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Approximation of BSDE’s by Stochastic Difference

Equation’s
By Toshiyuki NAKAYAMA™

Abstract. We consider a BSDE (backward stochastic differential
equation)

{ —dY (t) = f(B(),t,Y(t), Z(t))dt — Z(t)*dB(t),
Y(1)=¢.

We construct backward stochastic difference equations approximating
the BSDE, where time and space are discrete. We show the existence
and uniqueness of the solutions of the backward stochastic difference

equations. Also we show a convergence result of the solutions of the
backward stochastic difference equations towards that of the BSDE.

1. Introduction

Let m and d be positive integers and W be D([0,1]; R™) endowed with
the Skorohod metric disy,. We denote by u the Wiener measure on W. Let
(B(t))ie[0,1) be the coordinate mapping process defined by B(w,t) = w(t).
Let (F(t))icpo,1) be a filtration given by F(t) = Nesoo[B(s); s < (t+¢€) Al].
Let II be the predictable o-field over W x [0, 1].

Let f:W x [0,1] x R? x R™*4 — R? be a bounded, continuous, 1T ®
B(R%) ® B(R™*%)-measurable mapping. Suppose that f is uniformly Lips-
chitz, i.e.,
there exists a positive constant C' such that

(1) [f(w,t,y1,21) = f(w, b, 42, 22)| < Clyr — yal| + |21 — 22])

for all (w,t) € W x [0,1], y1,92 € R%, and 21, 20 € R™*?. Let & W — R
be a bounded, continuous, F(1)-measurable functional.

*The author is most grateful to Professor Kusuoka for his valuable advice and
guidance.
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Now we consider the following BSDE (backward stochastic differential
equation) on (W, (F(t))teo,1], 1)-

—dY (t) = f(B(),t,Y (t), Z(t))dt — Z(t)*dB(¢),
(1) =¢,

where * denotes the transpose. A solution of the equation (2) is a pair

(Y, Z) € H*(RY) x H?(R™*%) satisfying

(2)

Y(t)=¢+ /t1 FB(),,Y(s), Z(s))ds — /tl Z(s)*dB(s).

Here H?(RY) denotes the set of all R%valued predictable processes
(X (t))seo) on (W, 1) such that || X||? = B¥[ [} |X (1)|2dt] < oo. The exis-
tence and uniqueness of the solution is well known ([3], [7]).

The main purpose of this paper is to approximate the BSDE by backward
stochastic difference equations.

Now we define a backward stochastic difference equation. Let p1,po,...,
Pm+1 € (0,1), and {e1,e2,...,ems+1} C R™ be a system of vectors in a
general position satisfying

m—+1 m+1 m—+1

Il
d opiei=0, > pi=1 D eletpi=0610,, hl2=12,...,m.
i=1 i=1 i=1

Here eﬁ» is the {"th component of e; and &;, ;, is the Kronecker’s symbol. Let
(Qn,Fn, Py), N € N, be probability spaces. Let ny(n),n = 1,2,..., N,
be independent R™-valued random variables defined on (Qy, Fn, Py) such
that

Pn{nn(n) =€} = pi, 1=1,2,...,m+ 1.

We define a random walk (Sn(n))ne(o,1,..., 8} DY
Sny(n) = ZT}N(k), n=12,...,N,
k=1
Sy(0) = 0,

and a filtration (Fn(n))neqo,1,.., N} Over Qn by

Fn(n) = o[Sv(1),...,Sx(n)], n=1,2,...,N,
Fn(0) = {0,0}.
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We define a continuous-time process By by

By(t) = stNaNﬂ), te[0,1].

Now we consider the following backward stochastic difference equation
on (Q N> P N)-

—Ayn(n) = 5 f(By(), "5 yn(n — 1), 2x(n))

) \/—INzN(n)*ASN(n),
n=12,...,N,

yv(N) = &(Bn ().

For each discrete-time process (z(n)), we denote Az(k) by (k) — z(k — 1)
for k = 1,2,...N. Let Ky be the set of all R%valued (Fx(n)) -adapted
processes (y(1))nefo,1,..,.n3 o0 (Qn, Py) and Ly be the set of all R4
valued (Fn(n))-predictable processes (2(n))nefo,1,..,ny on (Qn, Py) with
z(0) = 0. A solution to Equation (3) is a pair (yy, z2x) € Kn X L satisfying
(3). We prove the existence and uniqueness of a solution to Equation (3)
for sufficiently large N in section 3.

To each process (yn(n), 2x(n))neqo,1,.., 8y € Kn X Ly, we associate a
continuous-time process (§x(t), 2 (t))ic(0,1] o0 (2N, Py) by

(Un(t), 2n (1) = (yn(INt]), 25 ([NT])), £ €]0,1].

Here |x| is the greatest integer not greater than x, and [z] is the least
integer not less than x.

Let (Y,Z) be the solution of the BSDE (2) and (yy, 2y) € Ky X Ln be
that of the backward stochastic difference equation (3). In this paper, we
prove the following.

THEOREM 1.1. We have the weak convergence of the distributions on
W x D([0,1]; R%) x L2([0,1]; R™*%) such that

Py o (By,9x,2x) = po (B,Y, Z)71 weakly as N — 00.
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Douglas, Ma, and Protter [2] has given a numerical method for FBSDE.
Their method is also found in Ma and Yong [6]. Their result is for the
following FBSDE (forward-backward stochastic differential equation).

dX( ) = b( X(t),Y(t), Z(t))dt +o(t, X (t),Y(t))dB(t),

(4) dY (t) = b(t, X (1), Y (1), Z(t))dt — Z(t)dB(?),
X(O)Zfﬁ, Y(T) = g(X(T)),

where b, o, 13, g are all deterministic smooth functions. In their FBSDE case,
(Y, Z) is represented in terms of a PDE solution and a standard (forward)
SDE solution. They solved their problem by approximating the PDE and
the standard (forward) SDE. They used the combined characteristics and
finite difference method for the PDE and used the first order Euler scheme
for the (forward) SDE.

BSDE (2) we consider here is more general, since our drift term f is
path dependent. Therefore our approach is quite different from that of
their FBSDE. We construct a discrete space-time backward stochastic dif-
ference equation. Considering that BSDE with path-dependent drift term is
very useful in mathematical finance, for example, its approximation is very
important.

2. Representations of Martingales in Terms of a Random Walk

In this section we consider a discrete version of the martingale represen-
tation theorem. This is a preparation for constructing a backward stochastic
difference equation.

In this section and the next section, we fix N € N, and we abbre-
viate Qy, Fn, (fN(n))nE{O,l,...,N}7 Py, nn, Sn, Ky, and Ly to Q, F,
(F(n))neqot,...ny: Py 1, S, K, and L, respectively for simplicity.

Let H be the set of all R™-valued (F(n))-predictable processes
(H(n))neqo,1,..,ny on © with H(0) = 0. Let M be the set of all R-valued
(F(n))-martingales (M (n))neo,1,...,ny on  with M(0) = 0.

LEMMA 2.1. Letn €{1,2,...,N}. If a function g: (R™)" — R satis-
fies
Elg(n(1),n(2),...n(n))|F(n—1)] =0,
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then there exists a mapping a: (R™)"~1 — R™ satisfying

a(n(1),n(2),...,n(n —1))*n(n) = g(n(1),n(2),...,n(n)).

In the case n = 1, we interpret a as a constant vector in R™ such that
a*n(n) = g(n(n)).

PROOF. Since {ey,e2,...,en} is a basis for R™, there exists a mapping
a: (R™)"~! — R™ such that

* .
a(xy,x2,. .., xn-1)"e¢; = g(x1,22,...,2n-1,€5), J=12,...,m,

T1,22,...,Tp-1 € {61,62, ey em+1}.
We note that

Elg(n(1),n(2),...,n(n))|F(n —1)]
= Flg(z1,22,...,Tpn-1,1(n))]

(1,22, ;xn—1)=M(1),m(2),...,n(n—1))

Accordingly, by assumption, we have
Elg(x1,22,...,2n-1,1(n))] =0, 1,22,...,2n—1 € {€1,€2,...,€ms1}-
Consequently, from Z?j{l pie; = 0, we have

g(x17$27 vy Tp—1, em—l—l) - CL(.T]_, o, ... 7xn—1)*em+1,

T1,22,...,Tp-1 € {61,62, .. .,em+1}.

This proves our Lemma. []

For (H(n))ne{o,1,..,Ny € H, we define R-valued martingale
(H- S(n))ne{o,l,...,N}

H-S(n) = > H(k)*AS(k)
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where

AS(k)=S(k)—S(k—1), k=1,2,...N.

PROPOSITION 2.2. Let M € M. There ezists a unique H € H such
that
M=H"-S.

ProOOF. Foreachn € {1,2,..., N} there exists a function g,: (R™)" —
R such that

M(n) — M(n—1) = gn(n(1),n(2),- .., n(n)).

By virtue of Lemma 2.1, for each n € {1,2,..., N}, there exists a mapping
an: (R™)"~1 — R™ (ay is a constant vector in R™) such that

In(n(1),n(2),...,n(n)) = an(n(1),n(2),...,n(n —1))*n(n).

Setting H(n) = an(n(1),n(2),...,n(n—1)), H(0) = 0, we obtain M = H-S.
Let us prove the uniqueness. Suppose that M = H - S = K - S with
H,K € 'H. Then

E [Zi; ()~ K| = [(i‘lw(n) - Ky )] =0

and therefore |[H(n) — K(n)| =0, n € {1,2,...,N}. O
3. A Difference Equation

In this section, we shall define a backward stochastic difference equation
which admits a unique solution.
We fix N € N and use the abbreviation as in the previous section.
Let
h:Q x{0,1,---,N} x R* x R™*¢ — RY

be a random field such that the mapping A(-,n,-,-): Q2 x R x R™*4 — R4
is F(n) ® BRY) ® B(R™*%)-measurable for each n € {0,1,...,N}. We
assume that there is a constant A > 0 such that

(5) |h’(w’na ylazl) - h’(wana y2322)| S A(|y1 - y2| + ’21 - Z2|)



Approzimation of BSDE’s 263

for all y1,y2 € R%, 21,20 € R™¥4, w € Q, and n € {0,1,..., N}.
Let ¢: Q2 — R? be F(N)-measurable.
We consider the following backward stochastic difference equations

—Ay(n) = gh(n —1,y(n —1),2(n)) = z(n)*AS(n),

(6) n=1,2,...,N,
y(N) =¢.
In other words,
(1) yn)=C+ S htk 1), (k) S -
k n+1 \/7k =n+1

for n = 0,1,...,N. A solution is a pair (y,z) € K x L satisfying (7).
We discuss the existence and uniqueness of a solution to this backward
stochastic difference equation.

We define a mapping ¢: Kx L — Kx L in the following. Let (y,2) € KxL
be given. Let (M(n))neq0,1,..,n} be a martingale given by

N
M) = BJC+ 3 bk~ Ly(k — 1), 2(k)) ()]
k=1

By Proposition 2.2 there exists a unique process 2z’ € £ such that

1 &,
M(n) = M(0) + Nidi > 2 (k) AS(k)

for all n =0,1,..., N. Define the process ¢y € K by

y(n) = M(n)- h(k = Ly(k—1),2(k))

1
N

2||M:

_ {“N Sk~ Ly(k — 1), 2(k)) | F(n)]-

k=n+1

Now we define p(y, z) to be (', 2’). By this definition, the mapping ¢ maps
a pair (y,z) € K x L into the solution (y',z’) € K x L of the following
backward stochastic difference equation

~Ay'(n) = Fh(n - 1,y(n - 1), 2(n)) — J=#'(n)*AS(n),
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LEMMA 3.1. A pair (y, z) € KX L is a solution of the backward stochas-
tic difference equation (6) if and only if it is a fixed-point for the mapping
©.

Proor. From Equation (8), it is obvious that a fixed-point for ¢ is a

solution of the backward stochastic difference equation (6). We show the
converse. Let (y, z) be the solution of (6) and (v, 2') = ¢(y, z). Then

/ o L al *
y(n) = Blyn)+ \/Nk%f(’“) AS(k) |F(n)]

= y(n).

In particular, we get y(0) = y'(0) = M (0). Then

1 N
M(n) = E[y(0) \/—NZz k) |F(n)]
k—

[y

1 n
= MO+ 3
k:l
We obtain z = 2’ from the uniqueness in Proposition 2.2. Hence (y, z) is a

fixed-point for . 1

DEFINITION 3.2. We introduce norms || - |4, @ > 1, in K x £ by the
following

1
2

H(y,z)llaz{E [ s (@"ly(n +fzanyz H

=U,1L,...,

THEOREM 3.3. There is a universal constant v such that

(9) ey, 21) — (o, 22)|%
8v2+1\ 2a%A2 )
< (1 _
- ( + 1_a/2> (a—l)NH(yl’ZI) (y27z2)Ha

for all (y1,21), (y2,22) € K x L and o € (1,2).
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PROOF. Let (y;,2i) € K x £ and (v}, 2}) = o(yi, i), i = 1,2. Let
y=y—y z=zn-2 Y=y -y 2 =2z -2

Then we have

—Ay'(n) = §(h(n = 1y1(n = 1), 21(n))
—h(n—1,y2(n — 1), 22(n)))

(10) — L2 (n)*AS(n) n=1,2 N
i , =1,2,...,N,
y'(N) = 0.
Now, we observe that
0 = NNV
= a"ly'(n)f?
N
+ > @ =" Y (k=D +F(y (R~ [y (k= D)}
k=n-+1

for all n =0,1,..., N. Therefore,

"y (n)|? + Z of — o Yy (k=1 + Z oF| Ay (k

k=n-+1 k=n+1
> oMy (k= 1)*(h(k — 1,y1(k — 1), z1(k))

—h(k —1,y2(k — 1), 22(k)))

2 al k,/ /
——= > oMY (k—1) (k) AS(k)
\/Nk:n—i-l
foralln =0,1,..., N. Setting
B 200 A?
~ (a—1)N

and noting the inequality

ly'(k = DAk = Lyi(k = 1), z1(k)) = h(k = 1,y2(k — 1), 2a(k))|

< S/ (= P + 5tk = DP + (0P,
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we have the following.

"y (n \Z—I— Z af — aF y'( ]2-1- Z k’Ay
k=n+1 k=n-+1
2 I A? A
<5 > a’“(y!y( —1)\2+§(|y(k—1)|2+12(k)l2))
k=n+1
9 N
——— > oY (k-1 (k)*AS(k)
PJk:n+1

foralln=20,1,...,N.

Furthermore, the observation 201‘\];?2 = aF — o#~! yields the following.
(11) oy (n)? + Z o*| Ay (k
k=n+1
1N
<Ma sup (@ lyk)*) + = o |z(k)|?
{ k:O,l,...,N( ly(k)I7) ngl |2(k)|
2 al k,/
- — oy (k—1)*2 (k)*AS(k
% 2 o (k= (" AS0)

for all n =0,1,..., N. Taking expectation, we get

a"ly' (n)|? + Z oF|AY (B)?| < Aal(y, 2)]12
k=n-+1

foralln=0,1,...,N.
Now, we have
1 *
EllAy ()] > ~EUZ(F) AS(K)|
= E[Z®)P)

Therefore,

N

n 1
a"ly(m)P+ 5 Do oM (B | < dall(y, 2l

k=n-+1
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for all n =0,1,..., N. This implies that

(12) Z B2 (k)[%] < Aall(y, 2|3

From Davis’s inequality, we obtain the following (7 is a universal constant).

E[ |~ S oy (k 1) ’<k>*AS<k>H
o MU 2 H“ y ’

<2F L_glllp N’\/f Za ,(k)*AS(k)”
<276 (3 - 0P >12ﬂ

< vELf; sup(a” [y (n g Z o' (k ]

< ZE[s%pwyf(n)y?)} + 4Aal|(y, 2) 12

This inequality and (11) imply
E [sup(aly/ (n) )
« n
< (397 + Dal( A + 5 E|supla”ly ().

and therefore

8v2 +1
1—a/2

Consequently, by (12) and (13), we have our theorem. [J

Aal|(y, 2)lla-

(13) E|sup(a”ly (n)]?)] <

By using the fixed point theorem for the contracting mapping, we have
the following from Theorem 3.3.

COROLLARY 34. If(1+ ff;};) (i‘)‘ff)‘j\, < 1, then the backward stochas-

tic difference equation (6) admits a unique solution (y,z) € K x L.
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4. A Connection between BSDE and Difference Equation

Here we introduce a metric space of pairs of a random variable and a
probability measure. See [5] for the details.

Let p > 1 be a real number. Let P(M) be the set of all probabil-
ity measures defined on a Polish space M. Let N be an arcwise con-
nected separable metric space. Let dis,, and disy be distance functions
on M and N respectively. We denote by X%, the set of all pairs (X, v)
which consists of a measurable map X: M — N and v € P(M) such that
Sy disn (X (2),y)Pr(dz) < oo for any y € N. We define a function Disy;?N

from X]]\';[;N X XJI\};N into [0, 00) by

Disg\f?N((Xth), (X2, 12))
= inf{ (/MXM((diSM(Jn,sz) A1)

+ disy (X1 (21), Xa(22)))"v(dar1, ) ) 5

S

veEP(Mx M), vor; ' =uy, yo7r21:1/2},

where m;: M x M — M (i = 1,2) are canonical projections given by

Wl(x17$2) =1, 7T2(£17$2) = X2, T1,T2 e M.

DEFINITION 4.1. Let (X,, 1), (X,v) € AP, v, n > 1. We say that
(Xnyvn) — (X,v)in Xy, n — oo if Disty ((Xn, 1), (X, 1)) — 0,7 —
.

REMARK 4.2. Note that W, D([0,1]; R9), and L?([0, 1]; R™*?) are ar-
cwise connected separable metric spaces.

Now we think of the situation in Introduction. We denote by uy the
distribution of By on W : uy = Py o Bg,l. From Donsker’s theorem ([1]),
we have

Uy — [ weakly as N — oc.
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DEFINITION 4.3. Let N > 1 and (y,2) € Kn x Ly. We define contin-
uous-time process (y(t), 2(t))¢e[o,1) on 2N by

(5(t), 2(t)) = (y([Nt]), 2([N2])),  te[0,1],

and continuous-time process (Fn(t; (y,2)))cpp) = (Fr(t;(y,2)),
F(t; (Y, 2)))eeqo,) on W by

(y(wa LNH)7Z(W’ (Nﬂ))? w = BN(‘*”)? te [07 1]7
(0,0), otherwise.

FN<w7t; (y,z)) = {

Let 3 be a real number such that 3 > 8C?(1672 + 3). Here C is a
constant in the inequality (1). Choose a positive integer Ny such that

SN € (1,2) for all N > Nj.

We consider Corollary 3.4 for o = ¢#/N (N > Nj) and A = C. Note that C
is independent of N. Taking into account that

2 2,12 2 B8/N __ -1 2
(1+87 +1) 20°C _ <1+8’y +1)a2<6 1) 2C
1—a/2)(a—1)N 1—a/2 B/N g
2 2
— —2C (16;/ +3), N — oo,

we have the following.

REMARK 4.4. There exists a positive integer Ny > N; such that (1 +

8v2+1 2¢28/N 2 1
1763/N/2)(63/N71)N < 7 for all N > Np.

In this section, let NV be sufficiently large such that N > Nj.

DEFINITION 4.5. Let oy = (0%, ¢L):Kn x Ly — Ky x Ly be the
mapping that maps (y,z) € Kn x Ly into the solution (y/,2') € Ky x Ly
of the backward stochastic difference equation

—Ay'(n) = F f(BN (), "5 y(n — 1), 2(n)) — 52/ (n)*ASn (n),
(14) n=12,...,N, Py-as.
y'(N) = &(Bn(-))-
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Let @ = (80, 1): H2(RY) x H2(R™4) — H2(R)x H2(R™*%) be the map-
ping that maps (Y, Z) € H*(R?%) x H2(R™*?) into the solution (Y, Z) €
H?(R?) x H2(R™*9) of the following BSDE

Loy [ a0 = F(BO),LY (1), Z()dt - Z()°dB(), te [0,1], pras.
B\ v =e

For each N > Ny, let (yn,2y) € Ky x Ly. First we show how to
obtain ¢y (yy, zy) and @(Y, Z). We define random variables G : W — R,
N > Ny by

1 s
(16) Gn :£+/0 f(B(')aivFN(S; (yN7ZN)))d87 Hn-a.S.
Then it follows that

k—1

1N
GNOBN=§OBN+NZf(BN('),T7yN(k—1)721\/(/@))7 Pn-a.s.

k=1

For each N > Ny, from Proposition 2.2, there exists a unique 2, € Ly such
that

EPN[Gy o By|Fn(n)] — EPN[Gy o By =

Define yy € Ky, N > Ny by
o) = B (G o BAFN ()]~ 1 37 FB0), ot (= 1), 20(8)

for n =0,1,...,N. Note that (yy,zy) € Ky x Ly is a unique solution of
the following backward stochastic difference equation

—Ayn(n) = 5 F(BN (), "5 yn(n = 1), 2x(n))
(17) _\/1_N " (n)*ASy(n), mn=1,2,...,N, Py-as.

Yn(N) = &(Bn ().
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/

Thus we get on(yn,2v) = (Y, 2y). Letting (My(t))icpo,1) be the cadlag
version of the martingale (E*N[GN|F(t)]):ejo,1], We get the following ex-
pression

Mp(t) — My (0) = /Ot F(s; 05 (yn, 2x))*dB(s), t €10,1], uy-a.s.

INt]
F{(ton(y, 2v)) = MN(t)_/ON HBO), [ijs]

7FN(8; (Yn, ZN)))dsa

t €[0,1], pn-a.s.

Let (Y, Z) € H*(R%) x H?(R™*4). We define a random variable G: W —
R? by

1
(18) G = g+/0 F(B(), 5, Y(s), Z(s))ds.

Letting (M (t));c[0,1) be the continuous martingale (E[G|F()])e[o,1], there
exists a unique Z’ € H2(R™*%) such that

M(t) — M(0) = /Ot Z'(t)*dB(s), t €10,1], p-a.s.
Define Y’ € H?(R?) by

V() = M)~ [ F(BO)s Y (), 206

Note that (Y',Z') € H*(R?) x H?(R™*9) is a unique solution of the fol-
lowing BSDE

—aY'(t) = F(BC),6,Y (1), Z(0)dt — Z/(1) dB(t).
(19) t €10,1], p-a.s.
Y'(1) =¢.

Thus we get (Y, Z2) = (Y, Z').

Let p be a real number such that p > 1. The purpose of this section is
to prove the following.
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THEOREM 4.6. Let (yn,2y) € Kn x Ly, N > Ny and (Y,Z) €
H*(R?) x HX(R™*1). Assume that

(Fn (5 (yns 2n)), i) — (Y, 2), 1)
n XgV ;D([0,1];R4)x L2([0,1];Rm*d)> N — oo.

Then we have

(EN(5on(Uns 2n)) i) — (2(Y, Z), )

mn XW :D([0,1;R%) x L2([0,1];Rmxd)> N — oo.

Now we denote

We get the following.

LEMMA 4.7. Under the assumption of Theorem 4.6,

(XN7MN)_>(X7M) Zn‘)( ([01} Rd)’ N — oo.

PROOF. From the assumption of Theorem 4.6 and Proposition 5 in [5],
we see that there exist a probability space (2, F, P) and random variables

An,A:Q — W, N > Ny, such that the following three conditions are satis-
fied.

(1) PoAy' =puy, PoA™! =
@) Jim_ B [(dioy (A A) A1) =

(8)  lim B[ (disy om0 (FR(An,- ,<yN,zN>> V(A

7\
+(Jo 1A (Ans s (v, 20)) — Z(A, 1)) ) | =o.
Here disy and dis, ,.r¢) are Skorohod metrics.
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Since f is bounded, we have

EF sup | Xn(An,t) — /tf(AN,[N—Af],FN(ANwS; (yN,zN)))dS|p}
0<t<1
[NS] : P
< EP[OsgtlEl‘ v F(AN, = N(ANaS,(vazN)))dS‘ }

— 0, N—>oo.

We also have

EP [os<lt1£1‘/t f(An, []VJ\;],FN(AN, s; (Yn, zn)))ds — X (A, t)ﬂ

< 7] [rean, B, mvans s . 2a0)

—f(A,s, Y (A, s), Z(A, s))’ ds] —0, N — oo.

Then we have

(20) A}EnOOE [dis 1, 0.1y (XN 0 Ay, X 0 A)P] = 0.
It completes the proof. [J

A consequence of Lemma 4.7 is the following.

COROLLARY 4.8. Under the assumption of theorem 4.6,

(GN7MN)—>(G7M) in XWRdv N — oco.

PrROOF. From Lemma 4.7 and Lemma 7 in [5],

inf{limsup EMNdisp, o 1may (XN, ©)7]

N—oo

BV[dis g0 ) (X, O)]; O € Co(W; D([0,1;RY) } = 0,

where Cy(W; D([0,1]; R%)) denotes the set of continuous mappings © from
W to D([0,1]; RY) such that

sup dis, o 1m0, O(w)) < oo.
weWw
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Note that

[Xn(w)(1) = O(w)(D)] < disp g 1y.pa) (X (w), O(w)),
(X (w)(1) = Ow)(D)] < disyq ype) (X (w), O(w))

for any w € W. Consequently,
inf {lim sup B4 [| Xx (1) — 7] + B[ X (1) = ¢[?]; ¢ € Co(W; R } =0.

N—oo

Noting that G = £+ Xn (1), G = £+ X(1), and ¢ € Cy(W; R?), we obtain
inf{limsupE“NHGN — Y|Pl + E*[|G — Pl ¢ € Cb(W;Rd)} =0.
N—oo

Therefore by Lemma 7 in [5], we have our Corollary. [J

PrROOF OF THEOREM 4.6. Combining Corollary 4.8 with Theorem 11
in [5], we obtain the following. Under the assumption of theorem 4.6, we
have

(FJ{T(v SDN(yNa ZN))?/'LN) - (@1(}/7 Z)vu) in Xlﬁ/;LQ([O,l];RMXd)’ N — 00,

and

(MN,pn) = (M, pp)  in XW :D([0,1];R4)’
From Lemma 4.7, we obtain the following. Under the assumption of

theorem 4.6,

(FJ%(';SDN(vazN))a/'LN) - (dso(Ya Z)?H) in Xg/;D([D,l];Rd)’ N — oo.

Therefore we conclude Theorem 4.6. OJ

N — 0.

5. Main Result

Let N be sufficiently large such that N > Ny (See Remark 4.4) and
p > 1 be a real number.
We endow W x D([0,1]; R?) x L?([0, 1]; R™*%) with the metric

dis((w, y, 2), (w0, 9, 2)) = disw (w, W) + dis 4 4. Rd (y,79)

/|Z _ |dt>

(w,y, 2), (0,7, %2) € W x D(0,1]; RY) x L2(]0, 1); R™*%).
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Here disy and dis,, ,.re) are Skorohod metrics.
Now let (yn, 2y) € Kn X L be the solution of the backward stochastic
difference equation (3) on (2, Py), N > No. Let (Y,Z) € H?(RY) x
H?(R™*9) be the solution of the BSDE (2). In this section, we prove the

following main theorem. Theorem 1.1 is an easy consequence of Theorem
5.1.

THEOREM 5.1. It follows that

((BvFN('; (yNazN))) MN) - ((B7Y7 Z),/J)

ZTL X‘I/;/ WXD([O 1] Rd)XLz([O 1] Rmxd) N — Q.

For each N > Ny, we define a sequence (yj(vl)

by

@ :
2N )i=0,1,2,... in Kn x Ly

WY,z = (0,0)
((l) (l))

yN s AN

= (pN(yJ(\E))azJ(\EJ))a l:1,2,

Here ¢y is in Definition 4.5. We can define (g%),zﬁ)), (Uns Zn)s

Fn( (y](é), z,(\,))) for each N, [ by Definition 4.3.
We define a sequence (Y, Z");_g ;0 . in H?(RY) x H*2(R™*?) by

(Y©,2%) = (0,0)
(Y(”, Z(l)) _ (pl(y(o), Z(O)), [=1,2,....

Here @ is in Definition 4.5.

By [3] or [7], we have

lim E“[ sup |[YO(t (t)[? —|—/ |Z®(¢) )|2dt] =0.
=00 te[0,1]

Hence we have the following.
LEMMA 5.2.

lim B¥ [dis((B,Y", ), (B,Y, 2))*| = 0.
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ProprosITION 5.3. For eachl=0,1,2,..., we have

(B, Fn( (), 290, iw) — (B, Y, Z20), )

in Xy WxD([0,1];R9)x L2([0,1];Rm* )

PROOF. In the case [ = 0, we have Fi(+; (y§\9), zj(\,))) = (0,0) and

(B, uy) — (B, 1) in X5, N — o0
by [5]. Using Theorem 4.6, we obtain Proposition by induction. [J
LEMMA 5.4.

tim sup B [dis(By, 5, 20), (By. i 2))] = 0.

l—oo N

PRrROOF. From Theorem 3.3, it follows that

@21) P, 29) — ¢ 22
872 +1\ 2a%C? -1) (- 1-2) (-
1—a/2>(oz—1)NH( VAT = AT

<(1+

for all [ = 2,3,..., natural number N, and real number « € (1,2). Here C
is a constant in the equation (1) and || - ||o is one defined in Definition 3.2
of section 3. Recalling Remark 4.4, we have

_ _ 1 _ _ _ _
168 =) = @ 2 Dlls < SR 207) = (2 ) s
for all N > Ng and [ = 2,3, .... Therefore, for every N > Ny, we obtain

e G I

N

l
H(y](\f)7z](\f)) yN7ZN Hl Z H yN )y &
U'=Il+1

[ - -
Z 1, 28 = @Y 28D o
l/ [+1
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X IN-1
< 3 (5) I A
U'=Il+1

2 n=0,1,...,N
N )
<o’(5) IR =

(1 1)

1\(-1 . 1 M
= (3) B sw @R + 5 Y e P
k=1

Since sup ||(yx ', 2y )|l is finite, the proof is complete. O
N

From Lemma 5.2, Proposition 5.3, and Lemma 5.4, we conclude Theo-

rem 5.1.
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