

Boutet de Monvel and Krée introduced so-called a formal norm N (Q;t)
for a formal symbol @ of analytic pseudo-differential operators [6]. N(Q;t)
is a formal power series of a variable ¢ with real non-negative coeflficients
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depending (). In particular the following properties are the most important
for 1, Q2 € Ex of order < 0:

N(Q1+ Q2;t) K N(Q1:t) + N(Q2:1),
N(Q1Q2;t) < N(Q1;t)N(Q2;1),

where F(t) < F»(t) means that Fy(t) is a majorant series for Fj(t). To
show the convergence of our formal symbols, we introduce some variants
of formal norms for U = Z?:—oo Uj(w,z,¢). We may assume that each

Ag(w, z, Dy, D) is defined in a neighborhood of

DV:{<w,z;T,<>eT*x;|w|guy,p—agu,%w%—,—q <v}
n

with some small v > 0.

DEFINITION 4.2 (Regular type). When each component Uj(w, z, () of

U = Z?:_oo Uj is holomorphic in D,, we define a formal power series

N, (U;t) in t with parameters z, ¢ for each m’ =0,1,2,... by

ple2ptitlothl| ¢ p+idl bl e
Ny (Ust) = O 050, U_p||.
w5 z%g(p+£+|a|)!(p+Iﬂ)!ogffffnfu w00
p?a’ b

Here || - || is the sup-norm in w € D introduced at (2.12). Indeed, if U is
a section of I'(D x {(;in)}; Ex ), Ny (U t) has a convergent majorant series
independent of (z,(). Conversely, if the formal norm N,/ (U;t) for a set of
homogeneous holomorphic functions Uj(w, z,() € O(D,) has a convergent
majorant series independent of (z, (), then U = E?_OO Uj(w, z, D) becomes

a section of I'(D x {(z;in)}; Ex).

DEFINITION 4.3 (Non-regular  type). When  each  component
Uj(w, z,¢) of U is holomorphic in a neighborhood of {w € Q} N D, with

Q={weCo< |w <1,|argw| <7 — e},
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we define a formal power series Nfé,(U ;1) in t with parameters z, ¢ for each
m' =0,1,2,... and a positive constant u by
ple2p+itlats|

2 (p+ £+ |a)(p+[8])!

p7a7/87z

ke
|<|p+|ﬁ| Ogllci)fn’ ||aw+ 8?8?U7p||ﬂ+k+€+|a+5|+]3—l€(m/)

(4.8)  NE(Ust)=

X

with £(0) = 0, k(m’) = m/—1 (VY m’ > 1). Here ||-||,, is the sup-norm in w €
) with some weight introduced at (2.13). Further, when each component
Uj(w, z,¢) = Uj(2,() is not depending on w, we define

ple2ptlots
p+la))i(p +[6])!

(49 KU=3} [Siaadiaaeant

P,

In the approximation process, we need some a priori estimates for
N (Ug;t) or Nj(Ug;t). In the next subsections we get our main estimates
by these formal norms.

4.3. Estimates for L
Let us consider the following equation for formal symbols U =

Y Ui(w,2,0), F=30__ Fj(w,z():
LU=F < LU; = F; (j =0,—1,-2,...).

We estimate N, (U;t) by No(F;t) and ZZL_OQ K(0kEU(0,2,¢);t) for regu-
lar type formal symbols. Further, we estimate Nj,(U;t) by NJ'(F;¢) and
ka;Ol K(0kU(1,2,¢);t) for non-regular type formal symbols.

To derive such estimates we apply 8&8?8? to both sides of LU_, = F_,,.
Then we obtain

L(94,0207U_,) = 0,020, F,

“ 14 « ﬁ / 1"
-2 2 ﬁ<€,> <a) <ﬁ,> 05,0207 A - 0t T Ra ol U,
Vo3 k=0
z//#x//”g/l

(U=l+l"a=d+a" =0 +p",(d,F)#0).
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Here we employ Lemma 2.8. For a sufficiently small v > 0 we set

M,=1+  sup Z|Aszg)|<+oo
(w,2;0,()€Dy .

and
6, = inf{|lp+ A%0,2,0);p=0,1,2,... , () eV} >0
with

V, ={(2;¢) € C" x C™; |z — z| < v, —in/|nl| < v}
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Then there exists a positive constant Cy depending only on M, and 6,,

which satisfies the estimates (2.17), (2.18) for
m
L= ZA w, z,() 8m_k.
k=0

In particular we have the following estimates:
04,0207 AQ (w, 2,¢)| < QlalBl(2n/v) IRl ¢ =P A,
for [w| <1,(z,() € V, 2. Hereafter we fix a (2,() € V,» and set
C1 = max{M,,2n/v}.
(1) Regular type case: Firstly for m’ = m we consider

max ok o0l U_|

0<k<
m—2

< co(uafua?a?F_pu + 3 0EH0200U (0, 2,0)
k=0

o Daatgiey e

+
(o B0 Mo 0<k<m
Ol

max ||FT 92" G?NU_pH).
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Then, we obtain

m—2
N (U:1) < CO{N0<F;t> + 3 K(OEU(0.2,0):1)
k=0

1g20++Ha+B] Bl — 1
+ Z £ <] (m ) max &Ifrga? 0? U_plw=0
(p+L+a)p+16))!  o<k<m—2

plt2ptitlotsl| ¢ p+io]

NP DI xR e

pl,o,0
(o ,3)#0
0+’ "+1 18
(A DOBICT TGP g iy
MaMpr 0<k<m W R S
m—2
< CO{N0<F; 04 S K@RU(0,2,0):0) + (m — 1)t - Nou(Us )
k=0
S (m 4+ 1)Cilla!Bl(p + £ + |o"])(p + |B"])! (Cyt)lHo 48]
R B (p + £+ Jal)l(p + |A])!
(¢’ ') £0

p!t2p+£l/+la//+ﬁlll‘C’p_’_‘ﬁ//‘

k_,’_gl/ a// /@//
P+ 0+ a"Dp+ W,D!Og}gagxm!!aw 28 ag Up”}-

We recall here an inequality for r > 1’ > 0,58 > s > 0:

(6= (1)

Therefore

AalBl(p + 0" + o) (p + |8"])!
MaB"(p+ €+ a))l(p + 18])!

e (D)) o) =
G I AN ACY RN Y 18] T
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Hence we have
m—2
N(Ut)<<CO{N0Ft +ZK U(0,z,¢);t)
k=0

+ (m = DtNu(U3t) + (m+ DONG(Ust) Y (clt)“""'”"}.
;e ,B")#0

Set

piy= 3 ()T

Co
1= (m+ 1){CoC19(t) + Cot}

Since 1(0) = 0, we get the following proposition:

ProprosITION 4.4. If each component of F' and U is holomorphic on a
neighborhood of {|w| < 1} with respect to w, we have

Nﬂwo<@@@%w@+§iK@wm%ow}

k=0

Here ®(t) is a convergent power series of t with non-negative coefficients
independent of F,U.

(2) Non-regular type case: For m’ =m >1and u > M, + m+ 1, we
obtain

k4L qa o
max |0, 070, U_ B
OSkSmH w05 0 Uplly ket tptlat 8l-me1

< Co{Hag 5a5§ F—PHu-i—éHoc-l-ﬂ\—i-p + Z ‘8k+gaaaﬁU—p(1 z,Q)|
k=0
(m + 1)flalgrCt T L ¢ =18
+ Z g//!a//!ﬁ//!

(¢ 3)#0

k40" 8"
< e 1057020 U st |-
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Note that u+ £+ |a+ 0| +p>p+k+ 0"+ +5"|+p—m+1in the
last term because ¢/ + o/ + 3/ > 1. Hence we obtain

k0" '
max (|05 02" 07 Upllur vty

0<k<m
k+¢"' G’
< Og}fX 104 8a 64 U—pll pt -0+ 07+ | +p—m+1-
In the same way as the regular type case (replace maxo<i<m || - || by the

norms above), we obtain the following proposition:

PRrROPOSITION 4.5. If each component of F' and U is holomorphic on a
neighborhood of Q) with respect to w, for Vu > M, +m + 1 we have

NE(U;t) < cb(t){N“ (Ft +mZK U(1,2); )}
k=0

Here ®(t) is a convergent power series of t with non-negative coefficients
independent of F,U.

4.4. Estimates for £ - L
We estimate No((£L — L)U;t) by Np(U;t) and Ni((£L — L)U;t) by
NE(U; t) respectively.

PROPOSITION 4.6. Set a convergent power series of t with positive co-
efficients with value 0 at t = 0:

[e.o]

Yi(t) =mCy Y (Ct)" Y (Crt) 1Y ()T (Cat),

0'=0 a’>0 B'>0 lv|>1

(1) Regular type case: If each component of U is holomorphic on a neigh-
borhood of {|w| < 1} with respect to w, we have

(4.11) No((£L = L)U;t) < Y1 (t)Np(Us t).

(2) Non-regular type case: If each component of U is holomorphic on a
neighborhood of Q with respect to w, for Vi > 0 we have

(4.12) N (L — L)U;t) < 1 (t)NE (U t).
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PRrROOF. (1) Regular type case:

ple2p+i+lats|
No((L — L)U3t) = e
o(E-000 = 3 o+ A
¢ aaqB ! 0 o
XHawazaC< 3 0L AL - 05 8ZU—q>H

p=|7l+¢,|7[>0,1<k<m

< > (p pr'j;':: i' DR 1 <§’> <s’> <g’> "

ol p6,p",q, |’Y| >0

! / / "
% E/!o/!(ﬁ' + ’Y)‘C|1a +6'+|+£ +1’<|q+|,8”| 0<1lr€n<ax ||8k+e//8au+,yaﬁ

/ /
< > ()mCy (Cyt)* e’ +8 4
Z/7€”70/aa//76/76//7q7|7|>070‘”*:a//+’7
q‘t2q+eﬂ+|a1/*+ﬁﬁ‘ |C|q+|B”

X
(g + 07+ o Dl(g + [B"])! 0<kEm

U—qll

x [|oET" 00" 97 U |l.

Here (%) is given by

plp+ 0" + o) g + |B")a!BI(B + 7)!
(p+ L+ [a))l(p+[B]) 1y !gte a5 3"!

= U 7) (0) (7) () ()
AN A ACTACIAVIATY
W+7!>_1<p+|ﬁ\>_1<p+f+!al)_l

< Ed Iy + 4| Ol ) =

where we used the inequality (4.10). Therefore, we obtain the estimate
(4.11) for the regular type case.

(2) Non-regular type case: In the same way as above, we have

NE((L = L)U3t) > plttrr
— .t <<
0 )
00000 a3 g >0 PO AP+ (B!

1 o Bt
gkt <f> <a> <§) ma/ (' ey T

k_ E// "
]C|‘J+|ﬁ |0<§€n<ax |oE+E o _Maﬁ U—gllptpteiatsl-
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Since p+p+L+ja+ 8] > p+k+0"+ "+~ + 8" +¢—m+ 1, we have

ogggnga%il I Nl ptptetlats) < Og}%’jﬂ 1 Nl gt bt + o 14187 +-g— (m—1) -

Therefore the same argument as in the regular type case leads to the con-
clusion (4.12). O

4.5. Estimates for Ro *

We estimate No(R o U;t), N§'(RoU;t) by Ny (U;t), Ni(U;t) respec-
tively. Here R = Y ' Rg(w, 2, Dy, D,)DI~% with ord(Rg) < —1(k =
0,1,...,m) is supposed to be a microdifferential operator defined in D, for
some v > 0. Therefore we have a constant Cy > 0 satisfying the following
estimates for each j-th degree component Rj; of Ry on D, /5

10402020 Ry | < Cy P nansigipl | P19,

PROPOSITION 4.7. Set a convergent power series of t with positive co-
efficients with value 0 at t = 0:

Ua(t) = (m+1) Z 021*1"(CQt)s+2r+€’+|“/+a’+ﬁ'|.

Zl)a/?ﬁ/”yzo
r>1,5s>0

(1) Regular type case: If each component of U is holomorphic on a neigh-
borhood of {|w| < 1} with respect to w, we have

(4.13) No((RoUst) < ¢ho(t)Nm(Ust).

(2) Non-regular type case: If each component of U is holomorphic on a
neighborhood of Q) with respect to w, for Vu > 0 we have

(4.14) NE(RoU;t) < ao(t)NL (U ).
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Proor. Firstly we consider the regular type case:

‘ p;t2p+e+|a+,8\|g|p+lﬂ\ / o 3
No(RoUst) <€ D o aip + 18] (6) (a) (ﬁ)

p’a7ﬂ72
¢ oo’ 9s 98"+
y Z (8w(92 8Tac R—r,k)’TZO 8m—k+s+éﬂa&”+’78ﬁ”U
S"}/' w z ¢ —q
[v|+s+r+q=p
0<k<m

pli2p+itlats] |Qp+\ﬁ|

< ) (p+ 0+ [a))!(p+]8]) <§> <3) <§/>

1| +s+r+q=p
TZ]"p?a’/B![’
Trts+/ 4"+ 4+ oy 1 / —s—r—|8
y (C, /s (B + )¢5 1A ]
sly!
/! 1 7
x (m+1) max Haﬁﬁ” 0" +10) U_qH

0<k<m
< Z (*)(m + 1)O2l_r(CQt)S+2T+£/+|'Y+O/+ﬁ’|

[v|+s+r+q=p
T‘Zl,p,O{,ﬂ,Z
| 2q+21/*+|0¢”*+ﬁ//‘ q+|ﬁ//‘ 11 % 1% 7
Lt (| A Haw 9" 98" U H
(q+ 07+ [ (g + B 02kem | 0 %= P

Here ¢"* = 0" 4+ s,a"* = o + v and (%) is given by
pllg+ s+ 0"+ "+~ g+ |8"]) el BIB + )!
(p+ £+ |a)!(p + [B])lgy 1" 515"

=grein (o) (4) (o ) (3) (5 )
R ACYAEE LA AC AN

T A A A e (A
X / / / / S 17
r+ 0+ Yl +s+r+]0 1]
where we used the inequality (4.10). Therefore we obtain the estimate
(4.13).

Secondly we consider the non-regular type case. The proof for the reg-
ular type case is also available in this case if we check the following:

max ‘8@+5+3//5?”+78?”U, H

0<hk<m Mpte+latsl+p
" " "
< max Ha{zﬂﬁ 0" +197 U_qH .
0<k<m pAkts4+-0" | +y4-6" |[+q—m+1
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Indeed this inequality holds since (u+ £+ |a+ 3| +p) — (p+k+s+ 0"+
" +~y+ 8" +qg—m+1)=0+|+F|+r—k+m—1>0 (user >1).
This completes the proof. [

4.6. A construction of solutions

We recall our approximation process:

(4.15) LUo =0,
' LUpi1 ={(L—L) = Ro}U, (k=0,1,2,...).

We assume that the coefficients AY(w, z,¢) (k = 0,1,...,m; A§ = w) of L
and £ are holomorphic functions defined in D, of homogeneous degree 0
with respect to ¢ for some v > 0. Further we also assume that the microd-
ifferential operator R = "1 Ri(w, 2, Dy, D,) DT ~* with ord(R;) < —1 is
defined in D,,.

THEOREM 4.8. Let Uy = Uyy be any holomorphic solution of LUy = 0
in Dy(D {lw| < 1} x {(z;in)}) with homogeneous degree 0 concerning C.
We can choose a series Uy, (k = 1,2,...,) of solutions of (4.15) such that
each Uy = Z?:—oo Ujk 1s a formal symbol defined in a neighborhood of D,
satisfying

O Uplw=o=0(£=0,1,...,m—2, k>1).

Then U = 3 12U, converges in Ny, (-;t)-norm uniformly on {(z;¢) €
Vi, 2}, and it gives a solution of

LU+ RoU =0.

Further ord(Uy) < —k (Yk > 0). In particular, oo(U) = Uyp.

PROOF. As seen at (2.23), under the condition A(0,z,in) # 0,—1,
—2,--+ we can construct Uy successively at least in a neighborhood of w =
0. Then each Uy extends analytically to D, /5 because it satisfies a linear
ordinary differential equation. Then by Propositons 4.4, 4.6, 4.7 we obtain
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the following estimates:

N (Uk41;t)

3

< q)(t){No(R o Uk;t) + No((£ — L)Uy; t) + . K (09, U1 |w=0; t)}

I
=)

< D) {(W1(t) + ¢2(t)) N (Uk; )}
< <R (W1 (8) + 2 (8) Y Ny (Uos ).

Therefore Y2 ) Ny (Ug; t) has a convergent majorant series

[1— ®(t){e1(t) + va(t)}] ™ N (Uo; 1).
This completes the proof. [

THEOREM 4.9. Let Uy = Uy be any holomorphic solution of LUy =
0 in {w € QYN D,(D {w € QF x {(z;in)}) with homogeneous degree 0
concerning . We can choose a series U (kK = 1,2,...,) of solutions of
(4.15) such that each Uy = Z?:_oo Uji is a formal symbol defined in a
neighborhood of {w € Q} N D, )5 satisfying

O Uplwe1 =0 (£=0,1,....m—1, k>1).

Then U = 372 Uy, converges in Ni (-5 t)-norm uniformly on {(z;¢) € V, 2}
for any sufficiently large p, and it gives a solution of

LU+ RoU =0.
Further ord(Uy) < —k (VYk > 0). In particular, oo(U) = Up.
PrROOF. We can construct Uy successively in a neighborhood of w =1,
then each Uj, extends analytically to {w € Q} N D, 5. By using Proposi-

tions 4.5, 4.6, 4.7 we obtain the following estimates in the same way as
above:

NE (Upgast) < {@ () (41 (2) + (1) YN (Uos 1),

D NG Uk t) < [1 = 2(6){eh1 (1) + ¢a(6)}] ' N (Uos ).
k=0

This completes the proof. [
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5. Boundary Values and the Main Theorems

To state the main theorems, we need some theorem concerning boundary
values for operators obtained in Section 4.
The non-regular type solution constructed in Theorem 4.9 is written as

0
U= Z Uj(w, z, D).

j==00

If A(0,2,¢) # any integer, we can take a singular solution at w = 0 of
LUy = 0 as the principal symbol Uy of U; that is, a solution of the form

Up(w,2,¢) = =020 (143 ez, Ot ),
(=1

where A9(0, 2,¢), ci(2,¢) (¢ > 1) are holomorphic functions of homogeneous
degree 0 with respect to (. Then the lower order terms also have stronger
singularities at w = 0 in general. Since N},(U;t) has a convergent majorant
series, we have the estimates

U—p| < CPHIpllw| #7PIC™P (w €9, p 2 0),

for some fixed pu,C > 0. We show that the operators of this type have
boundary values on any R-conic and real analytic hypersurface H passing
through w = 0. To simplify the situation, by using Lemma 2.5 we reduce H
to H = {Im w = 0} under some quantized contact transformation preserving
COy.

The main idea of the proof is in decomposing the kernel function of
U into 2 kernel functions with double phases. We prepare an elementary
inequality about integrations of holomorphic functions of w:

LEMMA 5.1. Let f(w) be a holomorphic function defined in a neigh-
borhood of G = {w € C;rog < Imw < rq,|Rew| < 1} satisfying an estimate

|f(w)| < ClImw|™" (Yw € G)

for some constants C,pu,r1 > 0 and ro (0 < rop < r; < 1). Choose an
positive integer p as i < p < p+ 1. Then the (p + 1)-times integration

wiw) = [ UL s
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is holomorphic in a neighborhood of G, continuous up to Imw = rg, and
satisfies
lgp(w)| < C (2P +1)/p! (Vw € G).

PROOF.
u—|—zr1 u+zv
lgp(w)| < ‘/ f(w')dw’
ry u+iry
2 "y —
_T1(T1)C “—i—/ —|v v Cl' | *dv'
p! v p!
2 _ 1 2 1
g(r}) Cr}u/ P <04( 1 g
b v
THEOREM 5.2. Let U = Z Uj(w, z,¢) be a classical formal sym-

bol of a pseudo-differential opemtor wzth order < 0 defined in an R-conic
open set

(5.1) W, E{(w,z;*,g) eT*X;Imw >0, |w| < r,|z| <k,
Gl < plGal (1 ¥ <n—1),|ReGy| < 6TmG, |

for some r,Kk,p,6 > 0(6 < 1). We suppose that U; € O(W,) (Vj < 0) and
that there exists some constants C,u > 0 satisfying the following inequali-
ties:

(5.2) U_p(w, 2,¢)| < CPHp!| Tmw|P7H|¢|™P on W, (Vp > 0).
Then, for a sufficiently large number
(5.3) A > max{1,2560C/r}
we have 2 holomorphic functions E®) (w, z, z — 2*,5) (k = 1,2) defined in
(5.4) w E{(w,z,z —2%,5) € Cx C" x C" x C; |w| < r/40,
max{0, —80Imw/Ar} < Ims < A1 |Res| < A71,
(2l <kl = 2] > o7 s =zl (=1, m = 1),
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and
(5.5) w® E{(w,z,z —25,5) €CxC"xC" x C;|Res| < A7H,
lw — ir /80| < /320, —(320\)"! <Ims < A1,
2| <k, |25 — 23] > p Yzm— 25 (G =1,...,n— 1)}.
respectively satisfying the following:

2
(5.6) ;E(k) w,z,z— 2%, 8) = Z o (H ZZn_ ZZ aj+1>

lo/|>0,p>0 : j=1

X/ ds*/ U_p o (w, z,it) - (it)P~ 2"
i/A A 2

p+y+3
on W n W@ = W)
(5.7) we :{(w,z,z —2%,5)eCxC"xC"xC;
0<Ims <A' |Res| < A7Y, |w—ir/80| < r/320,
2| <k, |25 =2 > p Yam— 22 G=1,...,n— 1)}.
Here we expand each U_,, in W, as follows:

U_p(w,z,¢) = Z Ufp,o/(u% 2, Cn)(C'/Cn)a/,

a’>0
with ¢'/Cn = (C1/Cny - -+, Cna1/Cn). Further v is some positive integer.
Proor. Each U_, (w,z,(,) is holomorphic in Wr(l) =
{(w,2;¢,) € C" x C;Imw > 0, |w| < 7, |2| < K, |ReCp| < 6Tm ¢y}

and satisfies

(5.8) U pe (w, 2, Ga)| < pICPH 71 T aw| 777G |77
on WT(l). By the ;))recedlng lemma, we get holomorphic functions
Voo (w,2,(n) € O(W, r/2 ) satisfying

(59) {85]+V+1‘/p,a’ (w; Z, Cn) = U*p,a’<wa Z, Cn):

Voo (w, 2, G| < CPHE20Htl il |77
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on W(/% for all p,a’. Here v is the integer satisfying u < v < pu + 1. Take a
conformal mapping w = ¢(w):

p:{w e C;Imw > 0, |w| < r/2} — {w € C;|w| < 1}
such that ¢(0) = 1; for example,

10 et = {i(50) 1}/ {(F) +

- <1>< —2i(V2 - 1)w/r)q>(2i(\/§ + 1)w/r>,

where ®(t) = (1 +¢)(1 —t)~!. Then by expanding V,, o/ (¢~ (), 2, {,) into
a power series of W, we have expansions

(5.11)  Vyu(w,2,6) = ZV, (2, G)p(w)f (V(wavan)GWf/%)

Here V), o ¢(2,(n)’s are holomorphic functions in
W® ={¢, €C;|z| < K, |Rep| < 6Im¢,}

satisfying
Va2, Go)| < 27(2C)P 1 pm 1ol g, | 7P

on W@ for all p, o, £. Therefore we have

(5.12) U_p =3 05 ()} - (¢'/6) Viare(z: Ga)-

%N

Now for a large positive constant A > 1 we introduce 2 kernel functions for

Pa’ﬁ( Cn)cp 2

(5.13) AS;, (2,8) = / Vot o(2,it) - (it)p_Qei“ﬂ,
A(l+1) 21
(£+1) .
(5.14) A(z), g(z, 5) = / vaa’ E(Z,’L't) . (it)p—2eztsﬂ,
e by o o

which are holomorphic functions defined in

WG = {seC;|z| < k,Ims > —§ Res| }
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with the estimates:

(515) ‘A(%t)x’,f(% S)| < 2V(2C)P+1p—|a’\e—)\(€+l) 111’15/7r
on W for all p, o', f. Further A( ) (z s) are entire functions satisfying

(516) ’A (Z, 8)’ < 2V(2C)p+1p—\o/|e)\(€+l)(—Ims)+/ﬂ_

p,a’

on {s € C} for all p,o/,¢. Here (t); =t (Vt > 0), = 0 (Vt < 0). Therefore
for each k = 1,2 and each p, o’ the series

(5.17) A (w, 2, 8) EZA o o(2:8)p )o(w)*
=0
converges locally uniformly in

(5.18) {{W(wﬂ <emsl (vseW®)  fork=1,

{|p(w)]e}=Tm$)+ < 1} (Vs € C) for k = 2.

We note that ¢(w) at (5.10) is holomorphic in |w| < (v/2 — 1)r/2 and

(519)  log|B(1)] = | log @(M)):i L (2Ret yun
y4

1+t — 20+ 1\1+ [t?
4(R€ t)+ — ( Ret)+

for Vt (|t| < 1/4). Consequently if |w| < (v/2 — 1)r/8, we have

log |o(w)| < (6v/2 + 10)(— Imw) 4 /r — (10 — 6v/2)(Imw) . /7
Hence Al()lgé,(w, z,s)’s are holomorphic in

(5.20) {(w,2,5) € Cx W |w| < (V2—=1)r/8,|z| < &,
(10 + 6v2)(—Imw), < ArIms/2}
>{(w, z,5) € C"™ x C; |w| < r/20,]|2| < &,

(—Imw)y < Z—glm s} = W>(\4)
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because |p(w)]e A5 < e=Ams/2 < 1 on W)E4). At the same time we have
the following estimates:

2" (2C)PH! 2+ (20)PH!
14D, (w0, 7, 5] < — 229 < 20)
) 7Tp|o‘ |(1 _ e—)\Ims/2) 7T)\,0|0‘ Tm s

on WA(4) N {0 <Ims < 1/A}. Consequently we obtain

T€2V+1(20)p+1( 80 )p+u+2

AN (2 8) < (p+ v+ 1) ,
807 ple’|

!
P, Arlm s

on

(5.21) W)(\‘:)) = {(w, z,s) € C"™! x C; |w| < 1/40, |2| < &,
max{0, —80Imw/(Ar)} < Ims < 1/\,|Res| < A7'}.

Further ASZ‘(, (w, z, s)’s are holomorphic in

(5.22) {(w,z,5) € C"" x C;|w| < (V2 —=1)r/8,|2| < &,
AM—=Tms)y — (10 — 6v2) Imw/(2r) < 0}
>{(w, z,s) € C"™ x C;|w| < /20, 2] <k,

Imw > 0,—Imw/(2Ar) < Im s} = Wf\ﬁ)

and satisfy the following estimates

v p+1 v+1 p+1
A2, (w,2,5)| < — o ) < 1 120)
P, 7-‘-p|o< |(1 — e Imw/(27‘)) 7-‘-10|01 Tm w

on W>(\6) because | (w)]eMNTIms)+ < e=Imw/(2r) <1 on W§\6). Consequently,
setting

(5.23) W)(\6) D WAW) = {(w,z,5) € C"" x C;|7| < &,
lw —ir /80| < /320, Ims > —(320))"1},

we get the following estimates:

re2v+t1(20)P+!
mpl®|(r/320)P+v+2

(5.24) 95 LAR) (w,2,5)] < (p+ v+ 1)!
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on W)(\ﬂ. Fixing the initial point s = i/\, we apply again the preceding

lemma to 8p+”+1A( ) o

functions E;(),g/(wv z, 8) € (’)(W)(\S)) satisfying

w, z,s) for k = 1,2. That is, we have holomorphic

+v+4 (1) p+u+1 4(1)
¥ E, y(w,z,5) = 0w A, (W, z,8),

(5.25)

() -
|Ep,a’(w7z7s)‘ = SOTFp‘all

optvtd ). cov+l (20)p+1 ( 80 )p+l/+2
Ar

on W for all p,o/, and E;?;,(w,z,s) e oW n{ls —i/A < 2/A})
satisfying

+r+4 1-(2) +r+1 4(2)
o Ey(w,z,8) =00 A (w, 2, 8),

(5.26)

2 re2v+t1(20)P+!
’E(;/(wazasﬂﬁ ’ 192
P mple|(r/320)P v+

(2/ AP+
on WAW) N{ls —i/A| < 2/A}) for all p,a’. Choose A (> 1) as
(5.27) 1280C /(M) < 1/2.

Then we can introduce 2 kernel functions E(k)(w, z,z—2%s) for k=1,2 as
follows:

(5.28) E®

) (2, — 25)%
Z ‘a/“Ep,a’(w’zvs) H (Z* _ zj)aj—H‘

la/[>0,p>0 " j=1

Here, E®) are holomorphic in W) at (5.4), (5.5), respectively for k = 1,2.
On the other hand, from (5.13), (5.14) and (5.11) we obtain the following;:

oo 2
(5.29) Z@I’J“’JrlA (w, z,s) 8p+”+1(ZZA o (%5 8) w)£>

=0 k=1

&0 dt
=0 ([ Vel i) - 2 )
A

2
dt

o0
— Uﬁ , t . t p—2 ’ltS_
| Vet it (it
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for any (w, z,s) € W>E5) N W)(\n N{ls —ix7!| <2271}

={(w, z,5) € C"" x C; |w — ir /80| < /320,
|z| <k, 0 <Ims < A7', |Res| < A71}

Hence we have our conclusion (5.6). [

By using the expressions of the kernel functions obtained in the preced-
ing theorem, we prove that U(w, x, D,) f(z) has a boundary value at w = 0
from Imw > 0 for any microfunction f(z). To do so, we introduce actions
of E®)(w, z,z — z*,s) on holomorphic functions F(z) similar to the Bony-
Schapira actions of microdifferential operators on holomorphic functions [4]
(also see [7] concerning the action of E).

DEFINITION 5.3. We inherit the notation from the preceding theorem.
Let F'(z) be a holomorphic function defined in

(5.30) Q={ze€C™|Z| <, |Rezy| < (BN '+ .7 >Imz, > k|Im 2/|}
UUg=x1{2 € C™ 2| <7/, |2 — 0 /(BN)] < 1"}

for positive small constants ' (' < 1/(3X)), and k (< p/(2n)). Let

E(w, z,z — z*, s) be a holomorphic kernel function defined in W) at (5.4).

For a sufficiently small ¢ > 0, we define a holomorphic function (E x*
F))e(w, z) depending on A, € by

o 1/(33)
(5.31) / dz, / dz*'/ E(w,z,z — 2%, 2} — 22V F (2", 22)dz5*.
i€ y —1/(3X)

Here the path for z; is the line segment

z20(t) = zn +tlie — z,) (0<t<1)

n

combining 2, with ie, v = {2} = zj + R(zn, 25(t))e™ (0 < 0; < 2m);j =
1,...,n—1} with some R(zy, 2 (t)) > p~tzn—25(t)| = tp~t|2n—ic|. Further
the path for z;;* is the line graph passing through

—(BN)7L (BN FihIm 22 (1), (3N +dhImzk(t), (3N 7!
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for a constant h (1/2 < h < 1). That is,

—1/(3)) + 3ih6 Tm 2% (t) 0<0<1/3),

Z4(0;t) = { (20 — 1)/A + ihIm 2 (1) (1/3<0<2/3),
1/(3)\) + 3ih(1 — 0)Im 25(t)  (2/3<0<1)

Indeed this integral is well-defined if Imw > 0,|w| < r/40,|z| < &,
|Rez,| < (3A\)71,0 < Imz, < e < v’ and the following sets are contained
in € :

{(21 +twi, ..oy 2n—1 +twp—1,q¢ +ih(Im z, + t(e —Im z,)));0 <t < 1,

gl < BN (g €R), Jwn| < p Mo — il Jwna| < p7 Mz — ie!},

{(21 Ftwi, . Zne1 F twa—1, £BA) T +ig(Im 2z, + t(e — Im 2,,)));
0<t<1,0<qg<h | <ptzg—iel,..., |lona]| <p~tzn — z‘e\}-
The former set is contained in Q if € < r’ and

|Re z,| < (2h — 1)(e — Im 2,,), Im 2, > (k/h)|Im 2|,
12| + (n/p)|zn — ie| < 7'

The latter set is contained in Q if [Im z,| < e <’ and
2] + (n/p)lan —ie| <7
Hence we obtain the following lemma:

LEMMA 5.4. Let e (> 0) be smaller than min{x/2, (1 + 2n/p)~1r'}.
Then (E x F')x-(w, z) is holomorphic in

(5.32) {Imw >0, |w| < r/40, || <e,|z] <,

Im 2z, > k|Im 2’|, | Re z,| < & — Imzn}
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Further let E'(w,z,z — 2*,s) be a holomorphic kernel function defined in
W® at (5.5). Then (E'* F)yc(w, z) is holomorphic in a neighborhood of

{\w —ir/80| < /320, z = 0}.

Proor. We have only to prove the latter statement. In this case we
modify the paths of integrations as follows:

20 (t) = zn +tlie — z,) (0 <t <1),

—1/(3X) + 3i0y(t) (0<6<1/3),
224(0;1) = (20 — 1) /X + inh(t) (1/3 <60 <2/3),
1/(BN) +3i(1 —0)y(t) (2/3<0

where ¢ (t) = max{Im 2} (t), e} with some small ¢ > 0. If we choose € <
min{(640)\) !, e}, for any z, = iy, (yn € (—¢,¢)) and t € [0, 1] we have

(E) = masx{y + #e =y € > 56— ) 2 St = ).
Therefore (E' % F)y c(w, z) is holomorphic in a neighborhood of

{|w —ir/80] < /320, 2/ =0,Rez, =0,—€ < Imz, < 5}.
This completes the proof. [

The following is our secondary main result. K. Uchikoshi [15] used a
similar method (Bronshtein’s method) of considering boundary values of
holomorphic pseudodifferential operators for constructing fundamental so-
lutions of weakly hyperbolic microdifferential operators. However the situa-
tions are different from each other, and the proofs and results are completely
independent.

The most part of the proof is devoted to the proof of the compatibility
of actions of pseudo-differential operators.

THEOREM 5.5. Let U = Z?:—oo Uj(w, z,¢) be the classical formal
symbol of the pseudo-differential operator treated in Theorem 5.2. Then for
any microfunction f(x) € Cn|(osidz,), @ section U(w,z,Dy)f(z) € I'({w €
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C;Imw > 0, |w| < r}x{(0;idxy,)};COz) has a boundary value at (0,0; idxy,)
from Imw > 0 in the sense of Definition 3.9.

ProOOF. Choose a large positive number A as indicated in Theorem 5.2.
Let f(x) be any germ of Cy at (0;idzy). Then by the flabbiness of the
sheaf of microfunctions, we can take a defining function F(z) € O(1) for
(2mi)1 " OYFT f(x) with a sufficiently small 7/ > 0, where Q at (5.30) satisfies
a tighter condition (because 0 < 6 < 1):

(5.33) 0 < k < min{1, pd/(8n)}.
Choose a small positive number ¢ as indicated in Lemma 5.4:
(5.34) 0 < e <min{x/2, (1 +2n/p)" '},

which will be replaced by a tighter condition. Then, by Lemma 5.4 we
conclude that the boundary value g(w, ) = (EM x F)y .(w, 2/, 2, +10) is a
section of

I'{Imw > 0, |w| < r/40,|z| < e}; BOz).

On the other hand, by the latter result in Lemma 5.4 we have [g(w,x)] =
[(ED + E@) % F)y .(w, ', z,+10)] as a section of COz over {|w —ir/80| <
r/320} x{(0;idxy)}. Therefore considering Theorem 5.2 and the unique con-
tinuation property of sections of COz, we have only to show that
U(w,z, D) f(z) = [(E® % F) . (w, ', 7, +i0)] on a neighborhood of {|w —
ir/80| < r/320} x {(0;idz,)}. Here

|a’|20,p>0 Jj=1

s _ o \pt+r+3 0o . dt
></ (SLCZS*/ U_po(w,z,it) - (it)P~ 2!
in (p+v+3) A ’ 2m’

Set

o s db
(5.35)  Kpuw(w,zs) = / Uy o (w, 2, it) - (it 26 2L
) A ) 27T
Noting the estimates (5.8), we obtain the following: K, o(w, 2, s)’s are holo-
morphic in

(5.36) W' = {|w —ir/80] < r/320,|z| < k,Ims > —§|Re s|},
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and continuous up to s = 0 with estimates
| Kp.o(w, 2,s)| < plCP 1ol (160 /)P /7 on W,
Hence for £ =0,1,2,...

l!

are holomorphic functions in W’ with estimates

s A4
(5.37) K (w,z,5) = /0 E= ) g w2 s

1 o|f+1
(5.38) K, (w,2,5)| < Pl

70174-1 160 /7 )Pt w’.
< D (160/r)P™* on

Therefore we have

n ,n-1 ¥\
(0) o _ s M
639 EOwe:-a= 3 u(Ileem)
la’|>0,p>0 j=13
i/ _ ox\ptr+3
4143 (S 8) * *
< (KL )<w’z’3>‘/o ot T K (w5 8d57).

Since A~! < 7/(2560C), the first term of (5.39) is holomorphic in

(5.40)  WW = {(w, 22— 2%,8) €C x C" x C" x C; |s| < 16A7Y,
|lw—ir/80| < /320, Ims > —6|Res|, |z] <k,
2 — 2| > p Yz — 22 (G = 1,...,n—1)}.
Further the second term of (5.39) is holomorphic in
(5.41) W(5)E{(w,z,z—z*,5)G(CX(C”X(C”XC;
lw — ir /80| < /320, |s| < 15A71, |z] < &,
|z — 2j| >p e — 25 (5 = 1,...,n—1)}.

Since W®) includes W at (5.5), the contribution of the second term to
[(E® % F)yc(w,2', 2, +40)] is 0. Thus, our problem reduces to the action
of the following operator on F(z):

(5.42)
Gw,z,z— 2" 8) = Z ‘Z/h(

|o/|20,p=0
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which is holomorphic in W® and continuous up to s = 0. For any small
positive numbers ¢ < (3>\)_1 and ¢ (6/2 < ¢ < §), we put

(5.43) (G * Flogo(w,2) =
1+16’
/ dz), /dz*'/ G(w,z,z — 2%, 2} — 22V F (2", 22%)d2r*.

c(1—1é")

Here the path 2} = z, + t(ie — z,) (0 <t < 1) for 2} and v are chosen in
the same way with Definition 5.3. Further the path z* = 27*(0;t) for z*
is the line graph passing through

—c(1 =18, 2%, e(1+id)
That is, for —1 <0 < 1,0 <t <1 we have
(5.44) 2,7 (0;t) = (1 = 16]) (20 + t(ic — 2n)) + ¢ +icd'|6)]
=chl+(1—10))(1—t)Rez,
+i(ed'|0] + (1 —|0]) (et + (1 — t) Im 2,)).

This integral is well-defined if |w —ir/80| < /320, |2| < K, |zn| + €+ 2¢ <
16A1, 8| Re z,| — Im 2, < (6 — &')c and the following set is contained in (2 :

{(zl Ftwiy ooy zn1 +twn_1,2,7(0:t)); —1 <60 <1,

0<t< L fon| < p7 Yz — il lwna| < p7 20 — el
Indeed, this set is contained in Q if |2/| + (n/p)|zn —ic| <7/, |[Rezp| + ¢ <
(3)\)~! and if for any 0 € [—1,1],t € [0, 1] we have

kt
k| Im 2/| + n?|zn —ig| < ed'|0] + (1 —|0])(et + (1 —t) Im z,) <7’
k|Im 2’| + nkt|z, —icl/p < Imz, + t(e — Im z,) (Vt € [0,1]),
< ¢ k| Im 2| 4+ nk|z, —ic|/p < b,

cd'0] + (1 —10])(et + (1 — t) Im z,) < ' (Vt,V|0] € [0, 1]).
Hence, these conditions are all satisfied under (5.33),(5.34) and §/2 < ¢’ < ¢
if

e+c<min{(3\) "L}, e < (p/n+2)"te
lw —ir /80| < 7/320,|2'| < e, |z.] <,

k| Im 2’| < Im z,, |Re z,| < € — Im 2,,.
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Replace the condition (5.34) by

(5.45)

: 3\ 71’ / !
C<m1n{( )"’} K r c }

’ < i Y )
2+3n/p c mln{2 1+2n/p’ p/n+2

Therefore (G * F')¢ s (w, z) is holomorphic in

{lw —ir/80] < /320, |2/| < &, |zs] <&,

k| Im 2’| < Imz,,|Rez,| <& —Imz,}.
We claim here that
(G * F)ye(w, 2,2y +10)] = [(G * F)eg o (w, 2, 2 + i0)]

on a neighborhood of {|w —ir/80| < r/320} x {(0;idzy,)}. To prove this, it
is sufficient to show that the functions

Zn a(3N)~!
/ dz) / dz*’/ Gw,z,2 — 2%, 28 — 2V F (2", 25 d 2>
i€ 0% co+icd’

extend holomorphically to {|w — ir/80| < r/320} x {z = 0} for all 0 = £1.
Take the line graph I', passing through

co+icd, o(3N) " +ics’, o (3N) 7!

as the paths of integration. Indeed, these integrals are well-defined for
(w, z) € {|lw—1ir/80| < r/320} x {z = 0} because 2 includes

{(twl, cotwn_1,207); €Ty, 0 <t <1,
il < p7les s fonal < p7 e}

under the conditions (5.45). This proves our claim above.

As a last step of the proof, we eliminate the variable z;; from the integral
expression (5.43). When we restrict the variables (w, z) to a neighborhood
of {|lw —ir/80] < r/320} x {z' = 0,2z, = 3ic/4}, we can deform the path
z:*(0;1) at (5.44) for z* to the line graph passing through

—c+icd, ig)2, c+icd.



618 Kiyoomi KATAOKA and Yoshiaki SATOH

Indeed, this deformation is possible if € + 2¢ < 16A~! and the following set
is contained in 2 :

{@- s wamr e+ i(e8'|0] + (1= [60])=/2));
SISO ] < p e/ ] < p e/

Hence, all of these conditions are satisfied under (5.45) because ne/(4p) < r/
and

nke/(4p) < c&'10] + (1 —|0])e/2 < ' (V|0] € [0,1])
ke/(4 i ' e/2
o n e/(4p) < min{cd’,e/2},
max{cd’,e/2} < r'.
Since this new path for z;* does not depend on z;,
order of integration in the integral (G* F'). s (w, z) : That is, for any (w, z)
as above, we have

we can exchange the

(546) (G F).g.-(w,z)

c(1+46") Zn—T
= / dT/dZ*/F(Z*,,T)/ Gw, 2,2 — 2", 2, — 7 — 5,8)ds
¥ i

—c(1—16") ie—T

c(1+148")
= / dT/F(z*',T)(H(w, 2 =2y — T 2 —T)
—c(1—id") ¥

— H(w,? — 2", 2y — 1,0 — 7))dz"

Here

(5.47) H(w, 2 — 2", 51,80) = /052 G(w,z,2 — 2", 51 — s,8)ds

is holomorphic in

wo) = {(w,z,z' — 2", 51,80) €C x C" x C"1 x C?;]s5| < 16171,

|lw —ir/80] < r/320, Imsy > —6|Re s, |2| < &,
|z — 21| > p~ max{|sy — ol [s1]} G=1,...,n — 1)}.

Therefore the second term of (5.46) extends holomorphically to

{lw —ir/80] < r/320} x {(2,2n); 2 = 0,2, = it (0 <t < 3¢/4)}
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if the following sets are contained in  for all ¢ € [0, 3¢/4]:

(@i wnor,c0+i(e8'10] + (1 - [6])e/2)); ~1 <O <1,
mww—eww+ﬁ—®wﬂ+ﬂ—WkﬂH}

1<j<n—1 - p
c&mwnwmhw+uwwwu1—wkmm
2c|@
—1<6<1, max |wj|§€+ C||}
1<j<n—1 P

Hence these sets are contained in Q if n(e + 2¢)/p < r’ and

nk(e +2cl0])/p < c&'10] + (1 — |0])e/2 < v (V|0] € [0,1])

nke/p < e/2, nk(e +2¢c)/p < b,
max{cd’,e/2} < 1.

Indeed all these conditions are fullfilled under the conditions (5.45); we
essentially required the tight condition (5.33) for nk(e + 2¢)/p < ¢&'.

Further we deform the path of integration for the first term of (5.46) to
the line graph passing through

—c+ictd, z,, c+icd.
Then we can extend the first term of (5.46) holomorphically to

{lw —ir/80] < /320, |2/| < &, |za] < &,
k| Im 2| < Imz,, |Rez,| < & —Imz,}
by the same estimates of domains with ones for (G * F).s - (w, 2); indeed,

the present estimates for domains exactly correspond to the case t = 0 at
(5.43). Consequently the boundary value of

c(1+146")
/ dT/H(w, 2 — 2y — T2 — T)F (2, T)d2"
—c(1—16’) ~

coincides with [(E©®) % F)y .(w, ', x,, 4+ i0)] as a section of COz in a neigh-
borhood of {|w — ir/80] < r/320} x {(0;idx,)}. On the other hand it is
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clear that

n—1

_ (p+|e/[+v+4)
,S,8) = E K, (w, z,s)
lo/[>0,p>0

|
(e78

L (2] — 2yt

/
H(w,z,z— 2"

<.
Il

is the kernel function for (2mé)"~'U(w, z, D.)D;*~" (see [1]). Thus we have

[(E(O) * F)ye(w, 2, z, +10)] =
(27ri)”_1U(w, x, Dx)D;n”_7((27ri)1_"DZ:7f(x)) =U(w,z,Dy) f(x)

on a neighborhood of {|w — ir/80| < r/320} x {(0;idzy)}. This completes
the proof. I

REMARK 5.6. The growth order condition (5.2) for the lower order
terms of ZO Uj(w, z,¢) is the best possible in the following sense: For

j=—00
any constant k (1 < k < 2) there exists a classical formal symbol U =

S Uj(w, z,() satisfying the following (1)—(3):

j=—00
(1) U; € OW,) (¥ < 0).
(2) For some constants C, p > 0 we have

U_p(w, z,¢)| < CPHp!| Imw|~*P~#(¢|7P on W, (Vp > 0).

(3) U(w,xz, Dy)é(xy) does not have a boundary value at (0,0;idxy,) in
microfunctions of (Rew, z) from Imw > 0.

Indeed, we can give an explicit example as follows:

(5.48) U_p(w,z,¢) = p{—i(w/i)} P71,

where p=10,1,2,... and |arg(w/7)| < 7/2. It is easy to see that the above
conditions 1, 2 are satisfied and that

o0

U(w,z, Dg)é(xy) = {Z_Qim —i(w/i)k}_p_lzﬁlogzn]

[i log 2,
2mi zp +i(w/i)k ]
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Here the equalities are valid for sections of COz over {Imw > &} x
{(0;4dx,)} with any small positive . Then by the following lemma we
get the condition (3) above for U.

The following example is a variant of the example in [12] of second
hyperfunctions:

LEMMA 5.7. Let k be a constant satisfying 1 < k < 2. Then the micro-

1 0
function f(w,x) = % extends to {(w,x;indx) € C x TEC; Imw >
0,7 > 0} as a microfunction with holomorphic parameter w. However
f(w, x) never has a microfunction boundary value at (0,0;idx) from Imw >

0.

ProoF. Consider a holomorphic function

log z — log{(w/3)* /i
Py = 28zl

defined in {(w,z) € C*Imz > 0,7(1 — k™1)/2 < argw < 7}, where —7 <
arg{(w/i)*/i} < n(k —1)/2 < 7/2. Further set

—271

Fy(w,z) = Fi(w, z) + T i

Then Fy(w,z) € O({(w,z) € C%}Imz > 0,0 < argw < w(1 + k~1)/2}).
Hence the extension of f(w,x) is given by

Flw,z) = [Fy(w,z +i0)] (r(1—k"1)/2 <argw < ),
; [Fy(w,z +i0)] (0 <argw < (1 +k"1)/2)

as microfunctions with holomorphic parameter w. We suppose here that
f(w,z) has a microfunction boundary value at (0,0;idx) from Imw > 0.
Therefore, we have a holomorphic function G(w,z) defined in {Imw >
0,Imz > 0,|w| + |z| < e} with some £ > 0 satisfying

fw,z) = [G(w, z +i0)]
as sections of microfunctions with holomorphic parameter w in

{(w, z;indz) € C x TEC; |w| + || < e,Imw > 0,7 > 0}.
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Since
0 = {o+iw/i)*} f(w,2) — [Gw,z +i0)))
= [log(z + i0) — {z + i(w/i)*}G(w, x + i0)],
we conclude that

Alw,z) =logz — {z +i(w/i)*}G(w, 2)
€ O{Imw > 0,Imz > 0, |w| + |z| < e})

extends holomorphically to {|w| + |z| < ¢/,Imz = 0,Imw > 0} with some
smaller ¢/ > 0. Therefore by Kashiwara’s theorem on the local version of
Bochner’s tube theorem we can extend A(w, z) to a holomorphic function

A(w, z) in
Q= {|lw|+|z] <&, |Imz| < " ITmw}
for some smaller £’ > 0. Set
P(r,0) = (re”, r*ei0-m4/2)) € ((w,2) € €2 2 + i(w/i) = 0}

for r > 0,0 < @ < 7. We note that P(r,0) € Q for any 6 € (0,7) with any
sufficiently small 7 > 0 because k& > 1. Therefore H(w) = A(w, —i(w/i)¥)
is a holomorphic function in

W={weC0<argw <m0 < |w| <plargw)}

with a positive valued continuous function ¢(#) on (0, 7). On the other hand,
we have that

H(Tew) = A(rew, rkeik{e_”(”k_l)ﬂ}) = klogr +ik{f — (1 +k~1)/2}
for 7(1+k~1)/2 < 0 < 7, and that
H(re?) = A(rew,Tkeik{“”(gk_l*l)m}) =klogr + k{0 +m(3k~1 —1)/2}

for 0 < @ < w(1 — k~1)/2. That is, H(w) — klogw € O(W) coincides with
2 different constants —m(k + 1)i/2 and —7(k — 3)i/2 in the above domains,
respectively. This contradicts with the connectedness of W. Thus f(w,x)
never have a microfunction boundary value at (0, 0; idz) from Imw > 0. OJ
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Here we return to our original subject for solving a microdifferential
equation (1.2) in COy.

THEOREM 5.8. We have a system {U®)(w,z,D,);0 =1,....,m} of for-
mal symbols of microdifferential operators defined amund;) satisfying the
conditions 1 ~ 5 in Introduction:

(1) UW is a multivalued section of Ex over {(w,x;in) € THX;0 < |w —

o(z,in)| < r |z —x| < r|np—mn <r} for some small ¥ > 0, and
Ul ¢ Exls for £=2,...,m.

(2) UO(w,z,D,) (£ =1,...,m) commute with w.
(3) P(w,2, Dy, D)UO (w,2,D,) =0 (mod Ex - Dy) for £ =1, ...,m.

(4) ordU®) = 0 for £ = 1,..,m, and holomorphic functions
{oo(UD)(w, z,in); € = 1,...,m} give a complete system of solutions in
{w — p(x,in) # 0} of the following linear ordinary differential equa-
tion :

m m—k

LU = (%ao(Ak)(w, 2,0, in)W)U —0

(5) For any microfunction f(x) € CN|p(;)); U (w, z, D) f(x) has a mi-
crofunction boundary value at w = (x,in); that is, a microfunction
boundary value from any side of any R-conic and real analytic hyper-
surface H of T3 X passing through K = {w — ¢(z,in) = 0}.

PROOF. Let H be any R-conic and real analytic hypersurface passing
through K = {w — ¢(x,in) = 0} in T;X. Then, by Lemma 2.5, we can
reduce the triple (K, H, P) to the case that K = {w =0}, H = {Imw = 0}
and P with Ag(w, z, Dy, D,) = w under a quantized contact transformation
S, which preserves CO, and satisfies

S HDy) € Ex - Dy

Further by taking the multiple of w by some non-zero constant as a new
variable, we can suppose the coefficients A (w, z, Dy, D) (k=1,...,m) are
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defined in some neighborhood of {|w| < 1} x {p}. Therefore under the
assumption oo(A1)(p) € Z we can construct a system {Uég); ¢=1,..,n} of
solutions of LU = 0 satisfying the following:

(1) Uél)(w, z, () has the following form in a neighborhood of w = 0:

UV (w, 2,¢) = w1 MO0 (1437 ez, et ),
k=1

where A%(0,2,¢) = 09(A1)(0, 2,0,¢), ck(2,¢) are holomorphic func-
tions of homogeneous degree 0 with respect to .

(2) Uég)(w, z,¢) (2 < £ < m) are holomorphic solutions in a neighborhood
of w = 0 such that

UL (0,2,¢) = Spo_n (0< Yk <m—2).

It is clear that these solutions are of homogeneous degree 0 with respect to
¢, and that they uniquely extend to the solutions defined in a neighborhood
of {|w| < 1} x {p} (for £ = 2,...,m), or a neighborhood of the universal
covering of {0 < |w| < 1} x {p} (for £ = 1). Therefore by Theorems 4.8, 4.9
we get the formal symbols {Z?:_OO U J@ ;¢ = 1,...,m} of microdifferential
operators satisfying the conditions (1)—(4). Further by Theorem 5.5 we also
get the condition (5) for UM,

On the other hand, as for the relationship with the original equation,
we know the following: Let & be any quantized contact transformation
satisfying S™1(Dy,) € Ex - Dy+. If the original operator P is transformed
into P* = S~1(P), for the solutions U® of P*U = 0 mod Ex - Dy S(UW)
also become solutions of PU = 0 mod £x - D,,. Considering Remark 2.6, we
complete the proof. [

As a direct corollary, under the same notation with the preceding theo-
rem we have the following:

THEOREM 5.9. Let ¢ = (w',2;in) (w' # w) be a point of TrX suf-
ficiently close to p, and f(w,z) € COz|q be a solution of Pf = 0 in a
neighborhood of q. Then there exists uniquely an m-vector

(f1(@), ey fm(2)) € CR 00

(:U7
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of microfunctions of x such that f(w,z) = S, UO(w,x, Dy)fo(x) in a
neighborhood of q. In particular, f(w,x) extends uniquely to a multi-valued
COz-soltuion of Pf =0 aroundzo) with microfunction boundary values at ;)

PROOF. We have only to show the following: The matrix

(ai—lU(Z) (w/, x, Dz))k 0=1,...m

of microdifferential operators in £y is invertible at ¢ as a morphism C3; —
Cyr. Further this invertibility reduces to that of the matrix

(857100((](4))(11)/7 T, in))k,ézl,...,m'
Indeed, since oo(U®))(w,z,in) (£ = 1,...,m) are linearly independent solu-
tions of LU = 0 from each other, we have the invertibility of this matrix.
Thus the proof is complete. [J
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