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Splitting of Singular Fibers in

Certain Holomorphic Fibrations

By Toshio ITo

Abstract. We will consider splitting of certain singular fibers.
The singular fibers dealt with in this paper are the singular fibers in
certain holomorphic fibration of genus g whose total space is diffeo-

morphic to (CIPZ#(Zlg—i—E))(CIPQ. We study how these singular fibers split
into Lefschetz type singular fibers. We also study the monodromies
about the new Lefschetz type singular fibers obtained by splitting.

1. Introduction

The purpose of this paper is to consider splitting of certain singular
fibers. In case of genus one, splitting of degenerate elliptic curves was stud-
ied in [Mo]. In case of genus two, splitting of degenerate genus two curves
was studied in [Ho|]. And in case of higher genera, a proof applicable to
hyperelliptic singular fibers was recently given by [AA].

Although it is important to study splitting of singular fibers, it is also
important to study the monodromies about the new singular fibers obtained
by splitting. In [Mab], Y. Matsumoto took up certain degenerate genus two
curves and he studied splitting of these degenerate genus two curves and the
monodromies about the new singular fibers obtained by splitting, by using
a computer.

Now in this paper, we take up singular fibers in certain holomorphic
fibration of genus g and we study how these singular fibers split into Lef-
schetz type singular fibers and the monodromies about the new Lefschetz
type singular fibers obtained by splitting.

The holomorphic fibration of genus g over a 2-sphere dealt with in this
paper is constructed as follows (cf. [Ma2]).

Let X, be the closed oriented surface of genus g. Let wy : ¥4 — X, be
the hyperelliptic involution shown in Figure 1 and 7 : S? — S? the 180°
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180°

FIGURE 1.

rotation of a 2-sphere about the axis through the poles. The quotient space
3y x S§?/wy x 7 has 2(2g + 2) singular points. Blowing up these singulari-
ties, we obtain the compact complex surface M, which is diffeomorphic to
CP?#(4g + 5)CP2. And we also obtain the holomorphic fibration of genus
g fy: My, — S?/7 =2 5? where f, is the map induced by the projection to
the second factor X, x S? — 2. This holomorphic fibration fg: My — S?
contains two singular fibers over the north and the south poles of S2. They
are topologically equivalent and the monodromy about each singular fiber
is the hyperelliptic involution wy. Therefore, we denote either singular fiber
by Fi,-

We explain the structure of F,,. The quotient space ¥ /w, is homeo-
morphic to S? with 29+ 2 cusps corresponding to the fixed points of wy. By
blowing up %, x S?/ wg X T to My, 29+ 2 spheres with self-intersection num-
ber —2 are inserted at these cusps on ¥y /wy. Thus F,, is constructed and
the shape of F,, is shown in Figure 2, where segments stand for 2-spheres
and the numbers attached to them are the multiplicities of f; about the
irreducible components. Our purpose is to consider splitting of this singu-
lar fiber F,,. We study how F,, splits into Lefschetz type singular fibers.

1 1
2g+2 Spheres

FIGURE 2.
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And we also study the monodromies about the new Lefschetz type singular
fibers obtained by splitting. In case of genus two, the result on splitting of
the singular fiber F,, is stated in [Ma2] (See Fact 1 in [Ma2]).

The author is deeply grateful to Professor Yukio Matsumoto for his
valuable advice.

2. Definitions

Let Dif fT(X,) be the group of all orientation preserving self-diffeo-
morphisms of ¥, with the C*°-topology and Dif fi (2,) the subgroup of
Dif fT(2,) consisting of all self-diffeomorphisms isotopic to the identity.
We denote Diff+(2g)/DiffJ(Eg) by My. M, is called the mapping class
group of genus g.

We review the definition of a Lefschetz fibration (cf. [Ma2]).

DEFINITION 2.1. Let M and B be compact oriented (not necessarily
closed) smooth manifolds of dimensions 4 and 2, respectively. A smooth
map f : M — B is called a Lefschetz fibration of genus g if the following
conditions are satisfied:

(i) oM = f~(0B);

(ii) there is a finite set of points by, b, - - - , b, (called the critical values of
f) in IntB (= B — 0B) such that f|f~%(B — {b1, -+ ,b,}): f 1B —
{b1, -+ ,bp}) = B — {b1, -+ ,by} is a smooth fiber bundle with the
fiber diffeomorphic to ¥4;

(iii) for each i (1 < i < n), there exists a single point p; € f~1(b;) such
that

(a) (df)p: Tp(M) — Tf(p)(B) is onto for any p € f~1(b;) — {pi},

(b) about p; (resp. b;), there exist local complex coordinates z1, zo
with z1(p;) = 22(p;) = 0 (resp. local complex coordinate £ with
£(b;) =0), so that f is locally written as £ = f(z1,22) = z129;

(iv) no fiber contains a (—1)-sphere, which is a smoothly embedded 2-
sphere with self-intersection number —1.
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We call a fiber f~1(b) a singular fiber if b € {by,--- ,b,} or else a general
fiber. Also we call M the total space, B the base space, and f the projection.

In Condition (iii) (b), we tacitly require the orientation of M (resp. B)
to coincide with the canonical orientation determined by the local complex
coordinates z1, zo (resp. local complex coordinate £) about the critical point
pi (resp. b).

Let f : M — B be a Lefschetz fibration of genus g over a connected
base space B. Fix a base point by € B\ (0BU{b1,--- ,b,}) and identify the
general fiber f~1(by) with ¥, by an orientation preserving diffeomorphism
@ : 3, — f1(by). Then we obtain a monodromy representation and denote
this representation by

p:m(B\{b1, -+ ,bn},bo) — M.

The monodromy representation p becomes a homomorphism if M, is as-
sumed, by convention, to act on X, from the right. Now, we will adopt this
convention.

We review the elementary transformation (cf. [Ma2]). Suppose that the
base space B is the 2-disk D or the 2-sphere S?. Then the monodromy
representation p : w1 (B\{b1,---,bn}, by) — M, can be given by an n-tuple

(91,92, + gn);
where g; = p(v:),i =1,2,---n and 1,72, -+ , ¥, are the loops drawn on B
as shown in Figure 3. Let €; : (B\ {b1, - ,bn},bo) — (B\{b1, - ,bn},bo)
and ;' : (B\ {b1,--+ ,bn},b0) — (B\ {b1, -+ ,bn},bo) be the homeomor-
phisms shown in Figure 4. ¢; is called the i-th elementary homeomorphism
and 6;1 is called its inverse. When we change the loops by ¢; or 6;1, the

bo

h 3 Ta

FIiGure 3.
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FIGURE 4.

n-tuple (g1, g2, , gn) is changed into

(915 2 Gi-1: Git1s Gi419iGi+1: Git2s > In)

or
(91,7 +9i1,9i9i+19; ' Gir Git2s -+ Gn),
respectively. We call these transformations the i-th elementary transforma-

tion or its inverse. The elementary transformations do not change the total
monodromy

9192 - - gn-
We notice that the n-tuple

(glv' iy Gikly 7.971)

is changed into
(917 oy Gik 15,80 7gn)

by the i-th elementary transformation or its inverse if g; and g;4+1 are com-
mutative in Mg: ¢;9i41 = git19; € M.

Therefore we will say that g; and g;y1 in the n-tuple (g1, , i, git1,
-+, gn) are commutative by the i-th elementary transformation or its inverse
when g; and g;41 are commutative in M.
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We give several Lefschetz singular fibers of type I. A Lefschetz singular
fiber of type I is obtained by pinching a non-separating simple closed curve
on Y4 to a point (See Figure 5). And its monodromy is the negative Dehn
twist about this curve (See Figure 6).

FIGURE 5.

FIGURE 6.

For each i (i = 1,2,---,2g + 1), we take the Lefschetz singular fiber
of type I obtained by pinching the curve C; in Figure 7 and denote the
monodromy about this singular fiber by (;. For each j (j =1,2,---,g), we
take the Lefschetz singular fiber of type I obtained by pinching the curve
C’j’. in Figure 8 and denote the monodromy about this singular fiber by 3;.
Then we notice that two monodromies 3; and G (j,k = 1,2,---,g) are
commutative in M,.

Similarly, for each j (j = 1,2,---,g), we take the Lefschetz singular
fibers of type I obtained by pinching the curves C?7 and C}" in Figure
9 and denote the monodromies about these singular fibers by 7; and ¢;,
respectively. We also notice that two monodromies n; and n;, (or 6; and 6)
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FIGURE 7.

FIGURE 9.

(J,k=1,2,---,g) are commutative in M,.
We will extend the notion of Lefschetz fibrations to a more general class
of fiber spaces as follows (cf. [Ma2]).

DEFINITION 2.2. Let M and B be compact oriented (not necessarily
closed) smooth manifolds of dimension 4 and 2, respectively. A smooth
map f: M — B is called a locally analytic fibration of genus g if it satisfies
Conditions (i) and (ii) of Definition 2.1 and the following Condition (iii’)
instead of (iii):

(iii’) for each i (1 < i < n) and at each point p € f~1(b;), the germ (f,p)
is conjugate via (not necessarily orientation preserving) diffeomorphisms to
the germ at 0 of a holomorphic function C? — C. Moreover, there exists at
least one critical point of f on the fiber f=1(b;).
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In Condition (iii’) of above definition, if the local diffeomorphisms giving
the conjugations of the germs are always orientation preserving, we call such
a fibration a locally holomorphic fibration.

We give the definition of splitting (cf. [Ma2]).

DEFINITION 2.3. Let f' : M' — D be a locally analytic fibration
of genus g over a 2-disk D with a singular fiber F'. Suppose there is
another locally analytic fibration f? : M? — D of genus g over the same
2-disk, with the set of singular fibers {FZ, FZ,--- , F2}. Moreover, suppose
there exists an orientation preserving diffeomorphism H : M' — M? which
commutes with f! and f2 on the boundary: (f2|0M?)o(H|OM*') = fYloM*.
Then we say that the singular fiber F' splits into the set of singular fibers
F2,FZ,...  F2.

It is easy to see that if a singular fiber F; of a locally analytic fibration
f: M — B splits into Fj1, Fja,- -+ , Fyr, then we can change the projection
f within an arbitrarily small neighborhood of F; (without changing M and
B) so that the new projection f’ has singular fibers Fj1, Fja, - - - , F}, in place
of Fj.

The splitting defined above is called splitting in a weak sense. The
splitting in a stronger sense is discussed in [Mab], where singular fibers split
through certain perturbation of the projection map.

3. Main Theorem

Let N be a noncompact complex surface and D an open disk centered at
the origin in C. To consider splitting of the singular fiber Fi,, , we concretely
construct in the next section a proper surjective holomorphic map ¢ : N —
D which satisfies the following conditions:

1. ¢|¢_1(D\{0}) c o 1D\ {0}) — D\ {0} is a smooth fiber bundle with
fiber ¥4;

2. o 1(0) = F,,.
Our main theorem is the following:

THEOREM 3.1. By perturbation of the map @ and deformation of the
complex structure of N with some parameter, F,,, splits, in the strong sense,
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into 2g Lefschetz singular fibers of type I and a singular fiber F' which is
not a Lefschetz singular fiber. Furthermore, the singular fiber F' splits, in
the weak sense, into 2g + 2 Lefschetz singular fibers of type 1.

Therefore F,, splits into 2(2g + 1) Lefschetz singular fibers of type I.
Suppose that by, ba, - -+ ,byag41) are the new critical values in D obtained
by the splitting. When we fix a small positive real number by in D as a
base point and take loops shown in Figure 3, the monodromy representation
p:mi(D\A{b1, -+ baag11)},b0) — My is given by the following 2(2g + 1)-
tuple of Dehn twists which are divided into 5 groups:

( the group of B;s , the group of n;s , the group of (2i+15 ,

3.1
(8:1) the group of Ca;s , the group of ;s ).

If the genus g is even, then the 2(2g + 1)-tuple (3.1) is

(32) (ﬁ17637ﬁ57"' 7/89—3769—11 Tlg—1,Mg—3," " 15,713,171,
(1,61, 63563, G5, G5+ - 5 C2g—15 C2g—1, C2g+1, C2g-+1
C2><27<2><47<2><65'” )C2(Q—2)7C297 69369—2)“' 766)64562);

If the genus g is odd, then the 2(2g + 1)-tuple (3.1) is

(33) (ﬂ25ﬁ47567”' 7ﬂg—3aﬁg—1a Ng—1,Mg—35""" 16,714,172,
Cl? Clv <37 <37 CSa C5> e >C2g*17 C29*17 CQngla C29+1a
Cax15 Cax3s Cax5,+++  Cog—2)s Cags  Ogs Og—2, -+, 05,063,61).

Furthermore, by applying some elementary transformations and their
inverses to the 2(2g+1)-tuples (3.2) and (3.3), we can arrange these 2(2g+
1)-tuples to

(C1,€2,G35 "+, C2g5 G291, C2g415 G295 -+ 5 (3562, C1)-

REMARK 3.2. Two monodromies in each group of (3.1) are commuta-
tive in M. Therefore two adjacent monodromies in each group are com-
mutative by a suitable elementary transformation or its inverse.

REMARK 3.3. Compare the above theorem with Example 3.14 in [AA].
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Recall that the holomorphic fibration f; : M, — S? has two singular

fibers, or two F,,s, and that M, is diffeomorphic to CP?#(4g + 5)CP*. By
making each of these singular fibers split, we obtain the following corollary.

COROLLARY 3.4. By splitting of two F,, s, we can obtain the Lefschetz

fibration of genus g

CP?#(4g + 5)CP? — S?
with 4(2g + 1) singular fibers of type 1. And the monodromy representation
is given by the 4(2g + 1)-tuple

(€15 G2, 5 Cags C2g41, C2g41, C2gy - G2, €15 €1y G2y
G295 C2g+1, C2g+1, C2gs -+ (2, C1)-

Therefore the total monodromy becomes

(34) (G162Gs -+ CogCBgrCag - - (3G2Ci)? = 1

and (3.4) corresponds to the well known defining relation of the mapping
class group M,.

4. The Construction of The Map ¢ : N — D

We will distinguish several complex planes C by denoting them as C,,, Cy,
etc., where v or t represents the variable in the plane.
We begin with the construction of a holomorphic function

h:{v€C|v7éi,ii... 1 7i}_>(cﬁ.

9 ) 9
a] Oy (3 Oég_l Oég

By taking a small positive real number o, which satisfies ay < 1, we perturb

o =09t to
v —ay

0 =9 .
1—a4v

Next, by taking a smaller positive real number a1 which satisfies ag_1 <

v—og 4o
1—agv

ag, we perturb 0 = v9

-1 U—Olg_l ’U—Oég

v =9 i
l—ag1v1—ayv
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Similarly, by taking a smaller positive real number a,_o which satisfies

~ o g—1v—ag-1 v—ag
g2 K agy_1, we perturb v = v T, 10 T=a0 to

- oV — gy V— Qg1 U —
b= 92 g g g

l—agovl—agivl—agu’
and so on.
By such perturbations, we obtain the final function

(v—a)(w—ag)(v—az)--- (v —ag1)(v—ay)

(4.1) o= h(v)= U(1 —aqv)(1 —av)(1 —agv) -+ (1 — ag—1v)(1 — gv)

which satisfies the following conditions:

<< Koy K ay < 1;
g g

(ii) h(v) = h(v) for the conjugate v of v;

e 1 _ 1 .

(iii) h(;) = R()’

(iv) h(v) =v9T! for v which satisfies oy < |v| < a—lg
We denote the critical points of h by

1 1 1 1
(42) ’717727737"'7797_7"'7_7_7_
Yo Y3 Y2 N
as shown in Figure 10.
Since ai, ag, as, - - - ay_1, g4 satisfy the above condition (i), we may sup-
pose that the critical values h(y1), h(y2), h(73), -, h(vg9=1), h(7y) satisfy
the following;:

(4.3)  —1<h(vg) <h(yg—2) <+ <h(v6) < h(va) <h(y2) <0

0 < h(m) < h(ys) < h(3s) < -+ < h(7g-3) < h(7g-1) < 1
if ¢ is even;
(4.4)  —1<h(vg) <hlyg—2) < <h(y5) <h(y3) <h(n) <0

0 < h(7v2) < h(ya) <h(ys) <+ <h(yg-3) < h(rg-1) <1

if g is odd.
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VIR g even

vlIR g:odd

FicUure 10. The graph of h: R — R.

By (4.3),(4.4) and the above condition (iii), we also obtain that

1 1 1 1 1
1 1 1 1
1< h(’yg_1) < h(fyg_g) <. < h(%) < h(%) < h(%)
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if g is even and

1 1 1 1 1
4.6) h(—)<h(—)<h(—)<---<h(—) <h(—) < -1,
(46) h() <h(-) <h() () <h()
1 1 1 1
1 < h( ) < h( )<+ <h(—)<h(—)<h(—)
Yg—1 Yg—3 Y6 Y4 Y2
if g is odd.
Take two subsets of C?
1 1 1
Ny = {(w0) €Co £~ oo —— ),
a1 g Q3 Qg1 ag
1 1 1 1
Ny = {(m9) €y # oy o e
a1 g Q3 Qg1 Qg

and attach Ny, to N, by the biholomorphic mapping

®: {(u,v) € N,|v#0,01,0,a3,+ ,ag_1,04} —
{(xay) € Néy‘y 7é 0,0[l,OéQ,Olg, T 7ag*1aag}

given by ,
(z,y) = ®(u,v) = (uh(v), ).

v
We denote N, Us N, by N'.
By this attaching, {(z,y)|z = 0} U {(u,v)|lu = 0} in N’ becomes the
1-dimensional complex projective space, therefore we denote this by (CIP’})y
We define a well defined function ¢ : N’ — C; as follows:

&0 p(z,y) = z°h(y) on Ny,.

{ o(u,v) = u*h(v) on N!,
Then the divisor ¢ = 0 in N’ is the 2-sphere, or (C]P’})y, stuck with 2(g + 1)
complex planes as shown in Figure 11. Also, the shape of a fiber ¢ =t # 0
is shown in Figure 11.

Take the subset of N’

N" = {(u,v) € N} lJu] < R,|v] < 1+6}U{(x,y) € N_ ||z| < R, |y| <1+6}

2yl
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FIGURE 11. The shape of the divisor ¢ = 0 and a general fiber ¢ =t # 0.

and restrict the domain N’ of ¢ to N”, where R is a sufficiently large real
number and ¢ is a small real number. Then the divisor ¢ = 0 in N” is the
2-sphere, or (CIP’}W, stuck with 2(g + 1) disks.

By attaching 2(g + 1) 2-handles to N”, we extend ¢ : N” — C; to N"U
2- handles — C; so that the divisor ¢ = 0 in N”U 2- handles is the 2-sphere
stuck with 2(g + 1) spheres, as follows.

We denote points in (C]P’leyﬁ 2(g +1) disks (C {¢ =0}) by
Py = (070) = (w,v), P;= (O7ai) = (u,v) (i=1,2,---,9)
Qo= (0,0) = (z,y), Qi=(0,0) =(z,9) (i=12---,9).

When we put k = h(v) (or k = h(y)), we obtain a new local coordinate
(u,k) (or (z,k)) at P; (or Q;) instead of (u,v) (or (x,y)). On this new
coordinate, ¢ is given by

(4.8)

o(u, k) = u’k

or

o(z, k) = 2°k.

Take a 2-handle A2 = {(0,7)||o| < &', |7| < 8"} and attach this 2-handle to
the above local coordinate by

(4.9) oc=u"t, 7 =4k
or

(4.10) o=z 71=21%.



Splitting of Singular Fibers 439

By defining a map A% — C; as
(4.11) (o,7) — T,

we can extend ¢ : N — C; to ¢ : N" UA? — Cy.

Thus we can extend ¢ : N” — C; to ¢ : N"U 2(g + 1) 2-handles — C;.
Moreover the divisor ¢ = 0 in N”U 2(g+ 1) 2-handles becomes the 2-sphere
with multiplicity 2 stuck with 2(g + 1) 2-spheres with multiplicity 1, that is
F,,.

We define a projection

II: N' — CP,,
as
(4.12) (u,v) =v on N,
| x.y) =y on N,

Take a small 2-disk D in C; centered at the origin and fix a fiber ¢ =t
which satisfies 0 # t € D. Then the projection Il : N" N {p =t} — (CIPll,y is
naturally extended to Il : {¢ =t} — (CIP’})y.

If 171 (v) (or II71(y)) for v (or y) € CIP’})y is a subset on N”| then

— /A / 12 t r
(4.13) M (v) = {(v,v') € N, |u —@,v =uv}
(or
(4.14) () = () € Nyla = v/ =),
from (4.7).

If 17! (v) (or II71(y)) is a subset on a 2-handle A2, then

h(v)

(4.15) I ) = {(o,7) € A?|0? = — T = t}
(or
(4.16) I (y) = {(o,7) € A%l0* = hy) T=1}),

t Y
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from (4.9), (4.10) and (4.11). By (4.13),(4.14),(4.15) and (4.16), we know
that the projection II : {¢p =t} — (C}P’}}y is the double branched-covering
map with the following 2(g+1) branch points:

1
’U:0,0él,az,"‘ ,ag,y:O,Oél,CY27"' , Qg, OI C]va'

And the inverse image under II of any branch point is on a 2-handle and
satisfies
I~ !( branch point ) = {(o,7) = (0,1)}.

Thus, the fiber {¢ =t} is diffeomorphic to ¥,.
And when we denote ¢ ~(D) by N, we can obtain the map ¢ : N — D
which satisfies the following conditions:

1. 90|¢—1(D\{O}) c o 1D\ {0}) — D\ {0} is a smooth fiber bundle with
fiber ¥4;

2. o H0) = F,,.
Thus we finish the construction of the map ¢ : N — D.

5. Perturbation of The Map ¢

We perturb ¢ : N — C; to ¢, : N' — C; as follows:

(5.1) {%w):u(u—e)h(v) on N

pe(,y) = x(zh(y) —€) on Ny,

where € is the parameter of perturbation.

On N/, the divisor ¢, = 0 has the following components:
u=0,u=¢v=0v=0a,v=a, - ,v=a.
And on Ng’cy, the divisor ¢ = 0 has two components:

x =0 and zh(y) — e = 0.

The shape of the divisor ¢ = 0 is shown in Figure 12.
As before, by attaching 2(g+1) 2-handles to N, we extend ¢ : N — C;
to N”U 2-handles — C; so that divisors ¢ = t in N”U 2-handles are
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Y= ag seeeseeees V= ag
Y= ag T e V= ag
el JRTSTTTTTITR] EEPPPPRREen v=ay
Y=y T v=ay
Ym0 e — V=0
x=0 1 u=0 u=e
CPyy

FicUrRE 12. The divisor ¢ = 0 in N,

compact. However, we need to deform the attaching maps of the 2-handles
from the original attaching maps, according to the parameter e.

On local coordinates (u, k) and (z,k) at P; and @); defined in the pre-
vious section, ¢ is given by

Oe(u, k) = u(u — )k
and
ve(x, k) = z(xk —€),

respectively. Take a 2-handle A? = {(o,7)||o| < &, |7| < 6"} and attach
this 2-handle to the local coordinate (u, k) or (z, k) by

(5.2) c=u"t7=u(u—ek
or
(5.3) o=x'7=ua(xk—e).

By defining a map A? — C; as

(5.4) (o,7) — T,

we extend ¢, : N” — C; to ¢ : N" UA? — C;. And we can extend
we : N — Cy to e : N"U2(g+ 1) 2-handles — C;.

Attaching maps (5.2) and (5.3) depend on e. Therefore we denote the
manifold obtained by attaching these 2(g + 1) 2-handles by

N" U 2(g + 1) 2-handles.
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If € = 0, then the attaching maps (5.2) and (5.3) are the original at-
taching maps (4.9) and (4.10) and N” Up 2(g + 1) 2-handles is the original
manifold obtained in the previous section. Now, when ¢g = ¢ is perturbed
to . by €, the complex structure of N”Up2(g+1) 2-handles is also deformed
to N"” U 2(g + 1) 2-handles.

The shape of divisor ¢, = 0 in N”U.2(g+1) 2-handles for € # 0 is shown
in Figure 13. As shown in Figure 13, the divisor ¢, = 0 is the singular fiber
obtained by pinching each of the circles in Figure 13 to a point.

F1GUurRE 13. The shape of the divisor ¢. = 0.

6. New Singular Fibers of .

To seek other singular fibers of ., we will study the critical points of

i . 1 11 1
@e. Recall the critical points of h are v1,7v2,73, -+ , Vg, 3o g g e We
compute the critical points of ¢, on N’.
On N/, 5
Pe
= (2u—e)h(v

2~ (2u— Ohv)

and
Ope oh

5 = u(u — e)%(v)
By solving %‘% =0 and %‘% = 0, we obtain

(6.1) (u,v) =(0,0), (0, 1), (0,2),-- - , (0, rg),
(67 0)7 (67 041), (67 042), T (67 ag)

as the critical points of ¢, on the divisor ¢, = 0. Moreover, we obtain

(6.2) (u,v) = (%,71), (%,’72)7 e a(%a?’g)
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as the critical points which are not on the divisor ¢, = 0.
On N/

Ty
Ope
P (2uh(y) o)
and 9 o
Pe 200

By solving %‘ij =0 and %‘iﬁ = 0, we obtain

(63) (%y):(gﬁﬁl)v(gﬁﬁﬁr” ’(%%’7{])”@)

and these are not on the divisor ¢, = 0.

We compute the critical values of these critical points. Obviously, the
critical points in (6.1) have the same critical value 0.

The critical values of critical points in (6.2) are the following:

€2

(6.4) pel5m) = —Th(w) (i=1.2.- ).

And the critical values of critical points in (6.3) are the following:

e 1 ) e 1
) = ——
2h(y) " 4 h(v;)

We guess that 2g fibers

(6.5) @ (

€2 . =
(66) 906:_Zh(71) <1:1727"' 79)7906:_2

1= 17 27 g
W) | )
are Lefschetz type singular fibers, which will be verified in Section 9.

Suppose that e is a small positive real number. Then, by (4.3),(4.4), the
critical values in (6.4) satisfy the following:

62 62 62 62
6.7) = <= hyg-1) <= h(rg-3) < < =h(s) <
62 62 62 62
- Zh(’m) < _Zh('Yl) <0< —Zh(’m) < —Zh(%) <
62 62 62 62
= he) < <= phlyg-2) < —phlyg) <



444 Toshio ITO

if g is even;
62 62 62 62
(6.8) — o <=7 h(yg-1) <= h(rg-3) <--- < =h(v) <
62 62 62 62
= ) <= hlr2) <0< —Fh(n) < =7h(y) <

62 62 62 62
- Zh(%) <0< —Zh(’yg—2) < —Zh(’Yg) <7

if g is odd. And, by (4.5),(4.6) and the condition (iii) in Section 4, the
critical values in (6.5) satisfy the following:

e 1 e 1 e 1
C9 TG S T T Rew Ak
€ 1 €2 1 €
_Zh('Yg—3) = _Zh('}’g—l) = 4
4 4 h(vg) 4 h(vg—2)
e 1 e 1 e 1
ST uhGe) T Ah(w) T 4 h(w)
if g is even;
e 1 e 1 e 1
(6.10) _Z@<_Zm<_ZW<
€1 e 1 &
4 h(vg-3) 4 h(vg-1) 4’
¢ e 1 _ & 1
4 4 h(vg) 4 h(vg-2)
e 1 e 1 e 1
ST 4h(s) T 4h(s) T 4 hMm)
if g is odd.

7. Branch Points of The Double Branched-Covering Map II

Let € be a small positive real number and D a 2-disk which contains
all critical values of .. Recall the projection II : N’ — CIP’},y defined
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by (4.12). For any ¢ which satisfies 0 # ¢t € D, we can naturally extend
II: NN {pe =t} — CP,, to Il : {p. = t} — CP,, as follows.

On the 2-handle A? = {(o,7)||o| < &,|7| < 8"} attached to the local
coordinate (u,k) at P;, the fiber ¢, = t satisfies

(7.1) {pe =t} N A% = {(o,7)|T =t}.
By (5.2) and k = h(v), we obtain

0'27'

(7.2) h(v) =k = .

From (7.2), we can define the projection IT on {p. = t}NA?% = {(o,7)|T =t}
by

(7.3) (o, 7 =1t)=h (1 ‘12;).

Similarly, on the 2-handle A? = {(o,7)|lo| < &,|7| < 6"} attached to
the local coordinate (x,k) at Q;, the fiber p. = t satisfies (7.1). By (5.3)
and k = h(y), we obtain

(7.4) hy) =k =o(oT +¢€).

From (7.4), we can define the projection IT on {¢, = t}NA2 = {(o,7)|7 = t}
by

(7.5) (o, 7 =1t) = h o(at + €)).

And this projection II : {p, =t} — (C]P%y becomes a double branched-
covering map, as follows.

First, we study II-!(v) for any v € (CIP’})y.
On N/, the fiber ¢, =t is given by
(7.6) e(u,v) = u(u — €)h(v) =t.

From (7.6), we obtain the quadratic equation on the unknown u on N,

(7.7) h(v)u® — h(v)eu —t = 0.
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By (7.3), we obtain the equation

(7.8) v =1(0,t) = h*l( o't >

1—¢€o

on the 2-handle attached to the local coordinate at P;. From (7.8), we
obtain

o2t
h(v) = T

By rewriting this equation, we obtain the quadratic equation on the un-
known o on the 2-handle attached to the local coordinate at P;

(7.9) —to? — h(v)eo + h(v) = 0.

We will consider two cases below.
Case 1: v =0,a1,00, - ,ay.
By h(v) = 0, the quadratic equation (7.9) becomes

—to? = 0.
By t # 0, we obtain the double root
o=0.

Therefore v becomes a branch point on CP},y. I~ 1(v) is on a 2-handle and
satisfies

() = {(0,7) = (0,0)}.

Case 2: v #0,a1, 00, - ,ay.

By the relation ¢ = v~! in (5.2), the quadratic equation (7.9) is equiv-
alent to the quadratic equation (7.7). So we mainly treat the quadratic
equation (7.7), instead of the quadratic equation (7.9).

The discriminant of (7.7) is

Ay (v) = h(v)%e® + 4th(v).

By h(v) # 0, we put
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Then the discriminant A;(v) satisfies
(7.10) A¢(v) = h(v)e? +4t =0

if and only if II7!(v) is a singleton, namely, a branch point of II.
Next, we study I1-!(y) for any y € (C]P’}Jy.

On Ny, the fiber . =t is given by

(7.11) pc(x,y) = z(zh(y) —€) = t.

From (7.11), we obtain the quadratic equation on the unknown x on Na’;y
(7.12) h(y)z? — ex —t = 0.

By (7.5), we obtain the equation

(7.13) y=1(0,t) = h (o(ot +¢))

on the 2-handle attached to the local coordinate at ();. From (7.13), we
obtain
h(y) = o(ot + €).

By rewriting this equation, we obtain the quadratic equation on the un-
known o on the 2-handle attached to the local coordinate at @);

(7.14) —0?t —oe+ h(y) = 0.

We will consider two cases below.
Case 11 y =0,0q,a2, -, ay.
By h(y) = 0, the quadratic equation (7.14) becomes

—o%t — oe = 0.
By solving this equation, we obtain
o =0, —%.
Therefore y is not a branch point on (CIP’})y. And TT71(y) satisfies

() = {(0,7) = (0,0} U{(,7) = (=1, 0)}.
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By the relation ¢ = 2! in (5.3) and (7.5), the point (o,7) = (—%,t) corre-

sponds to the point in N,

(0" T1(0,7) = (=)

Remark that y is a branch point on (CIP’}}y if e = 0; (See Section 4).

Case 2': y #0,a1, 09, -+, 0.

By the relation o = 7! in (5.3), the quadratic equation (7.14) is equiv-
alent to the quadratic equation (7.12). So we mainly treat the quadratic
equation (7.12), instead of the quadratic equation (7.14).

The discriminant of (7.12) is

Ai(y) = € + 4th(y).
Then the discriminant A;(y) satisfies
(7.15) A(y) = € +4th(y) =0

if and only if II"!(y) is a singleton, namely, a branch point of II.
The equation (7.15) is equivalent to the equation (7.10) by the relation
v = % on (CIP’il)y. Therefore, we can consider equations (7.10) and (7.15) as

the same equation A; = 0 on (CIP’})y. And, by solving the equation A; = 0,
we can obtain branch points on C]P’lljy.
Thus we obtain the following lemma:

LEMMA 7.1. For any t which satisfies 0 £t € D,
I: {p. =t} — CP,,
is a double branched-covering map. We obtain
v=0,a1,a, - ,a

as g + 1 branch points on (CIP’},y. The inverse image 1171 (v) for each v
(v=0,a1,az, - ,ay) is on a 2-handle and satisfies

I (v) = {(o,7)|oc = 0,7 =t}.

The other branch points on (CIP’})y are obtained by solving the equation Ay =
0.
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When ¢t moves in D, the branch points obtained by the equation A; = 0
also move in (CIP’},y. But the branch points v = 0, a1, a2, - - - , g do not move.
Therefore we will call the branch points obtained by the equation A; = 0
the moving branch points and the branch points v = 0,1, a0, -+ , a4 the
fixed branch points.

REMARK 7.2. In the early stage of the study of splitting of the singular
fiber F,,,, the author solved the equation Ay = 0 by using Mathematica and
studied how the moving branch points move on (CP}}y when ¢ moves from
the smallest critical value of ¢, to the largest critical value of ¢, on the real
axis in D. But in the final proof given below, the author has succeeded in
avoiding computer calculation.

8. Moving Branch Points on CIF’})y

Let € be a small positive real number and D the 2-disk given in the
previous section. Then the critical values of ¢, satisfy (6.7),(6.8),(6.9) and
(6.10). In this section, we study how the moving branch points move on
CIP’}W when t moves from the smallest critical value of ¢, to the largest
critical value of ¢, on the real axis in D.

Recall that the holomorphic function h : {v € Clv # a_l’ a—2 C%S R

L1 C; given by (4.1) satisfies the following conditions:

ozg 17 Qg
<K<Ky - Lo L ag <L 1;
(ii) h(v) = h(v) for the conjugate v of v;

(it)) h(2) = 7ty

(iv) h(v) =v97! for v which satisfies oy < |v| < a%,

And recall that the critical values of the critical points (4.2) satisfy (4.3),

(4.4), (4.5), (4.6).
Since the function h satisfies the above condition (iii), we can extend
this function to the map

. 1 1
h/ . C]P)’Uy — (C]P),ng
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defined by

(8.1) o = h(v)
and

(8.2) g=h(y).

Then the map h : (C]P’}] — (C]P’ becomes a (g + 1)-fold branched-covering
map with 2g branch points. The branch points of A on (CIP’vy are the critical

points of h
1 1 1 1

V= Y1572, V3, 5 Vs sty sy —
Yg Y32 N
and the branching order of h at each branch point is 2.

We study the (g + 1)-fold branched-covering map h. For each i (i =
1,2,3,--+,9), we take the loop [; based at ¥ = 0 which goes around the
branch point ¢ = h(~;) as shown in Figure 14. When ¢ goes around from
the base point 0 to itself on the loop /; in Cy (C (C]P’%g), h~1(¥) moves on C,
(C (CP}}y) as shown in Figure 15, where we put ag = 0. As shown in Figure

FIGURE 15. The shape of ™' (1;).
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15, a;—1 and «; are interchanged to «; and «;_1 by the loop [;. Therefore
we denote the permutation obtained by the loop [; as

(8 3) 07 ay, Qg, -, Q;-2, 041, Q;, Qjy1, -+, Qg
07 a1, Q2, -, Q;_2, Qi Qj—1, Q441, -, Odg 1

Case (1): g is even.
We take two loops I’ and !” based at © = 0 as shown in Figure 16 (i).
Then we have the following relations:

U'=1g-ly—g-ly—g---lg-ly-lo € m(Cs\{ branch points of h},v = 0)
and
U"=11 1315+ lgy5-ly—3-lg-1 € m(Cs\ { branch points of h}, o = 0).

Therefore the permutations obtained by the loops I’ and I” are the fol-

lowing;:
(84) O: a1, G2, a3, Q4, a5, Qg, -+, Qg_2, Og_1, Qg
07 Qg, 1, 04, a3, @, 5, -+, (g3, Qg, Qg1 ’
l
and
(8 5) ( 07 ap, G2, a3, 04, 05, OQg, -+, Qg_2, Qg_1, Qg >
aq, 07 ag, G2, a5, Q4, «Q7, -+, Og_1, 0C0g_2, Qg "

And when o goes around from the base point 0 to itself on the loop I’ or
the loop I” in Cz, h~1(%) moves on C, as shown in Figure 16 (ii).

FIGURE 16. The shapes of I',1”, b= (I') and h™1(1").
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When we take the loop I’ -1”, the permutation obtained by the loop I’ -1”
is the following;:

(86) (07 ai, o2, a3, a4, a5, O, ', Og—3, Og—2, Og—1, Qg
a1, a3, 0, as, o2, a7, o4, -, Og-1, Qg—4, Og, Og-2/ .,

We study h=1(? = 1). By h(v = 1) = 1, we have 1 € h™1(3 = 1).
The function h has the condition (iv). Therefore by solving the equation
h(v) = v97T! = 1, we obtain

27ni

U';eg+17 (n:17273a"’7g)

and v = 1 as the elements of h~1(? = 1).
We take the loop based at v =1

1= {v=¢€%0<6<2n}.

By h(v) = v9*1, when © goes around from the base point 1 to itself on
the loop I, h~'(?) moves on C, as shown in Figure 17. Therefore the
permutation obtained by the loop [ becomes as follows:

271 47 2(g—1)mi 2gmi
(8 7) 1, estl,  egtl, ... ¢ g+1. , egtl
: 27 47 67 2gmi
eg+1, eg+17 eg-&-l’ s, e g+1 1 I

FIGURE 17.

We take the disk
Dy = {5 € Cqf [5] < 1}.

We draw the arc L which joins v = a4 to v = 1 on C, as shown in Figure
18 (i).
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.. loop 1
(ii) P

loop loop I

0 4 ‘..2 a a 1
¢ Tgy RCC,CCPL
wla’)
(iii)

27
V=€ 8tl

v=1

28 i
V= € g+l

-1 1
w(d5)c cve cp),

FIGURE 18.

From the graph of h : R(C C,) — R(C Cj) shown in Figure 10, we
understand that h(L) becomes as shown in Figure 18 (ii). Since the loop
I - 1" has the permutation (8.6) and the loop [ has the permutation (8.7),
the inverse image of Dj with the loops [,1’,1” and h(L) under the map
h:C, (C CIP’}Jy) —C; (C (CIP’%@) becomes as shown in Figure 18 (iii).

By the relation v = i on CP}

vy» We can identify the branch points of

1 1 1 1
’L}———---_

T e Ty
with
9:717727'737"'an-

Also, by the relation v = % on (CIF’%Q, we can identify

sy ey ety ol
v_h(%)’h(%)’h(%)’ 7h(79)
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(11) y= (3:_:.’1'ri

y= € g+l i

82
y= € 8+l

a4
y=e 8+l

1 1
h’(Dj)< Cyc CPy,

FIGURE 19.

with
g =h(n),h(v2), h(73), -, h(vg).

On Cy (C (CIP’%Q), we take the same loops I’ and !” shown in Figure 16
(i) and the disk
Dy ={y € Cy| [yl <1}

with the loops ', 1" and the arc L’ shown in Figure 19 (i). Then the inverse
image of Dy with the loops I/,!” and the arc L’ under the map h : C, (C
CP}W) — Cy (C (CIP’%Q) becomes as shown in Figure 19 (ii).

When we attach the disk Dy with the loops ', 1" and the arc h(L) to the
disk Dy with the loops I, 1" and the arc L’ by the relation ¢ = %, we obtain

CIP’};Q with loops and an arc as shown in Figure 20 (i). And when we attach
the inverse image of Dy with the loops I,1” and the arc h(L) to the inverse

image of Dy with the loops ’,1” and the arc L’ by the relation v = i, we

obtain (CIP’})y with arcs as shown in Figure 20 (ii). (CIF’}}y with arcs shown in
Figure 20 (ii) is the inverse image of (C]P’}]g with loops and the arc shown in
Figure 20 (i) under the covering map h : (CIP%y — (CIP’%Q.

Next we will study the moving branch points.

From the equation A;(v) = 0 in (7.10), we obtain the equation

5= h(v) = —=.

€
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FIGURE 20.

For any t which satisfies 0 # ¢t € D, the moving branch points for the fiber
pe = t are obtained by

And by the map p: D — Cy (C CPy;) defined by

- 4t
v = ,LL(t) = _6_27

we identify a point ¢ € D with a point 0 € u(D) (C Cyp).
By this identification, we can identify the critical values of

62 .
= _Zh(%) (Z = 1727"‘ 79)

in (6.4) with the branch points of h on (CIP%Q

0 = h(i) (: p <—§h(%)>>

and the the critical values of ¢,
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in (6.5) with the branch points of h on (CIP’%g

i=hy) = — 1
y=h(v) M( 2 1 )

T4 ()

And for any © € p(D \ {0}), the moving branch points for the fiber ¢, =
p~1(9) are obtained by

h=L(D).

To know how the moving branch points move on (CIP’}W when ¢ moves
from the smallest critical value of ¢, to the largest critical value of ¢, on
the real axis in D, we may study how A ~1(%) moves on (CIP’iy when ¥ moves
from ¥ = oo to itself on the real axis in (C]P%g as shown in Figure 21.

On the real axis in the disk Dj with the loops I',1” and the arc h(L),
we move 0 from 1 to the intersection point 9y of the loop I” and h(L) other

_ Y=o
¥<0 y=g ¥>0

FIGURE 21.

FIGURE 22.
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(iv)

28+1 .
V= e e

- i»j” -1
vses n'o;)ccy

FIGURE 23.
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than 0 as shown in Figure 22. Then h~1(#) moves as shown in Figure 23
(i), on h=Y(h(L)).

Next, on the real axis in Dy, we move ¢ from ¥y to 0 as shown in
Figure 22. Recall that the branching order of h at each branch point is 2.
Therefore, from the graph of h : R(C C,) — R(C Cy) shown in Figure 10,
we understand that h~1(%) moves on C, as shown in Figure 23 (ii).

On the real axis in D3, we move ¥ from 0 to the intersection point 91 of
the loop I’ and the real axis other than 0 as shown in Figure 22. From the
graph of h : R(C C,) — R(C Cj) shown in Figure 10, we understand that
h~1(%) moves as shown in Figure 23 (iii).

On the real axis in Dy, we move ¥ from ¥; to —1 as shown in Figure
22. Recall h(v) = v for v which satisfies oy, < |v| < aiy Therefore we
obtain

(2n+1)7e
'U':-e g+l ) (n:O71727‘”)g_1)g+17”'7g)
2 2
and v = —1 as elements of h=1(—1). So h~!(%) moves as shown in Figure

23 (iv).
Thus when @ moves from 1 to —1 on the real axis in Dz, h~(7) moves

s W'os)c Cy

v=e stl

FIGURE 24.



Splitting of Singular Fibers 459

as shown in Figure 24.

h~Y(RN D;) (C C,) becomes the arcs shown in Figure 24. Similarly,
h~Y (RN Dy) (C Cy) becomes the same arcs shown in Figure 24. When we
attach h™'(R N Dg) to h='(R N Dy) by the relation v = %, we obtain the
arcs shown in Figure 25 on (CIP’1 And the arcs shown in Figure 25 are the
inverse image of the real axis on CIF’ under the covering map h. When v
moves from ¥ = oo to itself on the real axis in CIP@ as shown in Figure 21,
h~1(¥) moves as shown in Figure 25.

Case (2): g is odd.

As before, we can study the (g 4+ 1)-fold branched-covering map h and
how the moving branch points move on C]P’ll,y. Here, we state the result
only. When v moves from v = oo to itself on the real axis in (CIP’%Q as shown

g2 .
. e—ri
v= € gtl

::/ \"-E' mi
G: H € e+l
:, y= a2 .': YR e y=ag2s '( I(

<
|
N
gy

/">"-

FIGURE 25.
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in Figure 21, h~1(9) moves as shown in Figure 26.

9. Vanishing Cycles and Monodromies

Let € be a small positive real number and D the 2-disk given in Section
7. Then the critical values of ¢, satisfy (6.7),(6.8),(6.9) and (6.10). In this
section, by using Figure 25 and Figure 26, we study vanishing cycles and
monodromies about singular fibers of ..

Let bg € D be a sufficiently small positive real number. We fix the fiber
e = by as the base fiber.

Case (1): g is even.

By Figure 25, the moving branch points h~!((bg)) and the fixed branch
points become as shown in Figure 27. Also, since the projection II : {pe =

Y ) et
LALLM
N

b g

Y= Qa3 ceen.,,

'U)

"'--.................-u(----"

lnu...nnuuull
=N
AN
| =
~

Gy
Q
o
[ ARRR] 8Ly

FIGURE 26.



Splitting of Singular Fibers 461

The base fiber e =b,,

[ ] moving branch point
v=0, a;,ay a3, agy, @g fixed branch points

FIGURE 27.

bo} — C}P’})y is the double branched-covering map, the fiber . = by becomes
as shown in Figure 27.

Case 1: t = —%h(’}/g).

We study the vanishing cycle about the fiber ¢, = —%h(’yg) on the base
fiber . = by. We move t from by to —%h(”yg) on the real axis in D as shown
in Figure 28 (i). Then from Figure 25, h~!(u(t)) moves as shown in Figure
28 (ii).

We denote the two moving branch points on the fiber ¢, = by by A, B
as shown in Figure 28 (ii). Remark that the branch point on (CIP’},y mapped
to

o= h(y) =p (t = —%h(w))

is v = 9. When ¢ is moving from by to —%h(’yg), the two moving branch
points which started from A and B are approaching to the branch point
v = 7. And when ¢ arrives at —%h(’yg), the two moving branch points
collide at v = .

We take the locus AB shown in Figure 28 (ii). Then the inverse image
of the locus AB under the projection II becomes the circle shown in Figure
28 (iii). Now when ¢ moves from by to —%h(’yg), this circle shrinks to a
point. And when t arrives at —%h(’yg), the shrunk circle becomes just one
point. Therefore the circle shown in Figure 28 (iii) is the vanishing cycle
about the fiber o, = —%h(’}/g) on the base fiber . = by. And this circle is
the curve Cy in Figure 7.
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3 72

.......

1y, L (RNDED)
" (locus AB) 4 72
The base fiber ¥e =b,
FIGURE 28.
/\ 180° rotation
A v=y, B B vy, A
FIGURE 29.

Next, we take the loop shown in Figure 28 (iv).

When t goes around from by to itself on this loop, the locus AB rotates
as shown in Figure 29. When we lift the “180° rotation” twist about the
locus AB to the base fiber ¢, = by by the projection II, we obtain the
negative Dehn twist about the circle II7!(locus AB) = Cy.

Therefore the monodromy about this loop is (4. Thus we understand
that the fiber ¢, = —%h(yz) is a Lefschetz singular fiber of type I.

Case 2: t = —%h(%) (1=4,6,8,---,9—2,9).

We study the vanishing cycle about the fiber ¢, = —%h(%) on the base
fiber . = by. Remark that the branch point on (CIP’})y mapped to

v ="h(y)=up (t = %M%))
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2 2 2 l.t(IRﬂDCD)
= h(7,) -=h(7;) -5 h(7)

11" (locus AiBi)

FIiGure 30.

isv="r;.

We take the arc, which joins by to —%h(%), shown in Figure 30 (i).
We move t from by to —%h(%) on this arc. Then from Figure 25, the two
moving branch points which started from points A;, B; shown in Figure
30 (ii) approach to the branch point v = 7; and collide at it as shown in
Figure 30 (ii). Therefore when we take the locus A;B;, II-!(locus A;B;)
becomes the vanishing cycle about the fiber ¢, = —%h(%). The shape of
I~ !(locus A;B;) is shown in Figure 30 (iii). This curve is the curve Cy; in
Figure 7.

When we take the loop shown in Figure 30 (iv), the monodromy about
this loop becomes (o;.

Thus we understand that the fiber . = —%h(’yi) is a Lefschetz singular
fiber of type I.

Case 3: t = —Sh(y;) (i=1,3,5,--- ,g— 3,9 — 1).
We study the vanishing cycle about the fiber ¢, = —%h(’yi) on the base
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0]
D\

-- A
2 2 €? 0 b ‘
£ h(r) -Sh(ry)  ghOUY PO H(RNDCED)

(iii)

(iv)

) 0 byt (RNDCD)
-=h(7)

FIGURE 31.

fiber . = bgp. Remark that the branch point on (CIPil,y mapped to

o= h(v)=p <t = —%M%))

is v = ;.

We take the arc, which joins by to —%h(%), shown in Figure 31 (i).
We move t from by to —%h(%) on this arc. Then from Figure 25, the two
moving branch points which started from points A}, B/ shown in Figure
31 (ii) approach to the branch point v = ; and collide at it as shown in
Figure 31 (ii). Therefore when we take the locus A/B!, I !(locus A;B!)
becomes the vanishing cycle about the fiber ¢, = —%h(%). The shape of
I~ (locus A/B!) is shown in Figure 31 (iii). This curve is the curve C/ in
Figure 9.

When we take the loop shown in Figure 31 (iv), the monodromy about
this loop becomes 7);.

Thus we understand that the fiber . = —%h('yi) is a Lefschetz singular
fiber of type I.

€2 .
Case 4: t:_Zﬁ (i=1,3,5,9—3,g—1).

We study the vanishing cycle about the fiber ¢, = —% h(lw-) on the base
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2 ] y b
2 Y % ! 'Th(ygl) B h(},) 0 t(IRﬁDCD)

FIGURE 32.

fiber . = by. Remark that the branch point on (CIP’})y mapped to

1

y=h(v)= H(t

s y = 7.
We take the arc, which joins by to — h(ly 7> shown in Figure 32 (i).

We move t from by to —%ﬁ on this arc. Then from Figure 25, the two

moving branch points which started from points A7, B! shown in Figure
32 (ii) approach to the branch point y = ; and collide at it as shown in
Figure 32 (ii). Therefore when we take the locus AYBY, 171 (locus A B)
becomes the vanishing cycle about the fiber ¢, = —%ﬁ. The shape of
I~ (locus AYB!) is shown in Figure 32 (iii). This curve is the curve C! in
Figure 8.

When we take the loop shown in Figure 32 (iv), the monodromy about
this loop becomes j;.

Thus we understand that the fiber ¢, = —ez h(; is a Lefschetz singular
fiber of type I.
Case 5: t——:h(l)(@—246 ©,9—2,9).
e 1

We study the vanishing cycle about the fiber . = —5 7 7y on the base
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FIGURE 33.

fiber . = bgp. Remark that the branch point on (CIPII,y mapped to

- 1
g=hy)= .
p(t=—%uk)
Is y = 7. ,
We take the arc, which joins by to —%m, shown in Figure 33 (i).

We move t from by to —%ﬁ on this arc. Then from Figure 25, the two

moving branch points which started from points A}’, B/ shown in Figure
33 (ii) approach to the branch point y = v; and collide at it as shown in
Figure 33 (ii). Therefore when we take the locus AY' B!, 17! (locus A" B!")

becomes the vanishing cycle about the fiber ¢, = —%ﬁ. The shape of

I~ (locus A B!") is shown in Figure 33 (iii). This curve is the curve C/"
in Figure 9.

When we take the loop shown in Figure 33 (iv), the monodromy about
this loop becomes §;.

Thus we understand that the fiber ¢, = —% h(l%_) is a Lefschetz singular
fiber of type I.

Case (2): g is odd.

By using Figure 26, we can study vanishing cycles and monodromies
about singular fibers of p.. We state the result only.
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Case 1: t = —%h(%) (1=1,3,5,--+,9—2,9).

We take the loop shown in Figure 30 (iv). Then the vanishing cycle about
the fiber ¢, = —%h(%) is the curve Cy; in Figure 7. And the monodromy
about this loop is (o;.

Case 2: t = —%h(%) (1=2,4,6,---,9—3,9—1).

We take the loop shown in Figure 31 (iv). Then the vanishing cycle about
the fiber pe = —%h(%) is the curve C! in Figure 9. And the monodromy
about this loop is i-

Case 3: t = —S A~ (i =2,4,6,--- ,g — 3,9 — 1).

We take the loop shown in Figure 32 (iv). Then the vanishing cycle about
the fiber . = —%ﬁ is the curve C! in Figure 8. And the monodromy
about this loop is 3;.

Case 4: t=—S -1 (1=1,3,5,--- ,g—2,9).

We take the loop shown in Figure 33 (iv). Then the vanishing cycle about
the fiber ¢, = —% h(lw) is the curve C!” in Figure 9. And the monodromy
about this loop is 6;.

Finally, we study the vanishing cycle and monodromy about the fiber
we = 0. As shown in Figure 13, the fiber . = 0 is the singular fiber obtained
by pinching each of the circles in Figure 13 to a point. Therefore, when we

take the loop shown in Figure 34, the vanishing cycle about the fiber ¢, = 0

on the base fiber ¢, = by is given by the curves in Figure 7
C1,C1,C3,C3,C5,C5, -+, Czg41, Cogr1.
And the monodromy about the fiber . = 0 becomes

€1€1€3¢3¢5C5 * + * C2g+1G2g+1-

Thus we obtain the following lemma;:

FIGURE 34.

LEMMA 9.1. By the perturbation of ¢ to @, for a small positive real
number €, F,, splits into 2g Lefschetz singular fibers of type I and the sin-
gular fiber p. = 0. When we fix a sufficiently small positive real number
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The critical values of Y.

FIGURE 35.

bo as a base point and take loops as shown in Figure 35, the monodromy
representation is given by the following (2g 4+ 1)-tuple:

(91) (/Blaﬁi%ﬁfn”' 7/69—37ﬁg—15 ng—lang—3a'” > M55, M3, 71,
€161¢3¢3¢5C5 * - C2g—1G2g—1C2g+1G2g 11,
C2><27 C2><47 C2><67 Tt 7(2(g—2)7 Cng 69769—27 e 7667 647 62)

if the genus g is even;

(92) (ﬁ%ﬁ‘l?ﬁfﬁa"' 7ﬂgf3aﬁg*1a Tlg—1,Tg—3," " 16,14, 72,
C1€1¢3¢3¢5C5 - - - C2g—162g—1C2g+1C2g+15
CZX17<.2><37C2><57"' 7C2(g72)7c297 69769—27“' 765763761)

if the genus g is odd.
10. Splitting of the Fiber . =0

We study splitting of the fiber ¢, = 0 in this section. We fix one of the
2(g + 1) transverse self-intersection points in the fiber ¢, = 0 and denote
this fixed self-intersection point by P as shown in Figure 36. When we put
I = u(u—e) and k = h(v), we obtain a new local coordinate with a boundary
at P

{0 k) [l < 8", |k < 6™}

instead of {(u,v) | (u,v) € N, }. On this new local coordinate (I, k), ¢, is
given by
t =gl k) = Ik,
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UUU

FIGURE 36. The fiber p. = 0 and the fixed self-intersection point P.

Suppose that A is a sufficiently small positive real number which satisfies
2 < 8" and take the 2-disk D’ in D defined by

D' ={te D| |t <A}
Then we obtain the following lemma based on Theorem 4.1 in [Ma4].

LEMMA 10.1. We can deform the structure of the fibration
o-YD") — D', without altering it in a neighborhood of d(p-1(D")), so
that the resulting fibration @' : @' ~1(D') — D’ has one Lefschetz singular
fiber of type I and one singular fiber with 2g + 1 transverse self-intersection
points.

Proor. We define a smooth 4-cell U with corners at P as follows:
U={(k)| |kl <X\ <8, |k <&}

Then we have ¢.(U) = D'.
We denote Closure(p 1 (D')\U) by H. The intersection U N H consists
of two solid tori T, T? given as follows:

A
T ={(k) [ 11 = 8", [k < 55},

A
T2 = {(,k) [ 11l < o> |kl = 8"}

We denote the two solid tori 7, T2 by

T, Tf (CU)
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and
T4, TH  (C H).
Let v : T(} U Tl% — T}{ U TIQJ be the identity map given by
bl k) = (1, k)

and v : D' — D’ the identity map. We define a projection ¢ : Uu;H — D’
as

¢(q) =vopclq) qelU

?(q) = ¢c(q) q € H.

Obviously, we have
U Ug H=yo Y (D), ¢=0p..

The solid tori Tcl,, Tg,, T}I, TI% are foliated by circles as follows. The solid
torus T} is foliated by the “sectional circles” {¢ (¢) N T} hep, each of
which is parametrized as

" _if m—1_—if
[=6"e", k=1td" e,

where 0 < 6 < 27. And the solid torus Tg is foliated by the “sectional
circles” {¢1(t) N T?}iep, each of which is parametrized as

1 .
] = tém e 1071{; _ (5’”619,

where 0 < 0 < 27. Similarly, the solid tori T}, T4 are foliated.

We fix r € Int(D’) and call o 1(0) NTL, o7 (0) N TE, o7 (r) N T,
ol (r)n TI?I the distinguished circles. They are nothing but the sections of
the fibers . = 0, e = 7.

In T}, the distinguished circle of T}, and the image of distinguished
circle of T(} are situated as shown in Figure 37.

The diffeomorphism ' := WTQJ : Tjh — T}, can be deformed via a leaf
preserving isotopy

WYy Ty — Ty (0<t' < 1)

so that the resulting diffeomorphism (¢')" := (¥!); maps ¢-(0) N T} (the
distinguished circle of TY) to o7t (r) N T} (the distinguished circle of TH).

The isotopy (1!)y may be assumed not to alter ¢! near the boundary 97} .
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distinguished circle of Tl}[

¢{distinguished circle of T 5}
T
H

FIGURE 37.

And this leaf preserving isotopy (¥!)y induces an isotopy
(W) : D' — D'
of ¢ : D' — D'. This isotopy (), in turn, induces a leaf preserving isotopy
(02T =T (<t <1)

of 2 := 1;|T5 : T2 — T#. Then the resulting diffeomorphism (2 = (¥?);
maps ¢.1(0) N T3 (the distinguished circle of T3) to ¢ ' (r) N T% (the
distinguished circle of TZ).

The isotopy

(W) = (@) U @)y : T UTH — Ty UTh

of ¥ gives a family of manifolds U U(@t, H equipped with the projection
op U Uiy, H — D', which is defined by

Gv(q) = (V)powelq) qeU
G (q) = pe(q) g€ H.

Each manifold U U(@t, H in the family is diffeomorphic to U Us H =

o= 1(D") via a diffeomorphism which is the identity near the boundary. Also,
near the boundary, ¢y always restricts to @ = ¢e. Thus the family (U U D)y
H, ¢)o<p<1 is considered as giving a deformation of ¢ = ¢, : U U g H =
p (D) = D', L

When we put ¢’ = @1 and ¢’ = (¢)1, the fibration @' : U Uy H — D’
has the singular fiber ¢' = 0 with 2g + 1 transverse self-intersection points
and the Lefschetz singular fiber of type I @' = r.
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This completes the proof of Lemma 10.1. [J

By deforming the structure of the fibration o : - 1(D’) — D', without
altering it in a neighborhood of d(p-!(D’)), the original fiber ¢, = 0 splits
into one Lefschetz singular fiber and one singular fiber which is not Lefschetz
singular fiber.

Also, by repeating similar argument for this singular fiber which is not
Lefschetz singular fiber, this singular fiber splits into 2g + 1 Lefschetz sin-
gular fibers of type I.

Thus the original fiber ¢, = 0 splits into 2(g + 1) Lefschetz singular
fibers of type I and the monodromy about the fiber ¢, =0

(1€1¢3¢3¢5C5 - - - Cag+162g+1

splits into
C_.-l? Clv C3a <37 C57 C57 T CZngla C2g+1-

Therefore F,, splits into 2(2g + 1) Lefschetz singular fibers of type I and
the monodromy representation is given by (3.2) and (3.3) instead of (9.1)
and (9.2).

11. Transformation of the 2(2g + 1)-tuples by Elementary Trans-
formations

By splitting of Fi,,, we have obtained the 2(2g+1)-tuples (3.2) and (3.3).
In this section, we arrange these to a simple 2(2g + 1)-tuple by elementary
transformations.

We put

W (5, k) = Gg1Gir2 - - CogCag182g+1C2g -+ - Ch2Crp1Ce (€ My),

where j,k =1,2,---,2g + 1. Recall that M, is assumed, by convention, to
act on X4 from the right. Then we know that the curve C/(C X,) in Figure
8 satisfies

(CH) o W (20 + 1,20 +2)7! = Oy,

where Cy; is the curve in Figure 7. Therefore the monodromy j3; is given by

(11.1) Bi = Coim1W (20 + 1,20 +2) 1o W (20 + 1,2 + 2)G; .
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On the curve C/ in Figure 9, we know that it satisfies
(C7)C2i-1G2i11 = Coi.

Therefore the monodromy 7); is given by

(11.2) M = i 162i+1$2iCo 41 Cort -

On the curve C!” in Figure 9, we know that it satisfies
(CIMW (20 +1,2i + 1) = Co;.

Therefore the monodromy 6; is given by

(11.3) b= W(2i 41,2 + 1)¢iW (2 +1,2i + 1)

Case (1): g is even.

Then we obtain the 2(2g+1)-tuple (3.2). Since two monodromies in each
group of (3.2) are commutative in M, (cf. Remark 3.2), we can change the
2(2g + 1)-tuple (3.2) to

(114) (/89—17/69—37 ﬁg—5a Tt 7ﬁ57/337 ﬁ17 ng—lvng—?n 15,13, 11,
C2g737 C2gfla Cng?n ng,% C2g757 C2977a T 7<97 Clla C97 C5a C7a C57 Cla C37 Cla

(3,¢7,€C11, €15, + 5 G299, C2g—55 (2915 C2g+15 (2941,
C47 C87 C127 T 7(2(g72)7 C297 627 647 667 T 769—2769)

by elementary transformations. Since the two loops mapped to the mon-
odromies 3,1 and é4 in (11.4) adjoin in D, we take the following 2(2¢g +1)-
tuple, instead of the 2(2g + 1)-tuple (11.4):

(11.5)  (¢3,¢7,€11,C155 "+ + 5 G299, €295 C2g—15 G291, C2g41,
Ca,C85C12,+ 5 Co(g—2)5 C2gy 02,04, 06, -, 0g—2, Oy,
Bg—1,B9-3, Bg—55" "+, 85, 03, B1, Mg—1,Mg—3,""" 175,13, M1,
C2g-3, G291, (2935 C2g—75 C2g—5, G297, -+, Co5 €11, €9, G5, (7, G55 €1, (3, C1)-

For integers ¢ and j which satisfy 1 < 4,5 < g and ¢ < j, the monodromies
¢2; and (241 are commutative in My, and for integers k and | which satisfy
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1<k<g,1<1<2g9g+1 and 2k+ 1 <[, the monodromies §, and (; are
commutative. Therefore we can change the 2(2g + 1)-tuple (11.5) to

(11.6)  (C3,Ca,062,C7,C8, 04, C11,C125 665"+ +
C2g-55C2g—1, 092, C2g—1, C2g+1, C2g+1, G295 Oy,
/69—17 ﬁg—3a ﬂg—%’n T 7/857 /835 ﬂ17 Ng—1,Ng—3,""" »,15,13,11,

Cng?n Cngla <2g737 <2g777 CngS’ 429777 ) C97 Cll? C97 C57 <77 C5a Cl’ C37 Cl)
by elementary transformations. For integers ¢ and j which satisfy 1 <1,j <
g and i + 1 < j, the monodromies ; and 7; are commutative. For integers
k and [ which satisfy 1 < k < g, 1 <1 < 29+ 1 and 2k 4+ 2 < [, the
monodromies [ and (; are commutative and the monodromies n; and (;

are also commutative. Therefore we can change the 2(2g + 1)-tuple (11.6)
to

(11.7)  (¢3,Ca, 02,C7,C8, 04, Cr1,5C12, 06, -+
C2g—5:C2g—450g—2, C29—1, C2g+1, C2g+1, (29, O g5
Bg—1,Mg-1,C29—3, C29—1, (29—3, Bg—3:Ng—3, C2g—75 C2g—5, C2g—75 "

/857 UbY C97 Clla Cga 5377737 C57 477 C57/817 m, C17 C37 Cl)

by elementary transformations.
For an n-tuple

(11.8) (i i1, C2i 15 C2i1, 00+,
we change this to
(11.9) (- s Coim1y C2itts Coin 1 Gt 1M Caim1Goig1, Coimt, )

by elementary transformations. Then, by the relation (11.2), the 2(2g + 1)-
tuple (11.9) becomes

(11.10) (-5 C2im1, Coit1, G2y C2i1s 777 )-
Therefore we can change the 2(2g + 1)-tuple (11.7) to

(11.11)  (¢3,Ca5 02, Cr, (8,04, C11, G125 06,7+
CQg—57 C2g—47 69—27 CQg-l? <2g+17 C2g+17 CQQ? 697
Bg—1,C2g—3,C2g—1,C2g—25 C2g—3, Byg—3, C29—7, C2g—5, C2g—65 C2g—7, "+ *

/857 <97 Clla ClOa <9>ﬁ37 C5a 477 Cﬁv <57617 Cla <3> C27 Cl)
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by elementary transformations.
We change the 2(2g + 1)-tuple (11.11)

(-, C2g—5,Cag—1,09—2, C2g—1, C2g+1, C2g+1, C2g, Og,
Bg—1,C2g—35 C29—1,C2g—2, C2g—3, - )

to
(11.12)  (-++, Cog—5, C2g—4, Og—2, C2g—1, W (29 + 1,29)8,W (29 + 1,29) ",
C2g+15 C2g+15 C2gs Bg—1, C2g—3, Cag—1, C2g—25 C2g—3, - -+ )

by elementary transformations. By two relations (11.3) and

C2g+1629C2g+1 = C29C2g+162g,

we obtain
W (29 +1,29)6,W (29 + 1,29) ! = Cay.

Therefore the 2(2g + 1)-tuple (11.12) becomes

(11.13)  (---, Cag—5, C2g—a, 0g—2, C2g—1, C2gs C2g+15 C2g+15 C2gs Bg—1,

C2g—3, C2g—1,C2g—2, C2g—3, - ).

We denote the sequence

Gi» Gj15 Gjra, -+ 5 C2gy G2g415 C2g415 G295+ + 5 G2y Gt 15 Cie
in an n_tuple ( o 7Cj7 Cj+17 Cj+27 toe 7C2ga <2g+17 <2g+17 Can U aCk:-i—Qa Ck-‘rl?
Ce,+) by )
W(j, k),

where j,k =1,2,---,2g 4+ 1. Then the 2(2g + 1)-tuple (11.13) is given by

(1114) ( ’C2g*5ac2974a69*27w(2g_ 172g)a
Bg—1,C2g—35 C2g—1, C2g—2, C2g—3, " * )-
Here, we put i = g — 1. Then the 2(2g + 1)-tuple (11.14) is given by

(1115) ( 7C2173a<2172562717W(2Z+1’27J+2)7
Bi; C2i—1, C2it1, (21, C2ie1, -+ ).
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We change the 2(2g + 1)-tuple (11.15) to

(1116) ( 3C2173a<.2172’62717W(2Z+1?2Z+2)7
Coim1, (it 1 Biaimt, Coig1s Cois Coim1, <)

by an elementary transformation. By the relation (11.1), the 2(2g+1)-tuple
(11.16) becomes

(11.17)  (---, C2i-3,C2i—2,0i—1, W (2i + 1,2i + 2), (21,
W (2 + 1,20 + 2) " oW (20 + 1,20 + 2), (i1, Coiy Coim1, 7+ - )-

We change the 2(2g + 1)-tuple (11.17) to

(+ 5 C2i-3,C2i—2,0i-1,C2i—1,
W(2i+1,2i +2) - W(2i + 1,2 +2) " W (20 + 1,2 + 2)
W(2i +1,2i +2)7 1,

(11.18) W(2i + 1,2i + 2), (i1, C2i, C2i-1, -+ *)
— ( e 7(2Z'—37 CQZ'_Q, (Sz‘_l, C2i—17 C2i7

W(2i+ 1,20+ 2), C2i41, C2i, C2i-1, " )

= (-, Ci-3,C2i—2,6i—1, W(2i = 1,20 — 1),--+)

by elementary transformations. By the relation (11.3), the 2(2g + 1)-tuple
(11.18) becomes

(11.19) (-, Coi3, Coio, W(2i — 1,20 — 1) (oW (20 — 1,20 — 1),

W(2— 1,2 —1),---).
We change the 2(2g + 1)-tuple (11.19) to

(11.20)
(-5 Coim3s Coima, W(2i — 1,2 — 1),
W(2i—1,2i = 1)1 W(20 = 1,20 — 1)¢oiaW (20 — 1,20 = 1)
W2 — 1,2 — 1))

= (", C2i-3,C2im2, W(2i — 1,20 — 1), (352, )

(o W(20—3,2i—2),--)
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by elementary transformations.
By i =g — 1, the 2(2g + 1)-tuple (11.20) becomes

(1121) (4—37<4>6Qa<7>C87647C117<—12a667'" )

(299, Cog—8,09-4, W (29 — 5,29 — 4), By—3, C2g—7, (295, (296, C2g—7,
o aﬁﬁ’)’ C97 Clla <107 <9aﬁ37 C57 C77 C67 <57ﬂ17 Cl? C37 <2’ Cl)

Next we put ¢ = g — 3. Then the 2(2g + 1)-tuple (11.21) is denoted
by (11.15). Therefore, by the elementary transformations which change the
2(2g + 1)-tuple (11.15) to the 2(2g + 1)-tuple (11.20), the 2(2¢ + 1)-tuple
(11.21) is changed into

(11.22) ({3, €4, 02, Cr, (8,04, Ci1, G125 06,7 - -

(29—135 C29—12, 6g—6, W (29 — 9,29 — 8), By—5, C2g—11, (29—9: C29—105 C29—11
e 7557 C97 Clla ClO? C97/837 <57 C77 C67 C57/817 Cl? C?)? CQ; Cl)

Recursively, by repeating such elementary transformations for the 2(2g+
1)-tuple (11.22), we obtain the 2(2g + 1)-tuple

(1123) (W(374)5517C13<3a<27cl)'

We put ¢ = 1. Then the 2(2¢g + 1)-tuple (11.23) is denoted by (11.15).
Therefore, by the elementary transformations which change the 2(2g + 1)-
tuple (11.15) to the 2(2g + 1)-tuple (11.18), the 2(2¢g + 1)-tuple (11.23) is
changed into

(W(:l? 1)) = (<17(25C37 T vCanCQg+17<29+17C2ga tee 7<37C25C1)-

Case (2): g is odd.

Then we obtain the 2(2g+1)-tuple (3.3). Since two monodromies in each
group of (3.3) are commutative in M, we can change the 2(2g + 1)-tuple
(3.3) to

(1124> (Bg—laﬁg—f’)vﬁg—& U 7ﬁ67/647ﬁ27 TNg—15Mg—3," " 16,574,712,
C2g_37 CQg—la C2g_37 CZg—77 CZg—57 429—77 T 7C117 C137 Cllu C77 C97 477 C37 C57 C37 Clv

C1,€5,€9,C13, ** 5, G299, G295, G291, G2g+1, C2g+1,
C27 Cﬁ? CIO’ T 7C2(g—2)> C2ga 61a 637 65> e 769*2? 69)
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Since the two loops mapped to the monodromies §,—1 and 6, in (11.24)
adjoin in D, we take the following 2(2¢g + 1)-tuple, instead of the 2(2g + 1)-
tuple (11.24):

(11.25)  (¢1,¢5,C05 €13, -+ 5 Cag—9, C2g—5, C2g—1, C2g+1, (2941
CQ: CG) {107 e 742(972)7 C2g) 617 637 657 e 769—27 697
/Bg—la ﬁg—3a /69—57 T 7B67 /841 ﬁQa Ng—15Tg—3," " s 76,574,712,

C2g—3+C2g—15C2g—35 C2g—75 C2g—5, C2g—7, " *

Ci1, G135 €11, 675 Co, €7, €3, G5, (3, C1 ).

As before, we can change the 2(2g + 1)-tuple (11.25) to

(1126) (ClaCQ’(Sla<5>C67637C9a<107657'" ;

C2g—55Cag—450g—2, C29—1, C2g+1, C2g+1, G295 O g5
Bg—1:Mg—1, (2935 C2g—1, G293, Bg—3, Mg—3, C29—7, C2g—55 C2g—7, " *

ﬁﬁa Ul Cll, C137 Clla /84a N4, C77 Cga <7a 623 12, C37 C57 C3a Cl)

Recall the elementary transformation which changes (11.8) to (11.10). By
using this elementary transformation several times, we can change the 2(2g+
1)-tuple (11.26) to

(1127) (ClaCQ)élaC57C65637<95C10765"” )

C2g—5+C2g—450g—2, C29—1, C2g+1, (2941, (29, O g5
By—1,C2g-3,C2g—1,C2g—25 C2g—3, Byg—3, C29—7, C29—5, C2g—6, C2g—75 " - *

567 Clla C137 4127 Cll? ﬂ47 C77 C97 C87 477 ﬁ27 C37 C57 €47 C37 Cl)

We change the 2(2g + 1)-tuple (11.27)

(-, C2g—5,Cag—4,09-2, C2g—1, C2g+15 C2g+1- C2g,

0g, Bg—1,C2g—3, C2g—1, C2g—2, C2g—3, - -+ )
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to
(-, Cag—5y Cag—a, 82, Cag—1, W (29 + 1,29)8,W (29 + 1,29) %,
C2g+15 C2g+15 C2gs Bg—1, C2g—3, Cag—1, C2g—2, C2g—3, -+ * )

(11.28) = (- ,Cg-5,C2g—4, 0g—2, C29—1, G295 C2g+1, C2g+15 (29>

Bg—1,C2g-3, G291, (292, C2g—3," " )
= ( R <2g757 C2g747 6g727 W(29 - 1a 29)7

Bg—1,C2g—35 C2g—1, C2g—2, C2g—3, " * )-
We put ¢ = g — 1. Then, by the elementary transformations which change
the 2(2g+ 1)-tuple (11.15) to the 2(2g+ 1)-tuple (11.20), the 2(2g + 1)-tuple
(11.28) is changed into

(1129) (Cla<2761aC57<6763769aC10765a'" ;

CQg_ga C2g—87 69—47 W(2g - 55 2g - 4)7 59—35 CQg—'?a C29—57 CQg—G) 429—77
) 667 Clla Cl37 ClZa Cll, 647 <7a C97 C83 C77 62& C37 C57 C47 C3a Cl)

As before, by repeating such elementary transformations for the 2(2¢g +
1)-tuple (11.29), we obtain the final 2(2g + 1)-tuple

(C1,C2,G3, -+, Cags Cag41, C2g+15 G290 -+ 5 G35 G2, C1 ).
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